ASIAN J. MATH. (© 1998 International Press
Vol. 2, No. 4, pp. 779-832, December 1998 008

KAZHDAN-LUSZTIG CONJECTURE FOR SYMMETRIZABLE
KAC-MOODY LIE ALGEBRAS. IIT - POSITIVE RATIONAL CASE*

MASAKI KASHIWARA! AND TOSHIYUKI TANISAKI#

1. Introduction. The aim of this paper is to prove the Kazhdan-Lusztig type
character formula for irreducible highest weight modules with positive rational highest
weights over symmetrizable Kac-Moody Lie algebras.

Let us formulate our results precisely. Let g be a symmetrizable Kac-Moody Lie
algebra over the complex number field C with Cartan subalgebra h. We denote by W
the Weyl group and by {«;}ics the set of simple roots. For a real root «, we define
the corresponding coroot by av = 2a/(«a, ), where ( , ) denotes a standard non-
degenerate symmetric bilinear form on h*. For X € h*, let AT()\) denote the set of
positive real roots a satisfying (¥, \) € Z, and let II(\) denote the set of a € AT ()\)
such that sq (AT(X)\ {a}) = AT(A)\ {a}. Here s € W denotes the reflection with
respect to a. Then the subgroup W(\) of W generated by {s, ; « € AT(\)} is a
Coxeter group with the canonical generator system {s, ; « € II(A\)}. Fix p € b*
satisfying (p, ) =1 for any ¢ € I and define a shifted action of W on h* by

wod=wA+p)—p forwe W and X € h*.

For A € h* let M(\) (resp. M*(X\), L(A\)) be the Verma module (dual Verma
module, irreducible module) with highest weight \. We denote their characters by
ch(M (X)), ch(M*(N)), ch(L(X)) respectively. We have ch(M (X)) = ch(M*())), and
ch(M (X)) is easily described.

The main result of this paper is the following.

THEOREM 1.1. Assume that A € h* satisfies the following conditions.

2(a, A+ p) # (a, ) for any positive imaginary root c.
(@Y, A+ p) ¢ ZL<o for any positive real root c.

If w e W satisfies wo A = A, then w = 1.

(@, \) € Q for any real root a.

AA,_\A
— = = =
N N
NN NN

Then for any w € W(X) we have

(1.5) ch(M(wo )= > Py, (1)ch(L(yoN)),
(1.6) ch(L(wo \)) = i (—1)HW=HQR (1) ch(M(y o N)).

Here, >, P} ., £y, Q) . denote the Bruhat ordering, the Kazhdan-Lusztig polyno-

w,y? w,y
mial, the length function, and the inverse Kazhdan-Lusztig polynomial for the Cozxeter

group W (X), respectively.
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When g is a finite-dimensional semisimple Lie algebra, this result for integral
weights was conjectured by Kazhdan-Lusztig [19], and proved by Beilinson-Bernstein
[1] and Brylinski-Kashiwara [2] independently. Later its generalization to rational
weights was obtained by combining the results by Beilinson-Bernstein (unpublished)
and Lusztig [21].

As for the symmetrizable Kac-Moody Lie algebra, Theorem 1.1 for integral
weights was obtained by Kashiwara(-Tanisaki) in [14] and [16] (see also Casian [3]).
We note that a generalization of the original Kazhdan-Lusztig conjecture to affine Lie
algebras in the negative level case was obtained by Kashiwara-Tanisaki [17], Casian [4]
(integral weights), Kashiwara-Tanisaki [18] (rational weights). We finally point out
that (1.6) for w = 1 was proved by Kac-Wakimoto [11].

Let us give a sketch of the proof of our theorem.

Let X = G/B~ be the flag manifold introduced in Kashiwara [13], which is
an infinite-dimensional scheme. We have a stratification X = |_|w€W X by finite-
codimensional Schubert cells X,, = BwB~/B~. For A € h* let D) be the TDO-ring
(ring of twisted differential operators) on X corresponding to the parameter \. For
w € W define Dy-modules By, () (resp. My, (), L£,,(X)) as the meromorphic extension
(resp. dual meromorphic extension, minimal extension) of the Dx -module Ox,  to
a Dy-module. They are objects of the category H(\) consisting of N*-equivariant
holonomic Djy-modules.

For A € b* satisfying the conditions (1.1), (1.2) and (1.3), we define a modi-
fied global section functor I' from H(\) to the category Ml(g) of g-modules. Then
Theorem 1.1 is a consequence of the following results.

THEOREM 1.2. Assume that A € b* satisfies the conditions (1.1), (1.2) and (1.3).

(i) The functor T : H(X) — M(g) is ezact.

(i) T(Bw(N\) = M*(wo\) for any we W.

(iii) T(My(N) = M(wo N) for any w e W.
(iv) T(Lw(N) = L(wo ) for any w € W.

THEOREM 1.3. Assume that A\ € h* satisfies the condition (1.4). Then for any

w € W which is the smallest element of wW (\) and any x € W(A), we have

(L.7) [LoaN] = D (=)@ OQR (1) Muy (V)]

YZAT

in the (modified) Grothendieck group K(H(X)) of H(N).

The proof of Theorem 1.2 is similar to the one in [14]. In the course of the proof
we also use the modified localization functor Dy® e from a category of certain g-
modules to a category of certain Dy-modules as in [14], and we prove simultaneously
that Dy\&T (M) ~ M for any M € Ob(IH())). Aside from the technical complexity in
dealing with non-integral weights, the main new ingredients compared with the inte-
gral case [14] are the embeddings of Verma modules (Theorem 2.5.3) and the proof of
the injectivity of the canonical morphism M (wo A) — T'(M,, (X)) (Proposition 4.7.2).

The proof of Theorem 1.3 is based on the theory of Hodge modules by M. Saito [23]
as in [16]. As for the combinatorics concerning the Kazhdan-Lusztig polynomials we
use the dual version of the result in [22].

In the affine case, we can deduce the non-regular highest weight case from the
above result by using the translation functors.
THEOREM 1.4. Let g be an affine Lie algebra, and assume that A\ € b* satisfies

(1.8) (0, A+ p) # 0, where § is the imaginary root.



KAZHDAN-LUSTZIG CONJECTURE 781

(1.9) (@Y, A+ p) € Q\ Z—g for any positive real root c.

Then Wy(X) = {w € Wi;wo X = A} is a finite group. Let w be an element of W(X)
which is the longest element of wWy(X). Then we have

ch(L(woX) = Y (~1)*@=AIQR (1) ch(M(y o N)).

Yy>rw

A motivation of our study comes from a recent work of W. Soergel [24] concerning
tilting modules over affine Lie algebras. We would like to thank H. H. Andersen for
leading our attention to this problem.

2. Highest weight modules.

2.1. Kac-Moody Lie algebras. In this section, we shall review the definition
of Kac-Moody Lie algebras, and fix notations employed in this paper.

Let h be a finite-dimensional vector space over C, and let II = {a;}ic; and
1TV = {h;}ier be subsets of h* and b respectively indexed by the same finite set I
subject to

(2.1.1) II and ITV are linearly independent subsets of h* and b respectively,

(2.1.2)  ((hs, )i jer is a symmetrizable generalized Cartan matrix.

Here (, ) : h x b* — C denotes the natural paring. The elements of II and IV
are called simple roots and simple coroots respectively. We fix a non-degenerate
symmetric bilinear form ( , ) on b* such that

(2.1.3) (i,a;) € Qsg  foranyiel,
(2.1.4) (hiy ) =2(\, o)/ (e, ;) for any A € h* and i € 1.

We denote the corresponding Kac-Moody Lie algebra by g. Recall that g is the Lie
algebra over C generated by elements e;, f; (i € I) and the vector space b satisfying
the following defining relations (see Kac [9]):

[h,h'] =0 for h,h' € b,

[h,ei] = (h,ozi)ei, [h,fz] = —<h7ai)fi for h € hand € I,

[ei,fj] = (Sljhl for 1, jel,

ad(e;)!~hi2) (e;) = ad(f;)'~Pii) (f;) =0 for i, j € I with i # j.

(2.1.5)

Define the subalgebras n*,n=,b, b~ of g by

n+:<6i;i€I>, ﬂ_:<fi;i€I>,

The vector space § is naturally regarded as an abelian subalgebra of g, and we have
the decompositions

(2.1.7) g=n"ohont, b=phont, b =Hhon .

For A € h* set gy = {z € g; [h, 2] = (h, \)a for h € b}, and define the root system
A of g by

(2.1.8) A={Xeb";gx#0}\{0}.
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Set

(2.1.9) Q=> Za;, Q* =% Zxoa;,
i€l i€l

(2.1.10) A% = ANQ*E

We have II € AT and A = AT LUA™. The elements of AT and A~ are called positive
and negative roots respectively.

For a subset © of A such that (© 4+ ©0)N (AU{0}) C © we define the subalgebra
n(0) of g by

(2.1.11) n(0) = ga

ac®

For a =} .., mia; € @, its height ht(a) is defined by

(2.1.12) ht(e) =Y mi.

i€l
For i € I define the simple reflection s, € GL(H*) by

The subgroup W of GL(h*) generated by S = {s;; i € I'} is called the Weyl group.
It is a Coxeter group with the canonical generator system .S. The length function
0: W — Z>o of the Coxeter group W satisfies

(2.1.14) {(w) = §(A” NwA™) for any w € W.
We denote the Bruhat ordering on W by >. Note that we have
(2.1.15) (wA, wp) = (A, ) for any A\, p € h* and w € W.
Set
(21.16) A =WII, Apm=A\A., AZ=A.NA%Y AL =ALNnAE.

The elements of A, and Aj,, are called real and imaginary roots, respectively. For
o € AL set

(2.1.17) a’ =2a/(a, ),
and define the reflection s, € GL(h*) by
(2.1.18) sa(A) = A= (N, a)a.

Then we have s, € W for any o € Ae.
We fix a vector p € h* such that (h;, p) = 1 for any 7 € I. Then the shifted action
of W on b* is defined by

(2.1.19) wod=wA+p)—p.

Note that p — wp € QT for any w € W and it does not depend on the choice of p.



KAZHDAN-LUSTZIG CONJECTURE 783
2.2. Integral Weyl groups. In this section, we study the properties of integral
Weyl groups. We start the study in a more general setting .
Let Aq be a subset of A, satisfying the following condition:
(2.2.1) Saf3 € Ay for any o, 8 € Ay.

In particular, we have —A; = A;. We set

(2.2.2) AT = A NA%E,
(2.2.3) I = {a € A ; so(AT\ {a}) C AT},
(2.2.4) Wi = (sq;a €II;) C W.

We call the elements of A (resp. Ay, II;) positive roots (resp. negative roots, simple
roots) for Ay, and Wi the Weyl group for A;.

Note that if A satisfies the condition (2.2.1), then wA; also satisfies (2.2.1) for
any w € W.

LEMMA 2.2.1. If Ay contains a simple root «;, then «; is in I1;.

LEMMA 2.2.2. Assume that a; &€ Ay. Set A} = s;A1. Then A satisfies the
condition (2.2.1). Moreover Ay (A" = s; AT, the set of simple roots for A} is s;111,
and the Weyl group for A} is s;W1ys;.

The above two lemmas immediately follow from s;,A" = (AT \ {a;}) U{—a;}.

LEMMA 2.2.3. Ifa € Iy and i € I satisfy (a;, ) > 0, then either & = «; or
(677 ¢ Al.

Proof. Assume a # o; and o; € Aq. Then 8 = sq0; = o; — (Y, o) is a positive
root. Then a; = B+ (aV, a;)a contradicts (aV, ;) € Z~o . O

LEMMA 2.2.4. For any « € 11y there exist w € W and i € I such that wa = «;
and wAT = wA; N A*.

Proof. We shall show this by induction on ht(a). If ht(a) = 1, then there is
nothing to prove. Assume ht(a) > 1. Write v = 3,y mja; with m; > 0. Then we
have

0 < (a,0) =Y mj(a,a)),

jelI

and hence there exists some j € I such that (a, ;) > 0. Since ht(a) > 1, we have
a # a; and hence a; ¢ Ay by Lemma 2.2.3. Set A} = s;Aq, (AT = ;AT ] =
s;I;. Then (A})* and ITj are the set of positive and simple roots for A} respectively
by Lemma 2.2.2. Set o = sja € II}. Since ht(a’) < ht(a), there exist some w' € W
and i € I such that w'a’ = «o; and w’'(A})" C AT by the hypothesis of induction.
Then setting w = w's; we have wa = a; and wAT = w'(A))* Cc A*. O

The following lemma follows from the above lemma by reducing to the case a = «;
foriel.

L After writing up this paper, the authors were informed by S. Naito the existence of two papers, R.
Moody—A. Pianzola, Lie Algebras with Triangular Decompositions, Canadian Mathematical Society
series of monographs and advanced texts, A Wiley-Interscience Publication, John Wiley & Sons, 1995,
and Jong-Min Ku, On the uniqueness of embeddings of Verma modules defined by the Shapovalov
elements, J. Algebra, Vol. 118, (1988) 85-101. They showed results similar to those in this subsection
by a different formulation and method. In the last paper, Ku also obtained a result weaker than
Theorem 2.5.3.



784 M. KASHIWARA AND T. TANISAKI

LEMMA 2.2.5. For any positive integer n and o € 111, we have

no ¢ Z L.

Be(AT\{auAat,

LEMMA 2.2.6. For any 8 € AT, there exists o € TIy such that (a, ) > 0.

Proof. We shall prove this by the induction on ht(3). If ht(5) = 1, then Lemma
2.2.1 implies 8 € II;, and we can take 3 as a. Assume that ht(3) > 1. Take i such that
(i, 8) > 0. If oy; € Ay, then it is enough to take ; as a. Now assume that a; & Aj.
Set A} = s;A1, (A))T = s; AT, I} = s;11;. Then (A})* and IT} are the set of positive
and simple roots for A} respectively by Lemma 2.2.2. Set 8’ = s;8 € (A])T. We have
ht(8") < ht(B) by (8, o;) > 0. Hence by the hypothesis of induction there exists some
o' € 1} such that (o/,3') > 0. Then a = s;o’ € II; satisfies (o, 8) = (¢/,3') > 0. 0

LEMMA 2.2.7.

(i) Ay = Will,.

(i) AF € Yoen, Zooo
(ili) Wi contains s, for any o € Aq.

Proof. Since (iii) follows from (i), it is enough to show that any 8 € Af is
contained in W1l Zaeﬂl Zsoa. We shall prove this by the induction on ht(g).
By Lemma 2.2.6 there exists oy € II; such that (ap,8) > 0. If 8 = «g, then
there is nothing to prove. If 8 # g, then v = s,,8 € A by the definition of
IT; and ht(y) < ht(8). Now we can apply the hypothesis of induction to conclude
v e Wil N Zaenl Z>oa, which implies the desired result. O

LEMMA 2.2.8. For a € AT, the following conditions are equivalent.

(1) o€ Hl.

(ii) sga € A7 for any B € AT such that (o, 3) > 0.

(iil) a cannot be written as o = my By +maBa for B, € AT andm, € Z~o (v =1,
2).

(iv) « cannot be written as o = ZI;=1 By fork>1, 6, € AT (1<v<k).

Proof. (1)=(iv) follows from Lemma 2.2.5. (iv)=-(iii) is trivial. (iii)=-(ii) is also
immediate. Let us prove (ii)=-(i). By Lemma 2.2.6, there exists 5 € II; such that
(B,) > 0. Hence v = —sga € A]. Rewriting this, we have (8Y,a)3 = a +~. Then
Lemma 2.2.5 implies a« = J or v = 8. It is now enough to remark that v =  implies
a=p06.0

The following proposition is proved by a standard argument (see e.g. [18, §3.2]).

ProPOSITION 2.2.9.

(i) Wy is a Cozxeter group with a generator system S1 = {sq; o € II1 }.

(ii) Its length function 1 : W1 — Z>q is given by {1(w) = §(A] NwAT).

(iii) For x,y € W, x >y y with respect to the Bruhat order >1 for (Wy,S1) if
and only if there exist B1,..., 3. € Af (r > 0) such that x = ysg, -+~ sp, and
Ysp, - -85, .05 € Af forj=1,...,r.

LEMMA 2.2.10. For a, 3 € II; such that o # 3 we have (a, 3) < 0.

Proof. We have s,3 € Af by the definition of II;. Since 8 € II;, Lemma 2.2.8
implies the desired result. O

By this lemma, ((ﬂ, av)) 5 is a symmetrizable generalized Cartan matrix.
a,Belly
Hence W3 is isomorphic to the Weyl group for the Kac-Moody Lie algebra with

B, aY as a generalized Cartan matrix.
B
a,Belly

PROPOSITION 2.2.11. For w € W the following conditions are equivalent.
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(i) U(z) > l(w) for any x € wWj.
(il) wz > wy for any x,y € W1 such that © >1 y.
(iii) wAl C At.

Proof. Let us first prove (iii)=-(ii). We may assume without loss of generality
that = = ysg for some 8 € Af. Then y3 € Al and hence wy3 € A*. This implies
wWr = wysg > wy.

(ii) implies (i) by taking y = 1 in (ii). (i) implies (iii) because, for any a € AT,
l(wsy) > l(w) implies wa € AT. O

For \ € b* set

AN = {B€ A (BY, A\ +p) €7}
= {Be€ A (BY,)) € Z}.

This satisfies the condition (2.2.1). We set AT(A) = A(\)NA*. Let TI(\) and W ()
be the set of simple roots and the Weyl group for A(\), respectively. We call W ()
the integral Weyl group for X. We denote by £y : W(A) — Zso and >, the length
function and the Bruhat order of the Coxeter group W (), respectively.

REMARK 2.2.12.

(i) In [18], we introduced W () and W’(A). The integral Weyl group introduced
here is equal to W/(\) loc.cit. As a matter of fact, W () and W’(X) loc.cit.
coincide. The opposite statement in [18, Remark 3.3.2] should be corrected.

(ii) The set II(A) is linearly independent when g is finite-dimensional. But it

is not necessarily linearly independent in the affine case, although we have
)

(2.2.5)

assumed the linear independence of {«;};cr. For example, for g = Agl and

A= (A1 + A3)/2, we have TI(\) = {ap, a2, —ap + 6, —az + d}.

(iii) For z,y € Wi, x >1 y implies > y (Lemma 2.2.11). However the converse
is false in general. For example for g = A3 and A = (A; + A3)/2, we have
II(A) = {ag, a1 + a2 + a3} and Sa,+astas = Sas-

2.3. Category of highest weight modules. In this subsection we shall recall
some properties of the category O of highest weight g-modules.

In general, for a Lie algebra a we denote its enveloping algebra by U(a) and the
category of (left) U(a)-modules by M(a).

For k € Z>q set

(2.3.1) nf =n(£A;) with Af = {a € AT; ht(a) > k}

(see (2.1.11) and (2.1.12) for the notation). A U(g)-module M is called admissible if,
for any m € M, there exists some k such that n:m = 0. We denote by M4, (g) the
full subcategory of M(g) consisting of admissible U(g)-modules. It is obviously an
abelian category.

For M € M(h) and ¢ € h* we set

Me={ue M; (h—(h,&))"u=0 for any h € h and n >> 0}.
It is called the generalized weight space of M with weight £. We denote by O the full
subcategory of Ml(g) consisting of U(g)-modules M satisfying

(2.3.2) M =P M,
geb*
(2.3.3) dimM; < oo for any £ € h*,

2.3.4) for any £ € h* there exist only finitely many u € £ + Q™ such that M, # 0.
y y y y K Iz
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It is an abelian subcategory of Mg, (g).
For M € Ob(Q), or more generally for an h-module M satisfying (2.3.2) and
(2.3.3), we define its character as the formal infinite sum

ch(M) = (dim M) e,
geb*

For a U(g)-module M, the dual space Homc (M, C) is endowed with a U(g)-module
structure by

(xm*,m) = (m*,a(x)m) for m* € Homg(M,C), m € M, x € g,

where a : g — g is the anti-automorphism of the Lie algebra g given by
a(h)=h for h b, a(e;)) = fi, a(fi)=e foriel.
If M € Ob(Q), then
M* = @ (M¢)* € Homg(M,C)
£eh*
is a U(g)-submodule of Homg (M, C) belonging to Ob(Q). Indeed we have
(M*)e = (Me)™ .

Moreover, it defines a contravariant exact functor (e)* : @O — O such that (e)** is
naturally isomorphic to the identity functor on (. In particular, we have

(2.3.5) Homgy (M, N) ~ Homgy(N*,M*) for M, N € Ob(Q).
We also note
(2.3.6) ch(M*) = ch(M) for any M € Ob(Q).

An element m of a U(g)-module M is called a highest weight vector with weight
Aif m e My and e;m = 0 for any ¢ € I. A U(g)-module M is called a highest weight
module with highest weight X if it is generated by a highest weight vector with weight
. Highest weight modules belong to the category (.

For A € h* define a highest weight module M (\) with highest weight A, called a
Verma module, by

M\ =U(g)/(Q_Ul@)(h = A(h)) + Y _ U(g)es).

hep iel

The element of M () corresponding to 1 € U(g) will be denoted by uy. Set M*(\) =
(M(X))*. There exists a unique (up to a constant multiple) non-zero homomorphism
M(X\) — M*(X). Its image L()) is a unique irreducible quotient of M (\) and a unique
irreducible submodule of M*()). In particular, we have (L(X))* >~ L(\).

We have the following lemma (see Lemma 9.6 of Kac [9]).

LEMMA 2.3.1. For any M € Ob(Q) and p € b*, there exists a finite filtration

O=MyCcM;C---CM,=M
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of M by U(g)-modules My, (k=0,. .., ) such that for any k we have either (M, /My_1),,
=0 or My/My_1 ~ L(§) for some & € b*.
For M € Ob(Q) and u € b* we set

(M : L(p)] = t{k; Myp/Mp_1 ~ L(p)},

for a filtration of M as in Lemma 2.3.1. It does not depend on the choice of a filtration.
Then we have the equalities

M : L) = M : ()],
ch(M) = 37 [M : ()] ch(L(1)).

HED*

We frequently use the following lemma later.
LeEMMA 2.3.2. Let M € Ob(Q) and i € h*.
(i) dimHomg(M (p), M) and dim Homg (M, M*(w)) are less than or equal to [M :
L(p)]-
(il) Assume that if & € b* satisfies [M : L(&)] # 0 and [M(§) : L(p)] # 0, then
& = pu. Assume further [M : L(p)] # 0. Then neither Homg (M (1), M) nor
Homg (M, M*(n)) vanishes.
Proof. (i) is obvious. Let us prove (ii). Consider the set A of submodules R of
M satistying [R: L(p)] = 0. There exists the largest element K of A with respect to
the inclusion relation. Set N = M/K.
We shall prove Ny, = 0 for any v € Q' \ {0}. Assume that there exist some
v € Q*\ {0} such that N, # 0. Since N is an object of O, there exists finitely
many such v. Take v € Q@ \ {0} such that N, # 0 and N,i45 = 0 for any
§ € @7\ {0}. Then we have [N : L(u + )] > 0. Let N’ be the g-submodule of
N generated by N,4,. By the maximality of K we have [N’ : L(u)] # 0. Hence,
[M(p+ ) : L(1)] # 0 by the construction of N’. This contradicts

[M: L(p+ )] = [N : L(p+ )] > 0.
Hence N, 4 = 0 for any v € QT \ {0}, which implies
Hom(M (u), N*) = {u € N;;hu = p(h)u for any h € h}.

Since dim Nj; > [N : L(p)] = [M : L(u)] > 0, Hom(M(u), N*) does not vanish.
Hence Hom (M (1), M*) which contains Hom(M (u), N*), does not vanish either. By
applying the same argument to M* we have Hom (M (u), M) # 0. O

2.4. Enright functor for non-integral weights. In order to obtain some re-
sults on Verma modules (Proposition 2.4.8), we construct a version of Enright functor
with non-integral weights (see Enright [8], Deodhar [5]).

Since the action of ad(f;) on U(g) is locally nilpotent, the ring U(g)[f, "] , a
localization of U(g) by f;, is well-defined. It contains U(g) as a subring. Similarly we
can consider a U(g)-bimodule U(g)fi'“rZ for any scalar a € C. As a left U(g)-module

it is given by

-1

(2.4.1) U(g)fi*" =limU(g) f7 ",

n

where U(g)f{'~™ is a rank one free U(g)-module generated by the symbol f~™ and
the homomorphism U(g) f&~" — U(g) f*~ "' is given by f2~™ v f; ="', The left
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module U(g) fi~" is naturally identified with a submodule of U(g) fi‘H'Z and we have
U(g)fia‘kZ = U,ez U(g) fi'". Its right module structure is given by

(2.4.2) fitmp = Z (a —;m) (ad(f;)* P) feT ™=k for any m € Z and any P € U(g).
k=0

As a right U(g)-module, we also have
U(e) fi " =tim f7"U(g) = | J f7"U(0)-
By (2.4.2) we have
(2:4.3) PrET =Y (1) ( *,;m) JEEm R ad ()4 ).
k=0

In particular, we have

(2.4.4) efi = éff_ke?_k(k!)Q <Z> <Z> <h +l: ) a>.

The U(g)-bimodule U(g)fi‘”rZ depends only on a modulo Z.
LEMMA 2.4.1. Fora, b€ C, the map fi™ s fo @ fb = fe@ 27 (n € Z)
defines an isomorphism of U(g)-bimodules

U(g) fo4*2 - U(g) 122 @y Ule) £277.

Since the proof is straightforward, we omit it. Hence & U(g) ff+Z has a
acC/Z
structure of a ring containing U(g).

For any g-module M, U(g)ff”rZ ®p(g) M is isomorphic to the inductive limit
ML L

as a vector space. Hence we obtain the following result.

PROPOSITION 2.4.2. The functor M — U(g)fiaJrZ ®u(g) M is an exact functor
from M(g) into itself.

Let a be a Lie algebra, and let € be its subalgebra such that a is locally ¢-finite
with respect to the adjoint action. Then for any a-module M, the subspace {m €
M ; dimU()m < oo} is an a-submodule of M. In particular, for a g-module M its
subspace {m € M ; dim Cle;jm < oo} is a g-submodule of M. For a € C, we define
a functor

(2.4.5) Ti(a) : Mi(g) — M(g)
by
Ti(a)(M) = {u € U(g) f{™* ®u(g) M ; dim Cle;Ju < oo}

for M € Ob(M(g)). It is obviously a left exact functor.
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For a € C, let M(¢(g) be the category of locally Cle;]-finite U (g)-modules M such
that M has a weight decomposition

M:@Mk,

Aeh*

the action of h on M is semisimple, and My = 0 unless (h;, \) —a € Z.

LEMMA 2.4.3. Fora € C, M € Ob(M¢(g)) and u € M, we have f™™ @ u €
T;(a)(M) for n >> 0.

Proof. We may assume that u has weight A such that (h;, A\) = a without loss of
generality. We have e]"°u = 0 for some my > 0. We have

a+n a+n— km k | a+n hi+m—n—a
el ( ® u) Zf (k1)? (k’)( i >( i ®u

- ;ff+"‘k(k!)2 () et

Assume m > n > mg. Then each term survives only when £k < m—n and m—k < my,
or equivalently m —mg < k < m —mn, and there is no such k. Hence e]" (f;”‘” ®u)=0
form >n > mg. O

For a € C, the functor T;(a) sends M%(g) to M “(g).
The morphism of U(g)-bimodules

(246) U~ U@ P eugU@fit Q- fef
(see Lemma 2.4.1) induces a morphism of functors
(2.4.7) idpga () — Ti(—a) o T;(a).
Indeed, for M € Ob(M¢(g)), (2.4.6) gives a morphism
M — U(0)f;* ®u U@ @u () M.

For any u € M, the image of u by the above homomorphism is equal to f; ™" ®
i7" @ u, and Lemma 2.4.3 implies that f#*" ® u belongs to T;(a)(M) for n >> 0.
Hence the image of the above homomorphism is contained in T;(—a) o T;(a)(M) C

U(e) f; ™ @u(g) Ti(a)(M).
Define the ideal n= (i) of n~ by
(2.4.8) n (1) =n(A7\ {—ay}).
By the PBW theorem, we have U(n~) = U(n~(i)) ® C[f;], which implies
U= () © Clfi, £ 112 @ U6) U (@) fi .

The following lemma follows immediately from this isomorphism.
LEMMA 2.4.4. For any X\ € h*, we have an isomorphism

Un (i) @ Clfi, £, 117 @ Cun “=U(g) f2HE @pg) M(N).
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LEMMA 2.4.5. For any A € b*, the element fi<hi’>‘>+1 Quy of U(g)fﬁ“A>+Z Ru(g)
M(X) is a highest weight vector with weight s; o X. Here o is the shifted action defined
n (2.1.19).

Proof. Set \; = (h;, \). We have for j # i

e](f’\ @ uy ) = f’\ +lej®uA f/\ +1®ejuA:0.
If j =14, then
ei(fM T @un) = (FM e+ N+ DY (hs = X)) @ un = 0.

0
PROPOSITION 2.4.6. Assume that X € b* satisfies a = (hi, A + p) & Zi~o. Then
we have

Ti(a)(M(N) = U(g)(f"" M @ uy) 2 M(s; 0 \).
Proof. We have
Ti(a)(M(X) ={u e U(g)fi‘”rZ Ru(g) M ; ef"u = 0 for a sufficiently large m}.
By the preceding lemma, f& ® uy is a highest weight vector of T;(a)(M(N)) . It is

enough to show that T;(a)(M()N)) is generated by this vector.
By Lemma 2.4.4, any v € T;(a)(M (X)) can be written in a unique way

v="Y Pufi" @uy

nez

for P, € U(n™(¢)). Here P, vanishes except for finitely many n.
Take a positive integer m such that e*v = 0. Then we have

=2 i (T/:) (ad(e)™ *Po)ef £ @ ux
=% > (1) waten—+r) S ppenvekr

v=0

(V!)2<i> (ain) <hl +k; an) 5 un
- Zf: (7:) <ad<ei)m-kpn>ff+"’“(’“ T ") (h1)? ( N ”) @ ux.

Rewriting this equality, we have

O—ZZ( )ad (e Po) f1 k(k ,1‘”)@1)2(“;”)

n k=0

B ZZ( ) ad(e)™ " Poi) £ (_1k_ n) (k!)?(“*’;*’f).

n k=0
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The vanishing of the coefficient of f;* implies

(2.4.9) zn: (7]’3) (‘1 N ”) (k1)>2 (“ + . + ’“) (ad(e)™ * Pyyg) = 0

k=0

for any n.

Now we shall prove that P, = 0 for n < 0. Assuming the contrary we take the
largest ¢ > 0 such that P_. # 0. By taking n = —¢c —m in (2.4.9), only k = m
survives, and we obtain

(—1m— n) (m)? <a + :1+ m) P -0
(1+n;3+m) (amc> _o

Since —14+c+m > m, (_1";5“"”) does not vanish, and (a;c) must vanish. This means
that a — ¢ is an integer and satisfies 0 < a — ¢ < m. This leads to the contradiction

a > ¢ > 0. Hence we have P,=0 for n < 0, and we conclude v € U(n™)ff @ uy =
Um™)(fff @uy). O

Proposition 2.4.6 implies the following proposition.
PROPOSITION 2.4.7. Assume a = (h;, \) # 0 mod Z. Then the morphism (2.4.7)
induces an isomorphism

Hence we obtain

M(X\) ==T;(—a) o T;(a)(M(N)).

Now we are ready to prove the following proposition used later.
PROPOSITION 2.4.8. Assume that \, i € b* satisfy (hi, \) € Z. Then we have

Hom (M (s; o i), M(s; 0 X)) =~ Hom(M (u), M(X)).

Proof. If A — p is not in the root lattice @), then the both sides vanish. If
A —p € Q, then (h;, u) = (h;,\) # 0 modZ. Hence the assertion follows from the
preceding proposition. O

2.5. Embeddings of Verma modules. We shall use the following result of
Kac-Kazhdan.

THEOREM 2.5.1 ([10]). Let A\, € h*. Then the following three conditions are
equivalent.

(i) The irreducible highest weight module L(p) with highest weight p appears as a
subquotient of M(X).

(ii) There exist a sequence of positive roots {8 }._,, a sequence of positive integers
{ni}e_, and a sequence of weights {\}._, such that \og = A\, \; = pu and
A = Ae—1 — 1Br, 2(Brs Ak—1 4+ p) = e (Br, Br) for k=1,...,1.

(iil) There exists a non-zero homomorphism M (u) — M(X).

Note that any non-zero homomorphism from a Verma module to another Verma
module must be a monomorphism. The implication (ii)=-(iii) is not explicitly stated
in Kac-Kazhdan [10]. But it easily follows from Lemma 3.3 (b) in Kac-Kazhdan [10]
and (i) (ii).
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We use also the following result in Kashiwara [14].
PROPOSITION 2.5.2. For \,u € h* andi € I, we assume (hi, pu+p) € Lo (which
implies M (s; o ) C M (p)) and (hi, A + p) & Zico. Then we have

Ext] (M (1) /M (s; 0 ), M(A)) = 0.

Let IC denote the set of A € h* satisfying the following two conditions.

(2.5.1) 2(8, A+ p) # (B, 8) for any positive imaginary root 3,
5.2) {B€AL; (BY, A+ p) € Zo} is a finite set.

The condition (2.5.2) implies that there exists w € W(A) such that wo A+ p is
integrally dominant (i.e. (8Y,wo A+ p) & Zq for any 3 € AL).

If X in Theorem 2.5.1 satisfies the condition (2.5.1), then 3 in (ii) must be a real
positive root. This easily follows from the fact that ng is an imaginary root for any
positive integer n and any imaginary root [.

Note that K is invariant by the shifted action of W.

THEOREM 2.5.3. For A € K we have

dim Homg (M (p), M(N)) <1
for any p € b*.

Proof. There exists an embedding M(\) — M ()\) for some A € W(\) o A such
that A\ + p is integrally dominant. Hence we may assume that A + p is integrally
dominant from the beginning.

We assume that Hom(M (i), M (X)) is not zero. Then by Theorem 2.5.1, there
exists w € W(A) such that p=wo A.

We shall argue by the induction on the lenght of w.

If w = 1, then it is evident. Assuming w # 1, let us take a € II(A) such that
Ixn(saw) < Ix(w), which is equivalent to w™la € A~(X). Since A + p is integrally
dominant, (w™ta¥, A+ p) < 0. Since we may assume s, o i # p, we have

(2.5.3) (@ u+p) = (w e, A+ p) € Z<o.

Now we shall argue by the induction on ht(a).

(1) Case ht(«) = 1. In this case, & = «; for some i € I. Then we have M (s; o ) D
M (). Since (h;, X + p) € Z>¢, Proposition 2.5.2 implies

Ext' (M (s; o 1) /M (n), M(X)) = 0.
Therefore the following sequence is exact.
Hom(M (s; o ), M(X)) — Hom(M (u), M(\)) — 0.

Since dim Hom (M (s; o p), M (X)) < 1 by the induction hypothesis on the length of w,
we obtain dim Hom (M (), M(\)) < 1.

(2) Case ht(a) > 1. Take ¢ such that (h;,«) > 0. Then «o; ¢ A(A\) by Lemma 2.2.3.
Hence we have

(2.5.4) (hi, \) & Z.
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Set X = s;0\. Then s;A(X) = A(X), and s;II(A) = II(\') by Lemma 2.2.2. Moreover
N + p is also integrally dominant. Then w' = s;ws; € W(X') and Iy (w') = Ix(w). Set
o' = s;a. Then o € TI(V), ht(a') < ht(a) and Iy (sorw’) < Iy (w’). We have also
w =s;op=w o). Hence the induction hypothesis on ht(«) implies

dim Hom(M (p), M(X\')) < 1.
By (2.5.4) we can apply Proposition 2.4.8 to deduce
Hom (M ('), M(X')) = Hom(M (1), M(N).

Thus we obtain the desired result dim Hom(M (u), M (X)) < 1.0

We denote by K,z the set of A € K subject to the following condition:
(2.5.5) If w € W satisfies w o A = A, then w = 1.
In particular, this condition implies
(A +p,a¥) #0 for any @ € Ae.

Define a subset K, of Kyeg by

reg

(2.5.6) Kie = {A € Kreg; A+ p,0¥) >0 for any a € AT(N)}.

LEMMA 2.5.4. We have W 0 Kyeg = Kreg and Kreg = || W(A) o A.
AeKha
The proof is standard by using the results in §2.2 and omitted.

By Theorem 2.5.1 and Theorem 2.5.3 we have the following proposition.

PROPOSITION 2.5.5. Let A € K.

(i) For x € W(X) and u € b* we have [M(x o ) : L(u)] # 0 if and only if

w=yoA for somey € W(X) satisfying y > .
(ii) Forz,y € W(A) we have dimHom(M (yo X), M(zo X)) =1 or 0 according to
whether y > x or not.

COROLLARY 2.5.6. Let A € Ky, x € W and pu € b*. Then [M(xoX) : L(p)] # 0
implies p =y o X for some y € xW () satisfying y > «.

Proof. Assume [M(xo)) : L(p)] # 0. Take z; € W (2o)) such that \ = 2, *zo) €
Kg- Then we have z; € W(\) and x o A = z; 0 \'. By Proposition 2.5.5 there exists
some zo € W()N') such that g = 29 0 M and 25 >, z1. Setting w = 21_13:, Y = zow
we have = zjw and p =y o \. Since y = 2227w € W(N)z = W (), the assertion
follows from the following lemma.

LEMMA 2.5.7. Assume that \, N € K, and w € W satisfy X' =woX. Then for
21,29 € W(N) such that zo >y z1 we have zow > zqw.

Proof. For A\ € Kff,, we have AT(A) = {a € Awe; (oY, A+ p) € Zso}. This
implies w™*AT(X) = AT(\) C AT. Then it is enough to apply Lemma 2.2.11. O

For a subset 2 of Kyeq we denote by Q{Q} the full subcategory of O consisting
of M € Ob(Q) such that any irreducible subquotient of M is isomorphic to L(\) for

some A € Q. For A € K, we set

(2.5.7) O = O{W (X)) o A}, ON) =0{Wo}.
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By the definition, for any A € K,eg, we have

(2.5.8) O[N] = Ofwo A] for any w € W(\),
(2.5.9) OW) =O(wo \) for any w € W.
By Proposition 2.5.5 we have

(2.5.10) M()) € Ob(O[)]) for any A € Kreg.

By Lemma 2.3.2 and Corollary 2.5.6 we have the following lemma.
LEMMA 2.5.8. Let A € Kt and w € W. Assume that M € Ob(Q) satisfies the
conditions

[M: L(wo\)] #0,
[M: L(yoX)] =0 for any y € wW(X) such that y < w.
Then neither Homg (M (w o A), M) nor Homg (M, M*(w o X)) vanishes.
We shall use later the following result of S. Kumar [20] (a generalization of a
result in Deodhar-Gabber-Kac [6]).
THEOREM 2.5.9. Any object M of O{K,eg} decomposes uniquely into
M= @ M (M*eOb@QN)).
AeKihe

In [20], the theorem is proved for M with a semisimple action of . However the
same arguments can be applied in our situation.
For A € K,es we denote by

(2.5.11) Py : O{Kreg} — O[N]

the projection functor. _
We define a new abelian category O by
(2.5.12) 0= [ Ow.
AEK g

We denote by the same symbol Py the projection functor Py : @ — Q[)]. It is an
exact functor. By the definition we have

Homg(M,N)= [] Homg(PA(M),PA(N)) for M, N € O.
AEK g

The category {K,cz} can be regarded as a full subcategory of @ For M € @ and
A € Kieg We set

[M: LA)] = [PA(M) : L(A)].
For a subset 2 of K,cg, We set
(2.5.13) O{y = [[ O{@nWM) o},
AeKhg

and for A € Kieg,

(2.5.14) O = O{W o A}
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3. Twisted D-modules. We shall give a generalization of the theory of D-
modules on infinite-dimensional schemes developped in [14] and [16] to that of twisted
left D-modules (modules over a TDO-ring). Since the arguments are analogous to
the original non-twisted case, we only state the results and omit proofs.

3.1. Finite-dimensional case. For a scheme X we denote by Ox the structure
sheaf. For a scheme X smooth (in particular quasi-compact and separated) over C,
we denote by Qx, ©x and Dy the canonical sheaf, the sheaf of vector fields, and the
sheaf of rings of differential operators on X, respectively.

Let X be a scheme smooth over C. A TDO-ring on X is by definition a sheaf A of
rings on X containing Ox as a subring such that there exists an increasing filtration
F ={F, A}, ¢z of the abelian sheaf A satisfying the following conditions.

(3.1.1) F,A=0 forn<D0.

( ) FRbA-F,AC FuinA.

(3.1.3) [FhA, F Al C Frupm-1A.

(3.1.4) FoA=Ox.

( ) The homomorphism gr{ A — Ox (P mod FyA — (Ox > a+— [P,a] € Ox))

of Ox-modules induced by (3.1.3), (3.1.4) is an isomorphism.

(3.1.6) The homomorphism S, (gr;A) — grA of commutative Ox-algebras is an
isomorphism.

Here we set gr,A = F,A/F, 1A, grA = @, gr,A, and So,(gr;A) denotes the

symmetric algebra of the locally free Ox-module gryA. The filtration F' is uniquely

determined by the above conditions, and it is called the order filtration. A TDO-ring

is quasi-coherent over Ox with respect to its left and right Ox-module structures.

Let A be a TDO-ring on a scheme X smooth over C. For a coherent (left)
A-module M we can define its characteristic variety Ch(M) as a subvariety of the
cotangent bundle T*X as in the case A = Dx. A coherent A-module M is called
holonomic if dim Ch(M) < dim X. We denote by M, (A) the category of holonomic
A-modules, and by D?(A) the derived category consisting of bounded complexes of
quasi-coherent A-modules with holonomic cohomologies. Set

At = Q?é_l Rox A°P Rox Qx,

where A°P denotes the opposite ring of A. Then A~% is also a TDO-ring. We define
the duality functor

D : D)(A) — Dj(AF)ep
by
DM = RHoms(M, A) @0, Q5 *[dim X].

Let f : X — Y be a morphism of smooth schemes over C, and let A be a
TDO-ring on Y. Set

Ax_y =0x @10, 1A, Aycex=f A0, IO @500, Qx.
Define the subring f*A of End;-14(Ax_y) by

(3.1.7) ffA= | Fu(f*A),

neN
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(3.1.8) F,(f*A) =0 forn <0,
(3.1.9) F,(f*A) ={P € Ends-14(Ax_y); [P,Ox] C F,_1(f*A)} for n > 0.

Then f*A is a TDO-ring on X. Moreover, Ax_y has a structure of an (ffA, f~*A)-
bimodule, and Ay . x has a structure of an (f~'A, f*A)-bimodule. We have

(3.1.10) FHATH) = (ffA)F

for any TDO-ring A. We define functors

(3.1.11) Dy : DY (A) — Db (f*A),

(3.1.12) / : DY (fFA) — Db (A), : DY (fFA) — Db (A)
f 1!

by

Df*(M) = Ax—y @y fIM, [[M=Rf(Ayx &, M),
ff! =Do ff oD.

We shall also use their variants

(3.1.13)

(3.1.14) Df*, Df*: Dy(A) — Dy (f*4),  Df., Dfi: DR(f*A) — Dj(A)
given by
Df* =DoDf*oD, Dft =Df* [2(dim X — dimY)],
Df. = [; [dimY — dim X], Dfi= [} [dimY — dim X].
3.2. Infinite-dimensional case. Now we shall study TDO-rings on infinite-
dimensional varieties. We say that a scheme X over C satisfies the property (S) if

X ~1lim S, for some projective system {5, }, cry satisfying the following conditions.

n

(3.2.1) The scheme S,, is smooth (in particular quasi-compact and separated)
over C for any n.
(3.2.2) The morphism ppy, : Sy — Sy, is affine and smooth for any m > n.
We call such {S,},cn a smooth projective system for X. For example, the infinite-
dimensional affine space
A =1im A" = Spec C[z;;i € N]

n

satisfies the property (S).
Let S denote the category whose objects are smooth C-schemes and whose mor-
phisms are affine and smooth morphisms. Then the pro-object “lim”.S,, in S depends

only on X and does not depend on the choice of a smooth projective system {Sy },,eN
([7]). This follows from the fact

Hom(X, S) = lim Hom(S,, S)

n
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for any scheme S.
A C-scheme X is called pro-smooth if it is covered by open subsets satisfying (S).
Let f: X — Y be a morphism of C-schemes such that X is pro-smooth and Y
is smooth over C, and let A be a TDO-ring on Y. Set Ax_y = Ox ®f-10y fLA,
and define the subring f*A of Ends-14(Ax—y) by (3.1.7)(3.1.9). Then Ax_y is an
(ftA, f~1 A)-bimodule. For an A-module M we define the f#A-module f*M by

(3.2.3) foM=Ax_y @14 f'M.

For a pro-smooth scheme X, a TDO-ring on X is by definition a sheaf A of rings on
X containing Ox as a subring satisfying the following condition.

(3.2.4)  For any x € X, there exist a morphism f: U — Y from an open
neighborhood U of x to a smooth C-scheme Y and a TDO-ring
B on Y such that Ay = ffB.

By the definition, a TDO-ring A on a pro-smooth scheme X is locally of the form
A = f*B where B is a TDO-ring on a smooth C-scheme. We can patch together
ftB~* and obtain a TDO-ring A~# on X.

For an invertible Ox-module £ on a pro-smooth scheme X, we have a TDO-ring
Dx (L) given as follows.

(3.2.5) Dx (L) =|JF.Dx(L) C Endg L.

(3.2.6) F,Dx (L) =0 for n <O0.
(3.2.7) F,Dx(L)={P €&ndc L; [P,a] € F,_1Dx(L) for any a € Ox} for n > 0.

We set Dy = Dx(Ox). Then we have Dx (L) ~ L ®o, Dx ®o, L1, More
generally, for an invertible O x-module £ and a scalar a € C we can define a TDO-
ring Dx (£%) = L*®0, Dx ®0, LZ% by the following patching procedure although
L does not necessarily exist. A section of Dx (L) is locally of the form s*®@ P ® s ¢,
where s is a nowhere vanishing section of £ and P is a section of Dx, and we have
$§@ P ®s;%=355® Py®sy®if and only if P; = (s2/51)*Pa(s2/s1)~* as sections of
Dx.

Let A be a TDO-ring on a pro-smooth scheme X. We call a (left) A-module M
admissible if it satisfies the following conditions.

(3.2.8) M is quasi-coherent over Ox.

(3.2.9) For any affine open subset U of X and any s € I'(U; M), there exists a
finitely generated C-subalgebra B of I'(U; Ox) such that Ps = 0 for any
P e T(U; A) satistying P(B) = 0.

We denote the category of admissible A-modules by M, 4, (A). We call an admissible
A-module M holonomic if it satisfies the following condition.

(3.2.10) For any x € X there exist a morphism f: U — Y, a TDO-ring B on Y
as in (3.2.4) and a holonomic B-module M’ such that M|y = f*M’.

We denote the category of holonomic A-modules by M, (A).
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Let A be a TDO-ring on a C-scheme X satisfying the property (S). Then we can
take a smooth projective system {5, },cn for X and TDO-rings A,, on S, such that

(3.2.11) Pl An = A, for any m > n, phA, = A,
where p, : X — S, is the projection. We call {(S,, A,)} ez a smooth projective
system for (X, A). Since py,, is smooth, the functor p,. : M (4,) — M (A,,) is
exact, and we have the equivalence of categories

Let X be a pro-smooth C-scheme and A a TDO-ring on X. Let D(M, 4, (A))
be the derived category of Ml 4, (A). Let us denote by D% (A) the full subcategory of
D®(M,4,,, (A)) consisting of bounded complexes whose cohomology groups are holo-
nomic.

If X satisfies (S) and {(Sn,An)},ez is a smooth projective system for (X, A),
then we have an equivalence of categories:

DY (A) =lim D} (A,).

n

The duality functors D : D% (A,,) — D% (A;*)°P induce the duality functor
(3.2.12) D : Db (A) — Db (AH)°P,

For a morphism f : X — Y of pro-smooth C-schemes and a TDO-ring A on Y,
we define a TDO-ring f*4 on X by the same formulas (3.1.7)-(3.1.9). The functor

(3.2.13) Dy : D (A) — Db (fFA)

is defined by the same formula as in (3.1.13). It is well-defined as seen in the following.
The question being local, we may assume that X and Y satisfy (S). Then we can take a
smooth projective system {X,,} for X and a smooth projective system {(Y,,, A,)},cz
for (Y,A). Let px, : X — X,, and py, : ¥ — Y, be the projections. We may
assume further that there exists {f,} : {X,} — {Y.} such that f = lim f,. For

M € Ob(D?(A)) there exist some n and M,, € Ob(D?%(A,,)) such that M = p$, M,,.
Then we have
DfM = p%, DfsM,,.

Let f: X — Y be a morphism of pro-smooth schemes. We assume that f is of
finite presentation type. Let A be a TDO-ring on Y. We define a functor

(3.2.14) /f : Dy (f*A) — D (A)

by the same formula as in (3.1.13). We can see that it is well-defined as follows. The
question being local on Y, we can take a smooth projective system {X,} for X, a
smooth projective system {(Y,,, A,)}, ez for (Y, A), and {f,} : {X,} — {¥,} such
that f = 1(£n fn and the following diagram is Cartesian for any n ([7]).

n

fn Y,

o,

X, P v,
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Let px, : X — X,, and py, : Y — Y,, be the projections. Let M € Ob(DZ(fﬁA)).
There exists some n and M,, € Ob(D%(ffA,)) such that M = p%, M,. Then we
have

/M =py, M,,.
f fn

Under the same assumption, we define the relative dimension dy by dim Xy — dim Yp.
We shall also use the following functors for a morphism f : X — Y of schemes
satisfying (S):

(3.2.15) Df*, Df': D (A) — Db (f*A), , Df., Dfy: Db(fFA) — DY(A)
f!

defined by
Df =Df*[2ds), Df* =DoDy* oD,

/ﬂ:Do/foD, Df*z/f[—df], ]Df!:/f![_df].

Note that [Df® and D f* are defined for any morphism f of schemes satisfying (S),
while other functors in (3.2.14), (3.2.15) are defined only when f is of finite presenta-
tion type.

For a morphism f : X — Y of pro-smooth schemes, a TDO-ring A on Y, and
k € Z we can define functors

(3.2.16) H*Df* - M, (A) — M, (f#A)

by patching together the locally defined object H*(IDf*M) for M € Ob(M,(A)).
Similarly, for a morphism f : X — Y of pro-smooth schemes which is of finite presen-
tation type, a TDO-ring A on Y, and k € Z we can define functors

(3.2.17) H* [, H*Dfi : Mu(f*A) — M (A).

3.3. Equivariant D-modules. Let G be an affine group scheme over C. We
assume that Og(G) is generated by countably many generators as a C-algebra. Then
G ~ h;n G, for a projective systems of affine algebraic group over C, and hence G

neN
satisfies the condition (S). Let g be the Lie algebra of G. Then g is the projective
limit of the Lie algebras g, of G,,.

Let X be a pro-smooth C-scheme with an action of G. Then we have the diagram

P1 HX
(3.3.1) GxGxX 25 GxX —
P3 _Prx.,

Here px : G x X — X is the action morphism, pry : G x X — X the second
projection, and

i(x) = (1,2),
p1(g1, 92, %) = (91, 922),
p2(91, 92, ) = (9192, ),
p3(91,92, ) = (92, 7).
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A G-equivariant TDO-ring A on X is a TDO-ring endowed with an isomorphism of
TDO-rings

o ug(A N—>prg<A

with the cocycle condition (see [12, §4.6]), i.e. the commutativity of the following
diagram.

#
g by g4
P A Popry A

! 1
P ~ j2:yet
pgluﬁXA %pgprg{fl = pg,uﬁXA% pgprﬁXA

Then the G-equivariance structure induces a ring homomorphism
U(g) — I'(X; A4).

A G-equivariant module M over a G-equivariant TDO-ring A on X is an A-module
endowed with an isomorphism of prﬁXA—modules

us M =—pr§ M

with a similar cocycle condition (see [12, §4.7] and (3.3.5) below).

We can generalize the notion of equivariance to that of twisted equivariance.
Assume for the sake of simplicity that G is a finite-dimensional affine algebraic group
with Lie algebra g. Let ¢; : GxG — G (i = 1,2) be the first and the second projection
and pg : G X G — G the multiplication morphism. Let ig : pt — G be the identity.

Let A € g* be a G-invariant vector. Let 7 (\) be the free Og-module generated
by the symbol e*. We define its Dg-module structure by

Rae* = \(A)e* for any A € g,

where R4 is the left invariant vector field on G corresponding to A. Then we have a
canonical isomorphism of Dg-modules

it T(\) =C,

(3.3.3) my : psT () =g T(\) © 3T (),

sending e* to 1 and e* ® e*, respectively. A twisted G-equivariant A-module M with
twist A is an A-module with an isomorphism of prﬁXA—modules

(3.3.4) B pSM ==q*"T(N\) @ priM,

with the cocycle condition. Here g : G x X — G is the first projection. The cocycle
condition means the commutativity of the following diagram of rgA—modules on G X
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G x X.

ahapET(N) @rsM —25 gl (@1 T(A) @ ¢3T(\) @ s
I

p3(¢*T () ® pri M)
T s
P M
(3.3.5) [ TN @rsT(\) @rsM
P M

| s
P (@*T(N) @ priM)

[
T\ @piusk M L 18 T(\) @ p3(¢*T(\) ® priM).

Here q12 : G x G x X — G x G is the (1,2)-th projection, and r; is the i-th projection
from G x G x X.

Let ¢ : G — C* be a character, and let 6y € g* be its differential. Then
MY s e gives a canonical isomorphism

T(A+6¢) = T(N)

compatible with the multiplicative structure (3.3.3). Hence the twisted equivariance
with twist A is equivalent to that with twist A + d.
4. D-modules on the flag manifold.

4.1. Flag manifolds. We recall basic properties of the flag manifold for the
Kac-Moody Lie algebra g (Kashiwara [13]).
Fix a Z-lattice P of h* satisfying

(4.1.1) a; € P, (Ph))CZ foranyiecl.

We define affine group schemes as follows:

(4.1.2) H = Spec C[P],
N* = @exp(ni/nf),
k
(4.1.4) B = (the semi-direct product of H and NT),
(4.1.5) B~ = (the semi-direct product of H and N7)

(see (2.3.1) for the definition of nf) Here, for a finite-dimensional nilpotent Lie
algebra a we denote the corresponding unipotent algebraic group by exp(a). Then
N* is an affine scheme isomorphic to Spec(S(nF)).

For a subset © of A* such that (©+0)NA C O, we denote by N(©) the subgroup
exp(n(0)) of N*.

In Kashiwara [13], a separated scheme G is constructed with a free right action of
B~ and a free left action of B. The flag manifold X is defined as the quotient scheme
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X = G/B~. The flag manifold is a separated scheme. For w € W, U, = wBB~ /B~
is an open subset of X. A locally closed subscheme X,, = BwB~ /B~ of X is called
a Schubert cell.

ProrosiTION 4.1.1.

(1) X = UwEW Uw = I—leW )&”

(ii) For any w € W, we have X, =

Xy and Xy C Uy CUpep Xa-
(iii) We have an isomorphism -

y>w

NwATNA7) x NwATNAT) 2U,  ((x,y) — zywB™)

of schemes. Moreover, the subscheme {1} x N(wA™T N A™) is isomorphic to
X by this isomorphism.
In particular, U,, and X,, are isomorphic to

A*=SpecClzy; 0 <k < /]

for some ¢ € Z>q U {oc}, and the codimension of X, in X is the length ¢(w) of
w € W. Hence X is pro-smooth.
We call a subset ® of W admissible if

wedy<w=—yeod.

For an admissible subset ® of W we define an open subset X¢ of X by Xo = (J,,cq Xw-

For a finite admissible subset ®, X4 is a quasi-compact scheme with the condition
(S). Indeed for k >> 0, the subgroup exp(n;) = limexp(n; /n;") acts freely on Xe

1>k
and {Xg/exp(n;’)} is a smooth projective system for Xo (see [18]). Note that, since
Xg is separated over C, X¢/exp(n}) is separated for k >> 0 by the following lemma.

LEMMA 4.1.2. Let {X,},cN be a projective system of quasi-compact and quasi-
separated schemes. Assume that the morphism X,+1 — X, is an affine morphism
for any n. Let X be its projective limit. If X is separated, then X, is separated
forn > 0.

Proof. Let fpm : Xm — X, be the canonical projection (0 < n < m < o0).
Since X is quasi-compact, X is covered by finitely many affine open subsets U]Q (j=
1,...,N). Then the inclusion UJQ — Xp is of finite presentation. Set UJ' = fo_nl(UJQ)
(0 <n < o0). Since X is separated, U® — X is an affine morphism. Hence |7,
Theorem (8.10.5)] implies that Ul* — X, is an affine morphism for n >> 0. Hence we
may assume from the beginning that U) N U} is affine for any j, k =1,..., N.

The ring homomorphism Ox (U;°) @ Ox (Ug®) — Ox(Us® NUE) is surjective
by the assumption that X, is separated. Since OX(U]Q NUY) is a finitely generated
algebra over Ox (U}), the image of Ox (U} NUY) — Ox (U}'NU}?) is contained in the
image of Ox (U}') ® Ox(U}!) — Ox (U} NUY) for n >> 0. On the other hand, we
have

Ox(U]n NUY) = Ox(U]n) ®OX(UJQ) Ox(UJO N U,g)

Hence Ox (Uj') ® Ox (Uy) — Ox (U} NU}) is surjective for n >> 0. This shows that
X, is separated for n >> 0. O

Set X = G/N~. We denote by ¢ : X — X the canonical projection. It is an
H-principal bundle. For w € W we set X, = ¢ 1'X, = BwuN~/N~, and for an
admissible subset ® of W we set )N(q> =1 Xp = U X X

wed Xw- The scheme X is also
pro-smooth.
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4.2. Twisted D-modules on the flag manifold. Let p : G — X be the
projection. For u € P we define the invertible O x-module Ox (1) as follows:

L(U; Ox () ={p € T(p~'U; Oq) ; p(xg) = g *¢(x) for (x,9) € p~*U x B~}
= {pel('U;0%); p(xh) = h™"p(x) for (z,h) € 71U x H}

for any open subset U of X. Here x — x™# is the character of B~ corresponding to
the weight —p. Twisting Dx by Ox (i) we obtain a TDO-ring

D, = Ox (1) ®oy Dx ®0y Ox(—p).

This definition can be generalized to any u € h* and we can define an N *-equivariant
TDO-ring D, on X (see Kashiwara [12] and Kashiwara-Tanisaki [18]). Note that the
pull-back fﬁDu of the TDO-ring D,, under & : X — X is canonically isomorphic to
D ;. Hence the pull-back £*M of an admissible D,-module M is naturally regarded
as a D g-module. Moreover, by the functor £°, the category of admissible D, ,-modules
is equivalent to the category of admissible twisted H-equivariant D g-modules with
twist p.

The infinitesimal action of g on X lifts to an algebra homomorphism
U(g) — I'(X; Dy).

In particular, H"(U; M) has a g-module structure for any open subset U of X, any
D, |u-module M and n € Z.

For w € W, let iy, : X,, — X be the inclusion. Then for any u € h*, the N*-
equivariant TDO-ring iEUDM is canonically isomorphic to the NT-equivariant TDO-
ring Dy, . We define the N*-equivariant holonomic D,-modules By, (p), M., (1) by

(4.2.1) Bu(p)=H" | Ox,, Mup)=H"| Ox,.

!

T T

Note that H* [ Ox, = H* [, ,Ox, = 0 for any k # 0 because i,, is an affine

Tw:

embedding. By the definition we have

(4.2.2) Homp, (M (1), M) ~=Homp, |, (M ()], 1),
(4.2.3) Homp, (M. B, (1)) ~~Homp, 1, (Mlor, B (1))

for any open subset U of X containing X,, and any holonomic D,-module M.
The isomorphism M., ()| = By (1)|y extends to a canonical non-zero homomor-
phism M, (p) — By(p). We denote its image by L, (p). It is a unique irre-
ducible quotient of M,,(¢) and a unique irreducible submodule of B,,(1). Note that
dim Homp,, (Mo, (1), Bw (1)) = 1.

For p € h* and a finite admissible subset ® of W, we denote by He(u) the
category of NT-equivariant holonomic D,,| x,,-modules. For ;i € h* we denote by Hl (1)
the category of NT-equivariant holonomic D,-modules. Then we have obviously

Lo

where ® ranges over the set of finite admissible subset of W.
For any w € W and p € h* the D,-modules By, (1), My, (1) and L, (1) are objects
of H(). Note that £, (1) is a simple object of H(u).
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For any N*-equivariant admissible D,-module M, we denote the support of M
by Supp(M). Tt is an Nt-stable closed subset of X, and hence it is also B-stable.

LEMMA 4.2.1. Forw € W, let U be an open subset of X which contains X,, as a
closed subset. For any N -equivariant admissible D,,-module M such that Supp(M)N
U C Xy, there exist some index set J and isomorphisms

Mo (1) |y My =By (1) o

Furthermore if M is holonomic, then J is a finite set and the above isomorphisms
can be extended to morphisms in H(u)

Mp(1)® = M — By ().

Proof. Let i : X, — U be the closed embedding. By the condition on M there
exists an N T-equivariant holonomic D x,,~-module N such that M|y ~ sz . Since
X, is a homogeneous space of NT with a connected isotropy subgroup, we see that
N is isomorphic to Og’?i for some J. If M is holonomic then A is holonomic, and
hence J is a finite set. Thus we have

Ml ~ / 0% = Bu(wlo)® = (Mo (wlo)?.

To see the last statement, it is enough to apply (4.2.2) and (4.2.3). O

Let M € Ob(H(x)). By Lemma 4.2.1, for any finite admissible subset ® of
W, M|x, € Ob(Hg (1)) has finite length and it has finite composition series whose
composition factors are isomorphic to L., (p)|x, for some w € ®. For w € W the
multiplicity of £, (¢)|x, in the composition series of M|x, does not depend on the
choice of a finite admissible subset ® of W such that w € ®. We denote it by
M : L,(n)]. Note that the multiplicity does not depend on the N*t-equivariance
structure.

LEMMA 4.2.2. We have [My, (1) : Ly(1)] = [Bw(p) = Ly(p)] for any w,y € W.
Replacing the modules M., (1), Ly (1) and By, (1) with their images by £°, this follows
from the following general result.

PROPOSITION 4.2.3 ([15]). Letj: X — Y be an embedding of smooth C-schemes.
Then for any holonomic Dx-module M, we have the equality

S m) = S0 M)
i€ J Y/ 7!
in the Grothendieck group of the category of holonomic Dy -modules.

Proof. We can decompose this proposition into the closed embedding case and
the open embedding case. Since the first case is obvious, we may assume that j is
an open embedding. Since the question is local on Y, we can easily reduce to the
case where X is the complement of a hypersurface of Y. Then f] M and fj! M are
concentrated at degree 0. We may assume further that Y \ X is defined by f = 0 for
some f € I'(Y;Oy). Let ¢y(M) be the near-by cycle of M, which is a holonomic
Dy-module with support in Y\ X. Let var : ¢y(M) — 9;(M) be the variation.
Then the kernel (resp. the cokernel) of [, M — [, M is isomorphic to the kernel
(resp. the cokernel) of var : ¢y (M) — 1 s(M). Therefore we have

[/./\/l] — [/| M] = [Coker(var)] — [Ker(var)] = 0.
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4.3. Cohomologies of B,,(u). We first study the cohomology groups of By, (p).

PROPOSITION 4.3.1. Let p € b*, w € W and let ® be a finite admissible subset
of W containing w. Then we have

() H"(Xo3 By(u) = H(X; Bu()) = 0 for any n £ 0.

(ii) We have

I'(Xo;Bu(p) = T(X;Bu(p) = U(Mb) @uwene) (F(Xw: Ox,,) ® Cuop)

as a U(*“b)-module. Here “b = b & (B,cpnt 8a) and Cyoy is the one-
dimensional U(*b N b)-module with w o p as a weight.
Proof. By the definition of B, (1) we have

H"(Xa; Bu () ~ H"(X; Bu () ~ H" (Uw; Bu (1))

Hence the assertion easily follows from Proposition 4.1.1 (iii) (cf. [14, 18]). O
Later, we shall see that T'(X; B, (1)) is isomorphic to the dual Verma module
under certain conditions. The following corollary is a key of its proof.
COROLLARY 4.3.2. Let p € h* and w € W.
() ch(T(X; Bu (1)) = ch(M(w o ).
(i) If ¢ € b* and non-zero m € T'(X; By, (1)) satisfy n(wAT N AT)m = 0, then
we have ( € wo 1 — Y carrwa- Lxoc.
(iii) If ¢ € b* and non-zero m € T(X; By, (1)); satisfy n(wA™ NAT)m =0, then

we have { € W o p— Y ca+rwa+ Lxoa.
Proof. By Proposition 4.3.1 we have

['(X; By (1)) Um(wATNA7)) @ T(Xy; Ox,) @ Cypop

(4.3.1) Un(wA* N A7) @ S(n(wA~ N A7) @ Cyop,

~
~

and hence we have

ch(T(X; By(p))) = ch(Un(wAT NA7))) ch(S(n(wA™ NAT)))eH
= H (1 _ ea)fdimga H (1 _ ea)fdimga JREST

acwATNA— aEwA~NA—

— H (1 _ ea)—dimga QWOH
a€A~
= ch(M(w o p)).

Thus (i) is proved.

Let us prove (iii). Assume that a non-zero vector m € I'(X; By, (n))¢ with ¢ € h*
satisfies n(wA~NAT)m=0. Then we have (F(X; By (1)) /n(wATNATT(X; Bw(ﬂ)))é
# 0. Then (4.3.1) implies

ch (D(X; By (1)) /n(wA ™ 0V AT)T(X; B (1)) )
= ch(S(n(wA™ NA7)))eVH
_ H (1 o ea)—dimga ewou7

aCEwA~NA—

and we obtain (iii).



806 M. KASHIWARA AND T. TANISAKI
Let us finally show (ii). Define a filtration {Fy},c7 of U(n(wA* NA7)) by

Fir= @ UnwATnA™)) g
ht(8)<¢

Then the subspace Fy @T'(X,; Ox,, ) ® Cyop of T(X; By (1)) is stable under the action
of n(wA™ N AT), and the action of n(wA* N A™) on the quotient
(Fz & P(Xw; Oxw) ® Cwou)/(Fz71 ® F(Xw; Oxw) & Cwop,)
= (F[/Fg_l) ®F(Xw;0X ) & Cwoﬂ

is given by
z(u®n)=u®zn forz€n(wATNAT), ue F/Fi_1,n €T (Xy;Ox,) ® Cypop.

Take the smallest ¢ such that m € Fy ® I'(X,; Ox,,) ® Cyo, and denote by m the
corresponding element of (Fy/Fy—1) ® I'(X,; Ox,,) ® Cyop. Write T as

T
m = g u; @ ny,
Jj=1

where w; (j = 1,...,7) are linearly independent elements of Fy/F,_q and n; (j =
1,...,7) are elements of I'(X,;O0x,) ® Cyou. By the assumption on m we have

w

n(wA*T N AT)n; =0 for any j. Since X, is a homogeneous space of N(wAT NAT),
we have n; € Cwo (Cwou CIN(Xy;0x,)® (Cwou. Thus

m e (FZ/Flfl) & (C ® Cwo,uu

and we obtain (ii). O
PROPOSITION 4.3.3. For A € K, and w € W, we have

reg

I'(X;By(N) >~ M*(wo ).

Proof. Since ch(T'(X; By, (N))) = ch(M*(w o N)), it is sufficient to show that if
there exists m € T'(X; By (A))¢ \ {0} such that ntm = 0, then ( =wo A.

Since [M(w o A) : L(¢)] # 0, Corollary 2.5.6 implies ( = y o A for y € wW ().
Hence there exist some 71, -+, 7, € AT () such that

-1, +
W Y =Sy Sy Syt Sy €AT.
Then we have

Atp—wy(A+p) =X +p—5y, -5, (A +p)

= Z(S'Yl o '8%‘71()‘ + p) = Syt Sy ()‘ + P))
j=1

= A+ 0,7 )85 - 5y, (15)-
=1

Since A € KX

reg’

we have (A + p,7)) € Zxo, and hence A+ p —w ™ 'y(A +p) € Q*.
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On the other hand, Corollary 4.3.2 (ii) implies

A p—wlyA+p) =w Hwo X —¢) € w( Z Zso) C —QT .

acATNwWA—

Thus we obtain A + p — w~ty(A + p) = 0, and hence ¢ = wo \. O

REMARK 4.3.4. This proposition 4.3.3 can be also proved by using the the-
ory of the Radon transform in §4.6. Indeed, Theorem 4.6.2 implies T'(X; B,,(\)) =
['(X;B.(wo \)). The last module is isomorphic to I'(X.; Ox) ® C,ox, and it has a
unique highest weight vector, because X, is a homogeneous space of NT.

4.4. Modified cohomology groups. The cohomology group H"(X; M) itself
may be too wild. We shall replace it with a modified one easier to manipulate.

LEMMA 4.4.1. Let ® be a finite admissible subset of W. For any u € b*, n € Z
and M € Ob(H(u)), we have the following.

(1) H"(Xg; M) is an object of Q.

(i) If [H"(Xe; M) : L(C)] # 0, then there exists some w € ® such that X,, C
Supp(M) and that [M(w o u) : L(¢)] # 0.

(iii) For any admissible subset U of W such that U C ®, let Ny (resp. Ny) be
the kernel (resp. cokernel) of the natural homomorphism H™(Xg; M) —
H"(Xg;M). Then N; belongs to Ob(Q) for i = 1,2. Moreover, if [N; :
L({)] #0 fori=1 or2, then [M(xopu): L(C)] #0 for some x € &\ V.

Proof. We first show (iii) by the induction of #(® \ ¥).

If 4(®@\ ¥) = 0, it is trivial. In the case #§(® \ ¥) = 1, set & \ ¥ = {x}. Let
i: X, — Xg and j : Xg — Xg be the inclusion. By the assumption ¢ is a closed
embedding and j is an open embedding. The distinguished triangle

Di,Di'M — M — Dj Djem—
induces an exact sequence
(4.4.1) H"(Xg; Di, Di' M) — H"(Xg; M) — H"(Xy; M) — H" 1 (Xg; Di, Di' M).

Therefore the kernel N; is a quotient of H™(Xg; i IDi' M), and the cokernel Ny is
a submodule of H""!(Xg;Di, Di'* M). By Lemma 4.2.1, the object H*(Di,Di' M)
in Hg (1) is isomorphic to a direct sum of finitely many copies of B, (11)|x,. Hence
Proposition 4.3.1 (i) implies

H*(X3; Di, Di' M) = T'(Xg; H*(Di, Di' M)) ,

and its character is a constant multiple of the character of the Verma module M (zopu)
for any k by Corollary 4.3.2. This shows (iii) in the case §(® \ ¥) = 1.

Assume #(® \ ¥) > 1. Taking a maximal element x of ® \ U, set &' = @\ {x}.
Then @’ is an admissible subset such that ¥ c ®’ C ®. Consider the diagram

H"(Xa; M)—2— H™(Xg; M) —2— H™ (X s M),
Then we have exact sequences

0 — Kera — Ker(8oa) — Ker 8
Coker @ — Coker(f3 o a) — Coker § — 0.
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By the induction hypothesis, Ker a and Ker 3 belong to . Hence N; = Ker(3 o a)
belongs to Q. If [Ny : L(¢)] # 0, then [Ker a : L(¢)] # 0 or [Ker 3 : L(¢)] # 0. The
induction hypothesis implies [M(z o ) : L(¢)] # 0 in the first case and [M(w o u) :
L(¢)] # 0 for some w € ® \ ¥ in the second case. This shows the assertion for Nj.
The assertion for Ny is similarly proved.

We obtain (i) and (ii) from (iii) by taking ¥ =@ or ¥ = {w € ®; X,, NSuppM =
g}. 0

By Lemma 4.4.1, Proposition 2.5.5 and the W-invariance of K,.s, we have the
following corollary.

COROLLARY 4.4.2. For A € Kyeg and M € Ob(H())), we have

H"(Xg; M) € Ob(O(N))

for any finite admissible subset ® of W and any n € Z.
LEMMA 4.4.3. Let A\, pt € Kyeg. Then for any ¢ € b* there exists a finite admis-
sible subset ® of W such that the restriction homomorphism

(Pu(H"(Xa; M) — (Pu(H" (Xo; M)))¢r

is bijective for any finite admissible subset ®' of W containing ®, (' € ¢ + QT,
M e Ob(H(N)) and n > 0 (see (2.5.11) for the definition of P,).

Proof. We may assume pu € Kf,. Then W(u)opn ((+ Q%) is a finite set.
Since {w € W;w o A = A} = {1}, there exist only finitely many w € W satisfying
woX € W(u)ouand wo X — ¢ € Q. Thus we conclude that there exists a finite
admissible subset ® of W satisfying

weEW, wo€W(p)ou, wod—( €QT = we d.

Then the assertion follows from Lemma 4.4.1 (iii) and the assumption on ®. O
For A\, i € Kreg, M € H(X) and n € Z>q we set

(4.4.2) H}{(M) = €D lim (P, (H" (Xa; M))), ,
£er* @

where ® is running over finite admissible subsets of W.

LEMMA 4.4.4. For \, 1 € Kieg, fl;} is an additive functor from H(X) to O[u]
for any integer n.

Proof. Let M € Ob(H())). Take any ¢ € h*. Let ® be as in Lemma 4.4.3. Then

we have

Y dimHF(M)e = > dim(Pu(H"(Xe;M)))e < 00
£eC+QT £eC+Qt
by Lemma 4.4.1 (i). Thus ﬁlj(/\/l) € 0b(0). 0
Now for A € Ky and M € H()) we define the object of O (see (2.5.12)) as

follows:

(4.4.3) amy= [[ apm.
HeEKh,

Then H™(M) is the projective limit of H"(Xg; M) in the category 0.

We write T(M) for HO(M).
PROPOSITION 4.4.5. Let A € Kieg.
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(i) H™ is a functor from H(X) to @()\)
(ii) For any short exact sequence

0> My —- My —> M3z—0
in HI(N\), we have a functorial long exact sequence

0 — H'M)) — H'My) — H(M;)
— Hl(./\/ll) — Hl(Mg) — Hl(M3)

—

in Q.

(iii) Assume that [H*(M) : L(¢)] # 0 for M € Ob(H(N)), ¢ € b*, n € Z>o.
Then there exists some w € ® such that X,, C Supp(M) and that [M(wo ) :
L(¢)] # 0. B

(iv) If A € Kf, and M € H()), then H™(M) belongs to Q{S(M) o A}, where
SM) ={w e W; X,, C Supp(M)}.

Proof. (i), (ii) and (iii) easily follow from the definition along with Lemma 4.4.1
and Corollary 4.4.2. Let us prove (iv). Assume [H™(M) : L(¢)] # 0. By (iii)
there exists some z € ® such that X, C Supp(M) and that [M(z o u) : L(¢)] # 0.
Then by Corollary 2.5.6, we have ( = w o A for some w € W with w > z. Hence
X, C X, C Supp(M). Therefore w € S(M). O

LEMMA 4.4.6. Let A\ € Kyeg. For M € Ob(Q{K,eg}) and M € Ob(H(N)) we
have

Homg (M,T'(M)) ~ Homg(M,T'(X; M)).

Proof. Note that T'(M) is the projective limit of {I'(Xg; M)} in @, where ®
ranges over the set of finite admissible subsets of W, while I'(X; M) is the projective
limit of {I'(X¢; M)} in the category of g-modules. Hence we have

Homg (M, T'(M)) ~ lim Homg (M, T'(Xg; M))
[
~ lim Homgy (M, I'(Xg; M))
[
~ Homgy(M,T'(X; M)).

By Corollary 4.3.2 and Proposition 4.3.3 we have the following proposition.
PROPOSITION 4.4.7. Let A € Kreg.
(i) H™(By(A) =0 forn #0.

(ii) T(Bw(A)=T(X;B,(\) and ch(T(Bw(N))) = ch(M(wo N)).
(iti) T(Bw(N) =~ M*(woX) if X € Kf,.

PROPOSITION 4.4.8. For A € KX and w € W we have

reg

Il

(4.4.4) Homg (M (w o X),[(My()))) ==Homg (M (wo \),T(B,(N))) = C.
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Proof. Set N1 = By(N)/Lw(N), N2 = Ker(My(A) — Ly()). Then we have
Supp(N;) C Xy \ Xy for 4 = 1,2. Hence Proposition 4.4.5 (iv) implies [H"(N;) :
L(w o A\)] = 0. Taking the cohomologies of the short exact sequences

0= Ny — My(A) = Lu(A) — 0,
0= Lo(A) = Bu(A) — N — 0,
we obtain exact sequences
0 — D(N2) = T(My(N) = T(Lu(N) — H' (N2),
0 — D(Lw(N) = T(Bu(A) = T(M).

Therefor we have

Here the third equality follows from (iii) in the preceding proposition. By Proposi-
tion 4.4.5 (iv), we have

[T(Mw(N): L(yoN)] =0 fory < w.

Hence Lemma 2.5.8 implies that Homg (M (w o A), ['(M.y(N))) does not vanish. By
the exact sequence

0 — T(N3) — DMy, (V) — T(Bu(N)

and Homg (M (w o A), ['(M2)) = 0, the homomorphism

Il

Homg (M (w o A), T(My,(N)) — Homg (M (w o A), [(B,(\)) =C

is injective, which implies the desired result. O

4.5. Modified localization functor. For p € h* there exists a unique additive
functor

(4.5.1) D,® o : Myim(g) = Muam (D)) (M — D,&M),
called the modified localization functor, such that

(4.5.2) Homg (M,T'(X; M)) = Homp, (D,&M, M)
for M € Ob(M,4m(g)), M € Ob(M4m(D,))-

In [14] it is constructed in the case where p is integral. Since the construction in the
general case is completely similar, we do not repeat it here. As in [14] we have the
following proposition.

PROPOSITION 4.5.1. Let pp € h*.

(i) The functor (4.5.1) is right exact, and commutes with the inductive limit.

(ii) For any M € O, D,®M is an N -equivariant admissible D,,-module.
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In particular, for M € Ob(Q), the support Supp(D,&®M) of D,,®M is a B-stable
closed subset of X.

By Lemma 4.4.6 we have the following lemma.

LEMMA 4.5.2. For A € Kyeg, M € Ob(Q{K,eg}) and M € Ob(H(N)) we have

Homg (M, T'(M)) = Homp, (Dx&M, M)

PROPOSITION 4.5.3. Let A € Kf,, M € Ob(Q).
(i) Assume that X, is open in X, |JSupp(Dx&M). Then D&M |y, is isomor-
phic to the direct sum of dim Homg (M, M*(w o X)) copies of Bw(N)|u,, -
(ii) Supp(DA®M) is the union of X, such that Homg (M, M*(w o X)) # 0.
(iii) Supp(Dx&M) is the union of X, such that [M : L(w o \)] # 0.
Proof. Let us first show (i). Assume that X, is open in X, U Supp(D\&M).
Lemma 4.2.1 implies that Dy&M |y, is isomorphic to B, (A)®7 |y, for some index set
J. Hence by (4.2.3), (4.5.2), and Proposition 4.3.3 we have

Homgy (M, M*(w o X)) ~ Homp, (DAx&M, B,y (M)
~ Homp, |, (Dx&Mlu,,, Bu(Nlv,,)
~ Hom¢ (C®/, C).

Hence #J = dim Homg (M, M*(wo\)) < co. Let us show (ii). By (i) it is obvious that
Supp(Dx®M) in contained in the union. Conversely assume Homg (M, M*(w o \)) #
0. If X,, is not contained in Supp(Dx&M), then X,, is open in X,, U Supp(Dy&M),
and hence (i) implies that Supp(Dy®@M) contains X,,.

Let us show (iii). By (ii), it is enough to show that [M : L(w o A)] # 0 implies
X, C Supp(DA®@M). Let us take x € W such that z < w, [M : L(z o \)] # 0 and
[M : L(yo\)] = 0 for any y < x. Then Lemma 2.5.8 implies Homg (M, M*(zo))) # 0.
Hence (ii) implies Supp(Dy&M) D X, D X,,. O

PROPOSITION 4.5.4. For A € K, the functor (4.5.1) induces the functor

(4.5.3) D & o: O — H(N).

Proof. Set My = U(g)/U(g)n™. We shall first show that Dy&Mj is holonomic.
Let ® be a finite admissible subset of W. Set Y, = Xg/exp(n)), and let py :
X — Y} be the projection. Then Y} is a smooth C-scheme for k >> 0. For ky >
> 0, let {(Yx, Ak)}r>k, be a smooth projective system of (Xg,Di|x,). Since Yj has
finitely many orbits by the action of exp(n*/n:), the Ag-module Ay BU(nt/n) Cisa
holonomic Aj-module. Since Dy&Mo|x, = pf(Ax Byt /n) C) for k >> 0 (see [14]),
it is also holonomic. Thus we have proved that D®M, is holonomic. Then we see that
Dr&(U(g) ®p(n+y V) is also holonomic for any finite-dimensional b-module V. Indeed
V has a finite filtration whose graduation is isomorphic to C as an n*-module. More
generally for any g-module M which is generated by a finite-dimensional b-module V',
D, &M is holonomic.

Now let us show that D &M is holonomic for any M € . Let ® be a finite
admissible subset of W. Let M; be the g-submodule of M generated by @, ¢4 Mwon,
and set My = M/M;. Then we have [Ms : L(w o A\)] = 0 for any w € ®. Hence
Proposition 4.5.3 (iii) implies that Dy&Ma|x, = 0. By the exact sequence

D)\®M1 — D)\®M — D)\®M2 — 0
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Dy®M;i|x, — D ®M]|x, is surjective. Since Dy®M; is holonomic, D\&@M|x, is
holonomic. O

COROLLARY 4.5.5. For A € K,
C Xy for any M € Q[p).

Proof. For x € W, if [M : L(z o X\)] # 0 then z oA € W() o u. Hence z € W (u)w
and Lemma 2.5.7 implies © > w. Then the desired result follows from Proposition
4.5.3 (iii). O

COROLLARY 4.5.6. Let A € K/,
D&M = 0 unless j1 € W o \.

Proof. Assume D&M # 0. Take w € W such that X, is open in Supp(D\&M).
Then Proposition 4.5.3 implies [M : L(w o A)] # 0. Hence wo A € Wop. O

and 1 = wo € K, withw € W, Supp(DA&M)

reg

and pi € Kyeg. For M € Ob(Q[u]) we have

We define Dyx&@M for A € K, and M € ©) by
DxoM = P Dr&P(M)= )  Di&P,(M).
neKh, HEW oANK g

Here the last equality follows from Corollary 4.5.6. Then Corollary 4.5.5 implies
that, for any finite admissible subset ®, Dy&P,(M)|x, = 0 except finitely many

p € WolNKf, Hence Dy@e is a right exact functor from O to H()). The

reg*
composition of functors

O{Kreg} — O 222 H(N)

coincides with the restriction of the original functor Dy e by Theorem 2.5.9. More-
over we have the following property analogous to (4.5.2).

PROPOSITION 4.5.7. For A\ € Kt,, the functor D& e : QO — H(\) is a left

reg’
adjoint functor of T : H(\) — Q. Namely we have an isomorphism functorial in

M e H(N) and M € O:
Homgg) (DA&M, M) = H0m®(M,f‘(/\/l)) .
In particular we have a morphism functorial in M € H(\)
DAQT(M) — M.

PROPOSITION 4.5.8. Let A\ € le’eg, and ® a finite admissible subset of W. For

M € Ob(Q) we have Dzé&M|x, = 0 if and only if M € Ob(Q{(Kyeg \ (® 0 M) }).
Proof. We may assume M € Ob((). Then it is an immediate consequence of
Proposition 4.5.3. O

THEOREM 4.5.9. For any \ € IC;’;g andw € W, there is a canonical isomorphism

DARM (w o \) = M, (A).

Proof. We have dim Homg (M (w o A), M*(y o A)) = 1 or 0 according to whether

w =y or w # y. Hence by Proposition 4.5.3 we have Supp(Dx&M (wo \)) = X,
and

Dr&M (w o N, =~ Bu(Mlv, ~ Muw(N|u

w w*
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By (4.2.2) the isomorphism M., (A\)|y, =~ Da®@M (wo M|y, is uniquely extended to a
homomorphism ¢ : M, (A) — DA@M (w o N).

On the other hand, by Proposition 4.4.8 we have a unique non-zero homomor-
phism M (w o A) — T'(My,(N)). Let 9 : Dx@M (w o A) — Mo, (\) be the correspond-
ing homomorphism. By the same proposition, the composition Dy&M (w o \) —
My(X) = By(X) is non-zero. Hence ¢|y, and 9|y, are inverse to each other up to
a non-zero constant multiple. In particular ¢ o |y, is the identity endomorphism of
Mu(N)|y,. Thus o ¢ = id by (4.2.2).

It remains to show that ¢ is an epimorphism. Note that Supp(Coker(yp)) C
X \ Xo. Assume that Coker(y) # 0. By Lemma 4.2.1, there exists some y € W
such that y > w and that Homp, (Coker(¢), By (X)) # 0. Since Coker(yp) is a quotient
of DA@M (w o \), we obtain

Homgy (M (wo X), M*(y o \)) ~ Homp, (D&M (w o \), B, (X)) # 0.

This implies w = y, which contradicts y > w. Thus Coker(p) = 0 and hence ¢ is an
epimorphism. O

For A € Kt,,
Proposition 4.3.3.

LeEmMMA 4.5.10.  For any X € Ingg and w € W, the canonical morphism
Dy&M*(w o X) — By,(\) is surjective.

Proof. By Proposition 4.3.3, we have I'(X; B, (\)) =2 M*(w o A). Since the
open embedding i : U,, — X is an affine morphism and B,,(\) is a quasi-coherent
O x-module, the natural homomorphism Ox @ M*(wo A) 2 Ox ® I'(Uy; Bw(N)) —
ivi  By(A) =2 B,()) is surjective. Hence the assertion follows from the fact that
Ox@M*(woX) — By (A) decomposes into Ox @ M* (woX) — Dy&M*(wol) — By, ().
0

a canonical morphism Dy\@M*(w o A) — By, (\) is defined by

4.6. Radon transforms. For i € I, i € h* and n € Z, we shall construct
functors
(4.6.1) St + H(p) — H(si o ), 7 H(p) — H(si o p),
called the Radon transforms, and investigate their properties. We use results in [18]
without giving proofs.

Fixi € I. Let P~ be the algebraic group containing B~ with Lie algebra b~ @g,,.
We have a natural free right action of P~ on G (see [13]). Set Y = G/P~, and let
m: X — Y be the projection. Then Y is a separated pro-smooth scheme, and 7 is a
Pl-bundle. Set

Z=Xxy X, Zy=2\AX),

where A : X — Z denotes the diagonal embedding. Let p,. : Zg — X (r = 1,2) be
the first and the second projections.
For a holonomic D,-module M we set

(4.6.2) SM = H"(/ M), SIM = H"(/ M)

P1 p1!
Since Q; = Ox(—a;), we have pgDsio,u, = pgDH (see Lemma 1.3.3 of [18]), and hence
S7, and ST are well-defined.

By Lemma 1.4.3 and Theorem 1.5.1 of [18], we have the following proposition.
PROPOSITION 4.6.1. Let pp € b*, and let i € [ and w € W such that ws; < w.
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SY By (1) = Bus, (si o p) and SP, By (1) = 0 for n # 0.

) S,
i) S? w(p) = Muys, (s 0 ) and SHEM (1) =0 for n # 0.

) SYBus, (1) = Bu(siow) and ST Buys, (1) =0 for n # 0.

(iv) SZ Mws,( ) = My(siop) and SF Mys, (1) =0 forn #0.

THEOREM 4.6.2. Let X € Kieg,w € VV,i € I such that ws; < w and {(h;, A + p) ¢

Zi~o. Then we have

H"(Bus, (V) = H"(Bu(sio X)), H"(Muw(N) = H" (Mus,(si 0 V)

for any n € Z.
Proof. Take a finite admissible subset ® of W such that ®&s; = . By Proposi-
tion 4.6.1, Corollary 1.6.2 of [18], and by (h;, A + p) & Z~( we have

H"(X¢;Bus,(N) ~ H*"(X¢; By(sioN)), H"(Xe;Myu(N) = H (Xo; Mys, (s;0 X))

for any n € Z. Hence the desired results follow by taking the projective limit with
respect to ®. [

COROLLARY 4.6.3. Let A € Klf,,,2 € W. Assume that zo X € Kff,,. Then we
have

H"(By(N) = H"(Buz-1(208),  H"(Mu(N) = H*(My.-1(20 X))

for any w € W and n € Z.
Proof. Take a reduced expression z = s;,8;, -8, of 2 € W. It is sufficient to
show

Hn(Bwsip"'Sij+1 (Sij+1 T84, O /\)) = Hn(Bwsip“'Si- (Sij T84, O )‘))

p P

,OA)) =~ ﬁ”(/\/lwsl s (8i; -~ 54, 0A))

p

n
H (Mwsip"'sij+1 (Sij+1 7]

for any j. By Theorem 4.6.2 we have only to show
(Sij+1"' ipo/\+p7 )éZOUZ<O

Since A € KX

L es , +
rog and s; -5 (aq;) € Af, we have

re?

(sij+1 "'SipOA+p7az\'/j) = (>\+p75ip. 57;+1( )) ¢Z<0

On the other hand, since z o0 A € K, and s;, -+~ s;,_, (ay;) € A}, we have

(Si.7’+1"'Sipo)"’_p’az\'/j):_(ZO)""PaSh' “Siy (o ))¢Z>O

The proof is completed. O
4.7. Global sections of M, (\). For A € K}, and w € W, we denote by

(4.7.1) @) i M(woX) — D(My(N))

a non-zero morphism in @ (see Proposition 4.4.8). Note that ¢ is unique up to a non-
zero constant multiple. The aim of this section is to prove that it is a monomorphism.

Let € I. Let 7 : X — Y be the P'-bundle as in §4.6. Assume that w € W
satisfy ws; > w. Set Y, = 7(X,). Then Y, is an affine scheme. X;, = 77 1(Y,,) =
Xy U Xy, and Xy, — Yy, is an isomorphism. Hence X5, is a closed hypersurface
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of X;. Let j : X — X be the inclusion. Let A be an element of h* satisfying
(A+p,)) € Z. Then there exists an N t-equivariant line bundle L on X;,, such that
j*Dy ~ Dx,, (L). Let jo : X, — Xj, be the open embedding and ig : X5, — Xiw
the closed embedding. We have the exact sequences of holonomic Dy, -modules

0 —>/ Ox,., = [ Ox, = Ox, =0,
io !

Jo!
0—0x, = | Ox, — / Ox,., — 0.
Jo )
Since j is an affine morphism, H° fj! and H° fj are exact functors. Tensoring L to the
exact sequences above, and applying the exact functors H° fj! and H° fj, we obtain
exact sequences in H(\)

0 — Mys, (N) ;Mw()\) — L —0,

(4.7.2)
0 — L — By(A) — Bys,(A) — 0.

where £ = H° fj Land £ = H° fj L. We have L]y ~ L'|y for any open set containing
Xiw as a closed subset.

LEMMA 4.7.1. Assume that X € ICjeg, i€l andw € W satisfy ws; > w and a; €

AN). Let 1 : T(Mays,(N)) = T(My (X)) be the monomorphism in O induced by the
monomorphism v : My, (A) — My (N) in (4.7.2). Let j : M(ws; o X) — M(woX) be
the injectiveNhomomorphism of g-modules (see Proposition 2.5.5). Then the following

diagram in Q is commutative up to a non-zero constant multiple.

A
prsi ad
—_—

M(wsi [¢] )\) F(M'LUS,', ()‘))

jl X lu

Mwold) —2s T(Myu(N).
Proof. 1t is sufficient to show the following two statements.
(4.7.3) dim Homg (M (ws; o A), [(M.(X))) = 1.
(4.7.4) ©h 0j #0.
We first show (4.7.3). The first exact sequence in (4.7.2)
0 — Mys;(A) = My(N) = L -0
induces an exact sequence
(4.7.5) 0 — Homg (M (ws; o A), D(Mys, (V) — Homg (M (ws; o A), T(My,(N))
— Homg (M (ws; o A), [(L)).

Since dim Homg (M (ws; o A),I'(Muys, (X)) = 1 by Proposition 4.4.8, it is sufficient to
show Homg (M (ws; o A),T(L)) = 0. Since Moy, (A) = DAx&M (ws; o \) by Theorem
4.5.9, we reduce this to Hom(M s, (A),£) =0. Set & = {r € W; x <ws;} and ¥ =
®\ {ws;}. They are finite admissible subsets of W, and Xo N X,y = Xj0p = X0 U X s, -
Then (4.7.2) induces an exact sequence:

0— £|X<1> - Bw()‘)|X<1> - Bwsi()‘)|X<1> — 0.
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Since My, (A)|x, = 0, we have by (4.2.2) and (4.2.3)
Hom(Mys; (A), £) ~ Hom(M s, (N)| x4, L] xs)

i

C HOHl(Mws; ()\)|X<I>v BM(A)|X¢)

i

~ Hom(Muys; (A)| x4 Buw(AN)|xy) = 0.
Thus the proof of (4.7.3) is completed.
Let us prove (4.7.4). Consider the chain of morphisms
¢ M(woX) = T(My(N) =T (Mg, (si 0 A)) = T(Bus, (si 0 N)).
Here the middle isomorphism follows from Theorem 4.6.2, because
(si0A+p,0Y) = —(A+ p,aY) & Lo,
In order to prove (4.7.4), it is sufficient to show that the composition of
M(ws; 0 \)—2—M(w 0 \)—2—T(Bus, (s: 0 \))

is non-zero. Assuming that v is a non-zero homomorphism for a while, we shall finish

the proof. Since ch(I'(Bys,(si © A))) = ch(M(w o X)), we have [Ker(y) : L(¢)] =
[Coker(w)) : L(¢)] for any ¢. Assume that 1poj = 0. Then Ker(¢)) contains M (ws; o \)
as a submodule. Hence we have

[Coker(w)) : L(ws; o A)] = [Ker(v)) : L(ws; o A)] > 0.

Since Coker(1))yox = 0, [Coker(¢)) : L(¢)] # 0 only if ( = y o A for some y € W such
that y > w. If [M(¢) : L(ws; o A)] # 0 and [Coker()) : L(¢)] # 0, then we have
¢ = yo A with ws; > y > w (by Corollary 2.5.6), and hence { = ws; o A. Hence
Lemma 2.3.2 implies

dim Homg (M (ws; o ), Coker(z)*) > 0.
Thus we obtain
dim Homg (M (ws; 0 A), T(Bus, (si 0 A))*) > dim Homg (M (ws; o \), Coker(1)*) > 0.
Applying Corollary 4.3.2 (iii), we have

WS; OXNE WO\ — Z Zzoa,

acAtNws; At
and hence

A+p,af); =w H(wo—ws; o) € w? Z Lo

acAtNws; At
= E Zzoa - E ZZ()O(.
acw 1AtNs; AT aceAT\{a;}

This is a contradiction. Hence ¥ o j # 0.
It remains to prove that 1) does not vanish. In order to see this, it is sufficient to
show the injectivity of the homomorphism

Homg (M (w o A), D(Mys, (sioN))) — Homg (M (w o A), T (Bus, (si o \)).
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Let AV be the kernel of the morphism M, (s; 0 A) — Bys,(s; © A). By the exact
sequence

0 — Homg (M (w o A),T(N)) — Homg (M (w o A), T( My, (i 0 N)))
— Homg (M (w o A), L (Bus, (si 0 \)),

we can reduce the assertion to [[(A) : L(w o \)] = 0. Assume the contrary. Then by
Proposition 4.4.5 (iii), there exists some x € W such that

(4.
(4.
Then (4.7.6) implies zs; < w by Corollary 2.5.6, and (4.7.7) implies ws; < x. Hence we
obtain zs; < w < ws; < x, which implies I(zs;) < l(w) < [(ws;) < I(x) < l(zs;) + 1.
This is a contradiction. Hence we have proved the non-vanishing of . O

Now we are ready to prove the following result.
PROPOSITION 4.7.2. Let A € KT, w € W. Then the morphism

reg’

) [M(zs;oX): L{woMA)]#0 and

7.6
7.7) X C SuppN C Xys, \ Xus, -

Pt M(woX) — T(Mu(A)

is a monomorphism.
Proof. Take x € W (wo\) such that ' = 2 *wo) € Kf,. Then wo\ = zo) and

reg*

x € W(X). By Corollary 4.6.3 we have ['(M,,(\)) ~ I'(M,())). The composition of
)\/

M(wo A) = M(z o N)—=T (M, (V) = DM, (V)

coincides with ¢} up to a non-zero scalar multiple by Proposition 4.4.8. Hence we
may assume from the beginning that w € W(\).

For y,x € W(A) such that y >, x, we denote by f¥ : M(yoA) — M(zo ) a
non-zero homomorphism of g-modules.

Assume that for any w € W(\) there exists a monomorphism

Fiy : T(My(V) = T(Me(N)

in @ such that the diagram

(4.7.8) f le

is commutative. If Ker ¢) # 0, then there exists some w € W such that Im f* C
Ker ¢2. Since ¢} # 0, this contradicts the injectivity of F,,. Hence ¢} is injective.
Thus ) is a monomorphism by the commutativity of (4.7.8).

Therefore it remains to show that for any w € W(\) there exists a monomorphism

Fu : T(My(N) = T(M(N)) in @ such that the diagram (4.7.8) is commutative.
For w € W(X), take a reduced expression w = sg, -3, (Bx € II(A)). Set
wy = S, -~ Sg,. Then wy = wy_185,, and w_15; € A™.
Then it is sufficient to show that for any k there exists a monomorphism
Fi: T( M, (V) = T(Mu,_, (V)
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in @ such that the diagram

M(wk o /\) ﬂ f(ka (A))
(4.7.9) f;f,’;,li lpk
M (wg—1 0 N) T f(ka—l (A)

is commutative (see Theorem 2.5.3). By Lemma 2.2.4 we can take x € W such that
N =zoXeKh,z(0r) = oy € II. We have o € A(X). Set y = w12~ ". Then
yo; = wi_10x € AT and hence ys; > y. We have wy_10\ = yo), wio\ = ys;oN, and
hence M (wi_10X\) = M(yo)X'), M(wgoX) = M(ys;oN'). Moreover, by Corollary 4.6.3,
we have T'(My,_, (\)) = T(M, (X)), (M, (A) = T(M,,, (V). Hence the desired

result follows from Lemma 4.7.1. O

4.8. Correspondence of @-modules and D-modules. We shall prove the

following theorem on a partial correspondence between H(\) and @()\) This theorem
says in particular that the composition H(\) SN O D28, H()) is an equivalence
of categories. Hence H()) is equivalent to a full subcategory of Q()\). Moreover,
My (A), Bu(A) and L,(A) in the category HI(A\) correspond to M (w o X), M*(w o \)
and L(w o \) in Q()\), respectively.

THEOREM 4.8.1. Let A € K.

(i) H™(M) =0 for any M € Ob(H(N)) and n # 0.

(i) T(Bw(N) = M*(wo ) and I'(My(N) = M(wo A) for any w € W.

(iii) T(Lw(N)) = L(wo A) for any w € W.
(iv) DAR[(M) =M for any M € Ob(H(N)).
Proof. Note that the first statement in (ii) is already proved (Proposition 4.4.7).
We first show (i), (ii) and (iv). It is sufficient to show the following statements (a),
(b) and (c) for any finite admissible subset ® of W.

(a) For M € Ob(H())), we have H*(M) € Ob(Q{(W \ ®) o \}) for any n # 0.

(b) For w € ®, the cokernel of the monomorphism ¢, : M(w o \) — ['(M,,()\))
belongs to O{(W \ @) o A}.

(¢) For M € Ob(H())) and a morphism ¢ : M — I'(M) in ©, assume that
Ker(y) and Coker(p) belong to OQ{(W \ @) o A}. Then the canonical homo-
morphism D>\®M|X¢ — M|x, is an isomorphism.

Fixing ®, we shall show the following statements (a)y, (b)w, (¢)g for a finite admis-
sible subset ¥ of W such that ¥ C ® by induction on §(® \ ¥). Note that (a)=(a)g,
(b)=(b)g and (c)=(c)y. N
(a)y Let M € Ob(H(A)) such that Supp(M) N Xy = 0. Then we have H"(M) €
Ob(Q{(W \ @) o A}) for any n > 0. .
(b)y For w € ®\ ¥, the cokernel of the monomorphism 3, : M (woX) — I'(M.,(N))
belongs to O{(W \ @) o A}.
(c)y Let M € Ob(HI()\)) such that Supp(M)N Xy = 0. Assume that a morphism

¢ : M — (M) in O satisfies Ker(p), Coker(p) € Ob(Q{(W\®)oA}). Then
the canonical homomorphism Dy\&M |x, — M]|x, is an isomorphism.
In the case ® = U, (a)g follows from Proposition 4.4.5 (iv), (b)g is trivial, and
(¢)s is a consequence of Proposition 4.4.5 (iv) and Proposition 4.5.8.
Assume #(® \ ¥) > 0. Take a minimal element y of the set ® \ ¥, and set
U’ = U U {y}. Then ¥ is a finite admissible subset of W satisfying ¢ C ¥’ C ® and
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(@ \U') =4(®\ ¥) — 1. Hence we may assume the statements (a)g/, (b)yg/, (¢)gs by
the hypothesis of induction. )

Set L = By(\)/Ly(N). Since Supp(L) N Xy = 0, (a)y: implies H"(L) €
Ob(Q{(W\®) o A}) for n # 0. By considering the long exact sequence associated
to the short exact sequence

0— Ly(A) — By(A) = L—0,

we obtain H"™(L,()\)) € Ob(@{(W \ ®) o A}) for any n > 2 and an exact sequence

(4.8.1) T(By(\) — (L) — HY (L, () — 0.
Consider the following natural commutative diagram.

DAGT(B,(\)|xa —2— Dy&T(L)|xa

¢
By(N)|xq — Llx, -

Then hy is an isomorphism by (c)gs, hy is surjective by Lemma 4.5.10, and f; is
obviously surjective. Thus Dy&I'(B,(\))|xs, — DA®I(L)|x, is surjective. Hence we
have DA@H(L,(\))|x, = 0 by (4.8.1). Then we obtain H'(L,()\)) € Ob(Q{(W\®)o
A}) by Proposition 4.5.8. We have thus proved that H"™(L,()\)) € Ob(Q{(W\®)oA})
for n > 0.

Set £’ = Ker(M,(\) — L,(N\)). Since Supp(L£) N Xy = 0, (a)gs implies
H™(L') € Ob(Q{(W \ ®) o A}) for any n > 0. By considering the long exact se-
quence associated to the short exact sequence

0—L — M,\) — L,(\) —0,
we obtain
(4.8.2) H™(My(\) € Ob(Qf{(W \ ®)0A})  for any n > 0.

Let us show (a)y. By Lemma 4.2.1 there exists a morphism f : M, (\)®" — M
whose restriction M, (A)®"|x,, == M|x,, is an isomorphism. Setting N' = Im(f),
N1 = Ker(f) and Ny = Coker(f), we obtain exact sequences

0— N — M,(N)¥ = N —0,
0—-N—-M—=Ny;— 0.

Note that Supp(N;) N Xg» = @ for i = 1, 2. Let n > 0. By (a)ys and (4.8.2), the

objects H"*1(N7), H™(Ny) and H™(M,(\)) belong to Q{(W\®)oA}. Hence H"(M)

also belongs to Q{(W \ @) o A} by the exact sequences

H™ (M, (N)®" — H"(N) — H" T (M),
H™(N) = H(M) — H"(N).

The statement (a)y is proved.
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We next show (b)g. By (b)gs we have only to deal with the case w = y. By
Lemma 4.2.2 we have, for any u € K,eg,

Y ()" (B HM (M () = Y (=1)" ch(BH™(B,(N))) = ch(P.L(B,(N))

n n

=ch (P,(M(yo X)) .

Since H™(M,()\)) belongs to @{(W \ @) o A} for any n > 0 by (a)y, we see that

ch(P,(Coker ¢)) = ch(P,I'(My (X)) —ch(Pu(M(yoA))) isin 3,y g Zch(L(zoA)).

The statement (b)y is proved.
Let us show (c)y. Take r, f, N, N1, N> for M as in the proof of (a)y. Set N =
¢ Y Im(D(N) — I'(M))) and No = M/N. Then we obtain the following commutative

diagrams whose rows are exact.

0 — N e M e Ny e 0

|

0 — IWN) —— TWM) —— TN, —— H'(W)

D)\®N s D)\®M — D)\®N2 — 0

| | |

0 — N e M — N, — 0.
By the definition of Ny, ¢’ is a monomorphism. By (a)y, we have H'(N)e Ob(@{(W\
®) o A}). Hence by the exact sequence
0 — Ker ¢ — Ker ¢ — 0 — Coker ) — Coker ¢ — Coker ¢’ — H(N),

and by the assumption on ¢, we obtain

(4.8.3) Ker(z), Coker(¢), Coker(¢’) € Ob(@{(W \ @) o A}).

Since Supp(N2) N Xys = 0, the morphism Dy®&Na|x, — MNa|x, is an isomorphism
by (c)g and (4.8.3). Hence it is sufficient to show that Dy&N|x, — MN|x, is an
isomorphism.

Set Ng = ¢~ H(Im(T'(M,(A\)®") — T(N))) and let 1 : Ny — T'(N) be the

restriction of 1. Since H'(N;) € Ob(Q{(W \ ®) o A}) by (a)g/, we have
(4.8.4) N/Ny, Ker 1o, Coker g € Ob(Q{(W \ &) 0 A})
by (4.8.3) and the exact sequences

0 — N/Ny — HY(N), 0 — Ker ¢g — Ker 1,
N/Ny — Coker 1pg — Coker ) — 0.
Proposition 4.5.8 implies D& (N/No)|x, = 0, and hence Dx®Ny|x, — Dr&N|x, is

surjective. Since D\®Np|x, — N|x, decomposes into Dy&No|x, — DA®N|x, —
N|x,, it is sufficient to show that D\®Np|x, — N|x, is an isomorphism.
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Let R be the fiber product of T'(M,(A\)®") and Ny over T'(N), and consider the
following commutative diagrams whose rows are exact:

0 - I'WN,) —— R — Ny — 0

4 /| b

0 — TWM) —— TMWN®) —— TW) —— H'N),

D,\®f‘(./\/1) —— D\®R —— Dy®N, — 0

| | |

0 —— M _— M,N¥® — N — 0.

By (c¢)g the morphism D,\®I~1(N1)| xs — MNilx, is an isomorphism. Hence it is
sufficient to show that the morphism Dy&R|x, — M, (A)®"|x, is an isomorphism.

Since Ker ¢ and Coker )’ are isomorphic to subobjects of Ker ¢y and Coker v
respectively, we have

(4.8.5) Ker(y'), Coker(y) € Ob(Q{(W \ @) o A})

by (4.8.4). Thus we have reduced (¢)y to the case M = M, (\)®".

The statement (b)y implies that ;) : M(yo\) — (M, ()\)) is a monomorphism
such that Coker @2‘ € Ob(@{(W \ ®) o A}). Let R’ be the Cartesian product of
M(y o N)®" and R over (M, (N\)®7):

R — R

w// le/

ABr

M(yoNer o T(M,(N)®).

Then Cokern belongs to @{(W \ @) o A}, and hence D)& Cokern|x, = 0 by Propo-
sition 4.5.8. Hence we obtain

(4.8.6) D \®R'|x, — D\®R|x, is surjective.

On the other hand, the cokernel of 1" belongs to @{(W\CI))O)\}, which implies that 1"

is surjective. Since the kernel of ¥ also belongs to Q{(W\ ®)o\}, D & Ker ¢ |x, =
0. Hence we have

D/\®RI|X¢> N—)DA®M(:U o )‘)EBT|X<1> = My()‘>@r‘Xq>-

Since the isomorphism D\®@R’|x, ~—M,(\)®"|x, factors through D\®R|x,, (4.8.6)
implies that Dy&R|x, — My, (N)®"|x, is an isomorphism. The statement (c)y is
proved.

The proof of (i), (ii) and (iv) is now completed.

Let us finally show (iii). By (i) the functor T : HI(A) — OQ()) is exact. Hence the
exact sequences

My (A) = Ly(N) — 0, 0— Liu(A) = By(N)
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induce exact sequences
D(My(N) = T(Ly(N) — 0, 0 — D(Lu(N) = T(Bu(N).

Since we have already seen T'(My(A)) ~ M(w o A) and T'(By (X)) ~ M*(w o \), we
have only to show that the morphism I'(M,, (\)) — T'(B,,(\)) induced by the canonical
morphism M., () — B, (A\) is non-zero. This follows from (iv). The statement (iii)
is proved. O

5. Twisted intersection cohomology groups.

5.1. Combinatorics. We first recall a result of Lusztig [22].
Set

by =Qez P, T =by/P,

where P is as in §4.1. Note that the Weyl group W naturally acts on I'. For A € T’
let M* be the free Z[q, ¢~ 1]-module with basis {A)},ew .
For i € I we define 0;,,60; € Homz[q’qq](MA, M?#i*) by the following.

q AL if (\ i) ¢ Z, ws; > w,

0in(AD) = A it (\hs) ¢ Z, ws; < w,
B AN 4 (T =1AY (M) € T, ws; > w,

Ay, if (\hi) € Z, ws; < w,

A% it (\ k) & 7, ws; > w,

01(A)) = aA:, if (A, hi) ¢ Z, ws; < w,
2! w Af\us-b if <)\7 hz> c Z, ws; > w,

gAY, + (g — 1A} if (A, hi) € Z, ws; < w.

Then 6; : M*» — M** and ;. : M5* — M?> are inverse to each other.

LEMMA 5.1.1 (Lusztig [22]).

(i) There exists a unique endomorphism m +— m of the abelian group M> satis-
fying

Ad =AY, gm=q'm, 6i.(m)=0u(m)

e’

for any m € M*.
(i) We have m = m for any m € M*, and

Ay eq " ™AL+ Zlg.q A

y<w

for any w e W.
PROPOSITION 5.1.2 (Lusztig [22]).
(i) Forw € W and X\ € T there exists a unique Cy € M* satisfying

(5.1.1) C{i\) c Ai\} + Z (q(f(w)*é(y)*1)/2Z[q71/2] N Z[q,qil])A;‘,

y<w

(5.12) C)=q "W,
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(ii) If w is the element of wW(A) with minimal length, then for any x € W(A)
we have

Cﬁm — Z (71)2A(m)*fx(y)q6(y’w)p;:x(q)A/\

wy>
yeW(A),y<iz

where c(y, @) = (@) = €y)) = (A@) = 2(v))) /2, and P (a) € Zlg] de-
notes the Kazhdan-Lusztig polynomial for the Cozeter group W () (Kazhdan-
Lusztig [19]).
We define x € Homg, ,—1(M*, M%) by r(A;,) = A*.
LEMMA 5.1.3.
(i) Foranyic I and X € T we have 0, 0k = ko 0;, and O 0k = ko0 on M.
(ii) We have k(M) = r(m) for any m € M*.
(iil) We have x(CJ) = C;* for any w € W.
Proof. The statements (i) and (ii) follow from the definition of 6;,, 6;y and ™.
Applying x to (5.1.1) we have

K(Ch) € A+ > (I W=DRZ = P10 Zg, ¢ ') A

y<w
By (ii) and (5.1.2) we have
ROR) = w(T%) = (g~ C) = ¢ R(C).

Thus we obtain (iii) by Proposition 5.1.2. O

Lusztig [22] used Proposition 5.1.2 to compute the twisted intersection cohomol-
ogy groups of the finite-dimensional Schubert varieties. In order to compute that of
the finite-codimensional Schubert varieties, we need its dual version.

Set

N)\ = HOHlZ[q’qfl] (M)\a Z[Qa qil])v

and define By € N* for w € W by (Bj,A)) = 0,.. Then any element of N* is
uniquely written as a formal infinite sum Y- ;- aw By, with a, € Z[g,¢71].
For i € I we define 0;,,0; € HOmZ[q,q—l](N/\, N#*) by

(Oisn,m) = (n,0;xm), (Gin, m) = (n,0ym) forn € N>, m e M*.

By the definition we have the following.

B if (\,h;) ¢ Z, ws; >w,
0 (BY) = q’lBi}'s); if (\,hi) ¢ Z, ws; <w,
A Tw By, if (\,hi) € Z, ws; > w,
q'By,, + (¢t =1)BY  if (N ) € Z, ws; < w,
qB if (\ k) & Z, ws; > w,
9.'(3)\) _ B;j};; if (\ k) & Z, ws; < w,
AT qBy,, + (q—1)B) if (\ k) € Z, ws; > w,
o, if (\,hi) € Z, ws; <w

Let a — @ be the endomorphism of the ring Z[g, ¢~ '] given by § = ¢~!. We define an
endomorphism n — 7 of the abelian group N* by

(m,m) = (n,m) for n € NXm € M*.
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By Lemma 5.1.1 we have 7 = n for any n € N*, and

By €q"™By+ > Zlg.q "B,

y>w

for any w € W. Define D)\ € N* by (D), C’;\> = 0y,w. By Proposition 5.1.2 we have
the following.

PROPOSITION 5.1.4.

(i) Forwe W and A € T we have

(5.1.3) D) e B+ Y (¢ V2TV N T, q V) B),

y>w
(51.4) D) =q¢"D).

(ii) If w is the element of wW (X) with minimal length, then for any v € W(\)
we have

A A A
Dy, = Z qc(x,y) x,y(q)Bwya
yeEW(N),y>az

where c(x,y) = ((é(y)—é(a:))—(é,\(y)—é,\(a:)))ﬁ and Q) ,,(q) € Zlq) denotes
the inverse Kazhdan-Lusztig polynomial for the Coxeter group W () given by

(5.1.5) S ()WY ()P).(0) = .-

T<AYSaz
Define k € Homz[%q_l](N)‘, N~ by
(k(n),m) = (n,k(m)) forn € N\ me M.

By Lemma 5.1.3 we obtain the following.
LEMMA 5.1.5.
(i) We have k(B)) = B> for any w € W.
(i) For anyie I and X € I we have O, o k = ko6, and B0k = Ko on NA*.
(iil) We have k(n) = K(n) for any n € N*.
(iv) We have k(D)) = D3* for any w € W.
Let R be a ring containing Z[g, ¢~ '] as a subring. Assume that we are given an
involutive automorphism r — 7 of the ring R and a family of Z-submodules {R;};c7,
of R such that

(5.1.6) R=EDRi, RiR; CRiyj, 1€Ry, q€Ry, G=q ' Ri=R_.
i€l

Define the endomorphism m — m of the abelian group R ®z, .1 M* by
a@m=a®m forac Randm e M.

Set N3 = Hompg(R ®%Z(g,q-1] M?*,R). We can naturally regard N* as a Z[q,q ']-
submodule of N f%. Define an endomorphism n +— 7 of the abelian group N f% by

(m,m) = (n,m) fornENﬁ,mER@Z[q’qq] M,
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and a homomorphism « : N, 1/\3 — Ng * of R-modules by
(k(n),m) = (n, k(m)) forn € N3,me R ®Za,q-1] M.

Then we have the following characterization of D2.
PROPOSITION 5.1.6. Let w € W and A € T. Assume that Dt € Np and
D~ e NEA satisfy the following properties:

(5.1.7) DreBP+>Y (@  R)B
y>w i<l(y)—L(w)-1
(5.1.8) w(DT) = ¢" D",

Then we have DT = DE>

w

Proof. Since (5.1.7) and (5.1.8) are satisfied for DT = DZ* it is sufficient to

w

show that there exist unique D* € N3 satisfying (5.1.7) and (5.1.8).
By (5.1.7) we have

DY =Y "FfBf*  with Ff =1 and F; € @,y o)1 Ri for y > w.
y>w

We have to show that Fyi are uniquely determined by the condition (5.1.8). Write
By =) Gy.B}  withG,. € R,Gy,y=q"™ .
z2y
Then we have

q_g(w)m _ q—E(w) Z FTJJF(Z @BZ—/\) _ Z( Z q—é(w)F,;Li(;’y’z)Bz—A7

y>w zZ>y 22w Z2Yy>w
and hence
§ : —L(w) I+ _
q Fy Gy7z - Fz
Z>y>w
for any z > w. Thus

Fr —q ' WHEORF = 3 ¢ MIRFG,.
Z2>y>w

for any z > w. By the assumption we have

F-e @ R, ¢'@OHOFRFe P R
i<l(z)—L(w)—1 i>0(z)—L(w)+1
Therefore F* are uniquely determined inductively. O

5.2. Character formula. For A\ € h* and a finite addmissible subset of W let
K(Hg (X)) be the Grothendieck group of the category Hg(N). It is a module with
{[Mw()\)]}w@ as a basis. Let K (IH())) be the projective limit of K (Hg (X)), where
® ranges over the set of finite admissible subsets of W. Then {[Mw()\)]}w ey as well
as {[Lw(N)]}, oy 1 a formal basis of K (H(X)).
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The aim of this section is to prove the following result.
THEOREM 5.2.1. Let A € bg, and let w € W such that U(z) > l(w) for any
z € wW (M) \ {w}. Then for any x € W(X) we have

(5.2.1) [LuaN] = Y ()" @HQ L (1)[Muy (V)]
(5.2.2) (MueN)] = Y P2y (D[Luy (V)]

The proof of this theorem will be given in the next subsection. The corresponding
result for finite-dimensional Schubert varieties was proved by Lusztig (see [21], [22]).

Note that (5.2.1) and (5.2.2) are equivalent by (5.1.5).

By Theorem 4.8.1, Proposition 4.4.5 and Theorem 5.2.1, we obtain the following
main result of this paper.

THEOREM 5.2.2. Assume that A € b* satisfies the following conditions.

(5.2.3) 2(a, A+ p) # (o, @) for any positive imaginary root c.

(5.2.4) (@Y, A+ p) ¢ Z<o for any positive real root c.

(5.2.5) If w e W satisfies wo A= A, then w = 1.

(5.2.6) (@, ) € Q for any real root «.

Then for any w € W(X) we have

(5.2.7) ch(M(wo )= > Py, (1)ch(L(yo X)),
yZaw

(5.2.8) ch(L(wo X)) = Y (=1)2@=6IQ) (1) ch(M(yoN)).
y>aw

As a special case, we obtain the following result.
THEOREM 5.2.3. Assume that g is finite-dimensional or affine and X\ € b* satis-

fies

(5.2.9) (BY A +p) € Q\Z<o for any B € AL.
(5.2.10) (6, +p) #0 if g is affine. Here § is an imaginary root.

Then (5.2.7) and (5.2.8) hold for any w € W(\).

In the affine case, the condition (5.2.5) on the triviality of the isotropy subgroup
of X\ follows from the following well-known lemma.

LEMMA 5.2.4. The isotropy subgroup {w € WiwoX = A} is generated by {sg; 5 €
AL, (B,\+ p) =0} whenever g is affine and \ € h* satisfies (5.2.10).

In the affine case, we can derive the following result on the non-regular high-
est weight case from the regular highest weight case above by using the translation
functors (we omit the proof).

THEOREM 5.2.5. Let g be an affine Lie algebra, and assume that A\ € h* satisfies

(5.2.11) (5, A+ p) £0,
(5.2.12) (@Y, A+ p) € Q\ Z_g for any positive real root .
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Then Wy(X) = {w € Wi;wo X = A} is a finite group. Let w be an element of W(X)
which is the longest element of wWy(X). Then we have

ch(L(woX) = Y (~1)*@=AIQh (1) ch(M(y o N)).

Yy w

5.3. Hodge modules on flag manifolds. Let R (resp. R; for i € 7)) denote
the Grothendick group of the category of mixed Hodge structures (resp. pure Hodge

— —H
structures with weight i) over Q. Then we have R = @,z R;. Let Q (k) be the

Hodge structure of Tate with weight —2k. Set ¢ = [QH(—l)} € Ry, and let 7 — T
denote the endomorphism of the ring R induced by the duality operation on the mixed
Hodge structures. Then the condition (5.1.6) is satisfied for the above R.

For a smooth C-scheme S, let MH(SS) denote the category of mixed Hodge mod-
ules on S (see Saito[23]). Here we use the convention that the perversity is stabel
under the smooth inverse image.

For a scheme S satisfying (S) with a smooth projective system {S,},en, let us
denote by MH(SS) the inductive limit of MH(S,,). It is an abelian category and there
is an exact functor

MH(S) — M, (Ds)

We call an object of MH(SS) a mixed Hodge module over S.

For A\eT = f)(*@/P we denote by T (\) the Hodge module on H corresponding
to T(A) (see §3.3) of weight 0. By the assumption on A, the monodromies of the
corresponding local system are roots of unity, and hence it has a structure of variation
of polarizable Hodge structure. Hence T# ()\) is defined as a Hodge module on H of
weight 0.

For a C-scheme S satisfying (S) with an action of H, we can define the twisted
H-equivariance of mixed Hodge module on S as in §3.3 by the aid of TH()\). We
denote by MH(S, A) the category of twisted H-equivariant mixed Hodge modules on
S with twist A. It depends only on the image of A in I' = b?@/P.

Recall that X = G/N~ and ¢ : X — X is the natural projection. Then B x H
acts on X by (b,h) o (gN~) = bgh ' N~. By the action of H on X, ¢:X - X is
a principal H-bundle. For a finite admissible subset ® of W and A € I' we denote
by MHg (M) the category of twisted (N x H)-equivariant mixed Hodge modules with
twist A.

Set

MH(A) = lim MHg ().
ool

Since 4D x,» = Dy and since § is a smooth morphism, we have an equivalence
£° from the category of holonomic Dy-modules to the category of H-equivariant holo-
nomic D ¢-modules with twist A\. Hence we have an exact functor

(5.3.1) MH(A) — H(\).

For w € W, set X, = BuN~ /N~ = ¢ 1(X,) and let 7 : X,, — X be the
embedding. By the isomorphism of schemes

Hx N(AT nwA*t) X, ((h,u) — vwh ™' N7),
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we can define a morphism py, : X, — H by py,(uwh™'N~) = h for u € N(ATNwA™)
and h € H. We define a Hodge module F/ () on X,, by FZ(\) = p* T()\). We denote
by the same letter 2 ()\) the object 71 F2 ()\) in the derived category of the category
of mixed Hodge modules. Let us denote by ™F(\)[—/(w)] the minimal extension
of FE(\)[—¢(w)]. Then FH(\)[—¢(w)] and "FH(\)[—¢(w)] are objects of MH(\).
By the functor (5.3.1), Fy,(A)[—£(w)] and ™F,,(A)[—£4(w)] correspond to the objects
My () and L, (X) of H(N).

For a finite admissible set @, X@ has the N x H-orbit decomposition )~(q>:|_|we<I>
X,. Hence the irreducible objects of MHg () is of the form H @ "FH (\)[—£(w)]| Xs
for some w € ® and some irreducible Hodge structure H. We denote the Grothendieck
group of MHg(\) by K(MHg(A)). This has a structure of R-module. We set

K(MH())) = lim K (MHg (A).
P

For F € MH()\) we denote by [F] the element of K (MH(\)) corresponding to F, and
[F[n]} = (—=1)"[F]. Any m € K(MH())) can be written uniquely as

m= Z aw["Fy (V)] = Z bu[Fy (V)] (aw;bw € R).
weWw weWw

Define an isomorphism
ox : K(MH(V) == Ng
of R-modules by ¢ ([FZ(\)]) = B).
For i € I we shall define

Siv, Si € Homp <K(MH()\)),K(MH(5M))).

The definition is analogous to §4.6, and we use the notations in §4.6.

Set N, = exp(n(A~\ {~a;})) € N~, and Zy = G/N;. The group B x H acts
on Zy by (b,h) o (gN;) = gh™'N; . Let p; : Zo — X (i = 1,2) be the morphism
defined by

pi(gN; ) =gN~ and pao(gN; ) =gsiN™.

We have the commutative diagram

(5.3.2) sl si gl
X

p1 ZO P2 X.

Then & Zo — Z is a principal H-bundle. The morphisms p; and po are B-
equivariant, and they satisfy the following relation with the action of H.
pa2(hz) = si(h)p2(z)

Here s; is the group automorphism of H corresponding to the simple reflection s; €

Aut(h).

(5.3.3) for h € H and z € Z,.
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For F € MH(X, \) we set
(5.3.4) Siu(F) = Rpop*F,  Si(F) = Rpo.ppi'F.
Then H*(S;(F)) and H*(S;(F)) are objects of MH(s;\) by (5.3.3).
We define S, S € Homp (K(MH(A)), K(MH(si)\))) by

SallF) = SSFHNSa P, Sunl(F) = S (—D)F[H (S, F)).

k k

PROPOSITION 5.3.1. We have

©aix 0 Sin = 0in 0 0, ©six © Sit = 0i1 0 px.

Proof. Fix w € W such that ws; > w. It is sufficient to show the following:

(5.3.5)  Su[FH(N)] { %ﬁgi)?)} i Ei Zi i %
~ 71[F£I($Z>\)] if </\7 h1> ¢ Z’
(5.3.6) Su[FiL (\)] = { gfl[Ff( N+ (= DFL (] if (W) € Z,
- _ [ alFEL ()] if A ) ¢ Z,
(3.7 SalF (] = { dAFE V] + (~ DIFE V) if (A, i) € Z.
(5.3.8)  SalFL (V)] { {Fzggs)?)] ﬁ 8 Zi i %T

Set Y = X, U sti and let j : Y — X be the embedding.

As in Lemma 1.4.1 and Corollary 1.5.2 in [18], S, and S;, commute with ji.
Hence we can reduce these statements to the case g = sl where we can check them
directly. Details are omitted. O

The duality functor for Hodge modules induces a contravariant exact functor

D : MH(A\) — MH(=2X).
We also denote by
D: K(MH()\)) — K(MH(=X)).

the induced homomorphism of abelian groups. By the definition we have the following
result.

LEMMA 5.3.2.

(i) We have

D(rn) =7D(n)

for any r € R and n € K(MH(\)).
(ii) We have

Do S;, = S; oD, Do Sy = Si. 0D

on K(MH(A)).
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PROPOSITION 5.3.3. We have

p-A(Dn) = K(pa(n))

for any n € K(MH())).
Proof. Tt is sufficient to show

(p-a(Dn), ALY) = (r(oa(n), A7)

for any w € W. By Lemma 5.1.5 the right side coincides with (@ (n), A%) and hence
we have to show

(5.3.9) (p-r(Dn), A,%) = (pa(n), A3).

We first consider the case w = e. In this case we have A} = A2. We may
assume that n = [F/(\)] for z € W. Since DFF () = FF(\)(—{(x))[-2((z)] on a
neighborhood of X,,, we have

H () p—A -

y>x

Thus the both sides of (5.3.9) are equal to 0y .
For general w € W, take a reduced expression w = s;, ---s;,. By the definition
of 6;) we have Afv/\ =0, 91-1!A?etw>‘. Thus we have

A =0;0 0 AW = 0; 05, AV = 0; - 0;,, AV
Hence by Lemma 5.3.2 we obtain

_A(Dn),0;1 -+ 0,1 A7)

i 0; 10\ (D), A7)
<P—w)\(§i1! e Sir! Dn), Ae_w)\>7
¢wrn(DSipw - Sium), A7),

Pur (i -+ Sipam), APN)
91'1* s 91‘7,*90)\(”)7 Aiew\>

>

THEOREM 5.3.4. We have oy ([FFH(N\)]) = D), for any w € W.
Note that Theorem 5.2.1 is a consequence of Theorem 5.3.4. In fact, if w € W
satisfies £(z) > {(w) for any z € wW(A) \ {w}, then we have

(5.3.10) FEENI= Y ¢TYQ)()FL V)]
yEW(N),y>xrz

in K(MH(\)) for any x € W(A) by Proposition 5.1.4 and Theorem 5.3.4. Applying
the canonical homomorphism K(MH(\)) — K (H(\)) to (5.3.10) we obtain (5.2.1).

Proof of Theorem 5.3.4. Set DT = ¢ \(["FH(£))]). It is sufficient to show that
D?* satisfy the conditions (5.1.7) and (5.1.8) in Proposition 5.1.6.
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By Proposition 5.3.3 we have

#(D*) = roa(["ET (V)]
= oAD" \)])
= (D F, (V)
= o a(|TES (=N [=20w)] (= L(w))|)

and hence (5.1.8) holds.

For z € W, let i, : X, — X be the embedding and let MH”(4+\) denote the
abelian category of twisted N x H-equivariant mixed Hodge modules on X, with twist
4. Since X,, is an orbit of N x H, any object of MH®(4+\) has a form H @ F (£)\)
for some mixed Hodge module H. Hence its Grothendieck group K(MH"(+))) is
a free R-module generated by [FZ(£))]. The inverse image functor 7’ induces a
homomorphism

bt KMH(EN) = R ([ F] = w([F))[F} (£2)).
of R-modules. Then we have

par(n) = Y ta(n) B3

zeW

for any n € MH(+\) because this formula obviously holds for n = [F](£))] with
y € W. We have obviously ¢, ([([FFH (£)\)]) = 1. Let y > w. Since "F(+)\) is pure
of weight 0, H](iz ("FH(4£)))) is a mixed Hodge module of weight < j for any j. On
the other hand the perversity property of ™F(4+)\) implies H7 (i’;(”Ff(i/\))) =0
for j > £(y) — £(w). Thus we obtain ¢, ([([*FX (£N)]) € 2 j<t(y)—e(w)—1 1tj- Hence the
condition (5.1.8) also holds. O -

By using a C*-action, we can prove that, for any j, H7(i; ("F{I(£)))) is a pure
Hodge module of weight j as in Kazhdan-Lusztig [19] and Kashiwara-Tanisaki [16].
This gives the following stronger version of Theorem 5.2.1. Since this result is not
used in this paper, the details are omitted.

THEOREM 5.3.5. Let A € T = f)b/P, and let w € W such that £(z) > L(w) for

any z € wW (X)) \ {w}. Let x,y € W(A) such that y > x and write Qﬁ7y(q) =2 e
(i) H2j+1(52(”F£;()\)) =0 for any j € Z.
(i) H? (ZZ(”F&(/\)) ~ Flf;()\)(—j)@cf for any j € 7.
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