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HARMONIC ROUGH ISOMETRIES INTO HADAMARD SPACE*

PETER LIf AND JIAPING WANGH#

0. Introduction. In a paper of Wan [W], he proved that for each holomorphic
quadratic differential defined on the Euclidean 2-disk, D?, there exists a harmonic
diffeomorphism from the real hyperbolic plane HZ into itself, such that its Hopf dif-
ferential is the given holomorphic quadratic differential after representing HZ by the
Poincaré model. In addition, he also proved that this correspondence is one-to-one
from the set of holomorphic quadratic differentials that are bounded with respect to
the hyperbolic metric to the set of quasi-conformal harmonic diffeomorphisms from
HZ onto itself. It is known in the literature that a quasi-conformal diffeomorphism
of HZ, when viewed as a quasi-conformal diffeomorphism of D? induces a quasi-
symmetric homeomorphism from S', the boundary of D2, onto itself. Conversely,
every quasi-symmetric homeomorphism of S' can be extended to a quasi-conformal
diffeomorphism of HZ by identifying the geometric boundary of HZ with S*. Inspired
by all these, R. Schoen [S] posed the following conjecture:

CONJECTURE 0.1. The set of quasi-symmetric homeomorphisms of S* has a one-
to-one correspondence to the set of quasi-conformal harmonic diffeomorphisms of HZ.

Specifically, this conjecture asserts that any quasi-symmetric homeomorphism of
St can be extended uniquely to a quasi-conformal harmonic diffeomorphism of HZ.
In [L-T 3], Tam and the first author confirmed the uniqueness part of this conjecture.
They showed that if two quasi-conformal harmonic diffeomorphisms of HZ share the
same boundary map, then they must be identical. Combining with Wan’s theorem,
the mapping which sends a bounded holomorphic quadratic differential to the quasi-
symmetric homeomorphism of S* — via the quasi-conformal harmonic diffeomorphism
— is injective. Their argument relied on a precise version of the Bochner formula
concerning the distance function between two harmonic maps and the fact that the
energy density has a uniform positive lower bound for a quasi-conformal harmonic
diffeomorphism of HZ. However, it is unclear whether the last fact remains valid in
higher dimension.

In a recent joint paper of Tam and Wan [T-W], they proved that this mapping is
analytic and its image is open. On the other hand, surjectivity of this mapping still
remains an open question. It is worth pointing out that a successful verification of
the surjectivity will give a parametrization of the universal Teichmiiller space by the
space of bounded holomorphic quadratic differentials (see [T-W]).

In general, the Dirichlet problem at infinity for proper harmonic maps between
two real hyperbolic spaces has been extensively studied by Tam and the first author
in a series of papers [L-T 1], [L-T 2] and [L-T 3]. When the boundary map is C' and
has nowhere vanishing energy density, they obtained rather complete and satisfactory
results concerning the existence, uniqueness and regularity of the proper harmonic
extensions. Later, Donnelly [D 1, D 2] extended some of their results to arbitrary
rank-1 symmetric spaces.
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The purpose of this paper is to formulate a generalization of Schoen’s conjecture
to higher dimensional real hyperbolic spaces and other rank-1 symmetric spaces. A
major advantage in dimension 2 over higher dimensions is that if the boundary map of
a harmonic map from HD% onto itself is a homeomorphism, then the harmonic map must
be a diffeomorphism. The lack of this phenomenon and other 2-dimensional properties
of harmonic maps makes the class of quasi-conformal harmonic diffeomorphisms too
restrictive in higher dimensions. It turns out that the notion of harmonic rough
isometry is more natural than the notion of quasi-conformal harmonic diffeomorphism
in dimension greater than 2. We would also like to point out that in his proof of
the celebrated rigidity theorem, Mostow [M] made extensive use of pseudo-isometries
which are slightly more restrictive than rough isometries. Though the two definitions
are quite similar, there are however some subtle differences which are important in
the course of development.

In the first section, we will develop some basic properties of rough isometries
between two Hadamard spaces. Here a Hadamard space is a nonpositively curved
and geodesically complete metric space. For metric spaces, we adopt the definition of
curvature bounds in terms of triangle comparisons with the model spaces. The class of
Hadamard spaces is considerably more general than Cartan Hadamard manifolds and
includes many infinite dimensional objects such as Hilbert spaces and non-locally com-
pact buildings. Throughout this paper, unless otherwise indicated, either the domain
or the target metric space is assumed to have strictly negative curvature. This extra
assumption is necessary for showing that a rough isometry induces a boundary home-
omorphism between the geometric boundaries of the domain and the target spaces.
Moreover, two rough isometries induce the same boundary map if and only if they are
bounded distance from each other. When M = N and it is a finite dimensional rank-1
symmetric space, combining with an argument of Mostow [M], we conclude that the
induced boundary map of a rough isometry must be quasi-conformal over the corre-
sponding division algebra K associated with M. We refer the reader to [M] for the
precise definition. It should be pointed out that when K = R or the symmetric space
M is the real hyperbolic space Hy, this definition coincides with the standard one and
the induced boundary map is quasi-conformal between the standard sphere S?~! and
itself. In the following, when a map between the geometric boundaries of a rank-1
symmetric space is referred to be quasi-conformal, it is understood to be so over the
corresponding division algebra K associated with the symmetric space. Conversely,
an argument by Tukia [T] can be applied to show that every such quasi-conformal
map of the geometric boundary between a rank-1 symmetric space and itself can be
extended into a quasi-isometry (hence a rough isometry). Restricting ourselves to
rank-1 symmetric spaces, we post the following generalization to the conjecture of
Schoen.

CONJECTURE 0.2. Let M be a rank-1 symmetric space. Then every quasi-con-
formal map from the boundary at infinity of M to itself can be extended uniquely to a
harmonic rough isometry from M to itself.

In view of the preceding results, the conjecture is equivalent to saying that there
exists a unique harmonic map of bounded distance from every rough isometry of M.
Certainly, the same question can be asked for more general domain and target spaces
other than rank-1 symmetric space. When both the domain and target are the same
higher rank irreducible symmetric space of noncompact type, this question admits a
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complete and affirmative answer. In fact, a recent result of Kleiner and Leeb [K-L]
says that every rough isometry between such a space is of bounded distance away from
an isometry which is clearly a harmonic map. Moreover, Theorem 2.7 implies that it
is unique. To verify our claim that Conjecture 0.2 is a generalization of Conjecture
0.1, we show (Theorem 1.8) that a harmonic map between the real hyperbolic plane
HZ and itself is a quasi-conformal diffeomorphism if and only if it is a rough isometry.
It is pertinent to point out that the existence part of Conjecture 0.2 is valid when
the rank-1 symmetric space is either a quaternionic hyperbolic space or the Cayley
plane. This follows immediately by the following theorem of Pansu [P 1], due to the
simple fact that an isometry is a harmonic map. Hence the remaining open cases are
the real hyperbolic spaces Hy and the complex hyperbolic spaces H¢. As supporting
evidence to the conjecture, we point out that Tam and the first author solved the
Dirichlet problem for proper harmonic maps between real hyperbolic spaces when the
boundary map is C! with nonvanishing energy density. In particular, if both the
domain and the target are the same real hyperbolic space Hg and the boundary map
is further assumed to be quasi-conformal, then it can be verified that the resulting
harmonic map between Hp and itself is a rough isometry. A similar statement holds
for the case of complex hyperbolic space from the work by Donnelly in [D 1].

PROPOSITION 0.3 [P 1]. Let M be either a quaternionic hyperbolic space Hg or
the Cayley hyperbolic plane H(%a. If u: M — M is a rough isometry, then there exists
an isometry v : M — M such that u is of bounded distance from v.

In section 2, we will prove that the uniqueness part of Conjecture 0.2 is valid.
In fact, uniqueness holds in the more general setting when M is a Cartan-Hadamard
manifold and N is only assumed to be a Hadamard space with strictly negative cur-
vature, and both M and N have cocompact isometry groups. In this case, a harmonic
rough isometry between M and N must be uniquely determined by its boundary map.
Combining with Pansu’s theorem [P 1], this implies that (Corollary 2.6) a harmonic
rough isometry between H{ (or HZ,) and itself is an isometry. Recall that a geometric
version of Mostow’s rigidity theorem asserts that if ¥; and X5 are two compact, rank-1
locally symmetric spaces of the same type that are homeomorphic to each other, then
they are in fact isometric. By applying the Eells-Sampson theorem, if one deforms the
homeomorphism to a harmonic map u : 3; — X5, then Mostow’s theorem follows if
we can show that the harmonic map is an isometry. Lifting v to a map u : M — M
between the universal coverings of 3; and Yo, it follows that @ is also harmonic. The
equivariant property of @ implies that it is also a rough isometry. At this point, if
we can prove that @ is an isometry, then u itself must be an isometry. Corollary 2.6
asserts that this is indeed the case when M is either H{ or HZ,. Since we do not
require the harmonic rough isometry to be equivariant for the validity of Corollary
2.6, we can view this as a generalization of Mostow’s theorem for the trivial group in
this setting. Using a recent result of Kleiner and Leeb [K-L], we also obtain a similar
generalization to the higher rank case.

Finally, in the last section, we prove the existence part of Conjecture 0.1 for a
certain class of quasi-symmetric homeomorphisms. In particular, a quasi-symmetric
homeomorphism f : S — S! is extendable to a quasi-conformal harmonic diffeomor-
phism of HZ2 if f has isolated points which are not C! or have vanishing energy density,
and near each of those points f has an expansion of the form r*h(r) for some positive
C" function h.
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1. Properties of Rough-Isometries. In this section, we will prove some basic
properties of rough isometries between two Hadamard spaces. Let us begin by recalling
the definition of a rough isometry.

DEFINITION 1.1. Let X and Y be metric spaces. A map u: X — Y is said to be
a rough isometry if there exist positive constants k, b and ¢, and a map v from 'Y to
X such that,

(A) E~Yd(zy, m0) — b < d(u(zy), u(xs)) < kd(xq,20) +b

for all x1, xo € X, and d(uov(y),y) < ¢ for all y € Y. In this case, we say that the
map u is a (k,b) rough isometry and that X andY are rough isometrically equivalent.

It is easy to check that the map v in the preceding definition is also a rough
isometry from Y to X and d(vou(x),x) < ¢ for all x € X. Note that in general a map
u which satisfies (A) and maps X onto Y is a rough isometry from X to Y. In fact, we
can define v : Y — X by v(y) € u=*(y) for y € Y. Then it is easily verified that for all
y €Y, d(uov(y),y) < c. Infact, we may take constant c to be zero. A result of Mostow
[M] says that a map satisfying (A) between two Cartan Hadamard manifolds of the
same dimension must be onto if it is also continuous. In particular, this implies that
any continuous map satisfying (A) between two such manifolds is a rough isometry.
We would like to point out that if we replace the bounds of d(u(x1),u(x2)) in the
definition of rough isometry by

E7ld(zy, z0) — b < d(u(zy), u(xs)) < kd(xy, 22),

then the map u is said to be a pseudo-isometry. One obvious difference in the two
definitions is that a rough isometry may not be continuous while a pseudo-isometry
is necessarily Lipschitz.

For metric spaces, one may use triangle comparisons to define curvature bounds.
This idea seems to be due to A. Wald [Wa] and it has been developed by a Rus-
sian school of mathematicians centered around A. D. Alexandrov. Let us recall the
definition of a metric space with a curvature upper bound.

DEFINITION 1.2. Let M} be the two dimensional model space of constant cur-
vature k. A complete metric space (X, d) is said to have a curvature upper bound k,
denoted by Kx <k, if the following two conditions are satisfied:

(1) (X,d) is a length space, i.e., for any two points P,Q € X, the distance
d(P,Q) is realized as the length of a rectifiable curve connecting P and Q. In this
case, such a distance realizing curve is called a geodesic.

(2) Let P, Q, R be three points in X and choices of geodesics yp,g of length r,
Yo,r of length p, and ygr p of length q connecting the respective points. If k > 0 we
assume that r +p+q < QW/\/E. For any 0 < A <1 let Qx be the point on vg . r such
that

d(Q)\a Q) = )‘p7
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and
d(@x, ) = (1 = A)p.

Consider the possibly degenerate triangle in M? whose sides have length given by p,
q, v and opposite vertices P, Q, R, there is a corresponding point Q such that

d(Q)m Q) = )‘pv

and

d(Qx, R) = (1= Np.

Then d(Pa Q)\) < d(p7 Q)\)

A complete metric space is said to be non-positively curved (NPC) if Kx < 0.
Furthermore, an (NPC) space (X, d) is called a Hadamard space if it is geodesically
complete, namely, passing through any two points in X there exists a (necessarily
unique) geodesic line. By the completeness of (X,d), this is equivalent to require
that any geodesic of (X, d) can be locally extended. Clearly, every Cartan Hadamard
manifold is a Hadamard space. As a trivial infinite dimensional example, a Hilbert
space is a Hadamard space.

Let [ be a geodesic line in an (NPC) space (X, d). Then it is easy to see that for
every point p € X there exists a unique point ¢ € [ such that d(p,q) = d(p,1). We
define a map m; from X onto ! by m;(p) = g and call m; to be the orthogonal projec-
tion map from X onto [. Let us first state a proposition concerning the orthogonal
projection map 7; which is well-known in the Riemannian manifold setting and can
be proved by a standard Jacobi field argument. Here the argument is slightly more
complicated and it is given in the appendix.

PROPOSITION 1.3. Let (X, d) be a metric space with curvature Kx < —a? < 0.
Let L be a rectifiable curve in X and of distance R away from the geodesic line .
Then the orthogonal projection map m; from X onto the geodesic line | contracts the

length of L by a factor cosh(aR), i.e. |m(L)] < COSLL(LR).

One immediately sees from the above proposition that the orthogonal projection
map 7 is a Lipschitz map of Lipschitz constant 1 when X is an (NPC) space.

PROPOSITION 1.4 [E]. Let M and N be Hadamard spaces such that either Ky <
—a? or Ky < —a? for some a > 0. Let u be a rough isometry between M and N. For
a geodesic segment B with end points m1 and ms in M, let & be the geodesic segment
connecting u(my) and u(ms) in N. Then there exists a constant ¢ independent of
such that the Hausdorff distance dg(u(fB),0) < c.

The following lemma readily follows from Proposition 1.4 if N is locally compact.
However, a Hadamard space in general is not necessarily so and some argument is
needed.

LEMMA 1.5. Let M and N be Hadamard spaces such that the curvature of N
satisfies Ky < —a? for some a > 0. Let u be a rough isometry between M and N.
Then for any geodesic line 3 in M, there exists a unique geodesic line § in N such
that the Hausdorff distance dg(u(B),d) < ¢, where constant ¢ is independent of 3.

Proof. Let 3 be a geodesic line in M. We parametrize 3 by arclength over the
interval (—oco,00). For each t > 0, let 3; be the geodesic segment 3|;_; 4. Let d; be
the geodesic segment in N determined by u(8(—t)) and u(5(¢)). Then Proposition 1.4
implies that there is a constant ¢ independent of 8 and ¢ such that dg(u(5),d:) < c.
Choose a sequence of numbers ¢; such that ¢; > kb and t;11 > t; + k(4" + b+ 2c). Let
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Bi = B, and 6; = d;,. We claim that the sequence of geodesic segments J; converges
to a geodesic line §. Then it is evident that dg(u(3),d) < c¢. Note that for 0 < i < j,

(1.1) sup d(z,d;) < sup d(z,u(B;)) + du(u(B;),d;)
FASI TES;

< sup d(z,w(Bi)) + du (u(B;), ;)
< du (6, u(B)) + du(u(B)), 65)
< 2c.

Let I; be the geodesic line containing d;. Then we have 7, , (§;) C d;+1. In fact,

i+l

(1.2) d(u(B(t:)), u(B(tit1))) =k~ d(B(t:), Btiy1)) — b
>k (i1 —ti) —b
> 2¢

and

(1.3) d(u(B(t:)), u(B(—tit1))) = k~d(B(t:), B(—tiy1)) — b

> kil(ti_i_l + ti) —b>2c

In view of (1.1), (1.2) and (1.3), one concludes that m;, , (u(B(t;))) € di41. Similarly,
Ty (W(B(—t))) € dig1. Thus, m,,,(0;) C dit1. Now pick up a point z; € 0; and
define a sequence of points x; € ¢; inductively by xj;1 = 1, (z;). We first show that
the sequence of points z; converges to some point x € N. For any ¢ > 1, let ; be the
segment of J; joining x; to u(5(¢;)). Let L; = |y;| be the length of ;. In view of (1.1)
and the choice of t;,
(1.4) Li = d(zs, u(B(t:))) = d(m, (w(B(ti-1))), u(B(t:))

2 d(u(B(ti-1)),u(B(t:))) — 2c

Z k/‘_l(ti — tifl) —b—2c

Z 41’71.

Denote the length of 7, (v;) by H;. Then by (1.1),

(1.5) H; > L — d(w,li1) — d(u(B(t:)), li1)
Z L,L — 4e.

Let R; be the distance between ; and l;11. Proposition 1.3 then implies that
(1.6) H; cosh(aR;) < L;.
Using (1.4) and (1.5), we obtain from (1.6) that

l( 8c n 8c )
a L; —4c L; —4c

R; < <2

for some constant ¢; depending on a and ¢ only. Thus, for a given ¢, there exists a point
y € §; between z; and u(5(t;)) such that d(y, l;+1) < ¢127". The same argument shows
that there exists a point z € d§; between z; and u(6(—¢;)) such that d(z,l;11) < 127"
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The convexity of the function d(x,;11) then implies that
(17) d(xl, SUZ'+1) = d(x“ li+1) S 6127i.

This implies that z; is a Cauchy sequence and by the completeness of N, z; must
converge to some point x € N.

To show the convergence of §;, we parametrize J§; by arclength over an interval
[—b;, a;] containing 0 such that §;(0) = z;. By (1.4), one sees that both a; and b; goes
to infinity. For each fixed real number s, we will show that lim;_,, 0;(s) exists in N.
In the following, we give the argument for the case that s > 0. For any ¢ > 1, by (1.1),
there exists a point P € §;;1 such that

(1.8) d(u(B(t:)), P) = d(u(B(t:)), lit1) < 2c.

Consider the ordered sequence of points z;, u(8(t;)), P and x;11. Since the curvature
Ky < —a?, N in particular is an (NPC) space. By the quadrilateral comparison
theorem (see [K-S] or the appendix), there exists a convex Euclidean quadrilateral
ABCD in R? satisfying |AB| = d(x;,u(8(t;))) = Li, |BC| = d(u(B(t;)), P), |CD| =
d(P,x;41) and |DA| = d(z;41,x;) such that if we let E and F be the points on the sides
AB and CD respectively with |[AE| = X and |DF| = pu, then d(6;(A\), d;41(1)) < |EF)|.
In particular, that shows the angles ZADC > 7/2 and ZBCD > m/2. Choose points
G and J on the sides AB and CD, respectively, such that |JD| = s and that GJ
is perpendicular to C'D. Let H be the projection point of A onto the line passing
through C' and D. Then

\HJ| = |[HD| + |DJ| < |AD| + 5
< 012_i + s.

Let K be the point on AB such that K'C'is perpendicular to CD. In case ZABC > 7/2,
we see that |[AH| > |GJ|. In this case, we conclude that

|GJ| < |AH| < |AD| < ;27"

If ZABC < 7/2, then |KC| < |BC|. Let us then consider the quadrilateral AKCH.
Since AH, GJ, and KC are all perpendicular to HC, we conclude that

|AH||JC] n |KC||HJ|
|HC| |HC|
|BC||H J|
|CD|
(2¢)(c1271 + )
Dl

G| =

< |AD|+
-1
S 012 =+

where we have used (1.7) and (1.8). However, since
|CD| > |AB| - |AD| - [BC|
>4 — 27 - 2
this asserts that
(1.9) |GJ| < c(s)27"



426 PETER LI AND JIAPING WANG

for some constant ¢(s) depending only on s. Finally, let T be a point on the side AB
such that |AT| = s. Then using (1.7) and (1.9), we obtain

(1.10) d(6i(s), 0i41(s)) < [T
< |GJ|+|GT|
< |GJ| + ||GA| - |AT||
=|GJ| + ||GA| - |JD]|
<|GJ| + |AD| + |GJ]|
< e(s)27"

It is now clear that (1.10) implies that the lim;_, o 0;(s) exists.

To show the uniqueness of such geodesic line §, let §; and ds be two geodesic
lines parametrized by arc-length such that dg(u(5),d;) < ¢ for ¢ = 1 and 2. This
implies that dp(d1,d2) < 2¢. Using Proposition 1.3, one shows that for any ¢; and
to, d(01lft,,4,],02) — 0 as ta —t; — oo. In particular, liminf; . d(d1(t),d2) = 0
and liminf,, o d(d1(t),02) = 0. Convexity of the function d(x,d2) now implies that
d(01(t),d2) = 0 for all t. Hence, d; = d2, and the proof is complete.

In the following, we will use Lemma 1.5 to discuss the behavior of a rough isometry
at the infinity. For an (NPC) space, one defines its geometric boundary as in the case
of Cartan Hadamard manifolds. Let X be an (NPC) space. Two geodesic rays 31 and
B2 of X are defined to be equivalent if their Hausdorff distance dg (81, 52) is finite.
Then the geometric boundary of X is the set of equivalence classes of geodesic rays
and it is denoted by 0 X. The geometric boundary 0., X is also referred to be the
sphere at infinity for the space X. It is clear that for x € X and p € 95X, there
exists a unique geodesic ray emanating from x which represents p. Thus, the pointed
Hausdorff topology on rays emanating from x € X induces a topology on 0, X. It is
easy to see that this topology is independent of the base point z. In the following, it
is assumed that 0., X carries such a topology. When (X, d) is a Hadamard space, one
checks that 0., X is homeomorphic to the unit sphere centered at an arbitrary point
x € X. Let u, M and N be the same as in Proposition 1.4. Applying Lemma 1.5, one
concludes that for a geodesic ray 8 emanating from x in M, there exists a geodesic
ray 0 in N emanating from wu(z) such that dg(u(B),0) < ¢, where ¢ is a constant
independent of f3.

ProrposiTiON 1.6. Let M and N be Hadamard spaces. Suppose that either
Ky < —a? or Ky < —a? for some a > 0. Then every rough isometry w : M — N
induces a homeomorphism between the spheres at the infinity. Moreover, two such
rough isometries u; and us between M and N induce the same boundary map at the
infinity if and only if d(u1(z),uz(z)) < c¢ for all x € M.

Proof. Fix a point x in M. For p € 0,,M, let 3 be the geodesic ray emanating
from x which represents p. By the remark following Lemma 1.5, there exists a geodesic
ray 0 emanating from u(x) such that dg(u(f3),d) < ¢, where ¢ is independent of 3.
Let ¢ € O N be the point represented by the ray §. Then ¢(p) = ¢ defines a map
from O M to O5oIN. It is easy to see that ¢ is a surjective homeomorphism.

To prove the second conclusion, note that it is clear that u; and us induce the
same boundary map if d(u1,us) < ¢ for some constant ¢. Conversely, suppose u; and
o induce the same boundary map at infinity. We first assume that Ky < —a? for some
a > 0. This assumption asserts that N has more than one geodesic line. In particular,
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Oso N has more than two points. Thus, by the surjectivity of the induced boundary
map of uy, we conclude that 0., M contains more than two points. Therefore, for
every p € M, there exists a geodesic line [; in M passing through p and a point x € M
such that x is not on the line ;. We parametrize l; over (—oo, 00) such that 1;(0) = p.
Let L be the broken geodesic connecting l;(—1), x and l;(1). By the continuity of
the orthogonal projection map 7, one concludes that ;, (L) is connected and hence
must contain point p. In particular, one finds a point y € L such that 7, (y) = p. It is
clear that y is not on the line /1. Let [5 be the geodesic line passing through p and y.
It is then easy to see that m, (I2) = p as M is an (NPC) space. By Lemma 1.5, there
exist geodesic lines y; and 75 in N such that dg (ui(l;),v:) < c and dg(ua(l;), 1) < ¢
for i = 1, 2. In particular, we have u(p) € To.y1 NTey2 and ug(p) € Teyr NTey2, where
T.7; is the tubular neighborhood of ~; of size ¢, i = 1 and 2. Let v; and vy be two
rough isometries from N into M such that d(u; ov;(w),w) < f and d(v;ou;(2),2) < f
for all z € M and w € N, where f is a constant. Without loss of generality, we may
assume that u; and v; are (k, b) rough isometries. For z = v1(w) € v1(Te71), it is easy
to see that

d(z,11) = d(vi(w), 1)
< kd(uy ovy(w),ui(l1)) +b
< kd(uy 0 vi(w), w) + kd(w, 1) + kdgr (ur (h),m) + b
< kf + 2kc+b.

Thus, we conclude that v1(T,v1) C Tzl1, where ¢ = kf + 2kc + b. Similarly, we get
v1 (Tey2) C Talo. Since us(p) € Teyr N Teye, this implies that vy (us(p)) € Taly N Tels.
Let us set ¢ = v1(ua(p)). If we let g1 to be the point 7, (¢) and g2 the point 7, (q),
then noting that 7, (I2) = p we obtain

d(u1(p), u2(p)) < d(ui(p),ui(q)) + d(ui(q), u2(p))
< kd(p,q)+b+ f
< kd(p,q1) +kd(q,q1) +b+ f
= kd(m, (g2), m,(q)) + kd(g, 1) + b+ f
< kd(ge,q) + ké+b+ f
= kd(q,lo) + ké+b+ f
<2ké+b+ f,

where we have used the fact that M is an (NPC) space and the projection m, is
distance decreasing. This completes the proof for the case Ky < —a? for some a > 0.
Now if Ky < —a? for some a > 0, then the preceding argument can be applied to
show that d(v1(y),v2(y)) < ¢ for all y € N. Thus, for z € M, we conclude that

d(u1(x), uz(w)) < kd(v1(u1(w)), vi(uz(x))) + b
< kd(x,v1(uz(x))) + kf+0
< kd(z,va(uz(x))) + kd(va(ua(x)), v (uz(x))) + kf + kb
<kf+kc+kf+ kb,

and the proof is complete.
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In [M], Mostow considered the notion of quasi-conformal mappings over a division
algebra K and showed that a pseudo-isometry between a rank-1 symmetric space and
itself that is equivariant with respect to some cocompact group actions must induce a
boundary homeomorphism which is also quasi-conformal over the division algebra K
associated with the symmetric space. This conclusion is also valid for rough isometries.

COROLLARY 1.7 [M]. Let M be a rank-1 symmetric space. If u: M — M is a
rough isometry, then u induces a quasi-conformal homeomorphism on the geometric
boundary of M.

To justify our claim that Conjecture 0.2 is a generalization of Conjecture 0.1, we
will show that these two conjectures are equivalent when M = N = HZ.

THEOREM 1.8. Let u be a harmonic map between the real hyperbolic plane HZ
and itself. Then w is a quasi-conformal diffeomorphism if and only if u is a rough
1sometry.

Proof. First observe that a harmonic rough isometry is a pseudo-isometry, hence
it will be automatically surjective. Let u be a (k,b) rough isometry. Since u is
continuous, for every p € HZ and r > 3k?b, we have By, (r/k) C u(By(r)) (see [M,
p. 74]). By [J], we know then the Jacobian of u is positive at p. Thus, the Jacobian of
u is positive everywhere. Since the boundary map induced by u is a homeomorphism,
we conclude that u is a diffeomorphism of HZ and itself. On the other hand, since
u(Bp(b)) C By ((k+1)b), the gradient estimate of Cheng [C] implies that the energy
density of u is uniformly bounded above by some constant. Now a result of Wan [W]
says that u must be a quasi-conformal diffeomorphism. Conversely, if u is a quasi-
conformal harmonic diffeomorphism, then the same theorem of Wan [W] also asserts
that u has energy density uniformly bounded from above and below by two constants
c1, co > 0 such that

c1 <e(u) <ca.
The upper bound implies that

d(u(z),u(y)) < cad(z,y).

The lower bound together with the assumption that v is quasi-conformal implies that
the differential of v is uniformly bounded away from 0. This gives the estimate in the
opposite direction, and hence u is a rough isometry.

2. Uniqueness. In this section, we will prove the uniqueness part of Conjecture
0.2. In fact, uniqueness holds for general Cartan-Hadamard manifolds with cocompact
isometry groups. Specifically, we will show that a harmonic rough isometry is uniquely
determined by its induced boundary map at infinity. Together with Proposition 0.3, we
are able to conclude that a harmonic rough isometry between a quaternionic hyperbolic
space ( or Cayley hyperbolic plane) and itself must be an isometry. Notice that we do
not require the harmonic map to be equivariant with respect to any group action. In
particular, this can be viewed as a generalization of the Mostow rigidity theorem to
the universal coverings.

In the following, we shall consider more generally harmonic maps from smooth
manifolds into metric spaces. The fundamental theory of this setting has been intro-
duced and studied by Korevaar and Schoen in their important paper [K-S] . We shall
show that the aforementioned uniqueness result is also valid for such harmonic maps.
Let us begin with the following two lemmas which are also of independent interest.
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The idea of their proofs was originated in forthcoming paper of Korevaar and Schoen,
where they proved that the distance between two harmonic maps is subharmonic,
however more technical effort is required to deal with the uniqueness situation.

LEMMA 2.1. Let M be a Riemannian manifold and N an (NPC) space. Let u be
a harmonic map from M to N. Then Ad?(u(x),p) > 2e(u)(x) weakly, where p is a
fized point in N and e(u)(x) is the energy density function of w.

Proof. Let n(x) be a nonnegative smooth function with compact support in M.
Let 2 be a compact domain containing the support of . For 0 <t < 1, let u; be the
map such that for each © € M, u;(x) is on the geodesic segment joining u(z) to p with

d(ui(x), u(x)) = tn(z)d(u(z), p).

For z,y € M, consider the ordered sequence of points p, u(z) and u(y). Since N
is an (NPC) space, there exists a comparison triangle with corresponding vertices
P, Q and R in R? such that d(p,u(z)) = |P — Q|, d(u(z),u(y)) = |Q — R| and
d(u(y),p) = |R — P|. Let A and B be the points on the side PR and PQ respectively
such that |R — A| = d(ut(y),u(y)) and |Q — B| = d(u¢(x),u(z)). Then we have
d(ue(z), u(y)) < |A—Bl.
Direct computation yields
|A— B> =R - Q" — t(n(z) +n(y)|R - Q*
+t(n(y) —n(@))(|P = Q> — [P — R[*) + O(t?).

Therefore,

d* (ug(y), ue (@) < d*(u(y), u(z)) — t(n(x) + n(y)d*(u(y), u(z))
+t(n(y) — n(@))(d*(u(z),p) — d*(u(y), p)) + O(t*)

Integrating and averaging on the subset |z — y| < € of Q x Q we deduce by letting
€ — 0 that

Eq(u;) < Eq(u) — Qt/ﬂn(x)e(u)(x)dx

~t [ (Vi) V(o). p))do + OF)
Q
Since v is harmonic and u; = u on 02, we have
EQ(U) < EQ(ut).
Hence we conclude that

2 /Q n(a)e(w)(z)de < — /Q (Vn(e), Vi (u(x), p))dz + O(t).

After letting t — 0, we derived the inequality

2 /Mn<x>e<u><x>dx <- /M<Vn<x>7w2<u<x>,p>>dx

and the lemma is proved.
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LEMMA 2.2. Let M be a complete Riemannian manifold and N a complete metric
space with Ky < 0. Let w and v be two harmonic maps from M to N such that d(u,v)
is constant. Then either u = v or both u and v have their image lie on a geodesic line.

Proof. Suppose that u # v. For each 0 < ¢ < 1, define map u; such that u(z) is
the point on the geodesic segment joining u(x) and v(z) with

d(ui(2), u(@)) = td(u(z), v(z)).

We claim that u; is a harmonic map from M into N. In fact, for any compact smooth
domain Q C M, let wy be the harmonic map from ) to N such that w; = u; on 9.
Such w; exists by the fact that N has negative curvature, which in particular is an
(NPC) space (see [K-S]). From the argument in [K-S], we have

Ad(wg,u) >0, Ad(wy,v) > 0.
Hence, the maximum principle implies that

d*(wy(@), u(x)) < sup d*(we(y), u(y))
yeN

= sup d*(u(y),u(y))
yeoN

= t*d*(u(@), v(x))

for x € Q. Thus,

d(w(z), u(z)) < td(u(z), v(z)),
and similarly,

d(wi(z),v(z)) < (1 = t)d(u(z), v(z)).
Triangle inequality implies that
d(w(z), u(z)) + d(wi(z), v(z)) = d(u(z), v(2)).

Therefore, w(x) lies on the geodesic segment joining u(z) and v(z) and

d(wi(z), u(z)) = td(u(z), v(z)).

The definition of u; implies that u; = wy on . In particular, u; must be harmonic,
and the claim follows.
We will now show that

d(u(z), u(y)) = d(u(2), ur(y))

for all x and y in M. More generally, we will argue that if f and g are two harmonic
maps from M into N with d(f,g) being constant, then d(f(y), f(z)) = d(g(y), g(x))
for all x and y. Let n(x) be a nonnegative smooth function with compact support in
M. Let Q2 be a compact domain containing the support of . For 0 <¢ <1, let f; and
g+ be the maps such that for each © € M, fi(x) and g;(z) are on the geodesic segment
joining f(z) and g(x) with

d(fi(z), f(x)) = tn(z)d(f(z), 9(x))
and

d(g¢(x), g(x)) = tn(x)d(f(x), g(x)).
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For z and y in M, consider the ordered sequence of four points f(y), f(z), g(z) and
g(y). Since N is an (NPC) space, there exists a comparison convex quadrilateral
with corresponding vertices P, @, R and S in R? such that d(f(y), f(x)) = |P — Q|,

d(f(z),9(x)) = |Q = R|, d(g(z),9(y)) = |[R = S| and d(g(y), f(y)) = [S — P|. Let
P, and S; be the points on the side PS such that |P — P = d(f:(y), f(y)) and
|S — S| =d(g(y),g:(y)). Similarly, define Q; and R; to be the points on the side QR
such that |Q — Q¢ = d(f(x), f:(z)) and |R — R:| = d(g(z), g¢(z)). Then we have

d(fe(z), fe(y)) < [Py — Q4
and
d(ge(x), 9¢(y)) < St — Ryel.
Using the fact that |P — S| = |Q — R|, a direct computation shows that
|Py — Qif* + St — Ry
=P = QP +1S = R = t(n(z) + n(y)IQ — P+ S - R*
+2%|(n(x) — n()(@Q = R) +n(y)(Q — P) +1(y)(S — R)[?
<P = QI +1S = R — t(n(z) + n(y))(|Q — P| - |S — R|)®
+4%[(n(z) = 1(9))*1Q — RI* + 20°()|Q — PI* + 20*(y)|S — RI?].

Hence, the quadrilateral comparison asserts that

P (fi(), fi(y) + d*(g:(x), 9:(y))
< &(f(@), f(y) + d*(9(=), 9(y))
—t(n(z) + () (d(f(z), f(y)) — d(g(z), 9(y)))?
+ 4% (n(z) — n(y))*d*(f(z), g(x))

+8t% (1 (y)d?(f (x), f(9) + 0’ (9)d(g(2), 9(1))?).-
For a fix point = and a tangent vector Z at x, let us denote exp, (sZ) to be the geodesic
emanating from z in the direction Z. Using a regularity theorem of [K-S], the harmonic
maps f and g are Lipschitz continuous. Hence, the functions d(f(x), f(exp,(sZ)))
and d(g(z),g(exp,(sZ))) are differentiable almost everywhere. Let us denote the
derivatives with respect to s evaluated at s = 0 by |f«(Z)| and |g.(Z)|, respectively.

Integrating and averaging on the subset |z — y| < € of 2 x  and letting ¢ — 0, we
deduce that

Eq(ft) + Ea(gt)
< Eq(f) + Ealg)

- 2t/ 1(@)(£(2)] = 9(Z))*dp(z, Z) + ct?,
SQ

where S is the unit tangent bundle over Q and c is a constant independent of t.
Since both f and g are harmonic and f; = f, g; = g on 02, we have

Eqo(f) < Ea(ft),

Eq(g9) < Ea(gt)-
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In particular, we conclude that

/ (@) (£(2)] = 9(Z)))*dp(z, Z) < ct.
SQ

Letting t — 0, we have
/ (@) (|£(Z)] — 9:(2)])*dp(, Z) = 0.
50

Since n(z) is arbitrary, we conclude that |f.(Z)| = |g«(Z)| for almost all tangent
vector Z. Clearly, this implies that d(f(y), f(x)) = d(g(y),g(x)) for all z and y. In
particular, we have d(u(z),u(y)) = d(u(x), us(y)) for all z, y and 0 < ¢ < 1.

Fix any point € M and let v be the geodesic line containing u(z) and v(x). If
the image of w is not on +, then there exists y such that u(y) is not on . Consider
the ordered sequence of four points u(y), u(z), v(z) and v(y). Since N is an (NPC)
space, there exists a comparison convex quadrilateral with corresponding vertices A,
B, C and D in R? such that d(u(y),u(z)) = |A — B|, d(u(x),v(z)) = |B — C|,
d(v(z),v(y)) = |C — D] and d(v(y),u(y)) = |D — A|. Let A; and B; be the points on
the side AD and BC respectively such that |A—A;| = t|A—D| and |B—B;| = t|B—-C]|,
then

|A; — Bi| = |A - B]
= d(u(y),u(r))
= d(ut(y), ut(z)).

Therefore, the quadrilateral ABC'D can be isometrically embedded in the space N.
This contradicts the assumption that Ky < 0, and the lemma follows.

THEOREM 2.3. Let M be a Cartan Hadamard manifold and N a Hadamard space
with Ky < —a® < 0. Suppose that both M and N have cocompact isometry groups.
If w and v are two harmonic rough isometries from M to N which induce the same
boundary map at the infinity, then u = v.

Proof. Let us first observe that since both v and v are rough isometries from M to
N, Proposition 1.6 applies and u and v indeed induce boundary maps at the infinity.
In fact, Proposition 1.6 shows that both u and v induce a homeomorphism between
the spheres at infinity of M and N. Moreover, the assumption that they share the
same boundary map implies that d(u,v) < c¢. In particular, the sphere at infinity
Oso N of N is homeomorphic to S"~!, where n = dim M, which is evidently compact.
By the fact that N is a Hadamard space, one easily verifies that the spheres of N are
homeomorphic to 0., N. This asserts that N is locally compact. Harmonicity also
implies that both u and v are uniformly Lipschitz continuous on M. Indeed, since M
has cocompact isometry group, there exists a compact subset A in M such that for
every point © € M there exists an isometry ¢ on M with ¢(x) € A. Choose R > 0
and point p € A such that A C B,(R). For x € M, choose an isometry ¢ on M such
that ¢(z) € A. Then it is clear that

#(B:(2R)) = By(x)(2R) C B,(4R).

Note that the map u o ¢~ is harmonic on By(2)(2R) and its total energy over this
ball satisfies

(2.1) B, er(uo¢™") = Ep or)(u).
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Let n(y) = n(d(x,y)) be a smooth cut-off function on M such that n(y) = 1 on B, (2R)
and 7(y) = 0 outside the ball B, (4R). Since M is a Cartan Hadamard manifold with
cocompact isometry group, it is easy to see that |An(y)| < ¢(R). Applying Lemma
2.1 and using the fact that u is a (k,b) rough isometry, we have

(2.2) Ep, (am) (1) = /B o O

< /B . n(y)e(u)(y)dy

1

<5 [, o 0 D B0y

< c¢(R)(4kR + b)?

= ¢(R, k,b).

By Theorem 2.4.6 in [K-S], we conclude from (2.1) and (2.2) that uo ¢! is uniformly
Lipschitz continuous on By,)(R) with Lipschitz constant bounded by a constant only
depending on R, k and b. Thus, u is Lipschitz continuous on B, (R) with Lipschitz
constant bounded by ¢(R, k,b). Since x is arbitrary, we conclude that u is uniformly
Lipschitz continuous on M. The same argument also shows that v is uniformly Lip-
schitz continuous on M.
Since d(u,v) < ¢, we may choose x; € M such that

lim d(u(z;),v(x;)) = sup d(u(z),v(zx)).

i—o0 zeM
By assumption that both M and N have cocompact isometry groups, there exist
isometries ¢; on M and v; on N such that ¢; ' (z;) € A and ;(u(z;)) € B, where A
and B are two fixed compact subsets of M and N respectively. Consider now

Ji=viouog;
and

gi =iovog;.
It is clear that both f; and g; are (k,b) rough isometries for some (k,b) independent
of i as both u and v are rough isometries. Let y; = ¢; '(z;) € A. The compactness

of A implies that, by choosing a subsequence which we also denote by {v;}, v; — y.
Note that

Ji(yi) = i owo di(y;)

and
d(fi(y), fi(y:)) < kd(y,y:) +b.

Thus, by the compactness of B and the fact that y; — y, we conclude that f;(y) is a
bounded sequence. Since N is locally compact, we can find a convergent subsequence of
fi(y), also denoted by f;(y). Together with the fact that f; are (k,b) rough isometries
and N is locally compact, it follows that a subsequence of f;, also denoted by f;,
converges to a map f and the convergence is uniform on compact subsets. Since
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fi has uniformly bounded Lipschitz constants, f is also a harmonic rough isometry.
Using the fact that

d(fzagl) = d(u,v) <eg,

by further choosing a subsequence, we conclude that g; also converges to a harmonic
rough isometry g. Because both u and v have bounded Lipschitz constants, we also
see that

d(f(v),9(y))

lim d(fi(y), 9:(y))
Jim d(y; 0 wo i(y), i o vo diy))
Jim d(u o ¢i(y), v o ¢i(y))
Jim d(u o ¢i(yi), v o diyi))

— zliglo d(uo ¢i(y),uwo di(y:))

— lim d(v o ¢i(y),v o ¢i(yi))
Jim d(u(zi), v(z))

= 2¢ lim d(¢3(y), ¢i(yi))
—xsgjlad( ( ) v(x)).

Y

| V

However,

d(f’ g) = lli)rgod(fzagz) = d(uav)

implies that function d(f, g) achieves its maximum at y. Since f and g are harmonic
and N is an (NPC) space, an argument in [K-S] showed that

Ad(f,g) >0

Hence the maximum principle implies that d(f,¢g) must be a constant function. The
assumptions that f is a rough isometry and N has negative curvature imply that the
image of f does not lie in a geodesic line. The preceding lemma asserts that v = v,
and theorem is proved.

COROLLARY 2.4. Let M™ and N™ be Cartan-Hadamard manifolds with cocom-
pact isometry groups. Suppose that the sectional curvature of N is strictly negative.
Let u and v be two harmonic maps from M to N satisfying (A) such that they induce
the same boundary map at the infinity. Then u = v.

Proof. Since v and v are harmonic maps, they both are continuous maps satisfying
(A) between Cartan-Hadamard manifolds of the same dimension. Lemma 10.1’ of [M]
implies that v and v must map M onto N, hence u and v both are rough isometries
between M and N. Since the sectional curvature of N is negative and N has a
cocompact isometry group, the sectional curvature of N satisfies Ky < —a? for some
a > 0. Therefore, Theorem 2.3 applies and u = v.

If M and N are two Cartan-Hadamard manifolds with strongly negative sectional
curvatures, i.e., —b? < Kpy, Ky < —a? < 0, then a result of Gromov [G] implies that
every quasi-conformal diffeomorphism u : M — N is uniformly Hélder continuous.
Since u ™! is also a quasi-conformal diffeomorphism from N onto M, u~?! is uniformly
Holder continuous. An easy argument then implies that the map w is a rough isometry
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between M and N as pointed out in [P 2]. Applying Theorem 2.3 to this setting, we
have the following corollary.

COROLLARY 2.5. Let M and N be Cartan-Hadamard manifolds whose sectional
curvatures are strongly negative and both M and N admit cocompact isometry group
actions. Then every quasi-conformal harmonic diffeomorphism from M onto N is
uniquely determined by its induced boundary map at infinity.

Combining Proposition 0.3 with Corollary 2.4, we obtain the following result
which may be view as a generalization of Mostow’s rigidity theorem to the trivial
groups for the quaternionic hyperbolic spaces or the Cayley hyperbolic plane.

COROLLARY 2.6. Fvery harmonic rough isometry between a quaternionic hyper-
bolic space H{y and itself or between the Cayley hyperbolic plane H«%a and itself is an
1sometry.

Using a recent result of Kleiner and Leeb [K-L], we can also generalize this result
to the higher rank case.

THEOREM 2.7. A harmonic rough isometry between an irreducible symmetric
space of noncompact type of rank at least two and itself is an isometry.

Proof. Let M be an irreducible symmetric space of noncompact type of rank
r > 2. Let u be a harmonic rough isometry between M and itself. Then by [L-K],
there exists an isometry v between M and itself such that the distance between u
and v is bounded. Since M is a Cartan Hadamard manifold with cocompact isometry
group actions, the argument of Theorem 2.3 implies that the distance between u and
v is constant. If u is not identically equal to v, then for p € M let v be the geodesic
connecting u(p) and v(p). Let e1,..., e, be an orthonormal frame at p such that
dv(e1) = +'(v(p)). Foreachi =1,..., n, let us define the vector X; tangent to M x M
by X; = du(e;) + dv(e;). Since d(u,v) is identically constant, the second covariant
derivative of d defined on M x M satisfies dx, x, = 0. Hence by Proposition 1 of [S-Y],
the curvature operator of M must satisfy (R(dv(e1),dv(e;))dv(e;),dv(er)) = 0 for all
i. Note that v and hence dv is an isometry. We therefore conclude that the Ricci
curvature of M at point v(p) vanishes in the direction dv(e;). On the other hand,
M is an Einstein manifold with negative scalar curvature. In particular, its Ricci
curvature is strictly negative everywhere. This contradiction implies that u must be
identical to v to begin with. This completes the proof.

3. Existence in Dimension 2. In this section, we turn to address the existence
problem for proper harmonic maps between two real hyperbolic planes. In [L-T 3],
Tam and the first author established an existence theory for the Dirichlet problem
between two real hyperbolic spaces for the class of boundary maps which are C! with
nowhere vanishing energy densities. Later, in [Wg], the second author generalized
their existence result to a larger class of boundary maps by allowing some specific
type of singularities. In what follows, we restrict ourselves to the situation that both
the domain and target are the hyperbolic plane and further generalize these results.
As a consequence, we conclude that every real analytic quasi-symmetric map between
the unit circle S and itself admits a (necessarily unique) quasi-conformal harmonic
diffeomorphic extension. This partially answers the conjecture of Schoen mentioned
in the introduction.

Using the upper half-space model, RZ, for the hyperbolic plane HZ, the rectan-
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gular coordinates (z,y) and the polar coordinates (r,8) are related by
x =rcosb, y =rsind.

Also the hyperbolic metric is given by

o dx?+dy?
ds” = — 35—
Yy
= dr? + ! de?.
r2gin?6 sin® 6

For a map u : HZ — HZ, if we use polar coordinates on both domain and target and
write u(r,0) = (f(r,0),g(r,0)), then the tension field of u is given by

2 g5 2 2
(3.1) 7 (u) = r* Ao f sin? 6 — 2r® sin® Gcot(g)@g _r7sin”f (af>

or or f \or
sin?0 (0f\? . dg Of
7 (89) — 2sin Hcot(g)@%
and
(3.2)
2 (2 2 2
P20) = agsin? o+ =IO (G1) 2 conty) ()
sin? @ cot(g) [ Of 2 .9 99\
+T <89) — sin“ @ cot(g) <89> .

Here the Laplacian Ag is the Laplacian with respect to the Euclidean metric on R2.

THEOREM 3.1. Let f be a map from the extended real line R onto itself. Suppose
that f is C' and has nowhere vanishing energy density on R except for a finite set
of points {p1,...,pr}t. Assume that near each point p;, after choosing p; and f(p;)
as origins for the domain and target, the map is of the form f(r,0) = (r®*hyi(r),0)
and f(r,m) = (r*hs(r), ), for some a > 0, and for positive C* functions hy and hy
satisfying h1(0) = ha(0) and R} (0) = h45(0). Then there is a proper harmonic map
w: HZ — HE such that u = f at the infinity. Moreover, if f is also a homeomorphism,
then u is a quasi-conformal diffeomorphism.

Proof. We only give the proof for the case k = 1 as the proof for the general case
is similar. We claim that for given € > 0 there exists an extension of f to a proper
map F from HZ into HZ satisfying the following properties.

(1) The Jacobian of the map F satisfies J(F') > C > 0 for some constant C
independent of € outside a compact subset of HZ.

(2) The energy density function of F' satisfies e(F') < c.

(3) The tension vector field of I satisfies sup, < (¢ [|7(F)[|(x,y) < €, where d(€) >
0.

Once this claim is established, the existence of the harmonic map u then follows by
applying the argument of Theorem 6.4 in [L-T 3]. Moreover, from the argument one
concludes that the map u has bounded energy density and the Jacobian of u is nowhere
vanishing outside a compact subset. If the boundary map f is a homeomorphism, then
one sees that the Jacobian of u is nowhere vanishing everywhere by Theorem 7.1 in
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[J]. Hence u becomes a diffeomorphism. Since u has bounded energy density, from
[W] one knows that « is quasi-conformal.

To verify the claim, without loss of generality, we may assume that the point p;
and f(p1) are the origins of the domain and target. Also, we may assume that in terms
of polar coordinates, when 0 < r <1, f(r,0) = (r*hi(r),0) and f(r,7) = (r*ha(r), ),
where h; and hy are C'! positive functions and hy (0) = ho(0), h}(0) = h5(0). Let v(r, )
be the function defined on the upper half plane such that Agv = 0, v(r,0) = h1(r) and
v(r,m) = ha(r). Let the function g solve the following ordinary differential equation

(3.3) g"sin? 0 — (¢')? sin? @ cot(g) + a? sin? O cot(g) = 0

with boundary conditions g(0) = 0 and g(w) = 7. By [Wg], such g exists and g is
smooth on [0, 7] with 0 < ¢; < ¢’ < ¢g on [0, 7]. We now extend the boundary map f
to a map u defined on the half disk 0 <r <1, 0 <6 <7 by

(3.4) u(r,0) = (r*v(r,6),g9(0)).

Since h; and hy are positive, we know v is also positive. So w defines a map from
the half disk into H?. Using the fact that 0 < ¢; < ¢’ < ¢ and v is C! up to the
boundary and positive, one verifies that the energy density e(u) of u is bounded and
the Jacobian J(u) satisfies J(u) > ¢z > 0 for 0 < r < ¢4 < 1. In the following, we
estimate the tension field of u. By (3.1) and (3.4), noting that g only depends on 6,
we have

(3.5) Hu) = r2Ag(r*v) sin® 6 —

r2sin?6 [ 9(rowv)\>
oY or

Jg 0(r*v)
08 06

00

. ar28v2 181}2 ,Ov s 2
S (v(aT) -1-5(%) + 2cot(g)g (‘39) sin” 6.

rey

-2 {0} 2
_ sin” 0 <3(7‘ ”)> — 2sin” f cot(g)

Since v is a harmonic function and its boundary value is C' and positive, we have
v>c¢>0, |Vov| < c (see [G-T]). Therefore,

ool [
or| = © a6 ="

Using (3.6) and the fact that 0 < ¢; < ¢’ < ¢g, we conclude from (3.5) that

(3.6)

(3.7 |7t (u)] < er®tsing.

From (3.2) and (3.4), we have by using (3.3)

r?sin? @ cot(g) [ O(r*v) 2
or

(3.8) 7% (u) = ¢g"sin® 0 +

7"20"02

sin® 6 co rov) )
e (8(80 )) — (¢')?sin® 0 cot(g)

. 2
= <2a7‘vgv + 7‘2|Vov|2) sin” 6 cot(g)
r

T2a’l)2

2
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However, v is C' up to the boundary and its boundary value is positive, we conclude
from (3.8) that

(3.9) 172 (u)| < crsin.
Therefore, by (3.7) and (3.9), we have
1
3.10 2 _ L) + 20,112
-2 9 -2 9
< g2 S0 5 sin

cr
sin® (9) sin? (9)
< er?.

In conclusion, we can choose c5(€) > 0 sufficiently small such that for 0 < r <¢5 <1
the map wu satisfies ||7(u)|] < €/2. Note that for r > ¢5/2 the boundary map f is
C' with nowhere vanishing energy density. In particular, by [L-T 3], there exists a
proper harmonic extension w from H? into H? such that w is C* up to the boundary
and w = f on the boundary for r > ¢5/2. So the energy density e(w) of w satisfies
e(w) < ¢g which may depend on e. On the other hand, from [L-T 1] we know that the
map w is conformal and e(w) = 2 near the boundary. Thus, we may choose J; small
such that J(w) > 1 and e(w) < 3 for y < ;. Finally, let ¢ be a smooth function with
compact support in the half disk 0 < r < ¢5, 0 < 6 < 7 such that 0 < ¢(r,0) < 1
and ¢(r,0) = 1 for r < ¢5/2. We now define map F and in terms of rectangular
coordinate system F(z,y) = ¢(z,y)u(z,y) + (1 — ¢(z,y))w(x,y). Clearly, F is well-
defined provided that y is small and F' = u for r < ¢5/2 and F = w for r > ¢5. Using
the fact that both v and w are C'! up to boundary, we conclude from the computation
in [L-T 3] that
I < ol ()l + (1 = @)l (w)l| + O(y)

when ¢5/2 < r < ¢5 and y is small. Therefore, by choosing 0 even smaller, we have
[I7(F)|| < e when y < 4. From J(u) > ¢g and J(w) > 1, and e(u) < ¢ and e(w) < 3
when y is small, one easily sees that J(F) > ¢ > 0 and e(F) < ¢, where ¢ is independent
of €. In conclusion, we have verified such F satisfies the claim. The theorem is thus
proved.

For a real analytic quasi-symmetric map between S' and itself, Theorem 3.1 is
clearly applicable.

COROLLARY 3.2. Every real analytic quasi-symmetric map between S and itself
can be extended to a quasi-conformal harmonic diffeomorphism between HZ.

4. Appendix. In this section, we will give a proof of proposition 1.3. We start
with the following lemma.

LEMMA 4.1. Let [ be a geodesic line containing a point R in H?. Let Q be an
interior point of the triangle APRS in H?, where P is a point on l. Then d(Q,S) is
an increasing function of d(P,R) as P moves along | with d(P,Q), d(Q,R), d(R,S)
and d(S, P) fized.

Proof. Let p =d(P,Q), g = d(Q,R), r =d(R,S), s =d(S,P), and d(P,R) = t.
Denote the angles Z/PRQ = 0, ZPRS = a, ZRPQ = ¢ and ZRPS = . We will
show that a — 6 is an increasing function of ¢. Note that

cosh t cosh ¢ — cosh p = cos @ sinh ¢ sinh ¢,
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hence

cosh t coshp — cosh g

=

sinh? ¢ sinh ¢ sin 6
sinh p cos ¢

~ sinhtsinhgsing’
Let y = d(Q,1) and z = d(P,m;(Q)). Then direct computation gives
sinh ¢ sin § = sinh v,
and
sinh p| cos ¢| = sinh x cosh y.
Similarly, if we let § = d(S,1) and Z = d(P, m(S)), then

sinh s cos 3

sinh t sinh 7 sin o’
sinh 7 sin o = sinh

and
sinh s| cos §| = sinh & cosh 3.

Thus, if 5 > 7/2 and ¢ < 7/2, then
a — 9t Z 0.
If both 8 and ¢ are less than 7/2, then

1 sinh x cosh sinh Z cosh ¢
(41) at—Qt: Y - y)

sinh ¢ ( sinh y sinh g

In this case, let 6 be the geodesic segment joining S and m;(S). It is clear that ¢§
intersects PQ at some point T. Define z = d(T,1), then z < g. Direct computation
yields

sinhx coshy  sinhZcosh z

4.2 =
(42) sinh y sinh z

Combining (4.1) and (4.2) yields,

sinh z ( 1 1
sinh ¢

) >0

oy — 0, = —
K K tanhz tanhy

Finally, we consider the case when both ¢ and 3 are greater than 7/2, then

1 sinhx coshy  sinhZcoshy
4.3 -0, = —

(43) o i sinht( sinhy sinhy )

Let v be the geodesic line passing through S and m;(S). It is clear that v does not
intersect P@, but the line passing through P and () intersects v at some point H. If
we define h = d(H, 1), then h > y. Direct computation yields

(4.4) sinhxcoshy  sinhZcoshh

sinhy B sinh h
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This combining with (4.3) implies,

sinh 1 n 1
sinht® tanhh = tanhy

ap— 0y = ) >0
In conclusion, oy — 0; > 0 and « — 6 is increasing. Now it is easy to see that d(Q,.S)
is increasing with respect to ¢, and the lemma is proved.

Let H2 denote the two dimensional model space of constant curvature —a?. So
it is the standard R? when a = 0 and H? if a = 1. The following quadrilateral
comparison property for a metric space X with curvature upper bounds follows from
a substantially more general theorem due to Reshetnyak [R]. A proof of the case that
X is an (NPC) space has been included in [K-S]. The same proof also works for the
more general case that Kx < —a? by noticing Lemma 4.1. We shall not reproduce
the details here.

PROPOSITION 4.2. Let (X,d) be a metric space with Kx < —a? for some a > 0.
Let P, Q, R and S be an ordered sequence of four points in X. Then there exist

points P, Q, R and S in H2 so that they form the consecutive vertices of a convex
quadrilateral in H2 with d(P,Q) = d(P,Q), d(Q,R) = d(Q,R), d(R,S) = d(R,S),
d(S,P) =d(S,P), d(P,R) < d(P,R) and d(Q,S) < d(Q,S).

Such a convex quadrilateral formed by P, Q, R and S in H2 is called the com-
parison quadrilateral corresponding to the ordered sequence of points P, @), R and S
in X.

PROPOSITION 4.3. Let (X,d) be a metric space with Kx < —a? for some a > 0.
Let P, Q, R and S be an ordered sequence of four points in X. Let P, Q, R and
S be the consecutive vertices of a comparison quadrilateral in H2. For any given
0 < X\ u <1, let us define Py (Py) to be the point which is a fraction \ of the way
Jrom P (P) to S (S) on the geodesic vp,s (vp.5). Similarly, let Q, (Q,) be the point
which is a fraction p of the way from Q (Q) to R (R) on the geodesic g r (Vo.r)-
Then

d(P)\aQ,u,) S d<P_)\7Qu)'
Proof. A proof of the case a = 0 has been given in [K-S]. We only need to consider

the case a > 0. Without loss of generality, we may assume that a = 1. Let us first
show that

d(P,Q,) < d(P,Qu).

Let p = d(P,Q), ¢ = d(Q,R), r = d(R,S) and s = d(S, P). Also, let AABC be a
triangle in H? such that d(A4, B) = p, d(B,C) = q and d(C, A) = d(P, R). Let B, be
the point on the side determined by B and C such that d(B,, B) = p1g. Then we have

d(P,Q,) < d(A,By,).

However,
sinh(uq)
coshd(A, B,,) = coshpcosh(ug) — ~iha (coshpcosh g — coshd(A4, C))
sinh ¢
sinh o
< cosh pcosh(ug) — m (coshpcosh g — coshd(P, R))

= cosh d(P,Q_H),
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therefore

d(P,Qu) < d(A, By,) < d(P,Qy).
Analogously, we conclude that
d(S, Q) < d(S,Qu).

Let ADEF be a triangle in H? such that d(P,Q,) = d(D,E), d(Q,,S) = d(E.F)
and d(F, E) = s. Let Dy be the point on the side determined by D and F such that
d(Dy, D) = As. Then we have

d(PX’Q,u) S d(Ea D)x)
However, since

coshd(FE, Dy)

< h
= cosh d(D, E) cosh(\s) — %(cosh d(D, E)cosh s — coshd(FE, F))
B sinh(As) sinh(As)
= cosh d(P, Q,,)(cosh(As) — ~hs cosh s) + b coshd(S, Q)
- - sinh(As) sinh(As) -
< _ 2N [ S
< coshd(P,Q,)(cosh(As) s cosh s) + s coshd(S,Q,)

= coshd(Py,Q,),

hence
d(P)\v Qu) < d(E7 D)x) < d(l%\, Q,u)v

and the proof is complete.
We are now ready to prove Proposition 1.3.
Proof of Proposition 1.8. Without loss of generality, we may assume that L is
a broken geodesic connecting points pi1, pa, ..., pr in order. The general case then
follows from a simple approximation argument. In what follows, we will show that for
each geodesic segment (; connecting p; and p;11,¢=1,...,k — 1, one has
5]

|m(8i)] < cosh(aR)’

and this will imply that

k-1
m(L)] < 3 Im(5)
i=1
k—1
|8i]
= Z cosh(aR)

i=1
o
cosh(aR)’
For simplicity of notations, we call 3; to be 8 and its end points g and ¢. Let j = m;(q)

and t = m;(g). Consider the quadrilateral formed by the ordered sequence of points
g, q, j, t and the corresponding comparison quadrilateral with consecutive vertices G,
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Q, J, T in H2. Let v be the geodesic line passing through J and 7. We first note
that the angles satisfy

/GTJ >7/2, and  ZQJT > /2.

In fact, for any point H on the segment T'J, write d(H,T) = ud(T, J) for some 0 <
w1 < 1. Pick up a point h on the side determined by ¢ and j such that d(h,t) = ud(t, j).
Then Proposition 4.3 implies that

Since H is arbitrary on T'J, one concludes that ZGTJ > 7 /2. Similarly, one also
conludes that ZQJT > 7/2. Therefore, we may find points M and N on the side GQ
such that T' = 7, (M) and J = 7, (V). For a point ¥ on the segment M N, it is then
clear that 7,(Y) = F' € TJ. Let y and f be the points on the segments gg and tj
respectively such that d(y,g) = d(Y, G) and d(f,t) = d(F,T). Then

R <dl(y, f)
<d(Y,F)
=d(Y,7).

Therefore, the segment M N is at least of R distance from . We then conclude that

|MN|
MN)| < :
Ty (MN)| < ——

However, m,(MN) =TJ, hence

Imi(ga)| = [t]
=|TJ|
= |7y (MN)|
|MN]|
cosh R
|GQ|
cosh R

l9q|
cosh R’

<

IN

which completes the proof.
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