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SHORT TIME BEHAVIOR OF LOGARITHMIC
DERIVATIVES OF THE HEAT KERNEL*

DANIEL W. STROOCKT anp JAMES TURETSKY#

Abstract. Let M be a compact, connected Riemannian manifold. Let p¢(z,y) be the funda-

mental solution to Cauchy initial value problem for the heat equation % = %AMu, where Ajy is the

Levi-Civita Laplacian. The purpose of this note is to study the asymptotic behavior of logarithmic
derivatives of logp:(-,y) at z as t \, 0. In particular, we show that a dramatic change takes place
when z is at the cut-locus of y.

1. Introduction. Let M be a connected, compact, d-dimensional Riemannian
manifold, and use A,s to denote the standard (i.e., the Levi-Civita) Laplacian on
C*°(M;R). Next, consider the Cauchy initial value problem for the associated heat

equation:

W) = Avultie)  with  lmu(t,2) = 1)

— (t,z) = = Apu(t,x i imu(t,z) = f(x).

ot 2 TMTD h N0
By elliptic regularity theory and the strong maximum principle, there is a unique
smooth function ¢ € (0, 00) — p; € C°°(M x M;(0,00)) such that

ult, ) = /M F@)pe(z, ) A (dy) for every f € C(M),

where Ay stands for the Riemannian measure on M. In fact, because Ay is essentially
self-adjoint in L2(Apr), pi(z,y) = pe(y, x).

In this paper we will analyze logarithmic derivatives of pr( -, y), thereby extending
results in [10] about the first and second order logarithmic derivatives. To be more
precise, recall Varadhan’s formula (cf. [17])

~ dist(z, y)?

5 uniformly in (z,y) € M x M,

(L1)  Jim Tlogpr(e,y) =
where dist(z, y) denotes the Riemannian distance between 2z and y. Our goal is to ex-
amine the extent to which the limit in (1.1) can be made to commute with derivatives.
Obviously, because the smoothness of dist(-,y) breaks down at the cut-locus Cut(y),
one expects that there should be a distinction between z ¢ Cut(y) and z € Cut(y).
Indeed, this suspicion was confirmed in [10] (cf. Corollary 2.28 there), where it was
shown that derivatives of first and second order commute with the limit as long as
x ¢ Cut(y), but that, in general, problems occur when z € Cut(y). In fact, when
x € Cut(y), second order logarithmic derivatives of pr(-,%) at 2 can diverge like 72
as T\, O (cf. Theorem 2.34 in [10]). In the present article, we will extend these
results to derivatives of all orders. In particular (cf. Theorem 4.1 below), we will show
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18 D. W. STROOCK AND J. TURETSKY

that derivatives of all orders commute with the limit in (1.1) when = ¢ Cut(y). Fur-
ther, when x € Cut(y), we show that, in general, nth order logarithmic derivatives of
pr(-,y) at & can be as bad as T, thereby showing that one cannot hope to improve
estimates obtained in [16].

Our strategy will be as follows. In §2 we develop explicit formulas for covariant
logarithmic derivatives of pr(-,y) in terms of integrals with respect to Wiener’s mea-
sure (cf. (2.11)). These formulas are valid whether or not x is at the cut-locus of y.
What they do is express an nth order logarithmic derivative of pr(-,y) as a sum of
the form

> T anm(T).

In general, the best that one can say is that the coeflicients a,,(T") stay bounded as
T ., 0. Nonetheless, the fact which saves the day is the observation that a,,(T")
can be expressed as a finite linear combination of cumulants (cf. the Appendix) with
respect to a measure obtained by conditioning y7.! In particular, when z ¢ Cut(y),
the theory of large deviations developed in [7] applies and says that this conditioned
measure degenerates fast enough to make all the cumulants of each order m > 2 vanish
at order T™. On the other hand, when z € Cut(y), the conditioned measure need
not degenerate, with the result that these cumulants may survive as 7'\, 0. That is,
the degeneration of these conditioned measures is intimately tied to properties of the
exponential map at the points in question.

2. Formulas for logarithmic derivatives of the heat kernel. In this section,
we reformulate the differential calculus of §2 in [16] using the idea from §1 in [10] to
make it amenable to the theory of large deviations as it was developed in [7]. Our
main objective here is to express (cf. (2.12)) the logarithmic derivatives of the heat
kernel in terms of conditional expectations on the Wiener space.

2.1. Differential geometric notation. Because it leads to conceptual as well
as notational simplification, we introduce O(M), the bundle of orthonormal frames e
(cf. [2] for more information on the topic), and the fiber map 7 : O(M) — M with
takes the frame ¢ into the base point over which it lies. Given e € O(M) with x = m(e),
we will identify e with the isometric map v € R? — ev € T, M which takes v into
the element ev of T, M whose coordinates in the frame ¢ are v € R?. Next, we use
the Levi-Civita connection to determine the horizontal subspace H.O(M) of T.O(M);
and, for v € R?, we define the canonical vector field ¢(v) on O(M) so that, at each
e € O(M), €(v), is the horizontal lift of ev to e. That is, &(v), is the unique element
of H.O(M) such that dn€&(v), = ev. Thus, if F is a smooth, tensor-valued function
on M, then &(v).(F o) is the covariant derivative of F' at 7(e) in the direction ev.
In particular, if f € C*°(M;R) and n > 1, then we define the nth order covariant
derivative €™ f : O(M) — (R)®" of f so that

(G(”)f ° 7T’V)(Rd)@m =€¢(V)efor=€(V")eo---0€(v!)form
=Veyn - vevlfv

LTt is not too surprising that cumulants arise here. Indeed, at a somewhat casual level, pr(z, y)

T
is the kernel for eZ®M and we are looking at logpr(-,y).
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when
V=vl@ ..@v"ec ([R)®

Finally, it will be convenient to have introduced three important quantities which
are inextricably tied to these considerations. The first of these is the solder form w
which assigns to a vector X, € T.O(M) the coordinates w(X.) of dnX, € Tr)M in
the frame e. That is, drX, = ew(X.). Second, given (£,1) € (R?)2, we define the
curvature form ¢ € O(M) — ®.(€,71) € o(d) so? that

e®(¢,m)¢ = Riem(e€,en)e¢, ¢ € R4,

where
Riem(X,,Y2)Z: = Vix vy, Z — [Vx,Vy] Z

is the usual Riemann curvature tensor. Finally, we define the Ricci matrix e €
O(M) — Ric, € Hom(R%; R?) by

d
(Ca Rice&)Rd = Z(q)e(Ca TIi)E’ ni)Rd
i=1
for any orthonormal basis (n!,...,n%) in R%. Using the symmetries of the Riemann

curvature, it is easy to check that ®.(&,m) = —®.(n, £) and that Ric, is symmetric.

2.2. Calculus on Wiener space. As we said in the introduction, our analysis
turns on our ability to represent pr(z,y) and its derivatives in terms of function space
integrals with respect to Wiener’s measure. For this reason, we introduce the separable
Banach space 20, with the uniform norm || - ||ay, of continuous paths w : [0,1] — R?
satisfying w(0) = 0. Letting B be the Borel field over 20, we use p to denote the
standard Wiener measure on (20,5). That is, if B; is the sub o-algebra generated
by w € 20 —— w(7) € R? as 7 runs through [0,#], then, for each 0 < t; < tp < 1,
w € W —— w(ty) — w(t;) € R? under p is a Gaussian random variable which is
independent of B;, and has mean 0 and covariance (t2 —t1)I. Next, for each T' € (0, 1],
let pr be the distribution of w € 20— T2w € 20 under -

For each T € (0,1] and ¢ € O(M), there is a pp-almost surely unique, {B; :
t € [0,1]}-progressively measurable map Fe 7 : [0,1] x 20 — O(M) which solves the
Stratonovich stochastic differential equation

AFer(tw) = €odw(t)); ) With Ser(0,w) =

Moreover, a standard application of It6 calculus leads to the relation

(2.1) EHT [f ow(geyT(l,w))} = /M f(y)pT(w(e),y))\M(dy), feC(M;R),

which is the starting point for our entire program. In fact, starting from (2.1), one can
show (cf. [6]) that there is a (weakly) continuous map (e, T,y) € O(M)x (0,1} x M +—

2 0(d) stands for Lie algebra of the orthogonal group O(d), which we identify with the space of
skew symmetric matrices. Also, notice we have adopted a different sign convention from the one in
[2], where our ®.(&,n) would be denoted by —®(&E(&)e, E(n)e)-
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Wr,ely € M1(20) (the space of probability measures on 20) such that

U(w) pr(dw)
(22) {w:moF. r(l,w)el'}

= /r (/QU‘I’(W)MT,ey(dW>> pr(7(e),y) An(dy)

for all Borel sets I' € M and bounded, Borel measurable ¥ : 25 — R. That is,
Yy € M+ pp ., € Mi(20) is a continuous version of the conditional distribution of
pr given 7o . p(1,w) = y. Alternatively, one can interpret (2.2) as saying that

(2.3) pr(n(e), y)EFT <1 [ (w)] = BH [\p(m 5y 0m(Fer(l, w>)} ,

where ¢, is the Dirac delta function relative to Aps.

In order to pass from (2.1) to expressions for derivatives of pr(-,y), we adopt
the procedure developed in [5], [15], and [16]. To describe this procedure, we need to
recall two families of perturbations of the paths §. r(-,w): the backward perturbation

«—

seER+— ([@QT’V( . ,W)} (s), [S e v (- ,W)] (s)) € C([O, 1];Rd) X C([O, 1];O(M))

for each v € R?, and the forward perturbation

—

sER— ([5e,T,e( S w)(5), [ § e w)] (s)) e C([0,1];R?) x C([0,1]; O(M))

for each smooth ¢ € O(M) — &, € C?([0,1];R?) satisfying &€.(1) = 0. Namely, given
v € R%, determine the family of paths (s,¢) € R x O(M) — f, v (s) € O(M) by?

d
f/e,v(s) = %fe,V(s> = Q(V)fe,v(s) with fe,V(O) =¢.

Then the backward perturbation has the properties that

Bl s~ ([<§Q7T,V( - w)](s), [?emv( S w)] (s)) is smooth for pur-a.e. w € 20;
for each s € R, w ~~ ([@emv( -, w)](s), [(§91T7V( S w)] (s))has the same
B2
distribution under pg as w ~> (w, Tiev(s)(: 7w));
w([<§e,T7v(t,w)]’(0)) = Acr(t,w)v  where
B3

T
Ae7T(t, W) + gRiC{ﬁ(t,w)Ae,T(tv W) =0 with A97T(0, W) =L

3 We use prime to denote differentiation with respect to s and dot for differentiation with respect
to t.
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By combining B2 with B3, we see that, at least for sufficiently smooth functions,

&(v) EHT [G(W,%e,gp( o w)) fom(Fer(l, w))]

L G([Benn(- W), [Fernl- W] ()

S

» fo W(SQ,T(I,W))

s=

(24) =ErT [

+ E#T [G(Wvge,T( : aw))G(Ae*T(]" W)v)ge,T(LW)f ° W} '

The role of the forward perturbation is that it allows us to remove the derivative
from f on the right hand side of (2.4). Namely, the forward perturbation has the
properties that

— —

F1 s~ ([@ ee( W) (), [ §ere(-,w)] (s)) is smooth for pur-a.e. w € 20;

) for each s € R, the distribution of w ~~ ([63,T’€( - w)](s), [?e,T,E( S, w)] (5))

under p7 is equivalent to that of w ~~ (W,&e,T( . ,W));

F3 W([?e,T,g(ty W)] /(O)> = Ae,T(ta W) (55 (0) — 6& (lf))7

if [Re(e, T, w)](s) is the Radon-Nikodym factor such that

B | [Re(e, T, w)](5) G([B e (- w)] (), [T e, w)] (5) )
=B [G(w, e (-, w))],

— % /0 1(Ae,T(t,w)ée(t),dvv(t))

F4

then d—i [Re(e, T, w)](s)

s=0 R4 :

In particular, by combining (2.4) with F2-F4, we obtain the formula
E(v)E'T [G(W, Fer (-, W) fom(Se,r(Ll,w))]
e :
(25 =E7 K[DgG] (W) - 7 /0 (Acr(t. wéen (D). dw(t))  G(w,For(: ,w))>

x fo W(SEVT(I,W)):|
when &,(0) = v, and where

DIG] (w) = 2

(26) (G W) [T e W)

~G([B el W), [T erel- w)(s))

Finally, starting from (2.5) and taking (cf. (2.2) and (2.3)) f = ¢,, we arrive at our
basic formula:

@(V)QEHT [G<W; %e,T( : aw))éy o W(%e,T(L W))}pT(TF(Q), y)_l

= EHTely {[DgG] (w) — %/0 (AeyT(t, w)ée’v(t), dw(t))RdG(w,Se,T( . ,w))],

s:O.

2.7)
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when &,(0) = v and &,(1) = 0.

2.3. Computation of logarithmic derivatives. With (2.7) in hand, the only
thing between us and our formula for logarithmic derivatives of the pr(-,y) is a little
combinatorics.

Following [13], for 1 < m < n, we use Ym.n to denote the set of all partitions
{BY,...,B™} of the set S,, = {1,...,n} into m nonempty, increasingly ordered subsets
B, ..., 3™, called blocks. In other words, B* # 0, for 1 < k < m; 89 N B* = 0, for

1 <j< k< m;and kf_jlﬁk = S,,. Finally, given vectors v!,...,v"* € R% and an
ordered block 8 = (64,...,Bm), we put
V,B — Vﬂl ® . ® Vﬁrn, c (Rd)(@m-

With this notation, one can use elementary differential calculus and induction to derive
the formula (cf. §2.1)

vev" T vev1 IOg pT( ) y)
= &(V).log pr(n(-),y)

-y (=)™ (m —1)! 3 11 (V) pr(n(-),y).
p )

m
T(w(e ,y) (BB } €S n k=1

(2.8)

m=1

In the following statement, if E = ¢! ® --- ® €™ where ¢ — £F € 02([0, 1];Rd)
is smooth for each 1 < k < n, then we use induction on n > 1 to define Bg(e, T, -) :
2 — R so that

/0 (Ae(t, w)EL(t),dw(t)) e whenn =1,

[DgnB€1®,,,®§n—l(e,T7 )] (w) when n > 2.

(2.9) Bz(e,T,w) =

THEOREM 2.10. Let n > 1 and v',...,v" € R? be given, and suppose ¢ €
O(M) — & € C%([0,1;R?), 1 < k < n, are smooth and chosen so that £F(0) = vF
and &€5(1) = 0 for all e € O(M). Then, for every p € [1, 00),

(2.11) sup T"HBE(e,T,W

ecO(M)
T€(0,1]

)HLP(I"T,e\y) < 00

and we have the formula
vev" e vevl 10ng( : 7y)
(212)  _ S (1) > Cr*" (Bgpi (¢, T, W), ..., Bgam(e,T,w)),
m=1 {BL,...BM}ESm n

where BP = €91 @ .- @€% when B = (B1,...,Bk) and (cf. (A.1) and (A.2)) Ch"*"V (X1,
.oy Xm) is the mth cumulant of the random wvariables X1,...,X,, computed with
respect to the measure Qg ey -
Proof. We defer the proof of (2.11) to §A.2 below and turn immediately to the
verification of (2.12). According to our notation of §2.1 with V=v!® ... @ v",

@(V)e IngT(W( : >7y) = Veyn -+ Vet 10ng( ) y)~
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By (2.7) with G =1 we see that?
EW)pr(n(-),y)
pr((-),y)

More generally, starting from here, working by induction, and making repeated appli-
cation of (2.5), (2.7), and Leibnitz’s rule, one finds that

(e) = T LEHT 1y [B5(27T7 W)] when &(0) = v.

G(V)epT(W(')ay) — EHXT.ely Zn:(iT)*m Z ﬁ BEﬁk (e,T, W) .

pT(ﬂ-(e)7y) m=1 {ﬁly-',ﬁm’}eEWL,n k=1

Finally, the passage from this to (2.12) is a simple application of the combinatorial
fact contained in (A.2). g

3. A little bit of large deviations.

3.1. General setting. We begin by re-formulating the key result from [7] about
large deviations in a form which is suitable for the present setting. Since we will be
making frequent reference to it, we recall here the Cameron—Martin subspace H of
absolutely continuous h € 20 for which

b = (/Ol\h(t)ﬁdtf < 0.

Next, to understand the intuition which underlies what follows, keep in mind Feyn-
man’s heuristic picture (cf. §4.2 of [14]) in which ur is given by the fanciful but
compelling formula

=dim w 2
(3.1) i (dw) = (2m) 5O oy (‘” 2¥H> Al(dw),

where Ay is the “Lebesgue measure” on H.

Of course, (3.1) makes essential zero mathematical sense. Nonetheless, as the
theory developed in [7] shows, predictions based on (3.1) become increasingly accurate
as T\, 0 and, when interpreted carefully, become correct at “I' = 0”. For example,
define (¢,e,g) € [0,1] x O(M) x H+— F.0(t,g) € O(M) so that

(32) ge,()(tu g) = @(g(t))ge,o(t,g) with Se,()(ovg) =¢
and set
(3.3) H(e,y) = {g € H: moFeo(l,8) =y}

Next, let K be a compact subset of O(M), and suppose that, for each T € (0, 1],
fr: K x2WW — R is a measurable function. Further, assume that fr [  x H tends
nicely to a smooth limit function fy: K x H — R, and define

2
) Mole) =mox{ oecg) - B g e Hea) . (o) € O x

4 This is a variant on a beautiful formula proved by J-M Bismut in [1], a fact which accounts
for our choice of “B” here.
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Then (3.1) should make one believe that, under suitable technical conditions, (cf.

(2.3))

RAT [exp (fT(eaW) —TMfO(eay)> 5,0 W(SQ,T(I,W))

is asymptotic, uniformly in ¢ € K, to an expression which is independent of {fr :
T € (0,1]}, and this belief is precisely what Theorem 4.21 in [7] justifies. Aside from
technical conditions, the theory requires that there exists an ¢ € L — h, € H(e,y)
such that

(35) fole. ) — I e my — el — e,y
for all h € H(e,y) \ {h.}, and
2 (s 2
(3:6) = (fo<e,[@<~>1<s>> - [@()2]“”H> <0,
s=0

for any smooth s € R — [O(-)](s) € H(e,y) with [O(-)](0) = h, and [O(-)]’(0) # 0.

3.2. The case at hand. In order to describe the applications of these con-
siderations here, we must first discuss the perturbations of the path §. o(-,g), which
replace the backward and forward perturbations of §2.2 when 1" = 0. For this purpose,
let H(O(M)) denote the set of absolutely continuous f : [0,1] — O(M) such that

1
f(t) € Hy)O(M) for almost every ¢ € [0,1] and / |w(f(t)) |ﬂ2§d dt < oo.
0

Given an ¢ € O(M), a smooth map ¢ € O(M) — ¢, € RE@H, and a g € H,
there exists (cf. Theorem 2.5 in [5]) a unique smooth s € R — [Feo.e(-,8)](s) €
C([0,1];0(M)) such that

P1 [%8,0,5(07 g)]/(s) = Qf(fe (0))[3210,5(0%)](5) and [Se,O,E( : 7g)] (0) = se,O( : 7g);

for each se R : [&p,g( : ,g)] (s) € H(O(M>)

P2 ,
and ( [Fe0.6(t:8)] () = €50060.819)(0) ~ € c0m1(o) (1)

Next, set
©coct@))(s) = [ w([Seoctr] ) dr

and, for smooth ¢g: O(M) x H — R, define

[Dgg] (8, g) = diig<[ge,07£(oa g)] (S), [62,075( i g)] (8)>

s=0

In particular, when & = h € H, we write Fe0h, Oc,0n, and D) in place of F. o,
©c0.¢, and DY. Finally, choose and fixay € M, set U(y) = O(M)\7~'(Cut(y)), define
¢ € U(y) — O, € RY 50 that ef, is the initial velocity of the unique minimal geodesic
on [0,1] running from 7(e) to y, and determine £, € H so that £.(t) = 0., t € [0,1].
The following statement is proved by the argument given to derive Lemma 2.9 in [10].
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LEMMA 3.7. Assume that g : O(M) x H — R is a bounded smooth function
with the property that

(3.8) [DRg] (e, €:) =0 foralle €U(y) and h € Hy={h € H: h(1) = 0}.

Then, for each compact subset KC of U(y), there is an € > 0 such that (3.5) and (3.6)
hold whenever ¢ € KC, h, = €., and fo = ag for some |a] < e.

3.3. The crucial fact. Our application of the considerations in §§3.1-3.2 will
be to functions of the form (cf. (2.9))

(3.9) fr(e,w) = p(e,BE(e,T,W))

where p € C°(O(M) x R;R) and we take

1
/ (£e1 (t)a g(t))]Rd dt when n = 17
0
(D¢ Berg...gen—1(e, T, )] (8) when n > 2.

(3.10) Bz(e,0,8) =

Because the functions Bg(e,T,w) are built out of solutions to stochastic integral
equations with smooth coefficients, they satisfy all the technical properties required
by [7]. In particular, in order to know that the asymptotic result described in §3.1
applies, Lemma 3.7 tells us that we need only check that we are dealing with a choice
of E such that

(3.11) [DRB=](0,¢,£.) =0 for all h € Hy.
Thus, we must seek such a choice.

To begin, notice that, for any e € O(M) — E, = ¢l @ -+ @ €7,
o 2

(3.12) Bz(e,0,8) = D5 051

|[©cos(-.8)]6)|

)
s=0

N

H

where s = (s!,...,s"); and we use induction on i = 1,...,n to set s; = (Sp11-4,-.-,

5p), B =& ® ... ®€", and define
[0c0,z, (t,8)](s1) = [Oc,0.en (. 8)] (s1),
[Oc0.6n-iom, (t,8)] (8i+1) = [Oc0,n-i (£, [Oc 0.z (-, 8)](8:)] (sn—0)-
Thus,

1 8n+1 2

[DgBE] (0,¢,€.) = imu [@e,o,aqgh( . ,fe)] (s, O')H

H|(s,0)=(0,0)

In particular, (3.11) will hold if, for sufficiently small |s|,

a 2
67“ [9“0’5@“( ' 752)] (S7U)HH =0 forall h € Hy.

o=0

Givenn > land V = vl @ --- @ v € (R)®" we want to make a special
choice of E = €' ® --- ® £" such that E.(0) = V. Namely, for each v € R? define
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e €U(y) — j¥ € RY@H so that (cf. (3.2) and the discussion preceding Lemma 3.7)°

Bt =w <Ci$n,v<s>,o(ta ffe,v(s>)‘s_0> :
where
fev(s) = €(V)j, o (s) With fev(0) =e.
Notice that, by uniqueness, for any ¢ € U(y) and v € RY,
feo 100,8] CU(Y) = [Se0,5v(t£e)] () = Fero(t. b5, o (s))
and therefore
fe 110,8] CU(Y) = [Oc0,5v(t,£e)](s) = £, () (1)

Next, forn > 1 and V = vl @ --- @ v € (R)®" define ¢ € U(y) — JY €
C>*([0,1]; (R")®") so that

NOENCERRENIOE

and, for v**! € R?, use induction to define ¢ € O(M) — f, ygynr1 € C (R
O(M)), so that

fe’v®vn+1 (S, Sn+1) = ffe,v(s)vvn+1 (SnJrl) for (S, Sn+1) (S R"™ x R.

Clearly, for each V, there is an upper semi-continuous dv : U(y) — (0, c0) such that
¢ €U(y) and [s| < dv(e) = fe,v(s) € U(y).
Hence, by induction and uniqueness,
e € U(y) and |s| < oy (e) =

[@e,O,JV( ' 7£?)] (S) = 'eftyvn(@...@\,l (s)

But, because 7o Feo( -, £e) is a minimal geodesic,

(3.13)

2 6,0n (-] )

=0 for any e € U(y) and h € Hy;
o=0

and so we have now proved that

(e,h) € U(y) x Hyp and |s| < dy(e) =

82; ” [@e,o,JV@)h( ) )Ee)] (s,0) H2

(3.14) 0

o=0

H

for all V € (R4)®n,
After combining Lemma 3.7 and (3.14) with the results from [7] alluded to in
§3.1, we see that, for any V € (R)®", K CC U(y), and p € C°(R; R), there exists a

5 The notation jv here is recognition of the fact that ¢ ~ Fe,o0(t, £ )j¥ (t) is a Jacobi vector field
along the geodesic mo Fe o( -, £e).
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dv(p, K) > 0 such that, for each || < dv(p, K),

exp (— p(0) + %d:ipst(ﬂ(e),yV)

e <ap(BJv(e,T, w) — BJV(€,07£2))> 5y oﬂ—(ge’T(l,W)))‘|

EMT
x T

is asymptotic, as T\, 0, uniformly in ¢ € I, to an expression which is independent of
«. In particular, by taking the ratio of the preceding with the quantity which results
from replacing « by 0, one obtains (cf. (2.3))

EHT ely |f)Xp (QP(BJV(Eava) - BJV (2,0,@8)) — Ozp(O))] _q

=0.
T

3.15) lim su
( ) T\0 eEIIC)

LEMMA 3.16. For each K CC M \ Cut(y), V € (R)®", and p € [1, 00),

sup  max T_1||BJv(e,T7 w) — Byv (e, < oo0.

Te(0,1] €7 H(K)

Proof. Choose p € C°((—2,2);[0,1]) so that p =1 on [~1,1]. Then, by (3.15),
there exists an o > 0 such that

07£e)||LP(HT,e|y)

sup  max ey, ({w s [Byv(e, T,w) = Byv(e,0,)] > 2})
Te(0,1] e€7 1 (K)

S EHT.ely [exp (Oép(BJV(e7T’ W) - BJV(Q,O,EQ)) —+ O[) .

T

Hence, in view of (2.11), it suffices for us to check that for some « > 0,

/ (a’BJv(e,T,W)—BJv(e,O,eeM
exp
D(V,e,T)

sup
T€(0,1]
ecn 1K)

T > W,y (dW) < 00,

where

I(V,e,T)={w:|Byv(e,T,w) — Byv(e,0,£)| < 2}
But, by taking
p(t) =tp(3),
we see that (3.15) with py replacing p, provides the required estimate. O

4. The main results.

4.1. Outside the cut-locus. We are now ready to prove the main result of
this article, which says that when = = 7(e) is outside the cut locus of y, derivatives
of all orders commute with the limit in (1.1). In fact, a slightly stronger asymptotic
statement can be made, and as a consequence, we improve the upper bound of [16]
for compact sets outside the cut locus.

THEOREM 4.1. Lety € M and K CC M\ Cut(y) be given. Then, for eachn > 1,
and v',... ,v* € R%:

sup T |TVeyn - Veyr logpr(-,y) + 2 Veyn - Veadist( -, y)?| < oo,

Te(0,1]
ecm 1 (K)
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In particular, there is a Cp,(K,y) < oo such that for V=v'®@...@v"

K
M IVl(gayon  for all (T'e) € (0,1] x 7 (K).

Proof. Choose v!,...,v" € R% and apply (2.12) with &8 | 7=1(K) = j¥ |
77 1(K) to see that, for all e € 771(K) (cf. §2.1 for the notation),
E(V)elogpr(m(-),y)

_ Z(iT)fm Z C::LT«e‘y (BJvﬂl (B,T,W),...,BJV@m (Q,T,W)).
m=1 {ﬂla“wﬂm’}eznl,n

VtV"’ e Vevl 1ngT( K] y) S

Note that, because
CTTYRW (BJV (9, T7 W)) = EHT.clv I:BJV(ea T7 W)] )
Lemma 3.16 guarantees that

CfT,eh/ (BJV (e’ T, W)) — Byv (e, 0, ee)
T

sup  max
Te(0,1] ¢€mH(K)

At the same time, by (3.12) and (3.13), we know that
1
Byv(e,0,£) = SE(V)e dist (( - ),)°.
Thus, all that remains is to check that, when 2 < m < n,

Tzl(lg)l] SUP(K) T—mCxLT,e\y (BJvﬁl (e, T, W)), ey BJvﬁm (67 T, W)) < 00,
Al een—1

which follows from (A.3) and Lemma 3.16, with p = m. d

4.2. At the cut-locus. Again let y € M be fixed, and consider the behavior of
the nth order covariant derivative of log pr(-,y) as T\, 0. When = = 7(¢) € Cut(y),
the situation is not so clear. In order to describe what we can say in this situation,
we define (cf. [8])

M(z,y) = {Xm €T, M: y=exp,(X,;) and dist(z,y) = |Xm|TxM}

and

—

M(z,y) = {(Xme) € M(z,y) x (T,M\{0}) : d—i exp, (X, + sWy)

—

~o}.
s=0
# 0.

Because, © € Cut(y), either M(z,y) contains more than one element or M(z,y)
Finally, for e € 7=1(x), set

M(e,y) = {0 e R?: ¢0 € M(,y)},

and, for @ € M(e,y) define a path £(0) € H(e,y) by [¢(8)](t) =t0, t € [0,1].
THEOREM 4.2. Assume that M(x,y) contains more than one element, and let

M(z,y) 2 M(x,y) be a submanifold of T, M with the property that

—

(Xg, W) € M(z,y) = W, L Tx M(z,y).
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Further, assume that M (xz,y) has positive measure when M (x,y) is given the measure
determined by the Riemannian structure which it inherits as a submanifold. Given
¢ € m 1(x), there exists a non-degenerate (i.e., not concentrated at a single point)
Borel probability measure )., on R® which is supported on M(e,y) and for which the
asymptotic series

ely
vevn cee vevl IngT( : ,y)

43 U Y O (Ban (€.0.66). .. Bag (c.0,4(6)))

m=1 {B,...Bm} S n
holds whenever n > 1, v¢ € R%, and €'(t) = (1 — t)v', for i =1,...,n. In particular,
one can choose vectors v* so that there exist infinitely many n > 1 with

(4.4) A TV eyr - Ve logpr(-,y) # 0.

Proof. Given (2.12), the proof is essentially the same as that of Theorem 2.34 in
[10]. In particular, if v € R? and &(t) = (1 — t)v, then (cf. (2.9))

—BE(270,€(0)> = IV(0> = (V,@)]Rd.

The only additional ingredient is provided by Lemma A.5, which guarantees that, when
A

v#0and v £ M(e,y), Co' (I(0), ..., I,(0)) # 0 for infinitely many m > 1. g

4.3. Final comment. It may be of some interest to see what Theorem 4.1 says
about derivatives of pr(-,y) itself. For this purpose, let v!,...,v" € R? be given,
set V=v! ®---®v"?, and note that, by elementary calculus and an easy induction
argument:

(4.5) "E(V)e”(ﬁ(';’y)zz S [T ev®)elogpr(n(-).y).

pr((e),y m=1{B1,... Bm}ex,, , (=1

Obviously, if no restrictions are placed on the v*’s, Theorem 4.1 gives nothing more
than

E(V)epr(m(+),y)
pr (w(e),y)

S C ||VH(R‘1)®" T—TL When T S (0, 1],

an estimate which, in fact (cf. [16]), holds everywhere, not just outside the cut locus.
Our goal here is to show that one can say more when one puts restrictions on the v*’s
and stays away from the cut locus.

Set

Ble,y) = gdist(r(e),y)” and  [B(e,9)](V) = €(V)E(-,y).

The first part of Theorem 4.1, in conjunction with (4.5), says that, for each ¢ ¢
1 (Cut(y)) ,

6(‘/v)epT (T‘—( i )7 y)
pr (77(2)7 y)

(4.6) <C(V,e,y)T™™V5)  when T € (0,1],
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where
31 <m <n, 3{ﬁ17...,ﬂm}62m,n, and
1<l < <l <m with

(4.7) m(V,e,y) = max< k: K .
[I[EEy](vZ7) #0

In order to take advantage of these observations, suppose that m(¢) ¢ Cut(y).
Then, by standard (cf. Chapter 9 in [4]) calculations:

m(e) =y =
[E(e,y)](€) =0 and [E(e,9)] (€ @n) = (§&,m)pa forall&me R

On the other hand, when 7(¢) # y, we will make a special choice of basis. Namely, we
take e!(e,y) € R? so that dist(7(¢),y) ee'(e,y) € Tr(eyM is the initial velocity of the
unique minimal geodesic from m(e) to y. Then

[E(e,9)](6)
dist (7 (e), y)

Hence, because [E(e,y)](€®n) = [E(e, y)] (n®E€), we can choose €% (e, y), ..., e%(e,y) €
R? so that (e'(e,y),...,e%(e,y)) forms an orthonormal basis and

(4.8)

= —(S,el(e,y))Rd = [E(e,y)] (¢ ®e'(e,y)) forall &€ RrRY.

[E(e, )] (e'(e,y)) =0 for 2 <i<d,
[E(e,y)] (e(e,y) ® € (e,y)) =0 for 1 <i#j<d
THEOREM 4.10. Lety € M and ¢ ¢ 7' (Cut(y)) be given. If w(¢) # y, choose
the o.n. basis (el(e,y),...,ed(e,y)) as above; and when 7(e) =y, let (el(e7y), o

ed(e,y)) be an arbitrary o.n. basis in RY. Next, suppose that V = el (e,y) ® --- ®

(4.9)

Ni(V,e,y) =card{l <m < n: iy =k},
and set
d
Ni(V
mi1(V,e,y) =0 and mo(V,e,y) = Z [W] if m(e) =y,
k=1

d
mi(Voey) = Ni(Voey) and ma(Viey) =

|:Nk: (V7 ¢, y)
k=2

: ]#m#y
Then

Veein - Veer 27( - Y)
pr(7(e),y)

< C(V,e,y)T~™Ve%)  when T € (0,1],

where
n—mi— 2ms

3 ” (V,e,y).

m(V,e,y) < {ml +mo +

6 We use [t] to denote the integer part of t € R.
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In particular, if either w(e) = y or w(e) # y and iy, # 1 for any 1 < m < n, then
m(V,e,y) < [4].

Proof. In view of (4.6) and our notation convention of §2.1, all that we have to
do is check that the m(V,e,y) in (4.7) satisfies the asserted estimate. But, for any
1 <m <nand {,81, e ,ﬁm} € Ymn, (4.7) and (4.8) say that, for any 1 < ¢ < m,

[E(e,y)] (VP") # 0 only if
BYc{(k,k): 1<k<d}or |ﬁl| >3 when 7(e) =y,
B = (1), B € {(k,k): 2<k<d}, or fﬂq >3 when 7(e) # y.
Thus, a partition which achieves the maximum in (4.7) can be chosen from among
partitions {3',...,8™} in which
card{¢: B' € {(k,k): 1 <k <d}} =[m1 +ma](V,e,y) if 7(e) =y,
card{¢: B'= (1) or B € {(k,k): 2< k <d}} = [m1 + ma(V,e,y) if (e) # .

Further, among these, the maximum cannot be larger than m + mo plus the largest
number of remaining blocks which have three or more elements. a

Appendix.

A.1. Cumulants. The purpose of this section is to provide a few elementary
facts about cumulants. For more details, see either [11] or [12].

The easiest way to think about cumulants is to consider bounded random variables
X1,..., X, on some probability space (E,F, u) and take the mth cumulant to be

oo(m)

However, because we need to consider unbounded random variables, we will need an
alternative description of cumulants. Namely (cf. the discussion in §2.3 preceding

(2.8)),

m

9]
M - - @ H
(A1) CH (X1, .., Xm) Jar G logE

a=0

9

1] x

ieBi

m k
(A2)  Ch(X1,., Xm) =D (—DF (k= 1)! > ITE

k=1 {B,....B*}ES m J=1

which is an expression that makes perfectly good sense as soon as each X € L™(u)
and agrees with the one in (A.1) when the X}’s are bounded. Moreover, by Holder’s
inequality,

I1 x

€8I

k
[1e"
j=1
and so the multi-linear map

(X1,.. 0y X)) € L™ ()™ — C (Xy,..., X)) €R

k m
< H H ”Xi”Llf”'I(,L) = 111 1 XillZm (1

j=1icpi

is continuous. In particular, for each m > 1, there is a ¢, € (0, 00) such that

(A.3) €8 (X1, s Xon) | < e [Tl -

=1
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Finally, notice that, by (A.1), for each m > 2 and bounded X’s,
Cﬁfl(Xl, . ,Xm) =0 if X; is constant for any 1 < ¢ < m.

Thus, by continuity, multi-linearity, and (A.3), we know that

(A.4) Cl (X Xon) | < e [T 11X = aill o

i=1

for any m > 2 and (ay,...,a,) € R™.

Besides the preceding, we made use in Theorem 4.2 of the fact contained in the
following.

LEMMA A.5. Let X be a bounded”, non-constant random variable on (Q, F, ).
If the probability measure i is non-degenerate (i.e., not concentrated at a single point),
then CH (X, ..., X) # 0 for infinitely many m > 1.

Proof. Because X is bounded,

ZGCMM(Z)EE“[@ZX} eC

is an entire function of exponential type (cf. [3]) which is 1 at the origin; and so, by
(A.1), it suffices to show that M has at least one root. But if M never vanished, then
the Weierstrafl product formula would say that M(z) = e** for some « € C, with the
conclusion that R 3 E#[X] = a and E#[(X — «)?] = 0. That is, X would have to be
constant. a

A.2. An [P-estimate. Here we will verify the estimate in (2.11). Thus, let
> 1 and smooth ¢ € O(M) — &1 € C?([0,1;R?),1 < i < n, be given, set

=¢ ®---®¢" and, for T € (0,1], define Bz(e, T, w) accordingly, as in (2.9).
Arguing as in [16] (cf. Lemma 3.3 and Appendix there), one finds that

[m s

1 d 1
Bg(e,T,w):/O [ao(e,T,w)](T)dT—FZ/O [ozj(e,T,W)}(T)dwj(T),

where, for each (T,e¢) € (0,1] x O(M) and 0 < j < d, (1,w) € [0,1] x 2 +—
[aj(e, T, w)|(T) € Ris a {By : t € [0,1]}-progressively measurable function and there
exists an € > 0 such that, for all R > 0,

(A.6) sup pr | sup  max |[o;(e, T, -)](7)]] > R" | < 2exp(—eR?).
(T,e)€[0,1]xO(M) ref0,1] 1si<d

Now write

/0 (o (e, T, w)| (1) dr = Z 27 Ao (e, T, w)
=1

where Ag ¢(e, T, W) = 26/ (oo (e, T, w)]| (1) dr

1—2-¢+1

7In order to appreciate the importance of boundedness here, consider the case when X is
Gaussian.
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and, for 1 < j <d,

1 o]
/ (o (e, T, w)| (1) dr = ZQ‘éAM(e,ﬂ w)
0 =1
s 1-27¢
where Aj (e, T, w) =22 / [ (e, T, w)](7) dw; (7).
1—2-6+1

Obviously, all that we have to do is show that, for all p € [1, 00),

(A7) sup sup max T"HAg(e,T, . 00.

<
(T,0)€(0,1]xO(M) £>1 0<j<d )HL"(HT,e\y)

The key to our proof of (A.7) is contained in the inequality (cf. (A.3) in [16])
which says that, for each p € [1, 00), there is a universal C}, < oo such that

P
2

(A.8) E'[X*Y] < Cp (tog | |y + B [eX])

for any probability measure v and any non-negative random variables X and Y such
that EY[Y] = 1. In particular, since

)

|Aj’g(€, T, W)

EHXT.cly [‘Aj,f(e, T, W)

= EHT

2 po-ep(moFer(l—274 w),y)
pr (77(e>7y) ,

and, by standard heat kernel estimates (cf. [9]), there is a C' < oo such that

lper (- 7y)||C(M;]R) <c

log
pT(-ra y)

1
<1ogt+ T> for all (¢t,z,y) € (0,1) x M x M,

(A.8), with pn replacing p,

3=

X(w) = |Aj,g(2,T, W)’ ,

and
B po-er(moFer(l—27% w),y)
Yiw) = pr(7(e),y)

)

will give (A.7) once we check that there exists a p > 0 for which

(A.9) sup sup ,[LT(|Aj7e(e,T, w)| > R”) < 2exp(—pR?), R€[0,00).
(T,e)€(0,1]x O (M) £>1

Finally, when j = 0, (A.9) is an immediate consequence of (A.6). When 1 < j < d,
we use the standard exponential estimate for stochastic integrals which says that, for

any positive numbers r and R > 0 and any progressively measurable « : [0, 1] x 20 —
R:

pr (/aba(r) dw;j(r) > (b—a)?rR and /aba(T)2dT < R2> < exp (—7;) .
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Hence, by (A.6), for each 1 < j < d,

n R2 2
/J,T<‘Aj,g(€,T,W)| >R ) < 2exp (—2> —|—2exp(—eR ),

which completes the proof of (2.11).
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