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ON COMPACTNESS AND COMPLETENESS OF CONFORMAL
METRICS IN RN ∗

CHIUN-CHUAN CHEN† AND CHANG-SHOU LIN‡

Abstract. For a smooth function K(x) in Rn, we consider the problem of finding a metric g

conformal to the flat metric |dx|2 such that K(x) is the scalar curvature of g. Let g = u
4

n−2 |dx|2.
Then when n ≥ 3 the problem is equivalent to finding a positive smooth solution of the equation

∆u + K(x)u
n+2
n−2 = 0 in Rn.(0.1)

A solution u of (0.1) is called of slow decay if the conformal metric g can not be realized as a smooth
metric on Sn. In this paper, under some conditions on K, we prove that if u is a solution of slow

decay, then the conformal metric g = u
4

n−2 |dx|2 is a complete metric in Rn which has bounded
curvatures. As a corollary of the result, we show that under the same conditions on K as above, the

Kazdan-Warner identity holds for a solution u if and only if the conformal metric g = u
4

n−2 |dx|2
can be realized as a smooth metric on Sn. A compactness theorem is also proved.

1. Introduction. Let (M, g0) be a Riemannian manifold of dimension n with
n ≥ 3. Given a smooth function K(x) defined on M , one would like to find a metric
g conformal to g0 such that K is the scalar curvature of the new metric g. In the last
several years, there have been considerable works devoted to studying this problem of
prescribing scalar curvature. However, most works were only concerned with the case
when M is a compact manifold; pariticularly, the standard n-dimensional unit sphere
Sn. In this paper, we want to consider the case when (M, g0) is the n-dimensional
Euclidean space Rn. When (M, g0) is the Euclidean space and let g = u

4
n−2 g0 for

some positive function u, then the question above is equivalent to finding positive
smooth solutions of

∆u + K(x)u
n+2
n−2 = 0 in Rn(1.1)

after an appropriate scaling, where ∆ is the Laplace operator of Rn. In the paper,
we always assume the limit K(∞) = lim|x|−→+∞K(x) exists and is positive. We will
discuss the case K(∞) = 0 in another paper.

From the viewpoint of geometry, it is natural to ask a solution u of (1.1) such that
the conformal metric g = u

4
n−2 g0 is a complete metric in Rn. Following conventional

notations, a solution of (1.1) is called of slow decay if the conformal metric u
4

n−2 g0

can not be realized as a smooth metric on Sn. From the viewpoint of PDE, many
basic questions about solutions of equation (1.1) remain to be investigated. Three of
them are listed below.

Question 1. Is every solution of equation (1.1) bounded in Rn?
Question 2. Suppose that u is a solution of slow decay. Is the conformal metric

g = u
4

n−2 g0 a complete metric in Rn ?
Question 3. If the conformal metric g is complete in Rn, does g always have

bounded curvatures in Rn?
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The answer of these questions was implicitly contained in the work of Caffarell-
Gidas-Spruck [CGS], when the curvature function K(x) is identically a positive con-
stant for |x| large. In [CGS], they proved that if u is a solution of slow decay, then
there exists an entire singular solution u0 of

∆u0(x) + K(∞)u
n+2
n−2
0 = 0 in Rn\{0}(1.2)

such that

u(x) = u0(x)(1 + o(1))(1.3)

as |x| −→ +∞. Since singular solutions of (1.2) can be completely classified, an
immediate consequence of (1.3) is that there exist two positive constants c1 and c2

such that

c1|x|−
n−2

2 ≤ u(x) ≤ c2|x|−
n−2

2(1.4)

holds for |x| large. Thus, the completeness of the conformal metric g follows immedi-
ately and it is not difficult to show that g has bounded curvatures.

Another insteresting implication of (1.3) is the followings. A result of Kazdan-
Warner states that if g = u

4
n−2 |dx|2 can be realized as a smooth metric on Sn, then

the identity
∫

Rn

(x · 5K(x))u
2n

n−2 (x)dx = 0(1.5)

always holds. An immediate consequence of (1.3) says that when K(x) is a positive
constant for |x| large, then the Kazdan-Warner identity holds for a solution u is
sufficient and necessary for the conformal metric g = u

4
n−2 |dx|2 to be realized as a

smooth metric on Sn. Therefore, it should be an interesting question to ask whether
these results can be extended to functions K which are not constant near ∞.

Actually, the work of [CGS] was extended in [CLn3] to a more general class of
curvature functions K. To state the result in [CLn3], we suppose that K satisfies





K(∞) = lim|x|−→∞K(x) > 0 and

c1 ≤ | 5K(x)||x|l+1 ≤ c2 for |x| large and for some l > 0.
(1.6)

In [CLn3], we proved that if (1.6) is satisfied with l ≥ n− 2
2

, then (1.3) holds for any
solution u of slow decay. In particular, we answer Question1 through 3 affirmatively.

On the other hand, when l <
n− 2

2
we have constructed a solution u such that the

conformal metric g is a complete metric, but, with unbounded curvatures. In this
example, it is easy to see that the curvature function K(|x|) has a local maximum at
∞. In this paper, we want to consider the case when K(x) has its local minimum

at ∞. In this case, the condition l ≥ n− 2
2

will be removed. Instead, we need the
following assumption:

There exists a constant c0 > 1 such that K(y) ≤ K(x) whenever(1.7)
|y| ≥ c0|x| for |x| large.
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Theorem 1.1. Assume K satisfies both (1.6) and (1.7). Then there exist c > 0
and R > 0 such that for any solution u of equation (1.1),

u(x) ≤ c |x|−n−2
2(1.8)

holds for |x| ≥ R. In addition, if we assume x · 5K(x) ≤ 0 for large |x| and u(x) is
a solution of slow decay, then there exists a constant c1 = c1(u) > 0 such that

u(x) ≥ c1|x|−
n−2

2(1.9)

holds for |x| large. Therefore the conformal metric g = u
4

n−2 |dx|2 is complete in Rn

We have to emphasize the constant c in (1.8) is independent of u, an improvement

of our previous result in [CLn1] even under the condition l ≥ n− 2
2

. Inequality (1.8)
is very important because it enables us to apply the Harnack inequality to the solution
u for |x| ≥ R. As in [CLn1], inequality (1.8) will be proved through the application
of the method of moving planes. The method of moving planes was first invented
by A.D. Alexandrov, and has been developed further to study the radial symmetry
of solutions of elliptic equations by Serrin [S], Gidas-Ni-Nirenberg [GNN], Caffarelli-
Gidas-Spruck [CGS] and Chen-Li [CL]. Here, we use a modified version which was
developed in [CLn1].

It is easy to see that by the Kazdan-Warner identity, if K(x) 6≡constant is nonin-
creasing along any ray issuing from the origin, then any solution of (1.1) must be of
slow decay. Hence, we have the following consequence of Theorem 1.1.

Corollary 1.2. Suppose K 6≡ a positive constant satisfies (1.6),(1.7) and x ·
5K(x) ≤ 0 for x ∈ Rn. Then for any solution u(x), u(x)|x|n−2

2 is bounded by two
positive constants for |x| large. Furthermore, the conformal metric g = u

4
n−2 g0 is

complete and of bounded curvature on Rn.
Corollary 1.2 answers a question which was arised in [DN]. In [DN], Ding-Ni

proved the existence of infinitely many solutions of (1.1) when K is almost symmetry
and nonincreasing along any ray from the origin. But, they did not establish the
completeness of their solutions. Thus, from Corollary 1.2, the existence of complete
metrics is obtained for such class of K considered in [DN].

It is easy to see the upper bound (1.8) implies that |x||5K(x)|u 2n
n−2 ∈ L1(Rn) if

| 5K(x)| decays like |x|−l at ∞ for l > 0.
Corollary 1.3. Suppose that K satisfies (1.6), (1.7) and x · 5K(x) ≤ 0 for

|x| large. Then the Kazdan-Warner identity (1.5) holds if and only if the conformal
metric g = u

4
n−2 |dx|2 can be realized as a smooth metric on Sn. In the case when g

is complete in Rn, the quantity

P =
∫

Rn

(x · 5K(x))u
2n

n−2 < 0.(1.10)

The quantity P defined above is called the Pohozaev number because it comes
from the Pohozaev identity. It is quite intersting to note that a negative upper bound
of the Pohozaev number can guarantee the compactness of conformal metrics. To see
it, we assume that K has only a finite number of critical points {P1, . . . , PN} in Rn.
At each critical point Pi, K satisfies the nondegenerate conditions :

| 5K(x)| ∼ |x− Pi|βi−1(1.11)
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in a neighborhood of Pi for some constant βi > 1, where two functions f(x) ∼ g(x)
means that the ratio f(x)/g(x) is bounded by two positive constants.

Theorem 1.4. Suppose the assumptions of Corollary 1.3 hold and K has a finite
number of critical points {P1, . . . , PN}. At each critical point Pi of K, assume (1.11)

holds for some βi >
n− 2

2
. Let ε0 > 0 be fixed. Then there exists a constant c = c(ε0)

such that for any x ∈ Rn, the inequality

u(x) ≤ c (1 + |x|)−n−2
2(1.12)

holds for x ∈ Rn and for any positive solution u satisfying

∫

Rn

(x · 5K(x))u
2n

n−2 (x)dx ≤ −ε0.(1.13)

We remark that for the case of two dimension, the conformal metric of a pres-
bcribed Gaussian curvature might be neither a complete metric on R2, nor a smooth
metric on S2. Thus, the conclusions of both Theorem 1.1 and Corollary 1.2 on the
completeness of conformal metrics do not hold in two dimension.

The paper is organized as follows. In Section 2, the first part of Theorem 1.1 is
proved via the method of moving planes. The inequality (1.9) and Theorem 1.4 will
be proved in Section 3.

2. The method of moving planes. To prove Theorem 1.1, we will apply a
modified version of the well-known reflection method, as developed in [CLn1]. Follow-
ing conventional notations, we let for any λ < 0, Tλ = {x = (x1, . . . , xn) | x1 = λ},
Σλ = {x | x1 > λ} and xλ denote the reflection point of x with respect to Tλ. Let u
be a positive C2 solution of

∆u + K(x)u
n+2
n−2 = 0 in Rn\Λ,(2.1)

where Λ is a finite set of singular points. Assume Λ ⊂ Σλ0 for some λ0 < 0. Let
wλ(x) = u(x)− u(xλ) for x ∈ Σλ\Λ and λ ≤ λ0. Then wλ satisfies

∆wλ + bλwλ = Qλ(x) in Σλ\Λ,(2.2)

where

bλ(x) = K(x)
u(x)

n+2
n−2 − u(xλ)

n+2
n−2

u(x)− u(xλ)
and

Qλ(x) = (K(xλ)−K(x))u
n+2
n−2 (xλ).

Suppose u(x) = O(|x|2−n) at ∞. Then for λ ≤ λ0, bλ(y) satisfies

0 ≤ bλ(x) ≤ C|x|−4(2.3)

for large |x| and a positive constant C > 0.
To apply the method of moving planes, we want to construct a family of compar-

ison functions hλ ∈ C1(Σλ) satisfying the following conditions.
{

∆hλ(x) ≥ Qλ(x) in Σλ

hλ(x) > 0 in Σλ and hλ(x) = 0 on Tλ,
(2.4)
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(2.5) hλ1(x) < wλ1(x) holds for x ∈ ∑
λ1
\Λ and for some λ1 < λ0.

(2.6) hλ(x) = O(|x|−τ ) at ∞ for some τ > 0. Both hλ and 5hλ are continu-
ous in λ, x variables.

Lemma 2.1 Suppose u(x) satisfies (2.1) and u(x) = O(|x|2−n) at ∞. Assume
there exists a family of functions hλ satisfying (2.4), (2.5) and (2.6). Then wλ(x) > 0
in Σλ for λ1 ≤ λ ≤ λ0.

We refer the reader to [CLn1] for the proof of Lemma 2.1 (See Lemma 2.1 in
[CLn1].) To apply Lemma 2.1, we need the following lemma about the Green function
Gλ(x, η) of ∆ on Σλ with zero boundary value. The Green function has the form of

Gλ(x, η) = cn

(
1

|η − x|n−2
− 1
|η − xλ|n−2

)
(2.7)

for x, η ∈ Σ̄λ, where cn is a positive constant depending on n only.
Lemma 2.2. Let λ < 0. Then the followings hold.

(i) For |x| ≤ |λ|
2

, Gλ(x, 0) ≥ c1|x|−n+2.

(ii) For |x| ≥ |λ|
2

, Gλ(x, 0) ≥ c1|λ|(x1 − λ)|x|−n.

(iii) For x, η ∈ Σλ, we have

Gλ(x, η) ≤ c2 min(|x− η|2−n, |x− η|1−n(x1 − λ), |η − x|−n(x1 − λ)(η1 − λ))

where c1 and c2 are two positive constants depending on n only.
Now we are in the position to prove Theorem 1.1.
Proof of Theorem 1.1. The upper bound. Without loss of generality, K is assumed

to satisfy

0 < c1 ≤ | 5K(x)||x|l+1 ≤ c2 for |x| ≥ 1.(2.8)

Let u be a positive smooth solution of equation (1.1), and let u∗(x) = |x|2−nu(
x

|x|2 )

be the Kelvin transformation of u. Then u∗ satisfies

∆u∗(x) + K∗(x)u∗
n+2
n−2 (x) = 0 in Rn\{0},(2.9)

where K∗(x) = K(
x

|x|2 ). Inequality (1.8) is equivalent to the following

u∗(x) ≤ C|x| 2−n
2 for |x| ≤ 1/2.(2.10)

Suppose that (2.10) does not hold. By applying a blowing-up argument due to R.
Schoen [P], there exist a sequence of solutions u∗i and a sequence of local maximum
points x∗i of u∗i such that

u∗i (x
∗
i )|x∗i |

n−2
2 −→ +∞(2.11)

and the rescaled function

v∗i (y) = M−1
i u∗i (x

∗
i + M

−2
n−2
i y)(2.12)
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converges to U∗
0 (y) in C2

loc(R
n), where Mi = u∗i (x

∗
i ) and U∗

0 (y) is the positive solution
of

{
∆U∗

0 + K(∞)U∗
0

n+2
n−2 = 0 in Rn,

U∗
0 (0) = 1 = maxRn U∗

0 (y).
(2.13)

For a proof of the statement above, we refer the readers to [P] and [CLn1]. Since
K∗ has no critical points in 0 < |x| < 1. Hence by Corollary 1.4 in [CLn1], we have
x∗i −→ 0 as i −→ +∞.

Obviously, v∗i satisfies

∆v∗i + K∗
i (y)v∗i

n+2
n−2 (y) = 0 in Rn\{−M

2
n−2
i x∗i },(2.14)

where K∗
i (y) = K∗(x∗i + M

− 2
n−2

i y) and limi−→+∞M
2

n−2
i |x∗i | = +∞. Without loss of

generality, we may assume

e1 = (1, 0, . . . , 0) = lim
i−→+∞

| 5K∗(x∗i )|−1 5K∗(x∗i ).(2.15)

For any δ > 0, set

vδ
i (y) = |y|2−n| y

|y|2 − δe1|2−nv∗i (Iδ(y)),(2.16)

and

Iδ(y) = (
y

|y|2 − δe1)| y

|y|2 − δe1|−2.(2.17)

Obviously, Iδ(y) is a composition of two inversions and vδ
i is a composition of two

Kelvin transformations. Since equation (2.14) is invariant under the Kelvin transfor-
mation, vδ

i (y) satisfies

∆vδ
i + Kδ(y)(vδ

i )
n+2
n−2 = 0 in Rn\{ξi},

where Kδ(y) = K∗(x∗i + M
− 2

n−2
i Iδ(y)) and ξi satisfies Iδ(ξi) = −M

2
n−2
i x∗i . It is not

difficult to see

lim
i−→∞

ξi =
e1

δ
.(2.18)

Let Uδ(y) = |y|2−n| y

|y|2 − δe1|2−nU∗
0 (Iδ(y)). By a straightforward calculation, Uδ(y)

has a nondegenerate maximum point eδ such that eδ −→ 0 as δ −→ 0. Hence, vδ
i

has a local maximum at yi with lim
i−→+∞

yi = eδ. In the followings, δ0 will be chosen

sufficiently small so that yi is contained in the strip {y = (y1, . . . , yn) | −1/2 ≤ y1 ≤
1/2} for all i and δ ≤ δ0.

Let wλ(y) = vδ
i (y) − vδ

i (yλ). (For simplicity of notations, indices i and δ are
dropped.) Then wλ(y) satisfies

∆wλ + bλ(y)wλ(y) = Qλ(y) in Σλ\{ξi},(2.19)

where bλ(y)wλ(y) = Kδ(y){vδ
i (y)

n+2
n−2 − vδ

i (yλ)
n+2
n−2 } and

Qλ(y) = [Kδ(yλ)−Kδ(y)](vδ
i (yλ))

n+2
n−2 .
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First, we claim that there exist constants λ0 < 0 and δ0 > 0 such that for all
0 < δ ≤ δ0, we have

wλ0(y) ≥ c1(1 + |y|)−n(y1 − λ0)(2.20)

for y ∈ Σλ0\{ξi}, where c1 is a positive constant independent of δ and i.
The proof of (2.20) goes similarly as the proof of Lemma 3.1 in [CLn1]. However,

the lower bound of u is not assumed here. For the sake of completeness, we present
the proof here.

Since v∗i (y) converges to U∗
0 (y) in C2

loc(R
n), for any ε > 0 there exists a sequence

of Ri −→ +∞ such that |v∗i (y)−U∗
0 (y)| ≤ εR2−n

i for |y| ≤ Ri. Let B = {y | ||y− e1

δ
| ≤

1}. Since vδ
i is superharmonic in B\{ξi}, by the maximum principle,

vδ
i (y) ≥ inf

∂B
vδ

i for y ∈ B.(2.21)

(e.g., see Lemma 2.1 in [CLn4]). Since the right-hand side of (2.21) tends to inf
B

Uδ(y)

as i −→ +∞ and Uδ(y) > (1 + c1δ)Uδ(zλ) for λ ≤ −2 and for y, z ∈ B where c1 is a
constant depending on n only, we have by (2.21),

wλ(y) ≥ 1
2
c1δ

n−1 for y ∈ B(2.22)

By a direct computation, we have

Iδ(y) +
e1

δ
= δ−2|y − e1

δ
|−2(y′ + (

1
δ
− y1)e1),(2.23)

and by (2.23),

|Iδ(y)− Iδ(yλ)| ≤ 2δ−2[1 + (2|λ|+ 2
δ
)|y − e

δ
|−1]|yλ − e

δ
|−2(y1 − λ)(2.24)

for y1 > λ, where y′ = (0, y2, . . . , yn). By the uniform convergence of v∗i , we have

δ1−n| 5 v∗i (z)| = (n− 2)δ2−n|v∗i (z)|(1 + o(1) + O(δ))(2.25)
= cn(1 + o(1) + O(δ))

holds for |z +
e1

δ
| ≤ 1. Applying (2.23) through (2.25), we have for |y − e1

δ
| ≥ 1

δ2
,

vδ
i (y)− vδ

i (yλ) = δ2−n{(|y − e1

δ
|2−n − |yλ − e1

δ
|2−n)v∗i (Iδ(y))

+[v∗i (Iδ(y))− v∗i (Iδ(yλ))]|yλ − e1

δ
|2−n}

≥ cn|yλ − e1

δ
|−n(y1 − λ),

provided that |λ| is sufficiently large, δ is small and i is large. Thus, let |λ0| be large

enough so that (2.20) holds for |y − e1

δ
| ≥ 1

δ2
.

For 1 ≤ |y − e1

δ
| ≤ δ−2, (2.20) follows immediately from the C2 convergence of

vδ
i to Uδ as i −→ +∞. Therefore, the proof of (2.20) is complete.
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Let

Bi = {y | |y − e1

δ
| ≤ 1

4c0δ2
M
− 2

n−2
i |x∗i |−1},(2.26)

where c0 is the positive constant in (1.7). Since |Iδ(y)| = |y|(δ|y − e1

δ
|)−1, we have

|Iδ(y)| ≥ 3c0M
2

n−2
i |x∗i |(2.27)

for y ∈ Bi and large i. Since |Iδ(yλ)| ≤ 3
δ

for y ∈ Bi and λ0 ≤ λ ≤ 1
2
, we have

|x∗i + M
− 2

n−2
i Iδ(yλ)| ≤ |x∗i |+ M

− 2
n−2

i |Iδ(yλ)|
≤ M

− 2
n−2

i (M
2

n−2
i |x∗i |+

3
δ
)

≤ c−1
0 |x∗i + M

− 2
n−2

i Iδ(y)|

for large i. Thus, by (1.7),

Kδ(y) ≥ Kδ(yλ)(2.28)

for y ∈ Bi.
Let

Q+
λ (y) =

{
Qλ(y) if y 6∈ Bi,
0 if y ∈ Bi

(2.29)

and

hλ(y) = −
∫

Σλ

Gλ(y, η)Q+
λ (η)dη,(2.30)

for y ∈ Σλ where Gλ(y, η) is the Green function (2.7). Clearly, hλ(y) ∈ C1(Σλ). By
(2.28), we have ∆hλ(y) ≥ Qλ(y) for y ∈ Σλ. In order to apply Lemma 2.1, it suffices
for us to prove

hλ(y) > 0 in Σλ(2.31)

for λ0 ≤ λ ≤ 1/2, and

hλ0(y) < wλ0(y) for y ∈ Σλ0 .(2.32)

To estimate hλ(y), we follow the computations in [CLn1]. For the details of compu-
tations, we refer the readers to [CLn1]. Note that by (2.15), we have

Kδ(y)−Kδ(yλ) ≥ M
− 2

n−2
i |x∗i |l−1((y1 − λ)− o(1)|yλ|)(2.33)

for |y| ≤ R =
ε0
δ

, where δ << ε0 << 1 and o(1) denotes a positive constant which
tends to 0 as i −→ +∞.

For y 6∈ Bi, we have

|Kδ(y)−Kδ(yλ)| ≤ c1 M
− 2

n−2
i |x∗i |l−1(|Iδ(y)|+ |Iδ(yλ)|).(2.34)



ON COMPACTNESS AND COMPLETENESS OF CONFORMAL METRICS IN Rn 557

Thus, by applying the same computations as in Step 2 of the proof of Theorem 1.1 in
[CLn1], we have for small δ,

hλ(y) ≥ c2 (log R)M
− 2

n−2
i |x∗i |l−1(y1 − λ)(1 + |y|)−n(2.35)

for y ∈ Σλ and λ0 ≤ λ ≤ 1
2
. By the same computation, we have the upper bound

also, i.e.,

hλ(y) ≤ c3 (δ)M
− 2

n−2
i |x∗i |l−1(y1 − λ)(1 + |y|)−n(2.36)

where c3(δ) is a positive constant independent of i. Hence, if δ is chosen sufficiently
small such that both (2.20) and (2.35) hold, then for large i, we have hλ(y) > 0 for
y ∈ Σλ and λ0 ≤ λ ≤ 1/2, and hλ0(y) ≤ wλ0(y) for y ∈ Σλ0 . Thus, conditions (2.4)
through (2.6) are proved. Applying Lemma 2.1, we have wλ(y) > 0 for y ∈ Σλ and
λ ≤ 1/2, which yields a contradiction to the fact that vδ

i (y) has a local maximum at
yi which is contained in the strip {y | −1/2 ≤ y1 ≤ 1/2}. Therefore, the proof of (1.8)
is finished.

3. Lower bound and compactness theorem.
Proof of Theorem 1.1 The lower bound. To prove the lower bound (1.9), we note

that (1.1) can be written as ∆u(x) + c(x)u = 0, where c(x) = K(x)u
4

n−2 = O(|x|−2)
by (1.8). Thus, the Harnack inequality and the gradient estimates imply that there
exists a constant c such that

max
|x|=r

u(x) ≤ c min
|x|=r

u(x)(3.1)

and

| 5 u(x)| ≤ c|x|−1u(x)(3.2)

hold for large |x|. By the Pohozaev identity, we have for r > s,
∫

Br\Bs

x · 5K(x)u
2n

n−2 (x)dx = P (r;u)− P (s;u),(3.3)

where

P (r;u) =
∫

|x|=r

(
n− 2

2
u(x)

∂u

∂ν
− |x|

2
| 5 u|2(3.4)

+|x||∂u

∂ν
|2 +

n− 2
2n

K(x)|x|u 2n
n−2 )dσ.

By (1.8), we have (x · 5K(x))u
2n

n−2 (x) ∈ L1(Rn). Hence P = lim
r−→+∞

P (r;u) always

exists and by the assumption on K, we have

P ≤ P (r;u)(3.5)

for large r. Let w(t) = ū(r)r
n−2

2 with t = log r, where ū(r) =
∫
−|x|=rudσ is the

average of u over the sphere |x| = r. Assume that (1.9) fails, i.e., limt−→+∞w(t) =
0. Since g = u

4
n−2 |dx|2 can not be realized as a smooth metric on Sn, we have
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limt−→+∞w(t) > 0. Thus, there exists a sequence of ti −→ +∞ such that w′(ti) = 0
and lim

i−→+∞
w(ti) = 0. By using (3.1) and (3.2), we have

P (ri;u) = σn−1{1
2
w′2(ti)− 1

2
(
n− 2

2
)2w2(ti) +

n− 2
2n

K̄(ti)w
2n

n−2 (ti)

+[w′(ti)2 + w2(ti)]o(1)}
= −(1 + o(1))

σn−1

2
(
n− 2

2
)2w2(ti) < 0,

where ti = log ri, K̄(t) =
∫
−∂BrK and σn is the volume of Sn−1. But by (3.5), we

have

0 = lim
i−→+∞

P (ri;u) = P ≤ P (ri;u) < 0

which obviously yields a contradiction. Therefore (1.9) is proved.
Proof of Corollary 1.3. Suppose that u is a solution of slow decay. By (3.3), we

have
∫

Rn

(x · 5K(x))u
2n

n−2 (x)dx = lim
r−→+∞

P (r;u).(3.6)

For any sequence ri −→ +∞, we let ui(x) = r
n−2

2
i u(rix). Then ui satisfies

∆ui + K(rix)u
n+2
n−2
i = 0 in Rn.

By (1.8) and (1.9), we have

c1|x|−
n−2

2 ≤ ui(x) ≤ c2|x|−
n−2

2(3.7)

for x ∈ Rn\{0}. By elliptic estimates, there exists a subsequence of ui ( still denoted
by ui) such that ui converges in C2

loc(R
n\{0}) to v, where v is a singular solution of

∆v + K(∞)v
n+2
n−2 = 0 in Rn\{0}.

By a simple scaling, we hve

lim
i−→+∞

P (ri;ui) = P (1; v).

By the result of Caffarelli-Gidas-Spruck, v(x) is radially symmetric with respect to
the origin. Thus, P (r; v) is always a negative constant independent of r. Hence, the
proof of Corollary 1.3 is finished.

Proof of Theorem 1.4. Let R0 be large such that for any solution u of (1.1), one
has

u(x) ≤ c0|x|−
n−2

2

for |x| ≥ R0. Assume also that all critical points of K are contained in {x | |x| < R0}.
Now suppose that there exists a sequence of solutions ui of (1.1) such that Mi =
max
|x|≤R0

ui −→ +∞ and

∫

Rn

(x · 5K(x))u
2n

n−2
i (x)dx ≤ −ε0.
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Let mi = inf
|x|≤R0

ui. Then by Theorem 1.3 of [CLn2] (also see Lemma 3.3 in [CLn2]),

we have mi −→ 0. Moreover, ui satisfies

ui(x) ≤ c1|x− Pi|−
n−2

2

for |x− Pj | ≤ δ0 with some small δ0. By the Harnack inequality, we have

ui(x) ≤ c2 mi

for |x| ≤ R0 and |x− Pj | ≥ δ0 with 1 ≤ j ≤ N , where c2 = c2(R0, δ0) is independent
of i. Let β0 = min

1≤j≤N
{βj} > 1. Then

ε0 ≤ |
∫

Rn

(x · 5K(x))u
2n

n−2
i (x)dx|

≤ c3[
∫

|x|≥R0

|x|−n−ldx +
N∑

j=1

∫

B(Pj ,δ0)

|x− Pj |βj−1+ndx + m
2n

n−2
i Rn

0 ]

≤ c4(R−l
0 + δβ0−1

0 + (c2mi)
2n

n−2 Rn
0 ),

which yields a contradiction when i −→ +∞ if both R−1
0 and δ0 are chosen sufficiently

small.

REFERENCES

[CGS] Caffarelli, L.A., Gidas, B., and Spruck, J., Asymptotic symmetry and local behavior of
semilinear elliptic equations with critical Sobolev exponent, Comm. Pure Appl. Math.
Vol 42, 1989, pp.271-297.

[CGY] Chang, S.Y., Gursky, J.M., and Yang, P., The scalar curvature equation on 2 and
3-sphere, Calculus of Variations and PDEs 1 (1993), 205-229.

[CL] Chen, W. and Li, C., Classification of solutions of some nonlinear elliptic equations, Duke
Math. J. 63, no.3, 1991, pp. 615-622.

[CLn1] Chen, C.C. and Lin, C.S., Estimates of the conformal scalar curvature equation via the
method of moving planes, Comm. Pure Appl. Math., vol.L., 1997, 0971-017

[CLn2] Chen, C.C. and Lin, C.S., Estimates of the conformal scalar curvature equation via the
method of moving planes II. Preprint 1996.

[CLn3] Chen, C.C. and Lin, C.S., On the asymptotic symmetry of singular solutions of the con-
formal scalar equation. Preprint 1996.

[CLn4] Chen, C.C. and Lin, C.S., Local behavior of singular positive solutions of semilinear
elliptic equations with Sobolev exponent, Duke Math.J. 78, 1995, 315-334.

[DN] Ding, W.Y., and Ni, W.M., On the elliptic equaiton ∆u + Ku
n+2
n−2 = 0 and related topics,

Duke Math. J., 1985 (52), 485-506.
[GNN] Gidas, B., Ni, W.M., and Nirenberg, L., Symmetry of positive solutions of nonlinear

equations in Rn. Analysis and Applications, part A, pp.369-402, Advances in Math.
Supp. Stud. 79, Academic Press, New York-London, 1981.

[L1] Li, Y.Y., Prescribing scalar curvature on Sn and related problems, Part 1, J. Diff. Eqns.
120, 1995, 319-410.

[L2] Li, Y. Y., Prescribing Scalar curvature on Sn and related problems, Part II: existence and
compactness, Comm. Pure Appl. Math. 49, 1996, 541-597.

[P] Pollack, D., Compactness results for complete metrics of constant positive scalar curva-
ture on submanifolds of Sn, Indiana Univ.Math.J. 42, 1993, 1441-1456.

[S] Serrin, J., A symmetry problem in potential theory, Arch. Rat’l. Mech. Anal. 43, 1971, pp.
304-318.

[SZ] Schoen, R., and Zhang, D., Prescribing scalar curvature on Sn, Calculus of Variations
and PDEs 4, 1996, 1-25.


