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CONNECTING ORBITS FOR NONLINEAR PARABOLIC
EQUATIONS*

NIKOLAI NADIRASHVILI†

1. Introduction. We consider the scalar reaction diffusion equation

ut = f(x, u, ux, uxx) (1)

with x ∈ S1 = R/2πZ, f ∈ C∞ and

C−1 ≤ fuxx ≤ C , (2)

where C is a positive constant. Let u be a bounded solution of (1) in C1
(
S1× (0,∞)

)
.

Then as it follows from [1] and [2], the ω-limit set ω(u) of the trajectory u contains
a solution of (1) which is periodic in t. If all periodic solutions of (1) are hyperbolic,
then any bounded solution of equation (1) tends to a periodic solution (which can be
in particular a steady state), as t → +∞. So it is interesting to study the connecting
orbits between periodic solutions of (1). Let L be a periodic hyperbolic orbit of (1).
We denote by W s(L) and Wu(L) the stable and unstable manifolds of L respectively.
For details of the definition and for general properties of stable and unstable manifolds
of periodic solutions, refer to [3], [4], [5]. We denote by M(L) = dimWu(L) the Morse
index of L.

Let L,L′ be periodic hyperbolic orbits of (1). If there exists a solution u of (1)
which is defined for all t ∈ R and such that α(u) = L and ω(u) = L′, then we say that
u connects L and L′, and we write in this case L → L′.

Theorem 1. Let L,L′ be periodic hyperbolic orbits of equation (1) and L → L′.
Then N(L) ≥ M(L′). If L distinguishes from an equilibrium point then M(L) >
M(L′).

Corollary. Let L be a periodic hyperbolic orbit of (1) different from an equilib-
rium point. Then L has no homoclinical trajectory.

Remark. The detailed analysis of the connecting orbits for equation (1) with
the Dirichlet boundary conditions was done in [6], [7], [8].

The main difference between the Dirichlet boundary condition and the periodic
boundary condition for equations (1) and (2) is that in the case of the Dirichlet
boundary condition equations (1) and (2) admit no limit cycles.

2. Some properties of linear parabolic equations and proof of the main
result.

Let us consider a linear parabolic equation

Pu =
∂u

∂t
− a(t, x)

∂2u

∂x2
+ b(t, x)

∂u

∂x
+ c(t, x)u = 0 (3)

with t ∈ R, x ∈ S1, a, b, c ∈ C∞, ‖a‖Ck , ‖b‖Ck , ‖c‖Ck ≤ M(k), C−1 ≤ a ≤ C, C > 0.
For f ∈ C(S1), we denote by Nf the number of changes in sign of the function f on
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S1. So, if f is a smooth function with simple zeros then #f (−1)(0) = Nf , and Nf is
an even number.

Let v(t, x) ∈ C(D), D = R× S1, denote

NV (t0) = NV (t0, x), ‖V ‖ (t0) = ‖V (t0, x)‖C(S1) ,

Ui =
{
u ∈ C∞(D), Pu = 0 in D, Nu(t) ≡ 2i

} ∪ {0} ,

i = 0, 1, 2, . . . .

Theorem 2. For any i the set Ui is a linear space, dimU0 = 1, dimUi = 2,
i = 1, 2, . . . . If i < j, ui ∈ Ui, uj ∈ Uj, ‖ui‖ (0) = ‖uj‖ (0) then for t > 0

‖uj‖ (t) ≤ c′je−cjt ‖ui‖ (t) , (4)

for t < 0,
‖ui‖ (t) ≤ c′je−cjt ‖uj‖ (t) . (5)

Here cj , c′j are positive constants. If u, v is a basis in Ui, i = 1, 2, . . . , then the level
curves u = 0 separates the level curves v = 0. Let u be a solution of the problem (3),
then Nu(t) ≤ i for all t ∈ R if and only if u ∈ U0 ⊕ · · · ⊕ Ui.

The proof of Theorem 2 is based on the following lemmas.
Lemma 1. ([9]). Let fn be a sequence of bounded functions on [0,1), continuous

from the right, fn 6≡ 0, and Nfn ≤ k. Then exists a real valued sequence αm and
subsequence fnm such that, the sequence

αmfnm

is convergent, in the sense of distributions, to distribution f̄ 6≡ 0 of order ≤ k.
As a consequence of Lemma 1 we have
Lemma 2. Let fn ∈ C(S1), Nfn ≤ k for all n = 1, 2, . . . . Then there exists

a subsequence ni and real numbers αi such that as i → ∞, αifni converges in the
topology of the space of distributions D′ to a non-zero distribution of order less than
k.

Lemma 3. ([10]). Let u be a solution of (3), t ∈ [0, 1]. Then Nu(t) is a non-
increasing function on [0,1].

Lemma 4. ([11]). Let u be a solution of (3), t ∈ (0, 1). Then for each t ∈ (0, 1),
Nu(t) < ∞.

Lemma 5. ([11]). Let u be a solution of (3), t ∈ (0, 1), Nu(t) ≡ i. Then for each
t0 ∈ (0, 1) the function u(t0, x) has exactly i zeros on S1, and each zero of u(t0, x) on
S1 is simple.

Lemma 6. Let u be a solution of (3), t > 0, Nu(t) ≡ k, 0 < τ < T . Then

‖u‖ (τ)/ ‖u‖ (T ) < C ,

where C = C
(
k, τ, T, M(k)

)
> 0.

Proof. We assume the contrary, namely, that there exists a sequence of parabolic
equations of the type (3)

Piui = 0 in S1 × (0,∞) ,

Nui(t) ≤ k, and
‖ui‖ (τ)/ ‖ui‖ (T ) →∞
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as i →∞. From Lemma 2 it follows that choosing convergent subsequences Pim , uim

we obtain an equation
Pu = 0 in S1 × (0,∞)

such that u 6≡ 0 on S1 × (0, T ), u(T, ·) ≡ 0 on S1. This contradicts the theorem on
the uniqueness of the solution of the inverse problem for parabolic equations [12].

Lemma 7. Let u be a solution of (3), t > 0, Nu(t) ≡ k. Denote by α1(t), . . .,
αk(t) the zeros of the function u(t, ·) on S1. Then there exists a constant β =
β
(
k, M(k)

)
> 0 such that

inf
t>1

1≤i≤k−1

(
αi+1(t)− αi(t)

)
> β .

Proof. We assume the contrary, namely, that there exists a sequence of parabolic
equations of the type (3),

Pjuj = 0 in S1 × (0,∞) ,

Nuj(t) ≡ k, j = 1, 2, . . . , and real numbers tj > 1 such that for some i

αj
i+1(tj)− αj

i (tj) → 0

as j →∞, where αj
1, . . . , α

j
k are zeros of the function uj . Without loss of generality, we

may assume that all tj = 1, and the coefficients of Pj converge in Ck to the coefficients
of P , as j →∞; ‖uj‖ (1) = 1, j = 1, 2, . . . .

From Lemma 5 it follows that there is a subsequence ujm which is convergent to
the solution of the equation

Pu = 0 in S1 × (0, 1) .

From Lemmas 3 and 5, it follows that Nu(t) ≤ k − 1 for t > 1, and there is a t0 > 1
such that all zeros of the function u(t0, ·) are simple. As ujm(t0, ·) → u(t0, ·) in C1

then there is such un that Nun(t) ≤ k − 1.
Lemma 8. Let u, v be solutions of (3), t > 0, Nu(t) ≡ i, Nu(t) ≡ j, i < j,

‖u‖ (1) = ‖v‖ (1).
Proof. Let us assume that for some T > 1 ‖v‖ (T )/ ‖u‖ (T ) is sufficiently large.

Then by Lemmas 5, 6, 7 for the sufficiently small ε > 0, N(u + εv)(1) = i, N(u +
εv)(T ) = j. As i < j then our assumption contradicts Lemma 2.

Lemma 9. Let u, v be solutions of (3), t > 0, Nu(t) ≡ i, Nv(t) ≡ j, i < j,
‖u‖ (1) = ‖v‖ (1). Then there exists T > 1, T = T

(
j, M(j)

)
, such that

‖u‖ (T )/ ‖v‖ (T ) > 2.

Proof. Let us assume the opposite. Then from Lemma 8 it follows that there is
a sequence tk → ∞, ‖u‖ (tk)/ ‖v‖ (tk) → s > 0 as k → ∞. Further, we may assume
that the following sequences are convergent in C1(S1):

u(tk, x)
‖u‖ (tk)

→ ϕ ,

v(tk, x)
‖v‖ (tk)

→ ψ ,
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as k →∞. Since Nϕ = i, Nψ = j, then for any ε > 0 there is an α ∈ R such that the
distance between a pair of zeros of the function ϕ + αψ is less than ε. So the same is
true for the function u(tk, x) + αsv(tk, x) for sufficiently large k. The last statement
contradicts Lemma 7.

Lemma 10. For all T > 0, i = 1, 2, . . . there exists a two-dimensional space
U(T, i) of solutions of the problem (2) in S1× (−T, T ) such that if u ∈ U(T, i), u 6≡ 0,
then Nu(t) = 2i, t ∈ (0, T ). If u, v is a basis in U(T, i), then the level curves u = 0
separates the level curves v = 0.

Proof. 1. We define parabolic operators Pθ, θ ∈ [0, 1] on S1 × (−T, 3T ) by

P1 =
∂

∂t
− a1(t, x)

∂2

∂x2
+ b1(t, x)

∂

∂x
+ c1(t, x) ,

a1(t, x) =
{

a(t, x) for x ∈ (−T, T ] ,
−a(3T − t, x) for x ∈ (T, 3T ) ,

b1(t, x) =
{

b(t, x) for x ∈ (−T, T ] ,
−b(3T − t, x)− ∂

∂xa(3T − tx) for x ∈ (T, 3T ) ,

c1(t, x) =
{

c(t, x) for x ∈ (−T, T ] ,

c(3T − t, x)− ∂
∂xb(3T − t, x)− ∂2

∂x2 a(3T − t, x) for x ∈ (T, 3T ) ,

P0 =
∂

∂t
− ∂2

∂x2
,

Pθ = (1− θ)P0 + θP1 .

Let us consider the problem
{

Pθu = 0 in S1 × (−T, 3T ) ,
u(0, x) = g(x). (6)

Denote by Lθ the linear operator Lθ : g(x) → u(3T, x). For any θ ∈ [0, 1], Lθ is a
selfadjoint operator in L2(S1).

2. Let g be an eigenfunction of Lθ, u be a solution of (6). Then Nu(−T ) =
Nu(3T ), and hence by Lemma 5 the zeros of the function u(t0, x), t0 ∈ [−T, 3T ] are
simple.

3. Denote by λθ
1 > λθ

2 ≥ λθ
3 ≥ · · · the eigenvalues of Lθ, θ ∈ [0, 1]. Then λ0

1 = 1,
λ0

2 = λ0
3 = e−4T , λ0

4 = λ0
5 = e−16T , . . . . The eigenfunctions of L0 are: 1, sin nx, cos nx,

n = 1, 2, . . . . Since the eigenvalues λθ
n and their eigenvector subspaces are continuously

dependent on the parameter θ then from 2 it follows that for any i = 1, 2, . . . and
θ ∈ [0, 1] the operator Lθ has exactly two linear independent eigenfunctions ϕθ, ψθ

(or two-dimensional subspace if λθ
2i = λθ

2i+1) such that Nϕθ = Nψθ = i.
4. Let u, v, w be solutions of (6) with g = ϕθ, ψθ, h = aϕθ + bψθ 6≡ 0, a, b ∈ R.

We prove that the function w has simple zeros. Denote Lϕθ = αϕθ, Lψθ = βψθ. If
α = β, the statement follows from Assertion 2.

If α 6= β, we assume the contrary. Then by Lemma 5 Nω(−T ) > Nω(3T ). Since

(Lθ)k(h) = αkαϕθ + βkbψθ ,

k ∈ Z, then for sufficiently large k

N
[
(Lθ)k(h)

]
= N

[
(Lθ)−k(h)

]
= i .
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This contradicts the inequality Nw(−T ) > Nw(3T ).
5. From 4 it follows that Nw(t) ≡ i, t ∈ [−T, 3T ] and that (uθ)2 + (vθ)2 > 0 on

S1 × [−T, 3T ]. Hence we may consider u1, v1 as a basis in U(T, i).

Proof of Theorem 2. Let U(T, i) be defined as in Lemma 10. By Lemma 6 we
can choose sequences αk, Tk ∈ R, Tk → +∞ as k → ∞ such that U(Tk, i) → Ui 6≡ 0
in D as k → ∞. If u ∈ Ui then by Lemmas 5 and 6, Nu(t) ≡ 2i, t ∈ R, i = 1, 2, . . . .
The inequalities (4) and (5) follow from Lemma 9.

Let u be a solution of (2), t ∈ R, and Nu(t) ≡ i. We prove that u ∈ Ui. Assume
the contrary, namely, that u, ui, vi are linear independent, where ui, vi ∈ Ui. Then
there is a linear combination w = au + bui + cvi such that w(0, 0) = ∂

∂xw(0, 0) = 0.
By Lemma 5 Nw(−1) > Nw(1). If Nw(1) < i then by Lemma 9, ‖u‖ (t), ‖ui‖ (t),
‖vi‖ (t) = o

(‖w‖ (t)
)

as t → +∞, which is impossible. If Nw(1) ≥ i then Nw(−1) > i

and ‖u‖ (t), ‖ui‖ (t), ‖vi‖ (t) = o
(
w(t)

)
as t → −∞, which is also impossible. So,

u ∈ Ui. Equality dimU0 = 1 is evident. If u ∈ U0 ⊕ · · · ⊕Ui, the inequality Nu(t) ≤ i
follows from (5).

Let u be a solution of (3), t ∈ R, Nu(t) ≤ i. First we prove that u ∈ U0⊕· · ·⊕Ui+1.
Let us assume the contrary. Then there is v ∈ U0⊕· · ·⊕Ui+1 such that N(u+v)(0) >
i + 1. By Lemma 9 ‖u‖ (t), ‖v‖ (t) = o

(‖u + v‖ (t)
)

as t → −∞ which is impossible.
So, u = αv + βw, with v ∈ U0⊕ · · · ⊕Ui, w ∈ Ui+1. If β 6= 0, then from inequality (5)
it follows that for sufficiently large T > 0, Nu(−T ) = i + 1. Hence u ∈ U0 ⊕ · · · ⊕ Ui,
and so Theorem 2 is proved.

If in Theorem 2 we consider Dirichlet or Neumann boundary conditions the sit-
uation becomes more simple. Let us consider the problem

{
Pu = 0 in R× [0, 1] ,
u(t, 0) = u(t, 1) = 0.

(7)

Let us denote by Vi the set of solutions of (7) such that for v ∈ Vi, Nv(t) ≡ i.
Theorem 3. For any i the set Vi is a one-dimensional linear space. If i < j,

vi ∈ Vi, vj ∈ Vj, ‖vi‖ (0) = ‖vj‖ (0), then for t > 0

‖vj‖ (t) ≤ c′je−cjt ‖vi‖ (t) ,

and for t < 0
‖vi‖ (t) ≤ c′je−cjt ‖vj‖ (t) ,

where cj , c′j > 0.
Evidently it is possible to prove Theorem 3 by the same reasoning as in the proof

of Theorem 2. We don’t need Theorem 3 for the following, but it is interesting to
compare both cases.

Proof of Theorem 1. Let u be a connecting orbit between L and L′. Let us
consider the function

vT (t, x) =
∂u/∂t

‖∂u/∂t‖ (T )
(t + T, x) .

Then vT (t, x) converges to the exponential growing solution of the variational equation
on L as T → −∞ and vT (t, x) converges to the exponentially decreasing solution of the
variational equation on L′ as T → +∞. By Lemma 3, k = N ∂u

∂t (−∞) ≥ N ∂u
∂t (+∞) =

m. So by Theorem 2

dimWn(L) ≥ 2k ,dimWu(L′) ≤ 2m . (8)
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Let us assume now that L is the orbit of the periodic solution w of (1) and ∂w/∂t 6≡ 0.
Then by Theorem 2, N ∂w

∂t ≥ k. Thus dimWu(L) ≥ 2k +1 and hence M(L) > M(L′).
Theorem 1 is proved.
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