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SMOOTHING OF ISOLATED HYPERSURFACE
SINGULARITIES AND QUILLEN METRICS*

KEN-ICHI YOSHIKAWA

Abstract. Using Bismut-Lebeau’s theorem, we determine the singularity of Quillen metrics
for smoothing of isolated hypersurface singularities and apply it to compute the asymptotic behavior
of Ray-Singer analytic torsion for such degenerations.

0. Introduction. In [Q], Quillen introduced a metric on the determinant of
cohomologies which is called Quillen metric today and calculated its curvature in some
cases. After Quillen, in the celebrated work [B-G-S], Bismut-Gillet-Soulé generalized
his result to arbitrary smooth morphism of Kahler manifolds and established the
Riemann-Roch-Grothendieck formula at the differential form level. The purpose of this
article is to study the boundary behavior of Quillen metrics. Namely, we investigate
the behavior of Quillen metrics for a certain degenerating family of algebraic manifolds.
Such a problem was treated by Wolpert ([W]) and also by Bismut-Bost ([B-B]) in the
case of relative dimension one. (See also [T-T]). In [B 2], Bismut studies this problem
when the family is ordinary singular and obtains a generalization of the result in [B-B].
We study the same problem for another type of degenerating family. When a family
of complex manifold is given, the discriminant locus is the set of all points in the
base space whose fiber is singular. In many families, generic point of the discriminant
locus consists of those points whose fiber has only isolated hypersurface singularities.
Therefore, it is natural to focus our consideration on the following degeneration.

DEFINITION. Let 7 : X — S = {¢t € C;[t| < 1} be a proper surjective holo-
morphic map of complex manifolds. The family (m, X,.S) is said to be a smoothing
of isolated hypersurface singularities (IHS), if 7 is of maximal rank outside of finite
number of points in Xy := 7~1(0). In particular, Xy has only isolated hypersurface
singularities.

To state our theorem, fix notations. Let (m, X,S) be a smoothing of IHS, gx a
Kahler metric of X and gx,s the induced metric on TX/S. Let (E, h) be a holomor-
phic Hermitian vector bundle over X. Let A(E) be the determinant of cohomologies
and [ - || its Quillen metric relative to gx,g and A (cf. §1).

MAIN THEOREM. Suppose that (7, X, S) is projective over S. Then, ||-||q extends
to a singular Hermitian metric whose curvature current is
(_1)n+1

! r(BE)u(Xo)do + m (Td(TX/S, gx;s)ch(E, b))V

a(ME) [ - llo) = 2y

where dim X = n + 1, r(E) = rank E, 0y the Dirac measure supported at 0 and
w(Xo) the total Milnor number of the singular fiber. Moreover, continuous part of the
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curvature current, namely m.(Td(TX/S, gx/s)ch(E, b))V lies in LY, (S) for some
p > 1 depending only on Sing Xj.

We apply Main Theorem to study the asymptotic behavior of analytic torsion in
the case of smoothing of THS. In the sequel of this section, we assume that (F, h) is the
trivial line bundle with the trivial metric. One of the consequence of Main Theorem
is that principal term of the asymptotic behavior of analytic torsion is determined
by the total Milnor number of the singular fiber and determinant of period integrals.
(For a related result, see [Fa].) To be precise, let us fix notations.

Let H be a relatively very ample line bundle over X and gx the Kéahler metric
of X whose Kéhler class coincides with ¢;(H). Let 7(X;) be the Ray-Singer analytic
torsion of the smooth fiber (X4, g|x,). Fix a base point to # 0. Let Hy(X¢;Z)¢r
be the free part of H,(X:;Z) and fix its integral basis, say {a1,---,a;} where
I = dim H"(X;,,R). Let (-,-) be the intersection form on H,(X,,Z) and A :=
({(ai,a;))1<ij<i the intersection matrix relative to above basis. For any ¢ € S*,
fix an integral basis {ai(¢), - ,a;(t)} of H,(X¢;Z)s whose intersection matrix is
A. Let wx/s := det(T'X/S)* be the relative canonical bundle of (7, X,S). Fix a
Og-basis of T.wx/g, say {wi, -+ ,wm} where m = dim H"(X;,Ox, ). Let Q(t) :=
(fai(t) wj(t)>1§igl7lgj§m be the period matrix relative to {a1,---,a;} and {wq,---,
Win }-

THEOREM 0.1. There exist r1,--- ,r € Q such that ast — 0,

X))~ Y Y D amplt ' (log )
T=r1, Tk 5,5 >0 k>—hn:0.n
where ™0 = h0(X,) (t #0). Furthermore, there exists a constant A such that
X
hHl (=)™ . T( t) _ (71)
0 P e (Sing Xo) get (tQ(£)AQ(E))

= exp(A).

n

As an application of Main Theorem, we show in [Y2] that analytic torsion of
smooth theta divisor is represented by the Siegel modular form characterizing the
Andreotti-Mayer locus.

1. Determinant bundles and Quillen metrics. In this section, we recall
some basic properties of Quillen metrics in the simplest setting. For the general
treatment, see [S] and [F).

Let 7 : X — S be a proper smooth morphism of Kéhler manifolds. Let (E,h)
be a holomorphic Hermitian vector bundle over X. The determinant bundle A(E) is
defined by the following formula:

q

(1.1) ME) == ) (det Rim, Ox (B) D"

q>0

Let gx/s be a Kéhler metric on the relative tangent bundle X /S := ker m,. Namely
9x/s|x, is Kahler for any fiber X, := 7~1(t). Via the Hodge theory, identify the fiber
Ax, (E:) = A(E); with the determinant of harmonic forms:

mazx (=1 mazx (1)1
(1.2) AME) =) (/\ Hq(Xt,Et)> ~ &) </\ Ho’q(Xt,Et)>

q>0 q>0
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where H%4(Xy, E;) stands for the harmonic (0, q)-forms with coefficients in E. Since
HY9(X,, E;) carries the natural Hermitian structure by the integration of harmonic
forms, so does A\(E); via the identification (1.2). This metric is called the L?-metric
of A(E) relative to gx/s and h, and is denoted by || - ||z>. Let 027 be the d-Laplacian
acting on E-valued (0, ¢)-forms on X; and ({"/(s) its zeta function. Then ¢;%(s)
extends to a meromorphic function on the complex plane and is regular at s = 0.

DEFINITION 1.1. The Quillen metric of A(E) relative to gx,s and h is defined
by

115 = 7(Xe, E) || - [I72(2)

where 7(X;, F;) is the Ray-Singer analytic torsion:

a d
(X, Ey) := H(det 029)=D% - det 097 := exp (— 7
s

920

).

S

It is known that || - || is a smooth Hermitian metric on A(E) if the morphism is
smooth. For smooth Ké&hler morphisms, curvature and anomaly of the Quillen metric
is computed by Bismut-Gillet-Soulé ([B-G-S]).

THEOREM 1.1. Let (m,X,S) be a locally Kihler smooth morphism of complex
manifolds. Let gx;s be a Kihler metric of TX/S. Let Td(TX/S,gx/s) be the Todd
form of (TX/S,gx,s) and ch(E,h) the Chern character of (E,h). Then,

cl(MOx), || - @) = m(TA(TX/S, gx/s)ch(E, 7))V

where aP) stands for the (p,p)-part of the form a.
THEOREM 1.2. Let gx/s and g’X/S be Kdhler metrics of TX/S. Let | - |lqg and
I| - ||’Q be the Quillen metrics of \(E) relative to gx,s and 93(/5 respectively. Then,

N 2 .
og (::Q> = . (Td(TX/S;9x/5, 9 /5)ch(E, 1)) "
lQ

where fEZ(TX/S; 9x/s:9%,s) is the Bott-Chern class of TX/S relative to the Todd
form, gx,s and g’X/S.

THEOREM 1.3. Let h and h' be Hermitian metrics of E. Let || - |l and |- || be
the Quillen metrics of A(E) relative to h and h'. Then,

Ny 2 —

log (H :Q> = 1. (Td(TX/S, gx/s)ch(E, h))*0)
lQ

where EE(E, h,h') is the Bott-Chern class of E relative to the Chern character, h and

h.

We also need a theorem of Bismut and Lebeau ([B-L]) which describes the Quillen
norm of canonical section in terms of some secondary classes. (For the general cases,
see [B-L].)

THEOREM 1.4. Let X be a compact Kdhler manifold and (Y,gy = gxl|vy) its
smooth hypersurface with induced metric. Let L = [Y] be the line bundle defined by Y
and sy its canonical section, i.e., (sy)o = [Y]. Let hy = || - |2 be a Hermitian metric
of L and gn,,, a Hermitian metric of Ny,x such that, on 'Y, ”dsY”%V;/X@wy =1

where Ly := L|y and dsy € H°(Y, Ny, x®L). Let Ax(E®L™1), Ax(E) and \y (Ey)
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be the determinant of cohomologies equipped with the Quillen metrics relative to gx, gy
and hggr-1,he, he, . Let o be the canonical element of X\ := Ay (Ey) @ Ax(E)™' @
Ax(E® L™Y). Then,

log o2 = - /X TA(TX, gx)Td " (L, hy)eh(E., h)log 15|
+ / Td Y (Ny)x . gny, ) Td(E)ch(Ey)
Y

- / Td(TX)R(TX)ch(E) + / Td(TY)R(TY )ch(Ey)
X Y

where R is the Gillet-Soulé genus and ﬁ(é) is the Bott-Chern class relative to the
Todd genus and € = {€, (gy,gTX‘Y,gNy/X)} :0—=TY - TX|y — Ny;x — 0.

Recall the definition of Td(€). Let £ : 0 — E/ 5 E % E” — 0 be an ex-
act sequence of vector bundles over a complex manifold M with Hermitian metrics
hg', hg, her. Define a vector bundle over M x P! by

(1.3) E={(e,e) € E® E"(~1);0(e) + 00o ® ¢’ =0}

where E =: pr{E, E"(=1) := pr{E" ® Op1(—1), 0¢ and 0 the canonical section of
Op1 (1) such that (0g)p = 0 and (00 )o = co. In the homogeneous coordinate, oo = zg
and o = 21 where z = zp/2; is the inhomogeneous coordinate of P!, Let

(1.4) Wl(e,e”), (e,e”)) = hie,e) + hp (o0 ® " o0 @ )

be a Hermitian metric of E. Consider the following exact sequence of vector bundles
on M xPl: 0— E "2 E 2 E’(—1) — 0 where py : E 3 (e,e”) — € € E"(—1).
Then,

(1.5) Td(€) = /P log |2|? - Td(E, h,).

2. Families of hypersurfaces and relative Todd form. Let S be a complex
manifold and D = {z € C; |z] < 1} be the unit disc. Through this section, S
is not necessary the unit disc. Put U := D"™! x S. Let F(z,s) € O(U) be a
holomorphic function such that F(-,s) is not a constant function for any s € S where
z= (20, "+ ,2n) € D""1. Set

(2.1) X :={(2,8) €U; F(z,8) =0} CU,

(2.2) p:U>(z,8) »>s€S, m=plx:X—5

(2.3) Y :={(2,8) €U; den F := gfdzi =0}.
i=0

Let TC™*! := ker p.|x and TX/S := ker 7, be the vector bundles associated to p
and 7 respectively defined on U — X. Put Nx cn+1 := ker p./ker 7, and consider the
following exact sequence:

(2.4) 0— TX/S— TC""" — Ny cot1 — 0.

Let gon+1 = iy |dzi|* be the Euclidean metric of TC™*! which gives the smooth
orthogonal splitting TC" ™' = TX/S & (TX/S)*. Put gx;s = gen+i|rx)s for the
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induced metric of TX/S. Nx/cnt1 is equipped with the Hermitian metric gy =
grx/s)r by the C*-identification Ny, cn+1 (TX/S)*. Let Rx/s be the curvature
form of (T'X/S, gx/g) defined on U — X.

PROPOSITION 2.1. On U — X, it holds that [Td(Rx,s)|" 1) = 0.

For the proof, we need the followings.

LEMMA 2.1. Let V' be a vector space over C. For any A = (ag, -+ ,a,),B =
(bo, -+ ,by) € V@ C"! (a;,b; € V) and indeterminate x,

det(I+2'BANA)=(1+xAN'B)".

Here 'BANA = (b; Naj) € M(n,A\*V) and AN'B =3 a; N\bj € \*V.
Proof. Since (AN!B)k = ~Tr(*!BA A)*, (AAN'B) =0 (I > dim V), and

(2.5) det(I — tX) = exp <_ i T?"(ZX)t>

i=1
for any square matrix X, we get the formula by putting t = —z and X = 'BAA. a
LEMMA 2.2. For any F(z) =143 ,5, ajz’ € C[z]] and A,B €V @C",
det FCBAA)=F(AAN'B)™L
Proof. Put F('BAA)=IT+y'BAAandy =3, a;(AAN'B)"". By Lemma
2.1,det FCBAA)=(1+yAA'B)"'=F(AA'B)~L O

Proof of Proposition 2.1. Let Ry be the curvature form of (Nx,cnt1,gn). Let

A € A’ (Hom (TX/S,(TX/S)")) be the second fundamental form of (2.3). By
the Gauss-Codazzi equation ([Ko], I (6.1)), the curvature form of (TC"*!, gen+1) is
represented by

Since (TC"*, gcnt1) is a flat vector bundle, we find Rpcni1 = 0 which implies
(2.7) Ry/s=A*AA, Ry=ANA*, D'A=DA*=0.
Applying Lemma 2.2 for Rx/g and F(x) = T'd(z) = x/(1 —e™™), we get
(2.8) Td(Rx/s) = Td(Rn)"".
In particular,

1 i i
(29) TR0 = (1 (R )

Consider the dual of (2.3):
(2.10) O — N;(/C"+1 — Q(%:“+1 — 941)(/5 e O
AS N3 cnsa is generated by densa F' = > g—i(z, s)dz', Ry is represented by

(2.11) Ry = —RjY = —00log||dcwe F|I?,  |ldennr FII* =

x/cntl
=0

OF 2

azi

(2,)
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Let v: U — X — P™ be the Gauss map:

(2.12) v:U—-Y3(z5) — SZFO (z,8) 1+t g—i(z,s) e p™.
By (2.11), we find
LRy =0 _ a5 2
(2.13) 271_RN = v wpn, wpn = 27T(’?é)log 1z,
which combined with (2.9) yields
—1 n+1
(2.14) [Td(R)) ") = ((n ) SR =0 0

3. Estimates of anomaly. Let (7, X, S) be the smoothing of THS as before.
Let gx and ¢ be Kéahler metrics of X. The induced metric on TX/S are denoted by
gx/s and gy /s~ Let B be a holomorphic vector bundle over X and h, h' its Hermitian
metrics. We prove the following theorem in this section.

THEOREM 3.1. There exists a > 0, ri,--- ,74 € Q>0 and p > 1 depending only
on Sing Xo such that

(1) 7 (Td(TX/S; 9x/5, 9 5)ch(E, R))(©:0) lies in C*(S) and admits the following
asymptotic expansion ast — 0:

. (Td(TX/S; 9x/s:9x,s)ch(E, h)) ©.0) Z Z Z arijilt]"tF (log [t))",
r 4,j>00<k<n

(2) Tk (Td(TX/S7 gX/S’)i}E(E7 h))(l ) lies in Lfoc(5)7
(3) m(Td(TX/S, gx,s)ch(E;h, h'))©00) lies in C*(S) and admits the following

asymptotic expansion ast — 0:

W*(Td(TX/S7 gX/S)E}/L(E7 h7h (0 O) Z Z Z brzjk|t‘ tt] 10g|t|)

r 4,7200<k<n

(4) T (TA(TX/S, gx,s)ch(E, h)) Y lies in LT, (S).

For the proof, we need the following theorem due to Barlet ([Ba]).

THEOREM 3.2. Let X be a complex manifold of dimension n+1 and K a compact
subset. Let ¢ € Qy"(K) be a smooth (n,n)-form supported in K. Let f : X —
S be a holomorphic function. Then, f.($) is a Hoélder continuous function on S.
Furthermore, there exists r1,--- ,rr € QN[0,2) such that, ast — 0,

L@~ > 3T Y alttF (log [t)*.

r=r1, Tk 4,720 0<k<n

Proof of Theorem 3.1. Since the proof of (3) and (4) is similar to that of (1)
and (2), we only prove the former. Furthermore, we assume F is trivial and h = 1
for simplicity because the problem is of local nature and the proof of the case h # 1
is similar. Let p : PY(TX) — X be the projective bundle whose fiber at z, say
PV(TX), = PV(T,X), is the set of all hyperplanes in T, X. Let Fx be the universal
vector bundle over PV (T'X). Let H, be a hyperplane in T, X and [H,] the point in
PY(T,X) corresponding to H,. Then, (Fx ) #m,)) = He. By the construction, we
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obtain the following exact sequence of vector bundles over PV (T'X):
(3.1) 0— Fx —p"TX — Nx — 0

where Nx = Opv(7x)(1). Define Hermitian metrics on Fx by gr, := p*gx|r, and
Iy =D gx|Fy- Let v:TX/S — Fx be the Gauss map:

(3.2) v TwX/S > (Z‘,U) — (.L“, [TmX/SL’U) S FX,(z,[TIX/S])~

The underlying map from X to PV(TX) is also denoted by v. Then, v: X — PY(TX)
is a rational map which is holomorphic on X — Sing Xy. From the universal property
of Fx, it follows that (T'X/S,gx,s) = v*(Fx,gry ). In particular, we get

(3.3)

Td(TX/S,gx)s) = V' Td(Fx,gry), Td(TX/S;9x/5,9%/s) =V Td(Fx;grg: Iry)-
Due to Hironaka, there exists a proper modification f :Y — X such that

(1) f:Y — f~Y(Sing Xo) — X — Sing X is an isomorphism,

(2) (mo f)~1(0) =, ki D; (k; > 0) is a divisor with simple normal crossing,

(3) There exists a holomorphic map ¢ : Y — PY(T'X) such that = vo fon Y —
f~H(Sing Xo).

(1) Put g:=7o f:Y — S. It follows from (3.3) that

(3.4) . (TA(TX/S; 9x/5: 9%/5)) " = a-(6"Td(Fx: gr 9 ) 0.

Since gb*ﬁl(FX;gFX,g;,X) is a smooth (n,n)-form on Y, we get the assertion by The-
orem 3.2.

(2) By the assumption, for any w € Y, there exist local coordinates (U, (wo, - -+ ,wy,))
such that g(w) = wfe - - ~wlkl (ki >1,1<n). Set

l
1 1 -
(35) T = 7 E E(*l)zil’widwo/\”'/\dwi_l /\dwi—i-l /\/\dwn

i=1
Let py,, be a smooth function supported in U,. Since ¢*T'd(T'X/S, gx/s) is a smooth
(n+1,n + 1)-form on U,, there exists h € C§°(U,,) such that

(36) PUL, ¢*Td(TX/S, gx/s) = hdwgy A dwg N -+ A dw,, A d,.
Since ¢*(dt/t) AT =dwg A -+ - A dw,, we get
0(pu, O TA(TX/S, gxs)) V(1) = qu(h dwo A divg A -+ - A dw,, A diby,)(2)
3.7 t
(37) = L /\th/ hT ANT.
It] 4= (H)NUy

By Theorem 3.2, m,(pu, Td(TX/S, gx;s))"'?) has the asymptotic expansion
(3.8)

X dt A dt i
0(pu, " Td(TX/S, gx;s)) "M (t) ~ mE ST D crirltl ' (log [t])*

r 1,j>200<k<n

Put Se = {t € S;|t| < e} € S. Since
(3.9)

/ q*(pr‘é*Td(TX/&gx/s))(l’l)’ -
.

/ pu, 6" TA(TX/S, gx/s)) V] < oo,
q—1(Se)
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crijk 7 0 if and only if 7 4+ 44 j > 0. In particular, there exists p > 1 such that
T (Td(TX/S,gx/s)) Y € LY (S). This proves (2). O

loc

4. An analytic characterization of Milnor number. Let D be the unit disc
in C. We prove the following theorem in this section.

THEOREM 4.1. Let f(z) be a holomorphic function defined on the polydisc D" !
centered at 0 € C"T1 such that the origin is an isolated critical point of f. Set
Y, := D" f7L(t) for the fiber of f. Let u(f) be the Milnor number of (Yo,0).
Then,

/ (%851% ldf|1>)™ log ||df || = p(f)log |t|> + O(1) (t — 0).

Y:

Proof. At first, let us consider the case that f(z) has non-degenerate singularity

at z = 0. There exist local coordinates (U, (wo, - - ,w,)) around the critical point of
[ such that f(w) = wg + - +w?2. Let g1 := > 1 |dw;|® be a flat Kihler metric on
U. Various norms relative to g; is denoted by || - ||1. By Stokes’s theorem,
. Py 2\ 2
10:= [ (ovtoglari?) toelar|
Y, \ 4T
an = [ (so0rmlariz) oslarl;
’ y, \ 27
+ [og B 5™ (L9t a1 17) (=09 o |13 + O1)
Y, 1df |7 itj=n 2 2
where the O(1)-term comes from the integral along the boundary. Let ¢ : V' — D9 be
2
the blowing-up at 0. Then, ¢* log Hjﬁ”2 extends to a smooth function on V. Therefore,

the second integral of (4.1) is a continuous function by Theorem 3.2. Since ||df||? (w) =
[[wl|?, we get

@2 I :/ (=8 log [[w]|2)" log [[w]| + O(1) = log [ + O(1).
2+~--+w%:t 2w

This proves the case of non-degenerate critical point.

Consider the general case. Let F'(z,s) be a one parameter deformation of f(z)
defined on D2 such that F(z,0) = f(z). Put fy(2) := F(z,s). Let Y 5) := f5(t)
be the fiber of the map 7 : (2,s) — (fs(z),s). Let A be the divisor of D"*? over
which the fiber of 7 is singular. We may assume that fs (s # 0) has only finitely many
non-degenerate critical points by choosing F'(z, s) as the Morsification of f(z). Let p
be a cut-off function on D"*2 such that p = 1 on a neighborhood of 0, say W, and
p =0 on a neighborhood of 9D"+2. Put

T A= -
43)  olts)i= [ (500108 || g |dFIP, x i 5006
Y(t,s) m 7

Then,

(44) x = 2L p-(%aélongFHQ)"H—i—/ OpNFy+0p A Fy+030p A Fs
T I =W T Yit.s)
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for some smooth forms F, Fy, F3 because (00log ||dF||?)"T! = 0 on W (cf. (2.14)).
Thus x extends to a smooth real (1,1)-form over D?. Since ¢|, = log|t|* + ¢ (¢ €
C°(v)) for any holomorphic curve v which intersects transversally to A by (4.2),
applying the argument of [B-B, §10.2], it follows that

(4.5) 98¢ = da — x
2

in the sense of current over D?. Since the multiplicity of A at 0 is u(f) (cf. [Lo]),
restricting (4.5) to the disc D x {0}, we get

i
(4.6) %aa((b‘Dx{O}) = multoA - 6o — X|px{oy = 1(f)d0 — XIpx{0}-
The assertion follows from (4.6). o

5. An explicit formula for the Bott-Chern form. Let X = D"*! be the
polydisc and Y = {z € X;6(z) = 0} its smooth hypersurface defined by § € O(X)
through this section. Consider the following exact sequence of vector bundles over Y:

(5.1) E:0—TY — TX|y — Ny,x — 0.

Let gx = >, |dz;|* be the flat metric on TX and gy the induced metric on Y. Let
gn be a Hermitian metric of Ny, x induced by the C"*°-identification (TY )+ = Ny/x-
Let gy be another metric on N such that gj.(d6,df) = 1 where g)y. := (¢/y)~* and
df the generator of N*. Set € := (€, (97v, gx,gy)). We prove the following theorem
in this section.

THEOREM 5.1.

—~ _ 1-—Td(v*ci(H LR, Td=Y(sv*ei (H
Td(&) = dlvey(H)) log||d9||2+/ log Ssi A (sved)) ,;
0

vic1(H) ds vic1(H)
where v : D"t > 2z — (g—fo(z) HERR 6‘{’;1 (z)) € P" is the Gauss map relative to 6.

Before proving Theorem 5.1, let us verify that &£ satisfies Bismut’s condition
(A) (cf. [B1]). Put L = [Y] for the line bundle on X defined by the divisor ¥
and Ly := L|y its restriction to Y. As L has the canonical section s such that
(s)o = Y, 51 := 0~ 's is a nowhere vanishing section trivializing L. Let hy be the
Hermitian metric of L such that hz (s, s) = |0|> and hp, its restriction to Ly . Clearly
hr(s1,s1) =1 and the Chern form of (L, hr) vanishes on X. Now the normal bundle
Ny x is identified with Ly by the following map:

(52) ®db : Ny/X =) |:8é;:| — g—isl € Ly.
Let p: Ny,x — Y be the projection. By the construction, the following is clear.
LEMMA 5.1. ®d6 : (p*L{,l,p*hZi) — (p*Ny,x,p*gi-) is an isometry. Namely,
d6 @ s1|'Ngr, =1 where || - |'yegr, = 9N @ hL,y .
In the sequel, identify s; = 1. We compute 7/:21(5) by using the formula (1.5).
The Gauss map induces the following metric on Ly:

20 90 | L|? "1 96 |?
. 1 Ty = 0 do|? =
(5.3) v H(azi’ﬁzi) TR |do]* == o5,

=0
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where hy is the standard metric of H = Opn (1). Its Chern form is given by
(5.4) c1(L,v*hy) = v e (H), ¢ (H) = QLaa’mg 2|2

0

Define T7X and g’g, in the same manner as (1.3) and (1.4).
LEMMA 5.2. Put u:=1/z for the coordinate of P* near co. Then,

;o 146]*
Jey = 977 D [ 1+ ]2 gN

Proof. By (1.4),

1
(5.5) Iy = 9y O (gv + Wgﬁv)

The assertion follows from the following:

g/ de?
(5:) o L e, O
gnN || ||N*®Ly

Consider the following exact sequence of Hermitian vector bundles over P™:
(5.7) 0— E—C""" — H=0p:(1) —0

where E is the universal bundle over P", ie., E, = {z € C*"*1; 3" ju;z; = 0} for
uw € P*. C"*! is equipped with the standard Euclidean metric and E and H are
equipped with the induced metric from (5.7). Then, the following is clear by the
definition:

(58) (TY,gTy) = I/*(E,hE), (NY/X7 hN) = Z/*(H, hH),

which combined with Lemma 5.2 yields the following lemma.
LEMMA 5.3. Put ¢ := ||df]||?. Then,

¢2
! . * *
Iy =V hE@(1+|U|2 vihg.

Put a(u,z) := 1+ |u|72¢*(z). Let A be the second fundamental form of the
exact sequence (5.7). As (C™"*! henta) is flat, we have the following formula by the
Gauss-Codazzi equation.

LEMMA 5.4.

R (1- Lv*Rp dloga N v*A*
= —19loganv*A (1- Lv*Ry + 00loga

where Rey, Rp and Ry are curvatures of (ﬁ,h’gx), (E,hg) and (H,hy).

Set
. o . ¢ R ST 5
(5.9) v:=¢u, B:=v'A, x:=0log W7 Y=g n ‘U|2810g e w = 00¢.
Then, similar to (2.7), we get BA B*+w = v*Ry + w = 0. By Lemma 5.4, we have
the following formula.
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B*ANB xzAB*
yA\B Ty

1
1+ |v|?

LEMMA 5.5. SetTe(B NB exhD >(B >(B —ex). Then,

PropoSITION 5.1. Put T := < > Then,

R:=Rgy =

eyN\NB e2xy €y
d 1 d?
—| TrTF=0, -—| Tr7TF=(-1F"'% k=1,
de| r1; =i rTe = (-1) TYw

Proof. As in Lemma 2.1, we get
(5.10) TrTF = (—1)F (e zy + w)F.

The assertion follows from (5.10). a
LEMMA 5.6. Let F(X) be a GL(n + 1,C)-invariant polynomial. Then,

[ () =2 G (07 0))-ro)

Proof. Let F(x1,- - ,%pt1) be a polynomial such that F(X) = F(TrX,---,
Tr X"t1). By Lemma 5.5, we find

(5.11)
d d? 2try d
- FiT.) = - FT)=="2 . ZF(Tr(tTy), - . Tr(tTy)" ).
de o (t 6) 0, de2 0 (t 6) w dt ( ’I“(t 0)7 ) T(t 0) )

Since 22 = y? = 0, the coefficients of ¢* in the Taylor expansion of F(t-T.) vanishes
for k > 2 and we have

(5.12) FtT.)=F(tTy) +t % %F(tTO)GQ.

Set t = 5= /(1 + |v[?) and € = 1. Since

. - .
(5.13) tleiR, 1Ty = — (” g 0

= — - t =
27T 1 + |U|2 0 0) ) .Ty w]P’lﬂ

where wp1 is the Fubini-Study form of P!, we obtain
Lor(Gem) = LoD (s (70" 1))
14+|v
. 1 . «
(5.14) - 0 (Z:F(%((?E 8))dm
:?{F<;(”*§E 8>>—F(0)}. O

Proof of Theorem 5.1. Putting F(X) = Td(X) in Lemma 5.6, it follows from
Lemma 2.2

(5.15) /]P Td (iR> - Td_l(”*cl((H)) .y

2w
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In the same manner as (5.14), we obtain

i 1 ! 1—s d
5.16 1 2Td| —R) = ——— [ dsl —Td Y (sv*ci(H)).
10) [ toghPra (or) = o [aston 2 dra vat)

By (1.5) and (5.9), we have

Td(E) — — 2 Rr)- 2pq (L
(5.18) Td(E) = —log ¢ . Td <271_R) /ﬂm log |v|*Td <271_R) ,
which combined with (5.15) and (5.16) yields the desired formula. a

6. Proof of main theorem for globalizable families.

DEFINITION 6.1. Let E be a holomorphic vector bundle on a complex manifold
X. The pair (X, E) is said to be globalizable, if X is embeddable into a projective
algebraic manifold of the same dimension to which E extends as a coherent sheaf.

Let us use the same notations as in section 0.

THEOREM 6.1. Suppose that the pair (X, E) is globalizable. Then, || - ||g is a
singular Hermitian metric on \(E) whose curvature current is
—1 n+1 )
OB - o) = Y (B)u(Sing Xo)so + 7. (TA(TX/S, gx5)en (B, 1))

(n+2)!

where T,(Td(TX/S)ch(E, h))Y) lies in LY, (S) for some p > 1.

For the proof, we need the following Lemma.

LEMMA 6.1. Let D be the unit disc, x € L°(D) and f € C*(D). Suppose that
Ax = f on D—{0} in the sense of distribution. Then x € C*(D) and above equality
holds on D in the classical sense.

Proof. Since f € C°°(D), there exists g € C*(D) such that Ag = f. Then
A(x —g) = 0 on D — {0} in the sense of distribution. As x — g is bounded on a
neighborhood of 0, it extends to a harmonic function on D by the Riemann extension
theorem. Therefore x is smooth on D and satisfies Ay = f. O

Proof of Theorem 6.1. The proof is similar to that of Bismut [B2]. At first, we
treat the case that X C X’ and E extends to a vector bundle E’ over X’. By Theorem
1.2, 1.3 and 3.1, we may asssume that the curvatures of (T'X, gx) and (E, hg) vanish
on a neighborhood of Sing Xy and that gx (resp. hg) extends to a Kéhler (resp.
Hermitian) metric gx/ (resp. hgr/) on TX' (resp. E’). Since {X;}ies is a family of
divisors in X', L := {Li}+es (L: := [X}]) is a holomorphic family of line bundles over
X’ and defines a line bundle over X’ x S. Fix a smooth function h on S such that
h(u) = |uf? for |u| < 1 and h(u) = 1 for |u| > 1. Let s € HO(X’ x S, L) be the
canonical section of L such that (s;)o = X; where s; := s|x/x {0} Define a Hermitian
metric hr, on L; such that hr, (s, s¢)(z) = h(w(z) —t) for z € X and hr, (s, s¢) =1
for z € X’ — X. Then, the family of metrics hy, := {hy, } becomes a smooth Hermitian
metric on L. Put §;(2) := (7(z) —t)"!s:(2). Then 3; is also a holomorphic section on
a neighborhood of Xy and trivializes L; over X;. Moreover we get hr,(5t,5:) = 1 on
Xi. Let dr be the generater of N% , for any t € S—{0}. Let gy. , be the Hermitian

metric of Ny, defined by gy. ,(dm,dr) = 1. Put gy, := (9n+4)" " Then on X
holds the following equality by the construction of hz, and 9?\7*,&

(6.1) ldm ® gtHgg*,t@Lt =1.
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Let g € T'(S,Ax(E)) be a holomorphic section such that o(t) # 0 for any ¢t € S.
Let p; := pr; be the projection to the i-th factor in X’ x S. Regarding X’ x S as
the trivial family over S, we obtain line bundles A x/y s(p{E’) and Ax/xs(piE' @ L™1)
over S. By the construction of L, X\ := Ax(E) ® Ax/xs(p{E') ' @ Ax/xs(piE' ® L)
is canonically trivial and has a canonical section o. Let 01 € I'(S, Ax/xs(pfE’)) and
o2 € (S, Ax/xs(p; E' ® L)) be nowhere vanishing sections such that

(6.2) oo @07 ®oy =o0.

Let || - |[o1 and | - [[gz be the Quillen metrics of Ax/xs(piE’) and Ax/xs(piE’ ®
L~1) relative to (9x/, hg') and (9x7, hgr ® hzl) respectively. By (6.1), we may apply
Theorem 1.4 to X; C X’ to obtain

o (0,0)
(6.3) log||ao||2<t>Q[/ Td(E)ch(E he)|  + (1),
where
o(t) =1og |o1][3: (1) — log o2 ()
(6.4)

- / TA(TX',gx)Td " (Ls, by, )ch(E', ) log [ls¢]12, + Const.
X/

and € is an exact sequence of holomorphic Hermitian vector bundles:

(6.5) &0 — (T'Xy,9x,) — (TX|x,,9x) — (Nx,/x',9n.¢) — 0.

Since log|lo1[|3), and log [|o2]|), are smooth function on S by Theorem 1.1, ¢ is a
continuous function on S. Let U, be a small neighborhood of p € Sing Xy in X. As

fgl(é_’t) depends smoothly on t € S over X —Upcging x,Up and (E’, hg/) is flat on each
U,, we get

(0,0)
(6.6) log ool (1) = r(B) 3 [ [Ty e
peSing Xo LY XtNUp
for some ¢ € C°(S). Put f, := n|y,. By Theorem 4.1 and 5.1,
(6.7)
1—-"Td™ ( vic c1(H))
L log || df, 2+cn/ v e (H)™
/X . /X o) Il +etw) [ viyentin)
_ o g <i8510g|df |2>nlog|df 12 +00)
(” 2)! XU, \27 P P
1 n+1
(( ) ) os 1+ 0(1)
which together with (6.6) yields
68 loglooln® = SV By log 2 + x(t), x € L<(S)
' ollQ (n+2)! ’ ’

By Theorem 1.1, it holds on .S — {0} that

(6.9) 00X = . (TA(TX/S, gxs)ch(E, 1) 1),
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Since m. (Td(TX/S,gx/s)ch(E, )11 extends to a smooth (1,1)-form over S by
Proposition 2.1 and x € L*(S), we find by (6.9) and Lemma 6.1 that x € C°(S).
The assertion follows from (6.8), (6.9) and smoothness of .

Next, we treat the general case where the extension E’ of E is no more a vector

bundle. Since X’ is a projective manifold, there exists a resolution of E’ by vector
bundles {F; }1<i<n over X'

(6.10) 0—-Ey—FEy_1—-+—FE —FE —0.

Here we identify vector bundles with corresponding locally free sheaves. Fix Hermitian
metrics {h;} on each E;. As every E; is a vector bundle, we can apply Theorem 6.1
for each (F;, h;) over X. Since E’ is a vector bundle over X, by an argument using
anomaly formula ([B-G-S, Theorem 0.3]), we also get the theorem for (E, h). a

7. Approximation by algebraic families and proof of main theorem. We
prove Main Theorem in this section. For simplicity, we assume that Sing X, consists
of one point i.e., Sing Xy = {0}. (General case is proved similarly.)

Step 1. Fix an embedding i : X — PN xS, © = pryoi and define the polarization
Ox (1) := i*pr;Opn (1). Since X is projective over S, it is enough to show the theorem
under the assumption that the vector bundle E is a quotient of some Ox(—1)®!:
¥ Ox(=1)® — E — 0. Let Ps(m) be the Hilbert polynomial of X, (s € S) with
respect to Ox(1). As X is flat over S, P(m) = Ps(m) is constant in s € S. Let
T:=H ilbﬂfN be the Hilbert scheme of subvarieties with the Hilbert polynomial P(m)
and p; : Y — T the universal family over 7. Then, Y C T x PV and Y; is a subvariety
of PV corresponding to t € HilbLy (cf [G]). Set Oy (1) := Opn(1)]y. Let ¢(m)
be the Hilbert polynomial of Ox_(Fs) with respect to Ox_(1). Since Ox(FE) is flat
over S, ¢(m) = ¢s(m) is constant in s € S. Let Q = Quot?(Oy(—1)®'/Y/T) be
the Quot-scheme of coherent Oy-modules which are quotient of Oy (—1)®! with the
Hilbert polynomial ¢(m). Let ps : Q@ — T be the projection. Put Yo :=Y xp Q and
q: Yo — Q@ for the projection to the second factor. The universal quotient sheaf over
Yo is denoted by F (cf. [G]): U : Oy, (—1)® — F — 0.

Let v : S — @ be the holomorphic map defined by v(s) = (X, Fs) € Q. Then,
by the universality of the Hilbert scheme and the Quot-scheme, we get the following
identification:

(7.1) X=Yyx,S, E=~F.

Since T and @ are projective varieties, we can approximate the holomorphic curve
v : 8 — @ by a sequence of algebraic curves due to Demailly, Lempert and Schiffman
(ID-L-$], [L).

LEMMA 7.1. There exist a sequence of algebraic curves {Cp,}m>1 with distin-
guished open subsets {Up, }m>1 isomorphic to S, i.e., iy : S = Uy, and a sequence of
holomorphic maps Y, : Cpy — Q such that, under the identification of Uy, with S via
tm,

(1) 4m(t) = A1) + O(tmH1),
(2) m converges to v uniformly on S(1).

Put X, :=Yg %, S, T = pr2|x,, and E,, := v F. Then, the pair (X,,, E,)
is globalizable for any m. To show this, put Z,, := Yg %, Cn, E, = 75 F. Let
fm © Zm — Zm be a resolution of singularity and put E” := f*E' . Since X is
non-singular, so is X, by the construction. Thus, we may assume that f,, is an
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isomorphism restricted to f,'(X,,). As Yg is projective, so is Z,. Furthermore, as
F is a coherent sheaf over Yg, so is EJ/, over Zm. Clearly, (Zm, E!') is a globalization
of (X, Em).

Step 2. Let (Yg,0) and (Q,7(0)) be the germs of analytic spaces at 0 and y(0)
respectively. Since g : Yo — @ is a flat morphism, ¢ : (Yp,0) — (Q,~(0)) becomes
a deformation of isolated hypersurface singularity (Xo,0). Since (Xy,0) is an IHS,
its Kuranishi space Def(Xy,0) is non-singular and Def(X,0) = (C*,0) where y is
the Milnor number of (Xp,0). Let w = (wy, -+ ,wy) be the coordinates of (C"*1,0)
and t = (t1,---,t,) of Def(Xo,0). The semi-universal deformation of (Xy,0) is
constructed as follows (cf. [Lo, Chap.6]). Let f(w) be a polynomial in w-variables
such that Ox, 0 = C{w}/(f(w)) and {¢1(w),--- , ¢, (w)} a basis of the C-vector space
C{w}/(0f JOwy, - - ,0f JOwy). Then,

(7.2) (X,0) := {(w,t) € C"™ x Def(Xo,0); f(w) + Y _ tigi(w) =0}
i=1

with the projection map pro : (X,0) — Def(Xp,0) becomes the semi-universal de-
formation. By the versality, there exists a small neighborhood of 0 in Yy, a small
neighborhood V' of 4(0) in @, a holomorphic map J : (V,~(0)) — Def(Xp,0) and an
embedding j : (U,0) — (X,0) x s (V,~(0)) such that

(1) ¢((U,0)) = (V.7(0)), glu = pr2 © j,

(2) j: (XoNU,0) — (Xp,0) is an embedding.

Since (X,0) x 7 (V,7(0)) C (C"*1,0) x (V,~(0)), we may consider j to be an
embedding: j : (U,0) — (C**1,0) x (V,~(0)).

Step 3. Let us construct a good metric on the relative tangent bundle TYy,/Q.
Since Yo C PV x @Q, there exists another embedding i : (U,0) < (P¥,0) x (V,~(0)).
Fix an embedding k : (V,v(0)) — (CM,0). Let u = (u1,--- ,ups) be the coordinates
of CM. Then, the embedding induces a Kéhler metric on V' by ds?, := k*dsZ, where
ds2y = 00||u||? is the Euclidean metric of CM. By the embeddings i and j, U is
eqquiped with the following Kéhler metrics:

(7.3) g1 =" (dsin +dsy), go = j*(dsEnsr +dsy)

where dsH%N is the Fubini-Study metric. Since g; and go are induced by embeddings
into some ambient spaces, they are quasi-isometric to each other. Namely, there exists
a constant C' > 0 such that it holds on U

(7.4) Cltg1<g2<Cgi.

Let z = (21, -+, 2x) be the inhomogeneous coordinates of PV centered at 0. Let
B(r) be the metric balll of radius r centered at 0 in PV and U(r) := U N (B(r) x V).
Fix ¢ > 0 such that U(6) C U. Let p1(r) € C*(R) such that pi(r) = 0 for r < 41,
p1(r) = r for r > 69, pi(r) > 0 and p{(r) > 0 for any r € R where 0 < §; < d2 < 4.
Let pa(r) be a smooth cut-off function such that pa(r) = 1 for r < d5 and p2(r) =0
for r > 0. Define a potential function &, € C>(U) by

(7.5)  ®c:= e pa(log(1+ [|2]%)) 7 (wl® + Jull*) +i* {pr(log(1 + [|2]*)) + ful*}.

Since dsZy = 9dlog(1 + ||z[|?) and ds?.,, = 99||w||?, we find by (7.4) that 0P, > 0
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on U if € is sufficiently small. By the construction,

Ej*ds(%n+1 |TYQ/Q (QL' S U((Sl))
i*dS%»N‘TYQ/Q (l’ S U\U((so))

Therefore, we can define a Hermitian metric gy,, /o on TYq/Q by

0|1y, /g () (xel)
i*ds]%N|TyQ/Q(x) (x e U\ U(bo)).

By Proposition 2.1 and (7.6), we get the following.

LEMMA 7.2. It holds on U(61) that [Td(TYq/Q, gYQ/Q)](nH,nJrU = 0. Moreover,
[Td(TYy/Q, ng/Q)](”H’”H) extends to a smooth (n+1,n+1)-form on a neighborhood
Of Xo .

Step 4. Let us construct a good metric on F. Since F is locally free along Xy,
so is on a neighborhood of Xy in Yy because locally freeness is an open condition. In
particular, there exists a hermitian metric hr on F|,-1(y) whose curvature vanishes
on U if U and V are chosen small enough.

Step 5. Let gm := V9vo @ and hy := 5, hp be the induced Hermitian metrics
on TX,,/S and E,,. Since it is enough to show Main Theorem for some Ké&hler
metric of X and some Hermitian metric of E, we may assume that 7X/S and E are
equipped with the restriction of gy, /o and hp. Let A = det Rp. F be the determinant
of cohomologies, || - ||g,m the Quillen metric of A|x,, relative to g, and h,,. Let
o € T'(U,\) be a holomorphic section such that o(z) # 0 for any z € U. Applying
Theorem 6.1 for {(Xum, gm), (Em, hm)}, we get the following formula.

(7.8)

(7.7) Ivg /() = {

-1 n+1

| lom) = gy Ko (B0 + 7o (Td(T X /S, gm)eh(Epms b)) 1.

c1(YmAl X,

By (7.10) and Lemma 7.2, there exist a family of smooth functions {x,,} C C*(S)
such that, on S,

(1.9) 02 1171 (8) = i X)) 08 [ + 1)

From Lemma 7.1 and the construction of metrics gy, ,q and hp, it follows that for
any t € S — {0},

(7.10) [rmollem®) — [ olle()  (m — o),

because log [|o[|3, is a smooth function on V'\ A where A is the discriminant locus of

q: Yy — Q. In particular, the family {x,,} is uniformly bounded on 85(%). By (7.9)
and Theorem 1.1, we have

(7.11) QLéalog Xom = T (TA(T X /S, g )ch (B, hun)) Y.
v
Since {7, (Td(T X/, gm)ch(Ep, b))} is a family of smooth (1, 1)-forms on S(3)

converging uniformly to m,.(Td(TX/S, gx/s)ch(E, k)1 by Lemma 7.2 and Step 4,
it follows from the elliptic regularity theory (cf. [G-T, Theorem 8.6]) that {x,,} is an
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uniformly bounded equi-continuous family on S(3). Put

* -1)"
(712) () = log [ ol (0) — 1= u(Xa)r(E) log I
From (7.10) together with the Ascoli-Arzeld Theorem, it follows that lim x,, = x
uniformly on S(3) and x € C*°(S(3)). Main Theorem follows from (7.12) and the
smoothness of x.

8. Smoothing of THS and analytic torsion. We prove Theorem 0.1 in this
section. The same notations as in section 0 are used through this section. First, we
study the behavior of the L?-metric on A\(Ox).

Let H be the relatively very ample line bundle over X. We may assume that
X Cc PV xS, H = priOpn(1) and m = pro|x where pr; is the projection to the
i-th factor. Since Sing X is a finite set, we can choose generic hyperplane sections
H,y,---,H, such that Sing Xy ¢ H; and Sing(Xo N Hy N ---N H;) = @ for any
i=1,---,n. Put X9:=XNH N---NH,_4 7 :=7|xs and X} := XN X, =
X:NHN---NH,. Then, we may also assume that 7¢ : X? — S is a smooth morphism
for any ¢ > 0 by the construction. As was shown by Steenbrink ([St]), R¢m.Ox is a
locally free Og-module for any ¢ > 0. Choose a Og-basis w{, - - - ,w,‘fnq of Rim,Ox. Put
0l = N w! € det R10x, and 0 = ®;‘:0(U‘1)(_1)q € AMOx). By Dolbeaut’s theorem,
there exists O-closed (0, q)-form ¢! representing w! defined on X, := 7~1(S,) where
Se ={t € S;[t| < e}. Put ¢f(t) := ¢f|x, and (1) := ¢f|xs. Let Hep{(t) and Hy](t)
be their harmonic representatives. Then, Hg(¢) (resp. Hwf(t)) is a holomorphic
g-from on X; (resp. X{). In particular, He{(t)|ya is also a harmonic form on X}

LEMMA 8.1.

Hei (1) xg = Hy{ (t).

Proof. Let [Ho?(t)] (resp. [He!(t)]) be the Dolbeaut cohomology class. Then,
we get the assertion by

(8.1) [H? ()| xg] = [He{ ()] |xg = [6]]]xg = [H{ (¢)]

because both He ()|« and Hy](t) are harmonic forms on X/. a
PROPOSITION 8.1. |lo?||2. is a positive C™-function on S for any q < n.
Proof. Let g: be the Kahler form of gx|x, and [g¢] its K&hler class. By the
assumption, we get [g:] = ¢1(H)|x, in the de Rham cohomology group. From the
definition of L2?-metric and Lemma 8.1, it follows that

lo3(0) = et ([ si02(0) AFEG(0) 27
Xt 1<i,j<mgq
(8.2) = |det ( He{ (t) AH(t) A cl(H)”q)
Xt 1<4,j<mq
= |det < / Hipy (t) A Hypf (t))
X 1<i,j<mg
Therefore, it is enough to show that [¢{]|xa, -, [#f, ]|xa are linearly independent

in Hq(Xg,OXg) to prove the proposition. Since H; is an ample divisor of X,
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r1 @ H1(Xy,0x,) — Hq(Xé,(’)Xs) is an isomorphism for ¢ < n — 1 and an injec-
tion for ¢ = n — 1 where ry is the restriction map. Inductively, we find that the
restriction map 74 : HY(Xo, Ox,) — H(Xg,Oxg) is an injection for any ¢ < n. In
particular, [¢‘{}|Xg, -+, [, ]l xa are linearly independent in HY(X{, Oxa) because so
are 6] x,, [, ]| x, in HY(Xo, Ox,) by the linearly independence of wf{, -+, wi,
at t =0. a

Let us study the case ¢ = n. Write ¢ = 7; and m,, = m. Let wy,--- ,w,, be the
basis of wx /g as in section 0. We can choose 7; such that

(83) / wi N\ T = (5”
X
PROPOSITION 8.2.

1

= det ("Q(t)AQ(L)) .

det ( Hr; (t) A Hr; (t)>
X 1<i,j<m
Proof. Write Hr;(t) = 3770, a;;(t)w;(t) for some (m,m)-matrix A(t) := (a;(t)).
Then we have
(8.4)

’det < Hr; (t) /\H}j(t)) = | det A(t)|? -

det ( /X e ij(t))lgi,jgm .

1<i,j<m

By (8.3), we find

(8.5) Alt) = ( /X ) A wj(t)) o

Let {a1(t), - ,ai(t)} be the basis of H,(X¢,Z)¢r as in section 0. By the Kiineth
formula for Ay C Xy x Xy where A, is the diagonal set, it holds in H, (X, Z) ¢,

(8.6) A = Z Xijpriai(t) Apria;(t) + E
ij=1

where F is the term containing an element of priHy (X, Z) ¢ (¢ # n) and A = (\;5)
is the intersection form on H,, (X, Z)s,. By (8.6), we get

/Xt wi(t) Aw;(t) = / priwi(t) A prio;(t)

Ay
(8.7) m B
= Az‘j/ wz‘(t)/ w; (t)
i,j=1 a;(t) a;(t)

which together with (8.4) and (8.5) yields the assertion. a
PROPOSIITON 8.3 ([M]). The following asymptotic expansion holds as t — 0:

/ iVl > DD angt" (logt)

r=ri,,Tk >0 j=0

where r =11, , 7 € Qs _1 and p = dimHo(Xt,Q}t).
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Proof of Theorem 0.1. Let ||-||q be the Quillen metric of A\(Ox ) relative to gx/g.
By the Definition 1.1 and Proposition 8.2, there exists f € C°°(S) such that

_ —1 n+1

(8:8) o3 (8) = exp(f() m(X0) det (*QHAQ() T
Let g% be a Kahler metric of X such that ¢’y is Euclidean flat on a neighborhood of
Sing Xo and [¢%] = [gx] in H2,(X,R). Let ¢,  be the induced metric on TX/S

X dR X/8
and || - ||y the Quillen metric of A\(Ox) relative to g’X/S. By Main Theorem for
MOx), || - II5), there exists a smooth (1,1)-form y on S such that, in the sense of
( Q
current,
(_1)n+1

mM(Xo)fso +x

because m.(Td(TX/S, gk/s))(l’l) is a smooth (1,1)-form on S by Proposition 2.1,
which together with Theorem 1.2 and Theorem 3.1 (1) yields

(=n"
(n+2)

where F' € C*(S) with some a > 0. Moreover F(t) admits the following asymptotic
expansion:

(8.11) Fty~ > 37> apult"t# (log[t))*

T=r1,*,r 4,520 k=0
where r1,--- ,r; € Q4, and so does exp(F(t)). The theorem follows from (8.8), (8.10),
(8.11) and Proposition 8.3. o
THEOREM 8.1. Suppose that Sing Xy consists of rational singularities. Then,
there exists a constant A such that
T(X4)
t—0 |t|2%M(Sng Xo)

i -
(8.9) 5-00log(|lo)* =

(8.10) log [|o|I%(t) = #(Xo) log [t” + F (¢)

= exp(A).

Proof. From the rationality of Sing Xy, it follows that any w;(0) is square inte-
gﬂ%omeo@fHmbmﬁda(b%wMDAwﬂm)#Ob&mmﬂwﬂmf~,wﬁm}

is a basis of H°(Xo, %, ) over C. Therefore, by Theorem 0.1, it is enough to show
that

(812) lim wi(t) A @j (t) = / W; (0) N L_Uj (0)
t—0 X, Xo
For simplicity, we assume Sing Xo = {o}. Let (U, (20, - ,2n)) be a coordinate

neighborhood around o and f € O(U) the local defining equation of (Xy,o), i.e.,
XoNU={z€U,f(z) =0}. As 7 is of maximal rank on X — U, it is clear

(8.13) Jim %@A@@:/‘ wi(0) A @, (0).
t=0Jx,—U Xo—U
By the definition of relative canonical form, there exists n; € O(U) such that df Aw; =
Let p: Y — X be a good embedded resolution of f, Yy the proper transform of
Xo and p‘l(O) = Fy U---U Fj the exceptional divisors such that Yo U Ey U--- Ey is
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a divisor with normal crossing on Y. Let Y; = p~!(X;). Since Sing X, is rational, it
follows from [v.S-St, (3.1) Theorem] that

L [ df . . dzg N\ - Ndzy, "
(8.14) P (f) Ap*w;=p (772‘ f) € prll(U) (log Yp).
Let z € Yy, and (V, (wo, - - - ,wy)) be a local coordinates around x such that YoNV =

{w € Viywy = 0} and p*f(w) = wow? ---wi» (d; € Z>o). By (8.14), there exists
a;(w) € O(V) such that

(8.15)

dw
:ai(w)—o/\dwl Ao A dwy,.
1% Wo

N dzg A\ --- Ndzp
p nif

By (8.14) again, we get

(8.16)

prw; = ai(w)dwy A -+ Adw, +p df N

for some &; € Q(‘fl(*Yb + *E7 + - - - + xE}) which yields

(8.17)

lim
t—0

YNV

prwi(t) A prw;(t) = / a;(w)aj(w)dwi A -+ A dwy Adwy A--- A diy,
Yonv

- / p*wi(0) A iy 0).
YonV

Similarly, for any = € E;, there is a neighborhood W such that

(8.18) lim prwi(t) A prw;(t) = / p*w;(0) A p*w,;(0)
=0 Jy,nw Yonw
which together with (8.13) and (8.17) yields (8.12). a

REMARK. By (8.12), we find that —1 is a simple root of the b-function for THS
and any other root is strictly smaller than —1.
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