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VERTEX MODELS WITH ALTERNATING SPINS*

JIN HONG', SEOK-JIN KANG#, TETSUJI MIWA$, AND ROBERT WESTONY

Abstract. The diagonalisation of the transfer matrices of solvable vertex models with alternating
spins is given. The crystal structure of (semi-)infinite tensor products of finite dimensional Uq(Qg)
crystals with alternating dimensions is determined. Upon this basis the vertex models are formulated
and then solved by means of Uq(QQ) intertwiners.

1. Introduction. In [1], the diagonalisation of the XXZ Hamiltonian,

oo

1

(1.1) Hxxz = -3 Z (075+10f + Ozﬂaz + AU;+101§>7

k=—o0

in the anti-ferromagnetic regime (A = % < —1) was carried out by making use of

the representation theory of the quantum affine algebra Uq(;\lg ). The key observation
in this method was the identification of the semi-infinite tensor product of the two-
dimensional representation V(1) ~ C2 of U, (sly) with the level one irreducible highest
weight representation V(A;) (i = 0,1) of the same algebra [2],

(1.2) L RC?RCTRCTR CExV(A).

Using (1.2), the corner transfer matrix A(¢) of the corresponding six-vertex model
was identified with the grading operator

(1.3) A(Q) ~ (77,

and the half transfer matrix ®({) was identified with the vertex operator
(1.4) B(C): V(A) — V(A @ VY,

where V1) is the evaluation representation. The choice of i = 0,1 corresponds to the
choice of the boundary condition at infinity.

Under these identifications, the transfer matrix 7'(¢) was identified with the com-
position of the vertex operators acting on the tensor product of the highest and lowest
weight representations,

(1.5) T(C): V(A) @ V(A)* = V(Ai_) @ VIV @ V(A)* — V(A1_y) ® V(A1)
and then diagonalised by making use of another vertex operator [1, 3]
(1.6) () : VIV @ V(M) = V(M)
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A similar method was also applied to other models such as the higher spin gener-
alisation of the XXZ model [4] and the ABF models [5]. In the former, for which the
local spaces are V(") ~ C"*+1 the spaces of physical states in the semi-infinite vol-
ume with the chosen boundary conditions were identified with the level n irreducible
highest weight representations. On the other hand, in the latter, they were identified
with the coset spaces of GKO type (see also [6]).

In this paper, we study yet another example of this sort. We consider the vertex
models with alternating spins. This requires new insights, both physical and math-
ematical, and leads to new results in the connection between solvable lattice models
and representation theory.

The origin of our study is [7], in which a spin—% chain with a few higher spin
components (or impurities in physical terms) was studied by using the vertex operator

(1.7) o1 () VY @ V(M) — V(AL @ V™.

This operator explains the n-fold degeneracy of the vacuum states with a chosen
boundary condition when a spin-g impurity is inserted in the spin—% chain. In [8],
the above vertex operator was identified with the half transfer matrix of the vertex
model that has semi-infinite Spin—% horizontal lines and a spin-3 vertical line. In
this paper we consider a vertex model with alternating spins % and § (m > n),
and diagonalise the corresponding transfer matrices. Such models were constructed
and analysed using the Bethe Ansatz in [9-12]. The first step in our solution is the
identification of the semi-infinite tensor product

(1.8) eCmtl g ot g et @ Ctt

having an appropriate boundary condition, with the tensor product of level m —n
and level n highest weight representations
(1.9) VAT @ V(AM).

a

Here we set
(1.10) A = (0 —a)Ao + al;.

Formula (1.3) is again valid in this situation.

In the second step, we identify the half transfer matrices (see Figure 3) having
alternating spins for the horizontal lines and spin-3 (Case A) or % (Case B) for the
vertical line, with the following vertex operators.

Case A:

(1L11)  94(Q) : V) @ v(a[Y) e,

a

VO e v, e v,

a

Case B:
©m=n) (V@i m—n m—n n
L1950 VO e VD) T v ) e VT @ VAY)
(1.12) id@e(™=™ ™) (¢) (m—n) (n) (m)
—— S V) @V @ VT,

Finally, we have two (full) transfer matrices 74(¢) and T2 (() for cases A and B.
We can think of these operators as acting on the direct sum of the vectors spaces,

Homg (V(Aé’”‘”) )@ VO, VAT @ V(Aé")))

(1.13) B ) - #
=~V e v e (VAT e va))
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TA(¢) and TB(¢) are mutually commuting and expressed in terms of the operators
#*(¢) and ¢B((), respectively.

The operator T4(¢) can be viewed as the limit where the number of insertions of
the higher spin components becomes infinite. Therefore, in this case, one can expect
that the vacuum states are infinitely degenerate, and it is indeed so. The same is
true for TB(¢). However, if we consider the product T(¢) = TB(¢)T4(¢) the infinite
degeneracy resolves, and we have a unique vacuum for a fixed boundary condition.
The vacuum states are given by

(1.14) (~9)” € Ende (VOL™™™) @ VIA)).

The excited states are constructed upon these vacua. Consider two kinds of vertex
operators with spin 0 and %, respectively.
Spin-0 case:

(1.15) $O©) : V) @ V)
T o v e V) = VST e VL.

Spin—% case:
(1.16) d)(%)(g) . Vv{(l) ® V(/\Elmfn)) ® V(}\[()n)) _ V()\((lr/n—n)) ® V()‘l()n))'

Acting on the vacua, the operators (%) (¢) and 1/)(%)(5) create particles with spin 0
and %, respectively. We give the exchange relations for these operators. The vacuum
states (—q)P, the operators 19 (¢) and ¥(2)(€) and their exchange relations are the
diagonalisation data of the transfer matrix T'(¢) in the sense of the vertex operator
approach [1]. From the view point of the representation theory this data gives the
irreducible decomposition of the space of physical states (1.13) with respect to the
action of Uq(;\lg). We call this description of the physical space the particle picture in
comparison with the local picture consisting of the alternating infinite tensor product
of C™*! and C"*!. We should say that the equivalence of the local and particle
pictures is a conjecture because we have no argument for the completeness of the
particle decomposition except in the crystal limit ¢ = 0 (see (ii) below).

Many of the results in this paper have been announced in [13]. In this paper we
give proofs for them. (On the other hand, we will not discuss the mixing of ground
states, one of the main results in [13]. We have nothing to add to the result and a
complete proof is already given there.) To be precise, we prove the following:

(i) A crystal isomorphism between the space of semi-infinite paths P, ; and the
crystal BOAY" ™) @ BA™).

The crystal structure of P, ; represents by definition the semi-infinite tensor prod-
uct of the alternating finite crystals B(™ and B("). Therefore, the crystal isomor-
phism mentioned above gives supporting evidence for the conjecture that there is an
isomorphism between (1.8) and (1.9). We give two proofs. The first one uses the
RSOS paths which describe the highest weight vectors in B\ ™) @ B ()\,()")). The
second proof is more direct; however, the identification of the corner transfer matrix
is made only in the first proof.

(ii) Crystal decomposition of the full-infinite path spaces.

We decompose each path uniquely to a union of ground state paths patched
together at the ‘walls’ between the ground states. Under the crystal action these walls
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behave like elements in the affinizations [14] of B(®) or B("). This observation gives
supporting evidence for our conjecture that the particle structure of the alternating
vertex model consists of the spin-0 and spin—% particles.

(iii) Commutativity of the vertex operator

Ve va®) e va) - V) e v e v,

(1.17)
— V)@ VA ) e VIt

—a

with the DVA (deformed Virasoro algebra) actions [15] on V()\gk)) ® V(\;) and
V()\ék_)a) ® V(A1—;). This fact is used to derive the properties of the vertex oper-
ators of higher level from those of level 1.

The plan of the paper is as follows. In Section 2, the vertex models with alter-
nating spins are formulated. The ground states and the eigenvalues of the corner
transfer matrices are determined. In Section 3, the path space, i.e., the ¢ — 0 limit of
the model, is studied. In Section 4, we prepare some properties of the level-1 vertex
operators. In Section 5, the commutativity with the DVA is proved. The diagonal-
isation of the transfer matrices is discussed in Section 6. In Section 7 we give the
crystal isomorphism between the local and particle pictures. Finally, we present a
brief summary of our results in Sectiion 8.
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2. The Vertex Model. In this section, we recall the definition of the alternating
spin vertex model of reference [13]. We define the path space, the corner transfer
matrices, and the corner transfer matrix Hamiltonian.

2.1. The R-matrices. The Boltzmann weights of our vertex model are given
in terms of U,(sl2) R-matrices (as usual Uy (slz) refers to the subalgebra of Uy, (slz2)
generated by e;, fi,t; (¢ = 0,1); our comultiplication is that of [8]). We use the spin-

( (n)

% principal U, («;\12) evaluation module V" defined, in terms of weight vectors u;"

(i=0,1,---,n), in Section 3.1 of [8].
In this paper, we consider the spectral parameter ¢ (or z = ¢?) mainly as a generic
complex number, and U,(sl2) as a C-algebra. However, in Sections 4 and 5, when we

develop the theory of vertex operators, we treat the spectral parameter as an auxiliary

variable. Namely, when we consider the evaluation module VC(")

, we always extend
the field of coefficients to a ring by adding ¢ and ¢~'. Therefore, we consider VC(n) as
the rank n + 1 U (sl2) module over the extended ring.

The necessary R-matrix is given by the Ué(sAlg) intertwiner R4 (¢, /) - Vc(f) ®
Vc(fl) — Vg(f,) ® Vc(f) (note that RV (¢) here is PR®*)(¢) in the notation of [8]).
We fix the normalisation by the requirement R“¢)(¢) = R (¢) /1) (¢), where
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RED Q)@ @ uff)) = (uf” @ uf), and

(q2+£+é CQ : q4)oo(q2+\l—l |C—2 : q4)oo .
(q2+€+Z’C72 ; q4)oo(q2+\ff€’|c2 : q4)oo

K'(Z’Z/)(C) _ Cmin(@,[')

This choice of normalisation has two nice consequences. The first is that the
partition function per site of our vertex model is equal to 1. The second is that the
R-matrix has the properties of crossing symmetry and unitarity:

(2.1) RED(Q)l = RO~ T,
(2.2) ST REQ)LT REDCTYEE = 61, 1,05, 5,

i/’j/
Here we use the components defined by

REDQ ) @ uf) = 3 RO () © ull).

Y
V)

We wish to give an expansion of R(M')(C ) in terms of certain projectors. In order
to do this it is useful to introduce a homogeneous evaluation module (V,,), with weight

vectors v( n) (¢=0,1,---,n). The action of Ué(sAlg) on (V,), is given by

(2.3) fiol =[n— i, ewl™ = [l ol = g2,

(24) fo = 27161, €y — Zfl, to = t;l.

We shall refer to the associated Uy = (eq, f1,¢1) module as V,,. The Ué(sAlg)—modules

(Vn)- and VC(") are isomorphic. The isomorphism is given by

(2.5) Cu(Q) 1 VI 5 (Vi)
(2.6) ug»n) — cgn)ij](»n)
where cg-n) = [?]j 3(n=3) and we identify (2 = z (in this paper, we shall use the

notation [a], = (¢° — ¢~ *)/(¢ — ¢7'), and [a],! and [‘g]q for the standard g¢-factorial

and g-binomial coefficients). Consider the Ué(;\ZQ) intertwiner , R (21 /25) : (Vy)., ®
(Vo) sy — (Vir) 2y ® (Vi),, defined uniquely by

(2.7) ’U((JZ) ® 11(()[/) — véél) ® vée).
The R-matrix R“¢)(¢1/¢s) is given in terms of this intertwiner by

(28) R“(G/G) = (Co(@) ™ @ Cu(q) ™) nRE D (G1/6)*) (Cel¢) ® Cu(G))-
To proceed, we note that there is a U; highest weight vector €2, € V, ® Vp:
q(l+1 1)1

P
(2.9) Z v, O 0<p< min(¢, ¢'),

P i)
=0 q
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that has the properties,

(2.10) ey =0, 0, =q""%Q,

(2.11) (1®e) =0 1, (e10t)Q, =—¢"H20-Dq, .

Let P]W') be the unique U; linear map P,E”,) : Vi@V — Vi ®V, with the properties
(2.12) P;EM) 1y — Q,

(2.13) PO 0, 0, £,

where (2, is the corresponding highest weight vector in V» @ V. Then one can follow
the argument of [16] to expand R“*)(¢) in terms of the projectors P,W/). We find

min{¢,¢'} [p—1 . ¢ 40—25

50,0 _ q 0,6
(2.14) B /) = 3 ] s | B
p=0 3=0

where z = z1 /2.
In the definition of our vertex model, we will use the R-matrix R(“¢)(¢), with ¢
and ¢ restricted to lie in the regions —1 < ¢ < 0, 1 < ¢ < —¢~'. If we expand

= 4 = Z,é/ = Z,Z'
(2.15) R =R + (¢~ DR +o((¢ - 1)?),
we find
W) ® u? if i4+j<e0,
() () : L
(216) lim RO O ooy = { Vet @ tm M L<iti< L
4—0 P up s @uly i <itj<d,

Uéf_)e_i_i ® ugzlél+€ if g, E/ S ) +]

and
i+ )ul” @ul? if it j<or
() © ~ oy
217) Tim B (09 @ o)) = § £ M2 @ e if i+l
40 R Cup) @)y, if ¢ <itj<t.

(i ul )y ouly , i <it].

These formulas come from equations (2.8), (2.14) and the explicit formula for the
projectors Pp(ul) in the ¢ — 0 limit (P,g“l) become diagonal in the basis vy) ® vj(»ll)
in this limit). N

The matrix element R() (C1/¢2)i7’;s is the Boltzmann weight associated with the
following configuration of spin variables i,i" € {0,---,¢} and j,5' € {0,--- ,¢'}, and
spectral parameters (; and (3 around a vertex.

i
G
Figure 1 J G J
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From (2.17), we see that if we choose ¢ and ¢ close to 1 and O_ respectively,
and consider the case when ¢ < ¢, then the largest Boltzmann weights will be
Rt )(Cl/@)z’fi’%ﬂ% with £ < i+ 5 < ¢. Similarly for # < ¢, the largest Boltzmann

weights will be R4 (C1/G)il iy g with £/ < i+ j < L.

2.2. Definition of the vertex model. In reference [13], we define the alternat-

ing spin vertex model as the vertex model associated with the two-dimensional lattice
consisting of alternating spin-% and spin- lines (in both the horizontal and vertical

directions), where 0 < n < m. In fact, we choose two vertical and two horizontal

spin-4 lines next to each other at the centre of our lattice (see Figure 2, in which

the spin-§ and spin-7 lines are shown as solid and dashed lines respectively). This

simplifies our discussion of the corner transfer matrix.

| | | |
I I I I
it i g i i 7 i Fu
S U I R I I R I Lo
| - | b . - | - |
Ji g1 - J - ) - J1 J 7 Jro 1
Ju i Jj! i i Jj! i Ju
| | | |
| — I _ _ I _ I
[ (N i [ A (A
I 7 J1 ? ? J1 7 I
S S S SN S IR -
o 3 | diy s g R T R A
g A Ju % % Ju 7 g
l l l l
Figure 2 A A B R A I T R N A R
Ji, 7 J, 4 4 Jh t Ji,

— — — — —
A e A
Ja 7 Ju 7 7 Ju 7 J
S N PSS I S b
= | T | = | = . | =
Jo oo VIR B! Joo| i g d oL g
I ? Jn ? ? Ju ? I
| | | |
—_ I — I — I — I —

i i T 7 [ (2
J1 . J @ i J i Ju
S S A LU R
oo | d g F/E T I R T S I S R 1
Ju (2 g K3 K3 J (2 Ju
v v v v

Vertical lines will carry a spectral parameter equal to ¢, and horizontal lines a spectral
parameter equal to 1. We restrict our discussion to the anti-ferromagnetic region
-1 <qg<0,1< (¢ < —qg ! The different local Boltzmann weights associated
with the intersection vertices of this lattice are given by the R-matrices R(™"™)((),
R™™(¢), RU™™((), and R™™(C).

A ground state of such a vertex model is a configuration of the spin variables
for which all of the local vertex configurations are associated with one of the largest
Boltzmann weights discussed above. There are (m — n + 1)(n + 1) different anti-
ferromagnetic ground states for our model, each labelled by a pair of integers (a,b),
where 0 < a < m —mn and 0 < b < n. The spin configuration in the (a,b) ground
state is given in Figure 2 in which we use the notation i =n—b, j=m—-n—a+2b,
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ji=a+bi=b j=n+a—>~, j1 =m—a—Db. Define Za,p;N to be the partition
function (i.e., the weighted configuration sum) of such a lattice which consists of
N vertices, and whose boundary spins are fixed to the values of the (a,b) ground
state. With our normalisation of the R-matrices, the partition function per unit site,
my_oo Z i/bJ_VN, is equal to 1. We are interested in the infinite-volume lattice with
partition function Zap =My _ oo Zap;N. Zayp is divergent. However, this divergence
cancels for correlation functions since they are given as ratios (see [13]).
We can identify Z, ; with the trace of corner transfer matrices

(2.18) Zap = Try, ,(ANe(Q)Ase(()Asw (Q)Anw (C))-

Let us explain the various elements in this formula. H, p is the space of eigenstates of
the corner transfer matrix Ayw () associated with the North-West quadrant of the
lattice. In the limit ¢ — 0, we can identify H, ; with the path space P, ;. The latter

is defined to be the set of paths |p) = ---p(3) p(2) p(1) with the following restrictions:
(2.19) p(k) € {0,1,---,n} if kis odd,
(2.20) p(k) € {0,1,---,m} if k is even,
(2.21) p(k) = p(k;a,b), k>0, where
n—=b if k£ is odd;
(2.22) p(k;a,b) =< a+b ifk=0 (mod 4);

m—-n—a+b k=2 (mod4).

A path |p) € P, corresponds to a particular choice of the spin variables on the half-
infinite column of horizontal edges running North from the centre of our lattice. The
boundary condition p(k) = p(k;a,b), k > 0 corresponds to the choice of the (a,b)
ground state. If Ayw({) acts on some |p) € Py, then it will produce an infinite
linear combination of paths |p’) € P, ;. One term will be of order ¢° (see (2.16)), and
all the others of higher order in ¢. The infinite linear combination is not in P, . For
q # 0, Anw (¢) should be renormalised as a map Hyp, — Hqp, where the space Hyp
will be identified in terms of the representation theory of Uq(sAlg) in Section 6.

The corner transfer matrices corresponding to the other quadrants can be identi-
fied as the maps ASW(C) : Ha,b_)Hm—n—a,n—ba ASE(C) : Hm—n—a,n—bHHm—n—a,n—b;
and Ang(¢) : Hm-n—an—b — Hap. One can construct heuristic arguments along
the lines of those in [17,18] (which rely upon the crossing and unitarity properties of
our R-matrix; given by (2.1) and (2.2) respectively), to yield the following relations
among the different corner transfer matrices:

Asw(¢) = CAnw(—q7'¢™Y), Ase(¢) = CANw(Q)C, Ane(() = Anw(—¢ '¢7HC.
(2.23)

Here, C' is the ‘conjugation operator’: In the limit ¢ — 0, it is the operator P, ; —
P —n—an—p defined by

n—p(k) if kis odd;
p(k) = { m —p(k) if k is even.

When ¢ # 0, it will be the operator H, p — Hm—n—a,n—b Which exchanges the funda-
mental weights Ag < Ay of Uy(slz).
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The corner transfer matrix Anw (¢) has a remarkably simple form in the infinite-
volume limit. Baxter’s argument (see [19]) applied here implies Ayw ({) = ¢(¢)
¢~Herm | Here, ¢(¢) is a divergent scalar. Hcgras is the corner transfer matrix
Hamiltonian, which is independent of ( and has a non-negative integer spectrum.
Using (2.23), we then have that up to a divergent scalar the infinite-volume partition
function Z, 4 is proportional to Try, , ((—g)?Ho™).

2.3. The corner transfer matrix Hamiltonian Hcrps. The corner transfer

matrix Hamiltonian Herpy is defined by Horpyr = 7%14]\”/[/(()‘(:1 : Hap — Hap-
Its action on a path |p) € P, can be calculated from (2.15):

o0
(2.24) Herm =— Z 5 (Hij2641,25,26—1 + H22542,2541,2s + 2H3,0541,25) -

s=1

Here, Hy.2541,25,25—1 acts as the identity on |p) € P, except at the positions 2s + 1,
2s, 25 — 1, where its action, written in terms of Rél’z ) and R%M ) as defined in (2.15),
is given by

(2.25) H = R™ o 1)(1eR"™)(RI™ @1).

Similarly, Ha2;2s122s+1,2s acts as the identity except at the positions 2s 4 2, 25 + 1,
2s, where it acts as

(2.26) H=(1® R(()m,n))(Rgm,m) 1)1 ® Rén,m))'

Finally, H3,25+1,25 acts as the identity except at the positions 2541, 2s, where it acts
as

(227 Ha 120 = RY™™ R — Riman) gl

The equality of the last two expressions follows from the unitarity property (2.2).
In the limit ¢ — 0, Hy,Hy,Hs : P,y — P, act diagonally. Let us use the
notation

(228)  lim By @ o @) = ha(i g, R) (] © uf™ @ u),
229 lim Hy(u™ © " @ u™) = ha(i . K) (™ & uf” @ uf™),
(2.30) lim Ha(uf" @ u™) = h (i) (" © u™).
Using (2.16) and (2.17), we find
o ) dk+i+2i-m}, if m<i+j<mn
(2.31) k) =9 g fn iy, if n<itj<m;
{k+n—m+j}t, it nm<i+7,
(4 5)m if j+k<mn;
o {i+m—k}lm if m<j+k<n
(2.32) ha(i, j, k) = {i+k+2i—n}m if n<j+k<m
(2.33) ha(i,5) =g , if n<i+j<mg
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Here we have used the notation
a if  a<b
(2:34) {a}e = { 2b—a if b<a.

In the next section we shall make use of the ‘crystal energy’ of a path |p) € Py,
which we denote by h(p) and define as

oo

hp) = = s(hn (p(25 + 1), p(25). p(25 = 1)) = ha (p(25 + 1),5(25), p(25 — 1))
s=1

+ ha(p(2s +2),p(25 + 1),p(25)) — ha(P(2s + 2), p(2s + 1), p(2s))

(2.35) + 2hs (p(25 + 1), p(25)) — 2hs(p(2s + 1), 15(25))).
Here, we have abbreviated p(k;a,b) to p(k).

3. The Path Space P, ;. The path space P, was defined by (2.19)—(2.22) in
the previous section. We shall now go on to consider this space in more detail. In
particular, we wish to understand the action of U,(sl2) on P, in the limit ¢ — 0.

The theory which systematically describes the ¢ — 0 limit of U,(sl2) was developed
by Kashiwara and others, and is known as the theory of crystal bases [14,20,21]. The

main content of this section is a proof of the crystal isomorphism P, , ~ B(A{™ ™) ®
B()\l()n)). Here, )\E-k) =(k—j)Ao+jA1,j€{0,1,--- Kk}, is a level kK dominant integral
weight and B (/\§»k)) is the crystal associated with the highest weight module V(A§k))
(see [20]). We shall use a principal grading operator D, defined on B(/\((Im_"))®B()\I()”))
by

(3.1) D=—p+(p, A 4+ A1),

where p = Ag + A; and (+,-) is the symmetric bilinear form used in [3]. We denote
by B®) the crystal of the k + 1 dimensional U, (sl2) module (Vi), with z = 1. Set
oA = jAg + (k — j)As.

We give two proofs. The first makes use of a relation between our models and the
fusion RSOS models. The second proceeds by examining the crystal isomorphism
(32)  BAI) @ BKY) = BV @ B @ (B @ BM)EN,
where N € Z+.

3.1. Identification of P, ; with the tensor product of crystals with high-
est weights. Let us give the rules for the crystal action of f;,&; (i =0, 1) on a path
lp) € P, (for the definition of f;,é; and for a detailed discussion of the theory of

crystal bases, see [14,20,22]): First, for each k > 0, replace each p(k) by the sequence
of I’s and 0’s

(3.3) pk) —>1---10---0,

where
( ) fori=0,k odd,
_J(m —p(k),p(k)) fori=0,k even,
(3:4) (#1,#0) = ( ) fori=1, k odd,
( )

n
,m—p(k)) fori=1,k even.
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Then, remove repeatedly all occurrences of adjacent 01 pairs until we have a sequence
of the form 1---10---0. On the remaining sequence, use the rule

(3.5) fi@---10---0)=1---10---0,
AN S~

j k 1 k-1
(3.6) é’i(l...lo...o):1...10...0.
N~ N

j k G—1 k41

Finally, put the 01 pairs back into their original positions and rebuild the modified
path using the inverse of the replacement given in (3.3).
If we remove 01 from the sequence {p(k;a,b)}i>k,, then for ¢ = 1, we get the
sequences, 0---0 (if ko =1 (mod 4)), 0---0 (if ko =2 (mod 4)), 0---0 (if kg =3
a+b n+a—>b m—n—a-+b
(mod 4)), 0---0 (if ko = 4 (mod 4)). In all cases, é; annihilates the sequence. For
m—a—>b
1 = 0, the same is true with the replacement of a by m —n — a, and of b by n — b.
For k > 1, we use the notation

(n—2p)(A1 —Ao) if k is odd;
(3.7) whk(p) = { (m— 2 (Ar — A iF & is oven,

DEFINITION 3.1. A path |p) € P,y is called admissible if the sequence of weights
(AR} i1 defined by

(3.8) AE+1) + wtr(p(k)) = A(k),
(3.9) A1) = AT+ (whi(p(k) = whi(p(ks a,b))),

satisfies

(3.10) (1, A(k + 1)) > p(k), <ho,A<k+1)>2{nmi];ff;3) Zii Zggn

If |p) is admissible, we have \(k) € {)\gm);() < j < m}. Note that the path
|p) € P, is admissible, and that the corresponding sequence of weights is given by
the period 4 repetition

T )\’E::L—)a—b )\E“rzn—)7b—a+b )\’E:i)a—b AEIT?)

With these definitions in hand, we can proceed to state and prove the following
theorem:

THEOREM 3.2. There is a crystal isomorphism P, ; =~ B()\((lm_n)) ® B()\,()")),
under which the principal grading is given by D|p) = h(p)|p).

The proof is given after preparing the following lemma.

LEMMA 3.3. A path |p) € P,y is highest, i.e., &|p) =0, fori=0,1, if and only
if it is admissible.

Proof. First note that the tensor product rule for crystals (see [20]) implies that
if a path |p) € P, is highest, and if we split the tensor product expression for the
path at any arbitrary point [ to write

(B11) p) = (- @pl+2)@pl+1)@p(l) @ (pl-1)@p(l—2)®---p(1)),
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then (- ®p(l+2) ® p(l+ 1) ® p(l)) must also be highest.
Now suppose [ > 0 such that p(k) = p(k;a,b) for k& > I. Then, the reduction
of the sequence (p(k))g>; for ¢ = 0,1 gives rise to O_- -0 . Since |p) is highest,
(hi A(Lab))
the path (p(k))r>;—1 must also be highest. For this to be true, it is necessary and
sufficient that

< _ </ n—p(l—1) ifliseven:;
(3.12) (h1,A(l;a,b)) > p(l—1) (ho,A(l;a,b)) > { m—pl—1) iflisodd.

Namely, we have (3.10) for k = [ — 1. Setting A\(I — 1) = A(l;a,b) + wt(p(l — 1)) we
can repeat this argument. Continuing in the same way to A\(I — 2), A(l — 3), etc., we

can prove the lemma. O
Proof of Theorem 3.2. First let us consider the conditions (3.10) in more detail. If we

write A(k) = )\((;&)) (where a(k) € {0,1,---m}), then the conditions for k odd become

(3.13) a(k+1)+ (n—2p(k)) = a(k),

(3.14) alk+1) > p(h),

(3.15) m—a(k+1) >n—p(k).
Eliminating p(k), we find

(3.16) alk+1) —a(k)e {-n,—n+2,--- ,n},

(3.17) n <a(k+1) + a(k)< 2m — n.

On the other hand, the admissibility conditions for k£ even become

(3.18) a(k +1) + (m —2p(k)) = a(k),
(3.19) a(k+1) > p(k),
(3.20) —alk+1) >m—pk).
Eliminating p(k) gives just

(3.21) alk+1)=m—a(k).

From these considerations, it follows that an admissible sequence of weights can
be written in the form

(m) (m) (m) (m) (m) (m) (m) (m)

(3:22) o) o) Ay A oa@) che@) A Ay
where the path |r) = ---r(4) 7(3) 7(2) r(1) lies in the space R, p, defined as the set of
paths for which

( )6 {07 5m}a
(3.23) r(k+1) —r(k) € {-n,—n+2,--,n},

n<r(k+1)+rk) <2m-—n,
(3.24) r(k) = 7(k;a,b), k>0, where

a+b k odd;
a+n—>b keven.

(3.25) 7(k;a,b) = {
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That is, we can identify an admissible path |p) € P,, with a path |r) € R, by
defining

(3.26)

_ a(2k — 1) if k is odd;
r(k) = { m—a(2k —1) if k is even.

The restrictions on |r) € R, are those on the space of states of the Uq(;\lg) fusion
RSOS models. In [5], such a model is labelled by two integers (¢, N) and by the level
k ={+ N. The connection with our notation is that (¢, N, k) < (m —n,n,m).

Let us denote by Q(B()\t(lmfn)) ® B()\én))) the space of highest weight elements

in the crystal BOAS™ ™) ® B(/\lgn)). Then, it is a well-known theorem that

(3.27) Rap =~ Q(BOA™ ) @ B(A™)), where
(3.28) D) = (;Zmr(km) —r(k)|> 7).
k>0

This theorem appears at least implicitly in many of the original works on RSOS models
(see [23,24] for example). A statement and proof using the language of crystals is
given in [25].
We now require two lemmas concerning the crystal energy h(p) of a path in P, ;.
LEMMA 3.4. The crystal energy of an admissible path |p) € Py is given by

(3.20) h(p) = % S kfr(k+2) — (k).
k=1

Proof. The crystal energy h(p) of a path is defined by (2.31)—(2.35). If |p) is
admissible we have

(3.30) a(2k +2) +n —2p(2k + 1) = a(2k + 1),
(3.31) a(2k + 1) +m — 2p(2k) = a(2k).

Adding these equations and using (3.17) and (3.21) gives n < p(2k + 1) + p(2k) < m.
Hence hi, he and hg are given by

(3.32)  hi(p(2k 4+ 1), p(2k), p(2k — 1)) =
(3.33)  ha(p(2k + 2), p(2k + 1), p(2K))
(3.34) hs(p(2k + 1), p(2k))

{p(2k —1) +n —p(2k + 1) }n,
{p(2k + 2) + p(2k) + 2p(2k + 1) — n}m,

Using (3.13)—(3.21) it is simple to show that

(3.35) p(2k—1)4+n—p2k+1)=n+a(2k+3) —a(2k — 1),
(3.36)  p(2k+2)+ p(2k) +2p(2k +1) —n=m.

Writing a(2k — 1) in terms of r(k) using (3.26) then gives

(331 h(p(2k+1),p(2k),p(2k — 1) = n— L [r(k+2) ~ r(R)],

which completes the proof. O
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LEMMA 3.5. The action of f; on a path increases h(p) by 1, and that of é;
decreases it by 1.

Proof. fi acts on a path |p) € P, by changing p(k) — p(k) 4 1 at a single value
of k. Suppose this happens for k = 2/ 4+ 1. Then the following inequalities must hold:

(3.38) n—p(2l + 1) > p(21),
(3.39) m—p(2l+2) < p(2l+1).

Using these inequalities, (2.31)—(2.33), and the property

1 if a < mn,
(3.40) {a+1}n —{a}n = { -1 ifa>mn,

we arrive at

hi(p(20 4+ 3),p(21 + 2),p(2l + 1) + 1) — ha(p(2l + 3),p(20 + 2),p(20 + 1

ha(p(2L +2), p(2L + 1) + 1,p(20)) — ha(p(2L + 2), p(2L + 1), p(2

(21 + 1)+ 1, p(20), p(20 — 1)) — iy (p(21 + 1), p(20),p(2] — 1
ha(p(21 + 1) + 1, p(21)) — hs(p(21 + 1), (2]

7

)
)=-1,
)
)

N AN N

From this we see that h(p) — h(p) + 1 when we change p(2014+1) — p(2l+1)+1. The
proofs for the case when k = 21, and for fy, &y, €1 are similar. O

We have shown that the space of highest paths in P, ; is isomorphic to the space
R, which is in turn isomorphic to Q(B()\t(lmfn)) ® B()\l()n))). Combining this result
with (3.28), and Lemmas 3.4 and 3.5 completes the proof of Theorem 3.2. O

3.2. The crystal structure of the path space. In this subsection, we will give
another proof of the crystal isomorphism P, ;, = B(\) ® B(u) between the path space
P, , and the tensor product of the crystals B(A\)®B(u), where A = aA1+(m—n—a)Ay
and g = bA;+(n—b)Ag. We first recall some of the fundamental results on the crystals
for the quantum affine algebra U, (;lg) (cf. [14]).

Let £ > 0 be a positive integer and let B = {[j]) |0 < j < ¢} be the perfect
crystal of level ¢ for the quantum affine algebra U, (;\lg ). The crystal structure of B(*)
is given in the following:

1 1 1 1
010 noO—— ... —— [y _1]O— [®
o7 W P U
We will write [j] in place of [j]) whenever there is no danger of confusion.

The following theorem gives one of the most fundamental isomorphisms in the
theory of crystals for the quantum affine algebra U, (slz).

THEOREM 3.6 (cf. [14]). For any dominant integral weight A\ = sA; + (£ — s)Ag
of level £ > 0, there exists a crystal isomorphism

(3.41) Y =1y : B(A) = B(o\) @ B®
such that
(3.42) Ux = Ugx @ [( — 3],

where uy is the highest weight element of B(\).
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Let [px) = (pa(k))$; be the sequence of elements in B(Y) whose terms are given
by

{— if k£ is odd
(3.43) pai) = 70 Eodd
[s] if k is even.

For each positive integer N > 0, there exists a crystal isomorphism

(3.44) ™ = (M B(A) =5 BV A) @ (BO)EN
such that
(3.45) Uy — Uy @ PA(N) @ - @ pa(2) @ pa(1).

A sequence |p) = (p(k))$, with p(k) € B® is called a A-path in BY) if p(k) =
pa(k) for all sufficiently large k. Let P()\) be the set of all A-paths in B®). Each
A-path |p) = (p(k))72, is understood as the half-infinite tensor product |p) = -+ ®
pk+1)®@p(k)®- - ®@p(2) ® p(1) and hence the set P()) is given a crystal structure
for the quantum affine algebra Uq(;\lg) by the tensor product rule for the crystals.

Moreover, one can prove:

THEOREM 3.7 (cf. [14]). For each b € B()), there exists a positive integer N > 0
such that

(3.46) YN (b) € uyn\ @ (BO)EN,

Hence we have the crystal isomorphism B(\) — P()).

In [26], in his study of 6 vertex models of inhomogeneous type, Nakayashiki con-
sidered the crystal isomorphism v in a more general setting.

THEOREM 3.8 (cf. [26,27]). Let = bA1 + (n — b)Ag be a dominant integral
weight of level n > 0 and let BW%) be the perfect crystal of level k > 0 for the quantum
affine algebra Uy(sly). Then there exists a crystal isomorphism

(3.47) U : B® @ B(u) = B(op) @ B™HR)
such that
(3.48) 1% @ wy = gy ® [+ — 0.

Suppose m > n and let A = aA; + (m —n —a)Ap be a dominant integral weight
of level m — n. Define a crystal isomorphism

D=, =Vo (i ®1,) = ([do¥ @id) o (y ®id®id) o (id®,) :

B(\) @ B(n) 2% B()) @ B(op) © B™

(3.49) Y®id ® id
-

B(o\) ® B © B(ou) @ BM™
Mo, B(oA) @ B(u) ® B™ @ B™

to be the composite of the crystal isomorphisms defined in Theorem 3.6 and Theo-
rem 3.8.
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By repeating the crystal isomorphism ®, we obtain the crystal isomorphism
®® : B(\) ® B(n) = B(\) @ B(u) @ (B™ @ B™)®2
such that
Uy @ty = uy @y @ la+ 0™ @ [n— 0™ @ [m—n—a+b™ @ n—0".

In general, let |py ) = (pa,. (k)5S be the sequence of elements in B(™) and B™
whose terms are given by

[n —b] if k is odd,
(3.50) Pau(k) =< [a+1b] ifk=0 (mod4),
[m—n—a+b ifk=2 (mod4).

For each positive integer N > 0, we have a crystal isomorphism
N ~ m n
351) o™ =a() : B(\) @ B(u) = B(e™\) @ B() @ (B™ @ BM)SN
such that
(3'52) U\ @ Uy — UgN\ Q Uy, ®p/\,u(2N) & p/\,u(QN - 1) - ® p/\,u(2) ®p>\,;t(l)'

A sequence |p) = (p(k)), of elements in B(™) and B is called a (\, y)-path
if p(k) = pa,u(k) for all sufficiently large k. Let P(A, u) be the set of all (A, p)-paths.
The crystal structure of P(A, p1) is the same as that of the path space Py .

Now, we would like to show that there exists a crystal isomorphism B(\) ®
B(u) — P(\,p). As in the case with the crystal isomorphism B(\) — P()),
it suffices to prove that for each v ® w € B(\) ® B(u), there exists a positive integer
N > 0 such that

(3.53) WM (v @ w) € ugny ®u, @ (B™ @ BM)ON,

For this purpose, we need an explicit description of the crystal isomorphism R :
B @ B =, B @ B called the combinatorial R-matriz, normalised by the
condition R([0]™ @ [0]™)) = [0](™) @ [0]0™). We rephrase (2.16) as follows.

LEMMA 3.9. The normalised combinatorial R-matriz R : B(™ @ B =, B g
B™) s given by

[[]) @ [j]™ if i+j<m,mn,
[n— 4™ @ [i + 2 —n)t™ if n<it+j<m,
[

n—m+i"™ @ [j+m—n]™ if i+7>m,n.

The following lemma plays a crucial role in proving our isomorphism theorem.
LEMMA 3.10. Let = bA1+(n—>b)Ag. If m > n, the following diagram of crystal
isomorphisms is commutative.
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B(m=") @ B(u) dey B(m=") @ B(ou) ® B™
v
B(op) @ B ¥ ®id
Y ®id
R

B(p) @ B™ @ B(™m) B(p) @ B @ B

Proof. Since the crystal B~ @ B(u) is connected (see [26,27]), it suffices to
check the commutativity for a single element, say [j]™ ™ ® u, € B~ @ B(u)
with 0 < j < m —n. Using (3.48), (3.42), and (3.54), we can show that [j](™~™) @,
is mapped to u,, ® [b]™ @ [j +n — b](™) in both ways. O

By applying the above lemma repeatedly, we obtain:

COROLLARY 3.11. For each positive integer N > 0, the following diagram of
crystal isomorphisms is commutative.

YA @ Py B(o\) ® (Bm=—m)®(N+1)

B(\) ® (B™m=)®N @ B(u) ®B(ou) ® B™

\I}o...o\:[j
B(\) @ B(oN p) @ (Bm™)®N Vo--0oW

wA oy 1/}(71\1“

B(oA) ® Bm™™ @ B(e¥*'u)  Ro---oR  B(o\) ® B @ B(aNt1y)
®BM @ (Bm)oN ®(BM)®N g B

Let v@w € B(A) @ B(u). By Theorem 3.7, there exists a positive integer N > 0
such that wf\N)(v) € Uy @ (BM=™)®N and ¢£N)(U) € UN, @ (B()®N Hence we
obtain the crystal isomorphism

(N)

P @M

B(A) ® B(u) B(eM\) @ (B™m™)®N @ B(oN p) @ (BM)#N
(3.55) M B(O'N)\) ® B(N) ® (B(m))@N ® (B(n))®N
Fool BN A @ B(u) ® (B™ @ BM)@N

such that v ® w is mapped to an element in u, vy ® u, ® (B @ BM)&N,

Therefore, in order to prove our claim (3.53), it suffices to prove that the following
diagram of crystal isomorphisms is commutative.
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v @

B(oNV)\) @ (Bm—m))®N

B(X) @ B(n)
PWV)

B(oN)\) @ B(p)
®(B(m) ® B(n))®N

Ro---

®@B(oNp) @ (BM)@N

Yo---0oW

B(oN)\) @ B(p)
@(BM)®N @ (B(n)eN

We will prove our assertion by induction on N. If N = 1, there is nothing to
prove. Assume that our assertion is true for N — 1. Then by the induction hypothesis,
the following diagram of crystal isomorphisms is commutative.

B(A) @ B(p)

wg\Nfl) ® ’(/}l(JNfl)

B(O.N—l/\) ® (B(m—n))®(N—1)

PWN-1)

B(oN=1)\) ® B(p)
®(B(m) ® B("))@(N—l)

waNfl)\ 0y 1/&&

B(oN¥)\) @ B @ B(ou)
®B™M & (B(m) ® B(n))®(N—1)

v

B(oN)\) @ B(p)
®(B(m) ® B("))®N

Ro---

Ro---

.o R

oR

B

®B(O’N_1M)®(B("))®(N_1)

Yo---0oW

B(oN=1)\) @ B(u)
®(B(m))®(N—1) ® (B(7l))®(N—1)

woNfl)\ & 1/&&

(eN)\) @ B @ B(op) @ B™
®(B(m))®(1\/—1) ® (B(n))®(N—1)

v

B(e¥\)@B(u) ® B @ B™
®(BM)BWN-1) & (B(M)@N-1)

Note that the commutativity of the first square follows from the induction hypothesis
and the commutativity of the other squares is trivial.

Next, observe that Corollary 3.11 yields the following commutative diagram of

crystal isomorphisms.
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B(O’Nﬁl)\) ® (B(mfn))®(N71) waN_lk X wUN_llt B(O'N)\) ® (B(mfn))®N
@B(eN ) @ (BM)SD @BV p) @ (BM)EN

Yo---oW

B(eMI\) ® B(u) To oW
®(Bm)®(N-1) @ (B(n))@WN-1)
’(/)O'N_1>\ b2 ’L/)M

B(e" @B M @B(ou)@B™ Ro---oR B(eV\) @ B @ B(ou)
®(B(m))®(N71) ® (B(n))®(N71) ®(B(m))®(N71) ® (B(n))®N

Moreover, the commutativity of the following diagram is trivial.

B(e" @B "@B(ou)®B™ _ Ro---oR B(eN\) @ B @ B(ou)

®(BmM)®IN-1) & (B(n))@N-1) @(Bm)2(N-1) & (B(M)eN
v v

B(eN)\) ® B(p) ® B @ B(™) Ro---oR B(oN)\) ® B(p)

®(BmM)®IN-1) & (B(n))@N-1) @(Bm™)®N @ (B(M)®N

By combining all the commutative diagrams obtained above, we obtain the desired
commutative diagram.

To summarise the above discussion, we obtain:

THEOREM 3.12. Suppose m > n and let A = a1 + (m —n —a)Ao and p =
bA1 + (n—b)Ag be dominant integral weights of level m —n and n, respectively. Then
there exists a crystal isomorphism

(3.56) B(A\) ® B(p) = Payp
such that
(3.57) U@ Uy — - Ra+b@Nn—-b&Mm—n—a+b &[n—1.

4. Level-1 Intertwiners. In this section, we define some Uq(sAlg) intertwiners
and study them in the level-1 case. Commutation relations for these operators will be
given and some of their matrix elements will be calculated. These will be used in the
next section to reduce questions about general level intertwiners to those of level-1
intertwiners.

The reader should recall some notation from Section 2.1. Let o denote the map
exchanging the two fundamental weights Ay <> A;. The set of dominant integral
weights of level k will be denoted by P;f. For A € P;f, V/(A) will be the irreducible
highest weight module of highest weight . Also set Ay = A £ (A; — Ag) for A € Plj )

We only consider the cases when Ay € P;". The following notation for various Uy (sls)
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intertwiners will be used.

(41) (I)(ea@"rk) . Vc(e) ® V()\) N V(J()\)) ® ‘/<(£+k)7
(4.2) V() - V) o VY
(4.3) vt VY @ V() - V().

As we said in 2.1, we consider the evaluation modules in these formulas as modules
of finite rank over the ring of coefficients containing ¢ and ¢~'. This implies, in
particular, that the intertwiners commute with the multiplication of ¢ and ¢~'. We
remark also that in each of (4.1)—(4.3) we need completion in the right hand side
(see [21] for a detailed discussion).

As to the existence of the intertwiners (4.1), we have the following proposition.
The case ¢ = 0 is given in [21], and the case k = 1 in [7]. See also [26] and [27] for the
crystal version.

PROPOSITION 4.1. Let \,v € P;\. There exists a U, (slg) intertwiner from V( )

V(M) toV(v)® Vé“k) if and only if v = o(X\). When v = o()\), the intertwiner is
unique up to scalar multiple.
Proof. We first prove

Homy, (V) @ VN, V(v) @ V)
2wy ={ve VoV L, el = 0,wh(v) = A - v}

Cq-(k+2)/25 €4

This is very similar to the proof in [7] which is an extended version of the case £ =0
given in [21]. The steps are

Homy, (V" @ V(X),V(»)
~ Homy, (V) V" @ V(v) @ V)
~ O)xa~?t (e+k)
o HomUé(bJr)(Q(q)u,\, V) Ve )
= Homy, ) (V (1) © V) © Q(g)un, V)
= Homy, ) (V(1)™ @ Q(g)ur ® V(Z) k/29 Vg(”k))
(V)™ @ Qg)us, vé“’” 2 VL)
(V(v)™

e (Q)Ux\v V<(€+k) 2 Véj) (k+2)/2)

= HomU‘/I(bJr) V(v
= HomUé(bJr) V(v

~ Y.

Here we used the U/ (b") isomorphism VC(Z) ® Qg)ur = Q(q)uy ® V¥

Cqh/2’
(6) @ uy — ¢ IAPI=ER2) o uéé).

To complete the proof, we show dim(WY) = 0, ,(x). Suppose v = jA;+(k—j)Ag. We

solve for the vector v € VC(Hk) ® VC(Z) (s> Which satisfies e ™0 = 0, ef 0 = 0.

It is uniquely given up to constant multiple by

14 . A~ 1 . .

(k) _ ilk+i—7]2 E—z—i—j (g+k) NG}

TAES SV kel
i=0 q q
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These vectors span a space isomorphic to ‘/2(;)/2. The weight of yj(-k) is (k—27)(A1—Ao)
and this is equal to A — v if and only if A = o(v). O
Similar existence and uniqueness theorems for the other two intertwiners are also
known. We define |A) to be the highest weight vector of V' (\) and take ()| to be its
dual. With these, we normalise the intertwiners as follows:

(4.4) (M @EAHDA) (ug”) = ufh,
(4.5) <A0|<I>(£’”1)\A1>( ) (e+1)
(4.6) <A+|¢+|A>,ugl>,<A+|q;*+|A>< =1,
(4.7) A2~ |A) = uf [ ) () = 1.

Normalisation for the arbitrary level operators ) will be given later (page 736,
above Proposition 5.3).

The matrix elements of these intertwiners are Laurent polynomials. Therefore,
we can write the vertex operators in Laurent series expansions:

(4.8)
M+k) fo (6,0+K) 0,0+k M+k) (Hk)
Zg oM @R () ( Z@ A
(4.9) =3 Z@i o ou,
1=0,1
(4.10) wi*(¢ Zc e T @v) = UEw.

From the normalisations, we see that for ®;, the sum is taken over s satisfying ¢ -

(=1)"1 = (=1)" and that for W7, it is taken over x satisfying ¢ - (—1)" = (—1)*.
Let us state some properties of the level-1 intertwiners. Here, we suppress the ap-

pearance of the + superscripts on ®*(¢) and U+ (¢). Except where we state otherwise,

these relations are valid for £ > 0, with the identification ®(®1(¢) = ®(().
PROPOSITION 4.2.

P ol () P = ol (¢,

0o, 0,041)
5i+j,€:9(£7€+1)Zs+t:£+1®§,s+ (—q IC)CI)( ) «©),

(4.11)

(4.12)

(413) Q@) = RMHD (/O ((),

(419) QU = (R HI(OREI(C/e) for £>0,
(4.15)

()T (&) = ¥ (§)2(¢)7(¢/S),

D (¢ )R ()R ((2 /1)
= RUHLED (G /()W HD ()G (¢y)  for £,0' > 0,

2042 .
00y _ (q ;4 )oo o
(417) g - (q26/+2; q4)oo7 T(C) - C

aC% 5 qY)oo(®C?% 5 Yo
(26725 %) (43¢?; ¢*) oo

Proof. All but (4.16) appear in [8]. The last one may be proved by applying (4.13)
and (4.14) on the fusion construction of ®¢¢+1)(¢) appearing in [7,8]. O
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We wish to calculate various level-1, highest weight to highest weight, matrix
elements.
LEMMA 4.3.

1 gt YA V4
(Bl @D ()@ () Ao) (ulf) © )

- h(€'+e+5)(C2/C1)<—[£+ 1}(1;, ] )

[N

(4.18) 4 i 1
x{q—§(€ +k_j)[€—k+1]g['-|— ]3 (£+1)® ;iTl)
_q%(fkarj)Jrl[g G 1E [kt 12 (Cz/C1)U§f:11) 2 u(e +1) }7
(A @D ()R () A () @ ul)
, 1 %
_ 3, ('+£+5) o
(4.19) MO (7 [0+ 1], )

’ . 1 1 ’
x{_q%(l+k7])+l[£_k+1]5[ ];(CQ/C) +1)®u§iT1)
1
2

. 1 /
g BRI — 1) e 17l @ Y,

£+1 2 4
where HO(Q) = E5 ST

Proof. Let us just show the first one. The second one follows from the first by
applying the symmetry 0. We set F = (Ao|®EHD (€)@ (¢5)|Ag) to simplify
notations. This is a map from Vc(f) ® Vc(f,) to VC(1E+1) ® Vc(j,ﬂ). By using (Agle; =0,
f2|Ao) = 0, and the fact that ®“HD(¢)@E - +1)(¢,) is an intertwiner, we can show
that

(4.20) F(equ) — e F(u) = 0,
(4.21) fF(w) = [2lg foF (fou) + F(fiu) =0

for any u € V(Z) ® V(é/). From weight considerations, we know F'(uy 0 & u(e )) is a
linear combination of u[(, @ u(l 1 and ugﬁl) ® u((fu’l). The use of (4.20) with

U= u(e) ® ué allows us to write

Fu) @ ul”) = fooG/)f a3 10+ 105 uf ™ @ uf
— 105 (G /) w T @ ul T
Starting from this, and by using (4.20) and (4.21), we may inductively determine F

up to the constant multiple f; ¢ (¢2/¢1). To obtain the constant, we use (4.16), which
shows

fror(G/G) _ (@ 0(6/6)% s 6o (@ HH(G/62)? 5 0" o
foo(G/G) — @FH(G/0) 5 aYee (@FF5(G/G)%5 60

together with the normalisation (4.4) and (4.5). O
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LEMMA 4.4.
(o@D ()8 (9)]A0) (uf)
(4.22) _ h(z+5)(§/o<[£ . 1](1)5{ Y=k u @ Y
— gD 115 €/ W) @ ul ),
(AR (D (€)M (ul)

az) =K () {0 el
q

43 J)[]+1] gi—sil)@uél)}

(Ao~ (€)@ “H1 ()] Ao) (ul”)

o =W () { R “>®u§ﬂﬁ”
q
— - G415/ uf @V,
(A1]@H (@I ()AL (uf)
@) =HCO(Gy) {9 u Y el

+q -+ ] uV @ u(Hl)}

Proof. Just set £ or ' to zero in the preceding Lemma. O
Arguments similar to the proof of Lemma 4.3 show:
LEMMA 4.5.

(Rol @D (U (©)]Ao) () @ uf)

— pe+2) (5/0(6215 ) q ZJU(€+1)

(4.26)

(Apl@EHD ()T ()] Ag) (ul” @ u)

2 = (/) () D e
(4.28) e H_l fﬁﬁm(é /?)/E %ilﬁfj u é,) )(5 SOl
@ e s,
(4.:30) mow*_(—)i(igzc(/?)A(O%L”“)% %ﬂ)@/o —
(4.31) (Aol (©)@EHD(O)] Ao} (" & ul?)

G+10g\ 5 —L(e—4). (£+1
= W (¢ o) () 2 g2 DY,
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(AT (€ )¢(£é+1)( )AL (ul (1) (5))

(4.32) — p+2) (C/ﬁ)( ezlrl]]q )2q_* (é+1),
(4.33) <A1|‘I’*+(§)¢’“ Q) () © u( )

= W2 (¢ /6) (B2 g JED (e .

5. Commutativity with the DVA Action. In this section, we show that
UL+ ()DL (¢) commutes with the DVA action on V(A)®@V (A;). This will allow
us to reduce questions about general level intertwiners to those of level-1 intertwiners.
Results on general level intertwiners will be used in Section 6.3 to diagonalise the
transfer matrix.

Let A e P,j' and define %% (€) to be the composition of operators given by:

) o (O ®id id @W™(£)
e e

(5.1) VN @ V(A V) @ VY @ VA V() ® V(A_).

This is equivalent to defining

(5.2) WG = e = Y 8f O 8 36

Each component
(5.3) Y V) @ V(A = V(AL) © V(M)

is a Ué(;\lg) homomorphism. In [15], Jimbo and Shiraishi considered the irreducible
decomposition

(5.4) VY@ V(A) =P V) e,

and constructed an action of the deformed Virasoro algebra on Q)*¢ by using the
operator 1M HE) (€).
Now, define qﬁ(l”\’i)(g) to be the composition of operators given by:

L+ () @id
_

vV (N) @ V(A VieW) @ VI @ v(Ay)

id ®q>(l+k',l+k+1)(<)

V(e(\) @ V(A1) @ VD,
We shall show
(5.5) ¢ (() o (id@ypM B (€)) = (1d@p?MI=0F)(€)) 0 glEMD(().

This will imply the commutativity of ¢(é:*%) with the DVA action mentioned above.
Let us state a small lemma before considering the level-1 case.
LEMMA 5.1. Fiz any Uy (sla) modules V and W. Let © : V(A\)@V — W®V (u) be

a Ué(sAlg) intertwiner. Then any matriz element of © (as an operator in End(V, W))
may be written in the form

(5.6) S( o )oueNo( ),
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where the parentheses signify appropriate Ué («;\12) actions on V. and W, respectively.
Proof. The proof follows from the simple fact that © is an intertwiner. O
Now we show (5.5) in the level-1 case.
PropPOSITION 5.2. The equality,

(5:7) ¢"H=17(Q) 0 (id @y 2 () = (id @y =17 (g) 0 6N (()

holds for their matrix elements as Laurent series of ¢ and £. They contain no poles.
Proof. With the help of equation (4.13) and (4.14) we can show:

(@A (@D (()) o (T (£)D(€))
_ (I)(€+1,€+2)(O\I/*(£)(I) €€+1)( ) (f)
= oL () w () RV (/)@ (()
= U (@D ()p(£) ()
= (T*(&)®(9)) o (UTHHH () (()).

So the two sides agree as meromorphic functions. Let us look at the structure of
poles. We have

(Aj] @ (Mg (2FHE2(OREH () o (T(€)2(6)) IA)) @ [As)
= (M@EFLED (U (€)[As) 0 (A @D ()R(€)A).
Using the equations (4.22), (4.23) and also equations (4.26) to (4.29) with ¢ replaced
by £4 1, we see that a pole can occur in the above only if 1 —¢**2(¢/¢)? = 0. If ¢ and

¢ satisfy this relation, there exists a submodule isomorphic to some VFEZ) lying inside
VC(ZH) ® Vg(l). When ¢ = (g~ 22 a submodule isomorphic to VC(@l lying inside
q2

VC(HI) ® Vé(l) is spanned by

1
(5.8) {le+1- ki uf™ @ul - (k+ 17 o @ u (”}k ;
Again, from the same set of equations, we see that the image of (A;|®(“+1D () (€)|A;)
lies inside this submodule. We also see that (A;|®¢F1L42)(¢)T*(€)|A;) sends this
submodule to zero. Therefore, the above matrix element contains no pole.
In view of Lemma 5.1, the general matrix element can be written in the form

59 S () o (AR QU ©)[A o (- )
| oA B QBE)A) o (- - ),

where the parentheses are to be filled with Ué(sAlg) actions. As the action of U, (sls)
cannot produce additional poles, the only possible poles will occur at 1—¢‘*T2(£/¢)? =
0. Again, the image of the first map will lie inside some submodule VM(Z). The
Ué(sAlg)-action will still preserve this submodule. Then the second map will send this
submodule to zero. This shows that the general matrix element also contains no pole.
0

We now show that the commutativity with the DVA action allows us to construct

®4R) from lower level operators. Assume from now on that equation (5.5) is true
as Laurent series for A € Pt |. Now, (k=140 (()p(LE+R=1)(() is a map from

(5.10) vPevnevin =@V ev e oyt

v
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where the sum runs over all level-k weights, to the space

(5.11) V(e(N) ® V(A1) V(€+k) @ V(o V<(£+k) ® QMM

Here, we have used the Zs-symmetry to write QU;(AIE’)A“Z' = QNAi Recalling Proposi-

tion 4.1, we may write

(5.12) QUH—LER ((REAHED (¢) = P B () @ EXM.
The subscript v in <I>(z Hk)(() has been added to show which space it acts on. Now,

each QN2 is irreducible. Hence the commutativity with the DVA action shows that
each Z%A is a constant map. We normalise the higher level intertwiner k) (¢) so
that this constant is equal to 1 for the highest component, i.e., for v = A + A;. This
normalisation is independent of the way we break up the level-k weight into level-1

weights, as can be seen by the use of

(5.13) (8D Ola) ) = (o7 H) Tl
(5.14) (Bafo DOl ) = (5 ) Tl

The next proposition is more of a definition.

PROPOSITION 5.3. The map ®UHF-LLER) (O @WELHR=1)(() restricted to Vc(l) ®
VIA+A)® Qif]\ is equal to @&Zf/tk)(g) ®1id.

Later on, we will say something about the coefficients of other components. But
for now, let us continue with proving the commutativity with the DVA action. Since
we now know how to construct ®“*+%)(¢) from lower level operators, we can find its
commutation relations. Except where we state otherwise, the relations we give in the
following proposition are valid for ¢ > 0.

PROPOSITION 5.4.

(5.15) e P ol P =l (¢/e),

(5.16) Sije = 9O @ (g0 (),
(5.17) ()@ (¢) = RM(g/Q)@T (£)o)(¢),

(5.18) o (O)UE () = F ()@ (ORI (C/E)  for £ >0,
(5.19) OO (U (e) = TF(£)@ I ()T (¢ /).

Proof. Let us prove equation (5.17) as an example. We will consider just one set
of the signs involved. First consider the map

(5.20) o™ () : VN © V(Ag) = VN @ V(A) @ V.

As before, we may write this map as

(5.21) id@d* (¢ @ (e EB ®;
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where the maps on the right hand side are from V (v) @ Q%20 to V(vy)® Vg(l) @A
As in the proof of Proposition 5 3 we take highest weight matrix element and apply
both sides on u( ) to conclude = )\ 4 A, 1s nonzero. By Zj-symmetry, the map

(5.22) id@d(€) : V(e(\) ® V(A1) — V(e(\) @ V(Ag) @ V)

breaks up as
(5.23) id@®"~ EB o, () @ ot () ®E).

With this much in hand, we proceed by induction. By equation (4.13) we have,

DAL () A (0) (d 9 (€))
_ (I)(ZJrkfl,EJrk) (C) ( id ®(I)+ (g)) (I)(E,ZﬁLk:fl) (()
_ R(I,ZJrk) (S/C) ( idod~ (5)) (I)(Z+k71,2+k) (C) @([,Z“rkfl) (C)

If we substitute equations (5.12), (5.21), and (5.23) into both sides and pick up the
term initiating at V(A 4+ Ap) ® Qifxo and terminating at V(o(A+A1)) ® Qi’j_\[{l, and

apply Proposition 5.3 to the outcome, we get:

(524) (@)@, (9) ®EL, L,
= (R0 a, (O T(Q) @ F] 4,

We already know E}f A, Is nonzero, so dividing them out, we have the result. O

In much the same way, we can also calculate the higher level matrix elements.
Here we only write down what is needed in proving the commutativity with the DVA
action.

LEMMA 5.5. Let X\ be of level k — 1. Then

(0 (N) + Ao @R () DT (E)|A + Ao)

= (Ag|@HF=LEER) (YD T[Ag) o (o(A)|@EAHF=D(()[N),
(0(N) + A [ @GR () (E)|A + Ar)

= (A |@UEHE=LER) (OB~ |A1) o (o(N)|DEAHE=D ()| ).

We are now ready for the induction step in proving commutativity with the DVA
action.
THEOREM 5.6. The equality,

(5.25) @A+ () o (id@pMH)(€)) = (id @y @M1 F)(€)) 0 gl (),

holds for their matriz elements as Laurent series of ¢ and £&. They contain no poles.

Proof. We are assuming that the statement is true for levels less than k. Hence
Proposition 5.3, Proposition 5.4 and Lemma 5.5 hold true for level k. Applying (5.17)
and then (4.14), we show the equality of both sides as meromorphic functions.

LHS = PR (u ()2 ()@ (¢)
= QUFREEED (U ( RN (/@ ()@ (()
= U (E)HRLEFD ()P ()@ R (¢)
= RHS.
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For the rest of the proof, we will explain the case when the left hand side contains
the + sign. The other case can be taken care of similarly. For this case, we may write
A= X+ Ao with X of level k — 1. We use Lemma 5.5 to show:

(C(A)] @ (A (UAFERD()EAHR (0)) o (T (£)D(£))|A) @ |As)
= (MR (OB (E)|A) o (o (X) + Ao[@ETR (OB (&N + Ag)
<Ai|¢(6+k A+Ek+1) ( ) ( )‘A>
o (Ao @R ()BT (€)[Ag) o (a(N)| @I (O)|N).

Now, we may argue as in the proof of Proposition 5.2 to show that the above identity
contains no pole. 00

We remark on the coefficients of the components of ®(¢+E=LEHE)(()DELHR) ()
before closing this section.

PROPOSITION 5.7.

(5.26) PIEHLER (D () = P, - B @ id,

with each (c,)? = 1.
Proof. We have only to show (c,)? = 1. Using equation (5.16), we have

sary IO, {zm per(e)? @0 (—g100l PO @id }
_@ {( ldV(u ®1d}§7,+]€

If we calculate the same thing with the left hand side expression of equation (5.26),
we get

(5.28) P {idv) @id} bipje-

This shows that each (c,)? = 1.0

6. Diagonalisation of the Transfer Matrix. In this section, we identify the
space of states, and the half and full transfer matrices of the alternating spin vertex
model in terms of the representation theory of U, (sl2). We diagonalise the full transfer
matrix in terms of the spin-0 and spin—% states mentioned in the introduction, and
compute two-particle S-matrix elements.

6.1. The Space of States. In Section 3, we have shown that there is a crystal
isomorphism P, =~ B()\,(lmfn)) ® B(Agn)). This leads us to conjecture that we can
extend this isomorphism away from ¢ = 0, and identify the space of eigenstates of
the corner transfer matrix Anw (¢) with H = P, , Ha,p, where H,p = V(Agm_")) ®

V(Agn)), and 0 < a <m—n, 0 < b < n. The operator Anw (¢) will act as Ha s — Ha,p-
Then F = 'H ® H* will be the space on which our full transfer matrix acts. Here,
H* is the dual space, defined using the U/ (sl2) anti-automorphism b given in [28].
The motivation for this definition, and the reason for the use of this particular anti-
automorphism are discussed in the similar context of the pure spin—% vertex model
in [3].

We can identify an element (f| € F* with an element |f) € F via the pairing
(flg) = Try(f o g). Here, we have used the canonical isomorphism F ~ End(H) to
identify f,g € F as elements of End(H) in the trace formula.
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6.2. Half and full transfer matrices. A half transfer matrix represents the
insertion of a half-infinite column of lattice vertices. There are two types of half
transfer matrices for the alternating spin model - those associated with the insertions
of columns with spin-% and spin- vertical lines. These are shown in Figures 3 (a)
and (b) respectively.

Figure 3 (a) =—1—— (b) =——
i
J J

As lattice insertions these will be the maps Ho p—Ha,n—b and He p—Hm—n—a,n—b
respectively (one can see this by an inspection of the ground state configuration shown
in Figure 2).

As discussed in the introduction, we identify these lattice insertions with compo-
nents (;534(() and ¢f (¢) of the following intertwiners.

i (0,m)
SO VT e V() 422,

¢P(C): VT e v(NY)

V) @ Vie(M) @ v,
Ve ™) e v e v(AY)
V(e ™oV ey ev™.

<I>(0,7n—n) (C)@ld
_

id @3 (¢)
—_= @

Here, ®(() is the perfect intertwiner defined in Section 4. If v @' € V()\,(lm_n)) ®
V(Agn)), then the components ¢7'(¢) and ¢Z(¢) are defined by

prver) = _Zo¢f(v®v’>®u§”%
J:

(;53—4(U®’U/) _ U@@S.O’n)vl,

(6.1) o) = 3 oPwev)eu™,

j=0

B NS §0m—n) (m—n,m)_,

p7(ve) = > @y v e v’
=0

Here, for clarity, we have suppressed the ¢ dependence of all our intertwiners.
Now consider the corresponding full transfer matrices, i.e., those associated with

the insertion of full, double-infinite, columns of lattice vertices. Again there will be
two such transfer matrices, T%*(¢) and T7((), associated with spin-% and spin-2:

auxiliary spaces respectively. We identify these in terms of intertwiners that act on
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the tensor product space Hqp ® H7, ;, as follows

id®e? (¢)*

A ®d
LEE Hans ® VI © iy = Mo @ Hi oy

(62) Ha,b ® HZ/7b/

¢” (¢)®id
_—

Hap © My Hon-n-an-t @ V"™ @My

(6.3) ey
id®¢™ (¢ *
—()> Hm—n—an—b®@H

m—n—a’,n—>b""

Here ¢ denotes the transpose. Specifically, we define
T = ZOT}A(O, TAC) = g0 et Q) @i (O,
J:

(6.4) o
TP() = ;(JTJB(C), T7(C) g™ By @ ¢B _(0),

where the constants ¢g(®) and ¢(®™) are given by (4.17).

6.3. Diagonalisation of the full transfer matrices. A vacuum is, by defin-
ition, a largest eigenvalue eigenvector of the composition 7 (¢) = T2(¢) o T4(¢). In
our alternating spin model, there are (m —n + 1)(n + 1) degenerate vacua |vac),,, €
Hap @ Hy p The expressions for these vacua appear simple if we express them as
elements of End(7). We conjecture that the vacua |vac), s, and 4 (vac| are given by

(6.5) an(vac] = [vac)as = (A" xg") 7% (=0) P,
Here, XV) is the character
(66) Xg) = Trv(kgf))(qZD%

whose appearance gives the normalisation 4 (vac|vac)a, = 1, and 7, € End(H) is
the projector to Hg p.

Let us consider the action of 7({) on |vac),p. First, note that the action of a
map O ® Oy : HQH* — H® H* on an element f € End(H) is given by Oy o f o OL.
Then, using (6.4), (6.1) and properties (5.15), and (5.16) we have
(67) TA(<)|VaC>a,b = |Vac>a,n—b7
(6.8) TE(¢)vac)a s = [Vac)m—n—a.n—b,
and hence 7 ({)|vac)qp = |vac)m—n—aq,b. T0 be precise about our use of the terminology
‘eigenvector’ or ‘eigenvalue’, the vacuum vector |vac), p is not an eigenvector of 7 (¢)
but of 7(¢)? or 7(1)"17(¢). However, in the following we abuse this terminology,

and call |vac)q,, a vacuum eigenvector.
Let us show how to derive (6.7). From (6.4), and (6.1) we have,

TA(C) [vac)a.p

n

6.9 = gO3 (@@ (O))(~a)” ® (~a)P)mas(id @2 (C)),
3=0

6100 = gO 3 ((~9)” @ 2" () (~)P2 () Tam—t,
j=0

(6.11) g3 ()P @ (~0)P)(id @2 (—g 7 )@ () Tan—ss
j=0

(6.12) = (=)? @ (—)P)Tam—b = [Vac)an—b-.
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In executing steps (6.11) and (6.12), we have used properties (5.15) and (5.16) respec-
tively. Equation (6.8) can be shown similarly.

We will construct excited states by making use of the following operators

o =Sl = v e id,
(6.13) » o » ,/
PO (6) = 3 g0 e = 37 B3(e) @ 0 (€),

K e=0,1

where UZ® and ®¢ are defined by (4.9) and (4.10). Again s,5 = £ (or equivalently
£1).

These components act as follows.

1 n m—n n
;zm)s :V()\((lm—n))®v()\l() ))_>V()\[(l+s ))®V()‘l(> )),
s VAT @ V) = VOTET) @ VILL)-

Using the commutation relations (5.15)—(5.19), and (2.2), we arrive at

TAC)YE * (€)vac)ay = ¥ () vac)an s,
TP () (€)vac)a = T(C/E)ED T (€)NaC)mn—am_b,
7AW 5 (&) vac)ap = T(¢/E)Y O =5 (&)|vac)a,n—s,

TB(O) O3 (&) vac)ap = YO 75 (€)[vac) m—n—a,n—b»

and hence that

Tt " (€)vac)ay = T(C/E ™ (€)vac)m—n—an:
T (YO =5 (&)|vac)ay = T(¢C/E)W D ~*5(&)[vac) m—n—a.p-

1 -
The vectors ¢§2) *(&)|vac),,p and (@ $5(¢)|vac) 4, are the spin-3 and spin-0 eigen-
states mentioned in the introduction. Note that both states are degenerate with

respect to 7(¢), but that wéé)s(fﬂv&m)mb has an eigenvalue of 1 for T4(¢), and

wgo)s’§(§)|vac>a7b an eigenvalue of 1 for T5(¢). This is consistent with the Bethe
Ansatz calculations for the alternating Spin—% /spin-1 model presented in [12].

Further eigenstates may be constructed by acting with any composition

of 1(2) % (&) and (@ 50 (&) on |vac),,p. The eigenvalues of 7(() are the product of
all the 7(¢/&;) and 7(¢/¢}) factors.

6.4. The S-matrix. The S-matrix for our model is specified by the exchange
relations of 1(2) % (¢;) and (955 (¢/) with themselves and with each other. These
intertwiners are defined in terms of the intertwiners ®*(¢) and ¥**(({) of irreducible
modules in (6.13). If we act with both sides on the level ¢ highest-weight module
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V(Ag)), then the commutation relations of the ®*(¢) and ¥**(() are

> ROD(©TZOT (6)0% (&)

(6.14) _ 532,2; D22 ()DL (&)W, ( : + 5] 71: j: if + 59 5) ’
W5 (&) WES2 (&)
(6.15) :51,52%1,3*82 (&)W (@)R“’”(é‘)siliiw ( r+ s, : :t z? + 52 5) ’
D31 (£) W2 (&)
(6.16) 612722\11*52(52)@51(51)We ( r+ s, :iiwz g)'

Here, the sum over s} and s} is restricted to the values for which s} + s = 51 + $a.

Wi W} and W} are given in terms of the RSOS Boltzmann weight Wé (given for
example in equation (B.2) in [5]) as follows:

X(p*¢2) AL A0
5) =2 W T T
AL

S
/N
=
~+

X(p2€?)

2 6 — Oryu—
é‘ >£t,s+1 U 17

2 Ot s41— Op u—
é‘ >é‘ t,s+1 U 17

p—lg )( &q _(1+T))6t,5+1_6r,u—1qér,t’

X(E2) [ A9 AP
W[[( r s ): W T s
tlu ]S T xE@ Vel A e

s X(pE) o1 [ ALY A
W”( 5) = Xpe) T\ a0

where € = € /6, X(z) = & L )z p(q qi’fé 0 and p = q*+2 (note that the p of [4] is

equal to our p?). Relations (6.14) and (6.15) come from [4], where they were obtained
(for a homogeneous evaluation representation) by solving the ¢-KZ equation. We
obtained (6.16) by making use of the technique mentioned in Proposition A.4 (ii)
of [4] (and due originally to Okado).

Using these commutation relations, the definitions (6.13), and the unitarity prop-
erty (2.2), it is then simple to show that on V(AY"™™) ® V(/\l(jn)) (and hence on
|vac)q,p) we have

(6.17)
W ()l 2 (&)
= ¥ (P E)ulP )RV ()2 ’52an’”(“ , ot

ehehish ) a+s] a+s1+ S

).
PO i )@ s2f2(g) = Y ¢(0)5’2,5’2(§2)¢(0)5315’1(gl)

51:85,81,85
(6'18) XWI a a+52 é_ WII b b+§2
W\ b4 F b5+

a+s] a-+s;+ s

).
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)

Again, the sums are restricted so that s} + s = s1 + s2, and §] + 3, = §1 + 5.
When n = 1, m = 2, our model consists of alternating spin—% and spin-1 lines. In
this case we have

PO 5151 ()2 %2 (&)
= ¥ LR ()@ s gywr <

!
81782

(6.19) a a+ sa

a+s] a+s1+ s

€ &) = - 3 0 @)l @RIV OS2,

PO (&) V(&) = -0 (&)p D (&),
VO ()92 (€) = 7P (&) 9 (&),

Here, the intertwiners act on the tensor product of level-1 irreducible highest weight
modules. So, the s and § superscripts depend solely on the choice ¢ and j, and we
suppress them. These relations are consistent with Bethe Ansatz calculations of the
S-matrix for this example [12].

7. The Domain Wall Description of the Path Space and the Particle
Picture.

7.1. Domain walls. Let us now use |p) to denote a double infinite path |p) =
- p(2)p(1) p(0) p(=1) p(=2) - -, for which

(7.1) p(k) € {0,1,--- ,n} if k is odd,
p(k) €{0,1,--- ,m} if kis even.

Define

(7.3) P = ®apia b Papiar b

where P, 1./ is the set

(74)  Papar = {Ip); p(k) = p(k; a,0), k > 0; p(k) = p(k; o', '), k < 0},

The ground state path p(k; a,b) was defined by (2.22) (note, however, that k£ may now
be negative).

In this section, we construct a domain wall description of the space P and give
rules for the induced crystal action on this set of domain walls.

First, we label a domain of a path |p) € P by a pair of integers (a,b), which
can take the values 0 < a < m —mn and 0 < b < n. Suppose we start with a path
Ip) € P and try to associate a particular domain (a(k),b(k)) with each k, such that
p(k) = p(k;a(k),b(k)). There are clearly different choices of how to do this. For
example, suppose we choose k = 0 (mod 4). Then because p(k;a,b) = a + b, we
could associate any of the domains (p(k) — b,b), such that 0 < p(k) —b < m —n and
0 <b<n, with k.

In order to fix uniquely which domain (a(k),b(k)) to associate with a particular
k such that p(k) = p(k; a(k),b(k)), we use the following rules.

(1) Choose k odd.
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(2) If n < p(k+1) + p(k) <m, let

(7.5) bk +1) =b(k) = n—p(k),

m—pk)—pk+1) ifk=1 (mod 4);

(7.6)  a(k+1)=a(k) = {p(k) +p(k+1)—n ifk=3 (mod4).

(3) If p(k+ 1)+ p(k) > m, let

(7.7) b(k+1)=pk+1)—m+mn, bk)=n—pk),
B o ifk=1 (mod4);
(7.8) alk +1) = alk) = {m —n ifk=3 (mod4).

(4) If p(k+ 1)+ p(k) <n, let

(7.9) b(k+1)=pk+1), b(k)=n—pk),
m—n ifk=1 (mod4);

(7.10) a(k +1) = a(k) = {0 if k=3 (mod 4).

By following these rules for all odd &, we can associate a unique domain (a(k), b(k))
for all k € Z. Then p(k) will be given by

(7.11) p(k) = p(k; a(k), b(k)).

We can write the resulting (a(k), b(k))rez as a sequence of domains (any1,bn41) <
(a1,b1) and a sequence of integers ky > ky—1 > -+ > k1. The identification is that

(712) (a(k),b(k)) = (ai,bi) for k; > k> k;_1 (Wlth kN+1 = OO,ICO = —OO).

DEFINITION 7.1. Let D be the set of elements, each of which is specified by a
domain sequence (an+1,bn+1) - (a1,b1) and integers ky > ky—1 > -+ > k1, where
N € Z207 0<a; <m-n,0< b; < n, (ai+1,bi+1) 75 (ai,bi), and

27 U (]. + 4Z) ’Lf Qi1 = A = 0, bi+1 > bi,

2ZU(1+4Z) if i1 =a; =m—n, by <b,
(713) k; € 27, U (3 + 4Z) if ai+1 =a; =0, bi+1 < b,

27, U (3 + 4Z) Zf Ajp1 = Q; =M — N, bi+1 > bi,

27 otherwise.

Then rules (1)-(4) and equation (7.12) specify an injection My : P — D, and (7.11)
specifies a map My : D — P which is the left inverse of My, i.e., My o M7 = idp.

PROPOSITION 7.2. My : P — D 1is a bijection.

Proof. We will prove that the left inverse Ms : D — P is an injection, from which
the proposition follows. Consider two elements, (a(k),b(k))rez and (a’(k), b (k))rez
of D (we can specify them in this way by making use of (7.12)). Let kg =1 (mod 4).
Then from the definition of D, one of the following must be true

(714) I a(k‘o + 1) = a(k0)7 b(k() + 1) = b(ko),

(7.15) I alko+1) =a(ko) =0,  blko+1) > b(ko),
(7.16) L. a(ko+ 1) = a(ko) =m —n, b(ko+ 1) < b(ko).
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One of three similar conditions must hold for a’(kg + 1), a’(ko), ' (ko + 1), and b’ (ko).
Under the map M, we have (a(k), b(k))rez — (p(k;a(k), (k))>kez The requirements
that

(7.17) (ko ako), b(ko)) = p(kos a’ (ko), ' (ko)),

(7.18)  p(ko + 1;a (ko + 1),b (ko + 1)) = p(ko + 154" (ko + 1), b (ko + 1))
are equivalent to

(7.19) b(ko) = V' (ko),
(720) a(ko + 1) - b(k‘o + 1) = b/(ko + 1) — a/(k‘o + 1)

respectively. Combining (7.19), (7.20), one of I, IT, III for a(ko + 1), a(ko), b(ko + 1),
b(ko) and one of the similar conditions I, IT, III for o’ (ko +1), a’(ko), ' (ko + 1), b/ (ko),
we get nine possible sets of equations in eight unknowns. It is only possible to get
a solution to three of these sets of equations, namely those we get when a(kqg + 1),
a(ko), b(ko + 1), b(ko) and o' (kg + 1), a’(ko), b’ (ko + 1), b/'(ko) both satisfy I, or both
satisfy II, or both satisfy III. The single solution for all three sets is

(7.21) a(ko +1) = ' (ko + 1), a(ko) = a’(ko), b(ko + 1) = ' (ko + 1), b(ko) = ' (ko).

A similar argument leads to the same solution (7.21) in the case when kyp = 3 (mod 4).
This completes the proof. O

The next step is to understand the induced crystal action on D. If we refer to the
position at which two domains meet as a domain wall, then the general picture is that
the crystal action moves domain walls around. In order to describe this action we
first identify certain types of domain wall as elementary. The following is a complete
list of elementary walls.

[ (@it1,bit1)(ai, bi) | ki | symbol |
(a —1,b)(a,b) Omod 4 | |7
(a+1,b)(a,b) 0mod 4 | |§
(0,6+1)(0,b) 0mod 4 | [{
(m—n,b—1)(m—mn,b) | Omod 4 | []
(a£1,bF1)(a,b) 0mod 4 | *F
(0,b+1)(0,b) Imod4 | [
(m—n,b—1)(m—mn,b) | 1mod4 | [g
(a —1,b)(a,b) 2mod 4 | |y
(a+1,b)(a,b) 2mod 4 | |
(0,b—1)(0,b) 2mod 4 | |{
(m —n,b+1)(m —n,b) | 2mod 4 | [&
(a i 1,b+1)(a,b) 2 mod 4 | et*
(0, 1)(0,b) 3mod4 | |
(m—n b—i—l)(m—n,b) 3mod 4 | [f

t

We write [ to mean either of | or [. We shall refer to |2, [t

walls, and to %! as spin-0 elementary walls.
We wish to decompose each domain wall of an element in D into ordered el-
ementary domain walls. We use the fact that when k; is even, (ait1,biv1)(as,b;)

as spin—% elementary
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may be written in terms of a unique sequence of intermediate domains such that the
corresponding intermediate domain walls are elementary, and ordered as

(7.22) li-o li[i--[1e---® or Jo--loor--[o®- e,

where the e are taken to be of one kind only. When k; is odd, (a;41,b;+1)(a;, b;) may
also be written uniquely in terms of an ordered sequence of elementary domain walls
of the form

(723) [1- . [1 or [0- . [0.

The whole sequence of ordered elementary walls will then said to have been normally
ordered. It is simple to prove the uniqueness of these ordered decompositions, but
perhaps more illuminating to consider some examples.

1)m=6,n=2,k =0 (mod 4):

(0,0)(3,1) = (0,0)(1,0)(2,0)(3,0)(4,0)(3,1) ~ |7 [y [T [T oF~,

(1,2)(1,0) = (1,2)(0,2)(0,1)(1,0) ~ | [g o™+,
(4,0)(4,2) = (4,0)(4,1)(4,2) ~ [{ [T

2)m=6,n=2,k =2 (mod 4):

(0’0)(3’ 1) = (0’0)(150)(270)(37 1) ~ |6\6°__,
(1,2)(1,0) = (1,2)(2,2)(3,2)(2, 1)(1,0) ~ [g ly *+ o+,
(4,0)(4,2) = (4,0)(3,0)(2,0)(3,1)(4,2) ~ |1+|IL LA A
3I)ym=6,n=2,k =1 (mod 4):

(0,2)(0,0) = (0,2)(0,1)(0,0) ~ [{ [,

(47 0)(4?2) = (4’ 0)(4a 1)(472) ~ |—0_ ’—O_

4)m=6,n=2k =3 (mod 4):

(0,0)(0,2) = (0,0)(0,1)(0,2) ~ LE \_(;7

(4,2)(4,0) = (4,2)(4,1)(4,0) ~ [T [}

Explicitly, the ordered walls turn out as follows.
(az,b2)(a1,b1) at k=0 (mod 4).

(724) () =(lg) =T (07 H) ™ if by — by > an;

g —H)b2=br (py > 1) .
(7.25)  ([g)ettam {((:+))b1b2 ((bz - bll)) if ag + by > ag + by > by;

nas b —an— “H)ba=bi (b > by); .
20 (et DT 2 etz 0z
(7.27) (|p)m ez ([ thibammibn gt mym=n=arif b phy > m —n — ay.

(0,62)(0,b1) at k=1 (mod 4).

(7.28) (I)=™"

(m—n,b2)(m —n,b;) at k=1 (mod 4).

(7.29) ([g)" "



VERTEX MODELS WITH ALTERNATING SPINS 747

(ag,b2)(ay,b1) at k=2 (mod 4).

(7.30) (I7)%2([7)" 727 (o7 7)™ if by — by > ay;
a1 —bota )b (g < By);
(7.31) (Hr)bl 1batas {((..-‘r-l-))bz—fu ((522 > bll)) if bo > b1 —ay > by — as;

—\bo—ao—bi+a )b (hy < by);
(732) (|0 )bz 2—bi+a1 {((..++))b2—b1 ((b22; bll)) if bo —as > by —ay > by —m+ n;

(7.33) (|g)m " o2([ )b trtammin (gt ymTnTar i by by > m —n — ay.

(0,b2)(0,b1) at k=3 (mod 4).

(7.34) ([g)" "

(m —mn,by)(m —mn,by) at k=3 (mod 4).

(7.35) ([1)="

After normally ordering all the walls in an element |d) € D, the rules for the
crystal action are relatively simple (we give the rule for the action of fi, the action of
é; can be reconstructed in terms of the inverse of this). Suppose we have a total of N
elementary Spin—% walls with subscript en,en—1, -+ ,€1 (and any number of spin-0
walls). Now consider the vector [ex]™) @ [en_1]M @ - @ [e1]D € (BMW)®N. The
operator f; acts on [ex]M @ [ex 1] @ -+~ @ [e1]M) by changing a single e; — 1 —¢;
(or by sending the vector to zero). Which ¢; is changed depends on whether i = 0 or
1. The action of f; on the element |d) is to change only the single elementary spin-3
wall with the corresponding ¢; index (or it sends the path to zero). The change that
occurs for this elementary domain wall depends on its type and position k in the
following way:

k+2  k+1  k k+2 k+1 k
(7.36) ().. |a() N ("')|1—e°"" ()
(7‘37) ().. |z—:() — ("')[175""' ()

(7.38) () ) = (- h-e ()
(7.39) («--)o---e [(-) — (- )|1co---o )

- o
(7.40) ().. [€(> N ()[175.\’_: ()

Here, we have taken k to be even. Also, for (7.37) and (7.40), we are assuming that
the domain appearing on the left of e---e is at the appropriate boundary, i.e., (0, *)
if [1_c that may appear at the position k+2isa | and (m —n,*) ifitisa [.
Before showing how these rules for the crystal action were obtained, let us give
some simple examples of how this general rule works. The following two examples
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capture the two possible ways in which a spin-% wall can pass a spin-0 wall under the
crystal action.

First, suppose m = 6, n = 2 and that we have an element of D described by 3
domains (4,2)(3,1)(4,1) and positions k2 = 2, k; = 0. The (4,2)(3,1) wall at kg = 2
is a T elementary wall. The (3,1)(4,1) wall at k&; = 0 is a |] elementary wall.
Using M» (as specified by (7.11)), we can write out the section of path in which these
walls lie. The path is

(741) -~ 6 0 2 0 6  0ett2 175 1

Using the above rules for the crystal action on elementary domain walls we find that
f1 sends this path to 0, and fj sends it to

(7.42) --- 6 0 2 0 6 0 ¢ 1 1 5 1

Here, we have used (7.37). This is a path associated with a single domain wall
(4,2)(4,1) at k; = 2. Working out the subsequent action of fi, fo, and so on, one
finds,

) 6 0 2 0 6 0ett2 1|75 1
o, 6 0 2 0 6 off1 1 5 1
(1.43) I 6 o 2 0 61 1 1 5 1
Lo, 6 0 2 Gje 1 1 1 5 1
ELN 6 03 0e+5 1 1 1 5 1

etc. Here we have just shown the elementary wall decomposition at each stage. The
final sequence of domains is (4, 2)(3,2)(4, 1). Notice, the action of fy on the fourth line
used (7.39) and not (7.40). This is because the domain on the left of the (non-existent)
e ..o is at the boundary, but not the relevant one.

Now consider the rather similar example when m = 6,n = 2 and we have an
element |d) € D described by 3 domains (3,2)(2,1)(3,1) and positions ky = 2, k; = 0.
Again, the (3,2)(2,1) wall at ko = 2 is a o1 elementary wall and the (2,1)(3,1) wall
at k1 = 01is a |] elementary wall. Using the rules for the arrows, we get the following
sequence.

) 5 0 3 0 5 0ett3 1|74 1

Jo, 5 0 3 0 5 dgett2 1 4 1
(7.44)  p _

&, 5 0 3 0T 6 O0ett2 1 4 1

ELN 5 073 0 6 Oett2 1 4 1

The final sequence of domains is (3,2)(4,2)(3,1). We see that the spin-0 wall remains
fixed in this case, whereas in (7.43) it was moved 2 spaces to the left by the passage
of the spin—% wall.

Let us now show how the rules (7.36)-(7.40) were obtained. We shall consider f;
only. Let |p) be any path. Following the rule (3.3), we associate a sequence of 1’s and
0’s to each p(k). Then, using the usual rule, we simplify it in such a way that each
domain wall carries (1)¢ or (0)°. This is determined locally at each wall and called the
localisation. It is convenient to think that there always exists a domain wall between
k + 1:0dd and k:even. If it is not a real one, the localisation is trivial, i.e., ¢ = 0. Let
us explain this more carefully, starting with two examples.
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k=1 (mod 4) and n < p(k + 1) + p(k) < m.

Recalling the process for fixing the domains, given at the beginning of this
section, we see that, in this case, there is no wall between p(k + 1) and p(k).
The domain is (a, b), where p(k+1) = m—n—a+b and p(k) = n—0b (see (7.5)
and (7.6)). We have

(745) (1)mfnfa+b(O)nJrafb(l)nfb(O)b ~ (1)mfnfa+b(0)a+b.

Distribute (1)™~"~9+ to the left wall, and (0)**® to the right.
k=1 (mod 4) and p(k+ 1)+ p(k) <n

The domain changes at the centre. The domains are given by (m—mn, bs)(m —
n,by) with p(k 4+ 1) = by and p(k) = n — by. We have by < b;.

(7.46) (1) ()2 (1) b (O~ (1)P2(0) b,

Distribute (1)°2 to the left, (0)* =2 to the centre, and (0)™ "1 to the right.
We carry out a similar procedure for all other cases. Now, consider a wall between
k + l:odd and k:even. Suppose (0)° is distributed from the left and (1)°* from the
right. If ¢; > co, the localisation is (0)1~¢. If ¢; = cg, there is no (real) wall. If
¢1 < cg, the localisation is (1)°27°!. For a wall between k + l:even and k:odd, the
localisation is already given in the form (0)¢ or (1)°. In fact, we have the following
simple rule (for the f; case).

domain position localisation
(a2,52)<a1,b1> k=0 (0)a2+b2(1)a1+b1
(0,b2)(0,b7) k=1 (1)bz=b
(7.47) (m—mn,by)(m —n,by) k=1 (0)br—02
((IQ, bg)(ah bl) k=2 (O)minia2+b2 (1)m7n7a1+b1
(0,b2)(0,07) k=3 (0)br—b2
(m—n,by)(m—n,b;) k=3 (1)bz=b

We now consider the action of f;. Suppose it acts on the part of a path x = p(k +1)
and y = p(k) with £ = 3 (mod 4). Suppose that by the action of f; we have the
change:

(7.48) x—x+ 1.
In the 1 and 0 notation, this part is equivalent to starting from
(7.49) (L)*(0)"*(1)¥(0)"

and changing the leftmost 0 in (0)™~* to 1. It implies m —z > y. We have two cases.
n<z+y<m.

Both z and y belong to the same domain, say, (az,b2). We have z = as + by
and y = n — ba. Therefore, we have

(7.50) az+n=x+y<m.

Let (ay,b1) be the domain on the right of y, (as, bs) on the left of z.
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It is necessary that the localisation at the wall between (aq, b2) and (a1, b1) is
(0)¢* with ¢; > 0. Therefore, we have a; —b; — ag + by > 0 and this wall is of
the form (7.32) or (7.33). Because of (7.50), we see that the number of |y is at
least one. It is also necessary that the localisation at the wall between (a3, bs)
and (ag,bs) is (1)° with ¢; > 0. Therefore, we have ag + b3 — az — by > 0
and this wall is of the form (7.26) or (7.27).

The change (7.48) is equivalent to the change as — ag + 1. Using the explicit
wall descriptions (7.32), (7.33), (7.26), and (7.27), we see that it corresponds
to (7.36) or (7.37).

r+y<n.

There is a wall between x and y. We have the domains (as, b3)(0,b2)(0, b1),
where z and y belong to (0,bs2) and (0, by), respectively. We have x = by and
y =n — by, and therefore by —bo =n—x —y > 0.
The wall between (0,b2) and (0,b;) is of the form (7.34). It is also necessary
that the localisation at the wall between (ag,b3) and (0,b3) is of the form
(1)b2=a3=bs  Therefore, we have by —a3z—bs > 0, and, in particular, by —bs > 0.
This wall is of the form (7.26) (the lower line) or (7.27).
The change (7.48) is equivalent to the change by — by + 1. It corresponds
to (7.39) (for (7.26)) or (7.40) (for (7.27)).
We may also consider the f; action as sending y — y + 1. This will bring about the
remaining case x + y > m and corresponds to (7.38). The case k = 1 (mod 4) may
be similarly analysed to confirm the results (7.36)—(7.40).
Before ending this section, let us consider one consequence of the rules for the
crystal action on D. Let |d) € D have normally ordered elementary domain walls at
positions kg, --- , k1. Define

(751) Tl(ki, |5) = n(kzi,o) = —k‘i/Q, n(ki, [5) = _k'i~

K
It is simple to check from the rules for the crystal action that > n(k;,t;) decreases
i=1
by 1 under the action of f;, and increases by 1 under the action of €;. So, the action
of the principal grading operator p is given by

(7.52) p(|d)) = Zn(kutiﬂd%

i=1
where t; refers to the ‘type’ |c, [, or e of the elementary wall.

7.2. The particle picture. In describing a path |p) € P in terms of either local
spin variables p(k) or a sequence of domains and domain walls, we have been using the
local picture. We shall now go on to explain the particle picture of the space P ~ D.
Let Dy parpy denote the range of the restricted map Milp, , ,,, @ Paparyy — D.
As a crystal, Dy p.q 1y Will decompose into a (usually infinite) number of connected
components. We wish to understand these connected components as the crystals

Lyg
created by the creation operators z/;éf,g)é and w,(go)s’t of spin—% and spin-0 particles. We
1 ,
call this the particle picture. The operators zz;é?,ﬁs and 1/1,({0)5’75 will be given as the
g — 0 limit of the corresponding operators defined in Section 6 (we conjecture that

1
this limit is well-defined). In the particle picture, any sequence of the operators ¢,({2)S
and ¢,§0)S’t is allowed, but with the condition that the corresponding sequence of the
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highest weights (represented by (a;,b;)) satisfies 0 < a; < m —n and 0 < b; < n.
This condition will always be assumed when we talk of a sequence of these operators.
However, they are not linearly independent because of the commutation relations
(6.17)—(6.19) of the particle creation operators. The particle pictures for the pure spin-
% model, pure spin-g§ models and RSOS fusion models were constructed in references
[1], [29] and [30] respectively.

Before looking at the space spanned by the particles, we prepare some details
about affine crystals. Suppose we have a U, (slg) crystal B which takes weights in
P, = ZAy ® ZA,. Then the affinization of this crystal, denoted by Aff(B), takes
weights in P = ZAy; @ ZAg ® ZJ (See [14] for a definition). Here, we use Aff(B)
defined in the principal gradation. For example, Aff(B(M) is given by either of the
following diagrams.

0] @26+ 1] o i P 1] @ [2k + 1]

o [1]®[2k — 2] 0] ®[2k —2] ®

Let us now consider the states spanned by just one particle. From the defini-
s . . .
tion (6.13) and the remarks following (4.10), we see that wgfﬁ) is meaningful only if
s+ (=1)¢ = (=1)" and that " is meaningful only if —s - t = (=1)". Considering
the degree given by (7.52) also, we identify

atk — o
(7.53) :

tatk

v
2

Recalling the rules for the crystal action on the elementary walls, we see that each
set, of wéi)s with s fixed and other indices satisfying s- (—1)¢ = (—1)" brings about a
crystal isomorphic to Aff(B(")). Each set of 0% with both s and ¢ fixed is a crystal
isomorphic to Aff(B(®).

To consider spaces spanned by more than one particle, we have to study the linear
dependence relations in the particle picture more carefully. We take the ¢ — 0 limit
of the relations (6.17)—(6.19) and write out the results componentwise. When acting

n (a,b), we have

(7.54) I L CU L AP S
(755) ¢£O)S7t¢l(€(’))s,7tl = wl(iofut/(b s t Wlth V= 55,5/ + 5t,t’7
(7.56) iyl = gt s
- O+t .
(7.57) PO+t 3= _ [ Ve Pn if @ #m —n,
K e,k’ wEKJrlw(O)—t ifCL:m—n7

3+, (0t .
(7.58) POty B+ _ {we D07 a0,

T WO ifa=o.
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Relations (7.56)—(7.58) tell us that we may always order the particles so that all the
¥ are to the right of all the ¥(2). Relation (7.54) shows that z/;é?n)sw(f)s =0. A

el k—v
Lys (L)
little more scrutiny at (7.54) shows that we may always order any nonzero wgfﬁ)bwi?,lf
so that k < &/, or in the case (s,¢) = (¢/,¢’), kK < &’. A similar statement is true for

é())s,tw 0)s’,t’

w!

. We have shown:

1
PROPOSITION 7.3. Any sequence of M spm—% particles wéfn)s and N spin-0 par-

ticles w,ﬁo)s’t mitiating and terminating at two given domains may be written in the
form

1

(%)3/1 .. (7)5/]% (O)Sl,tl .. (())SN,tN
(7.59) oDy POt

2
€1,k M K1 KN

modulo sign, if it is not equal to zero. Here, we require the indices to satisfy

(7'60) H; < ’i;Jrl or (’%7 52751') = (H;+17 3;+1,5i+1)7

(761) Ki < Kij41 Or (Iﬁ:i,si,ti) = (Iii+1,87;+1,t1‘+1).

A sequence of particles of the form given by this proposition will be called sepa-
rately ordered. The name comes from the way the spin—% particles and spin-0 particles
have been grouped separately. This is to be contrasted with the normally ordered se-
quence to be defined in Section 7.3.

Let us now consider the vector space which is spanned by the sequence of particles.

1
We fix M, the number of spin—% operators wéfﬁ)s, N, the number of spin-0 operators

O "and the initial and final domains. We will denote the space by A. We do not

impose the commutation relations (7.54)—(7.58) in A. As before, we identify ¢§%,2 °
and ¥\*" with the elements of Af(B(1)) and Aff(B(). Hence the monomial basis
of A is a crystal isomorphic to a union of mixed tensor products of M-many Aff(B(1)
and N-many Aff(B(®)). We call it the crystal part of A.

The subspace spanned by the relations will be denoted by R. It is easy to prove,
using the tensor product rule for crystals bases, that the set of relations (7.54)—(7.58)
is preserved under the crystal action. Hence, the monomial basis of A/R is given a
crystal structure. We call it the crystal part of A/R. We are interested in this crystal
structure.

Denote by S, the set of separately ordered sequence of particles. It is easy to
show that S is also preserved under the crystal action. Hence, S is a subcrystal of the
crystal part of A. We aim to show that S forms a basis of A/R so that the crystal S
is, in fact, the crystal part of A/R.

We first give a partial ordering to the set of particles. Two particles are said to
satisfy 94 < P if and only if )4 # P and ¥4 ? is separately ordered. Then the
monomial basis elements of A4 are given the lexicographical order using the order on
the particles. We define an action of Sy;4, the symmetric group of order M + N,
on A. Since all the relations (7.54)(7.58) are of the form 4¢? = +¢“P, we may
define the action of the transposition o; = (4,4 + 1) on a sequence of particles by
substituting 144" at the i-th and (i + 1)-th position with the appropriate ¢,
It is easy to show that this defines an action of Sy, n on A. We prove two lemmas
concerning these definitions.

LEMMA 7.4. Suppose M+N > 2. Let A=ypA1 .. pAM+N gnd B=ypBr ... qpButn
If A is separately ordered, and o105 -0, 1A= +B (r < M+ N), then 1) < B,
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Proof. Tt suffices to show this for the case r = M + N. We use induction on r.
For r = 2, this may be done by checking each case. So suppose r > 2. Let 0,14 =
+opAr . pAr—2qpCypBr - We know from the 7 = 2 case that Y41 < ¢¢. Hence,
A1 pAr—29hC s separately ordered. We may now apply induction hypothesis to
conclude 41 < P10

LEMMA 7.5. Suppose M +N>2. Let A = pA1 ... pAv+n gnd B=ypBr ... qpBrutn
If A is separately ordered, m € Spin is different from the identity element, and
mA=+B, then A < B.

Proof. We use induction on M + N. This is easy to check when M + N = 2.
If M+ N > 2 and 7(1) = 1, then we may apply the induction hypothesis to A’ =
A2 qpAMan and B! = B2 .. qpBvin - So suppose 7(r) = 1 with r > 1. Then,
we may write 7 = w'o109---0r_1 for some 7’ € Spryn with 7/(1) = 1. But, then
Lemma 7.4 shows, 141 < 4B and hence A < B. [

The next easy corollary to this lemma shows that the expression (7.59) is unique
for each product of particles different from zero.

COROLLARY 7.6. Let x be separately ordered and choose any m € Sypn. Then,
m(x) is separately ordered if and only if m = id.

We can now finally prove:

PROPOSITION 7.7. The set of separately ordered elements, S, forms a basis for
A/R.

Proof. By Proposition 7.3, it suffices to show the linear independence of S. Let
(| ) denote the natural orthonormal bilinear form on A. Define 2 =3 5 = 7(z)
for any x € A. Noting

R = Span{w(z) —z;m € Sp1n,x € A},

we have (Z|R) = 0 for any « € S. Hence, (Z|-) defines a linear functional on A/R.
Using Corollary 7.6, we may easily check that (Z|y)z,yes = 6z,y. This proves that the
set § is linearly independent. O

So the space described by the particles initiating and terminating at given domains
is the crystal S of separately ordered sequence of particles. We have obtained a
clear view of the particle picture given in terms of the affine crystals Aff(B()) and
Aff(B(),

7.3. Connection between the local and particle pictures. Let us first
describe a map from the domain wall description to the particle picture. We have
already identified the walls | and *! with the particles in (7.53). Writing out the
domain wall description in the path form, at £ =0 (mod 4), we can check

0,6+ 1)|5(0,b) = (0,b+1) e~ |F(0,b).

We may similarly write other | at even k as a combination of %! and |.. With this
and the identification (7.53), we map

<
2
|
<

<
—
(=}
Nl — vz
+
X -
<
Nl=
—
= |

|L at even k

(7.62)

[l ateven k +—
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To map the remaining four elementary walls, we return to example (7.43).

~ 0 2 0 6 02 1[5 -0ty
o 0o 2 0 6 O0ff1 1 5 -g0F wg’j;
(7.63) % o 2 0 6[f1 1 1 5
= 0 2 fes 1 1 1 5 g )ﬂ/}(O) +
o 0F3 o0e+*5 1 1 1 5 ;,jgwg—

This time, we have written the particles to the right using (7.53) and (7.62). What

1y_
should go in the box? Coming down from the top, we can guess it to be ¢@f+’+ §222 .
Going up from the bottom, it should be wl e w(o) T We are dealing with the
a =m—n case, and as (7.57) with ¢t = + shows, they are actually equal. Generalising

this, we map

(0)_’t
(760 |Latodd k  +—— ¢ 1(k 1)¢,;(k+1)7
’ D+ (0)—,t

L atodd k +— wa . 1)’(/J 1(t1)”
We have defined a map from the domain wall description to the particle picture.

We now define the inverse map. To do this, we construct a new basis of A/R.
We say a sequence of particles is normally ordered if each successive pair is one of the
following:

(1) w(o)sl’tlz/i(o)SQ’tz where k1 < kg or (k1,s1,t1) = (K2, S2,12).

(1/2)s1,,(1/2)s2
2) Ve it “eylis - where k1 < Ko or (ki1,€1,581) = (K2,€2, $2).

(2)
(3) ¥ 1/2 S pO% where ' < k.
(4) ¥

4 1/2 w(o)s " where these are placed at the boundary, i.e., for s = +, it acts
on the domain (0, ), for s = —, it acts on the domain (m — n, *).

(5) PO t1/1(1/2 where k < K’.

(6) 20)78’151#&1,.»{2) where these are placed at the boundary, i.e., for s = +, it acts
on the domain (0, *), for s = —, it acts on the domain (m — n, ).

The set of normally ordered sequence of particles will be denoted by A/. The relations
(7.54)—(7.58) show that we may always bring any sequence of particles to a normally
ordered sequence. The linear independence of the normally ordered sequence may be
proved as in the proof for Proposition 7.3. So the normally ordered sequences form
a basis for A/R. The set of normally ordered sequences of particles, N, is certainly
a crystal, the crystal action being “first, act as an element of A, then, normally
order.” The map from the particle picture to the local picture may now be taken by
first applying the inverse of (7.62) and (7.64) to (6) and (4), respectively, and then
applying (7.53) to the remaining particles. It is easy to check that the image is an
ordered sequence of elementary domain walls. The defined map is certainly inverse
to the map from the local picture to the particle picture defined earlier.

THEOREM 7.8. The local picture and the particle picture are isomorphic as crys-
tals.

Proof. 1t suffices to show that the two maps defined in this section respect the
crystal structures. So, let us study the rules for the crystal action on . We shall
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- - 1 1
consider f; only. The action of f; will change some wézﬁ),s to %2;3/871' After this change
the product may not be normally ordered. In that case, we must normally order it

by using the commutation relations. The rules come out as follows:

1
If the product contains w’(io)—s,+w(()3{)s at the boundary, i.e., it acts on the domain

(0, %) for the s = + case and (m — n, *) for the s = — case, the change is
(7.65) ¢£0)fs,+¢(()i>s . ( ) st

Otherwise and if the product contains (dJ(o) S )%/)éi) * for some ¢ > 1 and the domain

on the left of this part of the product is at the boundary, the change is
—S,—\c 1)s S, — S,—\c—
(7.66) S A A ST () PR Lo

o 1
Otherwise, let ¢ > 0 be the maximal integer such that (d’,@i * S)C@ZJ(()?FU) * is contained
in the product. Then, the change is

(7.67) i L A L (T S 1

In the domain wall language, the case (7.65) corresponds to (7.38). The case (7.66)
corresponds to (7.37) and (7.40). The last case (7.67) corresponds to (7.36) and (7.39).
0

We have thus related the path space P with a crystal given explicitly in terms
of Aff(B(®) and Aff(BM)). Namely, we have established the crystal isomorphisms
between P and D, D and N, AV and S. And the crystal S is given as a union of
subcrystals of Aff(BM)®M g Aff(B(0)®N,

8. Summary. Let us summarise very briefly the main results of our analysis of
infinite-volume alternating-spin vertex models. We identify the space on which the
transfer matrices of the alternating spin-/ spin-§ model act as the direct sum of

Home (VO ™) @ V), VAT @ VAL))

(8.1) ~ VT e Vo) e (Vo) e V)

The transfer matrices themselves are constructed in terms of certain U;(glg) inter-
twiners defined on this space (see (6.4)). These transfer matrices are diagonalised by
making use of another set of intertwiners given by (6.13). The vacua are given by
(—q)P; the excited states are multi-particle states consisting of a number of spin-0
particles and a number of spin—% particles. The two-particle S-matrices are given
by (6.17) to (6.19).

In [13], we show how to construct correlation functions of these models. We derive
there the relation between simple correlation functions of the alternating model and
those of the pure spin-7 and pure spin-7 models. In this, and in the diagonalisation
of the transfer matrix, we make use of the commutativity of one of our intertwiners
(see Section 5 of the current paper) with the action of the deformed Virasoro algebra
considered in [15].

In Sections 3 and 7 we consider the crystal limit (i.e., ¢ — 0 limit) of our model
in detail. In this limit, the corner transfer matrix acts diagonally on the (half-infinite)
path space P, ; associated with a particular boundary condition (a, b). We prove that
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there is a crystal isomorphism P, ; =~ B()\,(Imfn)) ® B()\l()n)). We go on to consider
the double infinite path space P. We construct a crystal isomorphism between this
space and the space D defined in terms of domain walls. P and D are both considered
as local picture descriptions of the space. We then construct two particle picture
descriptions, N" and &, by making use of the ¢ — 0 limit of the intertwiners which
diagonalise our transfer matrix. We finally establish an equivalence between P in the
local picture and S in the particle picture. The latter, in turn, has a description in
terms of tensor products of the crystals Aff(B(®)) and Aff(B(™).

The observations in this paper and in [13] might be applied and extended in
various directions. Two of them are:

(1) It is possible to derive difference equations for correlation functions and form
factors of the alternating spin model using techniques analogous to those
described in [3]. Tt should also be possible to evaluate these quantities by

making use of the free field realisation of Uq(;\lg )-
(2) The approach should generalise in a straightforward manner to alternating
spin models with three or more different alternating spins.
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