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ON COMPACTNESS AND COMPLETENESS OF CONFORMAL
METRICS IN RV*

CHIUN-CHUAN CHENT AND CHANG-SHOU LIN#%

Abstract. For a smooth function K(z) in R™, we consider the problem of finding a metric g

4
conformal to the flat metric |dz|? such that K (z) is the scalar curvature of g. Let g = u7n—2 |dz|?.
Then when n > 3 the problem is equivalent to finding a positive smooth solution of the equation

nt2
(0.1) Au+ K(z)un—2 =0 in R™.

A solution u of (0.1) is called of slow decay if the conformal metric g can not be realized as a smooth
metric on S™. In this paper, under some conditions on K, we prove that if u is a solution of slow

4
decay, then the conformal metric g = um—2 |dz|? is a complete metric in R™ which has bounded
curvatures. As a corollary of the result, we show that under the same conditions on K as above, the

4
Kazdan-Warner identity holds for a solution u if and only if the conformal metric g = un—2 \d:v|2
can be realized as a smooth metric on S™. A compactness theorem is also proved.

1. Introduction. Let (M, go) be a Riemannian manifold of dimension n with
n > 3. Given a smooth function K (z) defined on M, one would like to find a metric
g conformal to gg such that K is the scalar curvature of the new metric g. In the last
several years, there have been considerable works devoted to studying this problem of
prescribing scalar curvature. However, most works were only concerned with the case
when M is a compact manifold; pariticularly, the standard n-dimensional unit sphere
S™. In this paper, we want to consider the case when (M, gg) is the n-dimensional
Euclidean space R™. When (M, go) is the Euclidean space and let g = unz go for
some positive function u, then the question above is equivalent to finding positive
smooth solutions of

n+2
(1.1) Au+ K(z)u»—2 =0 in R”
after an appropriate scaling, where A is the Laplace operator of R™. In the paper,
we always assume the limit K(0o) = lim |, o K(2) exists and is positive. We will
discuss the case K(o0) = 0 in another paper.

From the viewpoint of geometry, it is natural to ask a solution u of (1.1) such that
the conformal metric g = uﬁgo is a complete metric in R™. Following conventional
notations, a solution of (1.1) is called of slow decay if the conformal metric uﬁgo
can not be realized as a smooth metric on S™. From the viewpoint of PDE, many
basic questions about solutions of equation (1.1) remain to be investigated. Three of
them are listed below.

Question 1. Is every solution of equation (1.1) bounded in R"™?

Question 2. Suppose that u is a solution of slow decay. Is the conformal metric
g= une go a complete metric in R™ ?

Question 3. If the conformal metric g is complete in R", does g always have
bounded curvatures in R"?
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The answer of these questions was implicitly contained in the work of Caffarell-
Gidas-Spruck [CGS], when the curvature function K (x) is identically a positive con-
stant for |z| large. In [CGS], they proved that if u is a solution of slow decay, then
there exists an entire singular solution ug of

(1.2) Aug(z) + K(oo)uéz%g =0 in R™\{0}
such that
(1.3) u(z) = up(z)(1 + o(1))

as x| — +oo. Since singular solutions of (1.2) can be completely classified, an
immediate consequence of (1.3) is that there exist two positive constants ¢; and ¢
such that

—2

(1.4) el 7T <wu(z) < 02|x|7%

holds for |z| large. Thus, the completeness of the conformal metric g follows immedi-
ately and it is not difficult to show that g has bounded curvatures.
Another insteresting implication of (1.3) is the followings. A result of Kazdan-

Warner states that if g = ue |dz|? can be realized as a smooth metric on S™, then
the identity

(1.5) / n(a: . vK(m))u%(u’c)dm =0

always holds. An immediate consequence of (1.3) says that when K(z) is a positive
constant for |z| large, then the Kazdan-Warner identity holds for a solution w is

sufficient and necessary for the conformal metric g = uw? |dz|? to be realized as a
smooth metric on S™. Therefore, it should be an interesting question to ask whether
these results can be extended to functions K which are not constant near oco.
Actually, the work of [CGS] was extended in [CLn3] to a more general class of
curvature functions K. To state the result in [CLn3], we suppose that K satisfies

K(00) = lim|g|—oo K(x) >0 and
(1.6)
c1 < | v K(2)||z|" < ¢y for |z| large and for some [ > 0.

-2
In [CLn3|, we proved that if (1.6) is satisfied with [ > %, then (1.3) holds for any
solution u of slow decay. In particular, we answer Questionl through 3 affirmatively.
On the other hand, when | < n—= we have constructed a solution w such that the

conformal metric g is a complete metric, but, with unbounded curvatures. In this
example, it is easy to see that the curvature function K (]z|) has a local maximum at
0o. In this paper, we want to consider the case when K(z) has its local minimum

n—2
at oo. In this case, the condition [ > — will be removed. Instead, we need the

following assumption:

(1.7) There exists a constant ¢y > 1 such that K(y) < K(z) whenever

ly| > colz| for |x| large.
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THEOREM 1.1. Assume K satisfies both (1.6) and (1.7). Then there exist ¢ > 0
and R > 0 such that for any solution u of equation (1.1),

(1.8) u(z) <ec |9L‘|_TLT_2

holds for |x| > R. In addition, if we assume x - 7K (x) <0 for large |x| and u(x) is
a solution of slow decay, then there exists a constant ¢y = c1(u) > 0 such that

(1.9) w(z@) > oz

holds for |x| large. Therefore the conformal metric g = une |dx|? is complete in R™
We have to emphasize the constant ¢ in (1.8) is independent of u, an improvement

-2
of our previous result in [CLnl] even under the condition ! > n—z Inequality (1.8)

is very important because it enables us to apply the Harnack inequality to the solution
u for |x| > R. As in [CLnl], inequality (1.8) will be proved through the application
of the method of moving planes. The method of moving planes was first invented
by A.D. Alexandrov, and has been developed further to study the radial symmetry
of solutions of elliptic equations by Serrin [S], Gidas-Ni-Nirenberg [GNN], Caffarelli-
Gidas-Spruck [CGS] and Chen-Li [CL]. Here, we use a modified version which was
developed in [CLnl].

It is easy to see that by the Kazdan-Warner identity, if K (x) Zconstant is nonin-
creasing along any ray issuing from the origin, then any solution of (1.1) must be of
slow decay. Hence, we have the following consequence of Theorem 1.1.

COROLLARY 1.2. Suppose K # a positive constant satisfies (1.6),(1.7) and x -
vK(x) <0 for x € R™. Then for any solution u(x), u(x)|x\n772 is bounded by two
positive constants for || large. Furthermore, the conformal metric g = uﬁgo 18
complete and of bounded curvature on R™.

Corollary 1.2 answers a question which was arised in [DN]. In [DN], Ding-Ni
proved the existence of infinitely many solutions of (1.1) when K is almost symmetry
and nonincreasing along any ray from the origin. But, they did not establish the
completeness of their solutions. Thus, from Corollary 1.2, the existence of complete
metrics is obtained for such class of K considered in [DN].

It is easy to see the upper bound (1.8) implies that |z|| </ K(x)|u"% € LY(R") if
| v K ()| decays like ||~ at oo for [ > 0.

COROLLARY 1.3. Suppose that K satisfies (1.6), (1.7) and x - 7 K(z) < 0 for
|z| large. Then the Kazdan-Warner identity (1.5) holds if and only if the conformal
metric g = uﬁ|dx\2 can be realized as a smooth metric on S™. In the case when g
is complete in R™, the quantity

(1.10) P=| (z -vK(z))uiz <.
Rn

The quantity P defined above is called the Pohozaev number because it comes
from the Pohozaev identity. It is quite intersting to note that a negative upper bound
of the Pohozaev number can guarantee the compactness of conformal metrics. To see
it, we assume that K has only a finite number of critical points {Py,..., Py} in R™.
At each critical point P;, K satisfies the nondegenerate conditions :

(L11) |V K(@)| ~ |z — PP
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in a neighborhood of P; for some constant 3; > 1, where two functions f(x) ~ g(z)
means that the ratio f(x)/g(z) is bounded by two positive constants.

THEOREM 1.4. Suppose the assumptions of Corollary 1.3 hold and K has a finite
number of critical points {Py, ..., Pn}. At each critical point P; of K, assume (1.11)

-2
holds for some 3; > nT Let eg > 0 be fixed. Then there exists a constant ¢ = ¢(gq)
such that for any x € R™, the inequality

_n=2
Pl

(1.12) u(z) <c (1+|z)

holds for x € R™ and for any positive solution u satisfying

(1.13) / (2 - VK (2))u™2 (z)dz < —eo.

We remark that for the case of two dimension, the conformal metric of a pres-
beribed Gaussian curvature might be neither a complete metric on R?, nor a smooth
metric on S2. Thus, the conclusions of both Theorem 1.1 and Corollary 1.2 on the
completeness of conformal metrics do not hold in two dimension.

The paper is organized as follows. In Section 2, the first part of Theorem 1.1 is
proved via the method of moving planes. The inequality (1.9) and Theorem 1.4 will
be proved in Section 3.

2. The method of moving planes. To prove Theorem 1.1, we will apply a
modified version of the well-known reflection method, as developed in [CLn1]. Follow-
ing conventional notations, we let for any A < 0, Ty = {z = (z1,...,2,) | 1 = A},
Yy = {x | 1 > A} and 2* denote the reflection point of x with respect to Ty. Let u
be a positive C? solution of

(2.1) Au+ K(z)ui=2 =0 in RMA,

where A is a finite set of singular points. Assume A C X, for some Ag < 0. Let
wy(7) = u(x) — u(x?) for x € Ty\\A and A < \g. Then w), satisfies

(2.2) Awy + bywy = Q,\((E) in E)\\A,

where

and

Suppose u(z) = O(|z|?>~™) at oco. Then for A < )¢, bx(y) satisfies
(2.3) 0 < ba(w) < Cla|™*

for large |z| and a positive constant C' > 0.
To apply the method of moving planes, we want to construct a family of compar-
ison functions hy € C1(X)) satisfying the following conditions.

(2.4) Ahy(z) > Qa(z) in Dy
. ha(x) >0 in Xy and hy(z) =0 on T},
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(2.5)  hy, (@) <wy,(z) holds for z € } 7, \A and for some A\; < Ag.

(2.6) ha(z) = O(|xz|~™) at oo for some 7 > 0. Both hy and s7hy are continu-
ous in A, x variables.

LEMMA 2.1 Suppose u(z) satisfies (2.1) and u(x) = O(|z|*~™) at co. Assume
there exists a family of functions hy satisfying (2.4), (2.5) and (2.6). Then wx(z) > 0
m 2)\ fO’f’)\l S A S /\0.

We refer the reader to [CLnl] for the proof of Lemma 2.1 (See Lemma 2.1 in
[CLn1].) To apply Lemma 2.1, we need the following lemma about the Green function
G*(z,m) of A on ¥\ with zero boundary value. The Green function has the form of

(2.7) G)‘(x,n)zcn< 1 B 1 )

In === |p—arr?

for x,n € ¥y, where ¢, is a positive constant depending on n only.
LEMMA 2.2. Let A < 0. Then the followings hold.

A
(i) For |x| < |7,6”\(95,0) > cqlz| 7T

A
(ii) For |x| > %,GA(x,O) > 1Al = N)|z| 7™
(#ii) For x,n € ¥y, we have

G(w,m) < comin(fa = 07", Jo = ' " (@1 = A), |In — 2|7 (21 = X) (1 = A)

where ¢1 and co are two positive constants depending on n only.

Now we are in the position to prove Theorem 1.1.

Proof of Theorem 1.1. The upper bound. Without loss of generality, K is assumed
to satisfy

(2.8) 0<c <|v K@)zt <ec for |z >1.

Let u be a positive smooth solution of equation (1.1), and let v*(x) = |x|2’”u(%)
x
be the Kelvin transformation of u. Then u* satisfies

n+2

(2.9) Au*(z) + K*(z)u*" () =0 in R™\{0},

where K*(z) = K(%) Inequality (1.8) is equivalent to the following
x

(2.10) u*(z) < Clz|™="  for |z| < 1/2.

Suppose that (2.10) does not hold. By applying a blowing-up argument due to R.
Schoen [P], there exist a sequence of solutions u} and a sequence of local maximum
points z} of u; such that

(2.11) wl(@))|z]* T — +oo

and the rescaled function

(2.12) vf (y) = Ml (zf 4+ M2 y)
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converges to Ug (y) in C?

o (R™), where M; = u}(x}) and Ug (y) is the positive solution
of

n+t

12 .
(2.13) { AUG + K(00)Ug = =0 in R,
U (0) =1 = maxg~ U (y).
For a proof of the statement above, we refer the readers to [P] and [CLnl]. Since
K* has no critical points in 0 < |z| < 1. Hence by Corollary 1.4 in [CLnl], we have

z; — 0 as i — +o0.
Obviously, v} satisfies

n 2
(2.14) Av; + K7 (y)of 72 (y) = 0 in RO\ {—M] a2},

2 2
where K (y) = K*(z; + M, "*y) and lim;_, 4o, M,"?|xf| = +00. Without loss of
generality, we may assume

(2.15) e1 =(1,0,...,0) = lim |v K*(x})|™" v K*(x}).

li
1—+00

For any § > 0, set

—n Y —n,
(2.16) vl (y) = lyl? \W —der >0 (I5(y),
and

Yy Y _
(2.17) Is(y) = (W - 561)|W — deq| 2.

Obviously, I5(y) is a composition of two inversions and Uf is a composition of two
Kelvin transformations. Since equation (2.14) is invariant under the Kelvin transfor-
mation, v{ (y) satisfies

Avf + Ks(y)(w)) 75 =0 in R™\{&},

2 2
where Ks(y) = K*(xf + M, "*Is(y)) and &; satisfies I5(&;) = —M," *x. It is not
difficult to see

(2.18) lim & = %
Let Us(y) = |y|2*”|ﬁ — de1|>7"U; (Is(y)). By a straightforward calculation, Us(y)

has a nondegenerate maximum point es such that es — 0 as § — 0. Hence, vf
has a local maximum at y; with lim y; = es. In the followings, dy will be chosen

71— +00
sufficiently small so that y; is contained in the strip {y = (y1,...,yn) | —1/2 < y1 <
1/2} for all i and ¢ < dp.

Let wy(y) = v2(y) — v{(y*). (For simplicity of notations, indices i and & are

dropped.) Then w) (y) satisfies

(2.19) Awy +ba(y)wa(y) = Qa(y) in Xx\{&},

where b (y)wi (y) = Ks(y) {0 (y) 72 — v (y*) 72} and

%

n+2
n—2

Ox(y) = [Ks(y*) — Ks()] (] (™))
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First, we claim that there exist constants A\g < 0 and &g > 0 such that for all
0 < § < dp, we have

(2.20) wx, (y) = er(1+[y)) ™" (y1 = Ao)

for y € ¥,\{&}, where ¢; is a positive constant independent of ¢ and .

The proof of (2.20) goes similarly as the proof of Lemma 3.1 in [CLn1]. However,
the lower bound of u is not assumed here. For the sake of completeness, we present
the proof here.

Since v} (y) converges to U (y) in C? _(R™), for any € > 0 there exists a sequence

of R; — o0 such that |v] (y)—U{ (y)| < €R?_" for [y| < R;. Let B = {y | ||y_%| <
1}. Since v? is superharmonic in B\{¢;}, by the maximum principle,

%

(2.21) v (y) > iargvf for y € B.

(e.g., see Lemma 2.1 in [CLn4]). Since the right-hand side of (2.21) tends to iréf Us(y)

as i — +oo and Us(y) > (1 + ¢16)Us(2) for A < —2 and for y, 2z € B where ¢, is a
constant depending on n only, we have by (2.21),

1
(2.22) wx(y) > 5016"_1 forye B
By a direct computation, we have

e _ er,_ 1
(223) Li(y) + 5 =07y — =72/ + (5 — w)er),

and by (2.23),

_ 2 e _ e _
(224)  Is(y) = LM <2672 [+ AL+ D)ly = 571y = 5720 = A)
for y1 > A, where ¥’ = (0,ya,...,¥ys). By the uniform convergence of v}, we have
(2.25) 5 7 07 (2)] = (n = 2)6% "] (2)|(1 + o(1) + O(8))

=c,(1+0(1) + 0(0))
holds for |z + %1| < 1. Applying (2.23) through (2.25), we have for |y — %1\ > (%2,
o (y) = ol (1) = 2y — S = Iy = S ()
Hor (Ls(y) = vF syl = P77
> enly® — %I’"(yl - ),
provided that |\| is sufficiently large, ¢ is small and ¢ is large. Thus, let |A\g| be large

1
enough so that (2.20) holds for |y — %1| > 5
For 1 < |y — %1| < 672, (2.20) follows immediately from the C2 convergence of

v? to Us as i — +o00. Therefore, the proof of (2.20) is complete.
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Let

1

€1 n— x|—1
2.26 B; = — A< —— M P,
(2.26) wlly 5|_460(52 P

where ¢ is the positive constant in (1.7). Since |I5(y)| = |y|(d|y — %D*l, we have

2
(2.27) [£5(y)| = 3coM;" " |5

. N 3 1
for y € B; and large 4. Since |I5(y")] < 5 fory e B; and \yp < A < 3 we have

2 e
o + M, TR ()] < o]+ My T ()
2 _2_ 3
< MMt 4 2)
__2_
< cgtlay + M; " Is(y))|

for large i. Thus, by (1.7),

(2.28) Ks(y) = Ks(y*)
for y € B;.
Let
_ | Q\ly) ify¢g B
(2'29) ;\r(y) - { 0 A if Y€ Bz
and
(2:30) M == [ &t

for y € ¥x where G*(y,n) is the Green function (2.7). Clearly, hy(y) € C1(X,). By
(2.28), we have Ahy(y) > @Qx(y) for y € Xy. In order to apply Lemma 2.1, it suffices
for us to prove

(2.31) ha(y) >0 in 3y
for \g <A <1/2, and
(2.32) b, () < wy,(y) fory € Xy,.

To estimate hy(y), we follow the computations in [CLnl]. For the details of compu-
tations, we refer the readers to [CLnl]. Note that by (2.15), we have

(2.33) Ks(y) — Ks(y™) > M; ™2 |73 (51 — A) — o(1)]y)

€
for |yl < R = FO’ where § << g9 << 1 and o(1) denotes a positive constant which

tends to 0 as i — +oc.
For y ¢ B;, we have

(2.34) Ks(y) — Ks(y)| < e M, 2 i (T + 115
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Thus, by applying the same computations as in Step 2 of the proof of Theorem 1.1 in
[CLnl], we have for small 4,

__2_
(2.35) hay) = ez (log R)M; " [af |y = A (L + [y ™"
1
for y € ¥y and Ay < A < 3 By the same computation, we have the upper bound
also, i.e.,
_ 2
(2.36) ha(y) < es (O)M; " |27 | = (yr = M)A+ [y 7"

where ¢3(d) is a positive constant independent of i. Hence, if § is chosen sufficiently
small such that both (2.20) and (2.35) hold, then for large i, we have hy(y) > 0 for
y € Xy and A\g < A < 1/2, and hy,(y) < wy,(y) for y € 3y,. Thus, conditions (2.4)
through (2.6) are proved. Applying Lemma 2.1, we have wy(y) > 0 for y € ¥, and
A < 1/2, which yields a contradiction to the fact that v(y) has a local maximum at
y; which is contained in the strip {y | —=1/2 < y; < 1/2}. Therefore, the proof of (1.8)
is finished. 0O

3. Lower bound and compactness theorem.

Proof of Theorem 1.1 The lower bound. To prove the lower bound (1.9), we note
that (1.1) can be written as Au(x) + ¢(x)u = 0, where ¢(x) = K(m)uﬁ = O(|z|?)
by (1.8). Thus, the Harnack inequality and the gradient estimates imply that there
exists a constant ¢ such that

(3.1) mi}i u(z) <c |rgﬂ1:nr u(x)
and
(3.2) |V u(@)] < clz|"Hu(x)

hold for large |x|. By the Pohozaev identity, we have for r > s,

(3.3) / x - VK(m)u% (z)dx = P(r;u) — P(s;u),
B;\B;
where
L n—2 ou |zl 9

(3.4) P = [ ("GP~ Gl

Oou,, n—2 on_

- K n—2 :

282 4 "2 )

By (1.8), we have (z - VK(m))u% (r) € LY(R™). Hence P = lim P(r;u) always

r——4o0

exists and by the assumption on K, we have
(3.5) P < P(r;u)
for large r. Let w(t) = 11(7")7“7%2 with ¢ = logr, where @(r) = ][m:ruda is the

average of u over the sphere |z| = r. Assume that (1.9) fails, i.e., lim, _ _ w(t) =

0. Since g = u=-2|dz|* can not be realized as a smooth metric on S™, we have
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lim; 4 sow(t) > 0. Thus, there exists a sequence of t; — +oc such that w'(¢;) = 0
and lim w(t;) = 0. By using (3.1) and (3.2), we have

1—+00

1 1 n-2
Prizu) = on-1 {5 (0) = 5(—5—

! (£)? + 0P (E)]o(1)}
(o) T (2

)?w?(t;) <0,

where t; = logr;, K(t) = ][BBTK and o, is the volume of S"~!. But by (3.5), we

have

0= hIil P(ri;u) =P < P(ri;u) <0
which obviously yields a contradiction. Therefore (1.9) is proved. 0O
Proof of Corollary 1.3. Suppose that u is a solution of slow decay. By (3.3), we
have

(3.6) / (- VK@) )de = Tim P(riu)

r— =00

n—2

For any sequence r; — 400, we let u;(z) = r; * u(r;x). Then u, satisfies

n+2

Au; + K (riz)u* =0 in R™

By (1.8) and (1.9), we have
(3.7) cl|:v| < ui(z) < colx|™ 72

for x € R™\{0}. By elliptic estimates, there exists a subsequence of u; ( still denoted
by u;) such that u; converges in C?_(R"™\{0}) to v, where v is a singular solution of

Av+ K(co)vi=2 =0 in R™\{0}.
By a simple scaling, we hve

11H+1 P(ri;u;) = P(1;0).
By the result of Caffarelli-Gidas-Spruck, v(z) is radially symmetric with respect to
the origin. Thus, P(r;v) is always a negative constant independent of r. Hence, the
proof of Corollary 1.3 is finished. 0O
Proof of Theorem 1.4. Let Ry be large such that for any solution u of (1.1), one
has

u(@) < cola| ™7

for |z| > Rp. Assume also that all critical points of K are contained in {x | |z] < Rp}.
Now suppose that there exists a sequence of solutions w; of (1.1) such that M; =
max u; — +0o and

|z|<Ro

2n

/ ) (- VK (z))u!? (x)dx < —eo.
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Let m; = | }E% u;. Then by Theorem 1.3 of [CLn2] (also see Lemma 3.3 in [CLn2]),
z|> 1o

we have m; — 0. Moreover, u; satisfies

n—2

wi(z) < ez — By~ 2

for |z — Pj| < 6o with some small §y. By the Harnack inequality, we have
ui(z) < cg my

for |z] < Ry and |z — P;| > §p with 1 < j < N, where ¢3 = c2(Rp, do) is independent
of i. Let By = min {3} > 1. Then
1<j<N

2n

fo <l (@ K@)l (@)do]

al 2n_
< 03[/ |lz| " dx + Z/ & — P;|% = dz + m? RY
|z[=Ro j=1" B(Pj;b0)
~! Bo—1 s pn
<c(Ry"+65° " + (com;) "2 Ry),

which yields a contradiction when ¢ — +o0 if both Ry L and 6y are chosen sufficiently
small. 0O
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