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A THEOREM OF DENSITY FOR KLOOSTERMAN INTEGRALS

HERVE JACQUET Y

1. Introduction. Let F be a local non-Archimedean eld of characteristic zero.
We denote by Of the ring of integers of F, by P or simply P its maximal ideal and
by $ a uniformizer. We let be a non-trivial additive character of F. The Haar
measure onF is the self-dual Haar measure and vol() denotes the volume of a set
for this measure. We denote by (; ) the quadratic residue symbol onF F

We regard the group G = GL(n) as an algebraic group overF. We use the
following notations. We denote by w, or wg, (ny the n n permutation matrix whose
entries are one on the second diagonal and whose other entsi@are 0. We denote by
N (n; ) or simply N the group of upper-triangular matrices with unit diagonal, by
A(n; ) or simply A the group of diagonal matrices and byW (n) or W the group
of permutation matrices. We let be a non-trivial additive character of F and we
denote by the character of N (F) de ned by

X
()= (  Nisi):

The group N(F) N (F) operates onGL(n;F) by:

g(nlﬂu) 'nigns

It follows from the Bruhat decomposition that the elements of the form wa, w 2 W,
a2 A(F), form a system of representatives for the orbits oN (F) N (F). We let be
a smooth function of compact support onG(F ) and considerorbital (Kloosterman)
integrals of the form:

z

(1.2) I (wa; ) := ‘nowan;  (ninz)dnidn,:

The elementwa is assumed to berelevant ; this means that the character (nin;)
is trivial on the stabilizer of wa in N(F) N(F). Then the above integral is over
the quotient of N(F) N (F) by the stabilizer of wa in N(F) N (F). The measure
is an invariant measure on the quotient. The exact normalizaion of the measure is
described in [7].

Relevant elements can be described as follows. Consider th&tandard Levi-

subgroup M of G of type (ni;nz;:::;nym). Thus M is the group of matrices of
the form:
0 1
o 0 O 0
% 0 g O 0 §

0 0 0 gm

with g 2 GL(n;). Let wy 2 M be the permutation matrix dened by g = wy, .
Let Ay be the center of M. Then any element of the formwy a with a 2 Ay (F)
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760 H. JACQUET

is relevant. All relevant elements are obtained in this way. We denote by Wg (n) or
Wr the set of relevant elements inW (n). If w 2 Wg then the unique M such that
W = wy is denoted by M,,. We also write A,, for Ay, . For instance, if w = e then
Ae = A; if M is the standard Levi-subgroup of type @ 1;1), then:

_ Wermn 1 O

The integrals | (wy a; ) are relatively easy to compute and closely related to the
hyper-Kloosterman sums:
X
X1+ X2+  +Xpn);

X1X2 Xp=1

where is a non-trivial additive character of a nite eld F and the x; are in F.

The motivation for studying this kind of orbital integrals i s as follows. Let us
go to a global situation where F is a number eld. Let be a smooth function of
compact support on G(Fa). We assume it is a product of local functions ,. We
de ne as usual a kernel function:

X
K(xy)= (x ty):
2G(F)

We consider the integral
z

()= K (*n, % n1) (nang)dnadn; :
N (F)nN (Fa) N (F)nN (Fa)

On the one hand, it can expressed in terms of the orbital integals | (w; ). On
the other hand, it can expressed in terms of the automorphic gectrum of G. Hope-
fully, the resulting identity can be used to establish various properties of the cuspidal
spectrum (See for instance [1], [2], [14].).

Our rst result is a theorem of density, asserting that the knowledge of the inte-
grals of the form | (a; ) determine the other orbital integrals:

Theorem 1.1. Suppose that is a smooth function of compact support on
GL(n;F) such thatl(a; ) = 0 for all a 2 Ac(F). Then all integrals of the form
I (wa; ) with wa relevant vanish.

To state the second result, we introduce more notations. LetE be a quadratic
extension of F. We denote by x 7! X the Galois conjugation in E. We denote by
S(F) the variety of invertible Hermitian matrices in GL (n;E):

S(F)= fs2 GL(n;E)j's= sg:
The group GL (n; E) operates onS(F):
s 7 'gsg:

Recall that the elements of the formwa with w 2 W, w? = 1, a 2 A(E) with waw = 3,
form a set of representatives for thﬁ orbits ofN (E) on S(F) ([12]). We assume that
E is unramied and write E = F(" ) where is a unit of F. Thus the quadratic
character of F associated toE is given by (a) = ( ;a). We assume further that
the residual characteristic of F is larger than 2n + 1, and that the character has
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for conductor the ring of integers Or. The Haar measure onE is self-dual for the
character tr. Since the elementnn is in N (F) times an element of the derived
group of N(E) we can de ne a charactern 7! (nn) of N(E). If is a smooth
function of compact support on S(F) we considerrelative orbital (Kloosterman)
integrals of the form

Z

(1.3) J(wa; ) = ( 'nwan) (mn)dn

with w 2 W, a 2 A(E) and wa 2 S(F). We assumewa is relevant, that is, the
character (nn) is trivial on the stabilizer of wa in N (E). The elementwa is relevant
if and only if wa is in GL(n; F) and relevant there. The integral is over the quotient
of N (E) by the stabilizer of wa in N(E). The measure is an invariant measure on
the quotient, normalized as explained in [7].

We introduce a character , of A(F) with values 1 as follows:

(1.4) n(diag(as;az;:iijan)) = (a1) (awdz) (a1@2a3)  (a1@  @n):
If a has the form:

a O

(1.5) a= 0 a

with & 2 A(n;;F) then
(1.6) n(@) = n (a1) (deta)"™ n,(az):

Theorem 1.2. Suppose that 2 C! (G(F)) and 2 C! (S(F)) are functions
such that

(@)= n(@J(&)
for all a2 A(F). Then for all w2 W and alla2 A (F) we have
I(wa; )= n(a@d(wa;) :

If and are the characteristic functions of GL(n;Of) and Og \ S(F) respec-
tively it is conjectured that the rst relation holds ( fundamental lemma ). Our
theorem asserts that the other relations holds as well. Thedndamental lemma has
been proven forGL (3) ([6]) and GL (4) ([18]) and, in the case of the positive charac-
teristic, for GL(n) ([10]). Similar identities are expected to be true for moregeneral
Hecke functions and have been proven in the context oGL (n) in the case of positive
characteristic ([11]).

The motivation for this result is as follows: we consider a gadratic extension
of number elds E=F. Suppose that is a smooth function of compact support on
S(Fa) which is a product of local functions. We construct a kernelfunction as follows:

X
H(g) = (‘gg)

2S(F)

and consider the integral
z

J() = H(n) (nmdn:
N (E)nN (Ea)
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As before this can computed in terms of the local relative orltal integrals. There is
also a spectral expression for the integrall (). The cuspidal automorphic represen-
tations which enter the spectral expression are those whictare distinguished by a
unitary group H, that is, contain a vector such that

z

(h)dh 6 0:
H (F)nH (Fa)

Suppose now that is a smooth function of compact support on the group
GL (n; Fa) which is also a product. If the local components of and hav e orbital
integrals related as in the theorem, we can expect to have thédentity 1() = J().
By equating the corresponding spectral expressions we canope to prove that the
distinguished cuspidal representations are exactly the rpresentations which are base
change of representations ofsL (n; Fa) (see [7]).

2. Preliminary result. The behavior at in nity of the orbital integrals | (wy ;
) is determined by the behavior of the following integral for jaj' O:

X1+ Xo + + Xn

(2.1) I (a;n) :=vol( PM) ! -

dx; :

The integral is over the subset ofF" de ned by:
Xi 1modP™: XX X, 1modaP™:

Herem is an integer, xed but large. In particular, m is so chosen that the character
is trivial on P™. Before stating our result we recall the de nition of the Weil constant
( ; ): given a compact open neighborhood of O inF, for j bj large enough, we

have:
Z

2
22) X ax=ibj = (b7 ):
Proposition 2.1.  If the integer m is su ciently large, then:
h.,i v :
. s n i+1
2.3 l(a;n)=jaj 2z ———= — —_,
(2:3) @m=iai™ g g )

if j aj is small enough. In particular, if the residual characterigic of F is larger than
n and the conductor of is the ring of integers, then

h.i
@4 l@n)=ia" T (na) (a )"}

for j aj small enough.
Proof. We change variables and set:

Xp = t(X1X2  Xn 1) %
where now the domain of integration is de ned by:
X;i 1modP™:1 i n 1;t 1modaP™:

After integrating over t the integral becomes
Z

Jalj a dxi ;
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where the phase function is given by:

1

= X1+ Xp + Xpn 1+ ——M:
X1X2 Xn 1

We setx; =1+ u; with u; 2P ™. The phase function takes the form
X Y 1
=n 1+ uj +
1in 1

1+Ui:

The Taylor expansion of this function at the origin has the form:

X X
n+ u? + uju; + higher degree terms:

1in1 1 i n 1

We now appeal to the following lemma:
Lemma 2.1. Let n 2 be an integer. LetF be a eld of characteristic O.
(i) The quadratic form
X X
X2+ XiX;|

1in 1 i n

is equivalent overF, by a unipotent linear transformation, to the quadratic form

1 X i+1
=7 v
2 i
1in
(ii) The quadratic form
X X X 2
X2+ XiXj + Xn 1Xp+ ZF
1in1 1 i n 1

is equivalent overF, by a unipotent transformation, to the quadratic form:

1 X i+1 1
= Y24+ —Y2:
i 2n "

1in1

Proof of the lemma: We prove the rst assertion. Itis trivial for n = 1. Thus we
may assumen > 1 and our assertion proven forn 1. Consider the quadratic linear
form

}X |+1Y2
2 i
1

i n

By the induction hypothesis it is equivalent by a unipotent t ransformation to the
guadratic form:

X X in+1
Uz + Uy + 0

Y2
2

1in1 1 i n
We change variables as follows:

X .
Ui:xi+7“;1 i n 1;Y=Xp:
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In terms of the these new variables the quadratic form has therequired type.
We now prove the second assertion. By the rst assertion (or is proof) the
guadratic form is equivalent by a unipotent transformation to the form:

1 X i+l Y2
z 'i UZ+ Uy 1Y + =

1in1
Now
n Y? n n 1, 2 Y2
UZ (+Uy 1Y+ —= 55— Uy 1+ Y + =
2 1) "1t 2 2 1) "' T 2n
Thus we obtain a quadratic form of the required type by setting:
n 1 .
Yo 1= Uy 1+ Y: Y=Y ;Y,=Uforién 1n:2

The lemma being proven we see that after a unimodular changefccoordinates
the Taylor expansion of at the origin reads:
1 X i+1 .
=n+ - i—yi2 + higher degree terms:
1in1

Thus the origin is a regular critical point. Moreover, if we choosem su ciently large,
the origin is the only critical point of the phase function on the domain of integration.
By the principle of the stationary phase there is a compact ngghborhood of 0in F
such that, for j aj small enough, the integral is equal to:
hpiZ P’
[(azn)=iai b i Ji dv :
@n=jaj o g Wi
where each variable is integrated over . Thus, for j aj small enough,l (a;n) is the
product of the following factors: b
[
jaj

@[>

and
2ai !

Moreover, by de nition of the  factor (see (2.2)), forj aj small enough, the factor
corresponding to the indexi is equal to:

dyi;1 i n 1:

. 1=2 .
ai i+1

i+1 ai ’

Collecting factors we arrive at our rst assertion.
Under the assumptions of the second assertion we havd; g =1and (b; )=1
if band c are units. In particular (1; )= 1. For an arbitrary pair ( b;¢

(2.5) (b; ) (c; )= (bc; )b;O:

It follows that
i+1 i+l _ i+1 i+1
L R B B

Taking the product of these factors we obtain the second asston. 0O
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3. Computation of the germ. We let M be the standard Levi-subgroup of
type (n  1;1). The corresponding elementw,, is given by (1.2). We recall the
asymptotic properties of the integral I (wy a;f) ([7]). We denote by Afj¢ the set of
matricesa 2 Ay,, (F) such that det(a) = detwy wg. There exists a smooth function
Kwe on Age with the following property: for any 2 C.(G) there is a smooth
function of compact support! on Ay such that

X
(3.1) l(wua )= ! (a)+ Kwe ()(we ;)
=a
The sum is over all pairsin (; ) 2 (AJS ;Ag(F)) such that = a. The function

KWwe is the germ (for the orbital integrals) along the subset Ayje . It is not unique.

However, letK , be the principal congruence subgroup oGL (m; F); denote by the
.. . nn_1
product of the characteristic function of wgK , and the scalar volP™) ~—=z . Then

I (wg; ) =1. Moreover, for z2 Ag(F) (i.e. z a scalar matrix) with z" =1 but z6 1
we havel (wgz; ) =0 (if m is su ciently large). It follows that

Kue ()= 1w ;) ;
where
=diag a;a;:::;a;al "det(wy wg) ;

and j aj is small enough (see [8]).

Our goal in this section is to compute the germK j¢ , or, what amounts to the
same, the orbital integral | (wy ; ) where is the function de ned above. Let P be
the parabolic subgroup of type (@ 1;1) and U its unipotent radical. Then P = MU..
We setNy = N\ M. The stabilizer of wyy, in N(F) N (F) is the set of pairs
(n1;n2) with nj 2 Ny andtnywy n > = wy . Then:

z
(3.2) I(wy ; )= Yuswym u 1n (upuzn)duidusdn;

where the integral is overU(F) U(F) Nu (F). After a change of variables we nd
that the orbital integral is equal to:

P
n(n L Xii
jaj n el (x)  —Ene A g
a
Here x = (x;; ) denotes a matrix of the following form:
Xj =0fori+j<n;xy =afori+j=n;

the variables are the entriesx; with i+j n+1,(i;j) 6 (n;n);theentry Z := Xpn
is a dependent variable. The entryZ can be computed from the condition that the
determinant of the matrix x be detwg. For instance in the casen = 4:

0 1
0 a X441
X = % a X2 Xa2
X23 X33 X43
X14 Xo4 X34 Z

» O O
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0 1
0 0 a X441

0 a X X
a" ldet(wy )Z + det % 32 M4z
a  X23 X33 Xs3

X14 X2 Xazs O

§=det(wG):

We see that the integral is equal to

Z P
jaj n "(nz D41 VOl(Pm) n(nz D i+i:an+l Xij dXij
integrated over the domain de ned by:
Xj 1modP™ fori+j=n+1;
Xj OmodP™ fori+j>n +1;(i;j)6(n;n);

(3.3) Z OmodP™:

The last condition may also be written as follows (we illustrate the casen = 4):

1
0 a X441

0
0
det% 0 a X3 Xa § det(wg) mod a” P™:
a X233 X33 X43
X14 X2a Xz O

In the last condition we single out the variable x»., . We write the condition in the
form:

0 0 0 1
0 2 Xa 0 a xal >):41
X240et@ 0 Xz Xxap A +det % sz e § det(wg) mod a” 1P™:
a X233 X33 X43
a X33 Xa3

Xta 0 Xz O
The coe cient of x,.,, has the forma where is a unit, which depends only on the

variables x;; with (i;j ) 6 (2;n). After changing Xo.n t0 X2y 1 we may rewrite the
last condition in the form:

(3.4) Xona+ T Omoda" P™:

where we have set 1
0 a Xa1
23

0
0
— 0 a X Xa § )
T :=det % a « s det(wg) :

X 33
Xia 0 Xaa O
Sincex,, 0modP™ we see that the previous condition impliesT 0 modaP™.
Thus the conditions on x,., can be written as:
(3.5) T OmodaP™;xz, a Tmoda" 2P™:

We can integrate overx,,, to obtain the scalar factorj aj" 2 vol(P™). We have thus
eliminated the variable x,.,. At this point the integrand is the same as before but
the domain of integration is now de ned by:

Xij 1modP™ fori+j=n+1;

Xij  OmodP™ fori+j>n +1;(i;j)6(2;n);(n;n);
(3.6) T OmodaP™:
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In the above condition the determinant of the matrix entering T has the form
XinX2n 1 Xin detwg + ay

with y 2 P™. Thus the last condition reads

(3.7) XinX2n 1 X1n 1 modaP™:

At this point we integrate over the variables x;; with i + j>n +1 and we get the
following proposition:
Proposition 3.1.  Set

=diag a;a;:::;a;a " det(wy wg)
Then, for j aj su ciently small,

3.8 K% ()y=jaj ¥ ™= 1(an):
Wm J J h .
iy :
We U 2 1 n i+1
(3.9) Kwg ()=1jaj mi=?  a o a2

In particular, if the residual characteristic of F is larger than n, we have, forj a j
small enough:

(n 1?2 hni 1
(3.10) Kuws()=jaj "2 = (ma) @ )" '

4. The theorem of density. We now prove the density Theorem 1.1. Our key
step is the following result:

Lemma 4.1. Suppose is a smooth function of compact support such that
I(wya;)=0 forall a2 Ay (F). Then I(wga; )=0 forall a2 Ag(F).

Proof. From the germ relation (3.1) we get fora2 Ay, (F)

X
0=1! (a)+ KWe ()l (we ;)

=a

where! has compact support. Given and the pairs ( % 9 suchthat © °=

have all the form °= z and °= z ! wherez is an n-th root of unity, as follows

from the fact that ®and have the same determinant. Given 2 Ag(F) we choose
of the form

with a so small that! ( ) =0. We get then
X
Kwe(z Hli(wsz; )=0
zn=1

We have to see that this condition implies that | (wg z; ) =0 for all z. If we set

m(z):= l(wg z; ) ;
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we see that the above relation reads:

X hEi Y (i+1)z m(2)=0:

z" =1 alinl 1a

for j aj small enough. We have to see tham(z) = 0 for all z. Now the -factors are
non-zero. Viewed as functions ofa, they depend only on the class ofa modulo the
squares. Hence we may write:
Y (i+1)z X
?; = (ac (2);
1in1 2=1

the sum over all quadratic (or trivial) characters of F . Moreover, for eachz, there
is at least a such that ¢ (z) 6 0. We have then
X h. i
(@ = c@=0

Z

for all a with j a j small enough. Thus our assertion will follow from the following
lemma. O

Lemma 4.2. Suppose distinct pointsx; are given in F and, for each indexi and
each quadratic character of F , there is a constantm;. such that

mi,  (xix) (=0
i; 2=1

for all x with j x j large enough. Thenm;. =0 for all i and all
Proof. Suppose thatm;,. , 6 0. At the cost of multiplying by  ( xi,x) and
o(X) we may assume that our relation takes the form:

X
1= xix) (x)m;. ;

where now the pair with x; = 0; = 1 does not appear on the right. We choose an
a with j aj large and integrate this identity over the setjajj xjj a$ ! | against
the multiplicative Haar measure. The left hand side gives a psitive value. On the
other hand we have

z z Z

(x)d x = (x)d x + (x)d x:
jajj xjj a$ 1j ix=jaj ixj=ja$ 1j
If is ramied, each term is 0. If is unramied but non-trivial the two terms are
opposite. Thus the terms with x; = 0 contribute zero to the integral of the right hand
side. For xed and xed x; 6 0 and j bj large the integral
z
(xix) (x)d x
ixj=jbj

vanishes. Thus the terms with x; 6 O contribute zero as well if j a j is su ciently
large and we get a contradiction.l

We go back to the proof of Theorem 1.1. Lemma 4.1 already impdis our assertion
for n = 2. Thus we may assumen > 2 and our assertion established for all groups
GL(m)with1 m n 1. Itis then true for a product GL(n;) GL(ny) in the
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following sense. Leth be a smooth function on the productGL(ny;F) GL(ny;F).
Suppose thath is supported on a set with the following two properties: the image of
under the map ( g;; ) 7! detg; detg, is a compact set ofF ; the map (g1;92) 7!
detg: from to F is proper (Note that the map (gi;92) 7! detg, is then also
proper.). If wia; and wpa, are relevant in GL (n1; F) and GL (ny; F) respectively, we
can de ne the double orbital integral | (wyas;wsaz;h):
z

I (wiag;Weaz;h) = h tupwiagvi; 'uswoasve  (Ugvi)dusdvy (Usvo)dupdvs;

where (u;;v;) is integrated over the product N (nj;F) N (n;;F) divided by the sta-
bilizer of wia;. We can also de ne the partial orbital integrals |1(wias; g2; h) and
I2(g1; woaz; h). For instance:

Z

li(wias; gesh) = h(*niwiaing; g) (ninz)dnidng;

the integral is over the product N (ny;F) N (ny;F) divided by the stabilizer of the
point wya;. Moreover, if we x wja; and denote byf,(g,) the above function, then
f, is a smooth function of compact support onGL (n,; F) and

I (wiag; woaz; h) = 1 (waag; f2):

This being so assume that (az; az; h) = 0 for all pairs ( a1; az). Applying the induction
hypothesis to the function

g1 7! 12(91;@2; h);

we nd that | (wyag;az;h) =0 for all relevant elements wya; in GL(n1;F). Now we
X wpa; and apply the induction hypothesis to the function g, 7! 11(wzas;gz; h); we
conclude that | (wia;; wpaz; h) =0 for all wpas,.

Now suppose thatl (a;f) =0forall a2 A(F). Letus prove rstthat | (wa;f)=0
forall w2 Wgr, w6 wg;eanda?2 Ay (F). Indeed, we can nd two integers (ny; ny)
such that n = ny + n, and wa has the form

Wiag 0

wa =
0 Woap

with w;a; relevant in GL(n;;F). Let Uy be the group of matrices of the form

1,, X
4.1 us= !
(4.1) o 1,
De ne a function
z 0
(42)  h(gug) = flu O Uy (Upur)dusdu;
Ui(F) Ui(F) %
More explicitely:
z
o]} X1

h(g1;92) = (uou1)dusdus

XoOi G+ Xo01X1

The determinant of the matrix in the integrand is det g; detg,. Hence the image of
the support of h under the map (g1;92) 7! detg; detg, is a compact set ofF
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Let us impose in addition the condition that det g; be in a compact set ofF ; then
detg, is in a compact set ofF . If the integrand is non-zero theng; is in a compact
of M(n n;F) hence in fact in a compact set ofGL(n1;F). Moreover g1 X is in
a compact set of F":, Hence X is in a compact set. LikewiseX, is in a compact
set. Thus X,0g:X 1 is in a compact set ofM (n,  ny;F). Sincegy + Xog1 X isin a
compact set ofM (n, ny; F) the same is true ofg,. Finally g, is in a compact set
of GL(n2;F). Thus the map (g;;02) 7! detg 1from to F is proper and we may
apply the above considerations to the functionh. We have then

I (wa;f) = I1(wias;wraz; h):

On the other hand, if b2 A(n;F) is a diagonal matrix we can write it as a bloc of
diagonal matrices (1; ), h 2 A(n;; F), and then

I(bi;bp;h) = 1(b;f)=0:
As explained above, the induction hypothesis implies then hat
I (wiag;wpap; h) =0 ;

that is, | (wa;f) = 0. We have now established that | (w ;f) = 0 for all w 2 Wg,
w 6 wg. In particular 1 (wy ;f) =0. By Lemma 4.1, | (wg ;f) = 0 and we are
done.

5. The relative situation: preliminary results. We now consider a quadratic

exﬁnswn E of F. We assume (for simplicity) that E is unrami ed and write E =
) where is a unit of F. Thus the quadratic character of F associated toE

is glven by (a) =( ;a). We assume further that the residual characteristic of F is
larger than 2n + 1 (in particular n odd), and that the character has for conductor
the ring of integers O . The Haar measure onE is self-dual for the character  tr.

We de ne a function J(a;n) as follows.

If n=2r then

X1+ Xy + Xo+ Xo + + Xy + X,

(5.1) J(an):=vol(PM) ! a

dx; ;

where eachx; is in E and the measuredy; is self-dual for the character tr. The
domain of integration is de ned by

Xji 1modP{;

X1X1X2X2  + XXy 1 modaP{ :
If n=2r +1 then

X1+ X1+ X+ X+ Xr  Xr + Xr41
a

(5.2) J(a;n) :=vol( PT) 1 dxi ;

where eachxj, 1 i r,isin E and x;+1 is in F. The Haar measures are again self
dual. The domain of integration is de ned by

Xi 1modPf;1 i r;Xr+1y 1modPP;
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X1X1X2X2 X, XrXr+1 1 modaPf :

As before the behavior at in nity of the relative orbital int egralsJ(wy a; ) is deter-
mined by the behavior of these integrals forj aj! 0.
Proposition 5.1. Suppose that the residual characteristic of is larger than
2n + 1. Then, if the integer m is su ciently large:
i
5:3) Jam=jai® I A@ma) (@ )" Y

for j aj small enough. In particular:
(5.4) J(@n)= (@™7I(a;n);

for j aj small enough.
Proof. We rst consider the casen =2r + 1. We change variables setting:

_ - o o oy 1
Xr+1 = (X1X1X2X2 X Xp) 't

with t 1 modaP{ and integrate overt. The integral becomes
z

J@2r+1)=jaj 2 dx;

where the phase function is given by:

1

= X1+ X1+ Xo+ Xo+ + X+ X+ ——— —
X1X1X2X2 Xr Xr

We setx; =1+ pi+ g , with pi;q 2 P . Then the Taylor expansion of at the
origin reads:

=n+3 p? + 4 pip + ¢ + higher degree terms:
10 1 i< r 10

We use the following lemma:
Lemma 5.1. Let n 2 be an integer. LetF be a eld of characteristic 0. The
guadratic form

3 XZ2+4 XiX|
1 i n 1 i n
is equivalent overF, by a unipotent transformation, to the quadratic form
X 2i+1 2.
2 1

1in

Proof of the Lemma: Our assertion is trivial for n = 1. Hence we may assume
n> 1 and our assertion proven forn 1. Thus the quadratic form
X 2i+1 ve.

- i -
1in2l1

is equivalent to the following form by a unipotent change of \ariables:

2n+1

Y?2:
2n 1

X X
3 Uz+4 Uy +
1in1 1 i n 1
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We now set

2Y
Ui:Xi+—2n 1;Xn:Y
to obtain a form of the required type.
Thus, after a unimodular change of variables, the Taylor ex@nsion of the phase
function at the origin may be written in the form:

X 2i+1 2,

=n+ _ X
r2| 1

y? +higher degree terms:
10

If m is large enough, the origin is then the only critical point in the domain of
integration. By the principle of stationary phase, there is a neighborhood of 0 in
F such that for j aj small enoughJ(a;n) is the product of the following factors:

- hﬁi
. Jja) n
2i+1 .
——x{ dxi; 1 0 or
i Da ' "
g gl
ayiz dyi;1 i r:

Taking j aj small enough still we see that

hai 1=2

TY . 1=2 .
A N
1ir

Since ;2and 2 +1;2i 1 are units we nd that

o _oam DNal oY 2i+1
J(an)=jajz o 25, L Zm,
Now (see (2.5)):
2i+1 0 2+l 2i+1 Sy
‘@ pa @ ey &)
27 =@a(ia) @) (@& )

Since 2 and 2 +1;2i 1 are units, this simpli es to:

2i+1 . 2i+1 L
zm, = @85 @ )

25; =(2;a)( ;a) (a; ):

Multiplying the factors together we obtain our result for n =2r +1 (and [n=2] = r).
We next consider the casen = 2r. We change variables as follows: we set

Xr = VU(X1X2  Xr 1) 1
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with u2 1+ aPf, v2PI with vw=1. More precisely,

pP— -
v= 1+e2 +t°

with t 2 P and dx,; = dudt. We can integrate overu to get
Y4
J(a;2r)=jaj a dxjdv;

where the phase function is given by:

=X1+71+X2+72+ Xr 1+7f 1+ + .
X1X2 Xr 1 X1X2 Xr 1

It is convenient to changex, ; into vx, 1. The phase function has now the form:

= X1+ X+ Xot+tXo + Xy 2+ X 2+ VX 1+ VX g

1 1
+ +

X1X2 Xr 1 X1X2 Xr 1

We set

_ pP—— _
xi:1+pi+qIO TV o= 1+t2+tp;
where all the variables are inP{. In terms of these new variables, the Taylor expan-
sion of the phase function at the origin can be written in the form:
0 1
X X X X
n+2 @ pi2+ pip + q2 + GG A
1ir 1 1 r 1 1ir 1 1 i r 1

+t> +2q it +higher degreeterms:

After a unimodular change of variables (see Lemma 2.1), the wpdratic form can be
written:
X i X i
e
1ir 1 : 1ir 1 : r

As before there is a neighborhood of 0 inF such that, for j aj small enough, the
integral can be written as the product of the following factors:

h,i

.. n
Jjaj a
+
ix,z dp ;1 i or 1
. ai
i+1
: ?)’.2 dyi ;1 i r 1
1
_Yr2 dyr
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Since ; 2 andi;i +1 are units, for j aj small enough this is equal to:

na Nl Y i Y '
J@2)=jaj g 2(|i;1); 2(Ii;1) ; r2_a;
1ir 1 1ir 1
Now (see (2.5):
Z(iigl); = 2(i;rl);a gamma(a; );
20+1) . _ 2+1), . Sy
ia ’ - | 1a ( !a) (a, )a
f—a; =@2ra)(;a) (a ):

Taking the product of all the factors we arrive at our result. O

6. Computation of the relative germ. As before, we letM be the standard
Levi-subgroup of type (n  1;1). We recall the asymptotic properties of the integral
J(wm a&; ). There exists a smooth function Kygé on Aje such that for any 2
G (S(F)) there is a smooth function of compact support! on Ay such that

X
(6.1) I(wya; )= ! (a)+ Kwe () (wg ;)
=a
The sum is over all pairs in (; ) 2 (ARS ;Ag(F)) such that = a. The function

Lwe is the germ (for the relative orbital integrals) along the subset Ajje . Let Kp,
be the principal congruence subgroup inGL (n; E). We let be the product of the
characteristic function of wgK, \ S and the scalar

— n(n ) —
vol(PMy In=2lyo(pm) & -+n=2 .

As before:
Lug ()= Twm ;) ;
where
=diag(a;a;:::;a;al " detwy wg)

and j a j is small enough. After a unimodular change of variables we sethat the
orbital integral of has the form:
d P
j aj n n(n2 D 41 ( X) i+j=n+1 Xij

dx; :
a I

Here x = (x;j ) denotes a matrix of the following form:

Xj =0fori+j<n;

xj =afori+j=mn;

Xij = Xji -
The variables are the entriesx; 2 E with i+ j n+1, i<j,theentriesx; 2 F
with 2i  n+1, except the entry Z = X, which is a dependent variable. The entryZ
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can be computed from the condition that the determinant of the matrix x be detwg.
For instance in the casen = 4:
0

1
0 0 a Xius
X = % 0 a Xz X § )
a X3 X3z Xz A
X14 Xos4 Xzs O
0 1
0 0 a X14
0 a Xz Xz §
a" ldet(w Z+det% > =det(wg):
(W ) a X2z X33 Xz (We)

X14 Xo4 Xz O

We see that the integral is equal to
b P
(n_1)

. n - N D = i+j= Xijj
jaj " = vol(pr) =Avol(pp) MY —HEE—

integrated over the set:

Xj 1modPg fori+j=n+1;
Xj OmodP{ fori+j>n +1;(i;j) 6 (n;n);

(6.2) Z OmodP™:
The last condition may also be written as follows (we illustrate the casen = 4):
0 1
0 0 a Xiug
det% 0 a Xz X § det(wg) mod a” P™M:
a X233 X33z Xz

X14 Xo4 Xz O

In the last condition we single out the variable x»., . We write the condition in the
form:

1 0
0 a Xu 0 0 a
X24 det@ 0 X23 0 A+ X2:4 det@ a X2:3 X33 A+ xz;472;4a2
a Xzz Xz X4 0 Xag
0 1

0 0 a X1:4
0 a Xo 0
+det % z3 § det(wg) mod a” *P™:
a X2;3 X33 X34
X4 0 x4 O
The contribution of x,., to the formula has the form
Xz;n aU + 72;“ a.U + Xz;n 72;“ aZV,

where u is a unit and v an integer. Both u and v depend only on the variablesxi;
with (i;j ) 6 (2;n). We introduce a new variable:

1 -
y = Xz;n u + éaxz;n Xz;nV
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Theny 2 P and the last condition reads
(6.3) ay+ay+ T Omoda" P[;

where we have set

0 1
0 0 a X1:4
T :=det % 0 a Xz _O § det(wg) :
a Xz3 X33 X34
Xia 0 Xaa O
As before the above relation implies
T OmodaP{;

and then the condition ony reads:
y+y a 'Tmoda™ 2PF;
y y alT modp_PE‘:
Thus we can integrate the variabley away. The rest of the computation is similar to

the previous case. We obtain in this way:
Proposition 6.1.  For

=diag(a;a;:::;a;al " detwy wg)
andj aj is small enough,
(6.4) Lue ()=jaj * "% J@n):
In particular,
(6.5) Kwe ()= n( )Ly ()
The second relation follows from the rst, Proposition 5.1 and the relation (see (1.4))
@2 = 4 (a):
7. Comparison of the orbital integrals. We now prove Theorem 1.2. The

proof of the theorem is by induction on n. There is nothing to prove for n = 1. So
we assumen > 1 and our assertion established fom < n. Consider aw 2 Wg(n),
6 e;Ws. Then we may write

W= W1 0
0 wy
with w; 2 Wgr(n;). As before we associate to a functionhonGL(ny;F) GL(ng;F)
(see (4.2) and (4.1)) and we associate similarly to a functionk on S,,(F) Sp,(F)
by
z

(7.1) K(s1:sp) = ig St 0

0 s u (uo)du:

Ui(E)

The image of the support of k under the map (s1;s2) 7! dets; dets;, is compact;
the map (s1;s2) 7! dets; from to E is proper. We can then de ne the double
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orbital integrals J(wjas;w»ay; k) and the partial orbital integrals J,(g; w.ay; k) of the
function k. For diagonal matricesa; 2 GL (n;;F) and a the corresponding diagonal
matrix in GL(n; F) we have

I(a;)= n,(a1) n,(a2) (detay)"?J(a;) ;
that is,
I (a1;a2;h) = J(as;az;k) (detay)":
Let us x ap diagonal in GL(n;). Then the functions
01 7! 12(01; az; h)
and
S1 7! Ja(s1;az; k) (det(sy))"

satisfy the conditions of the theorem for GL(n;). Thus we have for every relevant
elementw;a; in GL(ny;F):

I (wiag;@2;h) = n,(a1) (deta)™ n,(az)d(wiag;az;k):
The functions

G2 7! 11(wiag; g2; h)

Sp 7' Ji(wiag;Sp;K) n,(a1) (detap)"
satisfy the conditions of the theorem for GL (n;). Thus we get:
I (wiag;Waag;h) = (a1) (detag)"™ n,(a2)d(wias; Waaz; k)
or
l(wa; )= n(@)d(wa;) :
In particular, this relation is true for wy . Thus we get from the germ relations (3.1)
and (6.1)
X 0 X
L@+ Kie()lwe )= 1@+ Lo ()dwe( ) n(a):

Here! and! %are suitable functions of compact support onAy,, (F). We x 2 Aw,
and choose with a small enough. Then the above relation reads

X
Kwe (z )(wez *; )= Lwe (Z Wwe(z *5) n( )
zn =1 zn =1
By Proposition 6.1, this can be written as
Kwe(z ) l(wez *; ) n(z P )ws(z 1) =0:
zn =1

Our conclusion follows as before.
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Concluding remarks  : Theorem 1.2 suggests that the factors ,, (a) are transfer
factors; that is, given there is (and conversely) such tha t the identities of the
theorem are true. However, the combination of the result andthe fundamental lemma
does not imply that the factors are transfer factors. Indeed to arrive at this conclusion
we would need the following relations between the general gms de ned in [7]:

(7.2) Kwo(@) = n(a)Lyo(a):

This relation is known for n = 2;3 and, inductively for n =4 and w 6 wg. However
the fundamental lemma for GL (4) implies only the relation

X X
Kee(za)= n(@  Le°(za);

z4=1 z4=1

but not the stronger relation (7.2).
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