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EXISTENCE AND DECAY ESTIMATES FOR TIME DEPENDENT
PARABOLIC EQUATION WITH APPLICATION TO
DUNCAN-MORTENSEN-ZAKAI EQUATION*

SHING-TUNG YAU' AND STEPHEN S.-T YAU#

Abstract. In this paper, we provide existence and estimates of the equation

ou X ou
U _ A 2
ot ut i1 f Ox;

— V.

0. Introduction. In control theory or in many branches of applied mathematics,
we are interested in an evolution equation of the following type:

ou " ou
e :Au—i-;fi% - Vu,
where f; and V are possibly time dependent functions.

Given an initial function at time zero, we would like to know existence of a posi-
tive solution of this equation. Furthermore if the initial function decay fast in spatial
direction, we would like to know the spatial decay property of the solution for later
time. In fact, in order for numerical calculation to be carried out effectively, we need
to know quantitively this decay property. In this paper, we provide precise estimates
of such an equation under reasonable assumptions on f and V. In applications f;
and V may not be smooth in time. We have therefore avoided any argument involv-
ing differentiation of f; and V in time. A typical equation that can be treated are
those arised in nonlinear filtering problem where the robust Duncan-Mortensen-Zakai
equation has our form. We demonstrate existence and give decay estimate of this
equation.

D. Strook pointed out that his paper with Norris (Heat flows with uniformly ellip-
tic coefficients, Proceedings LMS (3), Vol.62, #2, (1991), 373—402) is closely related
to section 1 of this paper where they treated the case with bounded coefficients. We
were also informed that Fleming-Mitter, Sussmann, Baras-Blankenship-Hopkins have
obtained important estimates on the DMZ equation. However the latter two papers

are focused on one spatial dimension, while the former paper needs the boundedness
of f and Vf.

1. A priori estimations. To begin with, let us recall some well known formulas
and inequality which will be used repeatedly throughout this paper.
Divergence Theorem Let 2 be a bounded domain with C'-boundary 952 and let
v denote the unit outward normal to 9. For any vector field w in C°(Q) N C (),

/divwdazz/ w - v ds,
Q o0
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where ds denotes that (n — 1)-dimensional area element in OS2.
More generally for any scalar valued function o € C°(Q) N C1(Q),

/adivwdSZ/ ozw-uds—/w-Vozdx.
Q o0 Q

Green’s First Identity Let {2 be a domain for which the divergence theorem holds
and let w and v be C1(Q) N C?(Q) functions, Then

/vAwdxz—/Vv-dea:+/ va—wds.
Q Q o0 OV

More generally for any C*(Q) N C?(2) function a,

/aVU-dex:—/owAwda:—/vVoz-dea:—i—/ ava—w ds.
Q Q Q a0 v

The following inequality is true for any a,b € R and any € > 0,
1
ab < ea® + —b°.
4e
For arbitrary real numbers aq,as,--- ,a,, we have
(a1 4+ an)? <na? +na3 + - +na’.
We are now ready to prove the first theroem in this section.

THEOREM 1.1. Let Q be a compact domain in R™ with C*-boundary 02 and let v
denote the unit outward normal to ON. Let fi(x,t), -+, fu(z,t) and V(x,t) be smooth

functions in x-variable. Suppose that f1,--- , fn vanish on 0. Let u be a solution of
the equation

ou

(1.1) 5=

- ou
Au + Z fim— —Vu
i=1 Oz;

with boundary condition @ =0 on 09.

v
09 1o N, Og
(i) Ifa+§|V9| *Zfzaxi

i=1

(1.2) / eIu? S/ eu?.
Qx{T} Qx {0}
oh
(i) If 5 + |Vh+ f|? =2V + |VV[2 <0, for 0 <t < T, then

T
(1.3) / eh|Vu\2§/ eh|Vu\2—|—/ /ehuQ.
Qx{T} Qx{0} o Jo

5} 1
(i) If 5? + (e1 + ?)|Vp|2 + > pifit > fii <0 for 0 <t <T, where
1

— div f —2V <0, for 0 <t <T, then

251
2 —10e2? — >0, th
1 132, , then

o [ ewors [ ewarro( [ emalPiod
Qx{T} Qx{0} Qx[0,7)
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w [ Pt [ elfiatiars [ el
Qx[0,T] x

Qx[0,T) Qx[0,7]
o LI L) SR ]
Qx[0,T] Qx[0,T] i=1

Proof. (i) Equation (1.1) implies
T
ou
(1.2) // edu(— — f, —|—Vu =0.
aJo ot Z
Integrating by parts, we have
T
(1.3) 0:/ efu? _/ ctu? _// ot 99
ax{r} 2 ax{o} 2 oo 20t
T T
—I—// egqu~Vu—|—// ed|vul?
// o Zfzgz // eI Zf“
—|—// eIu?V,
aJo

g and f; ; denotes

8’137;

ofi
ﬁxi

AL DY

vanishes because %, fi1-++, fn vanish on 0Q. But
v

1 T T
< 7// egu2|Vg|2+// ed|vul?.
4 Ja Jo aJo

Put the above inequality in (1.3), we get

. The boundary condition for (1.3)

where g; denotes

eIuvg - Vu
aJo

U2

(1.4) / ed—
ax{r} 2
2 T 2 T
S/ egu7+// 691@+1// 69u2|vg‘2
axfoy 2 aJo 20t 4Jalo
T T T o n
9|0, (2 _ 917012 _ g% 99
+//6|Vu\ //6|Vu\ //06212_;f1(%j
S f

T n
u u? dg 1 9 Jdg
= eg—-i-// ed— + =|vgl® — E fi
/Q><{O} 2 Jalo [3t 5174l " Oz

- zn:fm -2V
i=1
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Hence if

n

1 n
(1.5) @—7V9|2—Zfi 99 > fii—2V <00n Qx[0,7],
=1 =1

ot 2 ox; <

then we have

g,,2 9,,2
(1.6) / edu S/ efu”
ax{r} 2 ax{o} 2
(ii) By a similar argument, we obtain
0
/ el vul? —/ el vul? :/ —(e"|vul?)
Qx{T} Qx {0} axo,r) O
oh
z/ eh—|Vu|2—|—2/ ehvu - v,
axjo,r] Ot Qx[0,7]

:/ ehi|vul? — 2/ e"(Vu - Vh)uy — 2/ M (Au)uy
Qx[0,T] Qx[0,7] Qx[0,7]

0
because of the vanishing of the boundary condition uta—u on 99 x [0,T]. So we have

v
(1.7) / el vul? —/ el vul? :/ ey vul?
Qx{T} Qx{0} Qx[0,7]
72/ "(Vu- Vh)[Au+ " fju; — V)
Qx1[0,7] =1

—2/ e (Au)[Au+ fiu; — Vul.
0] (Au)] > fiu; ]

Jj=1

But
(1.8) 2/ e"(Au)Vu = —2/ "(Vu - vh)Vu
Qx[0,T) Qx[0,T7]

—2/ e"uvu - vV 4+ V|vul?]
Qx[0,T]

0
because of the vanishing of the boundary condition Vusl on 90 x [0,T].

ov
Equations (1.8) and (1.9) imply
(1.9) / M| vul? f/ el vul?
Qx{T} Qx{0}
= / ey | vul? — 2/ (v - vh)[Au + Z fiu,]
Qx[0,7] Qx1[0,7]

j=1

P / e (Au)? — 2 / e (2u)(3 fru)
Qx[0,T] 2x[0,T] j=1
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—2/ ehuvu - vV — 2/ ehVivul?.
Qx[0,7] Qx[0,T]

By choosing coordinates, we can assume u; = 0 for ¢ > 1. Then

(1.10) 2((Vh+ f) - Vu) Au+ 2(Vu - Vh) (Y fiws)
i=1
= Q(hl + f1)U1AU + 2’U€f1h1
< h2ud 4 (Aw)? + fRud + (Au)? + 202 fihy
= (hl =+ fl)z’b& + 2(AU)2
< |Vh+ fI?|vu? + 2(Au)?.

Equations (1.10) and (1.11) imply

(1.11) / e vul? —/ | vul?
Qx{T} Qx{0}

:/ ehht|w|2—2/ (Vh+ f) - VulAu
Qx[0,T) Qx[0,T)

—2/ e"(Vu - vh) ijuj - 2/ e (Au)?
Qx[0,T] j=1 Q

x[0,T]

—2/ ehuVu-VV—2/ "V vul?
Qx[0,7] Qx[0,T]

g/ ehht|Vu|2+/ (e"|Vh+ fI?|Vul? + 2¢"(Au)?)
Qx[0,T] Qx[0,7]

)

—2/ Velvul? — 2/ e"(Au)? — 2/ ehuvu - vV
Qx[0,T] Qx[0,T] Qx1[0,7]

S/ eh|Vu|2(ht—|—|Vh—|—f|2—2V)—|—/ eM(u? + |vul?|vV|?)
Qx[0,T] Qx[0,T]

:/ e"|w|2(ht+|vh+f|2—2v+|vV|2+/ e,
Qx[0,T] Qx[0,T)

Since
(1.12) hi 4+ |Vh + f|> =2V + |VV]? <0, on Q x [0, 7]

by assumption, we see that

T
(1.13) / eh|Vu\2§/ eh|Vu\2+/ /ehuQ.
Qx{T} Qx{0} 0 Q

(iii) Similary we can estimate the higher order derivatives of u in the following way

/ e (Au)? — / e (Au)?
Qx{T} Qx{0}

d
= —[eP(Au)?
/me 1o (2’
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:/ e’ py(Au)? + 2/ e (Au) Ay
Qx[0,T] Qx[0,T]

[ en@ap -2 [ esuvpv(But Y fus - Va)
Qx[0,T] Qx[0,T]

i=1

—2/ e’V (Au) - V(Au + Z fiu; — Vu)
Qx[0,T] i—1

because of the vanishing of the boundary condition Au% on 09 x [0,T]. Hence

v
(1.14) / P (Au)? — / e (Au)?
Qx{T} Qx{0}
§/ e"pt(Au)Q—Q/ e’ (Au)Vp

Qx[0,T) Qx[0,T)

€ 2 &

—1—7/ epAu2Vp2+f/ el|v fius)|?
2 Joio (Au)*[vpl™ + - o | (; )|

)

2
JrE/ e’ (LAu)?|vpl* + f/ e |v(Vu)|?
2 Jaxo,m € Jaxo,1
—2/ e |V (Au)? — 2/ e’V (Au) - z:fzuz
Qx[0,T] Qx[0,7]

—|—2/ e’V (Au) - v(Vu)
Qx[0,T]

= / e’ py(Au)? — 2/ e’ Auvp - V(Au)
Qx[0,T] Qx[0,7]

2 n
we [ eawPupP et [ ewy g
Qx[0,T] € Jax[o,1) =

2
+f/ e”|V(Vu)|2—2/ e[ (D) 2
€ Jaxo,T) Qx[0,T]

—2/ e’v(Au) - Zflu, + 2/ e’V (Au) - V(Vu).
Qx[0,T) Qx[0,T]

But
1.15 —2/ e’V (Au) - fius)
( ) Qx[0,T] Z
= *2/ ef Au) g fig — 2/ ef Au)y fitkik
Qx[0,T] z,kzzl( ) Qx[0,T] z,kzzl( )
(where fi = gg{;)

n

] PO ST YRS Y RN Sy AvSn e
Qx[0,T] =1

Qx[0,7] ik=1
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+2/ e Au kifiuk+2/ e’ Au)gug fii
o 2( ) o & 2 ()

0.7 k=1

because of the vanishing of the boundary conditions ug(Au)if - v, 1 < k < n, on
0Q x [0,T]. Observe that

(1.16) 2/9 o ef Z (Au)g; fiu kaZ/ e’ fi(V(Au); - Vu)

i,k=1 x[0,T7]
=-2 / e’ fi(Au);Vp - Vu —2 / P(Aw);Vfi - Vu
; x[0,T] Z Ox1[0,7T]

ou .
1 <i<mn, on

because of the vanishing of the boundary conditions fi(Au)ia—, < i < n,
v

02 x [0,T]. Now the last terms in (1.17) is

- 2/ (e’ Au)f - V(Au) = 2/ Au) divie’(Au)f]
Qx[0,T) Qx[0,T)
(since (Au)?f-v =0 on 99 x [0,T))
= 2/ (Auw)v(ePAu) - f + 2/ (Au)e?(Au)(divf)
Qx[0,T] Qx[0,T]

= 2/ (Au)?ePvp- f+ 2/ (Auw)efv(Au) - f
Qx[0,T) Qx[0,T7]
+ 2/ (Au)e” (Au) (divf).
Qx[0,T]
The above equation implies

(1.17) —2/ (e" Au)f - V(Au):/ (Au)2ePvp - f+/ (Au)2e? (divf).
Qx[0,T] Qx[0,T] Qx[0,T]

Putting (1.18) into (1.17), we get

n

(1.18) 2/Q o e > (Du)wi fiu

i,k=1

:—2/ e’ fi(Au);Vp - Vu — 2 / P(Au);Vfi - Vu
Q><[0TZ Z Q><0T

+/ (Au)?ePvp - f +/ (Au)?p? divf.
Qx1[0,7] Qx[0,T]

In view of (1.19), (1.16) becomes

1.19 —2/ e’V (Au) - fiws)
( ) Qx[0,T] Z
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2
ax[o, T]

Au)kulfl K+ 2/ e’ Z pi(Au)pug f

k=1 Qx[0,T] ;=1

n n

+2/ e’ Au)kukfzz - / Z eppk A’U/ fzuk:
ax(o,1] 5T Qx[0,7] ;5=
2/ e’ (Au) Zkaer/ szfz (Au)?
ax[0,7] ;521 ax[0,1] 5=

3

—|—/QX ;”Au

n

:—2/ Z A’U, Zuz fzk+sz —Ukasz‘f‘kaUzpz
Qx[0,1T] .4 i=1

- . 2,1 P 12A 2 zz A
uk;f,w/mﬂezpf( w) /MT 3 fo) (o)

=1 i=1
We next look at
(1.20) / 1V Y fiugl?
Qx[0,T) ;
/Q 6”2/%(2 fuua)e (Y fiu;)
>< _ i=1 '7

n

/ Zep Zfzku1+2fzuzk Zf]uj
Qx[0,T] -
(since (Z fz“z)@(z fiuj) =0 on 9Q x [0,T])
i=1 j=1
- 1
<€/QX[OT GPVijUjFJF%/QX[Q e’V p|( Zf;ua

g2 = [ S s g

k=1 i=1 =1

n n
1
=¢ e’|v f-u'|2—|——/ ep ) fiug)?
/QX[OT] | 2:33 4z Jg Vpl® E: 3 Uj

+/ Zzpkfzkuz Zf]u] / epz ankuz Zf]u]
2x k=1i=1 k=1 i=1

(since ijuj vaz u;]-v=0 ondQx[0,T]).

1=2
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Let us estimate

n n

1.21 —/ fz u; fu
(1.21) Q><[0T] P 1; ki) Z i)
= fiu; Vfi- Vu;
30>

Jj=1
A 1 K3 7 - £ I3
/Qx[OT iju] 1:21 fiJui /QX[OT Zu j;fjuj] vf

( since ijuj Uig f =0,1<i<n, ondQx[0,7))

n

/QX[OT ZulAfl Zf]u] / ep;u’ Zpkfl ;f-juj)

P . .
/QX[OT]e kz:l ;uzfl Z:fjua)k
/QX[OT z::UzAfz Xz:fjuj /Q>< o ep;Uz Zpkfl Jz:;f]uj)

n

+€/Q><[O,T] epWijuﬂQ */ epz Zu,fl

j=1 Qx[0] T =1

Put (1.22) into (1.21), we get
a2 [ eyl
Qx[0,T) ;
n 1 n
<o [ oy f<u»|2+—/ 9P fyu)?
Qx[0,T] Z o e Jaxo,1] ; T
n n
- (33 fopm)? 12 [ e pdau)(Y fyu)

ik=1 j=1

Qx[0,T] 55 i—1 Qx[0,T]

+/Q><[0T] Z Afi)u;) iju] /Q Zep Zfl s ) iju]

0,1 ,=1 =1 i=1

=1

/Qx[o 7] Zfz (Au)i Zf]uj

i=1

n n
gga/ T ST G T
Qx[0,T] | Z il de Jaxio,m Vel (Z 7U3)
LD 3 AT Lo O3 prfus) Z )

Qx[0,T] L5 =1 )

/QX[O - Z Afi)ui)(j;fjuj) /QX[O’T] Zfz (Au); iju]

=1 =1
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Hence,

1.23 (1—35/ e’V Y fiu
(1.23) 0] | Z 5]

O LT ST T 3) 5
= 4e Qx[0,T] ‘ |vp| j= 1fjuj 0,T" e k=1 i=1 fl ku’
§ i,k Us § § A fi §
/Qx[o T] ik= 1pkf ku f]uj /QX[OT i— 1“ f f]uj

ZA 7
/QXOT Zf u qu

Put (1.20) and (1.24) into (1.15), we get

(1.24) /QX{T} e’ (Au) _/Qx{o} e’ (Au)

< / e’ py(Au)? — 2/ e’ Auvp - V(Au) + z—:/ e (Au)?|vpl|?
Qx[0,T] Qx[0,T] Qx[0,7]

L2 1 .
1-3¢ / e’ |V pl|? fiug)?
rpms g [T

2
+—(1 -3¢ —/ e’ fi, kul
S8 o o >

k=1 i=1
—&—g(l —3¢)7t. 2/szx[0T ep(iznzl pkfi,kui)(zn: fiug)
+§(1_36)71 /Qx[oT] ;uz&ft iju]
—3(1—35) /QX[OT] ;fz (Au)i Zfﬂuﬂ

2
+f/ ep|V(Vu)|272/ e”|v(Au)2|
€ Jaxo,T) Qx[0,T]

—2/ e (DR wilfik + fri) —uk > fipi + fu Y wipi —uk Y fiil
Qx[0,T] =y i=1 i=1 i=1 i1
s [ e mpears [ e faow?

Qx[0,T] 2 pifi2 Qx[0,T] Qs

i=1 i=1
+2/ e’V (Au) - v(Vu).
Qx[0,T]

Observe the following estimates

(1.25) —2/ e’ Auvp - V(Au)
Qx[0,T]
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§2§1/ €19 () 24— / P (Au)2|Vpl?
Qx[0,T] 201 Jaxjo,1]

(1.26) / 9P (S fyuy)’< / |9 f 7] 72
Qx[0,T] j=1 Qx[0,T]

(1.27) / e’y ( fi,kui)k/
oo >0

k=1 i=1 ax[o,1] 5 1:1 k

where |V f|? = Z |V fil?.

n

1089

(128) /QX[OT Z pkfz kuz Zf]uj /QX[OT] epz Zf]u] Pkaz kUi

i,k k=1 j=1

Z Zfzkuz

P
x[0, 7] =1 =1

Jj=1
n

=1
- 1
< fiug)? p2+/
OIS

=1

<.

0(/ eP\f|2|w|2\vm2+/ 9 £2|74f?)
Qx[0,T] Qx[0,T]

(EON o (> wAf) zfjuj | LR

i=1 x10,

n

where |Af] = | Y (Afi)?

i=1

U O WA [

s

(1.31) /me] Zﬁ (Au); ijuj /QXOT 6”2 ijuj fil(Au),

=1 =1 gj=1
<é / e’y [(Au); ef fiug)* f?
? Qx[0,T] ; 462 2x[0,7] ;(; Rkt
1
§52/ |V (AW + — | fI|vul®
Qx[0,T] 40, (0,77
1.32 / (D) Y wil(fir + fri
(1.32) QX[OT] Z z:: s )

k=1
n

IN

c—1 k=1 =1

- 63/ eﬂ|v<Au>|2+0</ |2 1)
Qx[0,T] Qx

)

(1.33) _/QX[O,T] epZ(AU)k(_Uk;fiPi+fk ;uzpz)

k=1

o 1 ) n n . ‘ ‘ )
63/Q><[0,T]8 ;[(Au) o+ 463 /QX[O’T]e Z[Z“%(fuk‘*‘fk,z)]
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n

1
(5/ e’ Au +—/ e’ —u fipi + f uip;)?
! Qx[0,T] Z[( Wl 461 Joxio,1) Z kz P kz g

k=1 k=1

IN

_ 54/ eP|v(Au)|2+O(/ e [vul| £ 2|7 p[?)
Qx[0,T) Qx

)

(1.34) /QX[O . ey " (Au) kukazz

k=1 i=1

n 1 o n n .
/QX[OT Z 4‘55 /QX (0,71 ;(Uk;fM)

k=1

IN

IN

65/ e’V (Au 2—1——/ e" vul? fi,i)2
oo [V (Au) 15 Joror | Vul (;
(1.35) 2/ e’V (Au) - v(Vu)

Qx[0,T]

e |v(Vu)l®

< 256/ 19 (Au)|? + —
Qx[0,7] 206 Jax (0,1

Put the estimates (1.26) — (1.36) into (1.25), we get

(1.36) / e (Au)? —/ e’ (Au)
Qx{T} Qx{0}
1
< / e’ py(Au)? + 251/ eP|v(Au)|? + 7/ e (Au)|vpl?
Qx[0,T] Qx[0,T] 201 Jax(o,1]

1
be [ bR+ e [ ISPl
Qx[0,T] 2e2(1 = 3¢) Jax[o.1)
1 / 2 2 4 2 2 2
+ 5 e’ |VfIF[vul® + ———=0 e’ fI7|Vul*|V pl
e2(1 = 3¢) Jaxjom [ e(1—3e) ( Qx[0,7)

2
t [P + s [ elmaifllag
Qx[0,T) /1] |> e(1—3¢) Qx[0,7T] |
+L52/ wwmnﬂLi/ e |4 ul?
e(1=3¢) ~ Jaxjo,r e(1 = 3¢) 402 Jaxpo,1)
2

+f/ e”|V(Vu)|2—2/ e?|v(Au)|?
€ Jaxo,T] Qx[0,T]

+253/ |9 (D)2 +0(/ e [vul?|v fI2)
Qx1[0,7] Qx

126, / |9 (L) 2 + O / | vul2|f2|vpf?)
Qx[0,T] Qx[0,T]
+26 / eV (Au 2—!-7/ ep Vul|? fi,i)z
TN 5 Ty

P . i fi(Au)? . . 1) (Du)?
+/QW]€ " pifi(Ou) +/QX[O,T16(Zf,)( w)

i=1 i=1
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1
+256/ ep|v(Au)|2+—/ e?|v (V)2
Qx[0,7] 206 Jaxo,1]

1 n n
= eP(Au)[py + (e + =) |Vp|* + pifi + fii
/ﬂx[mT] (s gl ; ; .
2
+ (2(51 + & — 24203 + 254 + 205 + 266)/ ep|V(Au)|2
5(1 - 35) Qx[0,T7]

+o( [ etwaPlapivap+ [ erlosPloa
Qx[0,T] x[0,T7]

) 5

b [ epiwaiai [ el
Qx[0,T] Qx ]

)

+/ ep|V(Vu)|2+/ 6p|VU|2(Zfi,i)2>.
Qx[0,T] Qx[0,7] P

Let51252:53254:(55:56282With2—1062—

0
T3 > 0. Since a—§+(s+
1 2 . L
5:2) |Vl +Zp¢f¢ —i—Z fii <0, for 0 <t <T, by assumption, (1.36) implies (1.34).
i=1 i=1
0

In view of Theorem 1.1, we are interested in constructing functions g,h and p
which satisfy the conditions (i), (ii) and (iii) in Theorem 1.1. The following theorem
is very useful in this regard.

THEOREM 1.2. Letk : QxR — R” and F : Q x R — R be a possibly time
dependent vector field and function respectively. Fix a point (zg,to) € Q x R. Let
(x,t) be an arbitrary point in Q x R with t > to. Let P = { differentiable path o =
(01,02) : [0,1] = Q x R such that o(0) = (61(0),02(0)) = (x0,t0),0(1) = (x,t),02(s)

0 ;_ * }. Define

1
is linear in s with o4'(s) >0 and/ o1(s) ds =
0

—11|d1|2—11n<0505d0i 1osasd02
B =1 | 3 ), SR )Tt [ Flons)0a05)

[el:2}
Os te ds

de(z,t) = min E. (o)

ocEP

Let o be the curve that minimizes the functional Ec(c). Then the following equa-
tions hold for almost all (x,t).

_1 0'1(1) Zk(x
(1.37) vdo(z,1) = 5 A Sk, )
(138) 3 kil o) 1) = — G OF + 5 (3 kil 0 L) (20 +2)
pde, 1 lnE
(1.39) ) = YR + F(, 1)

In particular d.(z,t) satisfies the following equation
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0d,

|k(z, t)[?
ot '

(1.40) :

(2,t) + |Vde(z, t)* + Y ki(z, t)(de)i(z,t) = Fla,t) —
=1

Proof. If 0 = (01, 02) € P is the path that realizes the minimum of F. (o), then it
has to satisfy the Euler-Lagrange equations which we shall derive explicity as follows.
Consider an one parameter family of path in P:

a:(—ee)x[0,1]] — QxR

a(0,s) =0(s), V se]0,1]

a(v,0) = (xo,t0), V veE(—¢,¢)
)= (z,t), VY ve&(—¢,¢)

Denote a(v)(s) = (c‘vl(v)(s),&g(v)(s)) a(v,s) = (a1(v, s), az(v,s)) and &y (v)? := i-
th component of a; (v

d 1 L |* ~ - day (v)?
d{4 aa2<v>(s>+5 / Zk a(v (0)(s)) di) (s)

) B dOé2( )

d
—FE.(
dv

v:O

v=0

! /1 [2%% G| s 580, 9) }
4 Jo 85.;2( )+5 v=0 (%22 (v, )+E)2 v=0
[ I S aato)e) e

Ok; _ Oas day (v)!

(e ()00, a2(0)(3) G 0] )|

1 [t _ _ 0%al
“3 ), THEOE @O 55 0|

1 n ol
# [ 12 e e e
G (@(0)(2). 2N G2 0| 20|

82042

_|_/O F(éq(v)(s)vdZ( )( ))6 (98( )v 0
1 28(11 (0 S) gv%; (0 S) |80¢1( S |2 gvgi( )
[ [ |

~4 80‘2(05)+s (%52(0,5) +¢)?
1mn Ba{

=), Z[, fa; (0.0 020,50 5,109
Ok; oz 1 o7901(0,5)

_|_

5 (al(O,s),ag(O,s))W(O,s)] Is

—1/1ik-< (0,5), a2(0, ) %1 (0, )
2 o i yS), 02 y S 81}85 , S

i=1
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Lo 9o
4 / [ 2y (1(0:8),02(0.9) 10,9

OF Oap Oag
+5<a1<o 9.02(0,9) 2220, 22 0,)

1 2
Jr/o F(ozl((),s),ag((),s))g s (0,s)
1Y %90,s) d Ao
-/ T 9 a0 )
1t 1509 d das
_ /(

4o (G20, s>+s>zds<m<07s>>
_7/ ZZ a2<o,s>>aai§375> %ia(g,s)
_/1i a2<0,s>>%<o,s)%
_,/ Zk a1(0, s) QQOS));(B 8(28))

/ ax] (01(0, 5), @20, 5)) 30418(3,5) 6@19(2,3)

8042

+/o %—f(a1(0,s),a2(075))%(0’ )a (0, 5)

d  Oa
+/O F(01(0, ), az(0, S))d ( 9 —.2(0,5))

1 Lo %(O,s) Oay 1 86(181(0 s) Oaq
——— — e - @ . —= S) 5()7

o 95|20, +2) o0

1 8(11 O 2
+1/ 0“ 20, 5) } o0y
4Jo Os[(2(0,5) +)2] v
1 |%0,8)* Doy, 77

TiEm0,s e o5 )

s=0

1 1S Ok dadi dadl
5, 2D G 09,020,909 G 0.9

= Z%ﬁimmo?s),m(o,s))%(o, H52(0,5)
D02 (0, 5) Do
/ ZZ (0, 5) 9aj

S v
11]1 9 9

1S 9 da’
/ Z (a1(0, s ag(O,s))%(O,s) 86:}1 (0, )

(0, 5))

(0,5)

%2(0,5) + EW( %)

1093

s=1

s=0



1094 S. T. YAU AND S. S. T. YAU

1 & dait (0, ) [*=
—ka- (21(0, 5), 042(0,3))%

da(0,5) Al (0, )
0s ov

/1 . —(a1(0, 5), 2(0, 5))

6042 80&2

+/ E(al(o,s),ag((),s))g(o, )8 (0, s)
9ai (0, s) Daz

-/ Z az(0,5) P22 0,
8F 0oy Oay
- ; B (a1(0, 5), ag(O,s))g(O,s)E(O,s)

+F(a1(0,s), az(0, s))%(O, s)

s=0
Oay.
zl/ﬁ w %(0,3)
2 Jo 9s | 922(0,5) +e| Ov

e / 2.2, 2’; (al(o,s),%(o,s)ﬁa@;ﬁ o, )aaal 0.5)

1 [ = Ok dorl Do
+*/0 gzaxj (al(O,s),ag(O,s))g(Oﬁ) 5 (0, s)

1 L 6]% 8042 aazl
+—/0 > op (1(0,5),02(0,5)) 5 -=(0,5) (0, 5)

'y Q2 o
+3 |3 G (@109, 0200.9) G2 0.) G 0.5)

1 %O 2
+1/ a|: 8| ds ( ,8)‘ :|M(O,S)
1y 9s1(Z2(0.9) +22) 00

_/1i

In order that o minimizes E. (o), c must make the above integrals vanish for every

n(s) = (%(0, s), %OQ (0, 8)) which vanishes at s = 0 and s = 1. So we have derived

the following Euler-Lagrange equations

doy (g n ; ol j 02
(1.41) f% > g’;ﬂ (o1(s), 02(3))%(3) + gi (o1(5), 02(8))%(8) =0
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1d[ |9 ok, do'
4d8[<"’dd<s)+e)2}_zz e (713 02N (o)
(1.42) - Z 2312 (01(5),02(s )di: (s)=0

Now suppose o is the path in P which minimizes E. (o). Notices that o depends
on (z,t). Then

T T bz
n

]
S TRIE el BEY R PICCHORAEE

1
+A %[F(O’l(S),UQ(S))%]
<

1/1 %?‘éig;>1/ %2 500,
2/, 972 1 ¢ 4 (‘9"2 +g)26:1383

)
1 TSN Ok, 60{ dot Yo 301
2 Z;@Tjwl’ 2 axﬁ_*/ 1,02) 5" ox Os

1 [ 5801 50i802
T2 ;k"“l"’z’ 5a0s / Z 71:92) 5 s
1
OF dorz 0 50
+ —(01,02)%2—1—/0 F(0—1702)6 gz
d do} 1/1 192> d oy
(

/ — 0802+6£ Sr’ 4 ‘9"2+5)2ds ox

ok; 801 ol ot b0y
5/ ;gaxj(”“? ds ox ’/ T2

)

0 i=1j=1
1 [t d 801 802601
2, ;kz(ahfh / Z 01,02) 95 ox
LoF 802 Yo d 50’2
F(
+ o ot (0’1, 2 a 51‘ / 0'1,0'2 (;x)
& 501 - o |~
__7/ Zas 3"2 +g 517 Z 8”2 -|-5 5&: 5=0
+1 /1 a |80’1|2 @71 |6o’1 |2 50_2 s=1
4 Jo Os (802 +5) or  4(%2 o2 bu |,
1 n _
5‘0{ 501 00} do
5, XX Gl E%"/ A ey

jl'Ll

(90'{ 6‘k1 802 501
/ (01, 02) = s T o (01,02) = D5 ](5:10
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/1 zn: 802 5011'
(o1,02) ds oz

=1
187F( )%@
o Ot 77255 5a
1L IF S0y  OF Doy 80y Soy |1
— - 2 2. F =z
/0 ;[at (01,02) 5= + 7 (01,02) 5= ] (1, 02) o

i=1

L1d ] |de(s)? 1 Ok; do}
+/0 {4ds[(()+€)] =5 2. 51 (@1(),02(5) 7 (s) =
1=1
: | 1%7“2505

I () dof
+§Z doz( )—|—6 or
i=1 ds s=0

i s=1
ooy

1 n
~3 ;ki(al(s),gz(s)) S

s=0

2 s ot |t

E G I Ol
2 = d”Q( )+e 0z

o A(Z2(s)4e)? 0u
s=1

s=0
Sy |71
+ Floy(s), 02(s)) 22

i
Jest

-5 Zkz’(o’l(s)aaz(s)) S

s=0 s=0

dd.
because of (1.43) and (1.44). Observe that we do not move ¢ in calculating — S = (z,1).

Hence 6(;2 = 0 and we obtain

xr
T ol L L
;gddo (1) 656"3'61(1);éki(ol(l),az(l))%ﬁ(l)
It follows that
Vd.(z,t) = 5;; (z, ):% 0(11()1)+5 Sk )
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Similar calculation as above will show that

L liﬂ%i T B s)P s
6T 2 (B (s) 1) 0t g 4(%2(s) +e)? Ot |
1 " 60-1 s=1 60_ s=1

—3 > ki(1(s).0a() G|+ Flo1(s),0a() 52
i=1 5=0 s=0

od dol
Observe that we do not move z in calculating 6—;(x, t). Hence 91— 0 for 1 <i<n
and we obtain (1.41). Equation (1.42) follows immediately from (1.39), (1.40) and
(1.41).
Notice that Vd. exists only almost everywhere as only for almost every (x, t) there
is a unique minimal curve o joining (z,t) to (xo,to). Hence (1.39), (1.40), (1.41) and
(1.42) hold almost everywhere. O

COROLLARY 1.1. In Theorem 1.2, let ki(x,t) = —fi(z,t) and F(x,t) =
n
i 1
1 gj;z (z,t) + Z|f(x,t)|2 + V(x,t). Let g-(x,t) = 2d.(x,t). Then g(x,t) satisfies
n=1 i
condition (i) in Theorem 1.1.

COROLLARY 1.2. In Theorem 1.2, let k;(z,t) = 2f;(x,t) and F(z,t) = 2V (x,t) —
|VV (z,t)|]?. Let he(z,t) = d-(x,t). Then h.(z,t) satisfies condition (ii) in Theorem
1.1.

COROLLARY 1.3. In Theorem 1.2, let ki(z,t) = fi(z,t) and F(z,t) = 1|f]* —

2e3 +1 ofi 2e?
6;_; S afz. Let pe(x,t) = Ldg(s,t). Then pe(xz,t) satisfies condition
&7 ZT;

2e3 41
(#3) in Theorem 1.1.

REMARK. Notice the difference between £ in Theorem 1.1 and ¢ in Theorem 1.2.

LEMMA 1.1. Let ¢ > 4 be a constant. Assume that

(1.44) |f(x,t)] < (14 |z])
(1.45) |Vf(z,t)] = Z [Vfil? < c(1+ |z])
(1.46) [V (2, )| < (1 +|z]?)
(1.47) |VV (z,t)] < c¢(1+ |z|)

Then the following statements holds.
(a) ge(x,t) in Corollary 1.1 has lower bound in terms of

1 3c2(m? +1
_ ( 5 )(t—to)—

[ c(5m? + 3)
2(t —to + 8) s

472

]x2 + lower order terms in .

(b) he(z,t) in Corollary 1.2 has lower bound in terms of

( 1 3 c(572 + 3) 3 32 (t —to)(m? + 1)
4t —to +¢) 472 w2

)x2+lower order terms in x.
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2¢2 1
(¢) pe(z,t) in Corollary 1.3 has linear bound in terms of 25‘;—}— : [(4(15 e _
c 2341, 3¢ 3¢ 3c(r?+1) c 2 +1
t—t N A T 2
(t—to) (35 + 82 ) =T 5 sz -G+ =) ot

lower order terms in x.

Proof.

(@)  |F( >|—|f 8fz

L)+ 1P+ V(o)

< fzwaf% IO + V(.0

1 2
< el +[al) + T+ o) + (1 + o)
<1+ [a])?

Recall that P consists of path o = (01, 02) such that

a(0) = (z0,t0), 0(1) = (z,1), 0o(s) = (t—to)s+to,/ o1(s)ds = “;’”0

0

g(2.1) = 24, 1) = 2min ()
“min {5 [ B - [ S koo w2 [ o, o) 2
=g~gg{;/ot_t0+8 /Zfzal ).a(s)) 21 /01F<ol<s>,oz<s>>il"j}
emip { o [ = [ o)) 142

—2/01 A1+ m(s)DQﬁQ}
zmg{w_iﬂj |d1<s>2—/01c<1+|al<s>>|“|
—2<t—to>/01c2<1+|al<s>|>2}

mind i -9 [ 9OF - Co-wE+ ) [ 0+ nen)
Zggg{(m—Q)/ G — (2t~ to)e* + 5)

(t—toc+c/|01 )| = (2(t — to)c® + = /\al }

> mi 2t —t
—%%{(Q(ttﬁs /'01 0)¢” +2)

~lot -t + 5 [ @+ o) }

0
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Recall that the Poincare inequality states that

1 1 1
1
/0 lo1(s) —/0 o1(s)ds|* < D/o |61]%, where D = ype)

Since
1 1
|m@»2smm@w—/(nﬁ+%/"mﬁ,
0 0
we have
1 1 1 1
[k <z [ jne- [ ap+zf o
0 0 0 0
1 1
<2D | |&1* + 2(/ 01)?
0 0
Hence
(2.t) > min | [ ¢ (6t t>2+3>mﬂ/d'<ﬁ
T min _— — = — — C —C ols
9el®t) = oc€EP 2(t—t0)+5) 2 0 2 0

C ! 2
— (2(t —to)® + 5) — (12(t — to)c® +3c)(/0 o1) }

1 1
Observe that / lo1]? > | / 51|* = |x — 20|* by Schwartz inequality. It follows that
0 0

1
t)> | — = — (12(t — o) + 3¢) D ||z — xo|?
000 2 | gy 5 - (12 = 0 + 39D o -
— (20— to)e? + 5) — (120t — to)e® + 3)| 2
= _;—5—12(15—1? Ye2D —3¢D —3(t —t )82—§C z?
T 2(t—to+e) 2 0 0 4
+ lower order terms in x.
[ 1 3 (m? 41 5m% + 3
_ _ C<7T+)(t—t0)—c<ﬂ-+)x2
12(t —to +¢€) 2 472
+ lower order terms in x.
(b) F(xz,t) = 2V (x,t) — |VV(x,t)|’

<2/V(x,t)| + |VV(x,t)]

< 2c(1+ [z*) 4+ (1 + |2])
< (¢ +20)(1 + [])?
=2¢*(1+ |a|)?

he(z,t) = d.(x,t) = mmE (o )

1 [N ou(s dUl doa
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. 1 v ! doy
> mp{ﬂx(t—tﬂ/ O R O

1
—(t— to)/o 2¢2(1 + |01(5))2}

Zgn{(m;)/lm - (2(75to)02+;)/01(1+|0’1(5)|)2}
_g—nein{(zl(t—t s / |1 (s (2(t — to)c? +2)

1
—(4(t—t0)02+c)/ |01(s)|—(2(t—t0)02+g)/ |01(s)2}

{(W _ =2 / |61 (s (2(t — to)c? +2)
—(6(t — to)® + %) /01 |01(S)|2}

> min { [m - % — (12(t — to)c®D + 3cD))] /O |61 (s)]?

c 1
—(2(t —to)c® + 5) — (12(t — to)c® + 3c)(/0 01)2}

1 c ! 2
> mi — = 2 _3¢D—12(t—ty)*D :
—glelg{[4(t—to+a) 2~ ° (t = to)"D]| 0 ]

‘ 1
—(2(t —to)* + 5) — (12(t — to)c® + 30)(/0 01)2}

1 c(2m®+3)  3c2(t —to) 5
= — — |z — xo]
4t —tg + ) 472 w2

x + xg

‘ 2

(2(t — to)e® + g) — (12(t — to)c® + 3¢)]

B 1 3 c(572 + 3) 3 32 (t —to)(m? + 1)
~\4(t—tg+e) 472 w2

)xQ + lower order terms in z.

(c) |F(x,t)|_‘ f1? - 261?228]0"

al'i
i=1
2¢e3 —|—1 8fZ
sflfl2 5 !Z
1 26 +1
< 7¢ A+ zl) 521+ [z])
c 28 +1 9
- 1
< ely 222 )L+ |2])
2e2
pe(x,t) = 25%+1d5(x,t)
2e2 . 1/ 61 (s)|? 1/12”:“ (s) (s))dol
z _Z o1(5). oo (s)) 2L
T 234 1leer |4y P24 2, - LR
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+ /01 F(o1(s),02(s)

1101

dO’Q

ds

}

—zj?ﬁlgleig{ t—to+s / 91( /1 (1+|01(s)|)\@|
) [ c(§+2€;§1)<1+m< 0
0
2 3
225?8i1§gg{(4(t—t0+5 / 91(s t_to) (Z 225—%—1>+g]
[ a+imen?}

- g PO e FE
_[(t—to)c(g+2€1+1 /|01
—[[(t—to)c(£+2€1+1 / |01

e e AL (S <Z+2E§’$1>+§J}

—[(t—to c(?’z+%l+l +%]/O |01(8)|2}
= 2€1+1o€ {(4t—to+5 Z?mf((tt‘))(g+2glejl)ﬂ)] /1 o1l
[t wel§ + 0 + 8- Fle- G + 2L Al [ sl
s 2E§€i1%£{(m‘2‘3§D<<t‘f0><§+2€2;1 en) [ o
[ =)o+ EE 8- Fpe -+ ZLE 1)) [ oo
- i liers i WG ) e e
—[(t—to)C(Z—l-le—i—l)-i—c}—?;c[(t—to)(;+2€§;;1)+1”xzx0‘2}

- 26?’5-?-1 [4(t—10+5) (t=to)e (106 + 25;6—%_ 1) B % B 8162

—%(t - to)(% &;—1)]3:2 + lower order term in x.

In view of Lemma 1.1, we have

1

the following Lemma 1.2

LEMMA 1.2. Assume that (1.44) — (1.47) hold i.e. |f(x,t)| < c(1+|x|), Vf(z,t) <

c(1+|z|), |V (z,t)] < c(1+]x]?) and

[VV (x,t)| < c(|1+]x|), where ¢ > 4 is a constant.
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1 2 c(1 2
Let ¢ be a constant strictly less than rmn(4 = §+ 2) Let p(x,t) = Ct(%ﬁ') Then
“tote

the conditions (i), (i) and (i) in Theorem 1.1 are satisfied for t —to + € sufficiently
small i.e.,

dp 1
(i) a—':—l—fw |2 =>0 fipi— iy fii — 2V <0 for t —to+ ¢ sufficiently small.
(i) gt +|Vp+ fI2 =2V +|VV|2 <0 fort —to + ¢ sufficiently small

(iii)

op 1
e (51 —l— )|Vp|2 + > pifi + Yoy fii <0 fort —to + € sufficiently
small.

Proof.

ap 1+ |zP) dp 2y 172 = 4¢% ||
ot (t—tote)? 0m; t—tore PN T H 1 +e)2

(i) f+*|VP|2 Zfzpz Zfzz_

—(1+z?) QE’ZI:L’I2 2¢]|
1 1
_(t—t0+5)2 (t—to—l—g) ( Jr| D t T Jrnc( +|‘T|)
+2¢(1 + |z])?

(—¢+2¢%) ) 2ce ) )
<~ "=’ —— (1 1 2¢(1
—(t_t0+5)2( +al) + P (14 |2)? + ne(L + [z])* + 2¢(1 + [z])

—¢(1 - 20) 4éc )

2 4¢)(1
St Tt e T )1 +1al’)
<0

for t — tg + € sufficiently small because 0 < ¢ < i.

. 0
(ii) o +[Vp+ fI? =2V + |vV|?

ot

_Op

=3 D Vol 2vp [ |fIP -2V + WV
1+ |z?) 4¢%|z|? 4¢)z|

1
C—to+of T Uto+ep Tiggrect Tl
+ A+ [2?) + 2¢(1 + [2?) + A1+ |2])?

c(1—40) 2 dcc 2 2 2
<71 —(1 2c7(1 2c(1
T (1 ol?) = (1 al)? 2630+ ol 4 261 + o)
—c(1 —4¢) 8cc 9 9
4 2c|(1
S hrer ot re ¢ 2|0l
<0

.1
for t — tg + ¢ sufficiently small because 0 < ¢ < —.

=
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0
(111) 8p (51 + % 2 |Vp|2 +szf1 +Zfzz

i=1 i=1

—c(1+ |z 1 4¢2 2¢c|z
< ( ||g+(€+ ) 2‘$|2 ‘\]‘

(t—t()+€) 2 (t—t(]-l-E) t—t()—‘rE

+ (14 |x|)

_ —e(1- (a1 + %)) 4ce
- (t—to+¢)? t—to+e¢
<0

e(1+ |x])

+ 20] 1+ |z[?)

et

4e3 +2°

for t — tg + ¢ sufficiently small because 0 < ¢ <

Consider the parabolic differential equation

ou "L Ou n
(1.48) o = Dut ;fia?i —Vu on R

u(z,0) = ()

where f grows at most linearly and V' grows at most quadratically satisfying (1.44) —
(1.47) respectively. Let for and Vag be the functions obatined by multiplying f and
V respectively by a cut off function o which is equal to one in the ball of radius R > 1
and equal to zero outside a ball of radius 2R. We can choose o such that

4 4
d A <
1+|I| an | U(x)|—1+|x|2

(1.49) IVo(z)| <

Consider the following equation

a'U,QR

ou
2R _ A Uz, + Z for)i — Voruagr

(1.50) o

in the ball Byg of radius 2R with the Neumann condition, where (far); denotes the
i-th component of for. Let ¥or = ¥(x)o(xz). Then the second initial-boundary
problem

ou 8u
aiR = Augr + Z Jar)i 2B Vipusr  on Byg x (0,77
(1.51) tsn(,0) = o (x) on Bag
ou
8iR =0 on dBag x (0,7

has an unique solution (c.f. [Fr] p.144 Theorem 2) for ¢ € [0, c0).

LEMMA 1.3.  Assume that (1.44) — (1.47) hold, i.e., |f(z,t)] < (1 + |z|),
|Vf(z,t) <c(l+]z]), [V(z,t)] <c(l+]2]?) and |VV (2,t)] < (1 + |x|) where ¢ > 4
2

) be a constant. Choose T and € suitably small

o1+ Jz?)
t+e

1
is a constant. Let ¢ < mln(4 1 3 5 + B

so that conclusions (i), (ii) and (iii) in Lemma 1.2 hold for p(xz,t) =
all0 <t <T. Then for0 <t <T

for



1104 S. T. YAU AND S. S. T. YAU

(i) e”ugR < / e"u%R
Barx{t} Barx{0}

t
(ii) ep|w2R|2g/ ep(VuQR)2+// @3 (ugp(x, s))?
BQRX{t} BQRX{O} 0 B2R

(ZZZ) / Gp(AUQR)z § GP(AUQR)2
Barx{t} Barx{0}
+ O(/ e?|Vp|?| f2r|? | Vuzr|? +/ e?|V far|?|Vuar|?
BQRX[O,t] BQRX[O,t]

+/ e?| far||Vuzr|?|A far| +/ e?| far|*|Vuzr|?
BQRX[O,t] Barx|[0,t

n

+/ e?|V(Varuar)|? +/ e’|Vusr* (> (f2r)ii)?)
Bagrx[0,t] Bar x[0,t]

i=1

Proof. Tt is easy to show that | fag|, |V f2r|, |VVar| have linear growth while |Vag|
has quadratic growth, so we can apply Lemma 1.2 and Theorem 1.1 to get our esti-
mates (i), (ii) and (iii) above. O

THEOREM 1.3. Let uag be the solution of (1.53) where R > 1 woth inital condition
ugr(x,0) = Yapr(x). Assume that (1.44) — (1.47) hold i.e., |f(z,t)| < (1 + |z]),
|Vf(z,t)] <c(l+]z]), |V(z,t)| < c(l+]|z]?) and |VV (z,t)] < (1 + |z]), where ¢ > 4

is a constant. Assume further that |Af(z,t)| < ¢(1+ |x]). Let § and ¢ be positive
~ 1 2

constant such that ¢ := ¢+ < min(i, m

that T 4+ € < 0 and the conclusions (i), (i) and (i) in Lemma 1.3 hold for both

). Choose T' and € suitably small so

&1+ J?) . 1+ |aP)
) = d )=~
p(z,1) e an p(z,1) .
forany 0 <t <T. Then for any 0 <t <T
(i) ePulp, (i) ef|Vugr|?,  (iii) e?| Augp|?
BQRX{t} BzRX{t} BzRX{t}

are bounded above independent of R and t.
Proof. By Lemma 1.3, we have

(i) / M@Rs/ M@R:/ 70 (o))
Bapx{t} Bar x{0} Bar
g/"wwmwwnz
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t
(ii) e’ |Vugg|? S/ e"|VU2R|2—|—/ / e @) (ugp(z, 5))>
Baorx{t} Bar x{0} 0 Bar

< [ e et [ O
“J,.

Bar
/O (|Vol|p] + V) + / 00 (y(w))?
Bar
<2 / =0 v 2 + 2 / =0 |yy|? + T / 0 (y())?
Bar B2r
<s / O +2 / =0 |y|? + T / O (y())?
Bon Bar Bar
:(8+T)/ ep(a:70)|w|2+2/ eP(w,0)|vw|2
n R™
(iii) / e”(Ausp)? < / ¢ (Buzr)”
Barx{t} Barx {0}
+0</ ep‘vp‘2|f2R|2|Vu2R‘2+/ e’|V far|*|Vuar|?
Bor x[0,t] Barx[0,]

4 / | far| Vs | for| + / | for|"| Vi ?
BQRX[O,t] BQRX[O,t}

+/ e’ |V (Varuar)|® +/ GPVUzRZ(Z(ng)i,i)Q)
Bagr x[0,t] B2rx[0,t]

i=1
We need to get upper estimate of the right hand side of the above inequality.

/ e(Duuzp)? = / 0| A () 2
BQRX{O} Bogr

= / @O (Mh)o + 2V - Vo + 1/)&0)2
Bar

/ @O [(A)20? + 4(V9 - V0)? + 12 (D0)? + 4(L)a (VY - Vo)
Bar

+2(AP)op Ao + 4V - Vo) Ao]
/ T | AP|20? + 4(VY - Vo) + 92 (Ao)?]

Bar

IA

+/ P 0){ |A¢|202 + 4(VY - Vo) ] HAWQUQ + ¢2(Ag)2}
+[4(ve - vo)? + (P 00)]}
/O AY20? + 4(Ve) - Vo)? + 2 (A0)?]

s}
)
-

/.

<3 / =0 [(AYP + 4|2 |Va]? + 2 (Ao)’]
B
/.

" @O Ag)? + 48 /

Bar

A0 | gy 2 4+ 12 / £P(@.0) 2

Bar

§3/ ep($’0)|A1/)|2+48/ ep<w’0>|vw|2+12/ e @0y
R R™

n
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4 x|?
[ 190 fan el = / / Al 1o 1219 usnl?
BQRX[Ot] BgRX{} S+ )

t
o
< | e |z|*(1 + |])?|Vuzr|?
/o (s+5)2 Borx{s} [zl

Since s + € < §, we have

J2*(1 + |2)*< 2fa]? + 2ff*
Slz? 0%zt
s+e  (s+¢e)?

5 8l=|? s(+|x|?)
= €s+se s+e — e s+e

Ses(;?(l—i-

_|_)

Hence

/ 19| for | V2
BQRX[O t]

b 822 etlal?) s0tial%)
[ e D HE (91012)
0 (s+5) B2R><{S}
t 8“2 2
:/ / e (T“’S)‘VUQRP
0 5+€) Borx{s}

eﬂ(%o) v 2
1o /BZR |Vtar|

P T0|(vo)y + (V)|

IN

822

(T +e) /BzR

1 ~2 2
M/ B@0) (| g |22 + 02| vep|?)
e(t+¢) Jp,p

16¢%c2T
- eﬁ(ﬁlﬁ,o) 4 2+ v 2
< BECL [ g2 + foup)

t n
/ e’| far|*|Vugr|?* < / / (3" (Vo) fi+ oV fi] | Vuasl?
BQRX[O,t] 0 BQRX{S} .

i=1

t n
< / / e S (19022 + 029 £;[?)| Vuzn|?
0 BQRX{S}

i=1

t
S// (Be|fI? + 27|V f1?)|Vuar|?
0 (BQR—BR)X{S}
t
g// (10c*e” (1 + |x|)?| Vuzr|?
0 J(B2r—Br)x{s}
t
0 J(B2r—Br)x{s}
t
:// 100269|Vu23|2
0 (BzRfBR)X{S}

t
< 1002/ / eP@0)|74hy |2
0 JBagr

|V’U,QR|2
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< 1002T/ eP@0) (49p2 1 |vep|?)

3 180 f) PIVusrf?

i=1

t
/ ) Farl?| A for| Vg ? = / / e\ fol
BQRX[O,t] 0 BQRX{S}

n

i
= / /(BZR Br)x{s} eIl Z [(Afi)o +2(Vfi) - (Vo) + fiAa]z\VquP

i=1

t n
<[/ Vaer |71\ 3 [ASi o + 49 A2(T0]2 + 12| A0 2 Puanf
BQR BR)X{S}

i=1

t
<vi[ [ eI 1(lol| 51 + 47019 + | 0]l £ [VuzrP
BZR BR)X{S}

t
S\/g/ / ePe(1+ |z|)(c + 16¢ + 4c) (1 + |z|)| Vuzr|?
Bar—BRr)x{s}

t
0 (BQRfBR)X{S}
t 212
< 21\/502/ / epe” e >\Vu23\2
0 (BzR—BR)X{S}
t
< 21\/362/ / €ﬂ|V’U,2R|2
0 BQRX{S}

t
§21\/§cz/ / PO | 7ehyp |
0 JBar
< 21V/3T / R0 (42 4 |7 [2)

n

[ lanlvuanf = / [ e v
Barx[0,t] Barx{s}
// e”8ct (1 + |2[*)|Vuarl?

BQRX{S
51t |=|?)
S/ [ scteret S pungp
0 BQRX{S}
¢
:8(:4/ / eP|Vuar|?
0 BQRX{S}
¢
§8C4/ / ep(m’0)|V1/)gR|2
0 JBan

<87 [0y 1 7P

/ e’|V(Varuzr)|? / / e?|V(oVugg)|
Barx[0,t] Barx{s}
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t
- / / P |(Vo)Wuzp + 0(VV Yusk + oV (Tuan) 2
0 BQRX{S}
t
<s [ [ e (ToP VPl + oIV Plusel? + o VP VuarP)
0 BQRX{S}
t
<sf [ e (47 (1+ 2 husgl? + (1 + [2)fusr]?
0 (BzR—BR)X{S}
+¢*(1 + |2[*)?|Vuzr[?)
t
< 3/ / e”(8c*(1 + |z|")||uzr|® + 2¢*(1 + |z]?) |uar|?
0 J(B2r—Br)x{s}
+2c2(1 + [z|*)|Vuar[?)
t
< 3/ / e”(10¢* (1 + |z|M)uzr|* 4+ 2¢* (1 + |2|*)|Vuzr|?)
0 (BQR—BR)X{S}
t 2
< 3/ / ePe )(10C2|u2R|2 + 2¢*|Vusp|?)
0 BQRX{S}
t
= 3/ / e?(10c®|uar|? + 2¢%|Vuzr|?)
0 BQRX{S}

< ST/ P9 (106 [1hop|? + 2¢2|Vipar|?)
Bor

< 3T/ PO (1862 |y| + 2¢2|Veh|?)

n

t n

2
e[ Tuznl? (3 (for)ia) < / / ne?|Vusal? > (far)?;
/BQRX[O,t] (Z ) 0 JBypx{s} ; '

i=1

¢
<[ [ werlvsPivusp
0 JBarx{s}
¢
S// ne’c(1+ |z))*|Vuzp|?
0 JBarx{s}
¢
S// 2nc?e” (1 + |z|?)| Vuar|?
0 JBarx{s}
¢
g// 2nc?eP|Vugp|?
0 JBarx{s}

t
S// 2nc?eP®0|Vihy |2
0 JBar

< one?T / eP0) (442 4 [Vh[2)
]Rn

0
We see from Theorem 1.3 that for 0 < t < T, we have estimates of/ epugR,
Barx{t}
/ e?|Vugpr|?* and / e”|Augg|? which are independent of R. Hence we
BQRX{t} BzRX{t}

can take R — oo and obtain a global solution w up to time 7.
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THEOREM 1.4. Assume that |f(z,t)| < c(1+|x|), |V f(z,t)| < c(1+]z]), |Af(2,1)]
< c(1+]z]), |V(z,t)| < c(1+]|z]?) and |VV (2,t)| < c(1+|x|) where ¢ > 4 is a constant.
7 4;%%) Choose T and

e suitably small so that T +¢e < § and the conclusions (i), (ii) and (i) of Lemma 1.3
hold for both

Let § and € be positive constant such that ¢ :== ¢ + 8 < min(

o1+ |z[?)
t+e¢

1+ =P

d  pla,t) =
t+e o pla.1)

pz,t) =
forany 0 <t <T. Then for any initial data ¢ (x) with/ e (|92 +|vyl> 4+ | Ay)?) <

Ju ' ou
o0, there exist a solution of the equation — = Au+ Y. | fim— — Vu up to time T

ot - 81‘1
and u(z,0) = P(x).

2. Gradient estimate of the solution. We shall first derive the following
maximal principle for the parabolic equation which we are interested in.

THEOREM 2.1. Let u > 0 be a positive solution of the equation.

ou

E< t) = Ausct—l—Zflacta (x,t) = V(z, t)u(z, t)

(2.1)
defined on a compact domain . Let p(x,t) = —logug(x,t) and

n 8
(22) Y=+ |VeP =Y S5 -V - alt)V[VelP + Blat) - 5 - 2vne(t)
=1 ’

where
(2.3) 0<alt) < % B0,
(2.4) |V f(z,t)] < c(t)

Assume that there exists cq(t) such that

[f(@,0)]? < e()* (1 + |2])? < er()B(x, 1)
|Vﬁ(a?,t)\§ Cl<t) ﬁ(l‘,t)

Suppose 1 < 0 on Q x [0,tg) and the following inequalities hold

303 Bt n
(27) % + ? — E >0
28) a0+ 5o - ah- vaas - G

——(c1 + 03/2)0z >0

it fiine | 3 A
(2.9) 2\/50()+§7Avf62(fﬂ2fﬂ )’ + \ifca\/;zo

ij=1
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where X is the absolute value of the greatest eigenvalue of (W) Then ¥ cannot
have an interior mazimum with W =0 at t = tg.
Proof.
Op 1 dp 1 0u
T =
ot u Y ox; wox;’
52730_ i( ou ) 1 0%u
0x?  u?\Ox; w02
Hence
1 1 1
—|vp|? = = |vul? - fAu — = |vull=-=Au
u? u? u
(2.10) = —lut = —E(Au—i- Y foug — Vu)
U u

i=1

=D — Vo> + > fipi+V

=1

U= +23 (pi)i0; — > (Fiee; = > filei)e = Vi — ae/[Vo2 + B
Jj=1

j=1 j=1

_%[E:%%@ﬂr+@ﬂwwﬁ+ﬂré+%%_2¢@%

j=1

n n n
Ui = (0a)e +2) 0jips — Y fiawi — O fiwsi = Vi
j=1 j=1

Jj=1

_9P§2%9ﬂ+@MW¢F+5r%

25 ¢4
j=1
Wi = (i)t +2 Z @l +2 Z Pjiipj — Z fiiipj — 2 Z fiieji
i=1 i=1 i=1 i=1

*ij‘)@jii* i 2290]1+2Z‘P1¢ju+ﬂzl}(‘v§0|2+ﬁ)7%
j=1

J=1

N
—(2) " @ieii + B2 (1vel® + B) 732
j=1

AV = (Ap): +2 Z @?i + QZ(AW)J@J‘ - Z Afi)ps —2 Z fiiji
j=1

ij=1 j=1 ij=1

- ijAw —oV—[a Y Ghira) eite; + 50897+ )7

ij=1 j=1

+aZ Zwﬂ D2(|vepl? + B)72

=1 j=1
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By computation, we have

(2.11) ¥, — AU

—(1vel* =) fipi = V)i —2 Z %Z—?Z% Vel? —Zfzsoz

i=1 ij=1
+2 Z fjlspjl—i_zfj |V(p|2 Zfﬁoz_ Z (f t+Afj:|
3,J=1
LAV -Vt Zj:l @i ([vel? — Z¢:1 fivi — )j n ay i1l
VIvel? + 8 VIvel? +5
\/\V80|2 (Ivepl? + B)3/2 2t2
=—2Z (1) ]soﬁz £:) M+Zfz ()i + Vi —2 Z 0%
4,j=1
_2z(pj(\ll_@t+a |v90|2+ "‘%“!‘C +2Zf]l<pj7,
Jj=1 4,J=1
+> [ =g+ [P + 8 +f+c+§: D+ D)o
j=1

aZL 0i(|vel? - Zj:l fioi =V); " aZi,j:l %2]‘
VIVel?+p VIve?| + 8

e 7A ?: T,l: . Z+& 2
‘M‘QZ et ST T (- BB

+AV -V +

2t2 — 2Vne
1
—-2 30 =230 = 33z + 5 0
3,7=1 i=
+2§:fﬂ%z+§jb
3,7=1
a 1w
+§ij<22goisoij + 8Vl +B8) 2+ S (Afy)es + AV
j=1 i=1 Jj=1
Lo D1 0 iy 2ipig — Doy figei — 2oicy fips = V5) L =1 P
|Veol? + 6 Vel + 3
a8, — A aX (" i+ 2)2
Q(ﬂt /6) 2171(2_]71(‘0380]1 2) — oy |V¢|2+ 2fCt

2t2

CVIVeP+8 ([V¢]? + B)*72
:—QZ%“I’ﬁij 2Zw]2+22fﬂ<pﬂ+z Af)e
j=1 j

i,j=1 1,5=1

azl] 1fld<p1<pj+a2J ISDJ +a21j 1(001_; f(ﬁt_ ﬁ)

VIvel? + VIVeE+8  VIveP +83

+AV —
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@Y (), pisi + 5 —oe Y
g VTP B g — 2
7042?:1 ©;B; i %Z?;l 1iB;

VIVeE+8  VIvelr+ 3

*22%‘1’3' +ij‘11j 2> 0L H2) . frigii+ Y _(Af)e; + AV

i,j=1 i,j=1 J=1
aZz] 1 fi.50ip; "'O‘ZJ 193V +0‘sz 1%7 _ 3(8e — LF)
VIVe + B VP8 \IVeE+ 5
7042?:1@;;1%%#%)2 —a/|Ve]2 + —2v/ne
(IVel? + )32 WIVeP B+ 55 '

_szyzﬁojﬁj_'_ 22 —1 136;
VIVePR+8  VIveP +5

Recall that ¥ < 0 for 0 <t < tg. If ¥ = 0 at some interior point when ¢t = ¢,
then at such a point, we have

(2.12) \I/t(l'oﬂfo) >0, Vll/(wo,to) =0, A‘I’(l‘oﬂfo) <0
n
(2.13)  Ap(xg,t9) = a(xo,to)\/Wgo(xo,to)P + B(zg, to) + % + 2v/nc(to)

(2.13) follows from (2.2) and (2.10).

n n

1
In view of the arithmetic-geometric inequality Zaf > f(z a;)?, we have at
i=1

=1

3

the point (xg, o).
n

(2.14) (2 \/ﬁ) Z [¢ij — %(2 - L)*l(fi,j + fj,i)p

ij=1 [Vol2 + 3

«

N Ul Gy o D DR

3=

—i@‘mffw)[“ ww%mm—(z—W me
+(2\/ﬁc—(2—\/ﬁ Zf“ |Vs0|2+ﬁ+%)
(2\/7707(27\/\VT Zf“

On the other hand from (2.11) and the fact that 1y — At > 0 at the point (xq, to),
we have

o 1 o -1 2
(2.15) (2 — W) i’jZ:1 [@z’j - 5(2 - \/W) (f’L,j + f],z)]
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n 1 a . n )
< ANfo; + AV + = (2 — ——r i + fii
le( fi)e; 4( \/W) WZ:l(f i+ fii)
X Jigeipitadi Vi §(6 = AB)
VIVel? + 8 VIvel? + 8
S i+ D)2
- ZZ_E%;F:_Q%;JQ ) - at\/m + % —2v/ney
QZ? 1% i %Z;'L:l fiBi
\/|V<P|2 +6  VIveP+5
< A + AV + I S et - i+ 'i2
; fi)e; 4( \/W) sz:l(f J fL)
Cadio figipita Xl eV §(B—A8) 5
VIVeE T B N R

ad i S5 fib
2 J J
Y 7 e I ey

since a > 0 by assumption. Equation (2.14) and (2.15) imply

2

no
o?(|vepl* + 8) + e |Vepl? + 6+ E

(216) —(2— ——o

\/|V90|2+5)
+ (2 — (2 - \/%)‘1 S 1) + CavIVelP+ 5+ ) (2v/me

i=1

S|

O e Zf“ |

- A AV I S En » . 2
Z:l( et +4( o) e
i1 fiiiei + @i 93V -A
2es j/irvijg fﬁzj L OZ(/—ﬁtv T mﬁ —aV/[Vel? + 5

Zn 1‘P]ﬂj n O‘Z 1f]ﬁ]

“ e VIV +8 - 2y/[Vel + 8

Let z = /|Vp|?2 + 8. In view of (2.3), we have

N\Q

>

N W

Observe that

n n 81 al
vf|=\lZ|vfil2>\lZ Sy > 2 zai
i=1 1 ¢
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Hence
2\/>C* - Zfzz>2\/ﬁcfg\/>|vf|

> 2v/nc — g\/ﬁc: ?c

The left hand side of (2.16) can be estimated from below as follow

l(2—%)[0zz + ozz+4t2 (2v/nc — ( 2—— Zf”

n

+ (2az + )(2fc— 2_7 Zf“

3 99 nOZ Mo, \/ﬁ 1 a. n?
> 2 T e Qe+ )Y+ 2= 2
> o lo8 + = g+ 20z 4 )2C]+n( T
30222 3az 3 3v/nc no
= +*2+7oz +i,+72 =
on ot NG 4t az

(2.6) implies

2|Vl | ] < 26|Vl /B < 1|V + 6)

which is equivalent to

9ellv8] _ o
Vel 5 = 2

In view of (2.5), (2.6) and the above inequality, the right hand side of (2.16) can
be estimated from above as follow.

n

S (Ao + OV + (2 - %)‘1 S (i + £

j=1 4,g=1

Z fu‘ﬁzg@j +QZ§0J A5)_04152

3,7=1

2t2 2\/70t - Z(pjﬁj 2, ijﬁj
j=1
n N n )\ ,
VR[S @+ AV + 1@ = D7 S (g + gy + 2T
=1 i,j=1
o 2y
+2190l1v8] + 5-|f11v 8

n

S\/’E[Z(Afj)ﬂ%z-l-ﬁv-l-% Z(fi,j-l-sz) + oz + —— | SD|
j=1 ig=1 2B
_a(ﬁtQ_ZAﬁ) /() _‘_7_2\/50/(1;)_’_612(7&)&2:

22

oY
—|—;|V<,0|WV\— -z + —

2t2
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az [fl[vB]
2 Vo2 + 8
1 — a|vV]|
</nlA AV 4 = it fi)?
<Vn|Aflz+ V+6”z::1(fz,z+fg,z) Aozt 5 s
O gy no i e
5, (0t = 80) = (D)2 + 55 = 2V/nd () + ——az
3/2
Cl(t) oz
2

Putting the upper estimate of R.H.S. of (2.16) and lower estimate of L.H.S. of (2.16)
together, we have

30222 30z  na 3 3 3vnec
2.1 = T2y 2 e
(2.17) o + 57 4t22+86 +2\/ﬁazc+ T
1< alvV|
<Vn|Aflz 4+ AV + G g;l(fm 402 + daz + G
«a c —|—03/2
—j(ﬁt —AB)—d'(t)z + lTlaz —2y/nc (t)
z
(2.17) can be rewritten in the following form
2 v 3/2
32%22 + (o' (t)z + zoj; — Az — /n|Aflz = a2|\/g| _a +201 oz)
3 1 < 3v/ne alg
/ 2 2
+(2vnd (1) + 3¢ ~ AV - 6ijZ:1(fi,j ) T )
3az  af no
IR ) <
* 2t 2z 4t22) -
The above inequality implies
3a? 3ac alvV| e+ A2
2.18 — 22 (¢ — M — nlAF] — _ 1
(2.18) 5 ? +z(a()+2\/ﬁ a—+/n|Af] Wi 5 )
3 1 ¢ 2 3ync alp
/ 2
+ (2vnd () + g = AV - g”zzzl(fi,j +ha) = i

1(@ af ney o

2 2t 2 A

However (2.18) contradicts with (2.3), (2.7), (2.8) and (2.9). Therefore we conclude
that ¥ cannot have an interior maximum with ¥ =0 at ¢t = t5. O

LEMMA 2.1. Let ug > 0 be a positive solution of the equation (2.1) defined on a
compact domain @ = {x € R™ : (z) < 0} with the Neumann condition

ouq
_— = Q
0 on O
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where v = V0 is an outward normal of 0. Let p(z,t) = —loguq(z,t) and V(z,t)
by

be defined in (2.2). If aa—(xo,to) > 0 for xo € 08, then at (zo,1o)
v

ov at) - "L Of;
2.19 W o1 — W VN g — S 0,2
(2.19) ov — ( 2 |V‘P|2+ﬂ>i§_:1 A 132:21 83:1-%
M

+ i fipi —
;1 JJJ /|v |2

Proof. Since

de 0 1 Ou
ov 8V(ogu) u Ov 0 on 0%,

8(,0)5 -

we have B 0 on 9Q. On the other hand,
v
g—f =0 on 0N
90 dp
Zaml 0z, on 0N

:>29”% + Ze pi; =0 on 0Q forall 1<j<n.
Observe that
9\ 00 0 n n n
%(;@i Z ax (91'] ; = ZZZGJQO#PU

=1 j=1

n n

==2> " ipip;

i=1 j=1

Therefore, at (xq,tg), zo € 02, we have

2
0< 3[04 196 =3 Fies —V — alt) Vo + B~ 1 — 2/ elt)

j—1
a n
= -2 Z 9”()01()0] Z 9 fj = Z Hlfjgoﬂ - ((;7‘/
,j=1 ,j=1 ’J—l
at)| - 23" G010, +Ze g
. i,j=1
2V/|Vel? +
a(t) - fj
= - Y 17 P 9 91 i
(15 |v90|2+ﬂ)§1 e ; o ;1 s
1)y 0:5;
N ); s

S 2[VeP+ 7
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(2.19) follows immediately from the above inequality. O

LEMMA 2.2. Let ug > 0 be a positive solution of the equation (2.1) defined on
the closed ball Br = {x € R" : §(x) = |x| — R < 0} with the Neumann condition

aUR

—— =0 on O0BRr wherev=V0
ov

Suppose |f] < e(t)(1+ |2)), [V f] = Z\vm%c 0 < alt) < 5/B7) and

VB < c1(t)\/B(z,t). Let p(x,t) = floguR(x,t) and U(x,t) be defined in (2.2). If

ov
rm >0 at (xo,t0) with xg € OBR, then
v

(2.20) 5 <%

Proof. Since 6 = |x| — R, we have

9‘:7 y V:(017"' ,9,1) and@ij:ﬁf |x‘3J

The last equality implies

i)’

1 i—1
Z Oiipi05 = R|Vg@|2 g o 0Bgr
1,7=1
= —| - —| | on OBpgr
= E|Vga| on JBpr

Observe that

’é(é@gﬁ)%k Z

j=1 i=

8f] ‘V |

9

1

< oG el
j=1 i=1 i=1

n

= DIV Vel = V] Vgl

j=1
()| Vel

IN

‘ Z Oij fipi|<

i,j=1

S (> 651)7 Vel
i=1 j=1
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< 2o (D21 vyl
i=1 j=1 j=1
=\ D 02 VIVl
i,j=1
IR s BN ITTTOINE:
— vJ 1) —9 gLy
[Z (|J;\2+Z ||6 Z |z[® )] IV Vel
i,j=1 7,7=1 i,j=1
n—1 cvn—1
VT o vl < Y%L 9l o 0By
|| R
a < ¢ 1
2y/|Vo[+8 ~ 2vB ~ 4
-2 )<-2
2¢/|Ve| + 8 2
—a) 0:f;
i=1 S IVOIVEl o |VB
2|Vl + 6~ 2/|Ve?+ 8 2 /Vol2+ 3
a |V o
< 12 < =
=79 \/B >~ QCl(t)
Therefore (2.19) implies
v 3 2 vVn—1 «
P a
o = 2R\Vs0| +c(t)(1+ 7 )|Vg0|—|—2cl(t)
3 s 2R Vn—1 R2 N
2R[|W| 3 I+ =) Vel + 51+ —F% )}
R Vn—1.2 «
— 1 et
+5 1+ ) +3a®)
3 R Vvn—1.12 R V=12 «a
~ToR -5 =1 &
2R[|v<p| s+ % )} + 51+ —F=) +5a0
R —1 t
<50+ \/7?)2+ aé>cl(t)

THEOREM 2.2. Let ur > 0 be a positive solution of the equation

ou -
" u+;1f1% Vu

defined on the closed ball Br = {z € R" : §(z) = |z| — R < 0}, wth the Neumann
condition

2.21 %—R:O on OBgr where v=V0
ov
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Let p(x,t) = —logugr(x,t) and

U(z,t) =@ + |Vo|* — ij% -V —a(t)\/|Ve]?2 + B(z,t) — 2% —2y/n c(t)
S J

Jj=1
Suppose
(2.22) 1+ |2))? < er(t)B(x, t)
(2.23) DIV <)
(2.24) Bz, t)
(2.25) B 1)
(2.26) + - >0

Vvl 1 3/2
) S W AL - >

(2.27) 3m Ay gl te)’?) — Va1V =0

2, 3 1 1 "\ fig+ fiine
(2.28) o+ e QﬁAV NG ”Z;( )

_ a3
2vny/B ~

where X\ is the absolute value of the greatest eigenvalue of (%)

(2.29) v E(1 + V"R_ 1)2 + O‘ét)

5 6 c1(t) on OBr for t>0

If (z,0) <0, then ¥(x,t) <0 for allt > 0, i.e.
"0
i+ IVel2 =S 22—V < alt)/ [Vl + Bla.t) + o +2v/m e(t) for all t > 0.
=1 8l‘j 2t

Proof. 1If the conclusion is not true, then there exists ¢y such that ¥ < 0 for
0 <t < tyand ¥ = 0 at some point xy when t = ty. In view of the hypothesis
(2.22)-(2.28), we can apply Theorem 2.1 to conclude that xo € 0Bgr. It is clear that
— (o, tp) > 0. In view of Lemma 2.2, we have inequality (2.20) which contradicts

ov

to our assumptions (2.29). O

THEOREM 2.3. Let ur > 0 be a positive solution of the equation

ou -
v u+1§1f1m Vu

defined on the local ball B = {x € R" : O(x) = |z| — R < 0} with the Neumann
condition
6UR

(2.30) W:O on OBgr where v=V0
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Let p(x,t) = —logugr(x,t) and

NG,
W(o,t) = oo+ [Vl - jzlfjaj —V = VIVl + B(a,0) - 5 — 2V c(t)

J

Let B(z,t) = co(t)|z]* + 402 (t) + 3 with c2(t) > 0 and «(t) > 0. Suppose that there
exists c1(t) > 0 such that

(2.31) [l < e(t)(L+ |z])
(2.32) VI = | DIV < e(t), [VV] < e(1 + [a])
i=1
(2.33) IAV| < e |Af|<ec
(2.34) 2¢2(t) < e1(t)ea(t)
(2.35) 2¢2(t) < e (1) (42 (t) + %)
(2.36) deo(t) < A3t
(2.37) cy+ %cz >0
NG 6 2 n
(2.38) 20?) + -’ + 5 >0
3c 1 3/2
(2.39) o/(t)—i—oz[ﬁ—)\—i(\/a—i—cl—i—cl | =vnc=0
/ 5 4 3 1 vn
(240) C (t) + mc + (g ﬁ)c 762 > 0
‘ ‘ fig + fii
where X\ is the absolute value of the greatest eigenvlaue of (f)
vn—1
(2.41) aa—v > %(1 + nR )2 + a;t) ci(t) on OBg for t>0
v

If ¥(z,0) < 0, then U(x,t) <0 for allt >0, i.e.,

)
(2.42) ok Vel Y 122 Ly
=1 7
< a(t)V|Ve]? + Bz, t) + % +2vn c(t) forall t>0.

Proof. We only need to prove that (2.31)—(2.40) imply (2.22)—(2.28).
Observe that

c(t)* (1 + |2])* < 2¢(t)*(1 + |2f)

< ar(D)ea(t)|zf + (o

5 +4a?(t))er(t) = ci(t) = e1(t)B(w, t)

by (2.34) and (2.35). Hence (2.22) follows. (2.23) is part of our assumption (2.32)
while (2.24) follows from our definition of 5(z,t) and the hypothesis co(t) > 0.
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2.25) is equivalent to 2ca|z| < c1v/calz|? +4a2 + 2, ie., 4c3|z|? < E(co|z|? +
2t 2 1
40?4 2-). Hence (2.36) implies (2.25)

Be 38 n 1,/ 9 n 3(:2 , 60?2  3n n
[ el e ) ] _ - I
2 o~ a gkl FBea ma) TSl T e T e
A S
=(§ +%02)|x| +40 o+ a —|—@

Therefore (2.37) and (2.38) imply (2.26)

a'(t>+a[g?jﬁ A QVJVB| B %(Cl +ci%)] =Vl Af]
>a'(t)+a[23¢cﬁ AT C(lzirf'x) ;< a+d*)] - vne
2a'(t)+a[2:% (\F+c1+c3/ ) = Ve

Hence (2.39) implies (2.27).
Observe that

3 (Lt hisy z Pty S fuiki

ij=1 ij=1 ',jfl
2
<35 Z fig+ Z fi Z
i,j=1 i,j=1 i,5=1
n n
=Y =D IVEP =V <
ij=1 i=1
’ 3 3 f7 +f [ QAB
4+ —0 2 —A g5
ATV W 12\fZ ;- 2vny/B
/ 3 3 1 1 5 2ncy 1
t e ——e(t)—m ——=2 -2 2
_c()+16\/ﬁ T W O T A W
: 5 ., 3 1 NG
j— t o v
()+48\/ﬁc+(8t zf) 2 @
(2.28) follows immediately from (2.40). O
THEOREM 2.4. Let u > 0 be a positive solution of the equation
Ou —Au—&-if'u-—FVu
ot e
on R™. Let p(z,t) = —logu(x,t) and
W) = o0t V6 = 30 F 25—V alt) NP+ Bd) — 2 2y c(t)
’ =1 ]ij ’ 2t

Let B(z,t) = co(t)]|z|* + 40 (t) + 35 with c2(t) > 0 and a(t) > 0. Suppose that there
exists c1(t) > 0 such that

(2.43) IfI < e(t)(X+ |x])
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n

(244) [VH= | 2o IVAR < et),[9V] < e(1+ [z
(2.45) AV < ¢ |Af|<c
(2.46) 2¢2(t) < c1(t)ea(t)
(2.47) 22(t) < 1 (1) (402(t) + %)
(2.48) deo(t) < 1 (1)
(2.49) co(t) + %cz >0
r 6 n
(2.50) 2(a?) + ¥a2 + 5 >0
(2.51) o/(t)+a[2i%—/\—%(\/a+c1+cf/2)}_\/ﬁczo
(2.52) ¢ (t) + ﬁ(f + (% - %)c - ?CQ >0

Jog + Jia ;fﬂ?i). I 9(x,0) < 0,

where A is the absolute value of the greatest eigenvalue of(

then ¥(x,t) <0 for allt >0, i.e.

- dp
2. Np = 2 _ . _
(2.53) =i+ |Vl ;:1 fi oz, V

< a(t)V|Ve|? + B(x,t) + % + 2v/nc(t) for allt >0 .

Proof. Choose a function Ag(x,t) which is convex in x direction with the following
properties.

(2.54) Ag(x,t) =0 for |z| < R/2
(2.55) |VVR| < (14 |z]),|AVR| <c
vn—1
(2.56) aa% > %(14— nR )2+a;t)01(t) on OBpg for t > 0

where Vg =V + Ag. Let fr = f -0 where o is a cut off function with the following
properties

(2.57) o(x) =1 for |z| < g and o(z) =0 for |z| > R
(2.58) ViRl < |Af]<c
Let ugr be the positive solution of the equation

8uR

o Aug + ;(fR)i(uR)i — Vrur

defined on the closed ball B = {z € R" : §(z) = |z| — R < 0} with the Neumann

0
condition % = 0 on 0Bgr where v = V6. In view of Theorem 2.3, we know that
v
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(2.42) holds for ug. Since w is the limit of ug as R goes to infinity, we conclude that
(2.53) holds. O

Remark : It is easy to choose ¢, ¢1,ce and « such that (2.43)-(2.52) are satisfied. For

2/3 _ 4
/562_

instance, we can take ¢; = 2c¢ A3 and a(t) = T3 where ¢ and T are

positive constant and T is sufficiently small.

3. Harnack Inequality. In this section, we shall use the gradient estimate ob-
tained in Theorem 2.3 to deduce Harnack inequality.

PROPOSITION 3.1. Let ug > 0 be a positive solution of the equation
3.1 — =A i— =V
(3.1) wt ) fige —Vu

defined on the closed ball Br = {x € R" : §(z) = |z| — R < 0} with the Neumann
condition

3uR

3.2 —— =0 on OBgr where v=V0
ov

Let o(x,t) = —logugr(z,t) and B(z,t) = ca(t)|z|?> + 4a2(t) + n/(2t) with ca(t) > 0
and «o(t) > 0. Suppose that

(33) @i+ Vol - ijf —V < a(t)V[VeP + B(a.1) + 5 + 2/ c(t)

Lett >ty and P = {differentiable path o = (01,02) : [0,1] — Br xR such that o(0)
= (01(0), 02(0)) = (z0,%0),0(1) = (2,1), 05(s) > 0}. Define

(3.4) d((z0, to), (1)) == inf{%/o <Ul7f>ds+4/0 dd02[|d02‘ + V3]s

UEF
ldUQ f Z
/ ds (\[ | | 4 }

0

Then

(3.5) ur(@t) > (i)_% exp ( - /tt 2v/'n c(T)dT) exp [ — d((zo,t0), (x,t))}

ug(xo,to) to
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Proof. We shall rewrite the inequality (3.1) in the following form

(3.6) S0t+|Vg0—§|2 |f|

< oV [V 5+ % +2v/n (1)
o J0ve = L1+ 202+ 54 2 v 2y ctt)

—V =g +|Ve|* - Zfchl

i=1

ga\/zmp 2| If\ +ﬁ+—+2\/756()

:m/i\/mp |+|f| += +—+2\/ﬁc()

2 4 "2 2
<a\@(|V<pf§|+ |]1 +2)+2—t+2\/ﬁc()

Let 0 = (01,02) be a path in P. Then

(3.7) —p(e,t) + p(xo, o) = - / Lolo1(s), 02(5))ds

1 1
. dog Op
=— \Y — —_—
/O SOV T s ot

1 1
) f 1/ . /d02 AT
>— <01,Vp—=>—— <on,f>+ Ve
/0 ! 27 2/, ~ (l 2

e L | —ava If\z g_%_v o — 2Vl )
Lt do /12 /P
2_5/0 <gl,f>_/0 2(f —+2+T+V+2 ()+2f6(02()))
Y doy o1
+/0 Z|ve- \ —(a \[+|d02|)| g”

:—% /1 <og,f>-— /0 d02 [ V2 |f|2 2 UT 20721(5) nc(og(s))}

,i/ dg?( \[+|01|)

ds doy

ds
>— /0<J'1,f>—/0 daz[f |f|2+2+ﬁ|2+v+22()+2\/ﬁc(02(5))}

~Lp-Gaver BT

d0'2
2 ds

Q.‘Q

2" 4
doy |01 ]2 Lon 1
*4/0 o Vg / (5 272() - | 2vie(oas)) o)

0

2—1/01<d17f>—/0 d@[\f er +‘f|2+v}
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:_1/01<o'1,f>—/0 d@[\f w'l‘ +‘f|2+V}

2 4 4
doy |1 ] n t ¢
= P log(Ly— [ 2
4/0 T (V2 daz) 3 los() /to Vel

Since (3.7) is true for all o € P, we have
(3.8) log u(x,t) —log u(zg, to)

2 ds

4 ds to
1t doy ‘f|2
B f — i
;IEIP{Q/O <01,f>+/0 [av/2 4+

1 1
Zsup{—l/o <d1,f>—/0 @{a\f #+2+¥
1/01 d02( V2 + |01|) }Zlog(t)/tQ\/ﬁc(T)dT
(i

4

+4/0 daz( V24 |:;12|} — glog(i) —/to 2v/n c(r)dr

ds to

——d((zo, o), (1)) — Elog(%) —/t 2 o(r)dr

It follows that

D (L) ([ 2 o) exp [ st 0.0

u(xo, to)

1125

PROPOSITION 3.2. Let d((xo,to0), (z,t)) be defined by (3.4) in Proposition 3.1.

Then

T — x|
(3.9)  d((wo, to), (x,1)) < 4(1&—7?0|) o
t—to

2

/ o?((1 — s)tg + st)ds
0

1 /!
+§/ <x—xo, f(1—8)xo+ sz, (1 — s)tg + st) > ds
0

+(t — to)/ {V2a(1 — s)to + st) [i i FA((1 = 8)zo + sz, (1 — 8)tg + st)

i=1

B((1 = s)zq + sz, (1—8)t0+8t)]§

,4;\.-\ MM—‘

1
7|x—x0|/ a((1 — s)tp + st)ds
0

Z (1= s)wo + sz, (1 — s)tg + st) + V((1 — s)zo + sz, (1 — s)to + st) }ds
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d
Proof. Let (01,02) = ((1—s)xo+ sz, (1—s)to+st). Then ¢y = z—x and 22 _

ds
t — tg. By the definition of d((:co, to), (z, t)), we have
1 1
d((zo,t0), (z,1)) < 3 / < x— o, f((1— 8)zo + sz, (1 — s)tg + st) > ds
0

+ [0 [Va - oo+

[f(1 = 8)zo + sz, (1 —s)to+ st)|2  B((1—s)xo + sz, (1 — s)to + st)
4 + 2

" E— SZ’ (L= s)to +st)” + V(1= s)xo+ sz, (1 —s)to + St)]ds
+ i/ (t —to)((\fa(l — 8)to + st) + \a;:itmo(ﬂ)st

|x—x0|2+7|x x |/ (1—s)t +st)ds+t_t0/la2((1—s)t + st)ds
*4(t—t) 0 0 2/, 0

1
5/ <z —x0, f((1 = 8)xg + sz, (1 — s)to + st) > ds
0

+(t— to)/o {% fo((l — 8)xo + sz, (1 — s)to + st)
+ V((1 = s)zo + sz, (1 — s)to + st)

+V2a((1 - s)to + st) E Z f2((1 = s)zo + sz, (1= s)to + st)

+ %6((1 —s)xg + sz, (1 — s)to + St)} %}d

Similarly we can use Theorem 2.4 to deduce Harnack inequality on R™.

THEOREM 3.3. Let u > 0 be a positive solution of the equation

ou
i = Au+ Zfzul Vu
on R™. Let p(z,t) = —logu(x,t) and
W(wt) = o+ VP = S 22—V = a) /o B0 — 2 — 2y )
’ =1 ]al'j ’ 2t

Let B(z,t) = ca(t)|x|? + 4a3(t) + 2% with co(t) > 0 and a(t) > 0. Suppose that there

exists ¢1(t) such that

(3.10) [fl < e(t+z)

DIVAPR < elVVI< el + |z])
i=1

(3.11) V| =
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(3.12) AV < e |Af| <c
(3.13) 2¢2(t) < e1(t)ea(t)
(3.14) 22(t) < e1(t)(4a2(t) + 2%)
(3.15) deo(t) < A3 (t)
(3.16) Cot) + %Q >0
’ 6 n
2 2
(3.17) 2(a)+¥oz +@>0
’ 3c 3/2
(3.18) oz(t)—l—oz[Q\/ﬁ (\F+c1+c )|~ vrezo
/ 5 3 1 n
1 24 (2 e— =
(3.19) c(t)+48\/ﬁc + ( 2\/ﬁ)c 52 >0
, . fij + fi
where X\ is the absolute value of the greatest eigenvalue of (f)

Let t > tg and P = { differentiable path o = (01,02) : [0,1] — R™ x R such that
a(0) = (01(0),02(0)) = (w0, t0),0(1) = (z,t),04(s) > 0}. Define

1
(3.20)  d((zo,t0), (x,t)) := inf {%/0 <o f> d5+/0 dos (\[ ﬁ B

2
Wl [ e[+ van] )

If U(x,0) <0, then

KICUN i)*? exp ( - /tt 2\/’77,6(7')617'> exp [* d((zo,10), (x,t))]

(3.21) w(wo,to) = (to

Proof. The proof is same as the proof of Proposition 3.1. O

4. L' and Pointwise Estimate. Let us first recall some general theory of par-
abolic equations for the sake of convenience to the readers.

THEOREM 4.1. (c.f. P.43 of [Fr]) Consider the operator

" 0
Lu:= Zaij(xt 8 8z] —|—Zb xt (x,t)u—a—ltb

ij=1 i=1

on R™ x [0,T]. Assume that L is parabolic in R™ x [0,T], i.e. for every (x,t) €
R™ x [0,T] and for every real vector { # 0, a;;(z,t)(;¢(; > 0. Assume also that
the coefficients of L are continous functions in R™ x [0, T] with the following growth
conditions

(4.1) laij(2,t)| < M, [bs(2,t)] < M(1+ |]), ez, ) < M(1+ |2[?)
fori,j,=1,--+ n, (x,t) € R" x (0,T], M = positive constant .

Assume further that Lu < 0 in R™ x (0,T] and that

(4.2) u(z,t) > —Bexp[flz[}] in R"x[0,T]
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for some positive constants B, 3. If u(x,0) > 0 in R™, then u(z,t) > 0 in R™x[0,T].
THEOREM 4.2. (c.f. P. 44[Fr]) Consider the parabolic operator

n n

0?u
Lu = Z aij(m’t)iﬁx'ax' +
UL j X

,j=1

ox; ot

bi(x, t)a—x +c(z, t)u — Ou
7
1

with continous coefficients in R™ x (0, T]. Let (4.1) be satisfied. then there exists at
most one solution to the Cauchy problem

Lu = f(z,t) in R™ x (0,7
(4.3) {u(aﬁ,t) =p(z) in R
satisfying
(4.4) lu(z,t)| < BexplB|z|*]

for some positive constant B, (3.

Let ug > 0 be a positive solution of the equation

(4.5) - =0ut+ > f;

0
on the ball Bg = {z € R" : §(x) = |z| — R < 0} with the Neumann condition % =
v

0 on OBR where v = V0. Assume that (2.31)-(2.41) hold. Then for ¢ = —logug, we
have

" dp n
2 J— . —
et + [Vl ;:1 i D V < ay/|Ve|+ B+ 5 T 2v/n c(t)

on Bpr as long as it holds for ¢ = 0.

From now on, we shall study the behaviour of the solution of equation (4.5) in
R™. If the initial data is nonnegative, then in view of Theorem 4.1 the solution is
nonnegative. Hence we can assume that the solution of (4.5) is nonnegative.

THEOREM 4.3. Let u be a nonnegative solution of the equatoin
ou

on R™. Suppose that u(x,0) has compact support*,

@O < e+ [2]), [V fa, )] = | D IVAI? < e()(1 + |a])

i=1
and
[V (2, 8)] < e(t)(1+ |2[*),

*It is sufficient for u(z,0) to decay like Gaussian.
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Let a1 (t), a2(t) and az(t) satisfy the following ordinary differential equations

(4.6) (logay) + 2nas + a3 4 4agc+c=0
(4.7) ay +4a3 + dasc+ ¢ =0
(4.8) ag + 2azc — V2ne = 0

with initial conditions suitably chosen (e.g. a1(0) > 0,a2(0) > Faz(0) > 0) so that
ay(t) > 0,as(t) > %ag(t) >0 for all0 <t <T for someT >0. Then, for0 <t <T,

(4.9) ay(t) /n u(z, t) exp(az(t)|z]® — as(t)\/1 + |z|?)
<a1(0) /n u(z,0) exp(az(0)]z]* — az(0)\/1 + z[?)

Proof. Let p be any smooth function and Br = {z € R" : |z| < R}. We have

# Sy o )
pu= [ pu+ [ pu
dt Jg, Br Br
- 0
=/ ptu+/ pAqu/ PZfil_/ pVu
Br Br Br =1 Ox; Br

dp ou
= pu—|—/ Apu—/ u—ds—k/ p—ds
/BR ' BR( ) 0By OV oy OV

- ii T ifi)u+ 'd—/ 14
/BR(pi, ;pf)u /wRu,Of vds = | oVu

i=1

by Divergence Theorem and Green’s first identity. Now we can use simple cut off
argument to otbain the following

d n n
(4.10) pr / pu = /R (pr+Dp = fipi = > _ fiip—Vp)u
" " i=1 i=1

Observe that

‘ifu + V’ < i |foil + V]
i=1 i=1

<V | D 1 fil? 4 e + [2?)

i=1
< v e(l+|z]) + (1 + |z?)
<Vone(1+ |22)7 +c(1 + |2]?)

< Jz|lf] < ela|(1 + |2[)

n
‘infi
i=1

< (14 |z))? < 2¢(1 + |z)?)
Set

p = ar(t) exp [as(t) 2] — as(t)v/T+ [2]?]
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Then
pr = (a; + a1 (t)ay(t)]z]? — a1 (t)ag(t) /1 + [2]?) explas(t)|z]? — as(t)y/T + [2]?]
= ((loga1), + CL,2|x|2 — agm)p

pi = (2aiaa(t) = aalt) =tz
pii = (2@2(75) \/ﬁ% + +|(m)f;23 /2),0
+ (22ia2(t) — ag(t)\/#w )
~ [2as J%+ 1f|<j| Lt (2aalt) - %>Q$g}p

It follows that

(4.11) ps+Dp — Z fipi — (Z fii+V)p
im1

i=1

_ S ((n—Dz* + n)as
_[(logal) + as|z|* — ag\/1+ |x|? + 2nas — (FAPBEE

as

2, |9 as =
Jr 2 - T - 2 T Z K 1,7,+V
(202 = =)ol = (202 = i) Y ifi - Zf )|
Recall that
as(t)

2a2(t) > as(t) > —=— <T
(0 2 ()2 0
Therefore (4.11) has the following upper estimates
(4.12)  pr+Lp— Zfipi - (me‘ +V)p
i—1 i=1
’ ’ 2 / ((n— 1)|$|2 +n)a3
g[(logal) + aslz|® — ag/1 4+ |x|? + 2nas — 1+ 2P
dasas a3 2 a3
+(4a2 — + T 2a9 — 2¢(1+ |x
et~ e T T e G )+ e

+V2m o1+ [2)E + o1+ [al?)|p
_ ’ ’ 2 ( 1)0/3
—|:(10ga1) +a2|f£‘ \/1+|x|2+2na2— W

as dagaz|z|? 9 a3

(1+ |2[2)3/2 1+[z2 ° 1+]z?
+dase + dasc|z)? — 2asen/1+ |22 + V20 (1 + |z]?)?
e+ o] p

+4a%|x\2 —
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:[(log al)/ + 2nag + a3 + dagc + ¢ + (a/2 + 4a3 + 4agc + ¢)|z|?

’ 1 n— 1)@3
+(—a3 — 2aszc+ V2n c 1+m22—(71
(e~ 200+ V20 €)1+ o) —
as 4asaz|z)? a3 ]
C+ PP~ v ep 1+ [eP)”

< [(log a1) + 2nas + a3 + 4age + ¢ + (ay + 4a2 + daye + ¢)|z|?

+(~a — 2a5c + V2ne)(1 + o)} | p
<0

1
because of (4.6), (4.7) and (4.8) and the assumption as(t) > 5@3(75) > 0 for all
0<t<T (4.10) and (4.12) imply

<0
dt Jo 7=

(4.9) follows immediately from the above inequality. O

Theorem 4.3 above gives L'-estimate for v. Combining the Harnack inequality of
§3, we shall have the following pointwise estimate of w.

THEOREM 4.4. Let u be a nonnegative solution of the equation

ou

on R™.  Suppose that u(z,0) has compact support’ and |f(z,t)| < c(t)(1 + |z|),

V()] = ZlVfi|2 < c(®)X + [2]), [V (2, )] < e(®)A + [2%). Let ai(t), az(t)

and as(t) satisfy the ordinary differential equations (4.6), (4.7) and (4.8) with ini-
1
tial conditions suitably chosen (e.g. a1(0) > 0,a2(0) > 5@3(0) > 0) so that a1 (t) >

1
0,as(t) > 5&3(15) >0 for all0 <t < 2T for some T > 0. Assume that the Harnack
inequality holds

m > (%)_% {exp (- /t: 2v/n C(T)dT)} exp {— d((xo, to), (x,t))}
where

1 1 2
d((zo,t0), (x,1)) :Unelgj{%/o <J'1,f>ds+/0 %(\/ﬁa\/%ﬂ-gﬁ‘v

1 e ,o 1 [tdoy |oi] 2
+4;fi)ds+4/o ds[%-i-\/ia] ds}

S

1t is sufficient for u(x,0) to decay like Gaussian
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Here P = { differentiable path o = (01,02) : [0,1] — R™ x R such that (0) =
(01(0),02(0)) = (x0,t0),0(1) = (1), 09(s) > 0} and «,3 are defined in Theorem
2.8. Then fort <T,

u(z,t) <2% ;1(0) (exp /Qt 2v/ne(t)dr)
[/ew u(z,0) exp (a2(0)|z[2 — az(0) /1 + |x|2)}
{[ . lexp (= w0 (5. 20)] exp [an(0)lyl* — as(20)y T+ TP}

Proof. By the L'-estimate for u and Harnack inequality, we have

@ [ uw.0)exp o0l - as(0)yTF 2P
2a1(20) [ uly20)exp [aa 20l - 0a20)/ T T
2t
> (21) / . 00 [exp (= [ 2vietr)an)| exp [(~ dl(a.0). (0:20)
[exp (az(20) y* — as(26) T+ [9l?)]
:(%)%al(%)u(x,t){exp(—/ Qﬁc(T)dr)]/

t yER™

[exp (a2(2t)|y|2 - a3(2t)m)}

The conclusion follows immediately. O

[exp (— d(a, 1), (5, 20))]

COROLLARY 4.1. Under the assumptions of Theorem 2.4, Theorem 4.4, u(x,t)
decays like a Gaussian.

Proof. In view of Theorem 4.4, we need the following lower estimate of

exp —d ((w, t), (v, 2t)) exp (a2(2t)\y|2 —a3(2t)\/1+ |y|2)
yeR”
Z/ER"’ [exp{ — ;/01 <y—a, f((1—s)z+sy (1 —s)t+2st) >ds

+t/01 {\@a((l — $)t + 2st)

W=

E D (1= 8ot sy, (1= s)t 4 2st) + %ﬂ(ﬂ —s)a -t sy, (1— ) + 2st)]

+ i z”: P =s)z+ sy, (1—s)t+2st) + V((1 = s)x + sy, (1 — s)t + 2st) }ds

i=1
2 1 1

+ ly — 2] + \/i|y—a:|/ a((1- s)t+2st)ds+f/ o?((1- s)t+2st)dsH
m ) . 2 J,

exp (a2(2t)|y\2 —az(2t)\/1 + [y[?)
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Observe that in view of the Remark after Theorem 2.4, we have

{|f((1 fs):r+sy,(1+s)t)|2 N ﬂ((l 75)x+sy,(1+s)t)]%

4 2
< |f((1S)xzsy’(lS)t)|+\2\/ﬁ((1_8)$+8y,(1+5)t)
= ;(1+(1_8)x|+8y|)+\}5\/04/3|(1_s)x+8y|2+(7’i4t)2+;§
/3 1 4 n.l
32(1+(1—s)\x|+s\yl) ﬂ((l—s)\x|+s\y|) 7<(T—t)2+§)2
c 2B ¢ 2/3 -
< (5+55)a-olel+ G+ Sl + 54 7oy + 2
Hence

(1= s)z + sy, (14 s)t)]?

\/ioz((l — s)t + 2st) [

4
_|_ﬁ((l—s)x—i-syé(l—s)t—i—%t)}%
V2 c 23 2/3 5 i
2*m[(5+%)(lfs)lx\+(2+7) sly| + = +7+\[t]

On the other hand, we also have the following estimates

V((1=s)z+ sy, (1 —s)t+2st) <c(l+|(1—s)z+sy|?)
< e(1+2(1 = )] + 257y [*)

—_

i‘f((l —s)z + sy, (1 —s)t+23t)] <=1+ —s)x+sy|)

IN
o]}, =

(1 +[(1-s)x+ sy|2)

Q
(&)

< S (T4 2(1 = 5)?[a* + 25°[y|?)
<y—a f((1—s)z+ sy, (1 —s)t+2st) >
<y —a||[f((1 = s)z+ sy, (1+ s)t)|
< (2] +[yhe(1 + (1 = s)[z| + sly|)
= c((1 = s)lal® + |zllyl + 2] + slyl* + [y])

[\

Therefore

/eR“ {exp [— d((a:,t)7 (y, 2t))] } exp (a2(2t)|y|2 —az(2t)\/1+ |y|2)

C
> few{- 5/ (1= )l +lallyl + Iz + slyl? + Iyl] ds
yeR™

1 2/3 ) i
t/o 1+s +\/§)((1*5)|Z’|+S|y|)+ +r— ﬁ}

—1-5(1 +2(1 — 8)2|z)? + 257 + |y| ) + c(l +2(1 — 8)2|z|* + 252\y|2)}d5
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|x—y\2 t [t ds
* *“*"”/ it s ), T )]
eXp(az( t)lyl* —as(Qt)\/1+|y|)

:/ exp { [ - ¢ f( +2¢) + ]\x|2 + lower order term in |x\}
yER? 4t

4 3

exp (a2(2t)|y|* — as(2t)\/1 + |y|2)

t
Observe that when ¢ is sufficiently small, — — 5(0 +2c) — § is very positive. Therefore

u(zx,t) decays like a Gaussian. O

5. The Duncan-Mortensen-Zakai equation. In the nonlinear filtering, we
have the following signal observation model:

o) dr(t) = f@O)dt+ g O)e(t) , #(0) =2
dy(t) = h(w(t))dt + du(t) . y(0)=0
in which x, v,y and w are vector valued processes and v and w have components which
are independent, standard Brownian processes.
Let p denote the conditional probability density of the state given the observation
{y(t) : 0 < s < t}. Then p can be obtained by normalizing ¢ which satisfies the
Duncan-Mortensen-Zakai equation.

do = Lo(o dt+ZL Ydy; , 0(0,2) = o

here L IA i:f 0 Pl 1ih2 and L; is the multiplication operato
wher ==-A- i— — - = “ and L; is multiplication operator
0 2 - 1(9!172' (95171 2 - ¢ ¢ P P
i=1 n=1 =
While (5.2) is a stochastic differential equation, Davis reduces it to a time vary-
ing partial differential equation by introducing a new unnormalized density u =

exp( ZhQ )o, which satisfies the following equation
1 n
(5.2) — = Lou+ Zyz (Lo, Lilu+ 5 D vi®)y; (D[ Lo, Li], Lju
ij=1

We can rewrite this equation as

m ]\/[

oy 2o ,Mz )+ o)t Zf” S
i:l
m m m n 8}1, 8h

_nyzAh +ZZyzf]ax ZZZ%(% o, )"

=1 j=1 =1 j=1 k=1

By changing variables from z; to v/2 x; and by letting

a(x,t) = u(——=,1)

Sl
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T
filz) = fi(ﬁ)
- x
hi(z) = hi(—) ,
(z) (ﬂ)
we obtain
ou ¢ ahau ~: 1&g,
(5.4) EZAquZ \[ferQZy] 7*(\@;f“+§;hz
L ok Oy
723/1&}1 +WZZy2f38 ZZZyiyiaxka—m)u
=1 j=1 i=1 j=1k=1
Hence (5.4) can be rewritten as
(5.5) Uy = N+ Z fiw; — Va
i=1
where
(5.6) V2fi+2) 5
J

- Ol E L, & "\ Ok
(5.7) V=\/§Z ”+§Zh Z:: yiAh; +\[ 1y1fj8 '

i=1 i=1 =1 j=
~ m m n - 6hz%
; 7:21 I; yzy] al‘k 8a:k

THEOREM 5.1. Let up > 0 equation (5.5) on the closed ball B = {x € R" :

0
|z| < R} with the Neumann condition % =0 on OBg. Let g(x,t) = —logug(x,t)

and
U(x,t) = @i + |Vl —Zﬂ-% V= a(t)\/IVel? + Bl 1) — 3 — 2V &(t)
j=1 J

Let B(xz,t) = ca(t)|@]? 4+ 4a%(t) + % with ¢2(t) > 0 and a(t) > 0. Suppose that
there exists ¢1(t) > 0 such that

(5-8) |7l < et)(1+ |z))

(5.9) Vil=, Z Vil < e(t), [VV] < el + )

(5.10) AV <, |Af\ <c

(5.11) 26%(t) < & (t)éa(t)

(5.12) 222(t) < & () (4a2(t) + %)
(5.13) 4ey(t) < & (t)
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r3
(5.14) Cy + EEQ >0
r 6 n
~2 ~2
(5.16) d/(t)—kd[i—5\—7(\/01+61+63/2)] —Vnée>0
2/n 2 ! -
/ 5 3 1 n
1 ¢ Z4 (= — c— Y= ¢
(5.17) C(t)+48\/ﬁ + (g 2\/5)0 5 2> 0
N ~ fig + Fji
where X is the absolute value of the greatest eigenvalue of (T)
oV R vn—1 ot
(5.18) e (1+ nR )2+a;)61(t) on 0BR fort>0.
v

If U(z,0) <0, then ¥(x,t) <0 for allt >0, i.e.,

_ 2 ;08 o

(5.19) /-
j=1 I

< )/ |V + Bla,t) + % + 2V &(t) for all t >0

PROPOSITION 5.2. Assume

[l < e+ [a]), IVf] = Z|Vf1\2<c \H(f)]
i=1
B n n n 82fj .
- Zzz(gxkax, Z IVALi]?2 < e, |Vh]
j=11i=1 k=1 ¢ im1

Let fi and V be defined as in (5.6) and (5.7). then

(i) 171 < V2 e(1+ |3 07) (@t lal)

(ii) [Vf] < V2 c(l + \Ig)

=1

(iii) |V|§(@C+c2)<1+ zm:y) (1+ |z|?)

Jj=1
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(iv) V7] < ( HT) Zyz "1+ Ja)
(v) |AF) <
(vi) |AV|< 2"0—}—62 (1+ y]2
j=1
Proof.

(@) Ifl = IV2f + 2VZijj|

<V2|f(—= |+\f|zijh

<fc(1+\x[|)+f\lZy]\lZVh ° (ﬁ)

<V2e(1+z))+V2 ¢ Zy]

n

(i) IVfl = || SIVAP = JZ—WWHVZ% &

i=1

m

S\ [vng2) ()

Jj=1

m

SEADSZICATED B\ Vg

<3 Z|(Vfi)(%)|2 + \/§$ > [V(Zyj 82])} (%Hz
i=1 =1 =1 Z

n n m

<VIetvE 33 Zyjaik’gx (%)

i=1k=1 j=1

n n m

<V2ce4+V2 ZZ(Z% iaikax \/5))

i=1k=1 j=1 j=1

m n n

0%h; x
<V2e+V2 Z%JZZZ 0xy0x; 2 \ﬁ)

Jj=li=1k=1




1138 S. T. YAU AND S. S. T. YAU

m
<V2c+V2¢ Zy = 2c1—|— Zyj
Jj=1

) 71 = [VEY fu 530 =S i+ VIY i G -
i=1j5=1
1 m
= |72f2@(7)+§; i\ 7= _*Zyz Ahy) %

m n ah n m ah
+Zzyzfj 833 Z z;yzaxk 2(\;5”

i=1j5=1 kll

n

1=

37% 2
Dy

al 2
_fZ| e zh

2
+Z|yi Zm JZ 7
+;i<iy3><§<§$>2<g>>

?.
Il
_
.
Il
_
o
—

<\/3 i(?ﬁ)?(jiw;ih? +®| (-

n C

< 5c+5(1+|ac|2)+ ;yz+c 1+ |z]) ;%
V2n

g[ c+c + ZyZ Z%}l‘ﬂﬂ

(iv) |VV|= ’ﬂZVﬁz + %ZV h7) — ZZ/Z V(Ahi) + \fzzyz
i=1 i=1

i=1j=1
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2\[2% (VAR E;le f] 833 %)
2[121 kzly oxy [Zyl 3xk \f}

ofi|, ©
TD ff Z!h lIvh(

*ﬁJny@{ZIW%+fjvamj|<ﬂ>}

n m 2m n 3h ah

— 32fz‘ 2 x
<2dgz<axk8xi> (F5) + 75 () IvAl(5)

n

ﬁi\liyfdinz VH g+ I 5 ()

i=1 j=1

Zy Jva Jizz afi’;xk ’ \xf)

1=1j=1k=1
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Jzyzdzanz VIR P+ G PT S P ()

n_ 2y 2
n c c =,
<3 e+ glrlal+ 55 Z;y
1 N, ah x
+— Yi 2nYy |V f;[? ‘ 7)
2 ; Zl le oz Y2
LS S EIT ()  (Y )
V2 i=1 =1 j=1 O’ V2 2v2 i=1

Jn e c - o RS 2 N\ 12

m m n n 82
\lzy \IQHCQZZZ &rkax 2 = Zyz

i=1j=1k=1

§;C+C;(1+|$|)+2\C@Jiyf+\gdiy$ 2n¢e?
75 iy?\/%c%%%(éyf)g

S[? +—+(V+2fc) éy Zyz]Hlx\

< (et ") (14| D)0+ b

(v) |Af]= i(AﬁV:JZ( V2 Afz+22yj

" 1 T 1 & Ohj\, = 42
= ;[_E(Afz)(ﬁ)‘i'ﬁg%( a%)(ﬁ)]
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< Jiwm - JZ Do (a3 ()

=1 =1 j=1

<or [ LR (AT ()

L N 0Ah; 2,
=c+ Zyj ZZ( ﬁxi‘) (ﬁ)
= | o0 [ LIV Ak 5)

< (14282
j=1

(i) AV | = [V2Y Afui + ZM? ZyZAAh +2 Zzyz
(g
‘fZAf”JFZh Ah; +Z\Vh = i%AAh +\F§:Zﬂ:y1f]

m
1=

i=175=1
""_\fzzyz Af] vf]
1=175=1 1=175=1

_22 Zyz Zyzax ‘

k=1 i=1 k=1 i=1

‘;g Afa)( (h Ahs) Z|Vh 12(

B N AV ’ X

Zy hi + E;ley \/5)

+Zzyz V-V 7 Zzyz E)

i=175=1 11]1

5 Agjg z&% ﬁ\

k=1 i=1 i= klzl

m

;2 aAfz z ;\l;hi(%)\lz( Z|Vh|

i=1

Jj=1

+idzstzm zyldzﬁ Jz )
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8h

+Z|yi|\lZ|ij Woi J
i=1 j=1

oh;
YD e

zlklzl

=1

+g(1+§')$i Jimm ()

T iy " ;(iyf)J STk JZIVM 2

n m n 8 h
NS () )

zlklzljl

Pl ;szdzyzm;yf
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=(@+c)c+(

so that (5.8), (5.9), (5.10) are satisfied. O

In view of Proposition 3.1, we have the following Harnack inequality.

THEOREM 5.3. Let g > 0 be a positive solution of the equation (5.5) on the
closed ball Bp = {x € R™ : || < R} with the Neumann condition aau—R =0 on OBpg.
v
Let @(x,t) = —logtr(x,t) and B(z,t) = & (t)|z|? + 4a%(t) + % with & (t) > 0 and
a(t) > 0. Suppose that (5.8)-(5.18) hold so that

n

5 T 2¢/ne(t)

n__ O3 B —
G+ |Vo|? — ija% —V < at)/|Ve2 + Bz, t) +
j=1 J

for all t > 0. Let t > tg and P = { differentiable path 0 = (01,02) : [0,1] —
Bpgr x R such that 0(0) = (01(0),02(0)) = (x0,t0),0(1) = (x,t),05(s) > 0}. Define

N S Yoy s [IF2 P
(520) d((l‘o,to),(l’,t)) —;gg{iA <01,f>d8‘|‘\/0 ds (\/504 T+§
ol 1 (' dos o] 12
+V+4;fi)ds+4/o - [dg —&-\@a} ds}

Then

(5.21) ug(z,t) > ﬂR(mo,to)(%)_% exp ( — /tt QﬁE(T)dT) exp [ — d((zo,t0), (x,t))}

Similarly Theorem 3.3 gives us the following Harnack inequality.

THEOREM 5.4. Let u > 0 be a positive solution of the equation
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on R™. Let ¢(x,t) = —logu(x,t) and B(x,t) = & (t)|z|? + 4a%(t) + 2% with ¢a(t) >
0 and a(t) > 0. Suppose that

(5.22) |fl < e(t)(1 + |a])

n

(5.23) IVf| = Z IVfil? <), [VV] < e(1+|a|)
(5.24) AV|<e|nfl<e
(5.25) 262 (t) < & (t)ea(t)
(5.26) 28%(t) < & (£)(4a2(t) + %)
(5.27) 425 (t) < E(t)
(5.28) Ty + %62 >0
oy 6 n
(5.29) 2(a?) + Eoﬂfr 1z >0
(5.30) a’(t)+a[2‘ﬁ%—/\—f(\ﬁ+c1+cl )] —vne>0
J 5 _.,3 1 \F,
(5.31) ¢(t)+ 48\/ﬁc+(§ - 2\/5) 5 02> 0

Fos £ty g

where X is the absolute value of the greatest eigenvalue of(

B - n B 8(,5 B - — n -
— 2 _ T _ 2 _
U(x,t) = @: + |V ;:1 i o, V —a(t)\/|Ve|? + B(z,t) 5 2v/né(t)

= Dp = a(t)\/ IVl + Bla.t) - 5 — 2v/me()

Let t >ty and P = { diferentiable path o = (01,02) : [0,1] = R™ x R such that o(0)
= (01(0)702(0)) = (a:OatO))a(l) = (.I‘,t),O'Q(S) > 0} Deﬁne

cEP ds 4 2

oS [ e

(5.32) d((w0,to), (2,1)) = inf {+ /<al,f>ds+/0 dos ey U2 | B

If ¥(z,0) <0, then

(5.33) a(z,t) > (J;O,to)(;)—zexp(_/twﬁc(f)dr) exp{—d((xo,to),(x,t))]

to

It is a very interesting question to find path ¢ that maximize the right hand side
of (5.33). It is likely that such a path carries most information of how probability
density propagates in time.

In order to apply (5.33) for proving decay of the solution @, we need some integral
estimate of @.
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THEOREM 5.5. Let @ be a nonnegatie solution of the equation

o - 0n o~

on R™, where f and V are given by (5.6) and (5.7). Suppose that

(5.34)

’ 4(t +e9) = 4t +e9)
1 zm:(mg,y L1 iﬁQ _
2 = J 2 7
Then

2
x
where p(x,t) = (t + 2) ™ exp (8(75—i—|52)>

Proof. Let p be any smooth function on R™. We have

i o= L ]

— pu = piu+ pu

dt Br Br ' Br '

"L - 0u -

=/ pta+/ pAa+/ pd_Tig —/ pVi

Br Br Br =] T Br
:/ ptﬂ+/ (Ap)ﬂ—/ ﬂ@ds+/ p@ds

Br Br oB, OV oBy OV

n

‘/BR (pzfiviv+§piﬁ)ﬂ+/aBRﬂpf~Vds—/BRpf/ﬁ

=1

by Divergence Theorem and Green’s first identity. Now we can use simple cut off
argument to obtain the following

(5.36)



1146 S. T. YAU AND S. S. T. YAU

d noo noo _
— / pii= / (pe+Dp = fipi— > _ frip—Vp)u
dt Jgn R i=1 i=1

—n |z Tip
pi= 4(t+52)(t+82) T exb {8(t+€2)} At +eo)
e P Tip

4(t+e2)  16(t +e2)?

n |z[?
Bp= [4(t+52) 16(t+62)2}p
2 2
pr+ Dp=—n(t+e2) " Lexp [8(15'31 52)} - 8(t|i| 62)(t+52)_” exp[
n |z[?
+[4(t+€2) 16(t+52)2}p

_[—n_ of _n e }
T lttes 8(tten)?  Alttes) | 16(t+en)2l”

n |z|?
[4(t3+ o) | 16(t + 52)2%

Observe that
_Zfipi < |Zfzpz|
i=1 j
- ’Z[flxl - QZZ%%

t+52)

gt
= 4(;:/) i 2|1+ (t—l—ag)[lG(Lx—&-zsg At +e2) il {é%‘g}_ﬁ)z
= [ s X g
(i}ﬁf/)p(ilﬁf/)p
:_[:1(—\/§fl+2iyjai) +\/§§”+;§;hf
—iyzAh +f2;2;yfga
pem i=1
B )

=-[- ﬁZf”HZy]Ah +fo” Zmﬁ?

Jj=1

j/?

8(t +e2)

)
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Oh; Oh;
—Zyzﬁh +fzzyzf]a ZZZyzyﬂaxkaxJ

i=1 j=1 i=1 j=1k=1
m m m ahl
= _|:2Zy]Ahj + QZh? + \/Ezzyzfja
j=1 i=1 =1 j=1
S
i=1 j=1 k=1 Ozy Dz,
Hence
/ / |z[? =] f]v2
pu < 5 T
|$‘ m m N 1 m Ly
M 2(t + €2)? Zyj Z%Ah] 2;}%
g Oh; Oh;
_fzzylfja +Zzzy1%8xk8xk}
=1 j=1 i=1 j=1 k=1
.
DU LA(t+eg)  32(t+e2)? At +e9)

n m

35- 9 m B m,_
3 (uge) - w330
i= j ¢ =1 i=1

*\fzzyzfja }

i=1 j=1

By Schwartz inequality, we have

=1 j=1 =1 j=1 j=1 Jj=1
1 m ) 1 m )
<5(2_v) +§(Z|Vh]\2)
j:l j—l

_\fzzyzfja < \[

=1 j=1 7

j=1
<52 (Xhg,) 5 2

Fﬂ
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Hence
[ e [ v
- n t+€2 32(t+€2)2 4( +€2)
3 2 3 = -
+5 (D) + 5 (X 1VAP) ZyJ ZAh‘)2
j=1 j=1 j:l

J

- —3n [ V20allf] | 3N 02
_/anl(tJrs) 32(t + e2)2 + At + e3) + 5(;%2)

1 m_ \/im m 78}77,1 \/im B
SIS SIOWTANE SuL

+§(Z\vhj|2)2+”2\/§z 2 %Z RSN
j=1 j=1 j=1 i=1
\/5 m n 7851 9
+7;(j;fj8m )}

elfVE _ 3n TR
4(t 4 €2) = 4(t +¢e2) + 64(t + e2)2 2(; [Vh;|?) 5 ;(Ahj)
1 S 72 \@ - - —8711 2

Then we have

This implies

) 3 /T
<Je =
/R”X{t} pu - { Xp [2 0 ( —

Now we are ready to do the pointwise estimate.
THEOREM 5.6. Let @ be a nonnegative solution of the equation

ou = 0u

%

Suppose that the assumptions of Proposition 5.2 hold. Suppose further that (5.22)-

(5.31) hold. Let o and 2T be chosen small enough so that for 0 < t < 2T, (5.85)
holds. Then for x € Br/s.
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1 R i —(3 —l=])®
@[2(2t+52)} [exp( 8(2t + ) )]

(2)% [exp /tQt 2v/né(s)ds] max exp [d((z,t), (2, 2t))}

(5.37) alw,t)<

|z—z|<R/2
2t m 2t M
L1 + V2
{exp { / Z Zy] / (z,0)u(z,0)
— n
where p(x,t) = (t +e2) ™ exp (8(%‘;)) and wy, =volume of unit ball.

Proof. For x € Br/ and z € Br. Theorem 5.4 implies

u(z,2t) > u(x, t)(%)”/2 {eXp (- /jt 2\/715(5)(15)} exp [— d((z,1), (z,2t))]

which is equivalent to

(5.38) u(x,t) < u(z, 2t)2”/2[exp/t 2ne(s)ds| exp [d((z,1), (z,2t))]

Multiplying both sides of (5.38) by p(z,2t) and integrating over a closed ball with
center z and radius R/2, we get

69 ale.t) ple20)iz <22 [exp [ " ay/e(s)ds]

|z—z|<R/2 t

/ u(z, 2t)p(z, 2t) exp [d((sc, t), (z, 2t))] dz
|z—z|<R/2

< on/? [exp /t2t Qﬁé(s)ds] max d((z,1), (z,2t))/ ap

|z—a|<R/2 R"x {2t}

§2”/2[exp/12\/ﬁé(s)ds] max d((z,t),(z,2t))

t |z—z|<R/2
2t m 1+\/§ 2t m
ol [ o+ =35 [ 2} [ steo
=1

R
by Theorem 5.5. Let z = x + 241 Then

Els
5.40 / p(z,2t)d / exp [ }dz
(5.40) \sz\gR/Q |2— z|<R/2 2t+52) 8(2t + €2)

|z + £
d
/zl<1 2t+52 eXp{8(2t+gQ)} A1
{M}
8(2t + e2)

n
> -
= n [2(2t n 52)} P

Combining (5.39) and (5.40), we get
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(541)  a(z,t)w,
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(] - By
e Garrs)

gﬂ(x,t)/ p(z,2t)dz
|z—z|<R/2

<23 [eXp /tQt %/ﬁé(s)ds} { max _exp [d((z, 1), (z,2t))] }

|z—z|<R/2

{exp[g/:t(f:lyjz)2 1+\f/2t§:y] / (z,0)a(x, 0)

(5.37) follows immediately from (5.41). O
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