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A THEOREM OF DENSITY FOR KLOOSTERMAN INTEGRALS �

HERVE JACQUET y

1. Introduction. Let F be a local non-Archimedean �eld of characteristic zero.
We denote by OF the ring of integers of F , by PF or simply P its maximal ideal and
by $ a uniformizer. We let  be a non-trivial additive character of F . The Haar
measure onF is the self-dual Haar measure and vol(� ) denotes the volume of a set
for this measure. We denote by (� ; � ) the quadratic residue symbol onF � � F � .

We regard the group G = GL(n) as an algebraic group overF . We use the
following notations. We denote by wn or wGL (n ) the n � n permutation matrix whose
entries are one on the second diagonal and whose other entries are 0. We denote by
N (n; � ) or simply N the group of upper-triangular matrices with unit diagonal, by
A(n; � ) or simply A the group of diagonal matrices and byW (n) or W the group
of permutation matrices. We let  be a non-trivial additive character of F and we
denote by � the character of N (F ) de�ned by

� (n) =  (
X

ni +1 ;i ) :

The group N (F ) � N (F ) operates onGL(n; F ) by:

g
(n 1 ;n 2 )

7! t n1gn2 :

It follows from the Bruhat decomposition that the elements of the form wa, w 2 W ,
a 2 A(F ), form a system of representatives for the orbits ofN (F )� N (F ). We let � be
a smooth function of compact support onG(F ) and considerorbital (Kloosterman)
integrals of the form:

I (wa; �) :=
Z

�
� t n2wan1

�
� (n1n2)dn1dn2 :(1.1)

The element wa is assumed to berelevant ; this means that the character � (n1n2)
is trivial on the stabilizer of wa in N (F ) � N (F ). Then the above integral is over
the quotient of N (F ) � N (F ) by the stabilizer of wa in N (F ) � N (F ). The measure
is an invariant measure on the quotient. The exact normalization of the measure is
described in [7].

Relevant elements can be described as follows. Consider thestandard Levi-
subgroup M of G of type (n1; n2; : : : ; nm ). Thus M is the group of matrices of
the form:

0

B
B
@

g1 0 0 � � � 0
0 g2 0 � � � 0

� � � � � � � � � � � � � � �
0 0 � � � 0 gm

1

C
C
A

with gi 2 GL(ni ). Let wM 2 M be the permutation matrix de�ned by gi = wn i .
Let AM be the center ofM . Then any element of the form wM a with a 2 AM (F )
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760 H. JACQUET

is relevant. All relevant elements are obtained in this way. We denote by WR (n) or
WR the set of relevant elements inW (n). If w 2 WR then the unique M such that
w = wM is denoted by M w . We also write Aw for AM . For instance, if w = e then
Ae = A; if M is the standard Levi-subgroup of type (n � 1; 1), then:

wM =
�

wGL (n � 1) 0
0 1

�
:(1.2)

The integrals I (wM a; �) are relatively easy to compute and closely related to the
hyper-Kloosterman sums:

X

x 1 x 2 ��� x n =1

 (x1 + x2 + � � � + xn ) ;

where  is a non-trivial additive character of a �nite �eld F and the x i are in F.
The motivation for studying this kind of orbital integrals i s as follows. Let us

go to a global situation where F is a number �eld. Let � be a smooth function of
compact support on G(FA). We assume it is a product of local functions � v . We
de�ne as usual a kernel function:

K (x; y) =
X

� 2 G(F )

�( x � 1�y ) :

We consider the integral

I (�) =
Z

N (F )nN (FA) � N (F )nN (FA )
K (t n� 1

2 ; n1)� (n2n1)dn2dn1 :

On the one hand, it can expressed in terms of the orbital integrals I (w�; � v ). On
the other hand, it can expressed in terms of the automorphic spectrum of G. Hope-
fully, the resulting identity can be used to establish various properties of the cuspidal
spectrum (See for instance [1], [2], [14].).

Our �rst result is a theorem of density, asserting that the kn owledge of the inte-
grals of the form I (a; �) determine the other orbital integrals:

Theorem 1.1. Suppose that� is a smooth function of compact support on
GL(n; F ) such that I (a; �) = 0 for all a 2 Ae(F ). Then all integrals of the form
I (wa; �) with wa relevant vanish.

To state the second result, we introduce more notations. LetE be a quadratic
extension of F . We denote by x 7! x the Galois conjugation in E . We denote by
S(F ) the variety of invertible Hermitian matrices in GL (n; E ):

S(F ) = f s 2 GL(n; E ) j t s = sg:

The group GL(n; E ) operates onS(F ):

s
g

7! t gsg :

Recall that the elements of the formwa with w 2 W , w2 = 1, a 2 A(E) with waw = a,
form a set of representatives for the orbits ofN (E) on S(F ) ([12]). We assume that
E is unrami�ed and write E = F (

p
� ) where � is a unit of F . Thus the quadratic

character � of F associated toE is given by � (a) = ( �; a ). We assume further that
the residual characteristic of F is larger than 2n + 1, and that the character  has
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for conductor the ring of integers OF . The Haar measure onE is self-dual for the
character  � tr . Since the elementnn is in N (F ) times an element of the derived
group of N (E) we can de�ne a character n 7! � (nn) of N (E). If 	 is a smooth
function of compact support on S(F ) we considerrelative orbital (Kloosterman)
integrals of the form

J (wa; 	) =
Z

	( t nwan)� (nn)dn(1.3)

with w 2 W , a 2 A(E) and wa 2 S(F ). We assumewa is relevant, that is, the
character � (nn) is trivial on the stabilizer of wa in N (E). The element wa is relevant
if and only if wa is in GL (n; F ) and relevant there. The integral is over the quotient
of N (E) by the stabilizer of wa in N (E). The measure is an invariant measure on
the quotient, normalized as explained in [7].

We introduce a character � n of A(F ) with values � 1 as follows:

� n (diag(a1; a2; : : : ; an )) = � (a1)� (a1a2)� (a1a2a3) � � � � (a1a2 � � � an ) :(1.4)

If a has the form:

a =
�

a1 0
0 a2

�
(1.5)

with ai 2 A(ni ; F ) then

� n (a) = � n 1 (a1)� (det a1)n 2 � n 2 (a2) :(1.6)

Theorem 1.2. Suppose that� 2 C1
c (G(F )) and 	 2 C1

c (S(F )) are functions
such that

I (a; �) = � n (a)J (a; 	)

for all a 2 A(F ). Then for all w 2 WR and all a 2 Aw (F ) we have

I (wa; �) = � n (a)J (wa; 	) :

If � and 	 are the characteristic functions of GL (n; OF ) and OE \ S(F ) respec-
tively it is conjectured that the �rst relation holds ( fundamental lemma ). Our
theorem asserts that the other relations holds as well. The fundamental lemma has
been proven forGL (3) ([6]) and GL(4) ([18]) and, in the case of the positive charac-
teristic, for GL (n) ([10]). Similar identities are expected to be true for moregeneral
Hecke functions and have been proven in the context ofGL (n) in the case of positive
characteristic ([11]).

The motivation for this result is as follows: we consider a quadratic extension
of number �elds E=F . Suppose that � is a smooth function of compact support on
S(FA) which is a product of local functions. We construct a kernelfunction as follows:

H (g) =
X

� 2 S(F )

�( t g�g)

and consider the integral

J (�) :=
Z

N (E )nN (E A)
H (n)� (nn)dn :
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As before this can computed in terms of the local relative orbital integrals. There is
also a spectral expression for the integralJ (�). The cuspidal automorphic represen-
tations which enter the spectral expression are those whichare distinguished by a
unitary group H , that is, contain a vector � such that

Z

H (F )nH (FA )
� (h)dh 6= 0 :

Suppose now that � is a smooth function of compact support on the group
GL(n; FA) which is also a product. If the local components of � and 	 hav e orbital
integrals related as in the theorem, we can expect to have theidentity I (�) = J (	).
By equating the corresponding spectral expressions we can hope to prove that the
distinguished cuspidal representations are exactly the representations which are base
change of representations ofGL (n; FA) (see [7]).

2. Preliminary result. The behavior at in�nity of the orbital integrals I (wM � ;
�) is determined by the behavior of the following integral fo r j a j! 0:

I (a; n) := vol( Pm
F )� 1

Z
 

�
x1 + x2 + � � � + xn

a

�

 dxi :(2.1)

The integral is over the subset ofF n de�ned by:

x i � 1 mod Pm ; x1x2 � � � xn � 1 mod aPm :

Herem is an integer, �xed but large. In particular, m is so chosen that the character 
is trivial on Pm . Before stating our result we recall the de�nition of the Wei l constant

 (� ;  ): given a compact open neighborhood 
 of 0 in F , for j b j large enough, we
have:

Z



 (

bx2

2
)dx = j b j � 1=2 
 (b;  ) :(2.2)

Proposition 2.1. If the integer m is su�ciently large, then:

I (a; n) = j a j
n +1

2
1

j n j1=2
 

hn
a

i Y

1� i � n � 1


 (
i + 1

ia
;  )(2.3)

if j a j is small enough. In particular, if the residual characteristic of F is larger than
n and the conductor of is the ring of integers, then

I (a; n) := j a j
n +1

2  
hn

a

i
(n; a)
 (a;  )n � 1(2.4)

for j a j small enough.
Proof. We change variables and set:

xn = t(x1x2 � � � xn � 1)� 1;

where now the domain of integration is de�ned by:

x i � 1 mod Pm ; 1 � i � n � 1 ; t � 1 mod aPm :

After integrating over t the integral becomes

j a j
Z

 
�

�
a

�

 dxi ;



A THEOREM OF DENSITY 763

where the phase function� is given by:

� = x1 + x2 + � � � xn � 1 +
1

x1x2 � � � xn � 1
:

We set x i = 1 + ui with ui 2 P m . The phase function takes the form

� = n � 1 +
X

1� i � n � 1

ui +
Y 1

1 + ui
:

The Taylor expansion of this function at the origin has the form:

n +
X

1� i � n � 1

u2
i +

X

1� i<j � n � 1

ui uj + higher degree terms:

We now appeal to the following lemma:
Lemma 2.1. Let n � 2 be an integer. LetF be a �eld of characteristic 0.

(i) The quadratic form
X

1� i � n

X 2
i +

X

1� i<j � n

X i X j

is equivalent overF , by a unipotent linear transformation, to the quadratic form

1
2

X

1� i � n

i + 1
i

Y 2
i :

(ii) The quadratic form

X

1� i � n � 1

X 2
i +

X

1� i<j � n � 1

X i X j + X n � 1X n +
X 2

n

2

is equivalent overF , by a unipotent transformation, to the quadratic form:

1
2

X

1� i � n � 1

i + 1
i

Y 2
i +

1
2n

Y 2
n :

Proof of the lemma: We prove the �rst assertion. It is trivial for n = 1. Thus we
may assumen > 1 and our assertion proven forn � 1. Consider the quadratic linear
form

1
2

X

1� i � n

i + 1
i

Y 2
i :

By the induction hypothesis it is equivalent by a unipotent t ransformation to the
quadratic form:

X

1� i � n � 1

U2
i +

X

1� i<j � n

Ui Uj +
1
2

n + 1
n

Y 2 :

We change variables as follows:

Ui = X i +
X n

n
; 1 � i � n � 1 ; Y = X n :
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In terms of the these new variables the quadratic form has therequired type.
We now prove the second assertion. By the �rst assertion (or its proof) the

quadratic form is equivalent by a unipotent transformation to the form:

1
2

X

1� i � n � 1

i + 1
i

U2
i + Un � 1Y +

Y 2

2
:

Now

n
2(n � 1)

U2
n � 1 + Un � 1Y +

Y 2

2
=

n
2(n � 1)

�
Un � 1 +

n � 1
n

Y
� 2

+
Y 2

2n
:

Thus we obtain a quadratic form of the required type by setting:

Yn � 1 = Un � 1 +
n � 1

n
Y ; Yn = Y ; Yi = Ui for i 6= n � 1; n :2

The lemma being proven we see that after a unimodular change of coordinates
the Taylor expansion of � at the origin reads:

� = n +
1
2

X

1� i � n � 1

i + 1
i

y2
i + higher degree terms:

Thus the origin is a regular critical point. Moreover, if we choosem su�ciently large,
the origin is the only critical point of the phase function on the domain of integration.
By the principle of the stationary phase there is a compact neighborhood 
 of 0 in F
such that, for j a j small enough, the integral is equal to:

I (a; n) = j a j  
hn

a

i Z
 

" P i +1
i y2

i

2a

#


 dyi ;

where each variable is integrated over 
. Thus, for j a j small enough,I (a; n) is the
product of the following factors:

j a j  
hn

a

i
;

and
Z



 

�
i + 1
2ai

y2
i

�
dyi ; 1 � i � n � 1 :

Moreover, by de�nition of the 
 factor (see (2.2)), for j a j small enough, the factor
corresponding to the indexi is equal to:

�
�
�
�

ai
i + 1

�
�
�
�

1=2



�

i + 1
ai

;  
�

:

Collecting factors we arrive at our �rst assertion.
Under the assumptions of the second assertion we have (b; c) = 1 and 
 (b;  ) = 1

if b and c are units. In particular 
 (1;  ) = 1. For an arbitrary pair ( b; c)


 (b;  )
 (c;  ) = 
 (bc;  )(b; c) :(2.5)

It follows that



�

i + 1
ai

;  
�

= 

�

i + 1
i

;  
�


 (a;  )
�

i + 1
i

; a
�

= 
 (a;  )
�

i + 1
i

; a
�

:

Taking the product of these factors we obtain the second assertion.
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3. Computation of the germ. We let M be the standard Levi-subgroup of
type (n � 1; 1). The corresponding elementwM is given by (1.2). We recall the
asymptotic properties of the integral I (wM a; f ) ([7]). We denote by AwG

wM
the set of

matrices a 2 AwM (F ) such that det(a) = detwM wG . There exists a smooth function
K wG

wM
on AwG

wM
with the following property: for any � 2 Cc(G) there is a smooth

function of compact support ! � on AM such that

I (wM a; �) = ! � (a) +
X

�� = a

K wG
wM

(� )I (wG � ; �) :(3.1)

The sum is over all pairs in (�; � ) 2 (AwG
wM

; AG (F )) such that �� = a. The function
K wG

wM
is the germ (for the orbital integrals) along the subset AwG

wM
. It is not unique.

However, let K m be the principal congruence subgroup ofGL (m; F ); denote by � the

product of the characteristic function of wG K m and the scalar vol(Pm )� n ( n � 1)
2 . Then

I (wG ; �) = 1. Moreover, for z 2 AG (F ) (i.e. z a scalar matrix) with zn = 1 but z 6= 1
we haveI (wG z; �) = 0 (if m is su�ciently large). It follows that

K wG
wM

(� ) = I (wM � ; �) ;

where

� = diag
�
a; a; : : : ; a; a1� n det(wM wG )

�
;

and j a j is small enough (see [8]).
Our goal in this section is to compute the germK wG

wM
, or, what amounts to the

same, the orbital integral I (wM �; �) where � is the function de�ned above. Let P be
the parabolic subgroup of type (n � 1; 1) and U its unipotent radical. Then P = MU .
We set NM = N \ M . The stabilizer of wM � in N (F ) � N (F ) is the set of pairs
(n1; n2) with ni 2 NM and t n1wM �n 2 = wM � . Then:

I (wM �; �) =
Z

�
� t u2wM �u 1n

�
� (u1u2n)du1du2dn ;(3.2)

where the integral is overU(F ) � U(F ) � NM (F ). After a change of variables we �nd
that the orbital integral is equal to:

j a j � n � n ( n � 1)
2 +1

Z
�( x) 

� P
i + j = n +1 x ij

a

�

 dxij :

Here x = ( x i;j ) denotes a matrix of the following form:

x ij = 0 for i + j < n ; x ij = a for i + j = n ;

the variables are the entriesx ij with i + j � n + 1, ( i; j ) 6= ( n; n); the entry Z := xnn

is a dependent variable. The entryZ can be computed from the condition that the
determinant of the matrix x be detwG . For instance in the casen = 4:

x =

0

B
B
@

0 0 a x41

0 a x32 x42

a x23 x33 x43

x14 x24 x34 Z

1

C
C
A ;
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an � 1 det(wM )Z + det

0

B
B
@

0 0 a x41

0 a x32 x42

a x23 x33 x43

x14 x24 x34 0

1

C
C
A = det( wG ) :

We see that the integral is equal to

j a j � n � n ( n � 1)
2 +1 vol(Pm )� n ( n � 1)

2

Z
 

� P
i + j = n +1 x ij

a

�

 dxij

integrated over the domain de�ned by:

x ij � 1 mod Pm for i + j = n + 1 ;

x ij � 0 mod Pm for i + j > n + 1 ; (i; j ) 6= ( n; n) ;

Z � 0 mod Pm :(3.3)

The last condition may also be written as follows (we illustrate the casen = 4):

det

0

B
B
@

0 0 a x41

0 a x32 x42

a x23 x33 x43

x14 x24 x34 0

1

C
C
A � det(wG ) mod an � 1Pm :

In the last condition we single out the variable x2;n . We write the condition in the
form:

x24 det

0

@
0 a x41

0 x32 x42

a x33 x43

1

A + det

0

B
B
@

0 0 a x41

0 a x32 x42

a x23 x33 x43

x14 0 x34 0

1

C
C
A � det(wG ) mod an � 1Pm :

The coe�cient of x2;n has the form a� where � is a unit, which depends only on the
variables x i;j with ( i; j ) 6= (2 ; n). After changing x2;n to x2;n � � 1 we may rewrite the
last condition in the form:

x2;n a + T � 0 mod an � 1Pm :(3.4)

where we have set

T := det

0

B
B
@

0 0 a x41

0 a x32 x42

a x23 x33 x43

x14 0 x34 0

1

C
C
A � det(wG ) :

Since x2;n � 0 mod Pm we see that the previous condition impliesT � 0 mod aPm .
Thus the conditions on x2;n can be written as:

T � 0 mod aPm ; x2;n � a� 1T mod an � 2Pm :(3.5)

We can integrate overx2;n to obtain the scalar factor j a jn � 2 vol(Pm ). We have thus
eliminated the variable x2;n . At this point the integrand is the same as before but
the domain of integration is now de�ned by:

x i;j � 1 mod Pm for i + j = n + 1 ;

x i;j � 0 mod Pm for i + j > n + 1 ; (i; j ) 6= (2 ; n); (n; n) ;

T � 0 mod aPm :(3.6)
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In the above condition the determinant of the matrix enterin g T has the form

x1;n x2;n � 1 � � � x1;n det wG + ay

with y 2 P m . Thus the last condition reads

x1;n x2;n � 1 � � � x1;n � 1 mod aPm :(3.7)

At this point we integrate over the variables x i;j with i + j > n + 1 and we get the
following proposition:

Proposition 3.1. Set

� = diag
�
a; a; : : : ; a; a1� n det(wM wG )

�
:

Then, for j a j su�ciently small,

K wG
wM

(� ) = j a j � 1� n ( n � 1)
2 I (a; n);(3.8)

K wG
wM

(� ) = j a j �
( n � 1) 2

2
1

j n j1=2
 

hn
a

i Y

1� i � n � 1



�

i + 1
ia

;  
�

:(3.9)

In particular, if the residual characteristic of F is larger than n, we have, for j a j
small enough:

K wG
wM

(� ) = j a j �
( n � 1) 2

2  
hn

a

i
(n; a)
 (a;  )n � 1 :(3.10)

4. The theorem of density. We now prove the density Theorem 1.1. Our key
step is the following result:

Lemma 4.1. Suppose� is a smooth function of compact support such that
I (wM a; �) = 0 for all a 2 AM (F ). Then I (wG a; �) = 0 for all a 2 AG (F ).

Proof. From the germ relation (3.1) we get for a 2 AwM (F )

0 = ! � (a) +
X

�� = a

K wG
wM

(� )I (wG � ; �)

where ! � has compact support. Given� and � the pairs (� 0; � 0) such that � 0� 0 = ��
have all the form � 0 = �z and � 0 = �z � 1 where z is an n-th root of unity, as follows
from the fact that � 0 and � have the same determinant. Given� 2 AG (F ) we choose
� of the form

� = diag( a; a; : : : ; a;det wM wG a1� n )

with a so small that ! � (�� ) = 0. We get then

X

zn =1

K wG
wM

(�z � 1)I (wG �z; �) = 0 :

We have to see that this condition implies that I (wG �z; �) = 0 for all z. If we set

m(z) := I (wG �z; �) ;
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we see that the above relation reads:

X

zn =1

 
hnz

a

i Y

1� i � n � 1



�

(i + 1) z
ia

;  
�

m(z) = 0 ;

for j a j small enough. We have to see thatm(z) = 0 for all z. Now the 
 -factors are
non-zero. Viewed as functions ofa, they depend only on the class ofa modulo the
squares. Hence we may write:

Y

1� i � n � 1



�

(i + 1) z
ia

;  
�

=
X

� 2 =1

� (a)c� (z) ;

the sum over all quadratic (or trivial) characters of F � . Moreover, for eachz, there
is at least a � such that c� (z) 6= 0. We have then

X

�;z

� (a) 
hnz

a

i
c� (z) = 0

for all a with j a j small enough. Thus our assertion will follow from the following
lemma.

Lemma 4.2. Suppose distinct pointsx i are given in F and, for each indexi and
each quadratic character� of F � , there is a constantmi;� such that

X

i;� 2 =1

mi;�  (x i x)� (x) = 0

for all x with j x j large enough. Thenm i;� = 0 for all i and all � .
Proof. Suppose that mi 0 ;� 0 6= 0. At the cost of multiplying by  (� x i 0 x) and

� 0(x) we may assume that our relation takes the form:

1 =
X

 (x i x)� (x)mi;� ;

where now the pair with x i = 0 ; � = 1 does not appear on the right. We choose an
a with j a j large and integrate this identity over the set j a j�j x j�j a$ � 1 j against
the multiplicative Haar measure. The left hand side gives a positive value. On the
other hand we have

Z

j aj�j x j�j a$ � 1 j
� (x)d� x =

Z

j x = jaj
� (x)d� x +

Z

j x j= ja$ � 1 j
� (x)d� x :

If � is rami�ed, each term is 0. If � is unrami�ed but non-trivial the two terms are
opposite. Thus the terms with x i = 0 contribute zero to the integral of the right hand
side. For �xed � and �xed x i 6= 0 and j b j large the integral

Z

j x j= jbj
 (x i x)� (x)d� x

vanishes. Thus the terms with x i 6= 0 contribute zero as well if j a j is su�ciently
large and we get a contradiction.

We go back to the proof of Theorem 1.1. Lemma 4.1 already implies our assertion
for n = 2. Thus we may assumen > 2 and our assertion established for all groups
GL(m) with 1 � m � n � 1. It is then true for a product GL (n1) � GL (n2) in the
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following sense. Leth be a smooth function on the product GL (n1; F ) � GL (n2; F ).
Suppose thath is supported on a set 
 with the following two properties: the image of

 under the map ( g1; g2) 7! det g1 det g2 is a compact set ofF � ; the map (g1; g2) 7!
det g1 from 
 to F � is proper (Note that the map (g1; g2) 7! det g2 is then also
proper.). If w1a1 and w2a2 are relevant in GL (n1; F ) and GL(n2; F ) respectively, we
can de�ne the double orbital integral I (w1a1; w2a2; h):

I (w1a1; w2a2; h) =
Z

h
� t u1w1a1v1; t u2w2a2v2

�
� (u1v1)du1dv1� (u2v2)du2dv2;

where (ui ; vi ) is integrated over the product N (ni ; F ) � N (ni ; F ) divided by the sta-
bilizer of wi ai . We can also de�ne the partial orbital integrals I 1(w1a1; g2; h) and
I 2(g1; w2a2; h). For instance:

I 1(w1a1; g2; h) =
Z

h(t n1w1a1n2; g2)� (n1n2)dn1dn2 ;

the integral is over the product N (n1; F ) � N (n1; F ) divided by the stabilizer of the
point w1a1. Moreover, if we �x w1a1 and denote by f 2(g2) the above function, then
f 2 is a smooth function of compact support onGL(n2; F ) and

I (w1a1; w2a2; h) = I (w2a2; f 2) :

This being so assume thatI (a1; a2; h) = 0 for all pairs ( a1; a2). Applying the induction
hypothesis to the function

g1 7! I 2(g1; a2; h);

we �nd that I (w1a1; a2; h) = 0 for all relevant elements w1a1 in GL (n1; F ). Now we
�x w1a1 and apply the induction hypothesis to the function g2 7! I 1(w1a1; g2; h); we
conclude that I (w1a1; w2a2; h) = 0 for all w2a2.

Now suppose thatI (a; f ) = 0 for all a 2 A(F ). Let us prove �rst that I (wa; f ) = 0
for all w 2 WR , w 6= wG ; e and a 2 Aw (F ). Indeed, we can �nd two integers (n1; n2)
such that n = n1 + n2 and wa has the form

wa =
�

w1a1 0
0 w2a2

�

with wi ai relevant in GL (ni ; F ). Let U1 be the group of matrices of the form

u =
�

1n 1 X
0 1n 2

�
:(4.1)

De�ne a function

h(g1; g2) :=
Z

U1 (F ) � U1 (F )
f

�
t u2

�
g1 0
0 g2

�
u1

�
� (u2u1)du1du2(4.2)

More explicitely:

h(g1; g2) :=
Z

f
��

g1 g1X 1

X 2g1 g2 + X 2g1X 1

��
� (u2u1)du1du2 :

The determinant of the matrix in the integrand is det g1 det g2. Hence the image of
the support 
 of h under the map (g1; g2) 7! det g1 det g2 is a compact set ofF � .
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Let us impose in addition the condition that det g1 be in a compact set ofF � ; then
det g2 is in a compact set ofF � . If the integrand is non-zero then g1 is in a compact
of M (n � n; F ) hence in fact in a compact set ofGL (n1; F ). Moreover g1X 1 is in
a compact set ofF n 1 . HenceX 1 is in a compact set. LikewiseX 2 is in a compact
set. Thus X 2g1X 1 is in a compact set ofM (n2 � n2; F ). Since g2 + X 2g1X 1 is in a
compact set ofM (n2 � n2; F ) the same is true ofg2. Finally g2 is in a compact set
of GL (n2; F ). Thus the map (g1; g2) 7! det g � 1 from 
 to F � is proper and we may
apply the above considerations to the functionh. We have then

I (wa; f ) = I (w1a1; w2a2; h) :

On the other hand, if b 2 A(n; F ) is a diagonal matrix we can write it as a bloc of
diagonal matrices (b1; b2), bi 2 A(ni ; F ), and then

I (b1; b2; h) = I (b; f ) = 0 :

As explained above, the induction hypothesis implies then that

I (w1a1; w2a2; h) = 0 ;

that is, I (wa; f ) = 0. We have now established that I (w� ; f ) = 0 for all w 2 WR ,
w 6= wG . In particular I (wM � ; f ) = 0. By Lemma 4.1, I (wG � ; f ) = 0 and we are
done.

5. The relative situation: preliminary results. We now consider a quadratic
extension E of F . We assume (for simplicity) that E is unrami�ed and write E =
F (

p
� ) where � is a unit of F . Thus the quadratic character � of F associated toE

is given by � (a) = ( �; a ). We assume further that the residual characteristic of F is
larger than 2n + 1 (in particular n odd), and that the character  has for conductor
the ring of integers OF . The Haar measure onE is self-dual for the character � tr .

We de�ne a function J (a; n) as follows.
If n = 2 r then

J (a; n) := vol( Pm
F )� 1

Z
 

�
x1 + x1 + x2 + x2 + � � � + xr + x r

a

�

 dxi ;(5.1)

where eachx i is in E and the measuredxi is self-dual for the character � tr. The
domain of integration is de�ned by

x i � 1 mod Pm
E ;

x1x1x2x2 � � � + xr xr � 1 mod aPm
F :

If n = 2 r + 1 then

J (a; n) := vol( Pm
F )� 1

Z
 

�
x1 + x1 + x2 + x2 + � � � xr + x r + xr +1

a

�

 dxi ;(5.2)

where eachx i , 1 � i � r , is in E and xr +1 is in F . The Haar measures are again self
dual. The domain of integration is de�ned by

x i � 1 mod Pm
E ; 1 � i � r ; x r +1 � 1 mod Pm

F ;
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x1x1x2x2 � � � xr x r xr +1 � 1 mod aPm
F :

As before the behavior at in�nity of the relative orbital int egralsJ (wM a; 	) is deter-
mined by the behavior of these integrals forj a j! 0.

Proposition 5.1. Suppose that the residual characteristic ofE is larger than
2n + 1 . Then, if the integer m is su�ciently large:

J (a; n) = j a j
n +1

2  
hn

a

i
� [n= 2](a)(n; a)
 (a;  )n � 1 ;(5.3)

for j a j small enough. In particular:

J (a; n) = � (a)[n= 2] I (a; n) ;(5.4)

for j a j small enough.
Proof. We �rst consider the casen = 2 r + 1. We change variables setting:

xr +1 = ( x1x1x2x2 � � � xr x r ) � 1 t

with t � 1 mod aPm
F and integrate over t. The integral becomes

J (a; 2r + 1) = j a j
Z

 
�

�
a

�

 dxi

where the phase function� is given by:

� = x1 + x1 + x2 + x2 + � � � + xr + xr +
1

x1x1x2x2 � � � xr xr
:

We set x i = 1 + pi + qi � , with pi ; qi 2 P m
F . Then the Taylor expansion of � at the

origin reads:

� = n + 3
X

1� i � r

p2
i + 4

X

1� i<j � r

pi pj +
X

1� i � r

q2
i � + higher degree terms:

We use the following lemma:
Lemma 5.1. Let n � 2 be an integer. Let F be a �eld of characteristic 0. The

quadratic form

3
X

1� i � n

X 2
i + 4

X

1� i<j � n

X i X j

is equivalent overF , by a unipotent transformation, to the quadratic form

X

1� i � n

2i + 1
2i � 1

Y 2
i :

Proof of the Lemma: Our assertion is trivial for n = 1. Hence we may assume
n > 1 and our assertion proven forn � 1. Thus the quadratic form

X

1� i � n

2i + 1
2i � 1

Y 2
i :

is equivalent to the following form by a unipotent change of variables:

3
X

1� i � n � 1

U2
i + 4

X

1� i<j � n � 1

Ui Uj +
2n + 1
2n � 1

Y 2 :
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We now set

Ui = X i +
2Y

2n � 1
; X n = Y

to obtain a form of the required type.
Thus, after a unimodular change of variables, the Taylor expansion of the phase

function at the origin may be written in the form:

� = n +
X

1� i � r

2i + 1
2i � 1

x2
i +

X

1� i � r

y2
i � + higher degree terms:

If m is large enough, the origin is then the only critical point in the domain of
integration. By the principle of stationary phase, there is a neighborhood 
 of 0 in
F such that for j a j small enoughJ (a; n) is the product of the following factors:

j a j  
ha

n

i

Z



 

�
2i + 1

(2i � 1)a
x2

i

�
dxi ; 1 � i � r

Z



 

h�
a

y2
i

i
dyi ; 1 � i � r :

Taking j a j small enough still we see that

J (a; n) = j a j  
ha

n

i � �
�
�

a
2�

�
�
�
1=2



�

2�
a

;  
�� r Y

1� i � r

�
�
�
�
(2i � 1)a
2(2i + 1)

�
�
�
�

1=2


 (
2(2i + 1)
(2i � 1)a

;  ) :

Since �; 2 and 2i + 1 ; 2i � 1 are units we �nd that

J (a; n) = j a j
n +1

2  
ha

n

i �



�
2

�
a

;  
�� r Y

1� i � r



�

2
2i + 1

(2i � 1)a
;  

�
:

Now (see (2.5)):



�

2
2i + 1

(2i � 1)a
;  

�
= (2 ; a)(

2i + 1
2i � 1

; a)

�

2
2i + 1

(2i � 1)
;  

�

 (a;  );



�

2
�
a

;  
�

= (2 ; a)( �; a )
 (2�;  )
 (a;  ):

Since 2; � and 2i + 1 ; 2i � 1 are units, this simpli�es to:



�

2
2i + 1

(2i � 1)a
;  

�
= (2 ; a)(

2i + 1
2i � 1

; a)
 (a;  );



�

2
�
a

;  
�

= (2 ; a)( �; a )
 (a;  ):

Multiplying the factors together we obtain our result for n = 2 r + 1 (and [n=2] = r ).
We next consider the casen = 2 r . We change variables as follows: we set

xr = vu(x1x2 � � � xr � 1)� 1
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with u 2 1 + aPm
F , v 2 P m

E with vv = 1. More precisely,

v =
p

1 + t2� + t
p

�

with t 2 P m
F and dxr = dudt. We can integrate overu to get

J (a; 2r ) = j a j
Z

 
�

�
a

�

 dxi dv ;

where the phase function� is given by:

� = x1 + x1 + x2 + x2 + � � � xr � 1 + xr � 1 +
v

x1x2 � � � xr � 1
+

v
x1x2 � � � x r � 1

:

It is convenient to changexr � 1 into vxr � 1. The phase function has now the form:

� = x1 + x1 + x2 + x2 + � � � + xr � 2 + x r � 2 + vxr � 1 + vx r � 1

+
1

x1x2 � � � xr � 1
+

1
x1x2 � � � x r � 1

:

We set

x i = 1 + pi + qi
p

� ; v =
p

1 + t2� + t
p

� ;

where all the variables are inPm
F . In terms of these new variables, the Taylor expan-

sion of the phase function at the origin can be written in the form:

n + 2

0

@
X

1� i � r � 1

p2
i +

X

1� i<j � r � 1

pi pj +
X

1� i � r � 1

q2
i � +

X

1� i<j � r � 1

qi qj �

1

A

+ t2� + 2 qr � 1t� + higher degree terms:

After a unimodular change of variables (see Lemma 2.1), the quadratic form can be
written:

X

1� i � r � 1

i + 1
i

x2
i +

X

1� i � r � 1

i + 1
i

y2
i � +

1
r

y2
r � :

As before there is a neighborhood 
 of 0 in F such that, for j a j small enough, the
integral can be written as the product of the following factors:

j a j  
hn

a

i

Z



 

�
i + 1

ai
x2

i

�
dxi ; 1 � i � r � 1

Z



 

�
i + 1

ai
y2

i �
�

dyi ; 1 � i � r � 1

Z



 

�
1
ra

�y 2
r

�
dyr
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Since�; 2 and i; i + 1 are units, for j a j small enough this is equal to:

J (a; 2r ) = j a j
n +1

2  
hn

a

i
�

Y

1� i � r � 1



�

2(i + 1)
ia

;  
� Y

1� i � r � 1



�

2(i + 1)
ia

�;  
�



�

2�
ra

;  
�

:

Now (see (2.5):



�

2(i + 1)
ia

;  
�

=
�

2(i + 1)
i

; a
�

gamma(a;  );



�

2(i + 1)
ia

�;  
�

=
�

2(i + 1)
i

; a
�

(�; a )
 (a;  );



�

2�
ra

;  
�

= (2 r; a)( �; a )
 (a;  ):

Taking the product of all the factors we arrive at our result.

6. Computation of the relative germ. As before, we letM be the standard
Levi-subgroup of type (n � 1; 1). We recall the asymptotic properties of the integral
J (wM a; 	). There exists a smooth function K wG

wM
on AwG

wM
such that for any 	 2

Cc(S(F )) there is a smooth function of compact support ! � on AM such that

I (wM a; 	) = ! 	 (a) +
X

�� = a

K wG
wM

(� )I (wG � ; 	) :(6.1)

The sum is over all pairs in (�; � ) 2 (AwG
wM

; AG (F )) such that �� = a. The function
L wG

wM
is the germ (for the relative orbital integrals) along the subset AwG

wM
. Let K m

be the principal congruence subgroup inGL (n; E ). We let 	 be the product of the
characteristic function of wG K m \ S and the scalar

vol(Pm
F )� [n= 2]vol(Pm

E )� n ( n � 1)
2 +[ n= 2] :

As before:

L wG
wM

(� ) = I (wM �; 	) ;

where

� = diag( a; a; : : : ; a; a1� n det wM wG )

and j a j is small enough. After a unimodular change of variables we see that the
orbital integral of 	 has the form:

j a j � n � n ( n � 1)
2 +1

Z
	( x) 

� P
i + j = n +1 x ij

a

�

 dxij :

Here x = ( x i;j ) denotes a matrix of the following form:

x ij = 0 for i + j < n;

x ij = a for i + j = n;

x i;j = x j;i :

The variables are the entriesx ij 2 E with i + j � n + 1, i < j , the entries x i;i 2 F
with 2 i � n +1, except the entry Z = xnn which is a dependent variable. The entryZ
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can be computed from the condition that the determinant of the matrix x be detwG .
For instance in the casen = 4:

x =

0

B
B
@

0 0 a x14

0 a x32 x24

a x23 x33 x34

x14 x24 x34 0

1

C
C
A ;

an � 1 det(wM )Z + det

0

B
B
@

0 0 a x14

0 a x32 x24

a x23 x33 x34

x14 x24 x34 0

1

C
C
A = det( wG ) :

We see that the integral is equal to

j a j � n � n ( n � 1)
2 +1 vol(Pm

F )� [n= 2]vol(Pm
E )� n ( n � 1)

2 +[ n= 2] �
Z

 
� P

i + j = n +1 x ij

a

�

 dxij

integrated over the set:

x ij � 1 mod Pm
E for i + j = n + 1 ;

x ij � 0 mod Pm
E for i + j > n + 1 ; (i; j ) 6= ( n; n);

Z � 0 mod Pm :(6.2)

The last condition may also be written as follows (we illustrate the casen = 4):

det

0

B
B
@

0 0 a x14

0 a x23 x24

a x23 x33 x34

x14 x24 x34 0

1

C
C
A � det(wG ) mod an � 1Pm :

In the last condition we single out the variable x2;n . We write the condition in the
form:

x24 det

0

@
0 a x14

0 x23 0
a x33 x34

1

A + x2;4 det

0

@
0 0 a
a x2;3 x3;3

x1;4 0 x34

1

A + x2;4x2;4a2

+ det

0

B
B
@

0 0 a x1;4

0 a x2;3 0
a x2;3 x33 x3;4

x14 0 x34 0

1

C
C
A � det(wG ) mod an � 1Pm :

The contribution of x2;n to the formula has the form

x2;n au + x2;n au + x2;n x2;n a2v;

where u is a unit and v an integer. Both u and v depend only on the variablesx i;j

with ( i; j ) 6= (2 ; n). We introduce a new variable:

y = x2;n u +
1
2

ax2;n x2;n v :
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Then y 2 P m
E and the last condition reads

ay + ay + T � 0 mod an � 1Pm
F ;(6.3)

where we have set

T := det

0

B
B
@

0 0 a x1;4

0 a x2;3 0
a x2;3 x33 x3;4

x14 0 x34 0

1

C
C
A � det(wG ) :

As before the above relation implies

T � 0 mod aPm
F ;

and then the condition on y reads:

y + y � a� 1T mod am � 2Pm
F ;

y � y � a� 1T mod
p

� Pm
F :

Thus we can integrate the variabley away. The rest of the computation is similar to
the previous case. We obtain in this way:

Proposition 6.1. For

� = diag( a; a; : : : ; a; a1� n det wM wG )

and j a j is small enough,

L wG
wM

(� ) = j a j � 1� n ( n � 1)
2 J (a; n):(6.4)

In particular,

K wG
wM

(� ) = � n (� )L wG
wM

(� ):(6.5)

The second relation follows from the �rst, Proposition 5.1 and the relation (see (1.4))

� (a)[n= 2] = � n (a) :

7. Comparison of the orbital integrals. We now prove Theorem 1.2. The
proof of the theorem is by induction on n. There is nothing to prove for n = 1. So
we assumen > 1 and our assertion established form < n . Consider a w 2 WR (n),
6= e; wG . Then we may write

w =
�

w1 0
0 w2

�

with wi 2 WR (ni ). As before we associate to � a function h on GL(n1; F ) � GL (n2; F )
(see (4.2) and (4.1)) and we associate similarly to 	 a function k on Sn 1 (F ) � Sn 2 (F )
by

k(s1; s2) :=
Z

U1 (E )
	

�
t u

�
s1 0
0 s2

�
u

�
� (uu)du:(7.1)

The image of the support 
 of k under the map (s1; s2) 7! det s1 det s2 is compact;
the map (s1; s2) 7! det s1 from 
 to E � is proper. We can then de�ne the double
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orbital integrals J (w1a1; w2a2; k) and the partial orbital integrals J2(g; w2a2; k) of the
function k. For diagonal matrices ai 2 GL(ni ; F ) and a the corresponding diagonal
matrix in GL (n; F ) we have

I (a; �) = � n 1 (a1)� n 2 (a2)� (det a1)n 2 J (a; 	) ;

that is,

I (a1; a2; h) = J (a1; a2; k)� (det a1)n 2 :

Let us �x a2 diagonal in GL (n2). Then the functions

g1 7! I 2(g1; a2; h)

and

s1 7! J2(s1; a2; k)� (det(s1))n 2

satisfy the conditions of the theorem for GL (n1). Thus we have for every relevant
element w1a1 in GL (n1; F ):

I (w1a1; a2; h) = � n 1 (a1)� (det a1)n 2 � n 2 (a2)J (w1a1; a2; k) :

The functions

g2 7! I 1(w1a1; g2; h)

s2 7! J1(w1a1; s2; k)� n 1 (a1)� (det a1)n 2

satisfy the conditions of the theorem forGL (n2). Thus we get:

I (w1a1; w2a2; h) = � n 1 (a1)� (det a1)n 2 � n 2 (a2)J (w1a1; w2a2; k)

or

I (wa; �) = � n (a)J (wa; 	) :

In particular, this relation is true for wM . Thus we get from the germ relations (3.1)
and (6.1)

! (a) +
X

K wG
wM

(� )I (wG � ; �) =
�

! 0(a) +
X

L wG
wM

(� )JwG (� ); 	)
�

� n (a) :

Here ! and ! 0 are suitable functions of compact support onAwM (F ). We �x � 2 AW G

and choose� with a small enough. Then the above relation reads
X

zn =1

K wG
wM

(z� )I (wG z� 1�; �) =
X

zn =1

L wG
wM

(z� )JwG (z� 1�; 	) � n (�� ) :

By Proposition 6.1, this can be written as
X

zn =1

K wG
wM

(z� )
�
I (wG z� 1�; �) � � n (z� 1� )JwG (z� 1� )

�
= 0 :

Our conclusion follows as before.
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Concluding remarks : Theorem 1.2 suggests that the factors� n (a) are transfer
factors; that is, given � there is 	 (and conversely) such tha t the identities of the
theorem are true. However, the combination of the result andthe fundamental lemma
does not imply that the factors are transfer factors. Indeed, to arrive at this conclusion
we would need the following relations between the general germs de�ned in [7]:

K w
w 0(a) = � n (a)L w

w 0(a) :(7.2)

This relation is known for n = 2 ; 3 and, inductively for n = 4 and w 6= wG . However
the fundamental lemma for GL (4) implies only the relation

X

z4 =1

K wG
e (za) = � n (a)

X

z4 =1

L wG
e (za);

but not the stronger relation (7.2).
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