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CONNECTING ORBITS FOR NONLINEAR PARABOLIC
EQUATIONS*

NIKOLAI NADIRASHVILIT

1. Introduction. We consider the scalar reaction diffusion equation
ur = f(2,U, Uz, Uzz) (1)
with z € S1 =R/27Z, f € C>~ and
C1< fu,, <C, (2)

where C is a positive constant. Let u be a bounded solution of (1) in C'1(S1 x (0, 00)).
Then as it follows from [1] and [2], the w-limit set w(u) of the trajectory u contains
a solution of (1) which is periodic in ¢. If all periodic solutions of (1) are hyperbolic,
then any bounded solution of equation (1) tends to a periodic solution (which can be
in particular a steady state), as t — +o00. So it is interesting to study the connecting
orbits between periodic solutions of (1). Let L be a periodic hyperbolic orbit of (1).
We denote by Ws(L) and W¥(L) the stable and unstable manifolds of L respectively.
For details of the definition and for general properties of stable and unstable manifolds
of periodic solutions, refer to [3], [4], [5]. We denote by M (L) = dim W=(L) the Morse
index of L.

Let L, L’ be periodic hyperbolic orbits of (1). If there exists a solution u of (1)
which is defined for all ¢ € R and such that a(u) = L and w(u) = L/, then we say that
u connects L and L/, and we write in this case L — L’.

THEOREM 1. Let L, L’ be periodic hyperbolic orbits of equation (1) and L — L'.
Then N(L) > M(L'). If L distinguishes from an equilibrium point then M (L) >
M(L").

COROLLARY. Let L be a periodic hyperbolic orbit of (1) different from an equilib-
rium point. Then L has no homoclinical trajectory.

REMARK. The detailed analysis of the connecting orbits for equation (1) with
the Dirichlet boundary conditions was done in [6], [7], [8].

The main difference between the Dirichlet boundary condition and the periodic
boundary condition for equations (1) and (2) is that in the case of the Dirichlet
boundary condition equations (1) and (2) admit no limit cycles.

2. Some properties of linear parabolic equations and proof of the main
result.

Let us consider a linear parabolic equation
_ Ou 0%u

ou
=5 a(t,x)=— +b(t,z)=— + c(t,x)u=0 (3)

Pu Ox? ox

with t € R, x € S, a,b,c € C, |lallcn, [[Dll o s llell g < M(K), C~1 <a < C,C>0.
For f € C(S1), we denote by N f the number of changes in sign of the function f on
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S1. So, if f is a smooth function with simple zeros then # f(~1(0) = Nf, and Nf is
an even number.
Let v(t,z) € C(D), D =R x 51, denote
NV (to) = NV (to,z), [V (to) = [V (to, )l c(s1y >
Ui={ue C>(D),Pu=0 in D,Nu(t) =2i} U{0},

1=0,1,2,...
THEOREM 2. For any i the set U; is a linear space, dimUy = 1, dimU; = 2,
i=1,2,.... Ifi <j, ui € Us, uj € Uj, |Juil| (0) = ||uj|| (0) then fort >0
lJuj | () < et [Jual| (2) (4)
fort <O,
[Juil (£) < cje=" [Jug | (¢) - (5)
Here Cj,C;— are positive constants. If u,v is a basis in U;, i = 1,2,... , then the level

curves u = 0 separates the level curves v = 0. Let u be a solution of the problem (3),
then Nu(t) < i for allt € R if and only ifu e Uy @ --- @ U;.

The proof of Theorem 2 is based on the following lemmas.

LEMMA 1. ([9]). Let fn be a sequence of bounded functions on [0,1), continuous
from the right, fn, £ 0, and Nf, < k. Then exists a real valued sequence oy, and
subsequence fn,, such that, the sequence

OZanm

is convergent, in the sense of distributions, to distribution f # 0 of order < k.

As a consequence of Lemma 1 we have

LEMMA 2. Let f, € C(SY), Nf, <k for alln = 1,2,... . Then there exists
a subsequence n; and real numbers a; such that as i — 0o, «a;fn, converges in the
topology of the space of distributions D’ to a non-zero distribution of order less than
k.

LEMMA 3. ([10]). Let u be a solution of (3), t € [0,1]. Then Nu(t) is a non-
increasing function on [0,1].

LEMMA 4. ([11]). Let u be a solution of (3), t € (0,1). Then for each t € (0,1),
Nu(t) < 0.

LEMMA 5. ([11]). Let u be a solution of (3), t € (0,1), Nu(t) =i. Then for each
to € (0,1) the function u(to,z) has exactly i zeros on S, and each zero of u(to,x) on
S1 is simple.

LEMMA 6. Let u be a solution of (3),t >0, Nu(t) =k, 0 <7 <T. Then

[ull (7)/ |l (T) < C,

where C' = C(k, 7, T, M(k)) > 0.
Proof. We assume the contrary, namely, that there exists a sequence of parabolic
equations of the type (3)
Pyu; =0in St x (0,00) ,

Nu;(t) <k, and
[[uill (7)/ |Jwil (T) — oo
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as 1 — o0o. From Lemma 2 it follows that choosing convergent subsequences P;
we obtain an equation

Uiy,

Py =0in S x (0,00)

such that u £ 0 on ST x (0,7), u(T,-) = 0 on S1. This contradicts the theorem on
the uniqueness of the solution of the inverse problem for parabolic equations [12].

LEMMA 7. Let u be a solution of (3), t > 0, Nu(t) = k. Denote by ai(t),...,
ax(t) the zeros of the function u(t,-) on S'. Then there ezists a constant f =
B(k,M(k)) > 0 such that

%2{ (Oéi_H(t) — Oéi(t)) > 0.
1<i<k—1
Proof. We assume the contrary, namely, that there exists a sequence of parabolic
equations of the type (3),

Pjuj =0in ST x (0,00) s
Nuj(t) =k, j=1,2,..., and real numbers ¢; > 1 such that for some 4
O‘g+1(tj) - a{ (tj) — 0

as j — oo, where a{, ceey ai are zeros of the function u;. Without loss of generality, we
may assume that all ¢; = 1, and the coefficients of P; converge in C* to the coefficients
of Pyas j — oo; |lug]| (1) =1,5=1,2,....

From Lemma 5 it follows that there is a subsequence w;,, which is convergent to
the solution of the equation

Pu=0in S! x (0,1) .

From Lemmas 3 and 5, it follows that Nu(t) < k — 1 for ¢ > 1, and there is a tp > 1
such that all zeros of the function u(to,-) are simple. As wj,, (to, ) — u(to,-) in C?
then there is such wuy, that Nu,(t) < k — 1.

LEMMA 8. Let u,v be solutions of (3), t > 0, Nu(t) = i, Nu(t) = j, i < j,
Jull (1) = Jlel) (1)-

Proof. Let us assume that for some T > 1 |v|| (T)/ ||u|| (T') is sufficiently large.
Then by Lemmas 5, 6, 7 for the sufficiently small € > 0, N(u + ev)(1) = ¢, N(u +
ev)(T) = j. As i < j then our assumption contradicts Lemma 2.

LEMMA 9. Let u,v be solutions of (3), t > 0, Nu(t) = i, Nv(t) = j, i < j,
[ull (1) = |lv|| (1). Then there exists T > 1, T = T(j, M(j)), such that

[[all (T)/ [0l (T) > 2.

Proof. Let us assume the opposite. Then from Lemma 8 it follows that there is
a sequence tr — oo, |lul| (tx)/ ||v]| (tx) — s > 0 as k — oo. Further, we may assume
that the following sequences are convergent in C1(S1):

u(ty, ©

)
[l (1)

v(tg, x)

[ol] (tx)

9

—
—

v,
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as k — 0o. Since Np =i, Ny = j, then for any ¢ > 0 there is an o € R such that the
distance between a pair of zeros of the function ¢ + ) is less than €. So the same is
true for the function u(ty,x) + asv(ty,x) for sufficiently large k. The last statement
contradicts Lemma 7.

LEMMA 10. For all T > 0, ¢ = 1,2,... there exists a two-dimensional space
U(T\,i) of solutions of the problem (2) in S1 x (=T, T) such that if u € U(T,i), u# 0,
then Nu(t) = 2i, t € (0,T). If u,v is a basis in U(T, i), then the level curves u =0
separates the level curves v = 0.

Proof. 1. We define parabolic operators Py, 6 € [0,1] on S x (=T,3T) by

) 02 0
Pi= o —ai(t,2) 5 +bi(tw) o+t 2),
_ (alt,z) for x € (-7,T],
ai(t,r) = { —a(3T —t,x) for x € (T,3T),
- B b(t, .’E) for xz € (_Tv T] )
W)=\ 3T — t,0) — Za(3T — ta) for « € (T,37),
L (t,7) for x € (-T.,T),
W)= 3T — ) — BT — o) - £aBT —t,2) for o € (T,3T),
o 02
PO == a - @ 9

Py=(1-0)Py+ 6P .

Let us consider the problem

Pyu = 0 in S1x (—T,37T),
{U(O,x) = g(x). (6)

Denote by Lf the linear operator LY : g(x) — u(3T,z). For any 0 € [0,1], L? is a
selfadjoint operator in La(S1).

2. Let g be an eigenfunction of L?, u be a solution of (6). Then Nu(-T) =
Nu(3T), and hence by Lemma 5 the zeros of the function wu(to, ), to € [T, 3T] are
simple.

3. Denote by A\f > \§ > \§ > .- the eigenvalues of L?, € [0,1]. Then A} =1,

Ay =M =e 4T \) = \0 =¢e-167 .. The eigenfunctions of L0 are: 1, sinnz, cos nz,
n=1,2,.... Since the eigenvalues A and their eigenvector subspaces are continuously
dependent on the parameter 6 then from 2 it follows that for any ¢ = 1,2,... and

6 € [0,1] the operator L? has exactly two linear independent eigenfunctions ?, ¢
(or two-dimensional subspace if AJ; = AJ, ;) such that Ny? = Nyf = .

4. Let u,v,w be solutions of (6) with g = ¢? ¢ h = ap? + by £ 0, a,b € R.
We prove that the function w has simple zeros. Denote Lp? = ap?, Ly? = gyf. If
« = (3, the statement follows from Assertion 2.

If o # 3, we assume the contrary. Then by Lemma 5 Nw(—T) > Nw(3T). Since

(LO)*(h) = akapt + BRbYe
k € Z, then for sufficiently large k

N(LO)E(0)] = N[(E0)-+w)] =
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This contradicts the inequality Nw(—T") > Nw(3T).
5. From 4 it follows that Nw(t) = i, t € [-T,3T] and that (u?)” + (v9)* > 0 on
S1 x [=T,3T]. Hence we may consider u!, v1 as a basis in U(T},1).

Proof of Theorem 2. Let U(T,i) be defined as in Lemma 10. By Lemma 6 we
can choose sequences ay, T € R, T, — +oo as k — oo such that U(Ty,i) — U; Z 0
in D as k — oco. If u € U; then by Lemmas 5 and 6, Nu(t) =2i, t e R, i =1,2,....
The inequalities (4) and (5) follow from Lemma 9.

Let u be a solution of (2), t € R, and Nu(t) =i. We prove that u € U;. Assume
the contrary, namely, that u,u;,v; are linear independent, where u;,v; € U;. Then
there is a linear combination w = au + bu; + cv; such that w(0,0) = a%w(O, 0) = 0.
By Lemma 5 Nw(—1) > Nw(1). If Nw(1) < i then by Lemma 9, ||ul| (¢), |lu| (¢),
lvill (t) = o(J|lw| (£)) as t — 400, which is impossible. If Nw(1) > i then Nw(—1) > i
and [ull (), [luil (), [Jvill (t) = o(w(t)) as t — —oo, which is also impossible. So,
u € U;. Equality dim Uy = 1 is evident. If uw € Uy @ - - - @ U;, the inequality Nu(t) <1
follows from (5).

Let u be a solution of (3), t € R, Nu(t) < i. First we prove that u € Uy®- - -PU41.
Let us assume the contrary. Then there is v € Up@- - - @ Uj41 such that N(u+v)(0) >
i+ 1. By Lemma 9 [ju]| (¢), [[v]| (t) = o(|lu+ v|| (t)) as ¢ — —oo which is impossible.
So, u =av+ fw, withv e Uy ®---®U;, w € Uiy1. If §# 0, then from inequality (5)
it follows that for sufficiently large T' > 0, Nu(—T) =i+ 1. Hence u € Up @ - - - @ U,
and so Theorem 2 is proved.

If in Theorem 2 we consider Dirichlet or Neumann boundary conditions the sit-
uation becomes more simple. Let us consider the problem

Pu=0 in R x [0,1],
{ u(t, 0) = u(t, 1) = 0. " (7)

Let us denote by V; the set of solutions of (7) such that for v € V;, Nu(t) = 1.
THEOREM 3. For any i the set V; is a one-dimensional linear space. If i < j,
vi € Vi, vj € Vj, vl (0) = [lvs[| (0), then fort >0

[ojl (8) < cjeme* Jlual| (2) ,

and fort <0
[oill () < cje=t [lus| (2)

where c;,c; > 0.

Evidently it is possible to prove Theorem 3 by the same reasoning as in the proof
of Theorem 2. We don’t need Theorem 3 for the following, but it is interesting to
compare both cases.

Proof of Theorem 1. Let u be a connecting orbit between L and L’. Let us

consider the function Dot
u
vr(t, x) 9w/ 0t] (1) t+T,z).

Then vr(t, z) converges to the exponential growing solution of the variational equation
on L asT — —oo and vr(t, x) converges to the exponentially decreasing solution of the
variational equation on L’ as T — +o00. By Lemma 3, k = N 2%(—o00) > N 2% (400) =
m. So by Theorem 2

dim Wn(L) > 2k ,dim W¥(L') < 2m . (8)
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Let us assume now that L is the orbit of the periodic solution w of (1) and dw/9t # 0.
Then by Theorem 2, N2 > k. Thus dim W+(L) > 2k + 1 and hence M(L) > M(L’).
Theorem 1 is proved.
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