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POINCARÉ’S THEOREM AND TEICHMÜLLER
THEORY FOR OPEN SURFACES∗

Jürgen Eichhorn†

Abstract. Let M2 be an open oriented surface the isolated ends of which are trumpets or
half ladders ]∞1 T 2, T 2 the 2-torus. The completed space Mr(I, Bk) of metrics of bounded geometry

splits into components, Mr =
P

i comp(gi). We define for a component comp(g0) with K(g0) ≡
−1, rinj(g0) > 0, inf σe(∆g0 ) > 0 the Teichmüller space T r(comp(g0)) = comp(g0)−1/Dr+1

0 (g0),

where comp(g0)−1 is the submanifold of metrics with K(g) ≡ −1 and Dr+1
0 (g0) is the identity

component of the diffeomorphism group. Thereafter we show T r ∼= (comp(g0)/comp(1))/Dr+1
0

∼=
comp(J0)/Dr+1

0 . Here comp(1) are conformal factors with Sobolev norm |eu − 1|g0,r < ∞ and
J0 = J(g0) is the almost complex structure associated to g0. The first isomorphism is just Poincaré’s
lemma.

MR classification 58D27, 58D17, 58G03

1. Introduction. The definition and the study of Teichmüller spaces for closed
or compact surfaces with boundaries or surfaces with punctures has for a long time
been a frequent topic in geometry and analysis. There are many approaches. First
we must mention Ahlfors in [1] and Bers in [2] which rely heavily on the theory
of quasiconformal maps. Another more geometric fibre bundle approach has been
established by Earle and Eells in [10], [11]. Finally, an approach which relies on
methods of differential geometry and global analysis has been presented by Fischer
and Tromba in [22], [29]. What they are doing is in a certain sense canonical and at
the same time very beautiful. Let M2 be a closed oriented surface of genus p > 1,
M its set of Riemannian metrics, Mr its Sobolev completion, Mr

−1 the submanifold
of metrics g with scalar curvature K(g) ≡ −1,Pr the completed space of positive
conformal factors, Ar the completed space of almost complex structures, Dr+1 the
completed diffeomorphism group, Dr+1

0 ⊂ Dr+1 the component of the identity. Then
Fischer and Tromba define as Teichmüller space

T r(M2) := Ar/Dr+1
0 (1.1)

and prove Dr+1
0 -equivariant isomorphisms

Mr/Pr ∼= Ar (1.2)

and

Mr
−1
∼= Mr/Pr. (1.3)

Hence there are three models for the Teichmüller space:

T r = Ar/Dr+1
0

∼= (Mr/Pr)/Dr+1
0

∼= Mr
−1/Dr+1

0 .

∗ Received December 17, 1997; accepted for publication June 26, 1998.
† Fachbereich Mathematik, Jahnstraße 15a, D-17487 Greifswald, Germany (eichhorn@rz.uni-

greifswald.de).

355



356 jürgen eichhorn

The isomorphism Mr
−1

∼= Mr/Pr is known as Poincaré’s theorem. Thereafter they
prove the existence of a slice for the action of Dr+1

0 on Mr
−1 thus obtaining charts for

a manifold structure on T r. In [29], [30] Tromba proves that T r is diffeomorphic to
an open (6p− 6) -cell and calculates the curvature of the Weil-Petersson metric. The
whole approach uses standard results of global analysis on compact manifolds, such
as the properness of the Dr+1 -action on Mr, the closed image property of elliptic
operators, the discreteness of the spectrum, the index theorem, the maximum principle
and others.

We study Teichmüller spaces for open oriented surfaces of infinite genus M2. At
the beginning it is totally unclear how to define completed spaces Mr, Mr

−1, T r,
Ar, Dr+1. A second striking obstruction is the fact that the used results, e.g. the
properness of the Dr+1 -action and the theorems of elliptic theory are totally wrong.

Nevertheless, the general uniformization theorem tells us that there are many
complex = almost complex structures and metrics of curvature −1, i.e. there should
be a Teichmüller space which “counts” this structures. The main question is how to
count them, how to define a Teichmüller space? In this paper, we present a canonical
and natural approach but under certain restrictions. We restrict ourselves to open
oriented surfaces of the following kind. Start with a closed oriented surface and form
the connected sum with a finite number of half ladders ]∞1 T 2, where T 2 is the 2-
torus. Now we allow the repeated addition of a finite number of half ladders in such a
manner that there arises a surface with at most countably many ends. Surfaces of the
admitted topological type can be built up by Y -pieces which guarantees the existence
of a metric g0 satisfying K(g0) ≡ −1 and rinj(g0) > 0. We exclude metric cusps, but
we admit additionally metric trumpets, i.e. topological punctures. To define Mr we
restrict to metrics of bounded geometry, i.e. metrics g satisfying

(I) rinj(Mn, g) = inf
x∈Mn

rinj(x) > 0,

(Bk) |∇iRg| ≤ Ci, 0 ≤ i ≤ k.

Denote by M(I, Bk) the set of all such metrics on Mn. (I) implies completeness. We
defined in [12] a uniform structure Ur and obtained a completion Mr(I, Bk), r ≤ k.
Mr(I, Bk) has a representation as topological sum

Mr(I, Bk) =
∑

i∈I

comp(gi)

and for k ≥ r > n
2 + 1 each component comp(gi) is a Hilbert manifold. To each g

we adapt a diffeomorphism group Dr+1, k ≥ r + 1 > n
2 + 1. The identity component

Dr+1
0 (g) is an invariant of comp(g). Dr+1

0 acts on comp(g) by (g, f) → f∗g. Similarly
we define a completed space Pr(g) of positive conformal factors.

Pr =
∑

i

comp(eui)

and comp(1) ⊂ Pr(g) is an invariant of comp(g). comp(1) acts on comp(g). If Mn is
compact then Mr = Mr(I, B∞),Mr and Pr consist of only one component, Mr =
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comp(g) for any g,Pr = comp(1). Finally we define a complete space Ar(g) of almost
complex structures,

Ar(g) =
∑

i

comp(Ji).

Return now to M2 of the above topological type. Denote by comp(g)−1 ⊂ comp(g)
the subspace of all metrics g′ ∈ comp(g) such that K(g′) ≡ −1. Then we would define

T r(comp(g)) := comp(g)−1/Dr+1
0

and expect

comp(g)−1
∼= comp(g)/comp(1). (1.4)

But there are simple examples of components comp(g) with comp(g)−1 = φ. Moreover,
we don’t see any chance to prove (1.4) for arbitrary g. To have comp(g)−1 6= φ, we
start with a metric g0 ∈ M(I, B∞) with K(g0) ≡ −1. To g0 we attach an almost
complex structure J0 = J(g0) := g−1

0 µ(g0), where µ(g0) is the volume form. Then we
can summarize our main results in the following

Theorem. Suppose g0 ∈ M(I, B∞),K(g0) ≡ −1, inf σe(∆g0) > 0, r > 3.
Then comp(g0)−1 ⊂ comp(g0) ⊂ M(I, B∞) is a submanifold. There is a Dr+1

0 (g0)
-equivariant isomorphism

comp(g0)−1
∼= comp(g0)/comp(1) ∼= comp(J0). (1.5)

If we define the Teichmüller space T r(comp(g0)) of comp(g0) as

T r(comp(g0)) := comp(J0)/Dr+1
0 (1.6)

then

T r(comp(g0)) ∼= comp(g0)−1/Dr+1
0

∼= (comp(g0)/comp(1))/Dr+1
0 . (1.7)

The first isomorphism in (1.5) is Poincaré’s theorem for the open case. Its proof
occupies the major part of the paper. Moreover, we establish an ILH-version of (1.5)-
(1.7). The paper is organized as follows. In section 2 we recall the main facts concern-
ing spaces of Riemannian metrics and Sobolev spaces needed in this paper. In section
3 and 4 we define the space Pr and Ar of conformal factors and almost complex struc-
tures. Section 5 is devoted to the diffeomorphism group Dr+1 and section 6 contains
the ILH-version of the considered spaces. In section 7 we prove Poincaré’s theorem.
The sections 8, 9, 10 are devoted to the proof of (1.5), (1.7). In the concluding section
11 we announce and discuss results concerning the topology of T r(comp(g0) which are
the topic of an also long paper in preparation.

We remark, there are other approaches to define a universal Teichmüller space
for open surfaces. The advantage of our approach is to couple those metrics resp.
complex structures together which belong in a natural sense together, i.e. are elements
of the same component in the space of metrics of bounded geometry. For each such
component comp(g0)−1/Dr+1

0 , there is a good chance to establish a Hilbert manifold
structure. The only existing gap is a slice theorem, where parts of a slice theorem are
already proven.
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But there are uncountably many components containing complete metrics of cur-
vature −1. Fitting them together in a universal Teichmüller space offers absolutely
no chance to introduce a manifold structure, modeled over a separable Hilbert space
(Sobolev space).

To introduce such a structure and to make Riemannian geometry in the Teich-
müller space is one of the advantages of our approach.

The author is deeply indebted to the Max-Planck-Institut für Mathematik for
hospitality and good working conditions.

2. Spaces of Riemannian metrics of bounded geometry and Sobolev
spaces. Let (Mn, g) be open. Consider the following two conditions (I) and (Bk).

(I) rinj(M) = inf
x∈M

rinj(x) > 0,

(Bk)

|∇iR| ≤ Ci, 0 ≤ i ≤ k,

where rinj(x) denotes the injectivity radius at x and R the curvature.
Lemma 2.1. If (Mn, g) satisfies (I) then (Mn, g) is complete.
See [12] for a proof. ¤
We say (Mn, g) has bounded geometry up to order k if it satisfies (I) and (Bk).

Given Mn open and 0 ≤ k ≤ ∞. Then there always exists g satisfying (I) and (Bk),
i.e. there is no topological obstruction against metrics of bounded geometry of any
order.

Set for given Mn

M(I) = {g|g satisfies (I)},
M(Bk) = {g|g satisfies (Bk)}

and

M(I, Bk) = M(I) ∩M(Bk).

Denote as above for a tensor t and a metric g by |t|g,x its pointwise and by

b|t|g := sup
x∈M

|t|g,x

its supremum norm with respect to g.
Lemma 2.2. g and g′ are quasi isometric if and only if b|g − g′|g < ∞ and

b|g − g′|g′ < ∞. ¤
Let

bU(g) = {g′|b|g − g′|g < ∞ and b|g − g′|g′ < ∞} =
= quasi isometry class of g.

Set for δ > 0, p ≥ 1, r ∈ Z+
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Vδ = {(g, g′) ∈M(I, Bk)n|g′ ∈b U(g) and

|g − g′|g,p,r := (
∫

(|g − g′|pg,x +
r−1∑

i=0

|(∇g)i(∇g −∇g′)|pg,x)dvolx(g))1/p < δ}.

Theorem 2.3. Assume r ≤ k, 1 ≤ p < ∞. Then L = {Vδ}δ>0 is a basis for a
metrizable uniform structure Up,r(M(I, Bk)) on M(I, Bk).

See [12] for the nontrivial proof. ¤

Let Mp
r(I, Bk) = M(I, Bk) endowed with the uniform topology, Mp,r = Mp

r the
completion. If k ≥ r > n

p + 1 then Mp,r still consists of C1-metrics, i.e. does not
contain semi definite elements. This has been proved by Salomonsen in [26]. We
extend the definition above of bU(g) to C1 metrics.

Theorem 2.4. Let k ≥ r > n
p +1, g ∈M(I, Bk), Up,r(g) = {g′ ∈Mp,r(I, Bk)|g′

∈b U(g) and |g − g′|g,p,r < ∞} and denote by comp(g) ⊂Mp,r(I, Bk) the component
of g in Mp,r(I, Bk). Then

comp(g) = Up,r(g) (2.1)

and Mp,r(I, Bk) has a representation as topological sum

Mp,r(I, Bk) =
∑

j∈J

comp(gj), (2.2)

J an uncountable set.
The proof is performed in [12]. ¤
Remarks. 1. If Mn is compact then the set J consists of one element. 2. If

g is non-smooth then there are some small problems to define and to understand
|g − g′|g,p,r for r ≥ 2. In this case one defines (∇g)i := (∇g0 + (∇g − ∇g0))i where
g0 ∈ comp(g) is smooth and fixed chosen. It is easy to see that (∇g0 + (∇g −∇g0))i

makes sense since ∇g0 is a smooth differential operator, ∇g −∇g0 is a distributional
tensor field and (∇g0)i((∇g −∇g0)j) is well defined. We refer to [20] for details. ¤

Let Tu
v be the bundle of u-fold covariant and v-fold contravariant tensors and

define

Ωp
r(T

u
v , g) = {t ∈ C∞(Tu

v )| |t|g,p,r :=

= (
∫ r∑

i=0

|(∇g)it|pg,xdvolx(g))1/p < ∞},

Ω̄p,r(Tu
v , g) = completion of Ωp

r(T
u
v , g) with respect to | |g,p,r,

◦
Ωp,r(Tu

v , g) = comple-
tion of C∞0 (Tu

v ) with respect to | |g,p,r and Ωp,r(Tu
v , g) = all distributional tensor

fields t with |t|g,p,r < ∞. Then

◦
Ωp,r(Tu

v , g) ⊆ Ω̄p,r(Tu
v , g) ⊆ Ωp,r(Tu

v , g).
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Proposition 2.5. Assume g ∈M(I, Bk), r ≤ k + 2. Then

◦
Ωp,r(Tu

v , g) = Ω̄p,r(Tu
v , g) = Ωp,r(Tu

v , g). (2.3)

See [13] for a proof. ¤
Let S2T ∗ be the bundle of twofold covariant symmetric tensors. Ωp,r(S2T ∗, g) is

defined as above.
Theorem 2.6. Assume k ≥ r > n

p + 1, g ∈ M(I, Bk). Then comp(g) ⊂
Mp,r(I, Bk) is a Banach manifold and for p = 2 a Hilbert manifold.

Proof. φ : comp(g) → Ωp,r(S2T ∗, g), φ(g′) = g − g′, is a homeomorphism onto an
open subset of Ωp,r(S2T ∗, g). See [12] for details. ¤

Define

b,m|t|g =
m∑

i=0

sup
x∈M

|∇it|g,x,

b
mΩ(Tu

v , g) := {t ∈ C∞(Tu
v )| b,m|t|g < ∞},

b,mΩ(Tu
v , g) = completion of b

mΩ(Tu
v , g) with respect to b,m| |g and b,m

◦
Ω(Tu

v , g) =
completion of C∞0 (Tu

v ) with respect to b,m| |g. Then b,mΩ(Tu
v , g) = {t|t Cm -tensor

field and b,m|t| < ∞}.
Theorem 2.7. Assume (Mn, g) is open and satisfies (I), (B0). If r > n

p + m,
then there are continuous embeddings

◦
Ωp,r(Tu

v , g) ↪→b,m
◦
Ω(Tu

v , g), (2.4)

Ω̄p,r(Tu
v , g) ↪→b,m Ω(Tu

v , g). (2.5)

If, additionally, (Mn, g) satisfies (Bk(M)), k ≥ 1, k ≥ r, r − n
p ≥ s− n

q , r ≥ s, q ≥ p,
then

Ωp,r(Tu
v ) ↪→ Ωq,s(Tu

v ) (2.6)

continuously.
We refer to [13], [15] for the proof. ¤
Theorem 2.8. Assume (Mn, g) with (I) and (Bk), 0 ≤ r ≤ r1, r2 ≤ k. If r = 0

assume




−n

p
< r1 − n

p1

−n

p
< r2 − n

p2

−n

p
≤ r1 − n

p1
+ r2 − n

p2

1
p
≤ 1

p1
+

1
p2





or





r − n

p
≤ r1 − n

p1

0 < r2 − n

p2

1
p
≤ 1

p1





or





0 < r1 − n

p1

r − n

p
≤ r2 − n

p2

1
p
≤ 1

p2





.

(2.7)
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If r > 0 assume 1
p ≤ 1

p1
+ 1

p2
and





r − n

p
< r1 − n

p1

r − n

p
< r2 − n

p2

r − n

p
≤ r1 − n

p1
+ r2 − n

p2





or





r − n

p
≤ r1 − n

p1

r − n

p
≤ r2 − n

p2

r − n

p
< r1 − n

p1
+ r2 − n

p2





. (2.8)

Then the tensor product of tensor fields defines a continuous bilinear map

Ωp1,r1(Tu
v )× Ωp2,r2(Tu′

v′ ) → Ωp,r(Tu
v ⊗ Tu′

v′ ). (2.9)

Idea of proof. We indicate the proof for Tu
v = M × R. Assume u ∈ Ωp1,r1(M),

v ∈ Ωp2,r2(M). We are done if we can show

|∇i(u · v)|p,0 ≤ C · |u|p1,r1 · |v|p2,r2 , 0 ≤ i ≤ r,

or
|∇ju⊗∇i−jv)|p,0 ≤ C · |u|p1,r1 · |v|p2,r2 , 0 ≤ j ≤ i ≤ r.

(2.8) follows from Hölder’s inequality if e.g. in the case r > 0 1
p ≤ 1

p1
+ 1

p2
and





r − n

p
< r1 − n

p1

r − n

p
< r2 − n

p2

r − n

p
≤ r1 − n

p1
+ r2 − n

p2





or





r − n

p
≤ r1 − n

p1

r − n

p
≤ r2 − n

p2

r − n

p
< r1 − n

p1
+ r2 − n

p2





.

¤
Quite analogously to Tu

v one defines for Riemannian vector bundles (E, h,∇h) →
M Sobolev spaces Ω̄p,r(E,∇) and b,mΩ(E,∇). (Bk(E)) means |(∇h)iRh| ≤ Ci, 0 ≤
i ≤ k. Then 2.8 generalizes to

Theorem 2.9. Assume (Mn, g) with (I), (Bk), (Ei, hi,∇i) → M with (Bk), i =
1, 2. Assume 0 ≤ r ≤ r1, r2 ≤ k and p, p1, p2 as in 2.8. Then there exists a continuous
embedding Ωp1,r1(E1,∇1)⊗Ωp2,r2(E2,∇2) ↪→ Ωp,r(E1 ⊗E2,∇1 ⊗∇2). The assertion
generalizes to a finite number of bundles.

We refer to [15] for the proof. ¤
Remarks.
1. A special case for E is Tu

v . Here (Bk(M)) automatically implies (Bk(E)).
2. For p1 = p2 = q = 2, r ≥ r̄, r > n

2 , 2.8 implies a bilinear continuous map

• : Ω2,r(M)× Ω2,r̄(M) → Ω2,r̄(M) (2.10)

In particular Ω2,r(M) becomes a ring for r > n
2 .

3. (2.4) - (2.6) hold for Ωp,r(E),b,m Ω(E) correspondingly.
4. Mp,r−1(I, Bk) is still well defined since k ≥ r > n

p + 1 implies r − 1 > n
p . ¤

A question, which is in the main section 7 of extraordinary meaning, is the in-
variance of Sobolev spaces under certain changes of the metric and their definition by
other differential operators.
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Theorem 2.10. Assume k ≥ r > n
p +1, g0 ∈M(I, Bk). Then Ωp,r(Tu

v , g0) is an
invariant of comp(g0) ⊂ Mp,r−1(I, Bk), i.e.

Ωp,r(Tu
v ,∇g0 , g0) ∼= Ωp,r(Tu

v ,∇g, g) (2.11)

as equivalent Banach spaces.
Proof. We have for the pointwise norm | |g0 ∼ | |g since g0 and g are continuous

and quasi isometric. Writing

∇g = ∇g0 + (∇g −∇g0) (2.12)

and assuming the definition above of bU(g) to C1 metrics, we obtain for a tensor field
τ a pointwise estimate

|(∇g)iτ | ≤ P (|∇g0)j1(∇g −∇g0)|, |(∇g0)jkτ |), (2.13)

where P is a polynomial in the indicated variables, j1 ≤ r − 1, j1 + j2 ≤ i, and each
monomial satisfies the condition of the module structure theorem and has at least one
|(∇g0)jkτ | as factor. Hence we obtain after p− th power and integration

|τ |g,p,r ≤ C1|τ |g0,p,r (2.14)

and, for symmetry reasons

|τ |g0,p,r ≤ C2|τ |g,p,r, (2.15)

Ci = Ci(g, g0). See [14] for details. ¤
We remark that in (2.12) - (2.15) we do not really need g smooth. This follows

from the remarks after 2.4. In section 7 we consider a slightly more general situation,
g ∈ comp(g0), gt = g0 + t(g − g0) = g0 + th ∈ comp(g0). Then the constants C1, C2

in (2.14), (2.15) will depend on t, Ci = Ci(g0, gt). We need in section 7 the existence
of constants Ci independent of t which we will now prove. Now and in the sequel we
often denote constants in different contexts by the same letter where we are convinced
that no confusion will arise.

First, there exist by assumption constants C1, C2, 0 < C1 ≤ 1 ≤ C2,

C1g0 ≤ g ≤ C2g0 (2.16)

which implies

C1g0 ≤ (1− t)g0 + tg ≡ gt ≤ C2g0, (2.17)

and
C ′1det g0 ≤ det gt ≤ C ′2det g0 (2.18)

C ′′1 g−1
0 ≤ g−1

t ≤ C ′′2 g−1
0 . (2.19)
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Lemma 2.11. If (Mn, g) satisfies (I) and (Bk) and U = {(Uα, φα)}α is a uni-
formly locally finite cover by normal charts, then there exist constants Cβ , C ′β , C ′γ , β,
γ multiindexes, such that

|Dβgij | ≤ Cβ , |Dβgij | ≤ C ′β , |β| ≤ k, |DγΓm
ij | ≤ C ′γ , |γ| ≤ k − 1, (2.20)

all constants independent of α.
See [17] for a proof. ¤
Corollary 2.12 Let g0 ∈ M(I, Bk), g ∈ comp(g0) ⊂ Mr(I, Bk), k ≥ r > n

p +
1,U = {Uα, φα)}α an atlas of normal charts with respect to g0 as above. Then, with
respect to U,

|Dβgij
t | ≤ C, |β| ≤ 1. (2.21)

Proof. This follows from the definition of gij
t , (2.19), (2.20), g ∈ comp(g0), gt =

g0 + t(g − g0) and b,1|g − g0|g0 < ∞. ¤
Proposition 2.13. Assume g0, g, k, r as above. Then there exists a constant

C = C(g0, g) independent of t such that

|∇g0 −∇gt |g0,r−1 ≤ C. (2.22)

Proof. Pointwise

|∇g0 −∇gt | = |Γi
jm(g0)− (Γi

jm(g0) +
t

2
gil

t (hej;m + hem;j + hjm;e))|,

where ;m = ∇g0
m , h = g − g0. This and (2.20) for g0, (2.21) imply

|∇g0 −∇gt | ≤ C0 · t · |∇h| ≤ C0|∇h|. (2.23)

Write [h] = (hej;m + hem;j + hjm;e). Then ∇g0(∇g0 − ∇gt) = t∇g0gil
t [h] = t(∇gt +

(∇g0 −∇gt))gil
t [h] = t{gie

t ∇gt [h] + (∇gt −∇g0)gie
t [h]}, i.e.

∇g0(∇g0 −∇gt)| ≤ C · |∇gt [h]|+ C0 · C · |∇h|2. (2.24)

But

|∇gt [h]| ≤ |∇g0 [h]|+ |(∇gt −∇g0)[h]| ≤ C ′|∇2h|+ C0 · C ′′ · |∇h|2. (2.25)

We infer from (2.24), (2.25)

|∇g0(∇g0 −∇gt)| ≤ C2(|∇h|2 + |∇2h|)
An easy induction quite similar to [12], [14] yields

|(∇g0)i(∇g0 −∇gt | ≤ Pi(|∇j1h|jh), (2.26)

where Pi is a polynomial in the indicated variables and the monomials satisfy the
conditions of the module structure theorem, in particular j1 + j2 ≤ i + 1 ≤ r. (2.26)
implies after p− th power and integration (2.22). ¤
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Rewriting ∇gt(∇g0 − ∇gt) = (∇gt − ∇g0)(∇g0 − ∇gt) +∇g0(∇g0 − ∇gt) and so
on (cf. [12]) and using (2.22) and its proof, we conclude

|∇g0 −∇gt |gt,r−1 ≤ C ′, (2.27)

C ′ independent of t.
Corollary 2.14 Assume g0, g, k, r as above. Then

Ωp,v(Tu
v , g0) ∼= Ωp,r(Tu

v , gt), (2.28)

| |g0,p,r ≤ C1 · | |gt,p,r (2.29)

| |gt,p,r ≤ C2 · | |g0,p,r (2.30)

which constants Ci = Ci(g0, g) independent of t. This follows from (2.13) for the pair
g0, gt and (2.26), (2.27). ¤

Until now we considered Sobolev spaces based on the covariant derivative ∇g0 ,
Ωp,r(Tu

v , g0) = Ωp,r(Tu
v ,∇g0 , g0). For r even there is another definition of Ωp,r based

on 1,∆,∆2, . . . ,∆r/2, ∆ = ∆g0 = (∇g0)∗∇g0 ,

|τ |g0,p,r = (
∫ r/2∑

i=0

|∆iτ |pg0,xdvolx(g0))1/p.

Theorem 2.15. Assume (I), (Bk) for (M, g0), k ≥ r, r even. Then

Ω2,r(M,∇g0 , g0) ∼= Ω2,r(M, ∆g0 , g0) (2.31)

as equivalent Hilbert spaces.
We refer to [5] for a proof. The main part is that the local Garding’s inequality

associated with U = {Uα}α has constants independent of α. The proof given in [9],
[13] contains a mistake. ¤

There are several techniques to define Ω2,r(M, ∆g0 , g0) for odd r too, e.g. inter-
polation techniques. (2.31) and its proof, (2.26) - (2.30) imply

Theorem 2.16. Assume (Mn, g0) with (I) and (Bk), k ≥ r > n
2 + 1, g ∈

comp(g0) ⊂Mr(I, Bk), r even. Then

Ω2,r(Tu
v ,∆g0 , g0) ∼= Ω2,r(Tu

v ,∇g0 , g0) ∼=
∼= Ω2,r(Tu

v ,∇gt , gt) ∼= Ω2,r(Tu
v ,∆gt , gt) (2.32)

as equivalent Hilbert spaces with constants independent of t. ¤
Assume g0 ∈M(I, Bk) and let U = {Uα, φα)}α be a uniformly locally finite atlas

of normal charts with respect to g0 and with radius of Uα = c < rinj(g0), {ψα}α

an associated partition of unity with |∇iψα| ≤ Ci, 0 ≤ i ≤ k + 2. Then, using local
Euclidean derivatives, we can define for r ≤ k Sobolev spaces Ωr(Tu

v ,U, {ψα}α, g0).
Theorem 2.17.

Ωr(Tu
v ,U, {ψα}α, g0) ∼= Ωr(Tu

v ,∇g0 , g0) (2.33)
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as equivalent Hilbert spaces.
The proof follows from 2.11. ¤
3. The space of bounded conformal factors. We now define the space

of bounded conformal factors adapted to a Riemannian metric g. Later we assume
additionally g ∈M(I, Bk). Let

Pm(g) = {ϕ ∈ C∞(M)| inf
x∈M

ϕ(x) > 0, sup
x∈M

ϕ(x) < ∞, |∇iϕ|g,x ≤ Ci, 0 ≤ i ≤ m}

and set for r ≤ m, r > n
p + 1

Vδ = {(ϕ,ϕ′) ∈ Pm(g)2| |ϕ− ϕ′|g,p,r :=

= (
∫ r∑

i=0

|(∇g)i(ϕ− ϕ′)|pg,xdvolx(g))1/p < δ}.

Proposition 3.1. L = {Vδ}δ>0 is a basis for a metrizable uniform structure.
We omit the very simple proof. ¤

Let P̄p
m,r(g) be the completion,

C1P = {ϕ ∈ C1(M)| inf
x∈M

ϕ(x) > 0, sup
x∈M

ϕ(x) < ∞}

and set

Pp,r
m (g) = P̄p

m,r ∩ C1P.

Pp,r
m is locally contractible, hence locally arcwise connected and hence components

coincide with arc components. Let

Up,r
m (ϕ) = {ϕ′ ∈ Pp,r

m (g)| |ϕ− ϕ′|g,p,r < ∞}
and denote by comp(ϕ) the component of ϕ in Pp,r

m (g).
Theorem 3.2. For ϕ ∈ Pp,r

m (g),

comp(ϕ) = Up,r
m (ϕ) (3.1)

and Pp,r
m (g) has a representation as topological sum

Pp,r
m (g) =

∑

i∈I

comp(ϕi). (3.2)

The proof of (3.1), (3.2) is quite similar to that of (2.1) and (2.2) which is per-
formed in [12]. ¤

The function identically to 1 is an element of all Pm(g), 0 ≤ m < ∞. Write compp,r
m (1, g)

for the component of 1 in Pp,r
m (g). Assume k ≥ r > n

p + 1.
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Proposition 3.3. compp,r
m (1, g) is an invariant of comp(g) ⊂Mp,r(I, Bk), i.e.

compp,r
m (1, g) = compp,r

m (1, g′) (3.3)

for g′ ∈ comp(g).
Proof. We assume without loss of generality g and g′ smooth. If not, then we

apply the remark 2 after 2.4 and proceed as usual. The proof of 3.3 is quite analogous
to that of 2.10. We present it here for completeness. Set ∇ = ∇g,∇′ = ∇g′ and let
ϕ ∈ compp,r

m (1, g). Then ϕ ∈ C1 (since k ≥ r > n
p + 1) and

|ϕ− 1|g,p,r = (
∫ r∑

i=0

|∇i(ϕ− 1)|pg,xdvolx(g)|1/p < ∞. (3.4)

We have to show

|ϕ− 1|g′,p,r < ∞. (3.5)

The pointwise norms |∇′i(ϕ− 1)|g,x and |∇i(ϕ− 1)|g′,x are equivalent since g and g′

are quasi isometric and we simply write | |x ≡ | |. Then

|∇′(ϕ− 1)| ≤ |∇′ −∇| |ϕ− 1|+ |∇(ϕ− 1)|, (3.6)

|∇′2(ϕ− 1)| ≤ |(∇′ −∇)(∇′ −∇)ϕ|+ |(∇′ −∇)∇ϕ|+
+ |∇(∇′ −∇)ϕ|+ |∇2ϕ| ≤
≤ C(|∇′ −∇|2|ϕ|+ |∇′ −∇||∇ϕ|+ |∇(∇′ −∇)||ϕ|+ |∇2ϕ|).

(3.7)

A more general formula for |∇′i(ϕ− 1)| estimating this by products of the kind

|∇n1(∇′ −∇)| . . . |∇ns−1(∇′ −∇)||∇ns(ϕ− 1)| (3.8)

has been established in [12]. Using (2.1) and the module structure theorem for Sobolev
spaces, we obtain

(
∫

(∇n1(∇′ −∇)| . . . |∇ns−1(∇′ −∇)||∇ns(ϕ− 1)|)pdvol)1/p < ∞ (3.9)

and (3.9) can be estimated by the Sobolev norms of ∇′ − ∇ and ϕ − 1. Hence
ϕ ∈ comp,r

m (1, g′), compp,r
m (1, g) ⊆ compp,r

m (1, g). In the same manner we establish
the other inclusion. ¤

Remarks. Proposition 3.3 does not hold for an arbitrary component compp,r
m (ψ, g),

ψ ∈ Pm(g), since ψ ∈ Pm(g) does for j > 2, j ≤ r ≤ m not imply ψ ∈ Pm(g′). The
latter follows from the fact that we have

∫
|∇j(∇′ −∇)|pdvol < ∞

but not necessarily

supx∈M |∇j(∇′ −∇)|x < ∞.
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¤
In the sequel we restrict ourselves to the case p = 2 and write Ω2,r ≡ Ωr,

M2,r(I, Bk) ≡ Mr(I, Bk), P2,r
m (g) ≡ Pr

m(g), | |g,2,r = | |g,r. Next we indicate
the structure of Pr

m(g).
Theorem 3.4. Under multiplication Pr

m(g) is a Hilbert-Lie group.
Sketch of proof. It follows immediately from the definition, the product and quo-

tient rule and the module structure theorem that Pr
m(g) is a group. L = {Uδ}δ > 0,

Uδ = {ϕ ∈ Pr
m(g)| |ϕ− 1|g,r < δ},

is a filter basis centred at 1 ∈ Pr
m(g) that satisfies all axioms for the neighbourhood

fiber of 1 of a topological group. Hence Pr
m(g) is a topological group (cf. [3]). Finally,

Uδ is homeomorphic to an open ball in Ω2,r(M) for δ > 0 sufficiently small and has
the structure of a local real Lie group. Hence Pr

m(g) is a Hilbert-Lie group. ¤
Assume as always k ≥ r > n

2 + 1, g ∈ M(I, Bk) and consider compr
k+2(1) ⊂

Pr
k+2(g), comp(g) ⊂Mr(I, Bk).

Proposition 3.5. a. There is a well defined action

compr
k+2(1)× comp(g) → comp(g)

(ϕ′, g′) → ϕ′ · g′.
b. The action is smooth, free and proper.

Proof. Let ϕ′ ∈ compr
k+2(1) ⊂ Pr

k+2(g), g′ ∈ comp(g). We have to show ϕ′ ·
g′ ∈ comp(g). There exist sequences ϕν −→

| |g,r

ϕ′, gν −→
| |g,r

g′, ϕν ∈ compr
k+2(1) ⊂

Pk+2(g), gν ∈ comp(g) ∩M(I, Bk). Then, according to [8], p. 47, Theorem 4.7 and
the fact, that gν satisfies (I) and ϕν ∈ Pk+2(g), we conclude ϕν · gν satisfies (I).
From [23], p. 90 follows that Rgν −Rϕν ·gν = sum of terms each of them has bounded
derivatives up to order k. Using ∇gν − ∇ϕν ·gν = sum of terms each of them has
bounded derivatives up to order k + 1, we see finally that ϕν · gν satisfies (Bk), i.e.
gν ∈M(I, Bk), ϕν ∈ comp(1) ⊂ Pk+2(g) imply ϕν · gν ∈M(I, Bk). Moreover,

ϕν · gν − g = ϕν(gν − g) + (ϕν − 1)g, ϕν = ϕν − 1 + 1

immediately implies |ϕνgν − g|g,r < ∞, ϕν · gν ∈ comp(g). We conclude from

ϕν · gν − ϕ′ · g′ = (ϕν − ϕ′)gν + ϕ′(gν − g′),

gν = (gν − g′) + (g′ − g) + g,

ϕ′(gν − g′) = (ϕ′ − 1)(gν − g′) + (gν − g′)

and the module structure theorem

|ϕ′g′ − g|g,r < ∞, ϕ′ · g′ ∈ comp(g).

b. The smoothness of the action follows from the fact that locally comp(1) and comp(g)
can be treated as linear spaces. ϕ′ · g′ = g′ implies ϕ′ ≡ 1. If

ϕν · g′ → h (3.10)
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in comp(g), i.e. with respect to | |g,r, then we have also C1-convergence according
to the Sobolev embedding theorem, explicitly

ϕν(x) → hx(vx, vx)
g′x(vx, vx)

≡ ϕ(x) (3.11)

pointwise. It is now very easy to infer from (3.10), (3.11) that ϕν → ϕ w.r.t. | |g,r.
¤

Corollary 3.6. a. The orbits compr
k+2(1) · g′ ⊂ comp(g) are smooth submani-

folds of comp(g).
b. The quotient space comp(g)/compr

k+2(1) is a smooth manifold.
c. The projection π : comp(g) → comp(g)/compr

k+2(1) is a smooth submersion
and has the structure of a principal fibre bundle. ¤

comp(g) has as tangent space at g′ ∈ comp(g) Tg′comp(g) = Ωr(S2T ∗, g′) ∼=
Ωr(S2T ∗, g), where S2T ∗ are the symmetric 2-fold covariant tensors. There is an
L2-orthogonal splitting

Tg′comp(g) = Ωr,c(S2T ∗, g′)⊕ Ωr,T (S2T ∗, g′), (3.12)

where

Ωr,c(S2T ∗, g′) = {h ∈ Ωr(S2T ∗, g′)|h(x) = p(x) · g′(x), p ∈ Ωr(M, g′)|
and

Ωr,T (S2T ∗, g′) = {h ∈ Ωr(S2T ∗, g′)|trg′h = 0}.
The decomposition (3.12) is given by

h =
1
n

(trg′h) · g′ + (h− 1
n

(trg′h)g′).

See [29] p. 19 for further details.
Corollary 3.7. For [g′] = compr

k+2(1) · g′

Tg′′(compr
k+2(1) · g′) = Ωr,c(S2T ∗, g′′) (3.13)

and

T[g′]comp(g)/compr
k+2(1) = Ωr,T (S2T ∗, g′). (3.14)

¤
4. The space of almost complex structures. Consider M2m open, oriented,

with some fixed Riemannian metric g. Denote by Ω(Aut TM) ≡ C∞(Aut TM) ⊂
Ω(T 1

1 (M)) ≡ C∞(T 1
1 ) the set of all smooth automorphisms of TM covering idM .

A = {J ∈ Ω(Aut TM)|J2 = −idTM , J compatible with the fixed orientation}
is the subset of almost complex structures. Here J is compatible with the fixed orienta-
tion if each basis of the kind X1, . . . , Xm, JX1, . . . , JXm gives the fixed orientation. g
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induces a metric connection ∇g on T 1
1 . Assume g with (I) and (Bk), k ≥ r > n

2 +1, δ >
0 and set

Vδ = {(J, J ′) ∈ A2| |J − J ′|g,r < δ}.
Lemma 4.1. L = {Vδ}δ>0 is a basis for a metrizable uniform structure. ¤
Denote by Ar = Ar(g) the completion.
Proposition 4.2. Ar(g) has a representation as a topological sum

Ar =
∑

i∈I

comp(Ji) (4.1)

where the component comp(J) is given by

comp(J) = {J ′ ∈ Ar| |J − J ′|g,r < ∞}. (4.2)

¤
Proposition 4.3. Each component has the structure of a Hilbert manifold of

class k − r.
Proof. Ar can be considered as the space of sections of a bundle B → M with fibre

GL+(2m,R)/GL(m,C), where B can be endowed with a metric of bounded geometry
of order k − 1 associated to the Sasaki metric on TM . Then the result follows from
[14]. ¤

Remarks. For dimM = 2, we give below another equivalent description. ¤
Proposition 4.4. Ar(g) is an invariant of comp(g) ⊂Mr(I, Bk), i.e. for g′ ∈

comp(g),

Ar(g) = Ar(g′). (4.3)

¤
5. Diffeomorphism groups on open manifolds. Let (Mn, g), (Nn′ , h) be

open, satisfying (I) and (Bk) and let f ∈ C∞(M, N). Then the differential df =
f∗ = Tf is a section of T ∗M ⊗ f∗TN . f∗TN is endowed with the induced connection
f∗∇h. The connections ∇g and f∗∇h induce connections ∇ in all tensor bundles
T q

s (M) ⊗ f∗Tu
v (N). Therefore, ∇mdf is well defined. Assume m ≤ k. We denote by

C∞,m(M, N) the set of all f ∈ C∞(M, N) satisfying

b,m|df | =
m−1∑

i=0

sup
x∈M

|∇idf |x < ∞.

Let Y ∈ Ω(f∗TN) ≡ C∞(f∗TN). Then Yx can be written as (Yf(x), x) and we define
a map gY : M → N by

gY (x) := (exp Y )(x) := exp Yx := expf(x)Yf(x).

Then the map gY defines an element of C∞(M, N). More generally we have:
Proposition 5.1. Assume m ≤ k and b,m|Y | =

∑m
i=0 sup

x∈M
|∇iY |x < δN <

rinj(N), f ∈ C∞,m(M, N). Then
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gY ≡ exp Y ∈ C∞,m(M, N).

We refer to [14] for a proof. The main point is, that one shows

|∇µd exp Y | ≤ Pµ(|∇idf |, |∇jY |), i ≤ µ, j ≤ µ + 1, (5.1)

where the Pµ are certain universal polynomials in the indicated variables without
constant term and each term has at least one |∇jY |, 0 ≤ i ≤ µ + 1, as a factor. ¤

Now consider manifolds of maps in the Lp-category. According to the Sobolev em-
bedding theorem, for r > n

p + s, Y ∈ Ωp,r(f∗TN) arbitrary, there exists a constant D

such that

b,s|Y | ≤ D · |Y |p,r, (5.2)

where |Y |p,r = (
∫ ∑r

i=0 |∇iY |pdvol)1/p. Set for δ > 0, δ · D ≤ δN < rinj(N)/2,
1 ≤ p < ∞, k ≥ m ≥ r > n

p + 1

Vδ = {(f, g) ∈ C∞,m(M, N)2| there exists a Y ∈ Ωp
r(f

∗TN) such that

g = gY = exp Y and |Y |p,r < δ}.
Theorem 5.2. L = {Vδ}0<δ<rinj(N)/2D is a basis for a metrizable uniform struc-

ture Up,r(C∞,m(M, N)).
The proof essentially uses several iterated estimates of type (5.1) and others,

where the arising polynomials Pµ, Qµ are p-integrable. It is rather complicated, occu-
pies 40 pages and is performed in [14]. ¤

Let mΩp,r(M, N) be the completion of C∞,m(M, N) with respect to this uniform
structure. From now on we assume r = m and denote Ωp,r(M, N) ≡r Ωp,r(M, N).

Theorem 5.3. Let (Mn, g), (Nn′ , h) be open, satisfying (I) and (Bk), r ≤ k,
1 ≤ p < ∞, r > n

p + 1. Then each component of Ωp,r(M, N) is a Ck+1−r -Banach
manifold, and for p = 2 it is a Hilbert manifold.

We refer to [14] for the proof. ¤

Let (Mn, g) be open, satisfying (I) and (Bk), k, p, r as above. Set

Dp,r(g) = {f ∈ Ωp,r(M, M)|f is injective, surjective,

preserves orientation and |λ|min(df) > 0}.
Here |λ|min(df) is defined as follows. Fix at any point x ∈ M the class of orthonormal
bases. Let e1, . . . , en ∈ TxM and f1, . . . , fn ∈ Tf(x)M be such bases. df |x now can
be described as a nonsingular matrix. λi(df) are defined as the diagonal elements of
the Jordan normal forn. |λ|min(df)x is the smallest absolute value of the λi’s. It is
invariant defined, i.e. it does not depend on the choice of the orthonormal bases since
the Jordan normal form of a matrix is a similarity invariant.
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Theorem 5.4. Dp,r is open in Ωp,r(M, M); in particular, each component is a
Ck+1−r -Banach manifold, and for p = 2 it is a Hilbert manifold. ¤

Theorem 5.5. Assume (Mn, g), k, p, r as above.
a. Assume f, g ∈ Dp,r, g ∈ comp(idM ) ⊂ Dp,r. Then g◦f ∈ Dp,r and g◦f ∈ comp(f).
b. Assume f ∈ comp(idM ) ⊂ Dp,r. Then f−1 ∈ comp(idM ) ⊂ Dp,r.
c. comp(idM ) is a metrizable topological group.

We refer to [14] for the proof. ¤

Denote Dp,r
0 ≡ comp(idM ).

Theorem 5.6. (α -lemma). Assume r ≤ k, r > n
p + 1, f ∈ Dp,r. Then the right

multiplication αf : Dp,r
0 → Dp,r, αf (g) = g ◦ f , is of class Ck+1−r.

Theorem 5.7. (ω-lemma). Let k + 1− (r + s) > s, f ∈ Dp,r+s
0 , r > n

p + 1. Then
the left multiplication ωf : Dp,r → Dp,r, ωp(g) = f ◦ g, is of class Cs.

The proofs are performed in [19]. ¤

We defined for C∞,m a uniform structure Up,r. Consider now

C∞,∞(M, N) = ∩mC∞,m(M, N).

Then we have an inclusion

i : C∞,∞(M, N) → C∞,m(M, N)

and
i× i : C∞,∞(M, N)2 → C∞,m(M, N)2,

hence a well defined uniform structure U∞,p,r = (i×i)−1Up,r (cf. [28], p. 108-109). Af-
ter completion we obtain once again the manifolds of mappings Ω∞,p,r(M, N), where
f ∈ Ω∞,p,r(M, N) if and only if for every ε > 0 there exists an f̃ ∈ C∞,∞(M, N) and a
Y ∈ Ωp,r(f̃∗TN) such that f = exp Y and |Y |p,r ≤ ε. Moreover, each connected com-
ponent of Ω∞,p,r(M, N) is a Banach manifold and TfΩ∞,p,r(M, N) = Ωp,r(f∗TN).
In the notation above Ω∞,p,r ≡ ∞Ωp,r. As above we set

D∞,p,r(M, g) = {f ∈ Ω∞,p,r(M, M)|f is injective, surjective,

preserves orientation and |λ|min(df) > 0}.
We assume p = 2 and write

Ω∞,r(M, N) ≡ Ω∞,p,r(M, N)

and
D∞,r(M, g) ≡ D∞,2,r(M, g).

The only difference between our former construction and the new one is the fact that
the spaces Ω∞,r are based on maps which are bounded up to arbitrary high order.
For compact manifolds we have

C∞(M, N) = C∞,r(M, N) = C∞,∞(M, N),Ω∞,r(M, N) = Ωr(M, N)

and D∞,r(M, g) = Dr(M, g) for all r. For open manifolds we have strong inclusions
C∞,∞ ⊂ C∞,r and D∞,r ⊂ Dr. It is very easy to construct a diffeomorphism f ∈
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C∞,1(R,R) such that f /∈ C∞,2(R,R). This supports the conjecture that the inclusion
Dr+s ↪→ Dr, s ≥ 1, is not dense. We settle this question in a forthcoming paper. The
space D∞,r+s is densely and continuously embedded into D∞,r. This follows easily
from the corresponding properties for Sobolev spaces. The components of the identity
have special nice properties:

Proposition 5.8. Assume the conditions for defining Dr. Then

D∞,r
0 = Dr

0. (5.3)

Proof. Let f ∈ Dr
0. Given any δ < rinj/D, there exist vector fields X1, . . . , Xm ∈

Ωr(TM), |Xµ|r < δ, µ = 1, . . . ,m, f = expXm ◦ . . . ◦ expX1,
b,1 |X| ≤ D|X|r. We

are done if we can show that for X ∈ Ωr(TM), |X|r < δ and given ε > 0 there
exists a diffeomorphism fX ∈ C∞,∞ and Y ∈ Ωr(f∗XTM) = Ωr(TM) with |Y |r < ε
such that expX = exp Y ≡ expfX

Y ◦ fX . But this is very easy. For ε1 arbitrary
small, there exists a smooth vector field Y1 ∈ C∞0 (TM) with compact support such
that |X − Y1|r < ε1. Choosing ε1 sufficiently small, there exists a unique vector
field Y ∈ Ωr((exp Y1)∗TM) such that exp Y ≡ expexp Y1Y ◦ exp Y1 = expX and
|Y |r ≤ Qr(ε1), where Qr is a polynomial without constant term. This follows from the
geodesic triangle argument of [14]. Hence, for ε1 sufficiently small we have |Y |v < ε.
We set fX = exp Y1. For f = expXm ◦ . . . ◦ expX1 we apply the techniques of the
proof for Dr

0 being a group of [14] and obtain for any given small ε > 0 a representation
f = expf̃Y ◦ f̃ with f ∈ C∞,∞, Y ∈ Ωr(f̃∗TM), |Y |r < ε and f̃ is built up from the
fXµ ∈ C∞,∞. ¤

Remarks. 1. A detailed proof of proposition 5.8 would occupy dozens of pages
but the arguments needed are all contained in [14]. 2. The essential reason for the
special good property of Dr

0 is that id ∈ C∞,∞(M, M). For diffeomorphisms in other
components of Dr this is in general wrong.

Proposition 5.9. For g ∈ M(I, Bk),Dr
0(M, g) is an invariant of comp(g), i.e.

if g′ ∈ comp(g) then

Dr
0(M, g) = Dr

0(M, g′). (5.4)

Proof. We restrict to the case g′ ∈ comp(g) ∩M(I, Bk). The more general case
induces rather delicate approximation procedures but is also true. Already the defi-
nitions are much more involved. The assertion follows immediately from

b,m|d idM |g ∼b,m |d idM |g′ , (5.5)

Ωr(T ∗M, g) ∼ Ωr(T ∗M, g′), (5.6)

Ωr(T ∗M, g) ∼ Ωr((expX)∗M, (expX)∗g). (5.7)

(5.5) holds since g and g′ are quasi isometric. (5.6) is theorem 2.10 and (5.7) is the
last equation on p. 292 of [14]. ¤

Assume now k ≥ r, r > n
2 + 1, g ∈M(I, Bk+1).

Proposition 5.10. Dr+1
0 (g) acts on comp(g) ⊂Mr(I, Bk).
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Proof. We have to show g′ ∈ comp(g), f ∈ Dr+1
0 (g) imply f∗g′ ∈ comp(g). There

exists a sequence (gν)ν , gν ∈ comp(g) ∩ M(I, Bk), gν −→
| |g,r

g′. We start with f =

expX, X ∈ Ωr(TM). X can be approximated by (Xµ)µ, Xµ ∈ C∞0 (TM), Xµ −→
| |g,r

X.

Set fµ = expXµ. Consider the diagonal sequence (f∗ν gν)ν . Then f∗ν gν ∈ comp(g) ∩
M(I, Bk) which follows from gν ∈ comp(g) ∩M(I, Bk) and Xν ∈ C∞0 (TM). We are
done if we can show

f∗ν gν −→
| |g,r

f∗g′ (5.8)

and

|f∗g′ − g′|g,r < ∞. (5.9)

Write

f∗ν gν − f∗g′ = (f∗ν − f∗)gν + f∗(gν − g′), (5.10)

gν = (gν − g) + g, (5.11)

f∗ = (f∗ − id∗) + id∗. (5.12)

Inserting (5.11), (5.12) into (5.10), using the (rather delicate) proof of theorem 3.1
of [21], the r-boundedness of g and id∗ and the module structure theorem, we obtain
|f∗ν gν − f∗g′|g,r −→

ν→∞
0, i.e. (5.8). Write

f∗g′ − g′ = (f∗ − fν)g′ + f∗ν (g′ − gν) + (f∗ν − 1)gν + (gν − g′), (5.13)

g′ = (g′ − g) + g, (5.14)

f∗ν = (f∗ν − id∗) + id∗, (5.15)

gν = (gν − g) + g. (5.16)

Inserting (5.14) - (5.16) into (5.13), we obtain by the same arguments

|f∗g′ − g′|g,r < ∞.

Assume now f = expX2 ◦ expX1. Replacing g′ of the first case by (expX2)∗g′

and applying the same procedure, we obtain again f∗g′ ∈ comp(g). For f = expXn ◦
. . . ◦ expX1 we perform induction. ¤

6. The ILH-version of the considered spaces. For metrics g satisfying the
conditions (I) and

(B∞) |∇iR| ≤ Ci, i = 0, 1, n, . . .
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we have additional structures. Then Dr
0(g) ≡ D∞,r

0 (g) is defined for all r > n
2 +1.

As we shall see now, we can form D∞0 (g) = lim←−
r
Dr

0(g) which is an ILH-group. To

make this clear, we recall some definitions which are a little bit different from them
originally given a long time ago by Omori. We adapt to [27].

A collection of groups {G∞, Gr|r ≥ r0} is called an ILH-Lie group if it satisfies
the following connections.
1. Each Gr is a Hilbert manifold of class Ck(r) modelled by a Hilbert space Er and
k(r) →∞ as r →∞.
2. For each r ≥ r0 there are linear continuous, dense inclusions Er+1 ↪→ Er and dense
inclusions of class Ck(r) Gr+1 ↪→ Gr.
3. Each Gr is a topological group and G∞ = lim←−

r
Gr is a topological group with the

inverse limit topology.
4. If (Ur, ϕr, Er) is a chart of Gr, then (Ur ∩Gt, ϕr|Ur∩Gt , Et) is a chart for Gt, for
all t ≥ r.
5. The multiplication µ : G∞×G∞ → G∞ extends to a Cs -map µ : Gr+s×Gr → Gr

for all r with s ≤ k(r).
6. Inversion ν : G∞ → G∞ extends to a Cs -map ν : Gr+s → Gr for all r with
s ≤ k(r).
7. Right multiplication Rg by g ∈ Gr extends to a Ck(r) -map Rg : Gr → Gr.

Theorem 6.1. Assume (Mn, g) oriented, open with (I) and (B∞). Set D∞0 (g) :=
lim←−

r
Dr

0(g) with the inverse limit topology. Then {D∞0 (g),Dr
0(g)|r > n

2 + 1} is an ILH-

Lie group.
Proof. In this case k(r) = k−r+1 = ∞−r+1 = ∞. 1. Dr

0 is a Hilbert manifold
of class C∞ modelled on Er = Ωr(TM, g) = TeDr

0, r > n
2 + 1. 2. The inclusions

Ωr+1(TM) ↪→ Ωr(TM) are dense and continuous. Using charts,

Bδ(0) ⊂ TfDr+1
0

expr+1
f−→ Ur+1

δ ⊂ Dr+1
0

i−→ Ur →
(expr

f )−1

−→ Bδ(0) ⊂ Tf Dr
0 (6.1)

and k = ∞, we obtain that i is dense and C∞ since (expr
f )−1 ◦ i ◦ expr+1

f is of class
C∞. 3. Each Dr

0 is a topological group and D∞0 = lim←−Dr
0 by definition. 4. follows

from (6.1) replacing r + 1 by t. 5. follows from 5.6 using k = ∞. 6. can be proved
quite similar (cf. [14], (6.8) - (6.11) and the proof of 6.5). 7. follows from 5.6. ¤

Proposition 6.2. f ∈ D∞0 (g) if and only if f is a C∞ -diffeomorphism satisfying
b,m|df | < ∞ for all m, |λ|min(df) > 0 and which is homotopic in this set (with respect
to the inverse limit topology) to the identity. ¤

Omitting all group properties in the above definition, we obtain an ILH-manifold.
Similarly one defines ILB-Lie groups (cf.[27]). Set Dp,∞

0 = lim←−Dp,r
0 .

Theorem 6.3. {Dp,∞
0 , Dp,r

0 (r > n
2 + 1} is an ILB-Lie group. ¤

Furthermore, quite natural one defines Ck-ILH maps between ILH-manifolds
and ILH-principal fibre bundles P

π−→ P/G of class Ck. Consider g ∈ M(I, B∞),
compr(g) ⊂ Mr(I, B∞), comp∞(g) := lim←−

r
compr(g), Pr

∞(g), P∞∞ (g) = lim←−
r
Pr
∞(g),

comp∞∞(1) ⊂ P∞∞ (g).
Theorem 6.4. {comp∞(g), compr(g)|r ≥ n

2 + n}, {comp∞∞(1), compr
∞(1)|r >



poincaré’s theorem and teichmüller theory for open surfaces 375

n
2 + 1} are ILH-manifolds and comp∞(g) → comp∞(g)/comp∞∞(1) is an ILH-bundle.
¤

7. The space of hyperbolic metrics for n = 2. We will show that for certain
classes of open surfaces, a suitable metric g0 and the space comp(g0)−1 ⊂ comp(g0) of
constant scalar curvature −1 holds

comp(g0)−1
∼= comp(g0)/comp(1) (7.1)

where these spaces are manifolds and Dr
0(g0) -equivariant diffeomorphic to a certain

component in the space of almost complex structures. comp−1(g0)/Dr
0(g0) will be one

of our models for the Teichmüller space.
We consider open surfaces M2. Each such surface has ends. We admit punctures

as ends. If each end is isolated then M2 has a finite number of ends, each of them

is given by an infinite half ladder =
∞
]

n=1
T 2, where T 2 is the 2-Torus or it is given

by a puncture. If M2 has an infinite number of ends then there exists at least one
non-isolated end, i.e. an end that has no neighbourhood which is not a neighbourhood
of another end. This occurs e.g. if we have repeated branchings of half ladders. In
any case, such a surface can be built up by Y -pieces or so called trumpets which we
explain now. We follow the representation given in [6].

Lemma 7.1. Let a, b, c be arbitrary positive real numbers. There exists a right
angled geodesic hexagon in the hyperbolic plane with pairwise non-adjacent sides of
length a, b, c. ¤

Next we paste two copies of such a hexagon together along the remaining three
sides to obtain a hyperbolic surface Y with three closed boundary geodesics of length
2a, 2b, 2c. They determine Y up to isometry (Theorem 3.17 of [6]).

Two different Y -pieces can be glued along their boundary geodesics if they have
the same length. The same holds for two “legs” of same boundary length of one Y -
piece. It is a deep result of hyperbolic geometry that one obtains as a result smooth
hyperbolic surfaces. Moreover, we can perform gluing with an additional twisting (cf.
[6]). But here we consider gluings without twisting, at least for our starting metric g0.
As a well known matter of fact, any topologically given open surface of the above kind
can be built up by Y -pieces and trumpets and we obtain in this way a hyperbolically
metrized surface (M2, g0). The lengths of all closed boundary geodesics can be chosen
in such a manner (and ≥ a > 0) that rinj(M2, g0) > 0, (cf. [6]) i.e. g0 ∈M(I, B∞).

Given an open surface M2 of the above type, i.e. M2 is the connected sum of
a closed surface with an infinite number of half ladders with possibly infinitely many
punctures, fix in this case a hyperbolic metric g0 ∈M(I, B∞). Later we must impose
that this lengths must grow suitably. Consider P∞(g0) = ∩

m
Pm(g0), Pr

∞(g0) defined

by the induced uniform structure. It is a very simple fact that compr
k(1, g0) ⊂ Pr

k(g0)
and compr

∞(1, g0) ⊂ Pr
∞(g0) coincide, k ≥ 1. We fix r > 3 and write comp(1) =

compr(1, g0). Consider comp(g0) ⊂ Mr(I, B∞). As we already know, comp(1) acts
on comp(g0) and comp(g0)/comp(1) is a Hilbert manifold. Let comp(g0)−1 ⊂ comp(g0)
be the subspace of all metrics g ∈ comp(g0) such that the scalar curvature K(g) equals
−1. Since we assume r > 3 = 2

2 + 2, g is at least of class C2 and K(g) is well defined.
Usually K(g) denotes the sectional curvature but we use it for scalar curvature which
is twice the sectional curvature. We could also work with sectional curvature but then
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in the differential equation below appears a factor 2 which we should take into account
in all calculations. Only for this reason we decided to work with scalar curvature. Both
approaches are trivially equivalent.

We wish to show that comp(g0)−1 ⊂ comp(g0) ⊂ Mr(I, B∞) is a smooth sub-
manifold of comp(g0) which is diffeomorphic to comp(g0)/comp(1). This is a rather
deep fact which requires a series of preliminaries and is valid only under an addi-
tional spectral assumption. Let g ∈ comp(g0). Then, according to (2.32), ∆g maps
Ωr = Ωr(M,∇g0 , g0) into Ωr−2 ⊂ L2(M, g0).

Lemma 7.2. ∆g + 1 is surjective.
Proof. Consider ∆g +1 with domain Ωr ⊂ Ωr−2. Then the closure of (Ωr, | |r−2)

with respect to | · |r−2 + |(∆g + 1) · |r−2 is just Ωr, i.e. ∆g + 1 is a closed operator
in the Hilbert space Ωr−2. Moreover, |(∆g + 1)ϕ|r−2 ≥ c · |ϕ|r−2, c = 1, ϕ ∈ Ωr.
Hence (∆g + 1)ϕi → ψ gives ϕi Cauchy and ϕi → ϕ in Ωr−2. ∆g + 1 is closed, hence
(∆g + 1)ϕ = ψ, im(∆g + 1) closed. Finally, the orthogonal complement of im(∆g + 1)
in Ωr−2 is {0} since the adjoint (in Ωr−2) operator to ∆g + 1 has no kernel. ¤

Let h ∈ Tg comp(g0) = Ωr(S2T ∗, g). For h the divergence δgh is defined by
(δgh)j = ∇khjk = gik∇g

i hjk. For ω = ωidxi a 1-form and Xω = ωi ∂
∂xi the corre-

sponding vector field the divergence δw is defined by δgω := δgXω = 1√
g

∂
∂xi (ωi√g).

Hence for h ∈ Ωr(S2T ∗, g) the expression δgδgh is well defined. As we already men-
tioned, for r > 3 = 2

2 +2, g ∈ comp(g0) is at least of class C2 and the scalar curvature
K(g) is well defined.

Lemma 7.3. K(g)− (−1) = K(g)−K(g0) ∈ Ωr−2.
This follows immediately from the topology in comp(g0) and the definition of

K(g). ¤

Consider the C∞ -map

ψ : comp(g0) → Ωr−2(M, g0)

g → K(g)− (−1).

Then comp(g0)−1 = ψ−1(0).
Theorem 7.4. comp(g0)−1 ⊂ comp(g0) is a smooth submanifold.
Proof. It suffices to show, 0 is a regular value for ψ, i.e. if K(g) = −1 for some

g then Dψ|g : Tg comp(g0) → Ωr−2(M, g0) is surjective. Hence we have to calculate
Dψ|g(h), h ∈ Tg comp(g0) = Ωr(S2T ∗, g). This has been done in [29],

Dψ|g(h) = ∆g(trgh) + δgδgh +
1
2
trgh. (7.2)

Dψ|g is already surjective if the restriction to h of the kind h = λ · g, λ ∈ Ωr(M), is
surjective. Then (7.2) becomes

Dψ|g(λ · g) = ∆gλ + λ = (∆g + 1)λ,

but ∆g + 1 is surjective according to 7.2. ¤
Next we prepare Poincaré’s theorem which roughly spoken asserts comp(g0)−1

∼=
comp(g0)/comp(1). Denote by σe(∆) the essential spectrum of ∆. Here we omit the
bar in the unique self adjoint extension ∆̄ which equals to the closure.
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Proposition 7.5. σe(∆g0) is an invariant of comp(g0), i.e. for g ∈ comp(g0),

σe(∆g) = σe(∆g0).

Proof. Let λ ∈ σe(∆g0) and (ϕν)ν be a Weyl sequence for λ, i.e. ϕν ∈ D∆̄g0
,

bounded, not precompact and lim
ν→∞

(∆g0 − λ)ϕν = O. Then, according to (2.32),

(ϕν)ν ⊂ D∆̄g
is bounded and not precompact with respect to L2(M, g). Writing

∆g − λ = ∆g0 − λ + ∆g − ∆g0 , it is possible to show lim
ν→∞

(∆g − ∆g0)ϕν = 0, i.e.

σe(∆g0) ⊆ σe(∆g). By symmetry we conclude σe(∆g0) = σe(∆g). We refer to [7], [18]
for details. ¤

Lemma 7.6. Assume inf σe(∆g0 > 0. Then inf σ(∆g) > 0 for all g ∈ comp(g0),
where σ denotes the spectrum.

Proof. According to 7.5 inf σe(∆g0) = infσe(∆g). From g ∈ M(I, B∞), g ∈
comp(g0) ⊂ Mr(I, B∞), r > 3 follows that g satisfies (I) and (B0) which implies
vol(M2, g) = ∞. Hence λ = 0 cannot be an eigenvalue. All other spectral values
between 0 and infσe(∆g) belong to the purely discrete point spectrum σpd(∆g), i.e.
infσ(∆g) > 0. ¤

Now we state the first main theorem of this section.
Theorem 7.7. Assume (M2, g0) with g0 smooth, K(g0) ≡ −1, rinj(M2, g0) > 0,

infσe(∆g0) > 0. Let g ∈ comp(g0) ⊂ Mr(I, B∞), r > 3. Then there exists a unique
ρ ∈ comp(1) ⊂ Pr

∞(g0) such that K(ρ · g) ≡ −1.
Proof. Let ρ = eu. For the existence we have to solve the PDE

∆gu + K(g) + eu = 0. (7.3)

We seek for a solution u ∈ Ωr(M, g0). u ∈ Ωr(M, g0), r > 3 imply eu − 1 ∈ Ωr

as we will see below. (7.3) has a solution according to the general uniformization
theorem. But this theorem does not provide u ∈ Ωr. Therefore we have to sharpen
our considerations. The existence will be established by the implicit function theorem
and a version of the continuity method. Consider gt = (1− t)g0 + tg = g0 + t(g−g0) =
g0 + th ∈ comp(g0) and the map

F : [0, 1]× Ωr → Ωr−2

(t, u) → F (t, u) = ∆gtu + K(gt) + eu =

= ∆gt
u + (K(gt)− (−1)) + eu − 1. (7.4)

We want to show that there exists a unique u1 ∈ Ωr(M, g0) such that F (1, u1) = 0.
For this we consider the set

S = {t ∈ [0, 1]| There exists ut ∈ Ωr such that F (t, ut) = 0}
and we want to show S = [0, 1]. We start with S 6= φ. For t = 0, gt = g0,K(g0) = −1
and u0 ≡ 0 satisfies (7.3). Moreover,

Fu(0, 0) = D2F |(0,0) = ∆g0 + 1 (7.5)

is bijective between Ωr and Ωr−2, as we have already seen. Hence there exist δ >
0, ε > 0 such that for t ∈]0, δ[ there exists a unique ut ∈ Uε(0) ⊂ Ωr with
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F (t, ut) = 0. (7.6)

By the same consideration we can show that S is open in [0, 1]. To show S = [0, 1] we
should show S is closed. This would be done if we could prove the following. Assume
t1 < t2 < . . . , tν ∈ S, tν → t0, then t0 ∈ S. The canonical procedure to prove this
would be to prove

(utν
)ν is a Cauchy sequence in Ωr, utν

→ ut0 , (7.7)

∆gt0
ut0 + K(gt0) ∈ eut0 = 0. (7.8)

We prefer a slightly other version of this establishing the following
Proposition 7.8. There exists a δ > 0, δ independent of t0, such that t0 ∈ S

implies ]t− δ0, t0 + δ[∩[0, 1] ⊂ S.
We will see later that the proof of 7.8 is equivalent to that of (7.7) and (7.8). The

proof of 7.8 is based on careful estimates in the implicit function theorem to which we
turn now our attention. Roughly speaking, the proof goes as follows.

Let t0 ∈ S, ut0 ∈ Ωr,

F (t0, ut0) = ∆gt0
ut0 + K(gt0

) + eut0 = 0.

Set g(t, u) := Fu(t0, ut0)u− F (t, u). Then F (t, u) = 0 is equivalent to

u = Fu(t0, ut0)
−1g(t, u). (7.9)

If we define Ttu := Fu(t0, ut0)
−1g(t, u), then we are done if we can find for any t0 ∈ S

a complete metric subspace Mt0,δ1 ⊂ Ωr(M, g0) such that

Tt : Mt0,δ1 → Mt0,δ1 (7.10)

and

Tt is contracting (7.11)

for all t ∈]t0 − δ, t0 + δ[∩[0, 1], δ independent of t0. Indeed, in this case Tt would have
a unique fixed point ut solving (7.6).

We now prepare the construction of Mt0,δ1 and the proof of (7.10), (7.11) by
a series of estimates. First we apply the mean value theorem. From gu(t, v) =
Fu(t0, ut0)− Fu(t, v) follows

|g(t, u)− g(t, v)|r−2 ≤ sup
0<ϑ<1

|gu(t, v + ϑ(u− v))|r−2 · |u− v|r,

|Ttu− Ttv|r ≤ |(∆gt0
+ eut0 )−1|r−2,r·

· sup
0<ϑ<1

|(∆gt0
−∆gt) + ((eut0 − ev+ϑ(u−v))·)|r,r−2 · |u− v|r, (7.12)

where | |i,j denotes the operator norm Ωi(M, g0) → Ωj(M, g0). We estimate

|(∆gt0
+ (eut0 ·))−1|r−2,r · |∆gt0

−∆gt |r,r−2 (7.13)
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and

|(∆gt0
+ (eut0 ·))−1(eut0 ·)|r−2,r·

·|(1− ev−ut0+ϑ(u−ut0−(v−ut0 ))) · |r,r−2 (7.14)

and start with (7.13). In the sequel, the same letters for constants in different inequal-
ities can denote different constants. The key role in all following considerations plays
the Lipschitz continuity of |∆gt |i,j .

Lemma 7.9. Assume g0, g, t, t0, r as above. Then there exists a constant C =
C(g0, r, |g − g0|g0,r) > 0 such that

|∆gt0
−∆gt

|r,r−2 ≤ C · |t0 − t|. (7.15)

Proof. Set ∆(τ) := ∆gτ = ∆g0+τ(g−g0) = ∆g0+τ ·h. Then |∆gt0
− ∆gt |i,j ≤

|∆′(t + ϑ(t0 − t))|i,j · |(t0 − t)|. We calculate and estimate ∆′(τ). Locally,

∆′(τ) = −[(
1√
gτ

)′∂i
√

gτgij
τ ∂j +

1√
gτ

∂i(
√

gτ )′gij
τ ∂j+

+
1√
gτ

∂i
√

gτ (gij
τ )′∂j ],

(
√

gτ )′ =
1
2
√

gτ trgτ h,

(
1√
gτ

)′ = −1
2

1√
gτ

trgτ
h

(gij
τ )′ = −gik

τ gje
τ hke ≡ −hij(τ),

∆′(τ)w = (−1
2
trgτ

h ·∆(τ)− 1
2

1√
gτ

∂i
√

gτ trgτ
h gij

τ ∂j+

+
1√
gτ

∂i
√

gτhij(τ)∂j)w =

= −1
2
(∇gτ trgτ

h,∇gτ w)gτ
+ (

1√
gτ

∂i
√

gτhij(τ)∂j)w. (7.16)

We estimate the first term on the right hand side of (7.16), using

∇gτ

k trgτ
h = ∇gτ

k gij
τ hij = gij

τ ∇gτ

k hij = gij
τ hij;k,

or more general,

∇gτ trgτ h = trgτ (∇gτ h),

(∇gτ )itrgτ
h = trgτ

(∇gτ )i,

where here trgτ
refers to the trace with respect to the first two indices. Moreover

|(∇gτ )itrgτ
h|gτ

= |trgτ
(∇gτ )ih|gτ

≤ C1|(∇gτ )ih|gτ
,

and, according to 2.14,
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(
∫
|(∇gτ )ih|2gτ,x

dvolx(gτ ))1/2 ≤ C2,i|h|g0,r, i ≤ r,

(
∫
|(∇gτ )itrgτ h|2gτ,x

dvolx(gτ ))1/2 ≤ Ce,i|h|g0,r, i ≤ r. (7.17)

We infer from (7.17), 2.9, 2.14

| − 1
2
(∇gτ h,∇gτ w)|g0,r−2 ≤ C1|(∇gτ trgτ

h,∇gτ w)|gτ ,r−2 =

= C1(
∫ r−2∑

i=0

|(∇gτ )i(∇gτ trgτ
h,∇gτ w)gτ

|2gτ ,xdvolx(gτ ))1/2 =

= C1(
∫ r−1∑

i=0

∑

j+k=i

|(trgτ (∇gτ )j+1h, (∇gτ )k+1w)gτ |2gτ ,xdvolx(gτ ))1/2 ≤

≤ C2(
∫ ∑

j+k=i

|(∇gτ )j+1h|2gτ ,x · |(∇gτ )k+1w|2gτ ,xdvolx(gτ ))1/2 ≤

≤ C3|h|gτ ,r−1 · |w|gτ ,r−1 ≤ C4(g0, h, r) · |w|g0,r−1. (7.18)

Hence there remains to estimate

| 1√
gτ

∂i
√

gτhij(τ)∂jw|g0,r−2. (7.19)

1√
gτ

∂i
√

gτhij(τ)∂jw =

=
1√
gτ

(∂i
√

gτ )hij(τ)∂jw+ (7.20)

+∂ih
ij(τ)∂jw+ (7.21)

+hij(τ)∂i∂jw. (7.22)

One way to estimate (7.20) - (7.22) in the | |g0,r−2 -norm is to introduce a cover
U = {(Uα, φα)}α, {ψα}α and to apply (2.33). We present a more covariant procedure
of estimation. For abbreviation, ∇ = ∇(τ) = ∇gτ , hij = hij(τ) = gki

τ glj
τ hkl, hkl =

(g − g0)kl,Γk
ij = Γk

ij(τ).

1√
gτ

(∂i
√

gτ )hij∂jw = Γk
ikhij∂jw = Γk

ikhi
lg

lj
τ ∂jw =

= Γk
ikhi

l(∇w)l, (7.23)
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(∂ih
ij)∂jw = ∂i(hi

lg
lj
τ )∂jw = (∂ih

i
l)(∇w)l+

+hi
l(∂ig

lj
τ )∂jw = ∇ih

i
l(∇w)l − (Γi

ish
s
l − Γs

ilh
i
s)(∇w)l−

−(hi
lΓ

l
isg

sj
τ + hi

lΓ
j
isg

ls)∂jw =

= (δgτh,∇w)gτ − (Γi
ish

s
l − Γs

ilh
i
s)(∇w)l−

−(hi
lΓ

l
is(∇w)s + hij(∂i∂jw −∇i∇jw)), (7.24)

where we used for the components of a covariant derivative

∇i∂sw = ∂i∂sw − Γj
is∂jw,

Γj
is∂jw = ∂i∂sw −∇i∇sw.

Adding (7.23), (7.24), (7.22), yields

1√
gτ

∂i · √gτhij∂jw =

= Γk
ikhi

l(∇w)l + (δgτ
h,∇w)gτ

− Γi
ish

s
l (∇w)l+

+Γs
ilh

i
s(∇w)l − hi

lΓ
l
is(∇w)s − hij∂i∂jw+

+hij∇i · ∇jw + hij∂i∂jw =

= (δgτ h,∇w)gτ + hij∇i∇jw. (7.25)

We write

hij∇i∇jw = (hij ,∇i∇jw)gτ (7.26)

Using

∇2
V,W = ∇V∇W −∇∇V ,W (7.27)

we can rewrite (7.26) as

hij∇i∇jw = (h,∇2w)gτ + (hij ,∇∇i∂j w)gτ . (7.28)

(7.27) and hence (7.28) has a generalization to higher covariant derivatives (cf. [14]).
From this, gτ ∈ comp(g0), pointwise estimates for ∇∇i∂j

and other mixed derivatives
with respect to g0, corresponding Sobolev estimates with respect to gτ (∇gτ = ∇g0 +
∇gτ −∇g0 etc.), the module structure theorem and 2.16, 2.17 we obtain finally
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| 1√
gτ

∂i · √gτhij(τ)∂jw|g0,r−2 ≤

≤ C1| 1√
gτ

∂i
√

gτhij(τ)∂jw|gτ ,r−2 =

= C1(
∫ r−2∑

s=0

|(∇)s((δgτ h,∇w)gτ + (hij ,∇i∇jw)gτ )|2dvol(gτ ))1/2 ≤

≤ C2|h|gτ ,r−1 · |w|gτ ,r ≤
≤ C3|h|g0,r−1 · |w|g0,r (7.29)

Here we again used |(∇)sδgτ h| ≤ C · |∇s+1h|. (7.18) and (7.29) imply

|(∆gt0
−∆gt)w|r−2 ≤ |t0 − t| · C(g0, h, r) · |w|g0,r,

i.e. |∆gt0
−∆gt |r,r−2 ≤ C · |t0 − t|, where C depends on g0, h, r but is independent of

t. This finishes the proof of 7.9. ¤
Now we continue to estimate (7.13) and have to estimate

|(∆gt0
+ (eut0 ·))−1|r−2,r

First we recall that ∆gt
is self adjoint on Ω2(M, ∆gt

, gt) = Ω2(M, ∆g0 , g0) ⊂ L2(M) =
Ω0(M). For u ∈ Ωr, r > 3, the operator v → eu · v is symmetric and bounded on L2.
Hence ∆gt + eu is self adjoint.

Lemma 7.10. There exists a constant c > 0 such that inf σ(∆gt
) ≥ c, 0 ≤ t ≤ 1.

Proof. Assume the converse. Then there exists a convergent sequence ti → t∗

in [0, 1] such that λmin(∆gti
) → 0. Here λmin(∆gti

) is the minimal spectral value
of ∆gti

. It is > 0 and either equal to inf σe(∆gt
) or an isolated eigenvalue of finite

multiplicity. According to 7.9, ∆gti
→ ∆gt∗ in the generalized sense of [24], IV, § 2.6.

Then, according to [24], V, § 4, remark 4.9, λmin(∆gti
) → λmin(∆gt∗ ), i.e. necessary

λmin(∆gt∗ ) = 0, a contradiction. ¤
Corollary 7.11. For arbitrary t ∈ [0, 1], u ∈ Ωr

inf σ(∆gt
+ eu) ≥ c,

∆gt
+ eu =

∫ ∞

c

λdEλ(t, u),

(∆gt + eu)−1 =
∫ ∞

c

λ−1dEλ(t, u),

(∆gt
+ eu)−1 is a bounded operator on L2 and, according to [24], p.357, (5.17), the

operator norm of (∆gt + eu)−1 is ≤ 1
c . ¤

We want to prove more and to estimate

((∆gt
+ eu)−1|r−2,r. (7.30)

First we have to assure that (7.30) makes sense.



poincaré’s theorem and teichmüller theory for open surfaces 383

Lemma 7.12. For u ∈ Ωr, r > 3, the map v → eu · v is a bounded map Ωi →
Ωi, i ≤ r, with

|eu|i,i ≤ C(u, i) ≤ C(i) · sup eu · |u|r. (7.31)

Proof. This follows immediately from 2.7, 2.8. ¤
Corollary 7.13. The Sobolev spaces based on the operators ∆gt and ∆gt + eu

are equivalent for i ≤ r,

Ωi(M2),∆gs , gs) ∼= Ωi(M2,∆g,t + eu), i ≤ r. (7.32)

¤
Remarks. The heart of the estimate for (7.30) consists in proving that the

constants arising in (7.31), (7.32) can be chosen independently of t and u if u solves

F (t, u) ≡ ∆gt
u + K(gt) + eu = 0.

¤
Consider Ωr ⊂ Ω2 ⊂ Ω0 = L2,Ωr−2 ⊂ L2 and assume r even.
Lemma 7.14. ∆gt

+ eu : Ω2 → Ω0 = L2 induces a bijective morphism between
Ωr ⊂ Ω2 and Ωr−2 ⊂ Ω0.

Proof. Surely, ∆gt
+eu maps Ωr ⊂ Ω2 into Ωr−2 ⊂ Ω0 = L2. This map is injective

according to 7.10. It is surjective: Let v ∈ Ωr−2 ⊂ Ω0. Then (∆gt + eu)−1v ∈ Ω2,
(∆gt

+ eu)i((∆gt
+ eu)−1v) = (∆ + eu)i−1v is square integrable i ≤ r

2 . The assertion
now follows from 7.13. ¤

Now we state our main
Proposition 7.15. Assume r > 3 even. Then there exists a constant C =

C(g0, g) > 0, independent of t, such that

|(∆gt + eut)−1|r−2,r ≤ C (7.33)

for any solution ut ∈ Ωr = Ωr(M, g0) of ∆gt
ut + K(gt) + eut = 0.

Proof. We would be done if we could show

|(∆gt
+ eut)−1v|0 ≤ C0|v|0 (7.34)

|∆i
gt

(∆gt + eut)−1v|0 ≤ Ci|v|2i−2 ≤ Ci|v|r−2, 1 ≤ i ≤ r

2
, (7.35)

Ci = Ci(g0, g), | |j = | |g0,j . We perform induction. (7.34) follows from (7.11).
Consider i = 1 in (7.35) and denote ∆gt

+ eut ≡ ∆ + eu. Then

∆(∆ + eu)−1v = v − (eu) ◦ (∆ + eu)−1v. (7.36)

Lemma 7.16. There exists a constant D > 0 independent of t such that

sup eut ≤ D (7.37)

for any solution of ∆gt
ut + K(gt) + eut = 0.

Proof. Let (M2, g) be a Riemannian 2-manifold, oriented. Then g defines an
integrable almost complex structure Jg such that (M2, g, Jg) is Kählerian. Moreover,
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Jg = Jeu · g. Consider now our case id : (M, gt, Jgt
) → (M, eut · gt, Jgt

). id is a
nonconstant holomorphic map. We repeat Yau’s

General Schwarz Lemma. Let (M, g) and (N, h) complete Riemannian sur-
faces with sectional curvatures KM and KN and f : M → N a nonconstant holomor-
phic map. Assume KM ≥ K1 and KN ≤ K2 < 0. Then K1 < 0 and

f∗h ≤ K1

K2
· g (7.38)

See [32] for a proof. ¤

(7.38) implies in our case with id : (M, gt) → (M, eut · gt)

eu ≤ − inf
x∈M

K(gt)(x)/2, (7.39)

where in (7.39) K denotes the scalar curvature = 2· sectional curvature. gt ∈
comp(g0),K(g0) ≡ −1 and r > 3 imply inf

x∈M
K(gt)(x) ≤ −1 but we must prove that

inf
x∈M

K(gt)(x) really exists. This is the content of

Lemma 7.17. There exists a constant D1 > 0 independent of t such that

|K(gt)(x)| ≤ D1 for all t ∈ [0, 1], x ∈ M. (7.40)

Proof. (7.40) would follow if we could prove

b| − 1−K(gt)| ≡b,0 | − 1−K(gt)| ≤ D2. (7.41)

but this follows immediately from the facts g, gt = g0 + t(g − g0) ∈ comp(g) ⊂
Mr(I, B∞), r > 3 = 2

2 + 2, b,2|gt − g0|g0 = t ·b,2 |g − g0| ≤ D3 · t · |g − g0|g0,r, (2.34)
and scalar curvature has an expression by derivatives of order ≤ 2 of the metric. This
proves (7.40) and hence (7.37). ¤

Now, according to (7.36), 2.14,

|∆(∆ + eu)−1v|0 ≤ |v|0 + D|(∆ + eu)−1v|0 ≤
≤ |v|0 + D · C0|v|0 = C1|v|0

which finishes the proof of (7.35) for i = 1. Assume now

|∆j(∆ + eu)−1v|0 ≤ Cj · |v|j−2, j ≤ i− 1, i ≤ r

2
. (7.42)

Then

∆i(∆ + eu)−1v = ∆i−1(∆(∆ + eu)−1v) =

= ∆i−1v −∆i−1((eu·)(∆ + eu)−1v). (7.43)

Clearly,

|∆i−1v|0 ≤ |v|gt,2i−2 ≤ C · |v|g0,2i−2, (7.44)
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hence we have to estimate

∆i−1((eu)(∆ + eu)−1v). (7.45)

As follows from

∆(v · w) = v ·∆w + w∆v − 2(∇u,∇w), (7.46)

∆eu = eu(∆u− |∇u|2) (7.47)

and the induction assumption applied to ∆j(∆ + eu)−1v, we have a desired estimate
for (7.45) if we have an estimate for |u|0, |∆u|0, . . . , |∆i−1u|0, independent of t, u = ut

solution of ∆gt
ut + K(gt) + eut = 0. The proof of 7.15 would be finished if we could

prove
Proposition 7.18. Assume r > 3 even. Then there exist constants Di =

Di(g, g0) independent of t, such that

|∆i
g0

u|0 ≤ Di, i ≤ r

2
, (7.48)

for u = ut a solution of ∆gtut + K(gt) + eut = 0.
Proof. According to 2.16, we are done if we could show |∆i

gt
u|0 ≤ Di and write

in the sequel simply u ≡ ut,∆ ≡ ∆gt
,K ≡ K(gt). Then

∆u + K + eu = 0

is equivalent to

(∆ +
eu − 1

u
)u = −(K + 1),

i.e.

u = (∆ +
eu − 1

u
)−1(−(K + 1)). (7.49)

Here eu−1
u is well defined, ≥ 0 and (∆ + eu−1

u )−1 is a well defined bounded operator
according to 7.11. We would be done for i = 0 in (7.48) if we could show |K(gt) −
(−1)|0 ≤ C = C(g, g0) independent of t. We prove more general

Lemma 7.19. Let t, t0 ∈ {0, 1}. Then

|K(gt0)−K(gt)|r−2 ≤ |t0 − t| · C, (7.50)

C = C(g0, g) independent of t.
Proof. According to the mean value theorem for maps into affine Banach spaces,

|K(gt0)−K(gt)|r−2 ≤ |t0 − t| · sup
t0<τ<t

|K ′(gτ )|r−2. (7.51)

K ′(gτ ) =
d

dσ
K(g0 + τh + σh)|σ=0 =

= τ(∆gτ
trgτ

h + δgτ
δgτ

h− 1
2
K(gτ )trgτ

h),
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hence

|K ′(gτ )|i ≤ τ · (C ′i|h|i+2 +
1
2
|K(gτ )trgτ h|i). (7.52)

We have to estimate |K(gτ )trgτ
h|i. For i = 0, i.e. | |0, there does not arise any

problem since |K(gτ ) ≤ C ′′0 , C ′′0 independent of τ and |trgτ
h|0 ≤ C ′′′0 ·|h|0. We continue

with i = 2 to indicate the general rule.

K(gτ ) = 2 R1212(gτ )(det(gτ ),
1
2
∆ K(gτ ) =

1
2
∆(K(gτ ) + 1) =

1
2
∆(K(gτ )−K(g0)) =

=
1
2
∆[R1212(gτ )(det(g0)− det(gτ ))+

+(R1212(gτ )−R1212(g0))det(g0))/det(g0) · det(gτ )], (7.53)

where ∆ = ∆g0 . Choose an atlas U = {(Uα, φα)}α as in section 2. Then g0,ij , gij
0 ,

det g0 and all of its derivatives are bounded,

det(g0) ≥ c > 0. (7.54)

r > 3 and gτ = g0 + τh, |h|r < ∞ imply

gτ,ij , g
ij
τ , det(gτ ) bounded, det(gτ ) ≥ c′ > 0 (7.55)

There holds

Γi
jk(gτ ) ≡ Γi

jk(g0 + τh) = Γi
jk(g0)+

+
1
2
gie

τ (τhej;k + τhek;j + τhjk;e) (7.56)

and

Rα
βγδ(gτ ) = (∂γ Γα

βδ − ∂δ Γα
βγ + Γα

ργ Γρ
βδ − Γα

ρδ Γρ
βγ)(gτ ), (7.57)

where ; j denotes ∇g0
j . Finally we conclude from (7.53)-(7.57), |h|r < ∞,∇g0 =

∇gτ +∇g0 −∇gτ , the module structure theorem, 2.16 and 2.17 that

|∆K(gτ )|0 ≤ D2(|h|4) (7.58)

D2 a polynomial in |h|r. Similar for higher derivatives,

|∆jK(gτ )|0 ≤ D2j(|h|2j+2) (7.59)

We omit the very long but rather simple details. This finishes the proof of 7.19. ¤
Hence

|u|0 = |(∆ +
eu − 1

u
)−1(−(K + 1))|0 ≤ C

c
= D0. (7.60)

Next we study ∆u to indicate the general rule.
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∆u = ∆((∆ +
eu − 1

u
)−1 − (K + 1)) =

= (∆ +
eu − 1

u
)(∆ +

eu − 1
u

)−1(−(K + 1)− (
eu − 1

u
)(∆ +

eu − 1
u

)−1(−(K + 1))

= −(K + 1) + (
eu − 1

u
)(∆ +

eu − 1
u

))−1(−(K + 1)) (7.61)

eu−1
n can even pointwise be estimated by a constant independent of t: Let |u(x)| ≥ 1.

Then, according to (7.37),

|e
u(x) − 1
u(x)

| ≤ |eu(x) − 1| ≤ D + 1 = C ′.

If |u(x)| < 1, then | eu(x)−1
u(x) | ≤ ∑∞

i=1
1
i! < e = C ′′. Hence |∆u|0 ≤ D2. Assume now

|∆ju|0 ≤ Dj , j ≤ i− 1, i ≤ r

2
,

and consider ∆iu. According to (7.61),

∆iu = −∆i−1(K + 1)−∆i−1 ◦ (
eu − 1

u
·)((∆ +

eu − 1
u

)−1(K + 1)) (7.62)

for i ≥ 2. 7.19 yields |∆i−1(K + 1)|0 ≤ D′. If we write ∆iu to determine a Sobolev
norm, this means ∆i

g0
u since our general reference Sobolev norm is | |g0,j , j ≤ r. But

for the calculations in the sequel we have often to work with ∆i
gt

since then formulas
become easier. But this does not touch the proof of our desired a priori Sobolev
estimates according to 2.16.

We have to find an a priori estimate

|∆i−1(
eu − 1

u
· ((∆ +

eu − 1
u

)−1(K + 1)))|0 ≤ D′′, (7.63)

D′′ = D′′(g, g0) independent of t. Consider ∆i−1(v · w). In our case v = eu−1
u ,

w = (∆ + eu−1
u )−1(K + 1). We obtain from

∆(v · w) = v∆w + w∆v − 2(∇v,∇w) (7.64)

that ∆i−1(v · w) has a representation

∆i−1(v · w) =
∑

j+k=i−1

∆jv ·∆kw + sum of mixed terms. (7.65)

It follows from (2.32), (I), (B∞) for g0 and the module structure theorem that a priori
estimates for all

|∆jv ·∆kw|0
imply such estimates for all mixed terms too.
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Remarks. We could also work exclusively with covariant derivatives. But then
all of our expressions grow rapidly. Therefore we decided to work only with every
second derivative, i.e. to work with the ∆’s. ¤

Consider now all products

∆j(
eu − 1

u
) ·∆k(∆ +

eu − 1
u

)−1(K + 1), j + k = i− 1.

eu−1
u = 1+ u

2! +
u2

3! +. . . and u
2! +

u2

3! +. . . converges in Ωr since all ui ∈ Ωr, |ui|r ≤ Ci−1.

|u|ir and |u|r
2! + C|u|2r

3! + C2|u|3r
4! + . . . converges. We have already seen

|e
u − 1
u

| ≤ C ′0.

Using ∆uk = −∇j∇ju
k = −k(k − 1)uk−2|∇u|2 + kuk−1∆u, we see that at least

formally

∆(
eu − 1

u
) = ∆u(

1
2!

+
2u

3!
+

3u2

4!
+ . . . )

− |∇u|2( 2
3!

+
2 · 3 · u

4!
+

3 · 4 · u2

5!
+ . . . ). (7.63)

But the same argument as above and the module structure theorem yields ∆( eu−1
u )

and its series (7.63) is a well defined element of Ωr−2. We want to establish an a priori
estimate for |∆( eu−1

u )|0. We already proved

|∆u|0 ≤ D2 (7.64)

which implies

|∆u · 1
2!
|0 ≤ D2/2. (7.65)

We continue to establish an a priori estimate for

|∆u(
1
2!

+
2u

3!
+

3u2

4!
+ . . . )|0 (7.66)

The a priori estimate for |u|0 and |∆u|0 yield such an estimate for |u|2.

|u|2 ≤ D′
2. (7.67)

According to remark 2 after 2.8, Ω2 is an algebra and we have an estimate

|u2|2 ≤ C2|u|22, |uk|2 ≤ Ck−1
2 |u|k2 ,

together with (7.67),

|uk|2 ≤ Ck−1
2 D′k

2 .

Hence 2u
3! + 3u2

4! + . . . is a well defined element of Ω2 (even of Ωr as we have seen) and
there exists an estimate
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|(2u

3!
+

3u2

4!
+ . . . )|2 ≤ 2D′

2

3!
+

3C2D
′2
2

4!
+ . . . = D′′

2 . (7.68)

Now we apply once again the module structure theorem 2.8. In our case n = 2,
p1 = p2 = p = 2, n

p1
= n

p2
= n

p = 1, ∆u ∈ Ω0 = L2, r1 = 0 < 1, ( 2u
3! +3n24!+. . . ) ∈ Ω2,

r2 = 2, r = 0, then, according to 2.8,

|∆u · (2u

3!
+

3u2

4!
+ . . . )|0 ≤ C · |∆u|0 · |(2u

3!
+

3u2

4!
+ . . . )|2 ≤

≤ C ·D2 ·D′′
2 ,

together with (7.65),

|∆u · (1 +
2u

3!
+

3u2

4!
+ . . . )|0 ≤ D2/2 + C ·D2 ·D′′

2 = D′′′
2 . (7.69)

Quite similar we manage the second term in (7.63) using that ∇u ∈ Ω1, |∇u|2 ∈
L2, ||∇u|2|0 ≤ C1|∇u|21 ≤ C1|u|22 and again (2·3u

4! + 3·4u2

5! + . . . ) ∈ Ω2. We obtain

||∇u|2( 2
3!

+
2 · 3 · u

4!
+

3 · 4 · u2

5!
+ . . . )|0 ≤ D

(4)
2 , (7.70)

i.e.

|∆(
eu − 1

u
)|0 ≤ D

(5)
2 . (7.71)

Now it is every easy to recognize the general rule. One forms ∆j( eu−1
u ), obtains a finite

sum of factors × series, the factors are in L2 = Ω0 and have an a priori L2-estimate
coming from |∆ku|0 ≤ Dk, k ≤ j − 1. The series are in Ω2 and have an a priori | |2
-estimate which yields together

|∆j(
eu − 1

u
)|0 ≤ D′

j , j ≤ i− 1, (7.72)

D′
j = D′

j(g, g0) independent of t. Finally we want to establish a priori estimates for

∆k((∆ +
eu − 1

u
)−1(K + 1)), k ≤ i− 1. (7.73)

But if we replace in (7.42)-(7.47) eu by eu−1
u , then we see that we get a priori estimates

if we have such estimates for

|∆l(
eu − 1

u
)|0, l ≤ k, k ≤ i− 1.

But these we have just established. i.e. we obtain

|∆k((∆ +
eu − 1

u
)−1(K + 1))|0 ≤ Ek, k ≤ i− 1.

K + 1 ∈ Ωr−2, (∆ + eu−1
u )−1(K + 1) ∈ Ωr, ∆k((∆ + eu−1

u )−1(K + 1)) ∈ Ω2 since
k ≤ i− 1 ≤ r

2 − 1, ∆j( eu−1
u ) ∈ Ω0 = L2. Applying once again 2.8, we obtain
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|∆j(
eu − 1

u
) ·∆k((∆ +

eu − 1
u

)−1(K + 1))|0 ≤ Fj,k,

Fj,k = Fj,k(g, g0) independent of t. Quite similar we conclude

|mixed terms|0 ≤ F.

Hence

|∆i−1(
eu − 1

u
· ((∆ +

eu − 1
u

)−1(K + 1))|0 ≤ F +
∑

j+k=i−1

Fj,k,

together with (7.50),

|∆iu|0 ≤ Di (7.74)

Di = Di(g, g0) independent of t, i ≤ r
2 . This proves 7.18, hence (7.35) and our main

proposition 7.15. ¤
Corollary 7.20 There exists a constant C = C(g, g0) such that

|(∆gt0
+ (eut0 ·))−1|r−2,r · |∆gt0

−∆gt |r,r−2 ≤ C · |t− t0|. (7.75)

¤
The estimate of the first factor of (7.14) is already done,

|(∆gt0
+ (eut0 ·))−1(eut0 ·)|r−2,r ≤

≤ |(∆gt0
+ (eut0 ·))−1|r−2,r · |(eut0 ·)|r−2,r−2.

According to (7.33),

|(∆gt0
+ (eut0 ·))−1|r−2,2 ≤ C1, (7.76)

and, according to (7.31), (7.37) and |∆ju|0 ≤ Dj , 0 ≤ j ≤ r
2 ,

|(eut0 ·)|r−2,r−2 ≤ C2, (7.77)

i.e.

|(∆gt0
+ (eut0 ·))−1(eut0 ·)|r−2,r ≤ C3, (7.78)

C3 = C3(g, g0) independent of t. The final estimate concerns

|(1− ev−ut0+ϑ(u−ut0−(v−ut0 ))) · |r,r−2, (7.79)

where as usual the point indicates that the corresponding expression acts by multipli-
cation. We write
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1− ev−ut0+ϑ(u−ut0−(v−ut0 )) =

= −
∞∑

i=1

[v − ut0 + ϑ(u− ut0 − (v − ut0)]
i/i!

As above, this series converges in Ωr and for |v−ut0 +ϑ(u−ut0−(v−ut0))|r sufficiently
small |∑∞

i=1[v − ut0 + ϑ(u− ut0 − (v − ut0))]
i/i!|r becomes arbitrary small.

For any f ∈ Ωr, the operator norm of (f ·) : Ωr → Ωr−2, (f ·)w = f · w, can be
estimated by C(r) · |f |r. This yields

Lemma 7.21. For any ε1 > 0 there exists δ1 > 0 such that

|(1− ev−ut0+ϑ(u−ut0−(v−ut0 ))) · |r,r−2 ≤ ε1

for all u, v with |u− ut0 |r, |v − ut0 |r ≤ δ1.
Proof. Given ε1 > 0, there exists δ′1 such that for |v−ut0+ϑ(u−ut0−(v−ut0))|r <

δ′1

C(r) · |
∞∑

i=1

[v − ut0 + ϑ(u− ut0 − (v − ut0))]
i/i!|r ≤ ε1.

Set δ1 = δ′1/4. Then

|v − ut0 + ϑ(u− ut0 − (v − ut0))|r < |v − ut0 |r + |u− ut0 |r + |v − ut0 |r =

= |u− ut0 |r + 2|v − ut0 |r < 2(|u− ut0 |r + |v − ut0 |r) ≤ 4δ1 = δ′1.

¤
Corollary 7.22 There exists δ1 > 0 such that |u − ut0 |r ≤ δ1, |v − ut0 |r ≤ δ1

implies

|(∆ + (eut0 ·))−1(eut0 · |r−2,r·
·|(1− ev−ut0+ϑ(u−ut0−(v−ut0 )) · |r,r−2 ≤ 1

4
. (7.80)

Proof. Set in (7.21) ε1 = 1
4 · 1

C3
, C3 from (7.78). ¤

Corollary 7.23 There exists δ1 > 0 such that for |u−ut0 |r ≤ δ1, |v−ut0 |r ≤ δ1

|Ttu− Ttv|r ≤ (C · |t− t0|+ 1
4
)|u− v|r, (7.81)

where C comes from 7.9.
Proof. This follows immediately from (7.12), (7.13), (7.14), (7.15) and (7.80). ¤
If we would choose |t0−t| sufficiently small, then the map Tt would be contractive.

But this does not make sense since until now we did not define a complete metric space
on which Tt acts. This will be the next and last step in our approach. But we will
use the inequality (7.81) in this step.
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Proposition 7.24. Suppose ut0 ∈ Ωr, r > 3,∆gt0
ut0 +K(gt0)+ eut0 = 0. There

exist δ, δ1 > 0 independent of t0 such that Tt maps Mt0,δ1 = {u ∈ Ωr| |u− ut0 |r ≤ δ1}
into itself for |t− t0| ≤ δ. Moreover Tt is contracting.

Proof. We start estimating Ttu− ut0 :

|Ttu− ut0 |r = |Ttu− Tt0ut0 |r ≤
≤ |Ttu− Ttut0 |r + |Ttut0 − Tt0ut0 |r. (7.82)

For |u− ut0 |r ≤ δ1, δ1 from 7.23,

|Ttu− Ttut0 |r ≤ (C · |t− t0|+ 1
4
)|u− ut0 |r.

Hence for |t− t0| ≤ δ′, |u− ut0 |r ≤ δ1

(C · |t− t0|+ 1
4
) ≤ 1

2
and

|Ttu− Ttut0 |r ≤
1
2
|u− ut0 |r ≤

1
2
δ1. (7.83)

It remains to estimate |Ttut0 − Tt0ut0 |r. But by an easy calculation

Ttut0 − Tt0ut0 = −(∆gt0
+ (eut0 ·))−1((∆gt

−∆gt0)ut0+

+K(gt)−K(gt0)).

We are done if for |t− t0| ≤ δ′′

|(∆gt0
+ (eut0 ·))−1(∆gt0

−∆gt)ut0 |r < δ1/4. (7.84)

|(∆gt0
+ (eut0 ·))−1(K(gt0)−K(gt))|r < δ1/4. (7.85)

The existence of such a δ′′ follows immediately from 7.9, 7.15, (7.74) for (7.84) and
from 7.15, 7.19 for (7.85). Let now δ = min{δ′, δ′′}. Then we infer from (7.82)-(7.85)

|Ttu− ut0 |r ≤ δ1,

i.e. Tt : Mt0,δ1 → Mt0,δ1 . Tt is contractive according to (7.81) since for |t− t0| ≤ δ

(C · |t− t0|+ 1
4
) ≤ 1

2
.

This finishes the existence proof of theorem 7.7 and yields uniqueness in a moving ball
Mt,δ1 , 0 ≤ t ≤ 1. We prove now the uniqueness in all of Ωr.

Fix x0 ∈ M2 and denote by d(x) = d(x, x0) the Riemannian distance. Let
u, v ∈ Ωr, r > 3, be solutions of

∆gu + K(g) + eu = 0.
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We obtain u, v, u− v bounded, C2 and

∆g(u− v) = −(eu − ev).

There are two cases.
1. u − v achieves its supremum in U1(x0) = {x|d(x) ≤ 1}. e.g. in x1. Then ∆(u −
v)(x1) ≥ 0,−(eu(x1)−ev(x1)) ≥ 0, eu(x1) ≤ ev(x1), (u−v)(x1) ≤ 0 of the supreme point
x1, hence (u− v)(x) ≤ 0 everywhere, u(x) ≤ v(x).
2. Or we apply Yau’s generalized maximum principle: f ∈ C2,

lim sup
d(x)→∞

f(x)− f(x0)
d(x)

≤ 0

and

lim
d(x)→∞

f(x)≥f(x0)

K(x)(f(x)− f(x0))
d(x)

= 0.

Then there are points (xk)k ⊂ M such that lim
k→∞

f(xk) = sup f, lim
k→∞

∇ f(xk) = 0 and

lim sup
k→∞

∆ f(xk) ≥ 0. See [31] for the proof.

In our case f = u−v. Then we have (xk)k such that lim
k→∞

(u−v)(xk) = sup(u−v),

lim
k→∞

∇(u − v)(xk) = 0, lim sup ∆(u − v)(xk) ≥ 0, hence lim sup(ev − eu)(xk) ≥ 0,

lim sup(v − u)(xk) ≥ 0, lim sup(u− v)(xk) ≤ 0, sup(u− v) ≤ 0, u ≤ v everywhere.
Quite similar v ≤ u, i.e. u = v. This finishes uniqueness and the proof of theorem

7.7. ¤
Remarks. 1. We had several versions of the proof. But the particular useful

proposal to work with the equation u = (∆ + eu−1
u )−1(−(K + 1)) has been made by

Gorm Salomonsen.
2. A seemingly more direct approach proving S = [0, 1] would amount to prove the
following assertion. Assume t1 < t2 < . . . < t0, tν → t0, ∆gt0

utv + eutν = 0. Then

a. (utν
)ν is a Cauchy sequence with respect to | |r.

b. utν
→ ut0

c. ∆gt0
ut0 + K(gt0) + eut0 = 0.

But writing down a straightforward approach proving a., c. leads immediately to the
key estimates performed by us.
3. We assumed inf σe(∆g0) > 0. This implied inf σ(∆gt

) ≥ c > 0, 0 ≤ t ≤ 1, which was
of essential meaning for all of our t independent a priori estimates. The assumption
inf σe(∆g0) > 0 would be redundant if we would know that ut(x) ≥ a for all t and
x ∈ M . We even proved this fact but in the proof we essentially used inf σe(∆g0) > 0.
From ut ∈ Ωr, r > 3, follows ut(x) ≥ inf ut for all x ∈ M but it could be that inf ut

with growing t becomes smaller and smaller. Then, if inf σe(∆g0) = 0, the norm of
(∆gt

+ (eut ·))−1 grows and grows. This would destroy the existence proof for the δ in
(7.10), (7.11). If inf σe(∆g0) = 0 then inf σe(∆gt + eut) = 1 but this insight would not
help immediately. We could conclude that below 1 there are only isolated eigenvalues
of finite multiplicity. They are > 0 for all t. But we are not able - at least until now -
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to prove the existence of a c > 0 such that λmin(∆gt
+ eut) ≥ c, 0 ≤ t ≤ 1. The proof

of 7.10 does not work since there we used the convergence ∆gt
→ ∆gt∗ for t → t∗. If

we replace ∆ by ∆+eu then we must prove ut → ut∗ for t → t∗ in a certain sense. But
this is more or less equivalent to theorem 7.7 and the natural proof of ut → ut∗ would
just use inf σe(∆g0) > 0. Nevertheless it could be possible to drop this assumption.
But then we would have to study very carefully the intimate relation between inf ut0

and

|(∆gt
+ eut)−1|r−2,r, t ∈]t0 − ε, t0 + ε[∩[0, 1].

4. Now there arises the natural question, do there exist metrics g0 with K(g0) =
−1, rinj(g0) > 0 and inf σe(∆g0) > 0 ? The answer is yes. Consider Y -pieces Yk where
the lengths of the boundary geodesics grow exponentially with k, roughly spoken, and
build an infinite ladder out of them. More precisely we take for k = 1, 3, 5 . . . Yk to
be the Y -piece with boundary geodesics of length 3kL (L > 0 is a fixed constant) and
Yk+1 the Y -piece with boundary geodesics of lengths 3kL, 3kL, 3k+1L. The two are
pasted together. Built up all ladder ends by each metrically dilated Y -pieces. Then,
using Cheegers constant, one can show that in this case inf σe(∆g0) > 0 in addition
to K ≡ −1 and rinj(g0) > 0. We shortly explain this. If K is any smooth, compact
submanifold of M2,dimK = 2, we set

hk(ε) = inf
vol(∂N)
vol(N)

,

where N ⊂ M \K is a neighbourhood of the isolated end of ε, ∂N dividing ε into a
compact and noncompact part (which is an element of ε). Denote hess(ε) = sup

K
hK .

Then

1
4
(hess)2 ≤ inf σe(∆g0(ε)).

See [4] for details. If we construct g0 as above then hess > 0. We refer to [7]. ¤.
We have shown in theorem 7.4 and corollary 3.6 that

comp(g0)−1 and comp(g0)/comp(1)

have the structure of Hilbert manifolds. Now we are able to state
Theorem 7.25. Assume g0 ∈M(I, B∞) with K(g0) ≡ −1, inf σe(∆g0) > 0, r >

3. Then comp(g0)−1 ⊂ Mr(I, B∞) and comp(g0)/comp(1), comp(1) ⊂ Pr
∞(g0), are

diffeomorphic manifolds.
Proof. Consider π : comp(g0) → comp(g0)/comp(1) and π−1 = π|comp(g0)−1 . The

latter map is bijective according to theorem 7.7. We are done if we can show that the
differential d π−1 is well defined and an isomorphism at any point. Now

T[g]comp(g0)/comp(1) ∼= Tg comp(g0)/Tg(comp(1) · g) =

= {[h]|h ∈ Ωr(S2T ∗, g)}, [h] = {h + λg|λ ∈ Ωr(M)}.
Then, by an easy consideration, dπ−1|g is given by h → [h]. d π−1 is surjective at g if
for any [h] we find a representative h + λg ∈ Tg comp(g0)−1 = ker d(K + 1) = ker dK,
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i.e. d(K(g)+1)(h+λg) = 0. By suitable choice of λ, we can assume w.l.o.g. trgh = 0.
Then we have to solve

2∆gλ + δgδgh−∆gλ + λ = 0
∆gλ + λ = −δgδgh,

but ∆g + 1 is bijective, as we already know. ¤
If we assume for a moment that Dr+1

0 (g0) acts on comp(g0), then we can sharpen
7.25 as follows.

Lemma 7.26. The diffeomorphism π−1 : comp(g0)−1 → comp(g0)/comp(1) is
Dr+1

0 equivariant.
Proof. If Dr+1

0 acts on comp(g0) then on comp(g0)−1 too: K(f∗) = f∗K(g) =
K(g) ◦ f , i.e. K(g) ≡ −1 implies K(f∗g) ≡ −1. Furthermore π−1(f∗g) = [f∗g] =
f∗π−1(g). ¤

This allows to establish at least formally an isomorphism between

comp(g0)−1/Dr+1
0 and (comp(g0)/comp(1))/Dr+1

0 .

We discuss this in sections 9 and 10.

8. The spaces of almost complex and complex structures for n = 2. In
this section we develop the approach, sketched in section 4 for arbitrary n = 2m, for
n = 2. First we start with arbitrary n = 2m,Mn oriented. Fix any metric g and
r ≥ 1. Then

Ar = Ar(g) =
∑

i∈I

comp(Ji)

is well defined. Here

comp(J) = {J ′ ∈ Ar| |J − J ′|g,r < ∞} (8.1)

is a Hilbert manifold. The Hilbert manifold structure can be seen as follows. There
is a real representation GL(m,C) → GL+(2m,R) given by

(A + iB) →
(

A B
−B A

)

which gives the coset space GL+(2m,R)/GL(m,C). GL(m,C) is just the isotropy

group of the canonical almost complex structure
(

0 Im

−Im 0

)
on R2m. Let L be the

GL+(2m,R) principal bundle of frames lying in the fixed orientation. Then the space
A of all almost complex structures is given by

A = C∞(L×GL+(2m,R) GL+(2m,R)/GL(m,C)) ⊂ C∞(T 1
1 (M)).

On open manifolds with infinite volume it does not make sense to speak of square
integrable (together with derivatives) sections in A, since such sections do not exist
because det J = 1. C∞(T 1

1 (M)) is endowed with a canonical uniform structure Ur

generated by the basis L = {Vδ}δ>0,
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Vδ = {(t, t′) ∈ C∞(T 1
1 (M))| |t− t′|g,r < δ}

which induces the uniform structure of lemma 4.1 on A thus giving Ar = Ar(g).
For later applications we do not consider A ⊂ C∞(T 1

1 (M)) but restrict ourselves to
b
∞A(g) = {J ∈ A| |(∇g)iJ |g ≤ Ci for all i}. Then b

∞A(g) ⊂ b
∞Ω(T 1

1 , g) = ∩
m

b
mΩ(T 1

1 , g).

The elements of b
∞A(g) are the almost complex structures of “bounded geometry”.

Now we restrict for our purposes to n = 2, m = 1. Then J2 = −1 if and
only if tr J = 0 and detJ = 1. Denote by b∞Ω(T 1

1 , g)
r

the completion of b
∞Ω(T 1

1 , g)
with respect to Ur. Let t ∈ b

∞Ω(T 1
1 , g) and comp(t) ⊂ b∞Ω(T 1

1 , g)
r

its component in
b∞Ω(T 1

1 , g)
r
. Then comp(t) = t + Ωr(T 1

1 , g) is an affine space with Ωr(T 1
1 , g) as vector

space. If tr t /∈ Ωr(M, g) then comp(A) does not contain a tensor field s with tr s ≡ 0.
Such a component does not contain any almost complex structure. If tr t ∈ Ωr(M, g)
then tr(t + t′) = 0 if and only if tr t′ = −tr t and for tr : comp(t) → Ωr(M, g),
tr−1(0) ∼= −tr(t)gi

j + (Ωr(T 1
1 , g) ∩ {tr = 0}) ∼= Ωr(T 1

1 , g) ∩ {tr = 0} which is a closed
linear subspace N of Ωr(T 1

1 , g) with tangent space Ωr(T 1
1 , g) ∩ {tr = 0}. Similarly,

if 1 /∈ det(comp(t)) then comp(t) does not contain any almost complex structure.
In the other case M = det−1(1) is a submanifold of comp(t) with TjM = {H ∈
Ωr(T 1

1 , g)|tr(JH) = 0}. Hence if tr t ∈ Ωr(M, g) and 1 ∈ det(comp(t)), then comp(t)
contains a component comp(J) = N∩M ⊂ comp(t), N andM intersect transversally.
Moreover, tr H = 0 and tr JH = 0 if and only if JH + HJ = 0. The topology of
comp(J) is that induced from comp(t), i.e. we have (8.1).

Since we consider in the sequel only b∞A(g)
r

we denote this for the sake of brevity
once again with Ar(g) but always keeping in mind that we completed a space of
bounded almost complex structures. Then

Ar(g) =
∑

i∈I

comp (Ji).

Forming ∩
r
Ar(g), we obtain back all∞ -bounded smooth almost complex structures. It

is an absolutely standard fact that a smooth almost complex structure J is integrable,
i.e. induced from a complex structure c = {(Ui, ϕi)}i if and only if the Nijenhius
tensor N(J) equals to zero, N(J) = 0,

N(J)(X, Y ) = 2{[JX, JY ]− [X, Y ]− J [X, JY ]− J [JX, Y ]}.
Denote for general n = 2m by Cr all elements J ∈ Ar such that N(J) = 0. As well
known, for n = 2m = 2, N(J) = 0 for all J .

9. The action of Dr+1
0 . We consider (Mn, g0), g0 ∈M(I, Bk), k ≥ r+1 > n

2 +2,
comp(g0) ⊂ Mr(I, Bk). Then Dr+1

0 (g0) = D∞,r+1
0 (g0) = Dr+1

0 (comp(g0)) is well
defined. We want to show that Dr+1

0 acts on comp(g0), i.e. if g ∈ comp(g0), f ∈ Dr+1
0 ,

then f∗g ∈ comp(g0). If f ∈ Dr+1
0 , then there exist vector fields X1, . . . , Xn, Xi ∈

Ωr+1(TM, g0) such that

f = exp Xu ◦ . . . ◦ expX1.

More carefully, X2 ∈ Ωr+1((expX1)∗TM, (expX1)∗∇g0) and so on, but if f1 ∼ f2,
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then Ωi(f∗1 T, f∗1∇) ∼= Ωi(f∗2 T, f∗2∇) as equivalent Hilbert spaces, which will be dis-
cussed below. We start with a simple special case, f = exp X, X ∈ Ωr+1(TM, g0).
According to (2.3), there exists a sequence Xν ∈ C∞0 (TM), Xν −→

| |g0,r

X. This implies

expXν → expX = f in our topology of Dr+1
0 . Moreover expXν ∈ C∞,∞(M, M) ∩

Dr+1
0 . Hence (exp Xν)∗g′ satisfies (I) and (Bk) for any g′ ∈ comp(g0) ∩M(I, Bk).

We want to estimate (exp Xν)∗g′ − g′ which needs some explanations.
If E → M is a vector bundle, f = (fE , fM ) a bundle map, c : M → E a section,

then it is for fM 6= id impossible to compare c and f∗c since they live in different
bundles, c is a section of E → M, f∗c a section of f∗E → M . If we must or want
to compare them we must use a canonical equivalence between E and f∗E - if such
an equivalence exists. Consider g′ as a section of S2T ∗, f∗g′ as a section of f∗S2T ∗.
If f = exp X, X ∈ Ωr+1(TM, g0) ∩b,k Ω(TM, g0), then we have a canonical bundle
equivalence, the parallel displacement of the fibre over expX along exp sX to exp 0.
If g0 has bounded geometry up to order k then this equivalence is also bounded up
to order k. Having this construction in mind, it makes sense to consider for a section
c : M → Tu

v

f∗c− c = (f∗ − id)c

or the pointwise operator norm

|f∗c− c|x.

Our considerations generalize to the case where we replace id by some f and expX is
now defined for X ∈ Ωr(f∗TM). We proved in [14], p. 284, (4.95) and p. 292, (5.16)
the following key

Proposition 9.1. Assume (Mn, g), (Nn′ , h) with (I) and (Bk), k ≥ r + 1 >
n
2 + 2, f ∈ Ω2,r+1(M, N), f ′ = exp Y, Y ∈ Ωr+1(f∗TN). Then there exist polynomials
Rµ(|Y |, |∇Y |, . . . , |∇n+1Y |) such that

|∇µ(f∗ − f ′∗)|x ≤ Rµ, µ ≤ r. (9.1)

Moreover, the Rµ are square integrable,
∫ |Rµ|2 ≤ R′µ(|Y |g0,r+1), where R′µ is a poly-

nomial without constant term. In particular

|f∗ − f ′∗|g0,r < ∞ (9.2)

and |f∗ − f ′∗|g0,r → 0 if

|Y |g0,r+1 → 0. (9.3)

¤
Corollary 9.2 Under the assumptions of 9.1,

Ωr+1(f∗TN) ∼= Ωr+1(f ′∗TN) (9.4)

as equivalent Hilbert spaces. ¤
After this preparations we are ready to state
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Theorem 9.3. Assume g0 ∈ M(I, Bk), k ≥ r + 1 > n
2 + 2. Then Dr+1

0 (g0) acts
on comp(g0) ⊂Mr(I, Bk).

Proof. We have to show, g ∈ comp(g0), f ∈ Dr+1
0 imply f∗g ∈ comp(g0). The

other properties of an action are trivially satisfied. We start with the simplest case
f = exp X, X ∈ Ωr+1(TM, g0). We know from g ∈ comp(g0) that there exists a
sequence (gν)ν , gν ∈M(I, Bk) ∩ comp(g0), gν −→

| |g0,r

g. In particular

|gν − g0|g0,r ≤ |gν − g|g0,r + |g − g0|g0,r ≤ C (9.5)

for all ν. Moreover, according to (2.3), there exists a sequence (Xµ)µ, Xµ ∈ C∞0 (TM),
Xµ −→

| |g0,r+1

X. If we define fµ := expXµ, then fµ → f in Dr+1
0 . Consider the

diagonal sequence f∗ν gν . Clearly, f∗ν gν ∈M(I, Bk). f∗ν gν ∈ comp(g0) since

|f∗ν gν − gν |g0,r = |(f∗ν − id)gν |g0,r ≤ |(f∗ν − id)(g0 + gν − g0)|g0,r ≤
≤ |(f∗ν − id)g0|g0,r + |(f∗ν − id)(gν − g0)|g0,r < ∞.

The latter follows from

|f∗ν − id|g0,r ≤ R′r(|Xν |r+1),

(2.20) for |α| = 0 and ∇g0g0 = 0, (9.5) and the module structure theorem. We would
be done if we could show (expXν)∗gν → (expX)∗g, i.e. |f∗ν gν − f∗g|g0,r −→

ν→∞
0. But

|f∗ν gν − f∗g|g0,r ≤ |(f∗ν − f∗)gν |g0,r + |f∗(gν − g)|g0,r ≤
≤ |(f∗ν − f∗)g0|g0,r + |(f∗ν − f∗)(gν − g0)|g0,r+

+|(f∗ − id)(gν − g)|g0,r + |gν − g|g0,r. (9.6)

All terms on the right hand side of (9.6) converge to zero for ν →∞. Now we consider
the general case f ∈ Dr+1

0 , f = exp Xu ◦ . . . ◦ expX1 and write

f∗ − id = (exp Xu ◦ . . . ◦ expX1)∗ − (expXu−1 ◦ . . . ◦ expX1)∗+

+(expXu−1 ◦ . . . ◦ expX1)∗ − (expXu−2 ◦ . . . ◦ expX1)∗ + . . .

+(expX2 expX1)∗ − (expX1)∗ + (expX1)∗ − id. (9.7)

We approximate as above Xiν −→
| |g0,r

Xν , Xiν ∈ C∞0 (TM). Then fν = exp Xuν ◦ . . . ◦
expX1ν → expXu ◦ . . . ◦ expX1 = f . Applying the triangle inequality to (9.7) and
the general version (9.1) and its integration we conclude quite similar as in the case
f = exp X. ¤

As we have already seen, the action of Dr+1
0 (g0) on comp(g0) induces an action

of Dr+1
0 on comp(g0)−1. Now we state a very nice property of this action.
Theorem 9.4. The action of Dr+1

0 on comp(g0)−1 is free.
Proof. Assume f ∈ Dr+1

0 , f∗g = g for some g ∈ comp(g0)−1. We must show
f = idM2 . f ∈ Dr+1

0 implies the existence of a homotopy ht, 0 ≤ t ≤ 1, h1 = f, h0 =
id, ht ∈ Dr+1

0 . Let π : (M̃2, g̃) → (M2, g) be the universal metric covering. Then
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there are liftings h̃0 = id, h̃t of ht and h̃1 = f̃ covers f . f̃ commutes with the deck-
transformations and hence dist(x̃, f̃(x̃)) depends only on x = π(x̃).

Lemma 9.5. Assume (Mn, g) with nonpositive sectional curvature and with neg-
ative definite Ricci tensor, f as above. If dist(x̃, f̃(x̃)) obtains an absolute maximum
at x0 ∈ M then f̃(x̃0) = x̃0, i.e. f̃ = id, f = id.

See [25], p. 57-59 for a proof. ¤
But in our case f = expXu ◦ . . . ◦ expX1, ht = exp tXu ◦ . . . exp tX1, X1 ∈

Ωr+1(M, g0), |Xi|g,x ≤ rinj(M2, g), r + 1 > 4, for every ε > 0 there exist a compact
set K such that b,2|Xi| < ε outside of K. Hence dist(x̃, f(x̃)) attains a maximum at
some x0 ∈ M . If dist(x̃0, f̃(x0)) = 0, we are done. In the other case we conclude once
again from 9.5 f̃(x̃0) = x̃0, i.e. in any case f̃ = id, f = id. In our case g must not
be smooth, but it is C3 and into all calculations and considerations of [25], p. 57-59,
enter only second derivatives of g. ¤

Corollary 9.6 Dr+1
0 acts freely on comp(g0)/comp(1).

This follows immediately from 7.25 and 9.4. ¤
10. The connection between hyperbolic metrics and almost complex

structures. Start with a metric g0 ∈ M(I, , B∞),K(g0) ≡ −1, as in the sections
above. Define an almost complex structure J0 = J(g0) as follows. Write the volume
form of g0 in local coordinates as

µ(g0)kjdxk ∧ dxj .

Then
J i

0j = J(g0)i
j := −gik

0 µ(g0)kj ,

or in a more invariant form,

J0 = J(g0) = −g−1
0 µ(g0)

or

g0(X, J(g0)Y ) = −µ(g0)(X, Y ).

An easy calculation shows

Jk
0i Jj

0k = −δj
i , i.e. J2

0 = −id,

(∇g0)iJ(g0) = 0 for all i > 0

and sup
x
|J(g0)|g0,x ≤ C, i.e. J(g0) ∈ b

∞A(g0). Consider now comp(J0) ⊂ Ar(g0) and

define for g ∈ comp(g0)

φ(g) := J(g) := g−1µ(g),

i.e.

J(g)i
j := −gikµ(g)kj .
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Proposition 10.1. φ has the following properties.
1. φ maps comp(g0) ⊂Mr(I, B∞) into comp(J0) ⊂ Ar(g0).
2. g is Hermitian with respect to J(g), i.e. g(J(g)X, J(g)Y ) = g(X, Y ).
3. φ(eu · g) = φ(g)
4. φ(g1) = φ(g2) implies g1 = eu · g2, e

u ∈ comp(1).
5. φ maps comp(g0) onto comp(J0).
6. φ : comp(g0) → comp(J0) is a submersion with kerDφ = Ωr,c(S2T ∗, g) = {h ∈
Ωr(S2T ∗, g)|h(x) = p(x) · g(x), p ∈ Ωr}.

Proof. 1. There exists a sequence (gν) in comp(g0) ∩ M(I, B∞), gν −→
| |g0,r

g.

This implies J(gν) = g−1
ν µ(gν) −→

| |g0,r

g−1µ(g) = J(g), i.e. if g ∈ comp(g0) then

J(g) ∈ comp(J(g0)).
2. This has been proved in [29].
3. φ(eu · g) = (eug)−1µ(eu · g) = e−ug−1(eu)2/2µ(g) = g−1µ(g) = φ(g)
4. Assume φ(g1) = φ(g2), g−1

1 µ(g1) = g−1
2 µ(g2). Moreover µ(g2) = eu · µ(g1). Hence

eu · g−1
2 = g−1

1 , g2 = eu · g1. By assumption |g2 − g1|g1,r < ∞, i.e. |eug1 − g1|g1,r =
|(eu − 1)g1|g1,r < ∞ which is equivalent to |eu − 1|g1,r < ∞, |eu − 1|g0,r < ∞. The
other condition for eu ∈ comp(1) can be similarly easy proven.
5. Let J ∈ comp(J0). We have to show that there exists g ∈ comp(g0) such that
φ(g) = J . There exists a sequence Jν ∈ comp(J0), Jν ∈ b

∞A(g0), Jν −→
| |g0,r

J . Define

gν by

gν(X, Y ) :=
1
2
(g0(X, Y ) + g0(JνX, JνY )). (10.1)

Then gν and g0 are quasi isometric. gν ∈ M(I, B∞) follows from Jν ∈ b
∞A(g0).

Moreover,

gν − g0 =
1
2
(g0(Jν ·, Jν ·)− g0(·, ·)) =

=
1
2
(g0(Jν ·, Jν ·)− g0(J0·, J0·)) =

=
1
2
(g0((Jν − J0)·, (Jν − J0)·)+
+2 g0(J0·, (Jν − J0)·)). (10.2)

Now (∇g0)ig0 = 0, |Jν − J0|g0,r < ∞ imply |gν − g0|g0,r < ∞, i.e. gν ∈ comp(g0). We
additionally infer from (10.2) that (gν)ν is a Cauchy sequence, gν → g ∈ comp(g0).
Forming the limit ν →∞ in (10.1), we conclude

g(X, Y ) =
1
2
(g0(X, Y ) + g0(JνX, JνY )). (10.3)

The fact that (10.3) implies φ(g) = J has been proven in [29].
6. Let h ∈ Tg comp(g0) with local components hij . It has been shown in [29], p. 23,
that

(Dφ(g)(h))i
j = −[(H − 1

2
(tr H)I)J ]ij ,H = (hi

j). (10.4)
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We conclude from the invertibility of J and (10.4)

kerDφ(g) = Ωr,c(S2T ∗, g)

which is a closed subspace.
For J ∈ comp(J0)

HJ = −JH if and only if tr H = 0 and H is g-symmetric.

Hence (H − 1
2 (tr H) · I)J runs through all of TJ comp(J0) = {K|KJ + JK = 0} if H

runs through all of {H|tr H = 0}, i.e. Dφ is surjective, φ an submersion. ¤
According to 10.1, 3. and 4., φ induces a map φ : comp(g0)/comp(1), and we just

proved
Theorem 10.2. The induced map

φ : comp(g0)/comp(1) → comp(J0),

[g] → −g−1µ(g),

is an isomorphism of Hilbert manifolds. ¤
Theorem 10.3. Dr+1

0 acts on comp(J0) from the right as follows:

J · f := f∗J := f−1
∗ J f∗.

Proof. It is absolutely trivial that (J · f)2 = −id, J · (f1 · f2) = (J · f1) · f2. The
nontrivial fact we must show is that f∗J ∈ comp(J0). We indicate how to do this but
omit the details. There exists a sequence Jν ∈ comp(J0), Jν −→

| |g0,r

J, Jν ∈ b
∞A(g0).

First we consider the simpler case for f, f = exp X, X ∈ Ωr+1(TM, g0). Then X =
limXν , Xν ∈ C∞0 (TM). Set fν = expXν . f∗ν Jν ∈ b

∞A(g0) and f∗ν Jν ∈ comp(J0)
since |f∗ν Jν − Jν |g0,r < ∞. It remains to show

f∗ν Jν −→
| |g0,r

f∗J = J · f.

But

f∗ν Jν − f∗J =

= f−1
ν∗ (Jν − J)fν∗ + f−1

ν∗ J(fν∗ − f∗) + (f−1
ν∗ − f−1

∗ )Jf∗ (10.5)

We get from [14] estimates that |∇if−1
ν∗ |g0,x, |∇ifν∗|g0,x, |∇if∗|g0,x are bounded by

integrable polynomials, and |id| for i ≤ r (f∗ = f∗ − id + id). Thereafter we use
(∇g0)iJ = (∇g0)i(J − J0), |Jν − J |g0,r → 0,

|fν∗ − f∗|g0,r → 0, |f−1
ν∗ − f−1

∗ |g0,r → 0 (10.6)

and the module structure theorem thus obtaining |f∗ν Jν − f∗J |g0,r → 0. If f =
expXu ◦ . . . ◦ expX1 then we apply the decomposition (9.7) and proceed in the same
manner. (10.6) is a highly nontrivial result in [14] related to the topology = uniform
structure of Dr+1

0 . ¤
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Lemma 10.4. The diffeomorphism

φ : comp(g0)/comp(1) → comp(J0)

is Dr+1
0 -equivariant.
Proof.

φ(f∗[g]) = φ[f∗g] = (f∗g)−1µ(f∗g) =

= (f∗g)−1(f∗µ(g)) = f∗(g−1µ(g)) = f∗φ([g]).

¤
This yields
Theorem 10.5. Suppose g0 ∈ M(I, B∞),K(g0) ≡ −1, infσe(∆g0) > 0, r > 3.

Then for comp(g0) ⊂Mr(I, B∞), comp(1) ⊂ Pr
∞(g0) and comp(J0) ⊂ Ar(g0)

comp(g0)−1/Dr+1
0 , (comp(g0)/comp(1))/Dr+1

0 , comp(J0)/Dr+1
0

are isomorphic topological spaces. ¤
This justifies the following preliminary
Definition. Each of the spaces

comp(g0)−1/Dr+1
0 , (comp(g0)/comp(1))/Dr+1

0 , comp(J0)/Dr+1
0

is called the Teichmüller space

T r(comp(g0))

of comp(g0).
The main task of Teichmüller theory consists of describing the topology and

geometry of the Teichmüller space.
Remarks. 1. If M2 is closed then Mr(I, B∞), T r,Ar consist of one component

and

T r(M2) = Mr
−1/Dr+1

0
∼= (Mr/Pr)/Dr+1

0
∼= Ar/Dr+1

0 .

In the open case Mr(I, B∞) consists of uncountably many components. To each
component comp(g0) we can attach comp(1) ⊂ Pr

∞(g0) and comp(J(g0)) ⊂ Ar(g0).
Each component has its own Teichmüller space and theory.

T r(comp(g0)) = (comp(g0)/comp(1))/Dr+1
0

∼= comp(J0)/Dr+1
0

is defined for any component. But in the compact case a nice manifold structure and
explicit charts can be established easily and transparently by means of M−1/Dr+1

0 .
Having this in mind, we considered comp(g0)−1. But only such components with
comp(g0)−1 6= φ are interesting. Therefore we started with a metric g0 with K(g0) ≡
−1. Then comp(g0)−1 ⊂ comp(g0) is a Hilbert submanifold as expressed by 7.4.
The isomorphism of comp(g0)−1/Dr+1

0 to comp(J0)/Dr+1
0 , i.e. to a moduli space

of complex structures could be established only under the additional assumption
infσe(∆g0) > 0. This is in a certain sense natural, at least not strange.
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(comp(g0)/comp(1))/Dr+1
0 is defined without any hint to partial differential equa-

tions. comp(g0)−1/Dr+1
0

∼= (comp(g0)/comp(1))/Dr+1
0 refers to the moduli space of

a family of partial differential equations, ∆gu + K(g) + eu = 0, g ∈ comp(g0). This
family must be “good”, which means in our case inf σe(∆g0) > 0.
2. It is very easy to give examples of components comp(g) ⊂ Mr(I, B∞) such

that comp(g)−1 = φ. Consider the infinite ladder L2 =
+∞
]
−∞

T 2, T 2 the 2-torus,

straightly embedded into R3 with periodic curvature K(g). If there would be a met-
ric g′ ∈ comp(g) with K(g′) ≡ −1 then

∫ |K(g) − K(g′|2 = ∞ in contradiction to∫ |K(g) − K(g′)|2 < ∞ for g, g′ in the same component. Nevertheless (L2, g) has a
canonical conformal = complex structure and is, according to the general uniformiza-
tion theorem, pointwise conformally equivalent to a metric g0 with K(g0) ≡ 1. But
g0 /∈ comp(g), i.e. the conformal factor is not contained in comp(1). This supports
our procedure: not counting g′s ∈ Mr(I, B∞) and associated conformal structures
but counting the components comp(g0) with comp(g0)−1 6= φ and counting the me-
trics with K ≡ −1 inside such components. Moreover, in this way we get manifold
structures for comp(g0)−1, comp(g0)/comp(1), comp(J0), and, if things are going well,
even for the Teichmüller spaces. ¤

11. Topology and geometry of the Teichmüller space. An outlook. The
further procedure concerning topology and geometry of Teichmüller spaces is indicated
by the compact case and the usual approach to moduli spaces in geometry and global
analysis. The steps are as follows.
1. To show that the orbits under the action of Dr+1

0 are submanifolds.
2. To prove the existence of a slice.
3. The slice produces charts and a manifold structure.
4. The dimension of this manifold coincides with the dimension of the tangent space
to the slice and is given in the compact case by the index theorem. In the open case
it will be infinite.
5. The geometry of Teichmüller spaces with respect to the Weil-Petersson metric can
be similarly calculated as in the compact case. In the compact case, the solution of
steps 1-3 is more or less standard, it uses well known theorems of Ebin, Palais and
others and has been successfully been performed by Tromba in [29]. In the open case,
1-3 are totally unclear since the applied theorems of Ebin, Palais are not available.
Hence we have to reestablish some versions of them for our noncompact case.
1. has been already solved by us, the solution is highly nontrivial.
2. The existence of a slice has not yet been completely established. The standard
proofs use the properness of the action of Dr+1 on Mr in the compact case. This is
definitely wrong for open manifolds. But our situation in Teichmüller theory is much
better. We have to consider only the action of Dr+1

0 on comp(g0)−1. The nonexistence
of a slice would imply the following.
1. The existence of gν → g, g, gν ∈ comp(g0)−1

2. The existence of fν 6∈ Uε(id) ⊂ Dr+1
0 , fν ∈ Dr+1

0 , such that f∗ν gν → g.
We would be done if we could derive from 1. and 2. a contradiction. Helpful for

such a contradiction would be the following
Theorem 11.1. Assume g ∈ comp(g0)−1. Then Dr+1

0 does not contain any
isometry of g different from id.

1. and 2. would imply (by a small effort) that f∗ν g − g becomes arbitrarily
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small. then, according to 11.1, we do not have any isometry 6= id in Dr+1
0 , on the

other hand we would have outside of Uε(id) in Dr+1
0 arbitrary good almost isometries,

|f∗ν g − g|r → 0 for ν → ∞. If we could sharpen this “almost” contradiction to a
contradiction, we would be done. This problem is under investigation. The assumption
inf σe(∆g0) > 0 will play once again an essential role.

Theorem 11.1 is already completely proved.
In classical Teichmüller theory only smooth metrics and smooth diffeomorphisms

have been considered and

T (M2) := M−1/D0 or (M/P)/D0 or A/D0.

But in the strong language of global analysis one needs good topologies in M, T ,D0,
A,M−1, good properties of the actions and the implicit function theorem. Mr, T r,
Dr+1

0 ,Ar,Mr
−1 have this properties but they contain many nonsmooth elements. For

this reason one would like to apply ILH-theory. This assumes smooth Hilbert mani-
folds, i.e. (B∞). But we started with g0 ∈ M(I, B∞) hence 6.1 - 6.4 are applicable
and we set as in section 6

comp∞(g0) = lim←−
r

compr(g0), compr(g0) = comp(g0) ⊂Mr(I, B∞),

D∞0 = lim←−
r
Dr+1

0 , comp∞(J0) = lim←− compr(J0),

comp∞(g0)−1 = lim←−
r

compr(g0)−1.

Then the isomorphisms

compr(g0)−1/Dr+1
0

∼=−→ (compr(g0)/compr(1))/Dr+1
0

∼=−→
∼=−→ compr(J0)/Dr+1

0

pass into isomorphisms for r = ∞

comp∞(g0)−1/D∞0
∼=−→ (comp∞(g0)/comp∞(1))/D∞0

∼=−→
∼=−→ comp∞(J0)/D∞0 .

These are spaces of smooth elements with an ILH-topology. One now would like to
define

T (comp(g0)) := T ∞(comp(g0)) := comp∞(g0)−1/D∞0
∼= (comp∞(g0)/comp∞(1))/D∞0 ∼= comp∞(J0)/D∞0 .

Hence knowledge of all T r(comp(g0)) would imply knowledge of T ∞(comp(g0)). We
study the topology and geometry of T r(comp(g0)) in the second part of this paper.
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