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POINCARE’S THEOREM AND TEICHMULLER
THEORY FOR OPEN SURFACES*

JURGEN E1cHHORNT

Abstract. Let M? be an open oriented surface the isolated ends of which are trumpets or
half ladders jj%oTQ, T2 the 2-tor The completed space M" (I, B) of metrics of bounded geometry
splits into components, M"™ =, comp(g;). We define for a component comp(go) with K(go) =
—1,7n5(g0) > 0,inf ge(Agy) > 0 the Teichmiiller space 7" (comp(go)) = comp(go)—1/Dy*(90),
where comp(go)—1 is the submanifold of metrics with K(g) = —1 and D8+1(go) is the identity
component of the diffeomorphism group. Thereafter we show 7" 22 (comp(go)/comp(1)) /Dg'H =
comp(Jo)/Dg'H. Here comp(1l) are conformal factors with Sobolev norm |e* — 1|g,,» < oo and
Jo = J(go) is the almost complex structure associated to gg. The first isomorphism is just Poincaré’s
lemma.

MR classification 58D27, 58D17, 58G03

1. Introduction. The definition and the study of Teichmiiller spaces for closed
or compact surfaces with boundaries or surfaces with punctures has for a long time
been a frequent topic in geometry and analysis. There are many approaches. First
we must mention Ahlfors in [1] and Bers in [2] which rely heavily on the theory
of quasiconformal maps. Another more geometric fibre bundle approach has been
established by Earle and Eells in [10], [11]. Finally, an approach which relies on
methods of differential geometry and global analysis has been presented by Fischer
and Tromba in [22], [29]. What they are doing is in a certain sense canonical and at
the same time very beautiful. Let M? be a closed oriented surface of genus p > 1,
M its set of Riemannian metrics, M" its Sobolev completion, M” ; the submanifold
of metrics g with scalar curvature K(g) = —1,P" the completed space of positive
conformal factors, A" the completed space of almost complex structures, D"+! the
completed diffeomorphism group, DSH C D"*! the component of the identity. Then
Fischer and Tromba define as Teichmiiller space

T"(M?) := A" /Dt (1.1)
and prove DSH -equivariant isomorphisms
MT/Pr A" (1.2)
and
M= MTP. (1.3)

Hence there are three models for the Teichmiiller space:

T™ = A7 Dy = (MT/P7) /Dyt = M7, D+
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The isomorphism M”; = M"/P" is known as Poincaré’s theorem. Thereafter they
prove the existence of a slice for the action of Dg“ on M7, thus obtaining charts for
a manifold structure on 7. In [29], [30] Tromba proves that 7" is diffeomorphic to
an open (6p — 6) -cell and calculates the curvature of the Weil-Petersson metric. The
whole approach uses standard results of global analysis on compact manifolds, such
as the properness of the D"*! -action on M", the closed image property of elliptic
operators, the discreteness of the spectrum, the index theorem, the maximum principle
and others.

We study Teichmiiller spaces for open oriented surfaces of infinite genus M?2. At
the beginning it is totally unclear how to define completed spaces M", M",, T",
A", D™t A second striking obstruction is the fact that the used results, e.g. the
properness of the D™t -action and the theorems of elliptic theory are totally wrong.

Nevertheless, the general uniformization theorem tells us that there are many
complex = almost complex structures and metrics of curvature —1, i.e. there should
be a Teichmiiller space which “counts” this structures. The main question is how to
count them, how to define a Teichmiiller space? In this paper, we present a canonical
and natural approach but under certain restrictions. We restrict ourselves to open
oriented surfaces of the following kind. Start with a closed oriented surface and form
the connected sum with a finite number of half ladders #;°72, where T2 is the 2-
torus. Now we allow the repeated addition of a finite number of half ladders in such a
manner that there arises a surface with at most countably many ends. Surfaces of the
admitted topological type can be built up by Y-pieces which guarantees the existence
of a metric g satisfying K (go) = —1 and r;;(go) > 0. We exclude metric cusps, but
we admit additionally metric trumpets, i.e. topological punctures. To define M" we
restrict to metrics of bounded geometry, i.e. metrics g satisfying

M ring(M",9) = 1oL inj (@) > 0,
(By) |IVIRI| < C;,0<i < k.

Denote by M(I, By,) the set of all such metrics on M™. (I) implies completeness. We
defined in [12] a uniform structure U” and obtained a completion M" (I, By),r < k.
M?" (I, By) has a representation as topological sum

M(I,By) =) comp(g;)
il
and for k > 7 > 4 + 1 each component comp(g;) is a Hilbert manifold. To each g
we adapt a diffeomorphism group D"tk > r +1 > 5 + 1. The identity component
Di 1 (g) is an invariant of comp(g). ’DSH acts on comp(g) by (g, f) — f*g. Similarly
we define a completed space P"(g) of positive conformal factors.

Pr= Z comp(e™)

and comp(l) C P"(g) is an invariant of comp(g). comp(1l) acts on comp(g). If M™ is
compact then M"™ = M"(I, By,), M" and P" counsist of only one component, M" =



POINCARE’S THEOREM AND TEICHMULLER THEORY FOR OPEN SURFACES 357

comp(g) for any g, P" = comp(1). Finally we define a complete space A"(g) of almost
complex structures,

A'(g) = Z comp(J;).

Return now to M? of the above topological type. Denote by comp(g)_1 C comp(g)
the subspace of all metrics ¢’ € comp(g) such that K(g') = —1. Then we would define

T" (comp(g)) := comp(g)—1/Dy+!

and expect

comp(g) -1 = comp(g)/comp(1). (1.4)

But there are simple examples of components comp(g) with comp(g) -1 = ¢. Moreover,
we don’t see any chance to prove (1.4) for arbitrary g. To have comp(g)_1 # ¢, we
start with a metric go € M(I, Bs) with K(go) = —1. To go we attach an almost
complex structure Jy = J(go) := gy '1£(g0), where ui(go) is the volume form. Then we
can summarize our main results in the following

THEOREM. Suppose go € M(I,Bx),K(g0) = —1, info.(Ago) > 0,7 > 3.
Then comp(go)—1 C comp(go) C M(I, Boo) is a submanifold. There is a Dy (go)
-equivariant isomorphism

comp(go)—1 = comp(go)/comp(1) = comp(Jy). (1.5)
If we define the Teichmiiller space T"(comp(go)) of comp(go) as

" (comp(go)) = comp(Jy) /Dy (1.6)
then

T (comp(go)) = comp(go)—1/Dy ' = (comp(go) fcomp(1)) /Dy (L.7)

The first isomorphism in (1.5) is Poincaré’s theorem for the open case. Its proof
occupies the major part of the paper. Moreover, we establish an ILH-version of (1.5)-
(1.7). The paper is organized as follows. In section 2 we recall the main facts concern-
ing spaces of Riemannian metrics and Sobolev spaces needed in this paper. In section
3 and 4 we define the space P" and A" of conformal factors and almost complex struc-
tures. Section 5 is devoted to the diffeomorphism group D"*! and section 6 contains
the ILH-version of the considered spaces. In section 7 we prove Poincaré’s theorem.
The sections 8, 9, 10 are devoted to the proof of (1.5), (1.7). In the concluding section
11 we announce and discuss results concerning the topology of 7" (comp(gp) which are
the topic of an also long paper in preparation.

We remark, there are other approaches to define a universal Teichmiiller space
for open surfaces. The advantage of our approach is to couple those metrics resp.
complex structures together which belong in a natural sense together, i.e. are elements
of the same component in the space of metrics of bounded geometry. For each such
component comp(go) -1 /D6+1, there is a good chance to establish a Hilbert manifold
structure. The only existing gap is a slice theorem, where parts of a slice theorem are
already proven.
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But there are uncountably many components containing complete metrics of cur-
vature —1. Fitting them together in a universal Teichmiiller space offers absolutely
no chance to introduce a manifold structure, modeled over a separable Hilbert space
(Sobolev space).

To introduce such a structure and to make Riemannian geometry in the Teich-
miiller space is one of the advantages of our approach.

The author is deeply indebted to the Max-Planck-Institut fir Mathematik for
hospitality and good working conditions.

2. Spaces of Riemannian metrics of bounded geometry and Sobolev
spaces. Let (M™,g) be open. Consider the following two conditions (/) and (By).

(Br)

IVIR| < C;,0<i <k,

where 7,;(x) denotes the injectivity radius at  and R the curvature.

LEMMA 2.1. If (M",g) satisfies (I) then (M™,g) is complete.

See [12] for a proof. O

We say (M™,g) has bounded geometry up to order k if it satisfies (I) and (By).
Given M™ open and 0 < k < co. Then there always exists g satisfying (I) and (Bg),
i.e. there is no topological obstruction against metrics of bounded geometry of any
order.

Set for given M"

M(I) ={glg satisfies (I)},
M(By) ={glg satisfies (Bg)}

and

M(I, By) = M(I) N M(By).

Denote as above for a tensor ¢ and a metric g by |t|y,, its pointwise and by
*ltly == sup [ty
zeM

its supremum norm with respect to g.
LEMMA 2.2. g and ¢’ are quasi isometric if and only if °|g — ¢'|, < 0o and
blg—g'|ly < o0 O
Let

bU(g):{g/‘blg_g/|g<OO and b‘g—gllg/ <OO}:
= quasi isometry class of g.

Set for § >0,p>1,r€Zy
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Vs = {(9,9') € M(I,By)"|¢g' €" U(g) and

19— Lo ::</ lg—g. + 5|V V). )dvol.(9))? < 5.

=0
THEOREM 2.3. Assume r < k,1 < p < oo. Then £ = {Vs}s>0 is a basis for a
metrizable uniform structure UP"(M(I, By)) on M(I, By).
See [12] for the nontrivial proof. O

Let ME(I, B,) = M(I, Bi) endowed with the uniform topology, MP" = MY the
completion. If £k > r > % + 1 then MP" still consists of C'-metrics, i.e. does not
contain semi definite elements. This has been proved by Salomonsen in [26]. We
extend the definition above of *U(g) to C! metrics.

THEOREM 2.4. Letk =1 > 2+4+1,9 € M(I,By), UP"(g) = {g" € MP"(I, Bi)|g’
€’ U(g) and |g — ¢'|g.p.r < o0} and denote by comp(g) C MP"(I, By,) the component
of g in MP"(I, By). Then

comp(g) = U""(g) (2.1)

and MP" (I, By) has a representation as topological sum

MPT(I,By) =Y comp(g;), (2.2)
jeJ
J an uncountable set.
The proof is performed in [12]. O
REMARKS. 1. If M™ is compact then the set J consists of one element. 2. If
g is non-smooth then there are some small problems to define and to understand
|g — ¢'|g.p.r for ¥ > 2. In this case one defines (V9)" := (V9 + (V9 — V9))? where
go € comp(g) is smooth and fixed chosen. It is easy to see that (V9 + (VI — V90))¢
makes sense since V9 is a smooth differential operator, V9 — V9 is a distributional
tensor field and (V9)%((V9 — V9)J) is well defined. We refer to [20] for details. O
Let T be the bundle of u-fold covariant and v-fold contravariant tensors and
define

Ty, 9) = {t € C(T)||tlg.p.r

—( / ST dvol. (9)) 7 < oo},
1=0

— [e]

QOPT(TY, g) = completion of QP(T}', g) with respect to | | p.r, Q" (T}, g) = comple-
tion of C§°(T}) with respect to | |4, and Q7 (T}, g) = all distributional tensor
fields ¢ with |t|g . < co. Then

OPT(TY, g) € QP7(TY, g) € QP (TY g).
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PROPOSITION 2.5. Assume g € M(I, By),r <k +2. Then

QP (T, g) = QP (T, g) = QP (T, g). (2.3)

See [13] for a proof. O

Let S2T™* be the bundle of twofold covariant symmetric tensors. QP (S?T*, g) is
defined as above.

THEOREM 2.6. Assume k > r > 2 +1, g € M(I,Bi). Then comp(g) C
MPT (I By) is a Banach manifold and for p = 2 a Hilbert manifold.

Proof. ¢ : comp(g) — QP (S?T*, g),¢(9') = g — ¢, is a homeomorphism onto an
open subset of Q7" (S2T*, g). See [12] for details. O

Define

m
Bty = Z sup [V't[g o,
i—0 TEM
mSQUTY, ) = {t € OF(Ty)|*™|t]g < oo},

v

bmQ(TY, g) = completion of  Q(T¥, g) with respect to >™| |, and b’mfol(T[f,g) =
completion of C§°(T¥) with respect to ™| |,. Then »™Q(TY, g) = {t|t C™ -tensor
field and ®™|t| < oo}.

THEOREM 2.7. Assume (M",g) is open and satisfies (I), (Bo). If r > 3 +m,

then there are continuous embeddings

QP (T, g) b (T, g), (2.4)

QP (TY, g) =™ Q(TY, g). (2.5)

If, additionally, (M™,g) satisfies (Bx(M)),k =1,k =r,r—2>s—2,172>s5,q=p,
then

P (T < QOA(TY) (2.6)

continuously.
We refer to [13], [15] for the proof. O
THEOREM 2.8. Assume (M™,g) with (I) and (Bg), 0 <r <ry,ro <k. Ifr =0
assume

—<7ry - — n
p P r——<r—— 0<r; ——
_ﬁ<r2_7 p D1 b1
n n n
g b2 or O<rg—— \Vopdr——<ro——
—— <= — 419 — — P2 p D2
P D1 D2 1<i 1<l
1<i+i PP D D2
P p1 P2

(2.7)
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1 1 4 1
If r > 0 assume > < m + ™ and

r——<r - — r——<r - —
p b1 p b1
n n
r——<ry—— org T ——<Try— — (2.8)
P2 D2
n n
r——<7r——+r—— r——<r——+r;— —
1 p2 b1 p2

Then the tensor product of tensor fields defines a continuous bilinear map

QPLTL(TY) x QP22 (TY ) — QP (T @ T ). (2.9)

Idea of proof. We indicate the proof for T = M x R. Assume u € QP (M),
v € QP2"2(M). We are done if we can show

‘vl(u : v)|P70 <C-: |u‘P1,T1 ’ |U|P277’27 0<i<m,

or
|vju ® Vi_jv)lp,o <C- |u|P1,T1 : ‘Ulpz,rw 0< j <i<r

(2.8) follows from Holder’s inequality if e.g. in the case r > 0 % < p% + p% and

n n n n
r——<r - — r——<r - —

p b1 p b1

n n n n
r——<rg— — or{r——<1r9— —

p b2 p P2

n n n n n n
r——<r ——+r—— r——<rg——+rg——

p p1 p2 p p1 P2

([
Quite analogously to T* one defines for Riemannian vector bundles (E, h, V) —
M Sobolev spaces QP (E, V) and *™Q(E, V). (Bk(E)) means |(V*)'R" < C;,0 <
1 < k. Then 2.8 generalizes to

THEOREM 2.9. Assume (M™,g) with (I),(Bg), (Ei, hi, V) = M with (By),i =
1,2. Assume 0 < r < ry,ro < k and p,p1,p2 as in 2.8. Then there exists a continuous
embedding QP11 (B, V1) @ QP22 (Fy Va) — QP (FE) @ Fy, V1 ® Va). The assertion
generalizes to a finite number of bundles.

We refer to [15] for the proof. O

REMARKS.

1. A special case for E is T)*. Here (B (M)) automatically implies (By(E)).

2. For py =p2 =q=2,7 > 7,7 > 5, 2.8 implies a bilinear continuous map

o Q%" (M) x Q>"(M) — Q>"(M) (2.10)

In particular Q%7 (M) becomes a ring for r > 2.

3. (2.4) - (2.6) hold for QP"(E),>™ Q(E) correspondingly.

4. MP YT, By,) is still well defined since k > r > 2+ 1limpliesr—1>2. [0

A question, which is in the main section 7 of extraordinary meaning, is the in-
variance of Sobolev spaces under certain changes of the metric and their definition by
other differential operators.
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THEOREM 2.10. Assume k > 1> 241,90 € M(I, By). Then QP (T3}, go) is an
invariant of comp(go) C MP"=1(I, By), i.e.
QT3 V9, go) = QP (T, V7, g) (2.11)

as equivalent Banach spaces.
Proof. We have for the pointwise norm | |g, ~| |4 since go and g are continuous
and quasi isometric. Writing

VI = V9 4 (V9 — V) (2.12)

and assuming the definition above of *U(g) to C'* metrics, we obtain for a tensor field
T a pointwise estimate

(V9)ir| < P(IV#) (V9 = Vo) |(V9) x7]), (2.13)

where P is a polynomial in the indicated variables, j; < r — 1,51 + jo < 7, and each
monomial satisfies the condition of the module structure theorem and has at least one
|(V90)Ik7| as factor. Hence we obtain after p — th power and integration

ITlg.pr < CilTlgo,por (2.14)
and, for symmetry reasons

ITlg0.p,r < C2|Tlgp,rs (2.15)
C; = Ci(g, go)- See [14] for details. O

We remark that in (2.12) - (2.15) we do not really need g smooth. This follows
from the remarks after 2.4. In section 7 we consider a slightly more general situation,
g € comp(go), gt = go + t(g — go) = go + th € comp(go). Then the constants C;,Cy
in (2.14), (2.15) will depend on ¢,C; = C;i(go, g:). We need in section 7 the existence
of constants C; independent of ¢ which we will now prove. Now and in the sequel we
often denote constants in different contexts by the same letter where we are convinced
that no confusion will arise.

First, there exist by assumption constants Cy,Cs, 0 < C7; <1 < (s,

Cirg0 < g < Cago (2.16)
which implies
Cigo < (1 —t)go +tg = g: < Cag0, (2.17)
and
Cidet gy < det g, < Chdet go (2.18)

Clogg' < g7 < %90 (2.19)
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LEMMA 2.11. If (M",g) satisfies (I) and (By) and 4 = {(Uy, d0)}ta is a uni-
formly locally finite cover by normal charts, then there exist constants Cg, C[’,, C’;, 0,
~ multitndexes, such that

|DPgy;| < Cg,|DPg"| < C},|B] < k, IDTT| < C |y <k —1, (2.20)

all constants independent of «.
See [17] for a proof. O
COROLLARY 2.12 Let go € M(I, Bi),g € comp(go) C M"(I,By),k =21 > 3 +
1,4 = {Uq, ®a)}a an atlas of normal charts with respect to go as above. Then, with
respect to i,

|D%g| < C, |8 < 1. (2.21)

Proof. This follows from the definition of g7, (2.19), (2.20), g € comp(go), g: =

g0+ t(g — g0) and **|g — golg, < o0. -
ProroOSITION 2.13. Assume go,g,k,r as above. Then there exists a constant
C = C(go,9) independent of t such that

V90 — V9|40 1 < C. (2.22)
Proof. Pointwise
t
2
where .., = V%, h = g — go. This and (2.20) for go, (2.21) imply

V90 = V9| = [T} (90) = (Dn(90) + 5.9 (hejim + hemsj + hijmse)),

|V90 — V9| < Cqy -t - |Vh| < Co|Vh. (2.23)
Write [h] = (hejim + hemsj + Pjmse). Then V90 (V9 — V) = tV9gil[h] = ¢(V9 +
(V90 = V9))gi'[h] = t{g{"VI*[h] + (V9 — V)gi¢[h]}, ie.
V9 (V9 — V9| < C-|VI[h]|+ Cy - C - |Vh|2 (2.24)
But

|V9 (]| < |V9[h]| + |(V9 — V) [h]| < C'|V2h| + Cy - C" - |[Vh|?. (2.25)
We infer from (2.24), (2.25)

[V (V0 — V)| < Co(|VAI* + [VR])
An easy induction quite similar to [12], [14] yields

|(Vo)! (V0 — V| < PV Rm), (2.26)

where P; is a polynomial in the indicated variables and the monomials satisfy the
conditions of the module structure theorem, in particular j; + jo < i+ 1 <r. (2.26)
implies after p — th power and integration (2.22). (Il
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Rewriting V9 (V9 — V9) = (V9 — V9)(V9 — V9) 4 V9 (V9 — V9) and so
on (cf. [12]) and using (2.22) and its proof, we conclude
V90 — V9| g o1 < C, (2.27)

C' independent of t.
COROLLARY 2.14 Assume gg, g, k,r as above. Then

QYT go) = QP(T, ge), (2.28)
| |go,pﬂ“ <Ci- | |gf,,p,r (2-29)
| |gt,p,r <Cy- ‘ ‘go,pw (2-30)

which constants C; = C;(go,g) independent of t. This follows from (2.13) for the pair
go, g+ and (2.26), (2.27). O

Until now we considered Sobolev spaces based on the covariant derivative V9,
OPT(TY, go) = QP (T, V9, gg). For r even there is another definition of Q" based
on 1,A A% .. A2 A=A, = (V9)*Vo,

r/2

lovr = (f 32167, advole(g0)) 7.
i=0
THEOREM 2.15. Assume (I),(Bg) for (M, go),k > r,r even. Then

QQ’T(Ma Vg07go) = QQ’T(M7 AgoagO) (231)

as equivalent Hilbert spaces.

We refer to [5] for a proof. The main part is that the local Garding’s inequality
associated with ${ = {U,}, has constants independent of . The proof given in [9],
[13] contains a mistake. O

There are several techniques to define Q*"(M, Ay, go) for odd 7 too, e.g. inter-
polation techniques. (2.31) and its proof, (2.26) - (2.30) imply

THEOREM 2.16. Assume (M™,go) with (I) and (Bg), k > r > § +1, g €
comp(go) C M"(I, By),r even. Then

Q7 (T, Agys g0) = Q27 (T), V', go) =2
= Q27T(T17)Lv vgtvgt) = Q27r(TZ)Lv Agtvgt) (232)

as equivalent Hilbert spaces with constants independent of t. O
Assume gy € M(I, By) and let 4 = {U,, o) }o be a uniformly locally finite atlas

of normal charts with respect to go and with radius of Uy = ¢ < 74n;(90), {¥a}a

an associated partition of unity with |Vig,| < C;,0 < i < k + 2. Then, using local

Euclidean derivatives, we can define for r < k Sobolev spaces Q" (T, 4, {¢)a } o, 90)-
THEOREM 2.17.

QT(sz)uﬂu7 Wa}mgo) = QT'(T;L? v, QO) (2.33)
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as equivalent Hilbert spaces.
The proof follows from 2.11. O

3. The space of bounded conformal factors. We now define the space

of bounded conformal factors adapted to a Riemannian metric g. Later we assume
additionally g € M(I, By,). Let

Pm(g) = {p € CF(M)] inf o(z) >0, sup p(z) < oo, Viplga < Ci,0 < i < m}
z xeEM

andsetforrﬁm,r>%+1

Vs ={(¢,¢") € Pm(9)*|lp — ¢lgpir ==

= ([ U0 = &l dvola(9)? < 5).
i=0

PROPOSITION 3.1. £ = {Vs}s>0 is a basis for a metrizable uniform structure.
We omit the very simple proof. (I

Let PP, ,.(g) be the completion,
C'P = {p € CY(M)] inf ¢(x) >0, sup p(r) < oo}
xeM zeM
and set

Ph! (g) = Pl N C'P.

PP:" is locally contractible, hence locally arcwise connected and hence components
coincide with arc components. Let

UR"(p) ={¢" € PE" ()|l — ¢ lgpr < 00}

and denote by comp(y) the component of ¢ in P2"(g).
THEOREM 3.2. For ¢ € PP"(g),

comp(p) = UR" (¢) (3.1)
and PP (g) has a representation as topological sum
Phi(g) =Y comp(;). (3-2)
i€l
The proof of (3.1), (3.2) is quite similar to that of (2.1) and (2.2) which is per-
formed in [12]. O

The function identically to 1 is an element of all P,,,(g),0 < m < oco. Write comp?:" (1, g)
for the component of 1 in PL"(g). Assume k=7 > 2 +1.
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PROPOSITION 3.3. compP"(1,g) is an invariant of comp(g) C MP" (I, By), i.e.

comp"(1,9) = compy(1,9') (3.3)

for g’ € comp(g).

Proof. We assume without loss of generality g and ¢’ smooth. If not, then we
apply the remark 2 after 2.4 and proceed as usual. The proof of 3.3 is quite analogous
to that of 2.10. We present it here for completeness. Set V = V9, V' = V¥ and let
¢ € compP(1,g). Then ¢ € C! (since k > r > 2+1) and

9= s = ([ 190 = DIyl ()7 < . (.9
i=0
We have to show
lo = 1| pr < 00. (3.5)
The pointwise norms |V"(¢ — 1), and |[Vi(¢ — 1)y . are equivalent since g and ¢’
are quasi isometric and we simply write | |, =] |. Then
Vi(e=DI < V' =V]lp—1+|V(e—1), (3.6)

V2(e = DI < (V' = V)V = V)| + (V' = V) V| +
+IV(V = V)l + V2| <

SOV = VPl + V' = VI[Ve| +[V(V' = V)llg| + [VZ¢l). .
3.7

A more general formula for V(¢ — 1)| estimating this by products of the kind

[V (V' = V)] VIV = V)]V (0 = 1) (3.8)

has been established in [12]. Using (2.1) and the module structure theorem for Sobolev
spaces, we obtain

(/(V"I(V’ — V)| ... |V=1(V = V) ||V (o — 1)|)Pdvol) /P < oo (3.9)

and (3.9) can be estimated by the Sobolev norms of V' — V and ¢ — 1. Hence
@ € comP(1,¢"),compE(1,9) C compE(1,g). In the same manner we establish
the other inclusion. (]

REMARKS. Proposition 3.3 does not hold for an arbitrary component comp?:" (1, g),
Y € Pn(g), since ¥ € P, (g) does for j > 2,5 < r < m not imply ¢ € P,,(¢"). The
latter follows from the fact that we have

/|Vj(V' — V) |Pdvol < 0o
but not necessarily

supgenm|VH(V = V)|, < o0.
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O
In the sequel we restrict ourselves to the case p = 2 and write Q>7 = Q,
ML By) = MY(L,By), PE(9) = Phul(g): | lgzw = | o Next we indicate

the structure of P’ (g).

THEOREM 3.4. Under multiplication P}, (g) is a Hilbert-Lie group.

Sketch of proof. Tt follows immediately from the definition, the product and quo-
tient rule and the module structure theorem that P/ (g) is a group. £ = {Us}s > 0,

Us=1{p € PL(g)llp —1lgr <},

is a filter basis centred at 1 € P/ (g) that satisfies all axioms for the neighbourhood
fiber of 1 of a topological group. Hence P}, (g) is a topological group (cf. [3]). Finally,
Us is homeomorphic to an open ball in Q27 (M) for § > 0 sufficiently small and has
the structure of a local real Lie group. Hence P}, (g) is a Hilbert-Lie group. ([l
Assume as always k > r > § + 1,9 € M(I,B) and consider compj,_,(1) C
Pit2(9), comp(g) C M"(I, By).
PROPOSITION 3.5. a. There is a well defined action

compy42(1) x comp(g) — comp(g)
@, g)—¢" g
b. The action is smooth, free and proper.

Proof. Let o' € compj,_ 4(1) C Py, 4(9),9" € comp(g). We have to show ¢’ -

g € comp(g). There exist sequences ¢, ‘—‘> o, g, |—|> g, ¢, € compy (1) C
g, g,m

Pri2(9),9, € comp(g) N M(I, By). Then, according to [8], p. 47, Theorem 4.7 and
the fact, that g, satisfies (I) and ¢, € Pri2(g), we conclude ¢, - g, satisfies (I).
From [23], p. 90 follows that R9» — R¥»'9» = sum of terms each of them has bounded
derivatives up to order k. Using V9 — V%9 = sum of terms each of them has
bounded derivatives up to order k + 1, we see finally that ¢, - g, satisfies (By), i.e.
9y € M(I, Bi), v € comp(1) C Pry2(g) imply ¢, - g, € M(I, Bi,). Moreover,

901/'gu_g:@u(gu_g)"'((pu_l)ga =9, —1+1

immediately implies |, g, — glg,r < 00,9, - g € comp(g). We conclude from

ov-g—¥ 9 = =g+ ¢ (9 — 9),
g9 =(—9)+ ¢ —9) +g
(g —9)=(" =g —9)+ (9 -9

and the module structure theorem

"9 = glgr < 00,¢" - g € comp(g).

b. The smoothness of the action follows from the fact that locally comp(1) and comp(g)
can be treated as linear spaces. ¢’ - ¢’ = ¢’ implies ¢’ = 1. If

0,9 —h (3.10)
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in comp(g), i.e. with respect to | |,,, then we have also C'-convergence according
to the Sobolev embedding theorem, explicitly
hy (Uacy Uw)
) > ——— = p(z 3.11
pula) — 25 = () (3.11)

pointwise. It is now very easy to infer from (3.10), (3.11) that ¢, — @ wrt. | |-
O
COROLLARY 3.6. a. The orbits compj, ,(1) - g’ C comp(g) are smooth submani-
folds of comp(g).
b. The quotient space comp(g)/compy, (1) is a smooth manifold.
c. The projection 7 : comp(g) — comp(g)/comp},_ (1) is a smooth submersion
and has the structure of a principal fibre bundle. O
comp(g) has as tangent space at g’ € comp(g) T,comp(g) = Q" (S?*T*,g') =
Q" (S2T*, g), where S?T* are the symmetric 2-fold covariant tensors. There is an
Ly-orthogonal splitting

T, comp(g) = Q"°(S*T*, ¢') & Q"1 (S*T*,¢"), (3.12)

where

QST g') = {h € Q(S?T", ¢)|h(z) = p(z) - ' (2),p € O (M, g')]
and
Q-T(S*T*, ¢') = {h € Q"(S?T*, ¢')|tr, h = 0}.
The decomposition (3.12) is given by
h = l(trg/h) g+ (h— l(trg/h)g’).
n n

See [29] p. 19 for further details.
COROLLARY 3.7. For [¢'] = compy (1) - ¢’

Ty (compj,5(1) - g') = Q™(S*T*, g") (3.13)

and
Tiyncomp(g) /compj, 5 (1) = QT (S*T*, ¢'). (3.14)
O

4. The space of almost complex structures. Consider M?™ open, oriented,
with some fixed Riemannian metric g. Denote by Q(AutTM) = C®(AutTM) C
Q(TE(M)) = C°°(T}) the set of all smooth automorphisms of TM covering id ;.

A={J € QAutTM)|J* = —idrp,J compatible with the fixed orientation}

is the subset of almost complex structures. Here J is compatible with the fixed orienta-
tion if each basis of the kind X1, ..., X,,, JX1,...,JX,, gives the fixed orientation. g
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induces a metric connection V9 on 7. Assume g with (1) and (Bg),k >r > 2+1,6 >
0 and set

Vs ={(J,J") € A%||J = J'|y.r <}

LEMMA 4.1. £ = {Vs}s>0 is a basis for a metrizable uniform structure. O
Denote by A" = A"(g) the completion.
PROPOSITION 4.2. A"(g) has a representation as a topological sum

A" = Z comp(J;) (4.1)

el

where the component comp(J) is given by

comp(J) ={J € A"||J — J'|,r < o} (4.2)

([

PRrOPOSITION 4.3. Each component has the structure of a Hilbert manifold of
class k —r.

Proof. A" can be considered as the space of sections of a bundle B — M with fibre
GL*(2m, R)/GL(m,C), where B can be endowed with a metric of bounded geometry
of order k — 1 associated to the Sasaki metric on TM. Then the result follows from
[14]. O

REMARKS. For dim M = 2, we give below another equivalent description. O

PROPOSITION 4.4. A"(g) is an invariant of comp(g) C M"(I, By), i.e. for g €

comp(g),

A'(g) = A"(9). (4.3)

O

5. Diffeomorphism groups on open manifolds. Let (M”,g)7(N”/,h) be
open, satisfying (I) and (By) and let f € C*°(M,N). Then the differential df =
fe=Tf isasection of T*"M ® f*T'N. f*TN is endowed with the induced connection
f*V". The connections V9 and f*V" induce connections V in all tensor bundles

TI(M) @ f*T¥(N). Therefore, V™df is well defined. Assume m < k. We denote by
C>"™(M, N) the set of all f € C>°(M, N) satistying

m—1

bmdf| = Z sup |Vdf|, < oc.

i=0 €M

Let Y € Q(f*T'N) = C°(f*T'N). Then Y, can be written as (Y}(,), ) and we define
amap gy : M — N by

gy () == (expY)(x) := exp Yy, 1= exps(z)Yi(a)-

Then the map gy defines an element of C*°(M, N). More generally we have:
PROPOSITION 5.1. Assume m < k and >™[Y| = S sup VY|, < oy <
reM

Tinj(N), f € C>"™(M,N). Then
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gy =expY € C*™(M,N).

We refer to [14] for a proof. The main point is, that one shows

\VidexpY| < P(IV'df|,[VY]), i <pj < p+ 1, (5.1)

where the P, are certain universal polynomials in the indicated variables without
constant term and each term has at least one |[V?Y],0 < i < p+ 1, as a factor. (]

Now consider manifolds of maps in the L,-category. According to the Sobolev em-
bedding theorem, for r > % +5,Y € QPT(f*TN) arbitrary, there exists a constant D
such that

b’s|Y‘ <D Y|y (5.2)

where |Y|,, = ([ 37, VY [Pdvol)'/P. Set for § > 0, § - D < on < 7in;(N)/2,
1§p<oo,k2m2r>%+1

Vs = {(f,g) € C°™(M,N)?| thereexistsa Y € QP(f*TN) such that
g=gy =expY and [Y]|,, <4}

THEOREM 5.2. £ = {Vs}ocs<r,,, (N)/2D 5 a basis for a metrizable uniform struc-
ture UPT(C°>™ (M, N)).

The proof essentially uses several iterated estimates of type (5.1) and others,
where the arising polynomials P,, (),, are p-integrable. It is rather complicated, occu-
pies 40 pages and is performed in [14]. O

Let ™QP" (M, N) be the completion of C°*™(M,N) with respect to this uniform
structure. From now on we assume r = m and denote QP" (M, N) =" QP" (M, N).
THEOREM 5.3. Let (M™,g),(N™,h) be open, satisfying (I) and (By), r < k,
1<p< oo, r> % + 1. Then each component of QP" (M, N) is a C**1=" -Banach
manifold, and for p = 2 it is a Hilbert manifold.
We refer to [14] for the proof. O

Let (M™,g) be open, satisfying (I) and (By), k,p,r as above. Set

DP"(g)={f € QP"(M,M)|f is injective, surjective,

preserves orientation and | Al (df) > 0}.

Here |A|min (df) is defined as follows. Fix at any point € M the class of orthonormal
bases. Let ey,...,e, € TyM and fi,..., fn € Tf)M be such bases. df|, now can
be described as a nonsingular matrix. A;(df) are defined as the diagonal elements of
the Jordan normal forn. |A|,in(df). is the smallest absolute value of the A;’s. It is
invariant defined, i.e. it does not depend on the choice of the orthonormal bases since
the Jordan normal form of a matrix is a similarity invariant.
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THEOREM 5.4. DP'" s open in QP" (M, M); in particular, each component is a
C*+1=7 _Banach manifold, and for p = 2 it is a Hilbert manifold. O
THEOREM 5.5. Assume (M™, g),k,p,r as above.
a. Assume f,g € DP", g € comp(idy) C DP". Then go f € DP" and go f € comp(f).
b. Assume f € comp(idy) C DP". Then f~1 € comp(idy) C DP".
c. comp(idyr) is a metrizable topological group.
We refer to [14] for the proof. O

Denote D" = comp(ida).

THEOREM 5.6. (« -lemma). Assume r < k,r > % + 1, f € DP". Then the right
multiplication oy : D" — DP" ag(g) = go f, is of class CkT1=7.

THEOREM 5.7. (w-lemma). Let k+1— (r4s) > s, f € D" r > 2 +1. Then
the left multiplication wy : DP" — DP" wy(g) = fog, is of class C*.

The proofs are performed in [19]. O

We defined for C'°>™ a uniform structure UP". Consider now
C**°(M,N) =N, C>*™(M,N).
Then we have an inclusion
i:C°°(M,N)— C>>™(M,N)
and
i xi:C(M,N)* — C>™(M,N)?

hence a well defined uniform structure 4°P" = (i x ) ~LUP" (cf. [28], p. 108-109). Af-
ter completion we obtain once again the manifolds of mappings Q°°?"(M, N), where
f e QP (M,N) if and only if for every e > 0 there exists an f € C°*°°(M, N) and a
Y € QP7(f*TN) such that f = expY and |Y],, < e. Moreover, each connected com-
ponent of Q°*P"(M,N) is a Banach manifold and TrQ>P"(M,N) = QP"(f*TN).
In the notation above Q°P" = *OP"  As above we set

DPT(M,g) ={f € QP"(M,M)|f is injective, surjective,
preserves orientation and || (df) > 0}.
We assume p = 2 and write
Q"(M,N) = Q>P"(M,N)

and
D" (M, g) = D>*"(M, g).

The only difference between our former construction and the new one is the fact that
the spaces 2°°" are based on maps which are bounded up to arbitrary high order.
For compact manifolds we have

C(M,N) = C%"(M,N) = C>*(M,N), Q%" (M,N) = Q" (M, N)

and D*>"(M,g) = D"(M, g) for all r. For open manifolds we have strong inclusions
C°>* C C°" and D*>*" C D". It is very easy to construct a diffeomorphism f €
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C>1(R,R) such that f ¢ C°>2?(R,R). This supports the conjecture that the inclusion
D3 < D", s > 1, is not dense. We settle this question in a forthcoming paper. The
space D" *¢ is densely and continuously embedded into D>". This follows easily
from the corresponding properties for Sobolev spaces. The components of the identity
have special nice properties:

PROPOSITION 5.8. Assume the conditions for defining D”. Then

D" = Dy (5.3)

Proof. Let f € Dy. Given any § < 4,;/D, there exist vector fields X1,... , X, €
Q(TM),|X,l, < 6p=1,...,m, f=expXpyo..o0expX,»|X| < D|X|.. We
are done if we can show that for X € Q"(TM),|X|, < § and given ¢ > 0 there
exists a diffeomorphism fx € C°*® and Y € Q" (fxTM) = Q" (TM) with |Y|, < ¢
such that exp X = expY = exps, Y o fx. But this is very easy. For e; arbitrary
small, there exists a smooth vector field Y7 € C§°(T'M) with compact support such
that | X — Y7], < e1. Choosing e; sufficiently small, there exists a unique vector
field Y € Q" ((expY1)*TM) such that expY = expespv;Y 0 expY) = expX and
Y], < Q,(e1), where @, is a polynomial without constant term. This follows from the
geodesic triangle argument of [14]. Hence, for e; sufficiently small we have |V, < e.
We set fx = expY;. For f = expX,, o...0expX; we apply the techniques of the
proof for Df being a group of [14] and obtain for any given small £ > 0 a representation
f=exp;Yo f with f e Co> Y ¢ Qr(f*TM), Y|, < e and f is built up from the
fx, € C°. O

REMARKS. 1. A detailed proof of proposition 5.8 would occupy dozens of pages
but the arguments needed are all contained in [14]. 2. The essential reason for the
special good property of Df is that id € C°*>°(M, M). For diffeomorphisms in other
components of D" this is in general wrong.

PROPOSITION 5.9. For g € M(I, By),Di(M, g) is an invariant of comp(g), i.e.
if ¢ € comp(g) then

Dy(M, g) = Dy(M, g"). (5-4)

Proof. We restrict to the case ¢’ € comp(g) N M(I, By). The more general case
induces rather delicate approximation procedures but is also true. Already the defi-
nitions are much more involved. The assertion follows immediately from

b didpr|g ~P |diday g (5.5)
Q(T"M, g) ~ Q" (T"M,q"), (5.6)
Q(T"M, g) ~ Q" ((exp X)*"M, (exp X)*g). (5.7)

(5.5) holds since g and ¢’ are quasi isometric. (5.6) is theorem 2.10 and (5.7) is the
last equation on p. 292 of [14]. O
Assume now k > r,r > 5 + 1,9 € M(I, Bgy1).
PROPOSITION 5.10. Dy (g) acts on comp(g) € M"(I, By,).
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Proof. We have to show g’ € comp(g), f € Dyt (g) imply f*¢' € comp(g). There
exists a sequence (g, )y, g, € comp(g) N M(I,By), 9, — ¢'. We start with f =

(PR
exp X, X € Q" (TM). X can be approximated by (X )., X, € C5°(T'M), X, ‘ —|> X.
9,7
Set f, = exp X,. Consider the diagonal sequence (f;g,),. Then f}g, € comp(g) N
M(I, By,) which follows from g, € comp(g) N M(I, By) and X, € C*(TM). We are

done if we can show

fogv e g (5.8)
and
|f g — g'|g7r < 0. (5.9)
Write
g =g = =g+ g —9), (5.10)
9 = (9, —9) + 9, (5.11)
= (fF —id*) +id*. (5.12)

Inserting (5.11), (5.12) into (5.10), using the (rather delicate) proof of theorem 3.1
of [21], the r-boundedness of ¢ and id* and the module structure theorem, we obtain
|fogy — [*¢'|gr — 0, 1e. (5.8). Write

9 =g =0 =g+ —9)+ (- Dow+ (90— ), (5.13)
g =1"-9+y (5.14)

fr=(ff —id*) +id*, (5.15)

g = (9 —9) +g. (5.16)

Inserting (5.14) - (5.16) into (5.13), we obtain by the same arguments

1f*g" = g'lgr < 0.

Assume now f = exp X5 o exp X;. Replacing ¢’ of the first case by (expXs)*g’
and applying the same procedure, we obtain again f*¢’ € comp(g). For f = exp X, o
...oexp X; we perform induction. O

6. The ILH-version of the considered spaces. For metrics g satisfying the
conditions (I) and

(Boo) VIR| < Cy,i=0,1,n,...
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we have additional structures. Then Dg(g) = Dy~ (g) is defined for all r > & 4 1.
As we shall see now, we can form D§°(g) = lUimDj(g) which is an ILH-group. To

make this clear, we recall some definitions Whicﬁ are a little bit different from them
originally given a long time ago by Omori. We adapt to [27].

A collection of groups {G*°,G"|r > ro} is called an ILH-Lie group if it satisfies
the following connections.
1. Each G" is a Hilbert manifold of class C*(") modelled by a Hilbert space E” and
k(r) — oo as r — oo.
2. For each r > ry there are linear continuous, dense inclusions E™+! — E" and dense
inclusions of class C*(") G741 — G,
3. Each G" is a topological group and G*° = limG" is a topological group with the

”
inverse limit topology.

4. If (U",¢", E") is a chart of G, then (U™ N G*, ¢"|yrnat, EY) is a chart for G, for

all ¢ > r.

5. The multiplication p : G® X G — G extends to a C* -map p: G" ¥ x G" — G"

for all » with s < k(r).

6. Inversion v : G® — G extends to a C* -map v : G""* — G" for all r with

s < k(r).

7. Right multiplication R, by g € G" extends to a C*() _map Ry:G"—G".
THEOREM 6.1. Assume (M™, g) oriented, open with (I) and (Bs). Set D§°(g) :=

imD{(g) with the inverse limit topology. Then {Dg°(g), Dy(g)|r > & + 1} is an ILH-

Lge group.

Proof. In this case k(r) =k—r+1=o00—r+1=00. 1. Dj is a Hilbert manifold
of class C*° modelled on E" = Q"(T'M,g) = T. Dy, r > 5 + 1. 2. The inclusions
QY TM) — Q"(TM) are dense and continuous. Using charts,

expitt
Bs(0) c TyD5 "L

(eapp) ! ,
5 By(0) C Ty D (6.1)

Ug+1 C D(7)‘+1 ? UT N

and k = oo, we obtain that 4 is dense and C'*° since (emp;)*l oio exp?“ is of class

C*°. 3. Each Dy is a topological group and Dg° = lim Dj by definition. 4. follows
from (6.1) replacing r + 1 by ¢t. 5. follows from 5.6 using k = co. 6. can be proved
quite similar (cf. [14], (6.8) - (6.11) and the proof of 6.5). 7. follows from 5.6. O
PROPOSITION 6.2. f € D§°(g) if and only if f is a C*° -diffeomorphism satisfying
bm|df| < oo for all m, | A min(df) > 0 and which is homotopic in this set (with respect
to the inverse limit topology) to the identity. ([
Omitting all group properties in the above definition, we obtain an ILH-manifold.
Similarly one defines ILB-Lie groups (cf.[27]). Set D§'*° = lim Df'".
THEOREM 6.3. {Dy"™, D{"(r > § + 1} is an ILB-Lie group. O
Furthermore, quite natural one defines C*-ILH maps between ILH-manifolds
and ILH-principal fibre bundles P -~ P/G of class C*. Consider g € M(I, By),

comp”(g) C M"(I,Bx), comp™(g) := limcomp”(g), P5(9), Px(g9) = UmPL(g),

T T
comp (1) C PZ(9)-
THEOREM 6.4. {comp™(g),comp”(g)|r > 5 + n}, {comp(1), compl (1)|r >
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5 + 1} are ILH-manifolds and comp™(g) — comp™(g)/compZ (1) is an ILH-bundle.
([

7. The space of hyperbolic metrics for n = 2. We will show that for certain
classes of open surfaces, a suitable metric go and the space comp(go)—1 C comp(go) of
constant scalar curvature —1 holds

comp(go)—1 = comp(go) /comp(1) (7.1)

where these spaces are manifolds and Df(go) -equivariant diffeomorphic to a certain
component in the space of almost complex structures. comp_1(go)/Dg(g0) will be one
of our models for the Teichmiiller space.

We consider open surfaces M2. Each such surface has ends. We admit punctures
as ends. If each end is isolated then M? has a finite number of ends, each of them
is given by an infinite half ladder = ? T2, where T? is the 2-Torus or it is given

n=1
by a puncture. If M? has an infinite number of ends then there exists at least one
non-isolated end, i.e. an end that has no neighbourhood which is not a neighbourhood
of another end. This occurs e.g. if we have repeated branchings of half ladders. In
any case, such a surface can be built up by Y-pieces or so called trumpets which we
explain now. We follow the representation given in [6].

LEMMA 7.1. Let a,b,c be arbitrary positive real numbers. There exists a right
angled geodesic hexagon in the hyperbolic plane with pairwise non-adjacent sides of
length a, b, c. [l

Next we paste two copies of such a hexagon together along the remaining three
sides to obtain a hyperbolic surface Y with three closed boundary geodesics of length
2a,2b,2¢. They determine Y up to isometry (Theorem 3.17 of [6]).

Two different Y-pieces can be glued along their boundary geodesics if they have
the same length. The same holds for two “legs” of same boundary length of one Y-
piece. It is a deep result of hyperbolic geometry that one obtains as a result smooth
hyperbolic surfaces. Moreover, we can perform gluing with an additional twisting (cf.
[6]). But here we consider gluings without twisting, at least for our starting metric gg.
As a well known matter of fact, any topologically given open surface of the above kind
can be built up by Y-pieces and trumpets and we obtain in this way a hyperbolically
metrized surface (M 2.g0). The lengths of all closed boundary geodesics can be chosen
in such a manner (and > a > 0) that r;,;(M?, go) > 0, (cf. [6]) i.e. go € M(I, B).

Given an open surface M? of the above type, i.e. M? is the connected sum of
a closed surface with an infinite number of half ladders with possibly infinitely many
punctures, fix in this case a hyperbolic metric go € M(I, By, ). Later we must impose
that this lengths must grow suitably. Consider Py (go) = pnpm (90), P%(go) defined

by the induced uniform structure. It is a very simple fact that compj, (1, go) C Py.(go)
and compl (1,90) C Pi(go) coincide, & > 1. We fix r > 3 and write comp(l) =
comp” (1, go). Consider comp(gy) C M"(I, Bs). As we already know, comp(1) acts
on comp(go) and comp(go)/comp(1) is a Hilbert manifold. Let comp(go)—-1 C comp(go)
be the subspace of all metrics g € comp(go) such that the scalar curvature K(g) equals
—1. Since we assume r > 3 = % +2, g is at least of class C? and K(g) is well defined.
Usually K (g) denotes the sectional curvature but we use it for scalar curvature which
is twice the sectional curvature. We could also work with sectional curvature but then
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in the differential equation below appears a factor 2 which we should take into account
in all calculations. Only for this reason we decided to work with scalar curvature. Both
approaches are trivially equivalent.

We wish to show that comp(go)—1 C comp(go) C M"(I, Bs) is a smooth sub-
manifold of comp(gg) which is diffeomorphic to comp(go)/comp(1). This is a rather
deep fact which requires a series of preliminaries and is valid only under an addi-
tional spectral assumption. Let g € comp(go). Then, according to (2.32), A, maps
Q" = Q" (M, V%, go) into Q"2 C La(M, go)-

LEMMA 7.2. Ay + 1 is surjective.

Proof. Consider A,+1 with domain Q" C Q"~2. Then the closure of (27, | |,_2)
with respect to | - |,—2 + [(Ag + 1) - [,—2 is just Q7, i.e. Ay + 1 is a closed operator
in the Hilbert space Q"~2. Moreover, (A, + 1)¢|,—2 > ¢ |pl—2,c = 1,p € Q".
Hence (A, + 1)p; — 9 gives ¢; Cauchy and ¢; — ¢ in Q772 A, + 1 is closed, hence
(Ag+1)p =1, im(Ay +1) closed. Finally, the orthogonal complement of im (A, +1)
in Q"2 is {0} since the adjoint (in 2"~2) operator to A, + 1 has no kernel. O

Let h € T,comp(go) = Q" (S?*T*,g). For h the divergence d,h is defined by
(65h); = VEhjr = ¢*V?hj. For w = wda® a 1-form and X, = ' 627; the corre-
sponding vector field the divergence d,, is defined by dow = §,X, = ﬁ aii (wl\/g)

Hence for h € Q"(S?T*, g) the expression d,0,h is well defined. As we already men-
tioned, for r > 3 = % +2,9 € comp(go) is at least of class C? and the scalar curvature
K(g) is well defined.

LEMMA 7.3. K(g) — (=1) = K(g) — K(go) € Q" 2.

This follows immediately from the topology in comp(gp) and the definition of
K(g). O

Consider the C*° -map

W = comp(go) — Q"(M, go)
g — K(g) - (-1).

Then comp(go) 1 = ¥~ (0).

THEOREM 7.4. comp(go)—1 C comp(go) is a smooth submanifold.

Proof. Tt suffices to show, 0 is a regular value for v, i.e. if K(g) = —1 for some
g then Dy|, : T, comp(go) — Q" ~2(M, go) is surjective. Hence we have to calculate
D\ 4(h), h € T, comp(go) = Q" (S*T*, g). This has been done in [29],

1
Diplg(h) = Ag(trgh) + d404h + §trgh. (7.2)

D1, is already surjective if the restriction to h of the kind h = A - g, A € Q" (M), is
surjective. Then (7.2) becomes

Dilg(A-g) = AgA+ X = (Ag+ 1)),

but Ay + 1 is surjective according to 7.2. O

Next we prepare Poincaré’s theorem which roughly spoken asserts comp(go)—1 =
comp(go)/comp(1l). Denote by o.(A) the essential spectrum of A. Here we omit the
bar in the unique self adjoint extension A which equals to the closure.
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PROPOSITION 7.5. 0.(Ay,) is an invariant of comp(go), i.e. for g € comp(go),

Oc (Ag) = 0Oe¢ (Ago)-

Proof. Let A\ € 0.(4Ay,) and (¢,), be a Weyl sequence for A, ie. ¢, € Dg,
bounded, not precompact and lim (Ag — A)g, = O. Then, according to (2.32),
V—00

(p), C Dg, is bounded and not precompact with respect to Lo(M,g). Writing
Ag— A=Ay — A+ A, — Ay, it is possible to show Vlin;O(Ag —Ag)py =0, e
e(Ag,) C 0e(Ay). By symmetry we conclude o.(Ay,) = 0e(A,). We refer to [7], [18]
for details. O

LEMMA 7.6. Assume inf o.(Ag, > 0. Theninf o(Ay) > 0 for all g € comp(go),
where o denotes the spectrum.

Proof. According to 7.5 inf 0.(Ag)) = infoc(Ay). From g € M(I,Bx),g €
comp(go) C M"(I,Bx),r > 3 follows that g satisfies (I) and (Bp) which implies
vol(M?,g) = oo. Hence A = 0 cannot be an eigenvalue. All other spectral values
between 0 and info.(A,) belong to the purely discrete point spectrum o,q(A,), i.e.
info(Ag) > 0. O

Now we state the first main theorem of this section.

THEOREM 7.7. Assume (M?, go) with go smooth, K(go) = —1, 7in; (M2, go) > 0,
infoe(Ag,) > 0. Let g € comp(go) C M"(I,Bs),r > 3. Then there exists a unique
p € comp(1) C P (go) such that K(p-g) = —1.

Proof. Let p = e". For the existence we have to solve the PDE

Agu+ K(g) +e" =0. (7.3)

We seek for a solution u € Q" (M,gg). u € Q"(M,go), > 3 imply e* —1 € Q"
as we will see below. (7.3) has a solution according to the general uniformization
theorem. But this theorem does not provide u € Q". Therefore we have to sharpen
our considerations. The existence will be established by the implicit function theorem
and a version of the continuity method. Consider g; = (1 —t)go+tg = go+t(g—go) =
go + th € comp(go) and the map

F:[0,1] x Q" — Q2
(t,u) = F(t,u) = Ag,u+ K(g:) + e =
=Agu+ (K(g:)—(-1)) +e* — 1. (7.4)
We want to show that there exists a unique uy € Q"(M, go) such that F(1,uy) = 0.
For this we consider the set
S={t€[0,1]| There exists wu; € Q" such that F(¢{,u;) =0}
and we want to show § = [0,1]. We start with S # ¢. For t = 0,9+ = go, K(g90) = —1
and ug = 0 satisfies (7.3). Moreover,
F,(0,0) = D2F|(070) =Ag +1 (7.5)

is bijective between Q" and "2, as we have already seen. Hence there exist § >
0, > 0 such that for ¢ €]0, [ there exists a unique u; € U.(0) C Q" with
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F(t,u;) = 0. (7.6)

By the same consideration we can show that S is open in [0, 1]. To show S = [0, 1] we
should show § is closed. This would be done if we could prove the following. Assume
ty <ty <...,t, € S,t, — tg, then tyg € S. The canonical procedure to prove this
would be to prove

(ut, ), is a Cauchy sequence in = Q" uy, — Uy, (7.7

A Ut + K(gto) € e'o =0. (78)

9t

We prefer a slightly other version of this establishing the following

PROPOSITION 7.8. There exists a § > 0,6 independent of tg, such that tg € S
implies |t — g, to + 0[N[0,1] C S.

We will see later that the proof of 7.8 is equivalent to that of (7.7) and (7.8). The
proof of 7.8 is based on careful estimates in the implicit function theorem to which we
turn now our attention. Roughly speaking, the proof goes as follows.

Let tg € S,u, € Q7

F(to,u,) = Ag, uty + K(Qto) + e¥%o = 0.
Set g(t,u) := Fy(to,ut,)u — F(t,u). Then F(t,u) = 0 is equivalent to

u = Fu(th uto)ilg(ta U) (79)

If we define Tyu := F,(to,u,) " Lg(t,u), then we are done if we can find for any ¢ty € S
a complete metric subspace My, 5, C Q" (M, go) such that

Tt : Mt0;51 — Mt07§1 (710)

and

T, is contracting (7.11)

for all ¢ €]ty — 0,t0 + 6[N[0, 1], § independent of ¢y. Indeed, in this case T; would have
a unique fixed point u; solving (7.6).

We now prepare the construction of M, s, and the proof of (7.10), (7.11) by
a series of estimates. First we apply the mean value theorem. From g,(t,v) =
F.(to,uty) — Fu(t,v) follows

|g(t’u) - g(tvv)‘T*Q < sup |gu(tav + ﬁ(u - U))|T‘*2 ' |U - U‘T‘v

0<¥<1
|Ttu - Ttv‘r S |(Agt0 + e*to )71|r72,r'
- sup [(Bg,, = Ag,) + ("0 — )]s - u— s, (7.12)

o<1

where | |; ; denotes the operator norm Q¢(M, go) — Q7(M, go). We estimate

|(Agy, + ("0 ) i - [Ag,, — Agylrr—2 (7.13)
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and

(A, + (e"0)) 7 (€0 ) r oz
‘(1 B evfutOJrﬁ(ufutOf(vfmo))) . |7”77"—2 (714)
and start with (7.13). In the sequel, the same letters for constants in different inequal-
ities can denote different constants. The key role in all following considerations plays
the Lipschitz continuity of |Ay,|; ;.

LEMMA 7.9. Assume go,g,t,to,7 as above. Then there exists a constant C =
C(go,7, |9 — golge.r) > O such that

|A9t0 - Agt ‘T,r—2 <C- |t0 - t|~ (7.15)

Proof. Set A(T) 1= Ay = Agiyr(g-go) = Dgotrh- Then [Ay — A
|A(t+O(to —t)) i, - [(to — t)|. We calculate and estimate A’(7). Locally,

i <

gt

Al(r) = —[(\/E—T)/ai\/gj 70 + \/zjai(\/gt)’gijaj—i—
+ O,
(V&) = 5 /artre.h
(\/27)/ = —;\/lgjtr%h
(97) = —92 91 hwe = =19,
Al(r)w = (—%tr%h CA(T) - ;\/19781-\/97757"97119?8]»—&—
- Di/Grh 9 )w =
1

1 .
=—=(V9try h, Vi w), + 0i/grh (M9 w. 7.16
(Vg T, (0G0 (7.16)

We estimate the first term on the right hand side of (7.16), using
Virtrg,h = Vi g7 hij = g7 V{7 hij = g7 hij,
or more general,
VItry h=try (VITh),

(VI)itry h = tr, (V97),

where here tr,_ refers to the trace with respect to the first two indices. Moreover

|(v97)itTgTh‘gT = |t7dgr(vgf)ih|g7 < Cl|(ng)ih|gﬂ
and, according to 2.14,
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(/ (V)" hl; dvoly(9-))"/? < Cailhlgyr i <1

([ 197ty B, dvola (92 < Colblyrvi < 7

(7.17)
We infer from (7.17), 2.9, 2.14
1
| = (VIR VI w)lgo,r—2 < CLl (VO trg b, VETw)lg, o2 =
r—2
=G| S0P (9t 1,97 ), ol (9:))1 7 =
=0
r—1 )
= 01(/2 D g (VY R (V) w), |2 dvol.(g,)) ' <
i=0 j+k=i
<Ca [ 37 TR, (V) dvol,(g.) Y <
Jtk=i
< C3|h|gr77'—1 ’ |w|g7,7'—1 < 04(90,]7,,7“) ! |w‘go,7'—1- (718)
Hence there remains to estimate
=030l 2 (7.19)
V9r ’
! 9i/grh D 9w =
V9
1 .
= 0i\/9r R (T 9w+ 7.20
\/gj( Vr) j (7.20)
+0;h () 9w+ (7.21)
+h7(9;0;w. (7.22)
One way to estimate (7.20) - (7.22) in the | |g,,r—2 -norm is to introduce a cover

U={(Uq, da)}as {¥a}a and to apply (2.33). We present a more covariant procedure
of estimation. For abbreviation, V = V() = V9 hJ = p(7) = gkighin,, hy, =

(9 — 90) ki Fi‘cj = Ffj(7)~

1 g g o
g O/ 05w = TN 0y = Thihigl oy =
= Thhi(Vw),

(7.23)
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(0:h)0;w = 0;(hig?)0yw = (8:h)(Vw)'+
+h}(8:95)0;w = V;hj(Vw)" — (Tj ki — T5ht)(Vw)'—
—(hiT% g% + hiT! g'*) 0w =
= (8grh, Vw)gr — (Ti hi — T3 h%) (V) —
— (ML (Vw)® + h'(8;0;w — V;Vjw)), (7.24)

where we used for the components of a covariant derivative
Vidsw = 9;0,w — T 0w,
I 9w = 9;0sw — V;V qw.
Adding (7.23), (7.24), (7.22), yields
1

(97;' Thijﬁ'w:
o V91 9;

= T5hi(Vw)' + (65, h, Vw)y, — Tihi (Vw)'+
+T5 R (Vw)! — RiTL (Vw)® — h1 9,0;w+
+hV; - Vjw + h 9;0;w =

= (64, h, Vw),, +h7V,;V w. (7.25)
We write
RN,V jw = (hij, ViV w),, (7.26)
Using
v%/,W =VyVw — Vv, w (7.27)
we can rewrite (7.26) as
KNV jw = (h, VW), + (hij, Vo,0,w),, - (7.28)

(7.27) and hence (7.28) has a generalization to higher covariant derivatives (cf. [14]).
From this, g, € comp(go), pointwise estimates for Vy,s, and other mixed derivatives
with respect to gg, corresponding Sobolev estimates with respect to g, (V97 = V9% +
V9r — V9% etc.), the module structure theorem and 2.16, 2.17 we obtain finally
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1 N
|\/?8i VG D Ow] gy o <
1 g
< Oy 7 Oin/geh 7 T 0jwlg, po =
r—2
= CI(/Z [(V)*((8g,h, V) g, + (hij, ViV jw),, ) [Pdvol(g-))/? <
s=0

< Colhlg, r—1 - |w]g, r <
< O3|h|goﬂ“—1 ) |w|9077“ (7.29)

Here we again used |(V)*6, h| < C-|V**1h|. (7.18) and (7.29) imply

(A, = Ag)wlr—a < fto —t| - Clgo, b, 7) - [wlgo,r,

ie. |[Ag, —Aglrr—2 < C-to —t[, where C depends on go, h, 7 but is independent of
t. This finishes the proof of 7.9. O
Now we continue to estimate (7.13) and have to estimate

|(Agto + (61“0 '))71 |r—2,7"

First we recall that A, is self adjoint on Q?(M, A,,, g:) = Q*(M, Ay, go) C Lo(M) =
QO(M). For u € Q",r > 3, the operator v — €* - v is symmetric and bounded on L.
Hence Ay, + e is self adjoint.

LEMMA 7.10. There exists a constant ¢ > 0 such that inf o(Ag,) > ¢,0 <t < 1.

Proof. Assume the converse. Then there exists a convergent sequence t; — t*
in [0,1] such that Apmin(Ag,, ) — 0. Here Amin(Ay,, ) is the minimal spectral value
of Ay, . It is > 0 and either equal to inf o.(Ay,) or an isolated eigenvalue of finite
multiplicity. According to 7.9, Ay, — Ay, in the generalized sense of [24], IV, § 2.6.
Then, according to [24], V, § 4, remark 4.9, )\mm(Agti) — Amin(Qy,. ), i.e. necessary
Amin(Ag,.) = 0, a contradiction. O

COROLLARY 7.11. For arbitrary t € [0,1],u € Q"

info(Ag, +€) >c,
Ay, +e = / MEN(t,u),
¢ oo
(Ag, + ") :/ AHE, (¢, ),
C
(Ay, + €)™ is a bounded operator on Lo and, according to [24], p.357, (5.17), the

operator norm of (Ag, +¢e*)™1 is < % 0
We want to prove more and to estimate

((Ag, + ) M2 (7.30)

First we have to assure that (7.30) makes sense.
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LEMMA 7.12. For uw € Q",r > 3, the map v — e - v is a bounded map ' —
Qi < r, with

le“];; < Clu,i) < C(3) - supe® - |ul. (7.31)

Proof. This follows immediately from 2.7, 2.8. O
COROLLARY 7.13. The Sobolev spaces based on the operators Ay, and A, + e
are equivalent for i <,

QUM?), Ay, gs) 2 QM2 Ay y +e),i <. (7.32)

(I
REMARKS. The heart of the estimate for (7.30) consists in proving that the
constants arising in (7.31), (7.32) can be chosen independently of ¢ and w if u solves

F(t,u) = Agu+ K(gt) +e* =0.

([l

Consider Q" C 92 C Q° = Lo, Q"2 C L, and assume r even.

LEMMA 7.14. Ay, + €% : Q% — Q0 = Ly induces a bijective morphism between
O Cc Q% and U2 c Q°.

Proof. Surely, Ay, +¢e* maps Q" C Q% into Q"2 C Q° = L,. This map is injective
according to 7.10. It is surjective: Let v € Q772 C QY Then (4A,, + e*)"'v € O,
(Ag, + €)' ((Ag, +€*)"tv) = (A + )"t is square integrable ¢ < 5. The assertion
now follows from 7.13. O

Now we state our main

PROPOSITION 7.15. Assume r > 3 even. Then there exists a constant C =
C(go,9) > 0, independent of t, such that

[(Ag, + "), <C (7.33)

for any solution u, € Q" = Q" (M, go) of Ag,ur + K(g;) + e =0.
Proof. We would be done if we could show

[(Ag, +e") " olo < Colvo (7.34)
A%, (A, + ") olo < Cilolaioa < Cilel—2,1 < < 3, (7.35)
Ci = Ci(90,9),] 1j =1 lg,j- We perform induction. (7.34) follows from (7.11).

Consider ¢ =1 in (7.35) and denote A,, + "t = A 4 e*. Then

AA+e) o =v—(e") o (A+e") . (7.36)

LEMMA 7.16. There exists a constant D > 0 independent of t such that

supe™t < D (7.37)

for any solution of Ay, u, + K(g) +e** =0.
Proof. Let (M?,g) be a Riemannian 2-manifold, oriented. Then g defines an
integrable almost complex structure J, such that (M 2.q, Jg) is Kéhlerian. Moreover,
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Jg = Jeu - g. Consider now our case id : (M, g, Jg,) — (M,e" - g, Jg,). id is a
nonconstant holomorphic map. We repeat Yau’s

GENERAL SCHWARZ LEMMA. Let (M,g) and (N,h) complete Riemannian sur-
faces with sectional curvatures Ky; and Ky and f : M — N a nonconstant holomor-
phic map. Assume Ky > K1 and Ky < K3 < 0. Then K1 <0 and

K,
*h< — . 7.38
f <%, 9 (7.38)

See [32] for a proof. O

(7.38) implies in our case with id : (M, g:) — (M, e"t - g¢)

et < —inf K(g)(x)/2 (7.39)
zeM
where in (7.39) K denotes the scalar curvature = 2. sectional curvature. g, €
comp(go), K(go) = —1 and r > 3 imply inf K(g:)(z) < —1 but we must prove that
reM

inf K(gi)(x) really exists. This is the content of
reM

LEMMA 7.17. There exists a constant D1 > 0 independent of t such that

|K(gt)(z)] < Dy forall tel0,1],z € M. (7.40)

Proof. (7.40) would follow if we could prove

| = 1-K(g)| ="~ 1~ K(g0)| < D2. (7.41)

but this follows immediately from the facts g,g: = go + t(g — go) € comp(g) C

M1, B), 7> 3= 3+2,"%|g: — golgo = % |9 — go| < D3t |9 — golgy,rs (2.34)

and scalar curvature has an expression by derivatives of order < 2 of the metric. This

proves (7.40) and hence (7.37). O
Now, according to (7.36), 2.14,

IA(A +e*) " wlo < [vlo + DI(A 4 €*) " ofp <
<|vlp + D - Colv|o = Cilv|o

which finishes the proof of (7.35) for i = 1. Assume now

IAT(A + ") 0lo < Cj - Jo]j—n,j <i— 1,0 < g (7.42)
Then
AYA +e) o= ATHAA +e*) ) =
= A"ty — ATH(e") (A 4 ") ). (7.43)
Clearly,

A 0lp < Jolg, 202 < C - [lg.2i-2, (7.44)
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hence we have to estimate

AT (e")(A +e*) o). (7.45)

As follows from
Av-w) =v-Aw + wAv — 2(Vu, Vw), (7.46)
Ae" = e“(Au — |Vul?) (7.47)

and the induction assumption applied to AJ(A + e%)~1v, we have a desired estimate
for (7.45) if we have an estimate for |uo, |Aulo, ... , |A*"1u|g, independent of t,u = u,
solution of Ag,u, + K(g;) + €*t = 0. The proof of 7.15 would be finished if we could
prove

PROPOSITION 7.18. Assume r > 3 even. Then there ewist constants D; =
D;(g,g0) independent of t, such that

|A§Du|0 S Di,i S 5 (748)

N3

for uw = a solution of Ag,us + K(g¢) + €t = 0.
Proof. According to 2.16, we are done if we could show |A;tu|o < D; and write
in the sequel simply u = u, A = Ay, , K = K(g;). Then

Au+K+e*=0

is equivalent to

ie.

e —1

u=(A+ )N = (K +1)). (7.49)

Here Lu_l is well defined, > 0 and (A + %)_1 is a well defined bounded operator
according to 7.11. We would be done for ¢ = 0 in (7.48) if we could show |K(g;) —
(=1)|o < C = C(yg, go) independent of t. We prove more general

LEMMA 7.19. Let t,tg € {0,1}. Then

|K (9t,) — K(g¢)|r—2 < [to — t| - C, (7.50)

C = C(g0,9) independent of t.
Proof. According to the mean value theorem for maps into affine Banach spaces,

5 (910) = K(g)lr—2 < [to — 2] - sup |K'(gr)lr—2. (7.51)

o<T<Lt

d
K'(g:) = %K(QO +7h+0h)|s=0 =

1
=7(Ag. trg, h+04.04.h — §K(gT)trgTh),
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hence

1
1K (9r)li < 7 (Cilhlive + 51K (gr)trg, hli)- (7.52)

We have to estimate |K(g,)trg, hl;. For i = 0, i.e. | |o, there does not arise any
problem since |K(g,) < Cy, Cy independent of 7 and |try hlo < Cy’-|h|o. We continue
with ¢ = 2 to indicate the general rule.

K(g:) = 2 Ri212(g-)(det(g-),
SAK(g7) = SAK(g) +1) = S MK (g,) ~ K(an) =

= 2 AlRuzis(9,)(det(go) — det(g,))+
+(R1212(9-) — Ri212(g0))det(g0))/det(go) - det(g-)], (7.53)

where A = Ay . Choose an atlas 4 = {(Ua, ¢a)}a as in section 2. Then g ;, gf)j,
det gy and all of its derivatives are bounded,

det(go) > ¢ > 0. (7.54)

r >3 and g, = go + 7h, |h|, < oo imply

grij, 9, det(g;) bounded, det(g,)>c >0 (7.55)
There holds

Fj‘k(gﬂ') = P;k(go +7h) = I‘;‘k(éio)‘F

1 .
+§9fre(7hej;k + Thek;j + Thijke) (7.56)
and
Rg'yé(gT) = (8’)' Fgé — 05 Fg'y + ng Fgé - g& Fgw)(gf)v (7.57)

where ;j denotes V°. Finally we conclude from (7.53)-(7.57), [h|, < oo, V% =
VI 4+ V9 — V97 the module structure theorem, 2.16 and 2.17 that
|AK (g-)lo < Da(|hla) (7.58)

D5 a polynomial in |h|,. Similar for higher derivatives,

|ATK (g7)lo < Daj(|hl2j+2) (7.59)

We omit the very long but rather simple details. This finishes the proof of 7.19. O
Hence

e —1

) (K + 1) <

lufo = (A +

= Dy. (7.60)

o lQ

Next we study Awu to indicate the general rule.
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Au=A(A+ETh) T (K1) =
e+ has ) cw - (Cha s S e )
k1 + (@A ) (7.61)

e'—1

can even pointwise be estimated by a constant independent of ¢: Let |u(z)| > 1.
Then, according to (7.37),

|¢Z;]|gwww_1gp+1_ch
If |u(z)| < 1, then |e“1iz;)71‘ <32, & <e=C". Hence |Aufy < Dy. Assume now
Aulg < D j<i=1i <3,
and consider A'u. According to (7.61),
e —1 et

— g4 (7.62)

Alu=-A"YK+1)-A"to (T~)((A +

for i > 2. 7.19 yields |A"™ (K + 1)|p < D'. If we write A’u to determine a Sobolev
norm, this means A; , u since our general reference Sobolev norm is | |y, j,j < r. But
for the calculations in the sequel we have often to work with A;t since then formulas
become easier. But this does not touch the proof of our desired a priori Sobolev
estimates according to 2.16.

We have to find an a priori estimate

et o1 u_q
AT (= (A ) THE D)o < D, (7.63)
D" = D"(g,g0) independent of t. Consider A""*(v - w). In our case v = <=1,
w=(A+ %)’1(1( +1). We obtain from
A(v-w) =vAw + wAv — 2(Vu, Vw) (7.64)
that A®"!(v-w) has a representation
AT w) = Z Aly - A*w 4+ sum of mixed terms. (7.65)

jHk=i—1

It follows from (2.32), (I), (Bs) for go and the module structure theorem that a priori
estimates for all

|ATy - Afw)

imply such estimates for all mixed terms too.
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REMARKS. We could also work exclusively with covariant derivatives. But then
all of our expressions grow rapidly. Therefore we decided to work only with every
second derivative, i.e. to work with the A’s. ([

Consider now all products
e —1 e —1

LAk

A )N E +1),+k=i—1.

u w? 2 . . ) . .
el =1+ % 4%+, and % +% +... converges in " since all u’ € Q7 [u'], < C'7L.

|u|Z and ‘“lT + Clul’ + 02|u\r + ... converges. We have already seen
et —1
< Cy.
R et
Using Auf = —VIV,juF = —k(k — 1)u*2|Vul? + ku*"TAu, we see that at least
formally
TN SR
- u 30 TR
2-3-u  3-4-u?
— \vu\z(g =ty ) (7.63)

But the same argument as above and the module structure theorem yields A(&—=X _1)
and its series (7.63) is a well defined element of 2"~2. We want to establish an a priori
estimate for |A(£==L)|,. We already proved

Auly < Dy (7.64)

which implies

1
|Aw - §|0 < Dy/2. (7.65)
We continue to establish an a priori estimate for

2u  3u?
|A( +§+T+ o (7.66)

The a priori estimate for |u|p and |Aulg yield such an estimate for |uls.
lula < Dj,. (7.67)
According to remark 2 after 2.8, Q2 is an algebra and we have an estimate
[u?lz < Calul3, [u]2 < Oy~ uls,
together with (7.67),
[ufl2 < 371Dy

Hence 23—? + % +... is a well defined element of Q2 (even of Q" as we have seen) and
there exists an estimate
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2u  3u? 2D, 3CyD#
Gyt k= 1l

Now we apply once again the module structure theorem 2.8. In our case n = 2,
pL=p2=p=2, p%:p%: % =1, AueN =Ly, =0<1, (%+3n24!+...) € 02,
ro = 2, r = 0, then, according to 2.8,

+...=Dl. (7.68)

2u  3u? 2u  3u?
SCD2D/2/7

together with (7.65),

2’1,L 3U2 1 "
|Au-(1+§+j+...)|0§D2/2+C"D2~D2:Dz. (7.69)

Quite similar we manage the second term in (7.63) using that Vu € Q! |Vu|? €

Lo, ||Vu|2|p < C1|Vul? < C1]ul3 and again (23% + 3‘;?2 +...) € 2. We obtain

2 2-3-u  3-4-u?
IVul (g5 + = + 5 +..0)0 < DSV, (7.70)
i.e.
e —1 (5)
[A(——)lo < D5". (7.71)

Now it is every easy to recognize the general rule. One forms AJ( 6“1:1 ), obtains a finite
sum of factors x series, the factors are in Lo = g and have an a priori Ls-estimate
coming from |AFu|g < Dy, k < j — 1. The series are in Q2 and have an a priori | |2

-estimate which yields together

e —1

| A o < Dj,j<i-1, (7.72)

D’ = D’(g, go) independent of t. Finally we want to establish a priori estimates for

e —1

AR((A + VHK 4+ 1)),k <i— 1. (7.73)

But if we replace in (7.42)-(7.47) e* by euT_l, then we see that we get a priori estimates
if we have such estimates for

e —1

u

|AY No, I < kk<i—1.
But these we have just established. i.e. we obtain

e —1

|A*((A + YUK +1)o < Ep,k<i-—1.

K+1e Q2 (A+ <N K +1) € O, AF(A+ <)~ Y(K + 1)) € Q2 since
E<i—-1<3-1, AJ(Lu_l) € Q0 = Ly. Applying once again 2.8, we obtain
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e —1

et —1
A (——
N

) - AF((A+ )"HK +1)]o < Fj,

Fjr = Fj (g, 90) independent of ¢t. Quite similar we conclude

|mixed terms|y < F.

Hence

e —1 e
(——

At (A +

-1
)UK+ <F+ Y Fi,
jHk=i—1

together with (7.50),
|Atulo < D; (7.74)
D; = Di(g, g0) independent of ¢,i < . This proves 7.18, hence (7.35) and our main

proposition 7.15. (]
COROLLARY 7.20 There exists a constant C' = C(g,go) such that

|(Agy, +(€"0)) oz - [Ag,, = Ag lrp—2 < C [t — to]. (7.75)

The estimate of the first factor of (7.14) is already done,

< [(Agy, + (") rmzr - (€0 )[r—2,r2-

|(Ag,, + (e"0)) 7 ("0 ) pzyr <

According to (7.33),
[(Ag,, + (")) 22 < C1, (7.76)
and, according to (7.31), (7.37) and |Aduly < D;,0<j < %,

[(e“0)|r—2,,—2 < O, (7.77)

i.e.

|(Agt0 + (euw'))_l(eum'”T—Q,r < 037 (778)

C3 = C3(g, go) independent of ¢t. The final estimate concerns

(1= o H Ity ~ (i) | (7.79)

where as usual the point indicates that the corresponding expression acts by multipli-
cation. We write
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1— evfut0+19(ufutof(v7ut0)) _

:_Z — gy + I (u— ugy — (v — )] /Z'

As above, this series converges in Q" and for |[v—ug, +9(u—uy, — (v—"1uy, )|, sufficiently
small | Y72, [v — ugy + I(u — ugy — (v — ugy))]*/i!| becomes arbitrary small.

For any f € Q", the operator norm of (f-) : Q" — Q"2 (f)w = f - w, can be
estimated by C(r) - | f],. This yields

LEMMA 7.21. For any €1 > 0 there exists 61 > 0 such that

|(1 . evfut0+19(u7utof(v7uto))) . |7’,r—2 <e

for all u,v with |u — Uty |r, v — Uty |r < 01
Proof. Given g1 > 0, there exists §7 such that for |v—us, +P(u—u, —(V—uy,))|r <
i

P 1Y = e 9 — gy — (0 — )] /ill < e

i=1

Set 01 = 61 /4. Then

‘v_uto +19(u_ut0 - (v_uto))‘r < |v_ut0|7”+ |u_ut0‘r+ |/U_ut0‘7“ -

= |u — ugy |7 + 2|0 — ugy | < 2(Ju — ugy | + [0 — ugy|r) < 461 = ).

|
COROLLARY 7.22 There exists 61 > 0 such that |u — ug,|r < 01, v — ugy|r < 63
implies

(A + (e™0))TH(e™o - frozy

|(1 — €U7ut°+§(U7ut07(v7Ut0 |r r—2 S (780)

=

1
COROLLARY 7.23 There exists 1 > 0 such that for |u — ug, |, < 01, |v —uy|r < 01

Proof. Set in (7.21) &1 = } - &=, C3 from (7.78). O

1
|Tyu — Tyl < (C- |t7t0|+1)|u7v|r, (7.81)

where C' comes from 7.9.
Proof. This follows immediately from (7.12), (7.13), (7.14), (7.15) and (7.80). O
If we would choose |tp—t| sufficiently small, then the map T; would be contractive.
But this does not make sense since until now we did not define a complete metric space
on which T; acts. This will be the next and last step in our approach. But we will
use the inequality (7.81) in this step.
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PROPOSITION 7.24. Suppose uy, € Q7,1 > 3, Ay, ur, + K(gr,) + €0 = 0. There
exist 8,01 > 0 independent of to such that Ty maps My, 5, = {u € Q7| |u — wy,|r < 01}
into itself for |t — to| < 8. Moreover Ty is contracting.

Proof. We start estimating Tiu — uy,:

|Ttu — Uy, |7‘ = |TtU — Ty ug, |r <
< |Tt’ll, — TtUt0|7- + |Ttut0 - Ttouto|,«. (782)

For |u — uy, | < 61,81 from 7.23,

1
|Tiu — Tyug, | < (C - |t —to| + Z)|u — Uy |-

Hence for [t —to| < &, |u — ugy|r < 01

N

1
(C’~|t—t0|+1)§

and

1 1
|Ttu — Ttuto\r S 5‘“ — ut0|r S 5(51 (783)

It remains to estimate |Tiuy, — Ty, ut, |- But by an easy calculation

Ttuto - Ttouto = _(Agto + (euto'))_l((Agt - A!]to)uto_'_
+K(gt) — K(gt,))-
We are done if for |t — to| < ¢”

|(Ag,, + (€"0) 7 Ay, = Dgtitg|r < 01/4. (7.84)

[(Ag,, + (e"10) T (K (gry) — K (g0))lr < 01/4- (7.85)
The existence of such a §” follows immediately from 7.9, 7.15, (7.74) for (7.84) and
from 7.15, 7.19 for (7.85). Let now 6 = min{d’, §”}. Then we infer from (7.82)-(7.85)

|Ttu — ut0|r < 61,

ie. Ty : My, 5, — My, s, Ty is contractive according to (7.81) since for [t — to| < ¢

|~

1
(C«\t—t0|+1)§

This finishes the existence proof of theorem 7.7 and yields uniqueness in a moving ball
M;s5,,0 <t <1. We prove now the uniqueness in all of 2".

Fix 29 € M? and denote by d(x) = d(z,7) the Riemannian distance. Let
u,v € Q" r > 3, be solutions of

Agu+ K(g) +e* =0.
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We obtain u, v, u — v bounded, C? and

Ag(u—v) =—(e" —e").

There are two cases.

1. u — v achieves its supremum in Uy (zg) = {z|d(z) < 1}. e.g. in 1. Then A(u —
v)(21) > 0, —(e¥®) —ev(@1)) > eul@1) < ev(@1) (y —v)(x1) < 0 of the supreme point
21, hence (u —v)(z) < 0 everywhere, u(z) < v(x).

2. Or we apply Yau’s generalized maximum principle: f € C?,

f@) = fo) _

limsup ————= <
and
L K@@ - )
d(z)—o0 d(l‘)
f(x)2f(=o)

Then there are points (zy)r C M such that klim f(zx) =sup f, klim V f(zx) = 0 and
limsup A f(xy) > 0. See [31] for the proof.

k— o0
In our case f = u—v. Then we have (z)x such that klim (u—v)(zk) = sup(u—v),

klim V(u —v)(zg) = 0, limsup A(u — v)(zx) > 0, hence limsup(e” — e*)(x) > 0,
—00

limsup(v — w)(xg) > 0, limsup(u — v)(zg) < 0, sup(u —v) < 0,u < v everywhere.
Quite similar v < u, i.e. w = v. This finishes uniqueness and the proof of theorem

7.7. O
REMARKS. 1. We had several versions of the proof. But the particular useful

proposal to work with the equation v = (A + equl)_l(—(K + 1)) has been made by

Gorm Salomonsen.

2. A seemingly more direct approach proving § = [0, 1] would amount to prove the

following assertion. Assume t1 < tg < ... < tg,t, — tg, Agto ug, + e*» = 0. Then

a. (ut,), is a Cauchy sequence with respect to | |
b. Ut, — U,
C. Agto Ut —+ K(gfo) —+ e%to = (.

But writing down a straightforward approach proving a., c¢. leads immediately to the
key estimates performed by us.

3. We assumed inf o (Ay,) > 0. This implied inf 6(Ay,) > ¢ > 0,0 <t < 1, which was
of essential meaning for all of our ¢ independent a priori estimates. The assumption
inf 0. (Ag,) > 0 would be redundant if we would know that wu,(z) > a for all ¢ and
x € M. We even proved this fact but in the proof we essentially used inf o.(Ay) > 0.
From u; € Q",r > 3, follows us(x) > infu; for all z € M but it could be that inf u,
with growing ¢ becomes smaller and smaller. Then, if info.(Ag4) = 0, the norm of
(Ay, + (e*:))~! grows and grows. This would destroy the existence proof for the § in
(7.10), (7.11). If inf 6. (Ag,) = O then inf 0. (A4, +€"*) = 1 but this insight would not
help immediately. We could conclude that below 1 there are only isolated eigenvalues
of finite multiplicity. They are > 0 for all ¢. But we are not able - at least until now -
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to prove the existence of a ¢ > 0 such that Amin(Ag, +€") > ¢, 0 <t < 1. The proof
of 7.10 does not work since there we used the convergence A,, — Ay, for t — t*. If
we replace A by A+e" then we must prove u; — wug« for t — ¢* in a certain sense. But
this is more or less equivalent to theorem 7.7 and the natural proof of u; — u;~ would
just use inf o.(Ag,) > 0. Nevertheless it could be possible to drop this assumption.
But then we would have to study very carefully the intimate relation between inf u;,
and

(A, +e“) oot €]tg — &, 10 +£]N[0,1].

4. Now there arises the natural question, do there exist metrics gy with K(gg) =
—1,7n(g90) > 0 and inf 0. (Agy,) > 0 ? The answer is yes. Consider Y-pieces Y}, where
the lengths of the boundary geodesics grow exponentially with k, roughly spoken, and
build an infinite ladder out of them. More precisely we take for k = 1,3,5... Y} to
be the Y-piece with boundary geodesics of length 3* L (L > 0 is a fixed constant) and
Yi+1 the Y-piece with boundary geodesics of lengths 3L, 3L, 3**1L. The two are
pasted together. Built up all ladder ends by each metrically dilated Y-pieces. Then,
using Cheegers constant, one can show that in this case inf o.(Ay,) > 0 in addition
to K = —1 and 74,;(go) > 0. We shortly explain this. If K is any smooth, compact
submanifold of M?,dim K = 2, we set

vol (ON)
vol(N) ’

where N C M \ K is a neighbourhood of the isolated end of £, N dividing ¢ into a
compact and noncompact part (which is an element of ¢). Denote h¢**(g) = sup h<.
K

Then

h*(e) = inf

1

(R < inf o (8, (6)).

See [4] for details. If we construct go as above then h*** > 0. We refer to [7]. O.
We have shown in theorem 7.4 and corollary 3.6 that

comp(go)—1 and comp(go)/comp(1)

have the structure of Hilbert manifolds. Now we are able to state

THEOREM 7.25. Assume go € M(I, Boo) with K(go) = —1, inf 0e(Ay,) > 0,7 >
3. Then comp(go)—1 C M"(I,Bs) and comp(go)/comp(1),comp(1) C PL (g0), are
diffeomorphic manifolds.

Proof. Consider 7 : comp(go) — comp(go)/comp(1) and 7_1 = 7| comp(go)_,- The
latter map is bijective according to theorem 7.7. We are done if we can show that the
differential dw_; is well defined and an isomorphism at any point. Now

Tigicomp(go)/comp(1) = T, comp(go) /Ty(comp(1) - g) =
= {[nl|h € (ST, g)}, [h] = {h + Ag|A € Q"(M)}.

Then, by an easy consideration, dm_1|, is given by h — [h].d7_; is surjective at g if
for any [h] we find a representative h+ \g € Ty comp(go)—1 = ker d(K + 1) = ker dK,
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ie. d(K(g)+1)(h+Ag) = 0. By suitable choice of A, we can assume w.l.o.g. tryh = 0.
Then we have to solve

2A N + 8,05h — AgA + A =0
Agh+ A = —0,04h,

but Ay + 1 is bijective, as we already know. O

If we assume for a moment that D! (go) acts on comp(go), then we can sharpen
7.25 as follows.

LEMMA 7.26. The diffeomorphism w_1 : comp(go)-1 — comp(go)/comp(1) is
DS'H equivariant.

Proof. If Dt acts on comp(go) then on comp(go)_1 too: K(f*) = f*K(g) =
K(g)o f, i.e. K(9) = —1 implies K(f*g) = —1. Furthermore 7_1(f*g) = [f*g] =
frm_i(g). 0

This allows to establish at least formally an isomorphism between

comp(go)—1/Dy ™ and  (comp(go)/comp(1))/ D"
We discuss this in sections 9 and 10.

8. The spaces of almost complex and complex structures for n = 2. In
this section we develop the approach, sketched in section 4 for arbitrary n = 2m, for
n = 2. First we start with arbitrary n = 2m, M™ oriented. Fix any metric g and
r > 1. Then

A" = A"(g) = comp(J;)
iel
is well defined. Here

comp(J)={J € A"||J = J'|4, < o} (8.1)

is a Hilbert manifold. The Hilbert manifold structure can be seen as follows. There
is a real representation GL(m,C) — GL*(2m,R) given by

(A+iB) — (_AB i)

which gives the coset space GL*(2m,R)/GL(m,C). GL(m,C) is just the isotropy

0 In om
L. 0 > on R“™. Let L be the
GL™T(2m,R) principal bundle of frames lying in the fixed orientation. Then the space

A of all almost complex structures is given by

group of the canonical almost complex structure

A= C®(L xap+@mp GLT(2m,R)/GL(m,C)) C C™(T}(M)).

On open manifolds with infinite volume it does not make sense to speak of square
integrable (together with derivatives) sections in A, since such sections do not exist
because det J = 1. C°(T}(M)) is endowed with a canonical uniform structure $4”
generated by the basis £ = {Vs}s>0,
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Vs = {(t,t') € COO(Tll(M))| |t - t,|g,r < 5}

which induces the uniform structure of lemma 4.1 on A thus giving A" = A"(g).
For later applications we do not consider A C C°°(T}(M)) but restrict ourselves to
8A(g) = {7 € A[|(V9)" ]|y < C; foralli}. Then 2 A(g) C L QTY,g) = N7, Q(TY, g).

The elements of % A(g) are the almost complex structures of “bounded geometry”.

Now we restrict for our purposes to n = 2, m = 1. Then J? = —1 if and
only if trJ = 0 and det J = 1. Denote by gOQ(Tll7g)r the completion of ¢ Q(T}, g)
with respect to 4", Let t € % Q(T}, g) and comp(t) C goQ(Tll,g)T its component in
b QT g)r. Then comp(t) =t + Q" (T}, g) is an affine space with Q" (T}, g) as vector
space. If trt ¢ Q" (M, g) then comp(A) does not contain a tensor field s with ¢trs = 0.
Such a component does not contain any almost complex structure. If trt € Q" (M, g)
then ¢r(t +¢') = 0 if and only if trt’ = —trt and for ¢r : comp(t) — Q"(M,g),
tr=1(0) = —tr(t)g} + (U (T}, g) N {tr = 0}) = Q"(T},g) N {tr = 0} which is a closed
linear subspace N of Q" (T}, g) with tangent space Q" (T}, g) N {tr = 0}. Similarly,
if 1 ¢ det(comp(t)) then comp(t) does not contain any almost complex structure.
In the other case M = det™'(1) is a submanifold of comp(t) with TJM = {H €
Q" (T}, g)|tr(JH) = 0}. Hence if trt € Q"(M, g) and 1 € det(comp(t)), then comp(t)
contains a component comp(J) = NNM C comp(t), N and M intersect transversally.
Moreover, tr H = 0 and tr JH = 0 if and only if JH + HJ = 0. The topology of
comp(J) is that induced from comp(t), i.e. we have (8.1).

Since we consider in the sequel only I;OA(g)T we denote this for the sake of brevity
once again with A"(g) but always keeping in mind that we completed a space of
bounded almost complex structures. Then

A'(g) = Zcomp(Ji)

Forming NA"(g), we obtain back all co -bounded smooth almost complex structures. It
i

is an absolutely standard fact that a smooth almost complex structure J is integrable,
i.e. induced from a complex structure ¢ = {(U;, ;)}: if and only if the Nijenhius
tensor N (J) equals to zero, N(J) =0,

N(J)(X,Y) =2{[JX,JY] - [X,Y] - J|X,JY] - J[JX,Y]}.

Denote for general n = 2m by C" all elements J € A" such that N(J) = 0. As well
known, for n =2m =2, N(J) =0 for all J.

9. The action of Dj*'. We consider (M", go), g0 € M(I, By), k > r+1 > F+2,
comp(go) € M"(I,By). Then D5 (gy) = D" (g0) = Dy (comp(go)) is well
defined. We want to show that D! acts on comp(go), i.e. if g € comp(go), f € DT,
then f*g € comp(go). If f € DSH, then there exist vector fields Xi,...,X,,X; €
QH(TM, go) such that

f=expX,o0...0expX;.
More carefully, Xo € Q"1 ((exp X1)*TM, (exp X1)*V¥) and so on, but if f; ~ fo,
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then QU(fiT, V) = QU(f3T, f3V) as equivalent Hilbert spaces, which will be dis-
cussed below. We start with a simple special case, f = exp X, X € Q" (TM, go).
According to (2.3), there exists a sequence X,, € C§°(T'M), X, — X. This implies

P
exp X, — exp X = f in our topology of Dg‘“. Moreover exp X, € C°>°(M, M) N
Dyt Hence (exp X, )*g’ satisfies (I) and (By) for any ¢’ € comp(go) N M(I, By).

We want to estimate (exp X,)*¢’ — ¢’ which needs some explanations.

If E — M is a vector bundle, f = (fg, far) a bundle map, ¢: M — E a section,
then it is for fy; # id impossible to compare ¢ and f*c since they live in different
bundles, ¢ is a section of E — M, f*c a section of f*EF — M. If we must or want
to compare them we must use a canonical equivalence between E and f*FE - if such
an equivalence exists. Consider ¢’ as a section of S?T*, f*¢’ as a section of f*S2T*.
If f=expX,X € Q1(TM,go) """ Q(TM, go), then we have a canonical bundle
equivalence, the parallel displacement of the fibre over exp X along exp sX to exp0.
If go has bounded geometry up to order k£ then this equivalence is also bounded up
to order k. Having this construction in mind, it makes sense to consider for a section
c:M—-T!

ffe—c=(f*—1id)c

or the pointwise operator norm

|f e —cle.

Our considerations generalize to the case where we replace id by some f and exp X is
now defined for X € Q" (f*TM). We proved in [14], p. 284, (4.95) and p. 292, (5.16)
the following key

PROPOSITION 9.1. Assume (M™,g),(N™  h) with (I) and (By),k > r+1 >
242, fe WY M,N), f' =expY,Y € Q"T(f*TN). Then there exist polynomials
R, (Y], |VY],...,|V"Y|) such that

IVE(f* =)o < Ruspp <. (9.1)

Moreover, the R, are square integrable, [ |R,|* < R} (|Y g, ry1), where R}, is a poly-
nomial without constant term. In particular

| = "] gor < 00 (9.2)

and |f* — f™*|gor — 0 if
[Ygo,r+1 — 0. (9.3)
O

COROLLARY 9.2 Under the assumptions of 9.1,

QY f*TN) = QT (f*TN) (9.4)

as equivalent Hilbert spaces. O
After this preparations we are ready to state
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THEOREM 9.3. Assume go € M(I,By), k> 1r+1> 2 +2. Then Dyt (go) acts
on comp(go) C M"(I, By).

Proof. We have to show, g € comp(go), f € Dy imply f*g € comp(go). The
other properties of an action are trivially satisfied. We start with the simplest case
f=expX,X € Q+tY(TM,gy). We know from g € comp(gy) that there exists a
sequence (¢,)y, g, € M(I, Br) Ncomp(go), g — ¢. In particular

‘ |90,7’

|9, — 90|g077" <lgv — g|goﬂ” +1g — QO‘go,r <C (9.5)

for all v. Moreover, according to (2.3), there exists a sequence (X,,),, X, € Cg°(TM),
X, — X. If we define f, := exp X, then f, — f in DSH. Consider the

lgg,r+1

diagonal sequence f*g,. Clearly, f*g, € M(I, By). f¥g, € comp(go) since

|fogv — Gulgor = [(fo —id)gulge.r < |(f) —id)(g0 + gv — G0)lgo.r <
< ‘(f: - id)90|go,r + |(f: - id)(g,, - gO)‘go,r < Q.

The latter follows from

|f;k - 7:d|go7r < R;(‘XV|T+1)7

(2.20) for |ao] = 0 and V9gy =0, (9.5) and the module structure theorem. We would
be done if we could show (exp X, )*g, — (exp X)*g, i.e. |figy — f*glgor — 0. But

lfogv = glgor <10 = F90lgor + 1 (90 — Dlgor <
< |(f: - f*)90|go,r + |(f: - f*)(gv - gO)‘go,r"‘
H(f* = id) (g0 — Dlgor + 190 — Glgo.r- (9.6)

All terms on the right hand side of (9.6) converge to zero for v — co. Now we consider
the general case f € DSH, f=expX,o0...0expX; and write

ff—id=(expX,0...0oexpX1)* — (expXy_10...0expX1)*+
+(expXy—10...0expX;)" — (expXy_20...0expX1)" +...
+(exp Xoexp X1)* — (exp X1)* + (exp X;1)* — id. (9.7

We approximate as above X;, — X, X;, € C*(TM). Then f, =expX,,0...0
90,7

expXi, — expX,0...0expX; - f. Applying the triangle inequality to (9.7) and
the general version (9.1) and its integration we conclude quite similar as in the case
f=expX. O

As we have already seen, the action of Dy (gg) on comp(go) induces an action
of D6+1 on comp(go)—1. Now we state a very nice property of this action.

THEOREM 9.4. The action of Dyt on comp(go)_1 is free.

Proof. Assume f € Dg“,f*g = g for some g € comp(go)—1. We must show
f=idy:. f € DSH implies the existence of a homotopy h:,0 <t < 1,hy = f,hg =
id,hy € Dyt Let m: (M?,§) — (M?,g) be the universal metric covering. Then
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there are liftings ho = id, hy of hy and hy = f covers f. f commutes with the deck-
transformations and hence dist(Z, f(#)) depends only on z = 7(%).

LEMMA 9.5. Assume (M™, g) with nonpositive sectional curvature and with neg-
ative definite Ricci tensor, f as above. If dist(&, f(Z)) obtains an absolute mazimum
at xg € M then f(:io) =g, i.e. f=1id, f=id.

See [25], p. 57-59 for a proof. O

But in our case f = exp X, 0...0exp Xy, hy = exptX, o...exptX;,X; €
QY M, g0), | Xilgw < rinj(M?,g),r +1 > 4, for every € > 0 there exist a compact

set K such that 2| X;| < e outside of K. Hence dist(%, (7)) attains a maximum at
some xg € M. If dist(Zg, f(x0)) = 0, we are done. In the other case we conclude once
again from 9.5 f(Zg) = Zo, i.e. in any case f = id, f = id. In our case g must not

be smooth, but it is C* and into all calculations and considerations of [25], p. 57-59,

enter only second derivatives of g. O
COROLLARY 9.6 Dy acts freely on comp(go)/comp(1).
This follows immediately from 7.25 and 9.4. O

10. The connection between hyperbolic metrics and almost complex
structures. Start with a metric go € M(I,, Bs),K(go) = —1, as in the sections
above. Define an almost complex structure Jy = J(go) as follows. Write the volume
form of gg in local coordinates as

w(go)rda® A dad.

Then
Jo; = J(90)j = *gékﬂ(go)kj,

or in a more invariant form,

Jo=J(g0) = —gy "11(g0)

or

90(X, J(90)Y) = —11(g0) (X, Y).

An easy calculation shows

k i _ _s§7 2 _ -
Joi Jo = =07, ie. Jy = —id,

(V9)J(go) =0 forall i>0

and supl./(g0) . < €' k. J(g0) € oA(gn). Consider now comp(Jy) C A”(go) and
define for g € comp(go)

i.e.
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PROPOSITION 10.1. ¢ has the following properties.
1. ¢ maps comp(gg) C M"(I, Bso) into comp(Jy) C A"(go).
2. g is Hermitian with respect to J(g), i.e. g(J(9)X,J(9)Y) =g(X,Y).
3. ¢(e" - g) = ¢(g)
4. ¢(g1) = ¢(g2) implies g1 = €" - g2, €™ € comp(1).
5. ¢ maps comp(go) onto comp(Jy).
6. ¢ : comp(go) — comp(Jy) is a submersion with ker D = Q"¢(S?*T* g) = {h €
Q"(S*T*, g)|h(x) = p(z) - g(x),p € Q"}.
Proof. 1. There exists a sequence (g,) in comp(go) N M(I, Bs), ¢ — g-

oo~

This implies J(g,) = g, 'ulg,) — g 'ulg) = J(g), ie. if g € comp(go) then

I lgo.r
J(g) € comp(J(go))-
2. This has been proved in [29].
3. ple” - g) = (e"g)tp(e" - g) = e g7 (") p(g) = g7 ulg) = B(9)
4. Assume ¢(g1) = ¢(92), g7 " p(g1) = g5 ' 11(g2). Moreover pu(gs) = €* - u(g1). Hence
e - g; = g; y 92 = e - gi- By assumption |92 - 91|91,r < 00, ie. |eugl - gl‘!h,r =
|(e* — 1)g1]g,,» < oo which is equivalent to |e* — 1|g, » < 00, |e" — 1]gy» < 00. The
other condition for ¢* € comp(1) can be similarly easy proven.
5. Let J € comp(Jy). We have to show that there exists g € comp(go) such that
#(g) = J. There exists a sequence J,, € comp(Jo), J, € % A(go), J, — J. Define

I oo

gv by
9u(X.Y) 1= S (05, Y) + go(Ju X, 1Y), (10.1

Then g, and go are quasi isometric. g, € M(I, By,) follows from J, € % A(go).
Moreover,

1

gv — 9o = 5(90(Ju'7 Ju) - gO(" )) -

- %(QO(JW Ju+) = go(Jo; Jor)) =
- %(go((JV —Jo) (Ju — Jo) )+
+20(Jos (Jy — Jo)-)). (10.2)

Now (V9)igy =0, [y, — Jo|go,r < 00 imply |g, — golge.r < 00, i-€. g, € comp(go). We
additionally infer from (10.2) that (g,), is a Cauchy sequence, g, — g € comp(go).
Forming the limit ¥ — oo in (10.1), we conclude

900 Y) = 500X, Y) + go( X, 1Y), (103

The fact that (10.3) implies ¢(g) = J has been proven in [29].
6. Let h € T, comp(go) with local components h;;. It has been shown in [29], p. 23,
that

(Do(g)(h)); = —[(H — %(W H)I)J)j, H = (). (10.4)
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We conclude from the invertibility of J and (10.4)

ker Do (g) = Q"°(S°T*, g)

which is a closed subspace.
For J € comp(Joy)

HJ=—-JH ifandonlyif trH =0 and H is g-symmetric.

Hence (H — 5(tr H) - I).J runs through all of Ty comp(Jo) = {K|KJ + JK =0} if H
runs through all of {H|tr H = 0}, i.e. D¢ is surjective, ¢ an submersion. O
According to 10.1, 3. and 4., ¢ induces a map ¢ : comp(go)/comp(1), and we just
proved
THEOREM 10.2. The induced map

¢ : comp(go)/comp(1) — comp(Jp),
[9] = —g~ " u(g),

is an isomorphism of Hilbert manifolds. O
THEOREM 10.3. Dyt acts on comp(Jo) from the right as follows:

Jofi= T =N f

Proof. Tt is absolutely trivial that (J - f)% = —id, J - (f1 - fo) = (J - f1) - f2. The
nontrivial fact we must show is that f*J € comp(Jy). We indicate how to do this but
omit the details. There exists a sequence J,, € comp(Jo),J, — J,J, € % A(go).

I loo.r

First we consider the simpler case for f,f = exp X, X € Q"TY(TM, go). Then X =
lim X, X, € Cg°(TM). Set f, = expX,. fiJ, € % A(g) and f3J, € comp(Jp)
since |fyJ, — Julgy,r < 00. It remains to show

fZ‘JulH ffr=J-f

But

f:Jv - f*J =
= [T = D) fos + [o2 T (fox — Fo) + (fik — DT fe (10.5)

We get from [14] estimates that [V f, . g0.2s [V fuslgo.zs |Vifilgo.x are bounded by
integrable polynomials, and |id| for ¢ < r (f. = f« —id 4+ id). Thereafter we use
(Vo)L T = (V) (J = Jo), [y = Jlggr — 0,

|fu*_f*‘go,7' _’Ov‘f;ﬁl_fa:l‘go,r —0 (10~6)

and the module structure theorem thus obtaining |f}J, — f*Jlg» — 0. If f =
exp X, 0...0exp X; then we apply the decomposition (9.7) and proceed in the same
manner. (10.6) is a highly nontrivial result in [14] related to the topology = uniform

structure of Dft. O
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LEMMA 10.4. The diffeomorphism

¢ : comp(go)/comp(1) — comp(Jy)

is Dyt -equivariant.
Proof.

o(f*[g)) = olf "9l = (f*9)'u(f*g) =
=("9) " (f*ul9) = [ (g 1l9) = fo((g))-

U
This yields
THEOREM 10.5. Suppose go € M(I, Bs), K(g0) = —1, info.(Ag) > 0,7 > 3.
Then for comp(go) C M"(I, Bs), comp(1) C P (go) and comp(Jo) C A" (go)

comp(go)—1/Dy ™", (comp(go)/comp(1)) /Dyt comp(Jo) /Dy

are isomorphic topological spaces. O
This justifies the following preliminary
Definition. Each of the spaces

comp(go)—1/Dg ", (comp(go) /comp(1)) /D™, comp(Jo) /Dy

is called the Teichmiiller space

T"(comp(go))

of comp(go).

The main task of Teichmiiller theory consists of describing the topology and
geometry of the Teichmiiller space.

REMARKS. 1. If M? is closed then M"(I, B,), 7", A" consist of one component
and

T"(M?) = M™y /Dy = (M"/P") /Dy = A" /Dyt

In the open case M"(I, By,) consists of uncountably many components. To each
component comp(go) we can attach comp(l) C P (go) and comp(J(go)) C A"(go).
Each component has its own Teichmiiller space and theory.

T (comp(go)) = (comp(go)/comp(1))/Dy*" = comp(Jo) /Dy *

is defined for any component. But in the compact case a nice manifold structure and
explicit charts can be established easily and transparently by means of M_;/ DS“.
Having this in mind, we considered comp(go)—1. But only such components with
comp(go)—1 # ¢ are interesting. Therefore we started with a metric go with K(go) =
—1. Then comp(go)—1 C comp(go) is a Hilbert submanifold as expressed by 7.4.
The isomorphism of comp(go)_1/Dy"" to comp(Jo)/DyT!, ie. to a moduli space
of complex structures could be established only under the additional assumption
infoe(Ag,) > 0. This is in a certain sense natural, at least not strange.
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(comp(go)/comp(1))/Dy T is defined without any hint to partial differential equa-
tions. comp(go)_1/DhT" = (comp(go)/comp(1))/DyT" refers to the moduli space of
a family of partial differential equations, Aju + K(g) +e* = 0,9 € comp(go). This
family must be “good”, which means in our case inf o.(A,,) > 0.

2. It is very easy to give examples of components comp(g) C M" (I, Bs) such

+o0
that comp(g)_1 = ¢. Consider the infinite ladder L? = 4§ T? T? the 2-torus,

—o0
straightly embedded into R?® with periodic curvature K(g). If there would be a met-
ric ¢’ € comp(g) with K(g') = —1 then [|K(g9) — K(¢'|* = o in contradiction to
J1K(9) — K(¢')]* < o for g,¢' in the same component. Nevertheless (L?,g) has a
canonical conformal = complex structure and is, according to the general uniformiza-
tion theorem, pointwise conformally equivalent to a metric go with K(go) = 1. But
go & comp(g), i.e. the conformal factor is not contained in comp(1l). This supports
our procedure: not counting g’'s € M"(I, By) and associated conformal structures
but counting the components comp(gg) with comp(go)—1 # ¢ and counting the me-

trics with K = —1 inside such components. Moreover, in this way we get manifold
structures for comp(go)—1, comp(go)/comp(1), comp(Jy), and, if things are going well,
even for the Teichmiiller spaces. (Il

11. Topology and geometry of the Teichmiiller space. An outlook. The
further procedure concerning topology and geometry of Teichmiiller spaces is indicated
by the compact case and the usual approach to moduli spaces in geometry and global
analysis. The steps are as follows.

1. To show that the orbits under the action of DSH are submanifolds.

2. To prove the existence of a slice.

3. The slice produces charts and a manifold structure.

4. The dimension of this manifold coincides with the dimension of the tangent space
to the slice and is given in the compact case by the index theorem. In the open case
it will be infinite.

5. The geometry of Teichmiiller spaces with respect to the Weil-Petersson metric can
be similarly calculated as in the compact case. In the compact case, the solution of
steps 1-3 is more or less standard, it uses well known theorems of Ebin, Palais and
others and has been successfully been performed by Tromba in [29]. In the open case,
1-3 are totally unclear since the applied theorems of Ebin, Palais are not available.
Hence we have to reestablish some versions of them for our noncompact case.

1. has been already solved by us, the solution is highly nontrivial.

2. The existence of a slice has not yet been completely established. The standard
proofs use the properness of the action of D"*! on M" in the compact case. This is
definitely wrong for open manifolds. But our situation in Teichmitiller theory is much
better. We have to consider only the action of DSH on comp(go)—1. The nonexistence
of a slice would imply the following.

1. The existence of g, — g, g, 9, € comp(go)—1

2. The existence of f, & Uc(id) C DSH, f, € Dy, such that fig, — g.

We would be done if we could derive from 1. and 2. a contradiction. Helpful for
such a contradiction would be the following

THEOREM 11.1. Assume g € comp(go)—1. Then DS'H does not contain any
isometry of g different from id. O

1. and 2. would imply (by a small effort) that ffg — g becomes arbitrarily
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small. then, according to 11.1, we do not have any isometry # id in DSH, on the
other hand we would have outside of U (id) in DS‘H arbitrary good almost isometries,
|frg —glr — 0 for v — oco. If we could sharpen this “almost” contradiction to a
contradiction, we would be done. This problem is under investigation. The assumption
inf 0. (Ag,) > 0 will play once again an essential role.

Theorem 11.1 is already completely proved.

In classical Teichmiiller theory only smooth metrics and smooth diffeomorphisms
have been considered and

T(MQ) = M—I/DO or (M/P)/DQ or A/DO

But in the strong language of global analysis one needs good topologies in M, T, Dy,
A, M _1, good properties of the actions and the implicit function theorem. M", 7",
DSH, A", M" ; have this properties but they contain many nonsmooth elements. For
this reason one would like to apply ILH-theory. This assumes smooth Hilbert mani-
folds, i.e. (Bs). But we started with go € M(I, By ) hence 6.1 - 6.4 are applicable
and we set as in section 6

comp™ (go) = limcomp” (go), comp”(go) = comp(go) C M" (I, Bs),

T

Dy = limDy+!, comp™ (Jo) = lim comp” (J),

T

comp™(go)—1 = limcomp"(go)—1-

s

Then the isomorphisms

comp”(go)—1/Dy =, (comp” (go)/comp” (1)) /DyT! =,

=, compT(JO)/DSJrl

pass into isomorphisms for r = co

comp™(go)—1/D° — (comp™ (go)/comp™(1))/DgF —
= comp™(Jo) /D

These are spaces of smooth elements with an ILH-topology. One now would like to
define

T (comp(go)) := T (comp(go)) := comp™(go)—1/Dg°
& (comp™(go)/comp™(1))/D° = comp™ (Jo)/D5°.

Hence knowledge of all 77 (comp(go)) would imply knowledge of 7°°(comp(go)). We
study the topology and geometry of 7" (comp(go)) in the second part of this paper.
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