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CURVATURE OF THE DETERMINANT BUNDLE AND THE
KÄHLER FORM OVER THE MODULI OF PARABOLIC BUNDLES

FOR A FAMILY OF POINTED CURVES∗

INDRANIL BISWAS† AND N. RAGHAVENDRA‡

1. Introduction. Let X be a compact Riemann surface and let r and d be rela-
tively prime integers, with r ≥ 1. The moduli space UX(r, d) of stable vector bundles
over X, of rank r and degree d, is a non-singular projective variety, and furthermore,
there exists a universal vector bundle U over UX(r, d) ×X. The determinant of the
cohomology of this family is a line bundle L over UX(r, d). This determinant line
bundle is known to be ample [13]. Hence L admits a positive Hermitian metric. One
can ask whether there is a natural positive Hermitian metric on L. The answer to
this is provided by a theorem of Quillen [20]: using this theorem of Quillen it is not
difficult to construct a natural positive Hermitian metric on this line bundle L. One
can ask the same question for the moduli space of stable vector bundles when r and
d are arbitrary, not necessarily coprime, and more generally, for the moduli space of
parabolic stable bundles with fixed parabolic data. This last question was answered
in [9].

In another direction, there is the question of describing the behavior of such
metrics when the Riemann surface itself varies over a family. Namely, let f : XT −→ T
be a holomorphic family of Riemann surfaces, i.e, XT and T are connected complex
manifolds, and f is a proper holomorphic submersion whose fibers are connected
Riemann surfaces. Then, there is an associated family

F : MT −→ T

of moduli spaces of stable vector bundles of given rank and degree. For each parameter
t ∈ T , the fiber F−1(t) is the moduli space of stable vector bundles of rank r and
degree d over Xt = f−1(t). There is a universal adjoint bundle over MT . In [6] one of
the authors works with the determinant of this universal adjoint bundle, constructs a
natural Hermitian metric on this determinant line bundle and computes its curvature.

The aim of this paper is to extend these results to the situation of families of
pointed Riemann surfaces and moduli spaces parabolic bundles over them. Let f :
XT −→ T be a smooth family of Riemann surfaces. Fix disjoint sections s1, . . . , sn of
f . So we now have a family of Riemann surfaces with n marked points parametrized
by T . Let

F : MP
T −→ T

be the relative moduli space of parabolic stable vector bundles of rank r and par-
abolic degree zero with given parabolic data at the marked points. Then, there exists
a determinant line bundle over MP

T , which will be called the parabolic determinant
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line bundle [Section 4a]. We construct a natural Hermitian metric on this determi-
nant bundle, and compute the curvature of the corresponding Hermitian connection
[Section 4e].

The following is a brief description of the content of the paper. Let X0 denote
the complement of a finite subset of a compact connected Riemann surface X. In
Section 2 we study a certain canonical affine bundle over the moduli space M(X0) of
parabolic stable bundles over X0 with fixed parabolic data over the parabolic points
X − X0. The affine bundle over M(X0) in question is the space of flat connections
on X0 satisfying a holonomy condition around the punctures, namely X −X0. From
this affine bundle a natural (1, 1)-form on M(X0) is obtained. Section 3 is devoted
to carrying out a similar study of a family of Riemann surfaces, and not just a fixed
Riemann surface. In Section 4 we define the parabolic determinant line bundle for
a family of marked Riemann surfaces. The curvature of the Hermitian connection
corresponding to a natural Hermitian metric on this parabolic determinant line bundle
has been expressed in terms of the above (1, 1)-form.

2. Flat connections on a punctured Riemann surface. Let X be a compact
Riemann surface, or equivalently a connected smooth projective curve over C. Take
a finite subset

D := {p1, p2, . . . , pn} ⊂ X

of X. The open Riemann surface X − D will be denoted by X0. The divisor p1 +
p2 + · · ·+ pn on X will also be denoted by D.

To any point pi ∈ D, associate a conjugacy class Ci in U(r). Let M(X0) denote
the space of equivalence classes of irreducible representations of the fundamental group
π1(X0) into the unitary group U(r) such that the local holonomy, of the associated
flat vector bundle over X0, around any pi ∈ D, i.e., the holonomy along a counter-
clockwise loop around pi, is contained in the given conjugacy class Ci. Using results
of [17] and [22], the space M(X0) gets identified with a moduli space of parabolic
stable bundles over X of parabolic degree zero. In particular, M(X0) has a natural
structure of a complex manifold. The subset D is the set of parabolic points, and the
parabolic weights and their multiplicities at any pi are determined by the eigenvalues
of an element of Ci and their multiplicities, respectively.

The unique conjugacy class in GL(r,C) which contains Ci will be denoted by
C̄i. Let R̄(X0) denote the space of equivalence classes of representations of π1(X0)
into GL(r,C) such that the local holonomy around any pi ∈ D is contained in the
conjugacy class C̄i. The space R̄(X0) has a natural structure of an affine algebraic
variety over C.

For any ρ ∈ R̄(X0), we have a flat vector bundle of rank r over X0. This flat
vector bundle has a natural extension, known as the Deligne extension, as a par-
abolic bundle over X of parabolic degree zero. (See [15], [11] for the description of
Deligne extension.) Let Vρ denote the parabolic bundle obtained from ρ using Deligne
extension.

Define

R(X0) ⊆ R̄(X0)

to be the subspace consisting all ρ ∈ R̄(X0) such that the corresponding parabolic
bundle Vρ is actually parabolic stable. With this notation, it is known that R(X0) is
a non-singular open subvariety of R̄(X0).
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Let

(2.1) π : R(X0) −→ M(X0)

denote the morphism which sends any ρ to Vρ. This map π is holomorphic because
of the following reason. For each ρ0 ∈ R(X0), there exists an analytic open neighbor-
hood U of ρ0 in R(X0), and a holomorphic vector bundle, say E, over X × U with
holomorphically varying flat connections, say ∇ρ, on X0 × ρ, where ρ ∈ U , such that
∇ρ is isomorphic to the flat connection corresponding to ρ. Moreover, the parabolic
structures at pi for the individual Vρ combine together to give a natural parabolic
structure on E over the divisor pi × U . Now the holomorphicity of π on U is a con-
sequence of a general property of the moduli space M(X0). The general property in
question says that the classifying map for a holomorphic family of parabolic stable
bundles is actually holomorphic.

For a parabolic stable bundle Vρ, define EndP (Vρ) to be the subsheaf of End(Vρ)
which preserves the parabolic flag at each parabolic point. Also, define EndP

0 (Vρ) to
be the subsheaf of EndP (Vρ) which is nilpotent with respect to the parabolic flag at
each parabolic point. This means that if

(Vρ)pi = F 1 ⊃ F 2 ⊃ . . . ⊃ F l ⊃ F l+1 = 0

is the parabolic flag of the parabolic bundle Vρ at the parabolic point pi, and s is a
local section of EndP

0 (Vρ), then

s(F i) ⊆ F i+1

Let Ω1
X(log D) := Ω1

X

⊗OX(D) be the sheaf of logarithmic differential forms.
The following proposition is well-known – see for example §6 of [10]:
Proposition 2.2. The holomorphic tangent space at Vρ to the moduli space

M(X0), namely TVρM(X0), is naturally identified with H1(X,EndP (Vρ)). The holo-
morphic cotangent space at Vρ is canonically isomorphic to

H0(X, Ω1
X(log D)

⊗
EndP

0 (Vρ)).

For a vector bundle E over Y , an affine bundle for E – also called E-torsor – is
a fiber bundle

γ : Z −→ Y

such that for each point y ∈ Y , the fiber γ−1(y) has an affine space structure for the
vector space Ey, which depends holomorphically on y. In other words, if s and t are
local holomorphic sections of Z and E respectively, then s + t is also a holomorphic
section of Z.

Lemma 2.3. The map π : R(X0) −→ M(X0), defined in (2.1), is an affine
bundle for the cotangent bundle T ∗M(X0).

Proof. Take any ρ ∈ R(X0). The flat connection given by ρ on the restriction
of Vρ to X0 extends as a logarithmic singular connection, which we shall denote by
∇ρ, on the vector bundle Vρ, this being a general property of the Deligne extension.
Recall that a logarithmic singular connection on Vρ is a homomorphism of sheaves

∇ρ : Vρ −→ Vρ ⊗ Ω1
X(log D)
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satisfying the Leibnitz identity. If ∇′ is another logarithmic singular connection on
Vρ which is singular along D, then, by definition,

∇′ −∇ρ ∈ H0(X, End(Vρ)⊗ Ω1
X(log D))

For a logarithmic singular connection on Vρ, defined as above, its residue is the
endomorphism of the restriction of Vρ to the divisor D given by the composition

Vρ −→ Vρ ⊗ Ω1
X(log D) −→ Vρ|D

where the last homomorphism is defined using the natural projection (the residue
map) of Ω1

X(log D) onto OD (the kernel of this projection is Ω1
X). A logarithmic

singular connection given by a Deligne extension has the further property that the
imaginary parts of the eigenvalues of its residue are contained in the interval (−1, 0].
The holonomy of any logarithmic connection around a puncture – along a counter-
clockwise loop – is the exponential of the residue at that puncture. Take any two
logarithmic connections on the vector bundle Vρ, say ∇ and ∇′, given by Deligne
extensions, such that they induce the same parabolic structure at all the points of D.
In other words, at any point of D, the semi-simplification of the residue of ∇ is equal
to the semi-simplification of the residue of ∇′. From the above observations it is easy
to deduce that

∇′ −∇ ∈ H0(X, Ω1
X(log D)⊗ EndP

0 (Vρ))

On the other hand, for any θ ∈ H0(X, Ω1
X(log D)

⊗
EndP

0 (Vρ)), the operator
∇ρ + θ is a logarithmic singular connection on V ρ with the same local holonomy as
∇ρ around the punctures. Furthermore, the eigenvalues of its residue are same as
that of the residue of ∇ρ.

In view of the description of T ∗M(X0) in Proposition 2.2, the proof of the lemma
is now complete. 2

Let

i : X0 −→ X

denote the natural inclusion.
For any ρ ∈ R(X0), let Ad(ρ) denote the local system on X0 associated to ρ for

the adjoint representation of GL(r,C) into its Lie algebra gl(r,C). The tangent space
to R(X0) at ρ has the following description.

Proposition 2.4. The holomorphic tangent space to R(X0) at any point ρ is
canonically isomorphic to H1(X, i∗Ad(ρ)).

Proof. Let H1
c (X0, Ad(ρ)) denote the compactly supported first cohomology of

the local system Ad(ρ). We know that TρR(X0) is the image of H1
c (X0, Ad(ρ)) in

H1(X0, Ad(ρ)) (Lemma 2.2 of [7], also Lemma 5.5 of [9]).
On the other hand, H1(X, i∗Ad(ρ)) is realized as a subspace of H1(X0, Ad(ρ))

by the induced map of cohomology groups, induced by the inclusion i. It is an easy
exercise to check that this subspace of H1(X0, Ad(ρ)) coincides with the image of
H1

c (X0, Ad(ρ)) in H1(X0, Ad(ρ)) by the obvious map. 2

In Theorem 2.8 of [7] it was proved that the following pairing:

(2.5) H1(X, i∗Ad(ρ))
⊗

H1(X, i∗Ad(ρ)) −→ H2(i∗Ad(ρ)⊗ i∗Ad(ρ))
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= H2(X, i∗(Ad(ρ)⊗Ad(ρ))) trace−→ H2(X, i∗C) = H2(X,C) = C

defines a symplectic structure on R(X0). The pairing Ad(ρ)
⊗

Ad(ρ) −→ C is de-
fined by taking point-wise trace, i.e., A

⊗
B 7−→ trace(AB). We shall denote this

symplectic form on R(X0) by Θ.
Recall that a closed submanifold N of a symplectic manifold M is said to be

Lagrangian if for every point p ∈ N , TpN is a maximal isotropic subspace of TpM .
Proposition 2.6. The fibers of the map π are Lagrangian submanifolds of R(X0)

for the symplectic structure given by the form Θ.
Proof. Let ρ ∈ R(X0), and let F be the fiber of π through ρ. The regular singular

connection ∇ = ∇ρ in Vρ induces a regular singular connection, also denoted ∇, in
End(Vρ). Therefore we have the following short exact sequence of CX -modules on X,
where CX is the constant sheaf on X with stalk C:

0 −→ Ker(∇) −→ End(Vρ)
∇−→ Ω1

X(log D)⊗ End(Vρ) −→ 0.

Now consider the OX -submodule EndP (Vρ) of End(Vρ). The connection ∇ does not
preserve this submodule, but maps it onto Ω1

X(log D)⊗EndP
0 (Vρ) with kernel i∗Ad(ρ).

Thus we have an induced short exact sequence of CX -modules

0 −→ i∗Ad(ρ) −→ EndP (Vρ)
∇−→ Ω1

X(log D)⊗ EndP
0 (Vρ) −→ 0.

Since H0(X, EndP (Vρ)) ∼= C, the corresponding long exact sequence in cohomology
simplifies to

(2.7) 0 −→ H0(X, Ω1
X(log D)⊗ EndP

0 (Vρ)) −→ H1(X, i∗Ad(ρ))

−→ H1(X, EndP (Vρ)) −→ 0.

It is easy to see that the projection

H1(X, i∗Ad(ρ)) −→ H1(X, EndP (Vρ))

in (2.7) is precisely the differential, at ρ, of the map π : R(X0) −→ M(X0). Therefore,
the tangent space to the fiber F at ρ, which equals the kernel of dπρ because π is a
submersion, is canonically isomorphic to H0(X, Ω1

X(log D) ⊗ EndP
0 (Vρ)). From the

definition of the symplectic form on R(X0) it is immediate that its restriction to
H0(X, Ω1

X(log D) ⊗ EndP
0 (Vρ)) is zero. Thus TρF is isotropic. Since dimR(X0) =

2 dim F , it follows that TρF is maximal isotropic. 2

The projection H1(X, i∗Ad(ρ)) −→ H1(X, EndP (Vρ)) in (2.7) is the differential
of the map π at ρ. Since π−1(π(ρ)) is Lagrangian, there is an induced non-degenerate
pairing between H0(X, Ω1

X(log D) ⊗ EndP
0 (Vρ)) and H1(X, EndP (Vρ)), which is the

obvious pairing between the tangent and the cotangent bundle of M(X0). Since the
following isomorphism, which is easy to check, is valid:

OX(D)⊗ EndP
0 (Vρ) = EndP (Vρ)∗

Serre duality is applicable.
Let

(2.8) ψ : M(X0) −→ R(X0)
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denote the obvious C∞ embedding induced by the inclusion of U(r) in GL(r,C). We
want to calculate ∂ψ which measures how much ψ differs from being a holomorphic
embedding.

To define ∂ψ first note the following: let A : V −→ W be a R-linear homomor-
phism between two complex vector spaces. The homomorphism Ã : V −→ W defined
by

(2.9) Ã(v) :=
A(v) +

√−1A(
√−1v)

2

is conjugate linear, i.e., Ã(
√−1v) = −√−1A(v), and it vanishes if and only if A is

complex linear.
We apply the construction in (2.9) point-wise to the differential of ψ. Since the

holomorphic tangent bundle is isomorphic – as a real vector bundle – to the real
tangent bundle, we have a R-linear homomorphism

dψ : TM(X0) −→ ψ∗TR(X0)

Applying (2.9) to dψ we have a conjugate linear homomorphism d̃ψ from TM(X0)
to ψ∗TR(X0) which vanishes if and only if ψ is a holomorphic map.

For any v ∈ TνM(X0), we have

dπ(d̃ψ(v)) = dπ((dψ(v) +
√−1dψ(

√−1v))/2) = v + (
√−1)2v = 0

The second equality is a consequence of the holomorphicity of the projection π. So
d̃ψ is actually a conjugate linear homomorphism, namely

(2.10) d̃ψ : TM(X0) −→ ψ∗(kernel(dπ)) = T ∗M(X0)

The last equality was obtained in the proof of Proposition 2.6.
Equivalently, d̃ψ is a section of T ∗M(X0)

⊗
T ∗M(X0). The following theorem

says that this section is skew-hermitian and also identifies it as the pull-back of the
symplectic form Θ on R(X0).

Theorem 2.11. d̃ψ is skew-hermitian, i.e., it is a (1, 1)-form on M(X0). More-
over this form coincides with ψ∗Θ/2.

Proof. We first note that for any unitary representation ρ ∈ M(X0), the Deligne
extension of the flat vector bundle Ad(ρ) over X0, that corresponds to the adjoint
representation of U(r) in gl(r,C), is the vector bundle EndP (Vρ). This observation is
an easy consequence of the definition of the Deligne extension.

If we replace V in the definition of Ω̃1
X(M), given in page 189 of [23], by the

above local system Ad(ρ), then we get Ω1
X(log D)

⊗
EndP

0 (Vρ).
Now by Theorem D2(b), page 189, of [23] (or Theorem 5.1(b), page 163, of [24])

we have:

(2.12) H1(X, i∗Ad(ρ)) = H0(X, Ω1
X(log D)⊗ EndP

0 (Vρ))
⊕

H1(X, EndP (Vρ))

In other words, if ρ in (2.7) is unitary, then the exact sequence (2.7) has a canonical
splitting given by (2.12).

The dual local system Ad(ρ)∗ is isomorphic to Ad(ρ) since the isomorphism of
gl(r,C) with gl(r,C)∗, given by A ⊗ B 7−→ trace(AB), commutes with the adjoint
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action of GL(r,C). Thus Theorem D2(c), page 189, of [23] (or Theorem 5.1(c), page
163, of [24]) we have a conjugate linear isomorphism:

(2.13) j : H1(X, EndP (Vρ)) −→ H0(X, Ω1
X(log D)⊗ EndP

0 (Vρ))

Recall the descriptions of the tangent spaces of M(X0) and R(X0) given in Propo-
sitions 2.2 and 2.4. For the embedding ψ it is easy enough to check that the differential
dψ in (2.10) is

(2.14) ω 7−→ ω + j(ω) ∈ H1(X, i∗Ad(ρ))

in the decomposition (2.12), where ω ∈ H1(X, EndP (Vρ)). That the homomorphism
defined in (2.14) is not C-linear reflects the fact that the map ψ is not holomorphic.

The observation that dψ coincides with the homomorphism given by (2.14) im-
mediately implies that

(2.15) d̃ψ(ω) = j(ω)

Since the homomorphism j corresponds to taking ? of harmonic L2 forms, we have

j(ω)(ω1) = − j(ω1)(ω)

This equality together with (2.15) implies that d̃ψ is skew-hermitian, i.e., it is a
(1, 1)-form on M(X0).

Now, in view of the fact that dψ coincides with the homomorphism in (2.14), the
equality

d̃ψ = ψ∗Θ/2

is a consequence of the definition of Θ given in (2.5). 2

For a vector bundle E over Y , the space of all isomorphism classes of affine
bundles for E are parametrized by H1(Y, E). For an affine bundle F , any two local
identifications with E differ by a local section of E which gives an one cocycle. Given
a C∞ section s of an affine bundle F , the section d̃s of Ω0,1

Y

⊗
E, defined following the

construction in (2.10), actually represents the element in H1(Y, E) that corresponds
to F .

Thus, by Theorem 2.11, the form ψ∗Θ/2 represents the cohomology class corre-
sponding to the affine bundle for Ω1

M(X0)
, namely R(X0).

If R(X0) is complete then the symplectic (1, 1)-form ψ∗Θ/2 represents a nonzero
cohomology class. So, in that case, R(X0) over M(X0) is actually a nontrivial affine
bundle for Ω1

M(X0)
.

3. Family of Riemann surfaces. Fix, as before, a parabolic data for n para-
bolic points, which is same as fixing r orbits, say C1, . . . , Cn, in U(r) for the conju-
gation action.

Let

(3.1) f : XT −→ T

be a smooth family of Riemann surfaces. By this we mean that T and XT are
connected complex manifolds and f is a proper smooth map of relative (complex)
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dimension one and with connected fibers. For t ∈ T , the Riemann surface f−1(t) will
be denoted by Xt. Let

si : T −→ XT , i = 1, 2, . . . , n

be n disjoint holomorphic sections of f , i.e., f ◦ si = id, and the images of si are all
disjoint. So T parametrizes a family of Riemann surfaces with n marked points.

Let

(3.2) F : MP
T −→ T

be the relative moduli space of parabolic stable bundles of rank r and parabolic degree
zero, and with the given parabolic data on the marked points. In other words, for
any t ∈ T , the space MP

t := F−1(t) is the moduli space of parabolic stable bundles
over Xt of rank r and parabolic degree zero and with the given parabolic structure
over the parabolic points si(t), 1 ≤ i ≤ n.

The space MP
T has the following universal property: for a holomorphic map p :

S −→ T , if

E −→ XT×T S

is a vector bundle over the fiber product with parabolic structures (of the given type)
over all divisors image(si)×T S such that for any s ∈ S the parabolic bundle over
Xp(s), obtained by restricting E to Xp(s), is parabolic stable – then the obvious map

(3.3) φE : S −→ MP
U ,

which assigns to any s the point in MP
p(s) that corresponds to E|Xp(s) , is actually a

holomorphic map.
We shall describe the underlying C∞ fiber bundle MP

T over T for the projection
F .

Denote the complement

(3.4) XT −
n⋃

i=1

image(si)

by X0
T . Also denote the restriction of f to X0

T by f0; for any t ∈ T , the fiber f−1
0 (t)

will be denoted by X0
t . Let

f̄ : f∗0 X0
T −→ X0

T

be the pull-back, to X0
T , of the family of punctured Riemann surfaces over T . Consider

the fundamental groups of the fibers of f̄ using the tautological section of f̄ as the
base points. This family of groups, parametrized by X0

T , or more precisely the direct
image,

(3.5) Π̄ = f̄∗π1

is a locally constant sheaf on X0
T .

Consider the fiber bundle over X0
T given by the space of irreducible representations

from fibers of Π̄ to U(r) such that for any x ∈ X0
T , the conjugacy class in the fiber

Π̄x, given by a positively oriented loop around si ◦f0(x), coincides with the conjugacy
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class Ci. Denote this fiber bundle over X0
T by Y0. So local sections of the fiber bundle

Y0 are simply smoothly varying irreducible representations from fibers of Π̄ to U(r)
satisfying the above holonomy condition.

Now the fiber bundle Y0 −→ X0
T has a natural flat connection whose local flat

sections are spaces of homomorphisms which are actually locally constant maps from
Π̄, i.e., the homomorphisms do not depend on points of X0

T .
Let Ȳ denote the quotient space for the conjugation action of U(r) on the fiber

bundle Y0; this quotient is also a fiber bundle over X0
T . Since the fundamental groups

of a manifold with respect to two different base points are naturally isomorphic up to
an inner automorphism, the fiber bundle Ȳ over X0

T descends to a fiber bundle over
T . This fiber bundle is precisely the underlying C∞ manifold for MP

T defined in (3.2).
The flat connection on the fiber bundle Y0 induces a C∞ flat connection on the

fiber bundle MP
T . We shall denote this connection by ∇̂.

The following lemma describes the almost complex structure on MP
T underlying

its complex structure.
Lemma 3.6. For any t ∈ T and ρ ∈ MP

t let W ⊂ TRρ MP
T be the horizontal

subspace, of the real tangent space, for the connection ∇̂. Then W is closed under the
almost complex structure on TRρ MP

T .
Before actually proving Lemma 3.6 let us first see how this lemma describes the

almost complex structure on MP
T .

The connection ∇̂ decomposes the tangent space TRρ MP
T as follows:

(3.7) TRρ MP
T = TRρ MP

t

⊕
W = TRρ MP

t

⊕
TRt T

In Proposition 2.2 and in the proof of Theorem 2.11 we described the complex struc-
ture of MP

t . Now since the map F in (3.2) is holomorphic, Lemma 3.6 implies that
the horizontal lift of the almost complex structure on TRt T is actually the restriction,
to the subspace W , of the almost complex structure on TRρ MP

T . Thus the almost
complex structures on TRρ MP

t and TRt T determine the almost complex structure on
TRρ MP

T using decomposition (3.7).

Proof of Lemma 3.6. Take a contractible open subset U ⊆ T containing t. So the
fundamental group of the space X0

t , defined in (3.4), maps isomorphically onto X0
U us-

ing the inclusion of X0
t in X0

U . Using this isomorphism, ρ gives an irreducible flat uni-
tary connection on X0

U . Taking the Deligne extension along the divisors image(si|U )
we get a parabolic bundle, which we shall denote by E∗, over XU . From the prop-
erty of MP

T described in (3.3) we conclude that the map φE∗ from U to MP
T , that

corresponds to E∗, is holomorphic. On the other hand, φE∗ is precisely the (unique)
horizontal section over U , of the fiber bundle MP

T , which passes through ρ. This
completes the proof of the lemma. 2

Remark 3.8. The projection onto the first factor in the direct sum (3.7) gives a
homomorphism

∇̂ : TRMP
T −→ TRrel

where TRrel := kernel(dF ) is the relative tangent bundle. Lemma 3.6 implies that the

above projection ∇̂ is complex linear, i.e., commutes with almost complex structures.
However the induced homomorphism of holomorphic tangent bundle, namely

(3.9) γ : TMP
T −→ Trel ,
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induced by ∇̂, is not a holomorphic homomorphism. This non-holomorphicity of γ is
a consequence of the fact that the complex structure of the moduli space MP

t depends
upon the complex structure of the punctured curve X0

t . 2

Let

QT : RP
T −→ T

denote the holomorphic fiber bundle over T whose typical fiber is the space R(X0)
defined in Section 2. So RP

T is the fiber bundle over X0
T given by the space of equiva-

lence classes of representations from fibers of Π̄ (defined in (3.5)) to GL(r), such that
for any x ∈ X0

T , the conjugacy class in the fiber Π̄x, given by a positively oriented
loop around (si ◦ f0)(x), coincides with the conjugacy class C̄i (defined in Section 2),
and moreover the corresponding family of parabolic bundles over marked Riemann
surfaces, given by the Deligne extension, are all parabolic stable.

The fiber bundle RP
T is holomorphically locally trivial. Moreover, the connection

on RP
T – defined exactly as ∇̂ on MP

T – is actually a holomorphic connection.
Let

(3.10) q : RP
T −→ MP

T

be the obvious projection – which for any t ∈ T restricts to the projection defined in
(2.1).

From Section 2 we know that q is an affine bundle for Ω1
rel, where Ω1

rel := T ∗rel is
the relative cotangent bundle for the projection F defined in (3.2).

The map ψ defined in (2.8) gives a section of q, namely

(3.11) ψT : MP
T −→ RP

T

with q ◦ψT = id. Just as done in (2.10), we construct the conjugate linear homomor-
phism for the differential of ψT , namely

dψT : TMP
T −→ Ω1

rel

where Ω1
rel, as before, is the relative cotangent bundle for F . We shall identify the

homomorphism dψT .
Let ΘT denote the relative 2-form on RP

T , for the projection QT , which restricts
to the form Θ, defined in Section 2, on the fibers of QT . So ψ∗T ΘT is a relative 2-form
on MP

T .
Let γ denote the projection obtained in (3.9). Now

Θ̂T = γ∗(ψ∗T ΘT )

is a 2-form on MP
T , with ψ∗T ΘT as the corresponding relative form.

Theorem 3.12. The homomorphism dψT is skew-hermitian and it coincides with
Θ̂T /2.

Proof. In view of Theorem 2.11 it is enough to prove that for the subspace
kernel(γ), i.e., the horizontal subspace, of TMP

T the following holds: (i) dψT vanishes
on kernel(γ); and (ii) the contraction of the form Θ̂T with any tangent vector in
kernel(γ) is zero.

The first statement is a consequence of Lemma 3.6 which ensures that the restric-
tion of the map ψT to a horizontal leaf, for the flat connection ∇̂ on MP

T , is actually
a holomorphic embedding.
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The second statement is immediate from the definition of Θ̂T , since γ vanishes
on kernel(γ). 2

Theorem 3.12 implies that Θ̂T /2, considered as an element of H1(MP
T ,Ω1

rel),
coincides with the cohomology class corresponding to the Ω1

rel-affine bundle RP
T .

4. Parabolic determinant line bundle over the universal moduli space
of parabolic bundles.

4a. The parabolic determinant line. We continue with the notation of Sec-
tion 2. Henceforth all the parabolic weights will be assumed to be rational numbers.

Let E∗ be a parabolic vector bundle of rank r over a Riemann surface X, with E
as the underlying vector bundle, and with D as the set of parabolic points. On s ∈ D

F 1
s = Es ⊃ F 2

s ⊃ F 3
s ⊃ . . . ⊃ F ls

s ⊃ F ls+1
s = 0

is the parabolic flag, and

0 ≤ α1
s < α2

s < α3
s < . . . < αls

s < αls+1
s = 1

are the parabolic weights. Assume that

(4.1) αi
s =

mi
s

N

where N is a fixed positive integer, independent of s, and mi
s is a nonnegative integer

with 0 ≤ mi
s < N , and N is the smallest integer satisfying these two conditions. Let

d ∈ Z be the degree of the underlying vector bundle E for the parabolic bundle E∗.
Fix a point x ∈ X−D in the complement of D. Following [9] (page 61, Definition

4.8) and [19] define the parabolic determinant line to be the following tensor product:
(4.2)

det(E∗) =
(∧top

H0(X, E)
)N−N.rankE ⊗ (∧top

H1(X, E)
)NN.rankE ⊗

⊗

s∈D,i∈[0,ls]

(∧top F i
s

F i+1
s

)−mi
s ⊗ (∧rankE

Ex

)N(
Nχ(E)+

P
s∈D,i∈[0,ls] dim(F i

s/F i+1
s )mi

s

)

where χ(E) = dimH0(X, E)− dimH1(X, E) is the Euler characteristic.
The induced action of an automorphism of E∗, given by the multiplication by

nonzero scalars on E, on the line det(E∗) is the trivial action ([9], page 60).
Assume that the family of Riemann surfaces, given by f in (3.1), is equipped with

a section

s : T −→ XT

such that the image of s does not intersect the image of any si. For this family of
Riemann surfaces consider the family of moduli spaces of parabolic bundles, namely
MP

T , defined in Section 3.
For any point of MP

T consider the parabolic determinant line constructed in (4.2).
These lines fit together to give a holomorphic line bundle over MP

T , which we shall call
the parabolic determinant line bundle, and it will be denoted by LT ; for any t ∈ T ,
the point s(t) is used as point x in (4.2). We shall briefly explain the construction of
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the line bundle LT . First note that the parabolic determinant line bundle is defined
for a family of parabolic vector bundle. Indeed, by [16], [20] the usual determinant
line bundle is defined for a family. Now using the parabolic flag for the family the
construction of the parabolic determinant line bundle is immediate. Though in gen-
eral there is no universal parabolic bundle over the fiber product XT×T MP

T , we may
cover MP

T by analytic open sets – alternatively, use open sets in étale topology – such
that over each such open set the universal family exists. Construct the parabolic de-
terminant line bundle over these open sets. Now using the earlier mentioned property
that the action of C∗ is trivial on the determinant lines, these line bundles canonically
patch together to give the line bundle LT over MP

T . Indeed, any automorphism of a
parabolic stable bundle preserving the parabolic flag is a multiplication by a nonzero
scalar. So the line bundles over any intersection of two open sets patch satisfying the
obvious compatibility condition for intersection of three open sets.

We shall equip LT with a hermitian metric. Before that we shall first recall the
construction of this hermitian metric for the special case of a single Riemann surface,
i.e., where T is a point, done in [9].

The moduli space of parabolic bundles, namely M(X0), defined in Section 2, can
be realized as a moduli space of orbifold bundles. This means that there is a finite
Galois cover

(4.3) g : Y −→ X

with Galois group G, with Y connected, such that M(X0) is identified with MG(Y ), a
moduli of orbifold stable bundle over Y . An orbifold bundle is a vector bundle over Y
equipped with a lift of the action of G; an orbifold bundle V is called stable if for any
proper holomorphic subbundle F of V , invariant under the action of G, the inequality

deg(F )
rank(F )

<
deg(V )
rank(V )

is valid. We shall describe the above mentioned identification between parabolic and
orbifold bundles in Section 4c. By this identification, the Kähler form Θ on M(X0)
coincides with 1/#G times a natural Kähler form on MG(Y ) (Lemma 5.1 of [9]);
#G is the order of G. The Kähler form on MG(Y ) in question is defined by simply
copying the definition of the Kähler form Θ, defined in Section 2, for moduli space of
usual stable vector bundles. In particular, this form coincides with the pull-back of
the Kähler form on the moduli space of (usual) semistable vector bundles using the
forgetful map, by forgetting the orbifold structure.

Let N(ξ) ⊆ M(X0) denote the subvariety consisting of parabolic stable bundles
E∗ with

∧r
E = ξ, where ξ is a fixed line bundle over X. By the above mentioned

identification between parabolic and orbifold bundles, N(ξ) gets identified with a
moduli space NG(Y ) (⊆ MG(Y )) of orbifold stable bundles with a fixed determinant.

Using Quillen’s construction in [20], a determinant line bundle, denoted by LG,
over MG(Y ), equipped with a hermitian structure, was constructed in Section 3 of [9]
where we called it Lπ. The fiber of LG over V ∈ MG(Y ) is
(4.4)(∧top

H0(Y, V )
)⊗−rankV ⊗ (∧top

H1(Y, V )
)⊗rankV ⊗ (∧rankV

Vy

)χ(V )

,

where y ∈ Y is a fixed base point; in other words, the definition of LG is same as
that for the determinant line bundle over a moduli space of (usual) semistable vector
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bundles. So LG is the pull-back, using the forgetful map mentioned above, of the
determinant line bundle over the moduli space of (usual) semistable vector bundles.
The curvature of LG coincides with r-times the earlier mentioned Kähler form on
MG(Y ) (Theorem 3.27 of [9]).

The N#G-th tensor power (N as in (4.1)) of the parabolic determinant line
bundle over N(ξ) is isomorphic to the restriction of (LG)⊗N to NG(Y ) (Proposition
4.14 of [9]). Since two choices of such isomorphisms differ by a constant scalar, the
metric on the parabolic determinant line bundle induced by this isomorphism is well-
defined up to a multiplication by a real positive constant scalar. So the corresponding
unitary connection on the parabolic determinant line bundle is uniquely determined.
Moreover, the unitary connection on the parabolic determinant line bundle obtained
above does not depend upon the choice of the orbifold cover g in (4.3).

The problem of carrying out this project for families of Riemann surfaces breaks
into two problems.

The first problem is to have a construction of a “canonical” orbifold cover, satis-
fying certain properties, for a family of Riemann surfaces. The properties in question
include base change property, that is for a pull-back of a family of Riemann surfaces
the corresponding orbifold cover should also be the pull-back.

The second problem is to compare the parabolic and the orbifold determinant
line bundles. That is to compare, intrinsically, the two lines defined in (4.2) and (4.4)
respectively, where V is the orbifold bundle corresponding to the parabolic bundle
E∗.

The second problem has been partially solved in [9] to the extent it is necessary
to cover the case of moduli spaces of parabolic bundles with fixed determinant over a
fixed Riemann surface. We shall see in (4.19) that the exact form of Proposition 4.14
of [9], where the parabolic and the orbifold determinant line bundles are compared,
is not valid for moduli spaces of parabolic bundles, without fixed determinant, on a
fixed Riemann surface – a “correction” factor is necessary.

We shall start with the second problem by proving a result (Lemma 4.6) which
compares the determinant of a vector bundle with that of its pull-back.

4b. Comparison of determinant of a vector bundle with that of its pull-
back. Let E be a vector bundle over X of rank r. Let W := g∗E be the pull-back
bundle over Y , where g, as in (4.3), is a (possibly ramified) Galois covering. Let D′

denote the ramification divisor (with multiplicity) on Y . So D′ is the divisor of the
natural section of (g∗KX)∗ ⊗KY .

For any line bundle L over Y , define D′(L) to be the following line:

D′(L) :=
∧top

H0
(
X,

L

L⊗OX(−D′)

)

Denote the following line by d(E):

(4.5) d(E) :=
∧top

H0(Y, E)
⊗∧top

H1(Y, E)∗

Similarly define the line d(W ) for W .
Lemma 4.6. The two complex one dimensional vector spaces, namely

(
d(W )⊗ d(OY )⊗−r

)⊗12 ⊗D′(
∧r

W )⊗6D′(OX)⊗−6
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and
(
d(E)⊗ d(OX)⊗−r

)⊗12#G

are canonically isomorphic, where #G is the order of the Galois group G, and OX

(respectively OY ) is the trivial line bundle over X (respectively Y ).
The word “canonical” above means that for a family of Riemann surfaces as in

(3.1), and a Galois covering g̃ : YT −→ XT over T , and a vector bundle ET over
XT , the point-wise isomorphisms, over T , between two lines, given by Lemma 4.6, fit
together to give an isomorphism between the two corresponding line bundles over T .

Proof of Lemma 4.6. The key input in the proof is a “Riemann-Roch isomor-
phism” established by Deligne in [12] (Théorème 9.9, page 170).

The first step in the proof will be to establish the following identification in the
notation of Section 9 of [12]:

(4.7) IXC2(E)⊗#G = IY C2(W )

Since the parameter space S (in [12]) is a single point here, we omit “S” it in the
notation of IX/SC2 in [12].

The above identification (4.7) is a consequence of (2.12) of [4] (page 155) and
9.1.4 of [12] (page 155). The isomorphism (2.12) of [4] is easily seen to be valid for
ramified coverings. Though the covering p in ((2.12), [4]) is unramified – the same
proof goes through; the assumption on unramifiedness is used only in the proof of
isometricity of (2.12).

To prove (4.7) take a flag of subbundles of E, namely

E = Er ⊃ Er−1 ⊃ Er−2 ⊃ . . . ⊃ E1 ⊃ E0 = 0 ,

such that all subsequent quotients are line bundles, as done in 9.5 (page 159) of [12].
The pull-back of this flag gives a flag of subbundles of W . Using (9.1.4) of [12] we
express IXC2(E) and IY C2(W ) as follows:

IXC2(E) =
r−1⊗

i=1

〈
∧i

Ei, Ei+1/Ei〉 and IY C2(W ) =
r−1⊗

i=1

〈
∧i

g∗Ei, g
∗(Ei+1/Ei)〉

Now the isomorphism (2.12) in [4], namely

(4.8) 〈
∧i

Ei, Ei+1/Ei〉
⊗#G

= 〈
∧i

g∗Ei, g
∗(Ei+1/Ei)〉 ,

completes the proof of (4.7).
As the next step we shall deduce the following (canonical) equality:

(4.9)
(
d(E)⊗ d(OX)⊗−r

)⊗12 = 〈
∧r

E,
∧r

E ⊗ TX〉
⊗6
⊗ IXC2(E)⊗−12

We first observe that by Théorème 9.9(iii), page 170, of [12], the following equality
is valid:

d(O⊕r
X )⊗12 = 〈KX ,KX〉⊗r
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Indeed, that the other two terms in the right hand side of Théorème 9.9(iii) are
trivial for d

( ⊕
r OX

)⊗12 follows from the combination of the following identifications
(Proposition 5(a), page 367, [2]):

(4.10) 〈L,OX〉 = C and 〈L,L1 ⊗ L2〉 = 〈L,L1〉 ⊗ 〈L,L2〉 ,

where L, L1 and L2 are line bundles over X, with 9.1.4 of [12] which ensures that
IXC2(O⊕r

X ) = C.
Now applying Théorème 9.9(iii) of [12] to E, and noting that d(O⊕r

X ) = d(OX)⊗r,
the identification in (4.9) is immediate.

Similarly we have the following equality

(4.11)
(
d(W )⊗ d(OY )⊗−r

)⊗12 = 〈
∧r

W,
∧r

W ⊗ TY 〉
⊗6
⊗ IY C2(W )⊗−12

In view of (4.7), comparing the right-hand-sides of (4.9) and (4.11) we conclude
that in order to complete the proof of the lemma it is enough to show that
(4.12)

〈
∧r

W,
∧r

W ⊗ TY 〉
⊗6
⊗D′(

∧r
W )⊗6D′(OX)⊗−6 = 〈

∧r
E,

∧r
E ⊗ TX〉

⊗6#G

By the distributive property in (4.10), we have

〈
∧r

E,
∧r

E ⊗ TX〉 = 〈
∧r

E,
∧r

E〉 ⊗ 〈
∧r

E, TX〉

Thus, since W = g∗E, using the equality (2.12) of [4] (which is same as (4.8) above)
we conclude that (4.12) is a consequence of the following:

〈
∧r

W,TY 〉 ⊗D′(
∧r

W )⊗D′(OX)⊗−1 = 〈
∧r

W, g∗TX〉

Applying (4.10) again, the above equality is equivalent to

D′(
∧r

W )⊗D′(OX)⊗−1 = 〈
∧r

W,KY ⊗ g∗TX〉

By definition, OX(D′) = KY ⊗ g∗TX . So the above equality is a special case of
Proposition 5(c) (page 367) of [2]. (In this Proposition 5(c) of [2] replace L by

∧r
W

and D by D′.) This completes the proof of the lemma. 2

In the next subsection we shall use Lemma 4.6 to solve the second of the two
problems mentioned at the end of Section 4a.

4c. Comparison between parabolic and orbifold determinant lines. In
this subsection we shall first describe the correspondence between parabolic and orb-
ifold bundles mentioned earlier; this will be used in the next step of our computation
for comparison between parabolic and orbifold determinant lines. A description of
this identification can be found in [9], where orbifold bundles are called π-bundles fol-
lowing [21]. The details of the identification of parabolic bundles and orbifold bundles
is incomplete in [9], but the complete details can be found in [5], where the base X is
allowed to have arbitrary dimension.

Given a parabolic data for a Riemann surface X with D as the parabolic points,
there is a finite Galois cover g : Y −→ X, as in (4.3), such that g is ramified over all
points of D (there may be other ramification points also), such that multiplicity of g
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over any s ∈ D is a multiple of N , where N as in (4.1). A proof of the existence of
such a cover can be found in Theorem 1.2.15, page 29, of [18].

An orbifold bundle on Y is a vector bundle over Y equipped with a lift of the
action of the Galois group.

Let E∗ be a parabolic bundle over X of rank r with parabolic structure as given
in the beginning of Section 4a.

Let the multiplicity of g at s ∈ D be ksN ; in other words, g∗s = ksN(g∗s)red.
For s ∈ D, denote the reduced divisor (g∗s)red by s̃. Consider the vector space

Qj
s :=

Es

F j
s

⊗
OX(s)s =

Es

F j
s

⊗
TsX

as a torsion sheaf on X supported on s. Let

(4.13) g∗Qj
s −→ g∗Qj

s|ks(N−mj−1
s )s̃ −→ 0

be the restriction of g∗Qj
s, which is supported on g∗s, to the (non-reduced) divisor

ks(N −mj−1
s )s̃.

The pull-back bundle g∗
(
E

⊗OX(D)
)

has a natural projection onto g∗Qj
s given

by restriction. For any s̃ ∈ g−1(s), composing this with the homomorphism in (4.13)
we get a projection

(4.14) 0 −→ U j
s̃ −→ g∗

(
E

⊗
OX(D)

) −→ (g∗Qj
s)|ks(N−mj−1

s )s̃ −→ 0 ,

where U j
s̃ is defined to be the kernel of this projection.

Finally, define

(4.15) V :=
j=lg(s)⋂

s∈g−1(D),j=1

U j
s̃

to be the intersection of all subsheaves U j
s̃ of g∗

(
E

⊗OX(D)
)
.

There is a natural action of the Galois group G on f∗
(
E

⊗OX(D)
)
, since it is a

pull-back from X, which commutes with the Galois action of G on Y . The subsheaf V
is left invariant by this action, and hence V gets an induced orbifold bundle structure.

In the correspondence between parabolic bundles and orbifold bundles, the orb-
ifold bundle V over Y , constructed above, corresponds to the parabolic bundle E∗. It
is easy to check that E∗ is parabolic stable if and only if V is orbifold stable [5].

For s ∈ g−1(S), define

Gj
s̃ := g∗

(
F j

g(s)/F j+1
g(s)

)|s̃

to be the torsion sheaf supported (scheme theoretically) on the reduced divisor s̃.
Using the natural exact sequence

0 −→ OY ((c− 1)s̃) −→ OY (cs̃) −→ T⊗c
s̃ Y −→ 0

we conclude the following (d(−) defined in (4.5)):

(4.16) d(V ) = d(g∗E)
⊗ ( j=lg(s),i=kg(s)m

j
g(s)⊗

s∈g−1(D),j=1,i=1

∧top(
Gj

s̃ ⊗ T⊗i
s̃ Y

))
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To prove (4.16), in conjunction with the above construction of V we need to use the
fact that if the quotient of an injective homomorphisms of coherent sheaves on Y , say
V1 −→ V2, is a torsion sheaf Tory supported on y ∈ Y , then d(V1)⊗

∧topTory = d(V2).
An equality similar to (4.16) can be found in (3.15) of [5].

Combining (4.16) with Lemma 4.6 we get the following:
Theorem 4.17. There is a canonical isomorphism between the following two

lines:
(
d(V )

⊗
d(OY )⊗−r

)⊗12 ⊗
D′(∧r

g∗E
)⊗6

D′(OX)⊗−6

=
(
d(E)

⊗
d(OX)⊗−r

)⊗12#G ⊗ ( j=lg(s),i=kg(s)m
j
g(s)⊗

s∈g−1(D),j=1,i=1

∧top(
Gj

s̃ ⊗ T⊗i
s̃ Y

))⊗12

Let us first see how Theorem 4.17 immediately implies the main result [Proposi-
tion 4.14] of [9] mentioned earlier.

The correspondence between parabolic bundles and orbifold bundles gives an
identification of a moduli of parabolic stable bundles over X with a moduli of orbifold
stable bundles over Y .

If we have a fixed covering between two fixed Riemann surfaces (not in a family)
then we may choose and fix trivializations of d(OY ), d(OX), Ts̃Y and D′(OX) over the
moduli space of parabolic (or equivalently orbifold) stable bundles. If, furthermore,
we restrict ourselves to a moduli of parabolic bundles with a fixed determinant, then
D′(∧r

g∗E
)

is also trivializable over the moduli space. Thus, in that case, Theorem
4.17 induces an isomorphism between 12N -th tensor power of the orbifold determinant
line bundle, defined by (4.4), over moduli space of orbifold stable bundles with a fixed
determinant, and the 12#G-th tensor power of the parabolic determinant line bundle,
defined using (4.2). This isomorphism depends upon the choices of trivializations of
various lines mentioned above, but any two such isomorphisms clearly differ by a
constant scalar. (Take the point x in (4.2) such that g(y) = x; so

∧r
Ex =

∧r
Vy.)

This establishes Proposition 4.14 of [9].
Let M(X0) denote the moduli space of parabolic stable bundles (without fixing

the determinant) over X. Let MG(Y ) denote the corresponding moduli space of
orbifold stable bundles over Y . Let LP (respectively LG) denote the determinant line
bundle, defined using (4.2) (respectively (4.4)), over M(X0) (respectively MG(Y )).
Take the point y ∈ Y such that g(y) = x.

For any E ∈ M(X0), define the line L(E, g,N) by

(4.18) L(E, g,N)

:= D′(∧r
g∗E

)⊗−6N⊗(∧r
Ex

)12
(
−Nχ(V )+N#Gχ(E)+#G

P
s∈D,i∈[0,ls] dim(F i

s/F i+1
s )mi

s

)

= D′(∧r
g∗E

)⊗−6N ⊗ (∧r
Ex

)12N
(
−χ(V )+#Gχ(E)+#G

P
s∈D,i∈[0,ls] dim(F i

s/F i+1
s )αi

s

)

Let L(g, N) be the natural line bundle over M(X0) whose fiber over E ∈ M(X0)
is the line L(E, g,N) defined in (4.18).
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Theorem 4.7 implies that

(4.19) L⊗12N
G

⊗
L(g, N) = L⊗12#G

P

over M(X0) = MG(Y ).
For the special case of r = 1 and #D = 1 it is easy to check that the line bundle

L(g, N) in (4.19) is, in general, a nontrivial line bundle over the Jacobian of X.
Let J(X) denote the Jacobian of X consisting of isomorphism classes of topo-

logically trivial line bundles over X. It is easy enough to check that the line bundle
L(g, N) over M(X0) is the pull-back of a topologically trivial line bundle over J(X)
using the projection

pr : M(X0) −→ J(X)

defined by E 7−→ OX(−deg(E)x)⊗∧r
E. The above statement follows from the fact

that deg(D′) = 2(−χ(V )+#Gχ(E)+#G
∑

s∈D,i∈[0,ls] dim(F i
s/F i+1

s )αi
s). Let L̄(g, N)

denote the line bundle over J(X) satisfying the condition pr∗L̄(g, N) = L(g, N).
From Theorem 3.27 of [9] (page 55) we have a natural hermitian connection on

LG whose curvature is the natural Kähler form on MG(Y ). Also, the Kähler form Θ
on M(X0) coincides with 1/#G times a natural Kähler form on MG(Y ) (Lemma 5.1
of [9]). The line bundle L̄(g, N) over J(X), being topologically trivial, has a natural
flat unitary connection.

Combining these observations the identification (4.19) implies the following the-
orem:

Theorem 4.20. The line bundle LP over M(X0) has a natural hermitian con-
nection with curvature NrΘ.

The hermitian connection on LP obtained in Theorem 4.20 does not depend upon
the choice of the covering g.

4d. Coverings for families of Riemann surfaces. In this subsection we solve
the first one of the two problems mentioned at the end of Section 4a. More precisely,
we shall construct compatible orbifold covers for families of Riemann surfaces (given
a parabolic data); the compatibility, in question, is with respect to base change for
families.

Let X be a compact connected oriented real two manifold. Fix a finite subset
D := {p1, . . . , pn} ⊂ X. Assume that (X, D) 6= (CP1, {point}). In other words, either
genus(X) ≥ 1 or #D ≥ 2.

Take x ∈ X −D, and set D′ = D ∪ x. The following lemma we be used later in
this subsection.

Lemma 4.21. For any integer N ≥ 2, there is a finite ramified Galois cover

g : Y −→ X

with Y connected, which is unramified outside D, and the multiplicity of g over any
point of D is a multiple of N . Moreover, for any diffeomorphism, say f , of X fixing
D′ (point-wise), there is diffeomorphism, denoted by f̄ , of Y , such that the following
equality of maps is valid:

f̄ ◦ g = g ◦ f
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Proof. By Theorem 1.2.15 (Bundgaard-Nielson-Fox Theorem), page 29, of [18],
there is a finite Galois cover

h : Z −→ X

satisfying the condition that h is unramified over X−D and the multiplicity of h over
any point of D is a multiple of N .

Take the point x ∈ X−D and take a point z0 ∈ h−1(x) as base points for defining
fundamental groups of X −D and Z − h−1(D) respectively. We first note that using
the homotopy lifting property, the proof of the lemma will be completed once we are
able to show the following: there is a subgroup Γ ⊆ π1(Z − h−1(D)) of finite index
such that the image of the composition

Γ −→ π1(Z − h−1(D)) −→ π1(X −D)

is left invariant by any automorphism of π1(X−D). Indeed, in that case the covering
of X−D given by Γ, which extends as a ramified cover of X, satisfies all the required
conditions.

Lemma 3.2 of [8] ensures the existence of such a subgroup Γ of π1(Z − h−1(D)).
However, to be somewhat self-contained, we shall give the details of the proof. Con-
sider the left multiplication action of π1(X −D) on the right coset space

Sr = π1(X −D)/π1(Z − h−1(D)).

This gives a homomorphism from π1(X −D) to P (Sc), the group of permutations of
the finite set Sc. Let κ denote this element of Hom(π1(X −D), P (Sc)). Now define

Γ :=
⋂

γ∈Hom(π1(X−D),P (Sc))

kernel(γ)

It is easy to see that Γ is contained in π1(Z−h−1(D)). Indeed, for any g ∈ π1(X−D)−
π1(Z − h−1(D)), the action of κ(g) on Sc is actually nontrivial. Since Hom(π1(X −
D), P (Sc)) is a finite group, Γ is of finite index in π1(Z − h−1(D)). This completes
the proof of the lemma. 2

Let Diff+(X, D′) denote the group of orientation preserving diffeomorphisms of
X fixing D′ point-wise.

The Galois group of g is denoted by G. Let Diff+(Y, G) denote the group of all
orientation preserving diffeomorphisms of Y which commute with the action of G.

Fix a point y ∈ g−1(x), where g as in Lemma 4.21. Now the diffeomorphism f̄ in
Lemma 4.21 can be uniquely fixed by imposing the condition that f̄(y) = y.

So Lemma 4.21 gives a natural homomorphism

(4.22) ĝ : Diff+(X, D′) −→ Diff+(Y, G)

Suppose we are given a parabolic data, i.e., parabolic weights and their multiplic-
ities. Fix once and for a covering g as in Lemma 4.21 where N as in (4.1).

Let f be a family of Riemann surfaces (as in (3.1)) with n + 1 marked points,
given by n+1 disjoint sections, namely {{si}1≤i≤n, s}. Points gives by sections si are
parabolic points, and s will be used to define the parabolic determinant line bundle
LT constructed in Section 4a.
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The family f gives a principal Diff+(X, D′) bundle over T , denoted by P (f), whose
fiber P (f)t, over t ∈ T , is the space of all orientation preserving diffeomorphisms from
X to Xt mapping pi and x to si(t) and s(t) respectively.

Let P (ĝ) be the principal Diff+(Y, G)-bundle over T obtained from P (f) by ex-
tending its structure group using the homomorphism ĝ in (4.22).

Let YT −→ T be the fiber bundle associated to P (ĝ) for the obvious action of
Diff+(Y, G) on Y .

The covering map g induces a Galois covering map

(4.23) gT : YT −→ XT

with G as the Galois group. This follows from the fact that elements of Diff+(Y, G)
commute with the action of G on Y . The complex structure on XT induces a complex
structure on YT such that gT (in (4.23)) is a holomorphic map.

The Galois covering gT , which depends only on the choice of g in Lemma 4.21,
is the canonical orbifold covering of XT . Clearly this covering commutes with base
change.

4e. Hermitian connection on parabolic determinant line bundle. Let

(4.24) Φ : NP
T −→ T

denote the family of parabolic stable bundles with fixed determinant for the family f
(as in Section 4d) of Riemann surfaces; for t ∈ T , NP

t is the moduli space of parabolic
stable bundles, E∗, with the given parabolic data and

∧r
E = OXt

(deg(E)s(t)).
Let NG

T denote the corresponding family of orbifold stable bundles of fixed deter-
minant for the family YT constructed in (4.23).

Let LT
P (respectively LT

G) denote the determinant line bundle, defined using (4.2)
(respectively (4.4)), over NP

T (respectively NG
T ). Theorem 4.17 implies that the line

bundle

(4.25) (LT
P )⊗12#G

⊗
(LT

G)⊗−12N

on NP
T = NG

T is the pull-back of a line bundle over T . Denote by L(T ) the line bundle
over T such that Φ∗L(T ) (Φ as in (4.24)) is the line bundle in (4.25).

Associating L(T ) to the family f of (n+1)-pointed Riemann surface, we get a line
bundle over the moduli functor (or moduli stack) of (n+1)-pointed Riemann surfaces.
(See § 1 of [1] for the definition of a line bundle over the moduli functor.) That the
association of L(T ) to the family f gives a line bundle over the moduli functor is a
consequence of following two facts: (1) the covering gT in (4.23) is compatible with
base change for the family f . In other words, given a holomorphic map i : S −→ T ,
the orbifold covering for the pull-back family i∗f is precisely the pull-back of the
family YT −→ T to S. (2) the identification of the two complex lines in Theorem
4.17 is canonical.

Assume that genus(Xt) ≥ 3. Now from the second part of Theorem 2, page 163,
of [1] we know that L(T ) is a linear combination of the Hodge bundle (=

∧top
f∗Krel)

and the line bundles over T given by the relative tangent lines (for the family XT )
at the marked points. Using the Poincaré metric on the fibers of XT , all these line
bundles have natural hermitian structures.

Thus we have a natural hermitian structure on L(T ). Also, LT
G has a natural

hermitian structure constructed in [9] using a theorem of Quillen [20]. Thus LT
P gets

equipped with a natural hermitian structure.
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Consider the relative (1, 1)-form Θ̂T considered in Theorem 3.12. Using the pro-
jection γ in (3.9), the relative form Θ̂T gives a (1, 1)-form on NP

T , which we shall also
denote by Θ̂T .

From Theorem 5.4 of [6] we know that the curvature of the hermitian connection
on LT

G is of the form:

aΘ̂T + bΦ∗ωWP ,

where a and b are purely imaginary numbers and ωWP is the Weil-Petersson form on
T for the family f considered forgetting the marked points.

Thus the curvature of the hermitian connection on LP
T is of the form

(4.26) cΘ̂T + Φ∗ω ,

where c is a purely imaginary number and ω is a (1, 1)-form on T .

4f. Concluding Remarks. It is known that the moduli space of orbifold semi-
stable vector bundles over a Riemann surface is an irreducible projective variety,
and the moduli space of orbifold stable bundles is an open subset of it with the
complement being of sufficiently high codimension. Using this it can be deduced that
the two Hermitian metrics on the determinant line bundle LT

G (defined in Section 4e),
corresponding to two different choices of the relative Kähler metrics on the relative
tangent bundle, differ by exp(f), where f is a real valued harmonic function on the
parameter space T . Indeed, the earlier remark implies that any harmonic function on
NG

T descends to T . In a very general context, the variation of the Quillen metric with
respect to the metric in the relative tangent bundle is given by [3, Theorem 0.2]. So,
in principle, using this theorem the above function f should be expressible in terms
of the choices of the metrics. But we have not been able to work it out.

A similar remark is valid on the dependence of the Hermitian metric of the par-
abolic determinant line bundle LT

P on the choice of the Galois covering.
It will be interesting to be able to construct the Hermitian connection on the par-

abolic determinant line bundle LP , over the moduli space of parabolic stable bundles
over a Riemann surface, without using orbifold bundles. To construct a natural Her-
mitian structure on LT

P , without using orbifold bundles, would involve generalizing
Théorème 11.4 of [12] to the parabolic context. (The constant a(X) in Théorème 11.4
of [12] has been computed in [14].)
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