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DUALITY FOR REGULAR SYSTEMS OF WEIGHTS*

KYOJI SAITOT

Abstract. Regular systems of weights are certain combinatorial and arithmetic
objects related to a generalization of Coxeter elements [S6,7,8 and 11], and intro-
duced in motivation to understand the flat structure for primitive forms for isolated
hypersurface singularities [S3] (cf. [Man],[S11]).

In the present article, the theory is applied to explain the self-duality of ADE
(=simply laced Dynkin diagrams) and the strange duality of Arnold. Beyond the
original applications, the study gives further class of dual weight systems, which, for
instance, has close connection with Conway group and seems interesting to be studied
yet further.

On the other hand, the duality of weight systems has an interpretation in terms of
certain products of Dedekind eta functions. We give a conjecture on the non-negativity
of the Fourier coefficients of the eta-products. The conjecture is solved affirmatively
for the cases corresponding to elliptic root systems [S45]. But the meaning is not yet
clear.

Recently, one finds an equivalence between the duality in the present article and
certain string duality in mathematical physics [T].

0. Introduction. The present article gives a general frame work on the duality
of reqular systems of weights. For a sake of self-containedness, all proofs are given or
sketched except for some basic facts. For simplicity, we shall call a regular system of
weights a weight system unless otherwise is stated.

A weight system W := (a,b,c;h) is a system of 4 positive integers with some
arithmetic constraint (see (1.0)). To W, we attach a cyclotomic polynomial ¢y,
called the characteristic polynomial of the weight system (see (2.1)). The duality we
study in the present article appears as a duality between the cyclotomic polynomials.
Let us explain this by examples.

Let h be a positive integer and let ¢(A) and ¢*(A) be cyclotomic polynomials
whose roots are h-th roots of unity. The polynomials can be decomposed in the form:

p(\) = H()\l — l)e(i) and @*(\) = H()\z _ 1)5*(1‘)7

ilh ilh

where e(7),e*(i) € Z for i € N with ¢ | h. We call ¢ and ¢* to be dual to each other
of level h, if the equality

e(i) + ¢*(h/i) = 0

holds for all 2. We give two examples of such dualities between cyclotomic polynomials,
which motivated the present article.

1. The characteristic polynomial of the Coxzeter element in the Weyl group of a
type Ay (1> 1),D; (1 >4) or E; (1 =6,7,8) is self-dual (see Remark 0.1 1 and §11).
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2. The characteristic polynomials of the Milnor monodromies ([M, §9]) for the
strange dual pair of 14 exceptional unimodular singularity ([Al]) are dual to each
other (see §12).

Both facts 1. and 2. can be easily verified by direct calculations. On the other hand,
the characteristic polynomials in the above 1. and 2. can be realized as these attached
to some special weight systems (see §9, 12). Then the duality 1. and 2. are proven
uniformly without using the classification as a consequence of a general frame work
of the duality of weight systems (§7 Theorem 7.10) developed in the present article
§83-7.

Beyond the above examples, the general framework gives further dual pairs of
weight systems (§7 Theorem 7.9). In particular, it is remarkable that all weight
systems of rank 24 are self-dual and have relationship with Frame shapes of Conway
group (cf. Appendix 1), whose study in connection with mirror symmetry seems
highly interesting (cf. Appendix 2).

The duality between weight systems is reformulated (§7) as the duality of the set
M(p) := {i € Zso | e(i) # 0}, since the set M (W) attached to the characteristic
polynomial for a weight system W admits a priori description from the weights (§4)
and carries a specific structure such as a poset with 3 generators, classified into 14
types, and the sign of ey (7) is determined by the level function n on the poset M (W)
(Theorem 5.1-2).

The §§8-10 are devoted for a study of some numerical invariants attached to a
weight system: dual rank vy, genus ag, discriminants d(W) and d*(W) and signature
A(W), which are used in §’s 12 and 13.

Attached to the decompositions of ¢(A) and ¢*(\), define the products:

ne(r) = [[nr)*® and . (r) == [ ntir)= @,

ilh ilh

where (1) := ¢'/?* ] (1 — ") for ¢ = exp(27y/—17) is the Dedekind eta-function.
n=1
Then the duality between ¢ and ¢* is equivalent to:

Be(=1/h7) - mpu(r) - Vi = 1

where d is the discriminant. It is also elementary to see that the Fourier coefficients
at oo of such dual pair of the eta-products are non-negative. Inspired by these facts,
the §13 is devoted for the study of the eta-product ny attached to pw of a weight
system W. We show that 7y is holomorphic (resp. vanishing) at all cusps if and only
if one has an inequality vy < 0 (resp. vy < 0). We ask:

Conjecture. The eta-product nyw has non-negative Fourier coefficients at oo if
and only if vy is non-negative (i.e. nw is non-cuspidal).

For three elliptic weight systems FEg, E7, Es and for a weight system (1,1,2;5) (whose
eta-product is the one studied by Ramanujan), the conjecture is verified by a use of
Euler products for the associated Dirichelet series (Example 14.3) (see [S41-V] for a
complete treatment of the elliptic case).

REMARK 0.1.

1. The concept of a regular system of weights is an axiomatization of weight
systems of a polynomial of 3 variables defining a weighted homogeneous isolated
surface singularity (see [S6,7,11], Remarks 1.3, 2.1,10.3, §12 and Appendix 2). The
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present paper is constructed axiomatically without assuming any knowledge of the
back ground except for §12.

2. The duality for Coxeter elements explained here is equivalent to a duality on
Cartan matrix observed by Ochiai [Oc] (see §11).

Acknowledement. The interpretation of the duality in terms of eta-products
was suggested by G. Mason ([Ma]). The author is grateful to him for the discussions.

1. Regular system of weights. We recall basic definitions and results from

[S6,7 and 8].
A system of 4 integers a, b, ¢ and h satisfying 0 < a,b, ¢ < h:

(1.0) W := (a,b,c; h)

is called a weight system, where a, b and c are called the weights and hyy := h is called
the Coxeter number. Two weight systems are identified when they have the same set
of weights and the same Coxeter number.

For a weight system W := (a, b, ¢; h), we associate a rational function:

(" —T)(T" — T~ T°)
(T —1)(T° —1)(Tc—1)

(L1) xw(T) =T

in an indeterminate 7. We say that W is regular, if xw (T) has a pole at most at
T = 0, or equivalently, if T"xy (T) is a polynomial in T [S6 (1.2)].

The regularity condition is reformulated in terms of elementary arithmetics: a
weight system (a,b,c; h) is regular, if and only if i) each of a, b, and ¢ divides one of
h—a,h —bor h— ¢, and ii) every ged(a,b), ged(b,c) and ged(e,a) divides h. So,
unless all weights are less than or equal to h/2, there are two weights whose sum is
equal to h. The weight system of the latter case (e.g. b+ ¢ = h) will be called of type
Ay where ¢ := h/a—1 for a reason explained below. As said in the introduction, from
now on we shall call a regular system of weights W simply a weight system W.

For a weight system W, it was shown [S6 (1.3) Theorem] that there is a finite

number of integers my, - - -, m,, such that

(1.2) X (T) = T™ 44 T

where

(1.3) p=pw = (h—a)(h —b)(h—c)/abe

is called the rank of the weight system. The integers mq,---,m, are called the

exponents for the weight system W (see Remark 1.3). Otherwise stated, we order
them as m; < mg < -+ < m,,. Since one has T"xw (T~1) = xw(T), one obtains: an
additive duality of the exponents:

(1'4) mi—&-mM_Hl:h fori=1,--- p.

The Laurent expansion of (1.1) shows that the smallest exponent my, which we denote
by ew, is given by

(1.5) ew =a+b+c—h,

and that its multiplicity is 1 (i.e. mq < mg and my,_1 < my, if p > 2).
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For a positive integer d, the weight system (da, db, dc; dh) is regular if and only if
(a, b, c; h) is regular. So, we shall call a weight system is primitive , if either when W is
not of type Ay and ged(a, b, ¢, h) = 1, or W is of type Ay of the form (1,b,¢+1—b;¢+1)
for some b with 1 < b < /. In fact, one has (a,b,¢) =1 in both cases.

Primitive weight systems having only positive exponents are classified, and are
called of types Ay (¢ > 1), Dy (¢ > 4) and Ey (¢ = 6, 7,8) according to the identification
of the set of exponents with that of corresponding root systems (see [S6, §2] and §11).
It is well known that the smallest exponent for these cases is equal to 1 ([Bo, Ch.V,§6
6.2. Theoreme 1. (i)]). In general, for a primitive weight system, it is an important
question whether the exponent equal to 1 or —1 exists (see Remark 2.1). In [S8 (2.2)],
we answered to the question affirmatively as follows.

THEOREM 1.1. Let W := (a,b,c; h) be a primitive weight system. Put

(1.6) ay, := the multiplicity of the exponent equal to m.
Then either a; > 0 or a_y > 0. That is:
(1.7) mult (W) :=a;+a_1 >0.

Here we call mult (W) the multiplicity of W. Later in §5, the multiplicity is identified
with an exponent ey (h) (5.6). Then the above theorem will be reproved as the
positivity of the exponent ey (h) (see Theorem 5.1 and Remark 5.4 1, cf. Remark
2.1).

Later in §6, a weight system W is called simple, if mult (W) = 1. The following
imediate consequence of Theorem 1.1 is used in §6.

ASSERTION 1.2. Let W be a primitive weight system, whose exponents are posi-
tive. Then W is simple and the smallest exponent ey is equal to 1.

Proof. Since a—; = 0, mult (W) = a; > 0 implies the existence of exponent
equal to 1. Of course 1 should be the smallest exponent. Then the simplicity of the
multiplicity of the smallest exponent (1.5) implies a; = 1 and hence the simplicity of
w. o

REMARK 1.3. Let fw (2,9,2) = X 45101 chen Cigk®'y’ 2" be a weighted homoge-
neous polynomial in three variables (z,y, z) of weights (a, b, ¢) with the total degree
h. Then, for a generic choice of the coefficients, the surface Xy defined by the
equation fw (z,y,2) = 0 has an isolated singularity at the origin if and only if the
weight system (a, b, ¢; h) is regular (c.f. [A3], [S6, Theo. 3]). If one assume this fact,
then (1.2) and (1.3) are trivialities, since xw (T') becomes a Poincaré polynomial for
the finite dimensional Jacobian ring Clz,y, 2]/ (0z fw, Oy fw, 0: fw) (up to the factor
Tew).

2. Characteristic polynomial ¢y (A). Let the notation be as in §1. The
characteristic polynomial for a weight system W is defined by

(2.1) pw () = H(/\ - wi),
where
(2.2) w; = exp(2mv/—1m;/h) 1=1,--,p,

and m,; are the exponents introduced in §1 (1.2). Let us prove ¢w € Z[\] in the
following (2.3)—(2.5). For k € Z consider the sum:

(2.3) Aw (k) = wf + -+ wl’j
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In view of (1.2), one has Ay (k) = xw(w¥) for w := exp(2my/—1/h). On the other
hand, the substitution of T'= w* in (1.1) yields

(2.4) xw (W) = (5(ka mod h)g — 1) (5(kb mod h)% — 1) (5(kc mod h)% — 1)

where d(z) := 1 or 0 according as x = 0 or else.

Proof of (2.4). Let us show that the function ¢(T) := (T" — T%)/(T* — 1) takes
value d(ka mod h)2 — 1 at T = w*. Since T" takes value 1 at T' = w*, the values
of the denominator and the numerator of ¥(T) at T = w* are the same but with
opposite sign. If both are not zero, then 1)(w*) = —1. They are zero when w*® = 1,
i.e. when 6(ka mod h) = 1. Then the value of ¢ is the ratio of the derivatives:
(Th — 1) /)(T* — 1) = (RT" ' —aT* 1) /aT* ! = h/a — 1. Performing similar
calculations for other factors of xy, we complete the proof. O

Comparing the fact Ay (k) = xw(w¥) and (2.4), we obtain

(2.5) Aw(k) = <5(k‘a mod h)% - 1) (5(kb mod h)% - 1> <6(kc mod h)% - 1> .

Hence Aw (k) are rational numbers. So, one has pw € Q[A]. By definition, ¢
is a monic polynomial and hence is a product of irreducible cyclotomic polynomials
(which are monic and integral). The (2.5) implies:

(2.6) A1) =wi +- - +w, = -1

REMARK 2.1. Under the notation of Remark 1.3, the rank uy is equal to the
rank of the middle homology group, or of the lattice of vanishing cycles in a smoothing
of Xw,, and is called the Milnor number. The characteristic polynomial of Milnor’s
monodromy ¢y acting on the lattice (which is semi-simple of order h) coincides with
ew(A) ([M]). The existence of exponents 1 or —1, shown in (1.7), implies that the
monodromy cy has the h-th primitive root of unity exp(42m+v/—1/h) as an eigenvalue.

Conjecture. The eigenspace belonging to the primitive roots of unity is reqular
in the sense that the eigenspace should not be contained in the reflexion hyperplane
w.r.t. any vanishing cycle if ag = 0.

The conjecture is affirmatively answered for the positive definite cases ADE in
[Bo,Ch.V,8§6] (cf. [S9]), for the positive semidefinite case F; for [ = 6,7, 8 in [S41, §10]
(a modification of the conjecture is necessary if ag # 0) and for the 14 exceptional cases
(unpublished note). The conjecture has quite important consequence in the study of
period map associated to a primitive form [S3]. Namely, it implies the existence of
flat structure on the invariant ring of the monodromy group. (cf. [S41-S45,59]).

3. Cyclotomic exponents ey (£). Any monic cyclotomic polynomial ¢(A) has
a unique expression:

(3.1) o\ = [T (N - 1)
ilh

for some integers e(i) € Z for i € N with ¢ | h. (Here h is an integer such that all roots
of p(A\) = 0 are h-th roots of unity.) The exponents e(i) are given by the following
formulae:

(3.2) m e(m) = 3 u(d) A(m/d),
dlm
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(3.2)* A(k) = " d e(d)

dlk

for m, k € N. Here the summation index d runs over positive integers, A(k) is the sum
of k-th powers of roots of p(A\) =0 (cf. (2.3)) and u(d) denotes the Mobius function
inde€Z (cf. [H, ch.II).

Proof. Both side of (3.2) are additive with respect to the product of cyclotomic
polynomials. Hence it is sufficient to verify the formula only for p(\) = A — 1,
i € N. The LHS is i0,,; (6 =Kronecker’s delta). Since A(m/d) is i or 0 according as
i | (m/d) or not, the RHS is either 0 in case i t m, or equal to ¢ - > u(d) where d runs
in {d € Z>1:d| (m/i)} in case i | m. Due to a property of the Mdbius function ([H
(2.2)]) this is zero except for the case m/i = 1. The (3.2)* is obtained from (3.2) by
a use of the Mobius inversion formula. O

For a weight system W, we decompose the characteristic polynomial ¢y as in
(3.1). We shall call the exponent e(i) the cyclotomic exponent for the weight system
W and denote it by ey (7). So, combining (3.2) with (2.5), we obtain explicit formulae
for the exponents ey (7). Putting & = 0 in (3.2)*, one obtains an expression of the
rank:

(33) pw = i ew(i)

ilh

which is nothing but the deg(¢w). The multiplicity of the root 1 in pw (A) = 0 is

equal to ag + ap, = 2ag (recall the fact —h < m4,---,m, < 2h) and is given by
(3.4) 200 = Y ew(i).
ilh

The ay is called the genus of the weight system (cf. Remark 10.3 2).

4. Poset M (W). For a primitive weight system W, we attach a poset M (W)
consisting of some finite number of positive integers such that the cyclotomic exponent
ew can be regarded as a nowhere vanishing function on M(W). From now on, we
assume that the weight systems are primitive.

For h € Z~¢, denote by Div (h) the poset consisting of all positive integral divisors
of h, where the incidence relation p < ¢ for p,q € Div (h) holds iff p | g. So pV q :=
lem (p, ¢) and p A ¢ := ged(p, g). The unit 1 is the minimum and A is the maximum
element in Div (h). For a triplet p = (p1,p2,ps) of integers with p; > 2 (i = 1,2,3)
and lem (p) = h, put B

(4.0) M ((p) := the subposet of Div (h) generated by p; (i =1,2,3).
That is: M(p) = {L,p; (1 <@ < 3), pij :==piVp; (1 <4,j < 3) and proz 1=
p1Vp2Vp3z=h}. So§M(p) <8. The projection map

(4.1) ®: Div(h) — M(p), d+~— max{{ec M(p):¢&|d}

is a poset homomorphism (i.e. the incidence relations are preserved).

Let n(&,n) for £&,n € M(p) be the Mobius function (cf. [H]). That is: g is an
integral valued function on M (p) x M (p) such that fi(£,n) = 0 for £ {n, a(€,€) =1
for § € M(p), and 3 ¢\, 11§, A) = Dogpnpy #(A,m) = 0 for all £ and n € M(p) with

{7!577 (here by the notation f;lén, we mean & | n and £ # 7). Let us extend the
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domain of 1z from M (p) x M(p) to M(p) x Div(h) by putting (&, 1) = 0 for ({,n) €

M (p) x (Div(h)\M (p)).
ASSERTION 4.1. For any (§,m) € M(p) x Div(h), one has

(4.2) > un/d) =& n).
st (e

Proof. Consider a function f(&,n) := > p(n/d) in (§,n) € M(p) x Div(h).
&ldin

Clearly, f(&,n) is O unless £ | nand is 1if & = n. Iff;n, then there is a prime number
p such that its exponent e in 7 is strictly larger than that in . Divide the set of
running index d in the definition of f(&,n) into three parts I, IT and III according to
the exponent of p in d equals to e, e — 1 or less than e — 1. Owing to a property of the
Mobius function, the sums over I and II cancel each other and each term of III is zero,
so f(&,n) =0. Thus f(&,n) = d(&,n) (= delta function) for any (£,n). Decomposing
{d€Zs0:€6|d|n}= U ®71(N), one has the formula:

EXn
AeM(g)
(4.3) S Y0 un/d)=6(&m).
§lAIn dln,

AEM(p) gea—1(x)

Consider this as summation for a function in A € M(p) for each fixed 7, and apply
the inversion formula of Mobius on M (p). O
Let W := (a,b, c; h) be a primitive weight system not of A;-type. Put

(4.4) hja=pi/q1, h/b=ps/qz and h/c=ps/qs,

where RHS are reduced expressions: that is: p;, q; € Z~o with
(4.5) (piyqi) =1

for i = 1,2,3. So, p1 = h/(h,a), ¢1 = a/(h,a), p2 = h/(h,b),q2 = b/(h,b) and
ps = h/(h,c¢),q3 = ¢/(h,c). By definition, p; | h for i = 1,2,3. One has inequalities
and an equality among them:

(4.7) lem (p1, p2,p3) = h

Proof. (4.6) is trivial from the fact: h/a,h/b,h/c > 2. Since p; | h (i = 1,2,3),
LHS of (4.7) divides the RHS. Primitivity of W implies (a,b,c) = 1. This implies
that the RHS divides LHS. O

The regularity “(a,b), (b,¢) and (c,a) divide h” implies the relation

(4.8) (gi,g;) =1 for 1< iij <3.
For a primitive weight system W, we put

1,h} if W is of type Ay,
(49 v ={ ol o
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LEMMA 4.2. For a primitive weight system W, let [i be the Mébius function (cf.
[H]) for the poset M(W). Let us extend the domain of i from M(W) x M(W) to
M (W) x Div (h) by putting (&,n) =0 for (§,n) € M(W) x (Div (h)\M(W)). Then
for any n € Div (h), the cyclotomic exponent ey (1) defined in (8.1) is given by

(4.10) new(m = > Aw(Qu&mn),

geM (W)

where Aw (€) is given in (2.5).

Proof. Rewriting the formula (2.5) in terms of p; and ¢;, one observes that the
value Aw (d) for d € Div(h) depends only on ®(d), i.e. Aw(d) = Aw(®(d)). So,
formula (3.2) for ey (1) can be rewritten as

new(n) =Y u(d)A/d) =Y n(n/d)Ad) =Y u(n/d)A(S(d))

d|n d|n d|n
- > (10 X ww)= X (a@men).
EeM(W) deq()i"nl © geM (W)

|

As a consequence of the lemma, we see that the cyclotomic exponent ew (n) is
non zero only when n belongs to M(W). So, we shall regard the exponent ey, as a
function on M (W). Nowhere vanishing property of ey as a function on M (W) will
be proven in the next section.

5. The sign of the cyclotomic exponent. We introduce a level n (5.1) on
the poset M (W), and classify the isomorphism classes of the pair (M (W), n) into
14 types (Theorem 5.2). The cyclotomic exponent ey, is calculated as a nowhere
vanishing function on M (W) according to the types. We prove the basic result of the
present paper: the sign of ew (€) at & € M(W) is equal to (—1)*&+1 (Theorem 5.1).
In particular, this includes the positivity of ey (h), since n(h) = 3.

The level of £ € M(W) is defined by

(5.1) n(§) == #{i € {1,2,3} : pi [ O},

One has 0 < n(€) < 3 and n(§) =0 (resp. 3) if and only if { =1 (resp. £ = h). It
is clear that £ | n implies n(¢) < n(n) and the equality holds if and only if £ = 7.

THEOREM 5.1. Let W be a primitive weight system.

1. The cyclotomic exponent ey (£) is non zero for all £ € M(W). The sign of
ew (€) is equal to (—1)™O+1,

2. One has ey (&) = (=1)™OF for & € M(W) if n(€) =0 or 1.

Theorem 5.1 is a consequence of the next classification Theorem 5.2.

Terminology. An isomorphism class of leveled posets (M (W), n) shall be called
a type, where two leveled posets are isomorphic if there is an abstract isomorphism of
posets which preserves the level.

THEOREM 5.2. There are 14 types of leveled posets (M (W), n), which are num-
bered from 1 to XIV. For each type, the cyclotomic exponent ey is given as a rational
function in the coordinates p;, pij,h = p123 and q1,q2,q3.

In the next Table A, we exhibit the 14 type posets together with their cyclotomic
exponents as the rational function in the coordinate, where
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i) An element € € M (W) is represented by a vertex @ of a graph. The vertices
are ordered from left to right according to the level 0 < n < 3,

il) An edge @4(: ) for &, n € M(W) is drawn, if and only if &kn and
there does not exist ¢ € M(W') such that ELlLn.

iii) The function attached near at a vertex @ is the exponent ey (§) (in Table
G, we shall describe the exponent in refined coordinates).

iv) The first 5 types I-V are called dual type for the reason explained in Remark
2 at the end of this §.

Table A.

P1p2p3 / D123

1
-1 ‘\.plpz/l)m
o (1) @
1 \(pz — 1)p3/q3p13

&)

~1 —pp2Am) fqg2 — 43)/P129243
II1. @ P12 = P13 = P123 )

P2 = Pp3 = P23
*(PQ —q2 — Q3)/¢I2¢I3

—(p1—1)/q2 (pr — 1)(p2 — 42)/ 4293

Iv. @ P2 = p13 de = P23 = P13 = P123 )

1 (n+1)/h

V. @ @1 = p2 = P3 = P12 = P23 = P13 = P123 )

G).
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VI

VII.

VIIIL

IX.

XI.

XII.

—P1p2/]012

(p2 — )pips/p13
P13 = P123

—p2p3/p23
1 Pl(P2P3 —p2— p3)/P12
@ P12 = P13 = Pr23 )
)
—P2p3/1023
(v
plpzps — P1p2 — P2pP3 — p3p1)/p12
// (12 = P23 = P13 = P123 )
@ p1(p2p3/qs — p2 — p3)/a3)/p12

\ 7

Gz = P13 = P123 )

\ 12 1)/qdp1 — D)(p2 —1)/g3
/.4<p3 P23 = P13 = p123>

\ (1 — 1)(p2 — 1)/a3 — p1p2/p12
CP3 = P12 = P23 = P13 = P123)

—(p1—1)/g3

(p1 — 1)p2p3/q2q3p23



-1 (p1 — 1) (p2 — 42 — 43)/ 4243
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XL @ @1’ P2 = P3 = P12 = P23 = P13 = P123

P12 —q1— 42 /(J1(I2 Pl - Q1)(P2 - (I2)/(J1Q2Q:3

-1
XIV. @ D1 = P2 = P12 4@3 = P23 = P13 = P123)

Proof of Theorem 5.2. The classification of the leveled posets is elementary and
we give only an outline of the proof below. In fact, we classify leveled posets (M (p),n)
generated by three integers (p) = (p1, p2, p3) with p; > 2, where the level is defined by
(5.1). First, we list up all division relations among p;, pe and ps, and then determine
all isomorphism classes of (M (p),n) for each case (by examining the division relations
among p;;’s and h). Up to a permutation of p;’s, we have the following cases.
I. There are no incidence relations among p1, p2 and p3 and also among p12, po3
and ps31.
IT. pakps and there are no incidence relations between p; and py, and p; and ps.
III. po = p3 and there are no incidence relations among p; and ps = ps3.
IV. pi1lpakps(= h).
V. p1 =p2=p3(=h)
VI. There are no incidence relations among p1, p2 and ps and there are a relations
P13 = p123 = h.
VII. There are no incidence relations among py, p2 and p3 and there are relations
P12 = P13 = p123 = h.
VIII. There are no incidence relations among py, p2 and ps and there are relations
P12 = P23 = P31 = p123 = h.
IX. pokps, there are no incidence relations p; , p2 and p3 and there is a relation
p3 | p12 so that p12 = p13 = h.
X. There are no incidence relations among p; and po, and there is a relation
p12kps and so ps = h.
XI. There are no incidence relations between p; and p,, and there is a relation

P12 =p3 = h.
XII. p1kpe and p;lps, and there are no incidence relations among ps and ps.
XIII. p1¥p2 =

XIV. p1 = pakps.

For any of the above 14 cases, the existence of a weight system W belonging to the type
is shown by the following two steps: i) take (p) = (p1, p2, p3) satisfying the conditions,
ii) show that the weight system W := (p2ps, p3p1, P1p2; p1p2p3)/ ged(p2ps, psp1, p1p2)
is regular and M (p) = M(W).

We prepare a lemma for a calculation of the cyclotomic exponent.

ASSERTION 5.3. Let W = (a,b,c; h) be a weight system and p1,p2,ps,q1,q2 and
qs be integers introduced in (4.4).
i) If a | (h—0), then p2 | p1 and q1 | (p2 — g2).
ii) If n(p1) =1, thena | h,atb, atc and g1 = 1.
i) If ps t p2, then g2 | (p1 — q1).
iv) If n(ps) = 3 (& ps = h), then (h,c¢) = 1 and g3 = ¢ divides either p; — q1 or
P2 — Q2.

Proof. i) If a | (h — b), then (a,h) | b and hence (a,h) | (b,h). This means
p2 = h/(h,b) divides py = h/(h,a). Since (a,h)q1 | (b,h)(p2 — ¢2) and ¢ is prime to
(b,h)/(a,h), one has g1 | (p2 — q2).
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ii) If n(p1) = 1, then owing to i), neither a | (h — b) nor a | (h — ¢). So the only
possibility is a | (h — a). Then a 1 b otherwise a | (h —b).

iii) Due to i), bt (h — ¢). So either b | (h —b) or b | (h — a). Hence either b | h and
hence g2 = 1 for the first case, or g2 | (p1 — q1) for the latter case.

iv) The fact p3 = h and h/c = p3/qs imply iv). O

We return to the proof of Theorem 5.2. The calculation of ey (£) is achieved by
induction on the level n(£). More precisely, it is achieved depending on the subposet
Me :={ne M(W) :n| &} The restriction of the Mébius function fi(-, &) of M (W)
to M is the Mobius function of M.

Case 0. n(&) =0.
In this case, £ =1 and M, @ . Formula (4.10) implies 1 - ew (1) = A(1)n(1,1)
= A(1) = —1 (2.6), and therefore

(5.2) ew(l) = —1 = (=1)MO+1

Case 1. n(€) =1.
By a permutation of the index, we may assume £ = p; and p2 t &, p3 t €. In view of
the Assertion 5.3 ii), one has a | h and £ = p; = h/a. So a§ = h =0 (h). On the other

hand, b = hqa€/p2 Z 0 (h) and ¢ = hqs&/ps Z0 (h). So A(§) = h/a—1=p; —1
(2.5). The poset M¢ is equal to @ and the Mébius function fi(x, €) is 3

—5. S0 (4.10) implies Eeyy (€) = A(E)fi(py, p1) + A)E(L, p1) = (p1—1)— (—1) = p1.
Hence

(5.3) ew(§) = 1= (—1)"&O+

Case 2. n(€) =2.
By permuting the indices 1,2 and 3, M¢ is one of the following 3 cases.

()
) M = @ with € = p1p and ps 1 €.

The Mébius function fi(*, ) is < / . Sincepy | &, p2 | € and g1 = q2 = 1,
one has af = hq:1&/p1 = (h) and bf = hqgf/pg = 0 (h). On the other hand,
ps 1 & and hence c§ = hqs¢/ps # 0 (h). Thus A(¢) = —(p1 — 1)(p2 — 1) (2.5). So
(4.10) implies Eew (§) = A(§)u(§, &) + A(p1)a(p1,§) + Alp2)i(p2, §) + A(D)u(1,€) =
—(p1—=1)(p2—1)—(p1 —1) = (p2 — 1) = 1 = —p1pa. Hence

(5.4.1) ew (§) = —p1p2/p12,

whose sign is obviously equal to (—1)"&+1 = —1.

i) Me @4 @ Wlth = pg p12 and p3 1 €.

The Mobius function fi(x, &) is L . Due to Assertion 5.3 ii) and iii),
@1 =1, | (pr—1) and A(p1) = p1 — 1, Alp ) = —(p1 = 1)(p2/g2 — 1) (2.5). Then
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(4.10) implies Eew () = A(§)u(&, &) + Alp1)ia(p1, &) + AN (1, €) = —(pr — 1) (p2/q2 —
1) — (pl — 1) — 0 = —(p1 — 1)])2/(]2. HGDCQ

(5.4.2) ew (&) = —(p1 — 1)/q2,

whose sign is obviously equal to (—1)"&+1 = —1.

iii) Me @4@ with £ = p1 pg p12 and p3 1 €.

The Mobius function fi(x,§) is o5l As before, one has A(§) = —(p1/q1 —
1)(p2/g2 — 1) (2.5). Since p3 t p1 = p2, the Assertion 5.3 iii) implies ¢1 | p2 — ¢2
and g2 [ p1 — ¢1. The (4.10) implies ew (§) = A(En(€, &) + A(Da(1,£) = —(p /a1 —
D(p2/q2 —1) +1 = —&(§ — @1 — 42)/(q1¢2). Hence

(5.4.3) ew (&) = —(§ — a1 — a2)/(q192).

Let us show the negativity of this. Note that W cannot be of type Ay, for M(Ay)
does not contain the sub-diagram M. Hence one has p1/¢1 > 2 and ps/g2 > 2. So
& —q1 — ¢2 > 0 and the equality holds only when h/a = h/b = 2, which is the case of
type Ay and cannot occur.

Case 3. n(&) =3.

This is the case when & = h = pja3. By a use of formula (5.6) at the Remark
5.4.1., one may be able to reduce the proof of the positivity of ey (h) to the existence
of the exponents prime to the Coxeter number which is readily proven in [S2, (2.2)]
(quoted in (1.7)). But this is not sufficient for our purpose, since we need an exact
expression of ey (h) for the later uses. So, we give here a direct proof of the positivity
of ew(h)

There are 14 types of M, according to the table A. In all cases A(h) = (p1/q1 —
1)(p2/g2 —1)(p3/q3 —1) (2.5). Since the Mobius function depends on the type of M,
we calculate ey (h) separately in each types.

I. Due to Assertion 5.3 ii), one has ¢ = ¢2 = ¢q3 = 1.

1

1 -1
o—>p 1

The Mobius function fi(x, k) is given by , S0 we have:

1 =1
hew(h) = (p1 = D)(p2 — D(ps = 1) + (p1 = D(p2 — 1) + (p1 — )(ps — 1)
+P2 =Dz -1+ @1 —1)+m2—1)+(p3—1)+1
= P1p2p3-

Hence

(5.5.1) ew (h) = p1p2p3/p123,

which is apparently positive.
II. Due to Assertions 5.3 ii) and iii), one has ¢; = g2 = 1 and g3 | (p2 — 1).

0
o]

\ 1
The Mo6bius function fi(*, k) is given by Oo<o/o\01 , so we have:
1 ™o
=1
hew (h) = (p1 — 1)(p2 — 1)(ps/qs — 1) + (p1 — 1)(p2 — 1)
+(p1—(ps/gs — 1)+ (p2 — 1)(ps/gs — 1) + (p2 — 1)

= p1(p2 — 1)ps/gs-
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Hence

(5.5.2) ew(h) = p1(p2 — 1)p3/(p13¢3),

which is apparently positive for ps > 2 (4.6).
III. Due to Assertion 5.3 ii) and iii), one has ¢; = 1, g2 | (p2—¢3) and g3 | (p2 —¢2)-
—1

i e - Lo
The Mobius function fi(x, k) is given by ol , so we have:
-1
hew (h) = (p1 — 1)(p2/q2 — 1)(p3/q3 — 1)
+(p2/q2 — 1) (ps/qz3 —1) — (p1 — 1) — 1

= p1p2(p2 — q2 — ¢3)/(q243)-
Hence
(5.5.3) ew (h) = pip2(p2 — @2 — 43)/(P124243)-

The same argument for iii) of n(£) = 2 shows the positivity ey (h) > 0.
IV. Due to Assertion 5.3 ii) and iii), and g1 = 1 and g2 | (p1 — ¢1)-

The Mé&bius function fi(x, k) is given by R c1>7 so we have: hey (h) =
(p1 —1)(p2/q2 —1)(p3/q3 —1) +(p1 —1)(p2/¢2 — 1) = (p1 —1)(p2 — ¢2)p3/(¢2q3). Hence
(5.5.4) ew (h) = (pr — 1)(p2 — @2)/(423),

which is apparently positive (see (4.6)).

V. The Mobius function fi(*,h) is given by o <1>, so we have: hew(h) =
(p1/a1 — D(p2/q2 — 1)(ps/qs — 1) + 1 = pw + 1, where pyy is the rank of the weight
system W (1.3). Hence

(555) ew(h) = (MW + 1)/h,
which is obviously positive. For later use, we describe ey (h) precisely. By definition,
a=gq,b=qs, c=gq3and (a,h) = (b,h) = (¢, h) = 1. These imply (a,b) = (b,c)
= (¢,a) = 1. We assume either i) a | h—b,b|h—cand ¢ | h—a, orii) a | h—b,
b|h—aand c|h—a. Let us study each cases.
i) Put k:= (h—b)/a, l := (h —¢)/b, and m := (h — a)/c. Solving this, we see
(a,byc;h) =(Im—m+1,mk—k+1,kl -1+ 1;klm+1)/d,

where

d:

(Im—m+1,klm+1) = (mk —k+ 1,klm+1)
(kl =1+ 1,klm+1)
(
(

Im—m+1,mk—k+1)=mk—-k+1,kl—14+1)
kl—1+1,0m—m+1).

Then, since u = (h — a)(h — b)(h — ¢)/abc = klm, one has

(5.5.6) ew (h) = (klm +1)/h = d.
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ii) Put k:= (h —b)/a, l := (h — a)/b. Solving this, we see
(a,b,c;h) = (1 — 1,k —1,dm; kl — 1)/d,
where
di=(k—1,kl - 1) = (1~ 1kl —1) = (k—1,1— 1)

and m is a divisor of [ such that (m,(k —1)/d) = 1. Then one has

(5.5.7) ew(h) = (uw + 1)/h = lk/m — d.
VI. Due to Assertion 5.3 ii), one has ¢; = g2 = g3 = 1.
o O -
1
The Mobius function fi(x, k) is given by ° 5 1, so we have:

hew (h) = (p1 — 1)(p2 — 1)(p3 — 1)
1= D2 — 1)+ (p2—1)(p3 — 1)+ (p2 — 1)
= (p2 — )p1ps.

Hence

(5.5.8) ew (h) = (p2 — 1)p1p3/p13,

which is apparently positive.
VII. Due to Assertion 5.3 ii), one has ¢; = g2 = g3 = 1.

-1
1
1
The Mobius function fi(x, k) is given by o@ , so we have:

hew (h) = (p1 — 1)(p2 — 1)(p3 — 1)
+P2—D(pzs—1)—(p1—1)—-1
= p1(p2p3 — p2 — p3)-

Hence

(5.5.9) ew (h) = p1(p2ps — p2 — p3) /P12

997

Since ps and p3 are not less than 2, ey (h) can be non-positive only when py = p3 = 2,

which contradicts to independence of p; and ps.
VIII. Due to Assertion 5.3 ii), one has ¢; = g2 = ¢3 = 1.

2 1
The Mo6bius function fi(*, k) is given by ° ~ , so we have

hew (h) = (p1 — 1)(p2 — )(p3 — 1)
~(p1=1) —(p2—1)—(ps—1) -2
= P1p2pP3 — P1pP2 — P2pP3 — P1P3-

Hence

(5-5-10) GW(h) = (p1p2p3 — P1P2 — P2p3 —Plps)/Plz-
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Positivity of ey (h) can be seen as follows. First, observe that p; is not a prime number.
(If p; were prime, then the equality p12 = p13 implies p2 = p3. A contradiction!) By a
permutation of indices we assume p; > ps > p3 > 6. Then ey (h) = (p1p2ps — p1p2 —

p2ps — p1p3)/p12 > (6p1p2 — p1p2 — p1p2 — p1p2)/p12 > 3.
IX. Due to Assertion 5.3 ii) and iii), we have ¢ = ¢2 = 1 and ¢3 | p2 — 1.

—1
1
1
The Mobius function fi(x, h) is given by O<Oz>0, so we have

hew (h) = (p1 — 1)(p2 — 1)(p3/q3 — 1)
+(p2 —1)(p3/gz —1) — (p1 — 1) -1
= p1(p2p3/q3 — P2 — P3/q3)-

Hence

(5.5.11) ew (h) = pi{(p2 — 1)(ps — ¢3)/q5 — 1}/p12-

The positivity of this can be shown as follows. At least ey (h) is non negative for
(4.6). If it were zero, then py — 1 = g3,p3 — g3 = 1 and hence ps = p3 = 2,93 = 1.
This contradicts the independence of po and ps.

X.Onehasa | h,b| hand g1 = g2 = 1. Since ¢ = g3 divides either h—a = a(p;—1),
h—b="0b(ps — 1) or h — cand (c,h) = 1, g3 divides either p; — 1 or ps — 1.

0
0 —1
sl o1
The Mobius function fi(x, h) is given by O<> , S0 we have

hew (h) = (p1 — 1)(p2 — 1)(p3/q3 — 1)
+p1—1)(p2—1)—1
= (p1 — 1)(p2 — 1)p3/qs.

Hence

(5.5.12) ew(h) = (p1 — 1)(p2 — 1)/g3,

which is non less than min{p; — 1,p — 1} > 0.
XI. One has a | h, b | h and g1 = g2 = 1. g3 divides either p; — 1 or p — 1 as in
type X.

—1
1 1
The Mobius function fi(x, h) is given by O<1:>C , SO we have

hew (h) = (p1 — 1)(p2 — 1)(p3/q3 — 1)
=1 —(p2—1) -1
= (p1 — 1)(p2 — 1)p3/q3 — p1p2.

Hence

(5.5.13) ew(h) = (p1 — 1)(p2 — 1)/q3 — p1p2/P12-

The positivity of ey (h) can be seen as follows. First, we examine special case when
one of p; and ps is equal to 2. Assume p; = 2. So h = p1s = 2p> and we have
ew(h) = (p2 — 1)/q3 — 1. There are two cases to consider: a) g3 | (p1 — 1). Then,
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gs = p1 —1 =1 and hence ey (h) = ps — 1 — 1. This is non-positive only when p, = 2,
which is impossible for p; = pa, b) g3 | (p2 — 1). Since p3 = 2ps is an even number, g3
is odd. Since py and g3 are odd, (p2 — 1)/gs is an even positive number > 2.

Next we consider the general case when p;, po > 3. Let us show that p3/gs > 2.
Otherwise, p3/qs = 2 and so p3 = 2, g3 = 1. Then p; | p3 = 2 and ps | ps = 2 imply a
contradiction: p; = pa = p3 = 2. Assume g3 | (p2 — 1) and put po — 1 = rgs. So

hew (h) = (p1 — V)psr — p1(rgs + 1) = r{(p1 — )ps — p1g3} — p1
>r{(p1 —ps —p1(ps —1)/2} —p1
=r(p1/2—1ps + (r/2—1)p
>ps3/2—p1/2>0.

XII. One has g1 =1, g2 | (p1 — 1) and g3 | p1 — 1.

0 0\1
- o—o< ol
The Mobius function fi(x*, h) is given by 1 o<1 80 we have

hew (h) = (p1 — 1)(p2/q2 — 1)(p3/q3 — 1)
+(p1 = D(p2/q2 — 1)+ (p1 — (p3/q3 — 1) + (p1 — 1)
= (p1 — 1)paps/(q2q3)-

Hence

(5.5.14) ew (h) = (p1 — 1)p2p3/(q2q3p23),

which is apparently positive.
XIII. One has ¢4 = 1 and h = py; = p3.
1

The Mobius function fi(*, h) is given by &6 50 we have:
hew (h) = (pr = 1)(p2/g2 = 1)(ps/g3 — 1) — (p1 — 1)
= (p1 — Dp2(p23 — a2 — ¢3)/(¢243)-

Hence

(5.5.15) ew(h) = (p1 — 1)(p2s — q2 — 43)/(q243)-

Its positivity is shown by the same proof as in the case n(§) = 2 iii).
XIV. One has h = p3, q1 | p2 — ¢2 and g2 | p1 — q1.

The Mébius function fi(*, h) is given by R S , 50 we have:

hew (h) = (p1/q1 — 1)(p2/q2 — 1)(p3/az — 1)
+(1/a1 — 1) (p2/q2 — 1)
= (p1 — q1)(P2 — 92)p3/(q19243)-

Hence

(5.5.16) ew(h) = (p1 — q1)(P2 — ¢2)/(q1623),

is apparently positive (cf. (4.6)).
These complete the proof of the Theorem 5.2. O
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In the rest of §5, we discuss immediate consequences of Theorems 5.1-2.

1. Positivity of the multiplicity.

Recall the multiplicity (1.7) of a weight system W: mult (W) := a1 + a_; =
#{i € {1,...,u} | m; € {£1}}. Since a_; = ap41 by the duality (1.4), this is equal
to the multiplicity of roots exp(27y/—1/h) in the equation ¢y (A) = 0 (2.1). So, by
definition of exponent ey (h) (3.1), one has

(5.6) ew (h) = mult (V).

Therefore, the positivity of ey (h) in the Theorem 5.1 is equivalent to that of mult (W)
and hence is equivalent to the existence of exponents prime to the Coxeter number h
(cf. Theorem 1.1). This fact for the classical cases A;, D; and E; is well known ([Bo,
Ch5 §6 n°2 Thl (1)]) and plays a basic role in the invariant theory for the classical
root systems [Sp][S9].

2. DEFINITION of the dual type posets.

Let us call a poset (M (W), n) (but not W) of dual type, if there exists an involutive
anti-automorphism ¢ of M (W) (i.e. £ < n < (&) = u(n), and n(&) + n((§)) = 3 for
&,mn e M(W)). The next fact is an immediate consequence of the classification.

Fact. A leveled poset (M (W), n) is of dual type, if and only if one has the equality:
(5.7) H{Ee M(W) | n(€)is even } =g{€ € M(W) |n(§) is odd }.

In fact, the dual type posets are the types I, II, III, IV or V. An involution is often
given by ¢(§) := h/&, but it is not always the case.

3. DETERMINATION of M (W) from ¢y .

Fact. The characteristic polynomial pw determines the leveled poset (M (W), n)
together with the generator p1,p2 and ps.

A sketch of proof. The decomposition (3.1) gives the set |M (W)| and the parity
of the level n(§) for & € |M(W)|. Put h := mazx{|M(W)|}. Then, n(¢) =1 for all
odd parity elements except for n(h) = 3, and n(§) = 2 for all even parity elements
except for n(1) = 0. The generators = {£ | n(§) = 1}U{¢ | n(§) = 2, #M < 3}U{{ |
n(§) = 3,# M < 4} with multiplicity n(§) — #M¢ + 2 (except for the case XIV).

REMARK 5.4. 1. The characteristic polynomial oy determines W up to finite,
as follows. Since a; = q;h/p; (i = 1,2,3), one needs the data of ¢; (i = 1,2,3)
to recover the weights. If n(p;) = 1 then ¢; = 1. The formula of ew (§) in Table
A together with its value determines ¢; except for the 2 cases: III. the equality
gaqsew (P2 = p3) + P2 — g2 — g3 = 0 may have multi-solutions, and V (cf. Proof
of Theorem 5.2 for the case V).

2. The 14 types of posets are ordered according to their cardinality and degen-
eration relations:

I X \ IV X1V
I —— VI < I T '
VIE IX XIH/
/
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6. Simplicity condition for the cyclotomic exponent.
DEFINITION 6.1. Let us call a weight system W to be simple, if ey (§) € {£1}
for all £ € M(W). In view of Theorem 5.1 1, this is equivalent to:

(6.1) ew(€) = (1O

for all £ € M(W). We give a necessary and sufficient condition for W to be simple in
the following Theorem 6.2.

THEOREM 6.2. 1. A weight system W is simple, if and only if the multiplicity
mult (W) (see (1.7) and (5.6)) is equal to 1.

2. If mult (W) =1, then M(W) is one of types I, I, I11, IV, V or XI.

Proof. The condition mult (W) = 1 is necessary for W to be simple, because of
the relation ey (h) = mult (W) (5.6).

Assume mult (W) = 1 and let us show that ey (¢) € {£1} for all £ € M(W). If
n(€) =0 or 1, then ey (§) is automatically —1 or 1, respectively (Theorem 5.1 2). If
n(€) = 3 then £ = h and ey (h) = mult (W) = 1 by the assumption. Therefore we
have only to show:

a) ew (&) = —1 for £ € M(W) with n(§) = 2 assuming ey (h) = 1,
b) ew (h) > 2 for any W of non-dual type except for the type XI.
We use (5.4)—(5.5) and Table A without referring to them explicitly.

Proof of a).
L ew(h) = 1 implies p1paps = lem(p1, p2,p3). Hence, py, pe and ps are mutually
prime. Therefore ew (p;;) = —pip;/pi; = —1 for 1 <i# 35 <3.

II. Since (p2 — 1)/qs3 is an integer, ey (h) = ((p2 — 1)/q3)(p1ps/p13) = 1 implies
(p2 —1)/q3 = 1 and p1p3/p13 = 1. From the first equality, we obtain ey (p3) = 1.
From the latter equality, we obtain (p1,ps) = 1. Since ps | ps, one has (p1,p2) = 1

and ew (p12) = —p1p2/p12 = —1.

II1. Since (p2—q2—q3)/q2q3 is an integer, ey (h) = (p1p2/p12)((P2—42—43)/q243) =
1 implies —ew (p23) = (P2 — q2 — 43)/q2q3 = 1 and p1p2/p12 = 1.

IV. ¢ =1 and h = apy. So p1 | p2 implies b = (a,b)g2 and py = p1a/(a,b). Due
to Assertion iii) and iv), one has ¢ | (p1 — 1), (¢,h) = 1 and ¢ = ¢3. Since (a, b, ¢; h)
is regular, there are 3 cases to consider. i) ¢ | h, ii) ¢ | (h —b), iii) ¢ | (h — a) and
(b,c) | h.

i) ¢ = 1 and this case is included in ii). ii) ¢ | (h —b) = (h,b)(p2 — ¢2) and
hence g3 = ¢ | (p2 — ¢2). Then ew(h) = ((pr — 1)/q2)((p2 — ¢2)/q3) = 1 implies
1= (p1 —1)/q2 = —e(p2). iii) ¢ | (h —a) = a(p1 — 1). Since (¢, h) = (g3,p3) = 1, so
(¢,a) = 1 and therefore g3 | (p1 — 1). On the other hand (go,¢3) = 1 (4.8) together
with ew (h) = ((p1 — 1)/g2¢3) (P2 — g2) = 1 implies (p1 —1)/¢2g3 = 1 and p> — g2 = 1.
The second equality together with the general fact 2 < po/go implies po = 2 and
g2 = 1. Then 2 < p; < py = 2 is impossible so that this case cannot occur.

V. There is no element & € M (W) with n(§) = 2.

Proof of b).

VI. Suppose ey (h) = 1. Then ey (h) > py — 1 implies py = 2. This is impossible,
since py | p1s implies either ps | p; or pa | ps, which contradicts the incidencialy
independence of py from p; and ps3.

VIL First note that pips > pi2, else pip2 = pi12 = p13 = p1p3/(p1,p3) implies
p2 | p3: a contradiction. For the same reason, p;ps > p13. These imply that ps and ps
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cannot be prime numbers. (If py were a prime, then p;ps > p12 implies ps | p1.) So we
have p2,p3 > 4. One has ew (h) = p1pa/p12+p1p3/p13+p1{(p2 —2)(p3 —2) —2}/p12 >
p1p2/pi2 + p1p3/pi3 > 4.

VIII. Observe that any of p; is not a prime number. (Suppose p; were a prime.
Then p12 = p1p2 equals p13 = p1ps implies po = p3. A contradiction!). By permuta-
tion of indices we may assume p; > py > p3 > 6. Then ey (h) = (p1p2p3s — P1P2 —
P2p3 — p1p3)/p12 > (6p1p2 — p1p2 — p1p2 — p1p2)/p12 > 3.

IX. Since p12 = pip2/(p1,p2), the formula for ey (h) is rewritten as ey (h) =
(p1,p2){ps/q3(1 — 1/p2) — 1}. Suppose (p1,p2) # 1. Then substituting (p1,p2) =
2,p2 > 4 and p3/gs > 2 in the expression of ey (h), one obtains ey (h) > 1 and the
equality ey (h) = 1 occurs only when ps = 4 and p3/gs = 2. Since (ps3,g3) = 1, this
implies g3 = 1 and ps = 2, which contradicts ps | ps. Therefore we have (p1,p2) = 1.
Then pip2 = pi12 = p13 = p1ps/(p1,ps) and hence ps = pa(p1,p3). So we have
ew(h) = (p2 — 1)(p1,p3)/qs — 1. Since ps # p3, we have (p1,p3) > 2. Therefore
ew(h) = 1 implies (p2 — 1)/q3 = 1 and (p1,p3) = 2. But this gives a contradiction,
for (p1,ps) = 2 implies that p; and p3 are even and hence (p1,p2) = 1 implies po is
odd. Then g = ps — 1 is even and hence (p2, g2) contains a factor 2 # 1.

X. Suppose ey (h) = 1. Since g3 divides either p; —1 or ps —1, assume g3 | (p1—1).
Then ((p1 —1)/¢3)(p2 — 1) = 1 implies g5 = p1 — 1 and py = 2. Since p; and po are
independent, p; is odd. This is a contradiction, since ps | ps implies p3 is even and
g3 = p1 — 1 implies g3 is even, contradicting (ps, ¢g3) = 1.

XI. There is no element £ € M (W) with n(§) = 2.

XII. Similar to IV, one has ¢ = 1,h = p1a,b = ¢2(a,b),p2 = p1a/(a,b),c =
g3(a,c),p3 = pra/(a,c), and ga,q3 | (p1 — 1). The fact lem(py,p2,p3) = h im-
plies a = lem(a/(a,b),a/(a,c)) and hence ged((a,bd), (a,c)) = 1. Then pop3/pes =
p1a/(a,b)(a,c), where the factor a/(a,b)(a,c) is an integer. Thus ey (h) = (p1 —
1)paps/q2q3p23 = {(p1 — 1)a/(a,b)(a,c)}p1/q2q3, where the factor {x} is an integer
and the denominator ¢oq3 is prime to p;. Then the fact ey (h) is an integer implies
that go2gs divides the factor {*} and that ey (h) is a multiple of p; > 2.

XIII. There is no element £ € M (W) with n(§) = 2. Nevertheless, we show
ew(h) > 2. In this case, ¢y = 1 and h = pja. Since h = py = p3, one gets g3 = b
and g3 = c. (g2,p2) = (g3,p3) = 1 imply (g2, p1a) = (g3,p1a) = 1. (b,c) | h implies
(g2,q3) = 1. Consider the following cases: i) b | (h—1) and ¢ | (h —a), i) b| (h —a)
and ¢ | (h—0),iii) b| (h—a)and ¢ | (h—¢),iv) b| (h—b) and ¢ | (h—b), v) b| (h—b)
and ¢ | (h—¢),vi)b| (h—c) and c| (h —b).

i) g2 | (p1 —1) and g3 | (p1 — 1), so (g2,q3) = 1 implies gaq3 | (p1 — 1). Hence
P1—G2—q3 > q2q3—q2—q3+1 > (2—1)(g3—1) > 0 and ew (h) = ((p1 —1)/q2q3) (p2 —
G2 —q3) > 1-(2p1 — g2 —q3) > p1 > 2.

ii) g2 | (pr —1) and g3 | (p2 = 2). So ew(h) = ((p1 —1)/q2)((p2 —¢2 — q3) /a3) = 1
implies p;1 — 1 = g2 and ps — g2 = 2¢q3. This is impossible, since the last equality
implies that ps and g» are simultaneously odd and hence p; = 1 + ¢o is even. This
contradicts p; | pe.

iii) g2 | (p1 — 1) and g3 | h, so g3 = 1. Then ey (h) > 2 can be shown similar to
the case i).

iv) g2 | h and g3 | (p1a — g2), so g2 = 1. Then ey (h) > 2 can be shown similar to
the case ii).
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v) ¢2 | h and g3 | h, so g2 = g3 = 1. Then ey (h) > 2 can be shown similar to the
case 1i).

vi) ¢2 | (p1a — g3) and g3 | pra — 2. Put pra — g3 = uge and pra — g2 = vgs.
Then (u— 1)ga = (v — 1)g3 and (g2,¢3) = 1 implies the existence of r > 0 such that
u—1=rq3,v—1=rge and p1a = rq2g3+ g2 +¢qs. Thus, ey (h) = (p1 —1)r. Therefore
ew(h) = 1 implies py = 2 and r = 1. Then p1a+1 = (g2 + 1)(¢gs + 1) and p; = 2
imply that g2 and g3 are even numbers contradicting (g2, g3) = 1.

XIV. Put p := p1 = pa and d = (h,a) = (h,b) so that h = pd,a = ¢1d,b = gad
and (p,q1) = (p,q2) = 1. One has p3 = h = pd,q3 = ¢ and (g3,pd) = 1. The
regularity of the weight system implies that a,b and ¢ divide either h — a or h — b.
Because of the symmetry among a and b, we consider only the following 4 cases:
iya | (h—a),b| (h="0),c| (h—a),iil) a| (h—a),b| (h—a),c| (h—a), iii)
al(h—a)b|(h—a)c|(h—b),iv)al (h—b)b| (h—b)c| (h—a).

i) g1 =g2=1and g3 | (p — 1)d and hence g3 | p— 1. Then ey (h) = (p—1)(p —
1)/qgs =1 impliesp—1=1and (p—1)/g3=1. Sop=2and ¢ = ¢ =¢3 =1 and
hence W = (d, d, 1; 2d) is of type Ay, which is excluded from the consideration.

ii)g1 =1,¢2 | p—1and g3 | (p—1)d and so g3 | p— 1. Since (b,¢c) = (q2,93)
divides h = pd and (g2,p) = (g3,d) = 1, one has (g2,¢q3) = 1. Thus ew(h) =
((p —1)/q2g3)(p — g2) = 1 implies p — 1 = gag3 and p — go = 1. For p/qz > 2, this is
possible only when g = 1 and p = 2 and therefore g = g3 = 1. This case is excluded
as type Ay as in the case i).

iil) 1 = 1,¢2 | p1 — 1 and g3 | p2 — g2 Thus ew (h) = (p—1)/q2)(p—q2)/q3) = 1
implies p—1 = go. Again p/qo > 2 impliesp =2 and ¢ = g2 = 1. So W = (d, d, 1; 2d)
is of type Ay and is excluded.

iv) ¢1 | (p—q2),02 | (p— 1) and g3 | (p — q1). Since (b,c) = (g2, ¢3) divides h
and (g3, h) =1, one has (g2,q93) = 1. Thus ew (h) = (p — ¢1)/q203)(p — @2) /1) = 1
implies p — q1 = ¢2q3 and p — g2 = ¢q1. This implies g3 = 1. Together with the fact
p/q1,p/q2 > 2 one has p =2 and q; = g2 = 1. So W = (d,d, 1;2d) is of type A; and
is excluded.

These complete a proof of Theorem 6.2. O

Some additional calculations to the proof of Theorem 6.2 enable to list up all
simple weight systems. Precisely, let us call a poset M (p) generated by three integers
(p) = (p1,p2,p3) simple, if there exists a weight system W of multiplicity 1 such that
M(p) = M(W), and call W a (simple) weight system representing M (p). Then the
next theorem gives a list of all simple posets together with a list of all weight systems
representing them. For a relation with geometry, see Corollary 10.2 2 and Remark
10.3 3.

THEOREM 6.3. Consider the poset M(p) generated by three integers (p) =
(p1,p2, p3) with p; > 2. For each type of M(p), we give a list of: a

i) The arithmetic conditions for M (p) to be simple,

ii) The list of simple weight systems W representing M(p),

iii) The rank puw of weight systems W representing M(pj

L. The poset M(p) is simple of type I, if and only if
(6.2) (pirpy) =1

forij =1,2,3 and i # j. The simple weight system representing M (p) is unique and
is given by

(6-3) W = (p1p27 p2ps3, Pspl;p1p2p3)
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(6.4) pw = (p1 —1)(p2 —1)(ps — 1).
II. The poset M (p) is simple of type 11, if and only if
(6.5) pokps, (p1,p3) =1 and (p2—1,p3) =1

The simple weight system representing M (p) is uniquely given by

(6.6) W = (p3, p1p3/p2, (P2 — 1)p1; p1p3)

(6.7) pw = (p1 — 1)(p3 —p2 +1).

1. The poset M(p) is simple of type 111, if and only if

(6.8) pa=p3 and (p1,p2) = 1.

The simple weight system representing M (p) is given by

(6.9) W = (p2, p1g2, p143; p1p2)

for any positive integers g2 and g3 such that po+1 = (g2 +1)(¢g3+1) and (g2,q3) = 1.

(6.10) pw = (p1 — 1)(p2 + 1).

IV. The poset M(p) is simple of type IV, if and only if

(6.11) pakpakps, (p1—1,p2) =1 and (p2—p1+1,ps) =1
The simple weight system representing M (p) is uniquely given by

(6.12) W = (p3/p1, (p1 — 1)p3/p2,p2 — p1 + 1:p3)

(6.13) pw =p3 —p2+p1 — L

V. The poset M (p) is simple of type V, if and only if

(6.14) p1=p2 =p3 =:h.

The simple weight system representing M (p) is either type Ap_1 or

(6.15) W=(Um—-—m+1mk—k+1,kl—1+1;h)

for positive integers k,l and m with klm =h—1 and (Im —m+1,h) = 1.
(6.16) pw = h—1.

VI, VII, VIII, IX, X, XII, XIII or XIV. The poset M(p) cannot be simple.
XI. The poset M(p) is simple of type XI, if and only if (p1,p2,p3) belongs to one of
the following three series:

(6.17) p1r=2, pa=4k+3, p3=2(4k+3) for k€ Zs>o,
(6.18) p1=3, p2=3k+2, p3=30Bk+2) for ke&Zs,
(6.19) pr=4, p2=202k+1), p3=402k+1) for k€ Zso.
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Then the simple weight system representing M (p) is uniquely given by

(6.20) W = (ps/p1,p3/D2,q3;p3)

for g3 =2k + 1,3k + 1, and 4k + 1, respectively. The rank pw is given by

(6.21) pw =p1+p2+p3— L

According to the series (6.18), (6.19) and (6.20), the representing weight system W,
its rank pw and its smallest exponent ey are given by

(6.22) W = (4k + 3,2,2k + 1;2(4k + 3)),

pw =12k +10, ew = =2k, vw =4k and ag =2, for k& Z>o,
(6.23) W = (3k+2,3,3k+1;3(3k +2)),

pw =12k +10, ew = =3k, vw =6k and ay =2, for k€& Z>o,
(6.24) W = (2k +1,2,4k + 1;4(2k + 1)),

pw =12k +9, ew = =2k, vy =6k and a9 =2, for k€ Zsy,

Proof. 1. Simplicity of W implies p1paps = p123. Since ¢1 = ¢2 = g3 = 1, weights
a = h/pi,b= h/ps,c = h/ps are uniquely determined.

I1. Simplicity of W implies g3 = p2 — 1, p1p2 = p12 and p1p3 = p123, s0 (p1,p3) =
(p1,p2) =1 and (pa — 1,p3) = 1. Since ¢ = g2 = 1 and g3 = py — 1, the representing
weights system is given by @ = h/p; = p3,b = h/pa = p1ps/p2 and ¢ = (pa —1)h/ps =
(p2 — 1)p1. Conversely, for given p with pg%}zg, put g3 := po — 1. Then one has
(g3,p3) = (p2 — 1,p3) = 1 and q3/p3 = (p2 — 1)/p3 < p2/p3 < 1/2.

ITI. Simplicity of W implies pa = g2g3 + g2 + g3 and p1p2 = p12(= h). Conversely,
for a given p with the conditions, any positive integral solution ¢, g3 of the equality
p2+1 = (g2 +1)(g3 + 1) with (g2,q3) = 1 satisfies (p2,¢2) = (p3,q3) = 1 and the
inequality ¢2/p2 < (g2+1)/(p2+1) = 1/(g3+1) < 1/2 and the inequality g3 /ps < 1/2.

IV. Simplicity of W implies g2 = p; — 1 and ¢35 = ps — g2 = p2 — p1 + 1. Since
q1 = 1, the weights are given by a = h/p1,b = g2h/p2 = (p1—1)h/p2 and ¢ = qzh/ps =
p2 — p1 + 1. Conversely, for a given p with the conditions, put g1 = 1,¢2 = p; — 1 and
q3 = p2 —p1 + 1. Then (g2,p2) = 1,(g3,p3) = 1 and q2/p2 = (p1 — 1)/p2 < p1/p2 <
1/2,q3/ps = (p2 — p1 + 1)/ps < p2/p3 < 1/2.

V. Recall the descriptions i) and ii) of the weight system of type V in the proof
of Theorem 5.1. The case i) yields the result. The case ii) reduces to the type Ay,
since ey (h) = 1 implies 1 = 1" and k — 1 =d.

XI. Since n(p1) = n(p2) = 1 and n(ps) = 3, one has ¢ = g2 = 1 and g3 = ¢
(Assertion 5.3). This implies (6.20). The (6.21) follows from hew (h) = p— (p1 —1) —
(p2 — 1) — 1 by putting ey (h) = 1.

We determine the set p1,p2,p3 and g3. In the proof of Theorem 5.1, we have
shown that ps/gs > 2. Since g3 divides either p; — 1 or py — 1, we may assume
q3 | p2 — 1 and put po — 1 = rg3. So hew (h) = r{(p1 — 1)p3 — p1g3} — p1.

If p1 > 5, then

hew (h) > r(4ps — 5q3) — 5 = h + r(ps — 2¢3)5/2 + (r3 — 2)p3/2 — 5.

Since p3 > 2¢3, the second term is positive. Since r3 —2 > 1 and p3/2 > p; > 5
the sum of the last two terms is non negative. This means ey (h) > 1. In the other
words, if ey (h) = 1, then ps is either 2, 3, or 4.
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Case p; = 2. Then h = p3 = 2p, and py is odd number. Then (ps, g3) = 1 implies
gs is odd so that r is a multiple of 2. On the other hand, hew (h) = r{p3 — 2q3} — 2
and hence ey (h) =r(1 —g3/(rqgs+)) — 1/(rgzs +1) > r —1 —1/(rq3 + 1). Therefore
ew (h) =1 implies » < 2 and so r = 2. Then, we have

p1=2,p2 = 2¢g3 + 1,p3 = 4q3 + 2.

Since g3 is odd, by putting g3 = 2k + 1 for k € Z>(, the representing weight system
is given by (6.22).

Case p; = 3. Then hew (h) = r{2p35 —3¢3} —3 =h+r(ps — 295 —1)3/2+ (r/2 —
1)(ps + 3). Clearly the second and the third terms are non negative for r > 2. The
last term is positive if » > 2. Hence r is either 2 or 1. If r = 2, then e(h) = 1
implies ps = 2¢3 + 1. On the other hand, r = 2 means p; — 1 = 2¢3. These imply
p3 = 2¢3 + 1 = py, which is impossible. Thus r = 1 and hew (h) = 2p; — 3¢5 — 3.
Thus ey (h) = 1 implies p3 = 3(¢g3 + 1) and p3 = ¢35 + 1.

p1=3,p2=gs+ 1,p3 =3(qz + 1)

where ¢35 should obey conditions (p1,p2) = (p3,¢3) = 1. The conditions on g3 means
g3 # 0,—1 mod 3. By putting g3 = 3k + 1 for k € Z>o,

p = (3,3k +2,3(3k +2))

the representing weight system is given by (6.23).

Case p1 = 4. hew(h) =r{3ps —4qz} —4 =h+1r(ps —2¢3)2+ (r — 1)ps — 4. The
second term is always positive. Since p;kps and p; = 4, one has ps > 4 so that the
sum of the last two terms is positive when r > 2. Therefore, if ey (h) = 1, then r =1
and ps = 2¢q3 + 2.

p1=4p2=q+1,p3=2q3+2

where g3 obeys conditions (p1,p2) = 2 and (p3,q3) = 1. The conditions on g3 mean
gs Z 0,—1,—2 (4) and g3 # Omod 2. By putting g3 = 4k + 1 for k € Z~¢, the
representing weight system is given by (6.24).

These complete the proof of Theorem 6.3. O

COROLLARY 6.4. The rank of a simple weight system is determined only by its
poset, independent of weight systems representing the poset.

REMARK 6.5. Theorem 6.3 implies that a simple weight system is either non-
degenerate dual type or degenerate non-dual type XI, where a weight system is called
degenerate if it has exponent 0 (i.e. a9 > 0).

The simple weight systems of type XI (6.22—24) seem to give an interesting “series
of moderate degeneration” of algebraic varieties. For instance, the initial (k = 0)
weight system of the series is

Es:(3,2,1;6).

This is one of three elliptic weight systems corresponding to simply elliptic singularities
(see the remarks at the end of §11). The next (k = 1) weight systems in the series:
(7,2,3;14), (5,3,4;15) and (3,2,5;12) are exactly the list of degenerate weight systems
having one negative exponent. They correspond to homotopy K3-surfaces with elliptic
fibrations studied in [S7, §3].
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7. Duality among weight systems. In this section, we introduce a concept
of duality between two weight systems W and W* (Definition 7.5). The dual W* for
a given W may not exist always, but is unique if it exists and then W is the dual of
W*. The smallest exponent for W and W* coincide (Theorem 7.8).

We give a list of dual pairs of weight systems (Theorem 7.9). As a consequence,
we prove that a simple weight system with smallest exponent 1 or —1 has always the
dual weight system (Theorem 7.10). This gives an answer to our motivation explained
at the introduction (see also §11-12).

Before we define the dual of a weight system, we define the dual characteristic
function @iy, (A) for any W.
DEFINITION 7.1. The dual characteristic function of W is defined by

(7.1) iy (\) == H()\j —1)ew (/D)
jlr

whose total degree in A is called the dual rank of W and is given by

(7.2) vw == j-ew(h/j)

jln

€ Z. The dual rank may not always be positive, since ¢7;, may have poles. We show
in the next assertion that ¢f,(\) for any weight system W have poles at most only
at A = 1 of order 2ay.

First, we give a preliminary inequality. Note that the multiplicity of the root
exp(2my/—1/d) (d € N d | h) in the equation o (A) = 0 for a weight system W is
>_djin €w (i). So we have an inequality:

(7.3) Z ew(i) >0

dlilh

for any d € Z~o. The multiplicity of zeros (or, minus of the order of poles) of ¢, (\)
at A = exp(2mv/—1/d) is given by the sum:

(7.4) — 3 ew(h/i)

dljlh

ASSERTION 7.2.

1. The sum (7.4) is non-negative for any d > 1 with d | h.

2. The sum (7.4) for d = 1 taken with the minus sign is equal to 2aqy, where
ag := #{ exponents equal to 0} (cf. (3.4)).

Proof. 1. Put £ := h/d and rewrite the sum (7.4): fw (§) := — 3 4 ew (k). Since
fw (&) = fw(®(&)) for @ defined in (4.3), we have only to check the non-negativity
of f (&) for &€ € M(W) with £ # h. As in the proof of Theorem 5.1, let us denote
by M the subposet of M (W) consisting of elements low or equal than £ so that
the summation index k in fy (&) runs over the set M¢. We proceed the calculation
according to n(§) = 0,1 or 2.

Case n(€) = 0. Clearly Me = (1), fi (&) = —ew (1) = —(~1) =1 > 0.

Case n(€) = 1. Mg = (=) .50 fw(€) = —ew(l) —ew(§) =1-1=
(Theorem 5.1 2).
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Case n(£) = 2. As in the proof of Theorem 5.1, we consider 3 cases. In any case,
recall the fact —ew (€) > 1 (Theorem 5.1 1).

D
i) M = U (=me).

Then fw (§) = —(- 1)*(1)*(1)*614/(5):*6W(§)*120-
ii) Mg—@‘. @ Then fw (&) = —(-1)—1—ew (&) > 1.
i) Me = (1)—F€). Then fu () = —(—1) —ew (&) = —ew () +1>2.

2. The left hand side of (7.4) for d = 1 is equal to the minus of the multiplicity
of the root A =1 in ¢ (A) = 0. Use the formula (3.4). O

The weight system W is called non-degenerate if the genus is zero: i.e. ag = 0.
So, the dual characterisitic function ¢, ()\) is a polynomial, if and only if W is non-
degenerate. In general, (A—1)2% i (\) is a cyclotomic polynomial of degree vy +2aq
without a root A = 1. Let us introduce dual exponents as follows.

DEFINITION 7.3. The system of integers m} for 1 <14 < vy 4 2ag are called the
dual exponents, if 0 <m} < h for 1 <14 < vy + 2ap and

v+2ag
(7.5) ( 11 (A—exp(%xﬁm:/h))) — (A= 1> (V).

=1

REMARK 7.4. Since vy +2aq is not less than the Euler number of h, it is positive.
But vy (= deg(¢*)) may be negative (see the §8 for a formula for vy ). Nevertheless,
one has the boundedness of vy, from below.

(7.6) pw +h vy > 0.

Proof. The LHS of (7.5) is > ;cprw)(i — h?/i)ew (i). We decompose the sum
according n(i) = 0,1,2 or 3. The terms for n(i) = 3 (i.e. ¢ = h) are cancelled
automatically. So,

=—1+02+ > (i—h*i)+ > (B)i—i)-|ew (i)

n(i)=1 n(1)=2

The last term is automatically non-negative. Therefore, if the index set I := {i €
M(W) | n(i) = 1} for the second term is empty, the sum is non-negative. Assume
I # (). Then one has

= (Zi—l) + h? (1-21/@) + (R /i —14) - lew (3)]
n(i)=2

icl i€l

The set I consists at most of three integers, which are non less than 2 and mutually
different (cf. (4.4)). So, the factor 1—),_; 1/i can be negative only when I = {2,3,5}.
Then the explicit formula for ey in Table A. I, shows that ey (i) = (—=1)™® and
puw = vy = 8. So, the formula (7.5) is proven. O

DEFINITION 7.5. Let W and W* be weight systems and let ¢y and @+ be
their characteristic polynomials, respectively. We say W is dual to W*, if one of the
following three conditions is satisfied.
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i) ow # (ew)" and pw- = (ew)" (& (ew+)" = ow).

ii) ow = (ew)* and W = W™ except for the next iii).
iii) ow = (pw)* and W and W* are of the form (6.15) where the order of the
parameters k,l and m is reversed in W and W*.
By definition, W is dual to W* if and only if W* is dual to W. A weight system of the
case ii) is called self-dual. The case iii) is introduced from a comparison with a duality
in mathematical physics (see [T]). The definition of the duality can be reformulated
in terms of cyclotomic exponents as follows. The verification of the equivalence is left
to the reader.

LEMMA 7.6. A weight system W is dual to W*, if and only if the following

conditions are satisfied.

i) the Coxeter numbers for W and W* coincide. Put h := hy = hy .

i1) the involution ¢ defined by

u(d):=h/d for deDiv(h)

induces an anti-isomorphisms of the posets: M(W) ~ M (W™*).
iii) for any & € M(W), one has

(7.7) ew (§) + ew-(1(£)) = 0.

w) If M(W) = M(W™), then either W = W*, or W and W* are of the form (6.15)
with reversed order of parameters k,l and m.
Followings are immediate consequences of the definition.

ASSERTION 7.7.

1. Suppose that there is a weight system dual to W. Then W satisfies the following
i)-iv).

i) W is non-degenerate: i.e. ag = # {0 — exponents} = 0.

i) W is simple: mult (W) = ey (h) = 1.

iii) the poset M (W) is of dual type.

iv) the poset L(M(W)) is represented by a simple weight system.

2. Conversely, suppose W is simple and (M (W)) is represented by a simple
weight system, then there is a weight system dual to W.

Proof. Assume an existence of a weight system dual to W.

i) Since ¢}, is a polynomial, one has ay < 0 and hence ap = 0.

ii) Using (7.7) and Theorem 5.1 2, ey (h) = —ew«(t(h)) = —ew=(1) = 1.

iii) Due to the Theorem 6.2 and above ii), ey (&) = (—1)™&). Then deemw) (—1)™&
=Y cemw) ew(§) = 2ag = 0 (above i)). This is the definition of the dual type poset
(recall (5.7)).

iv) Obviously, ¢«(M (W)) is represented by a weight system W*, which is dual to W.
Apply above ii) to W* so that it is also simple.

Conversely, if W* is a simple weight system representing ¢(M(W)) (in case
(M(W)) = M(W), choose W* carefully in accordance with ii) and iii) of Defini-
tion 7.5). Then the simplicity of W* and W together with the formula (6.1) implies
the condition (7.7) and W* is dual to W. O

Combining Assertion 7.7 2 with Theorem 6.3 (which gives conditions for an ex-
istence of a simple weight system representing +(M (W))), one obtains conditions for
a weight system to have a dual. This has two important consequences: i) unique-
ness of the dual W*, and ii) coincidence of the smallest exponents for W and W*, as
formulated in the next theorem.
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THEOREM 7.8.

1. The dual weight system of a given weight system W (if it exists) is uniquely
determined by W. We denote it by W*.

2. If W is simple of types either 1 or III then W 1is self-dual. If W is simple of
type V, then W is either of type Ap—1 or of the form (6.15).

3. The smallest exponents for W and W* coincide with each other.

Proof. 1. Let W be dual to W*. If (( M(W)) = M(W), then W is either self-dual
or of the form (6.15) so the dual W* is uniquely defined. If «(M(W)) # M (W), then
we have to show the uniqueness of simple weight system representing ¢(M (W)). Since
M (W) is of dual type (Assertion 7.7 iii)), «(M(W)) is also of the same type and hence
one of the types I ~ V. We know already by Theorem 6.3 (§6) that a poset of type
IT or IV can be always represented by a unique simple weight system. Therefore, it is
sufficient to show that if M (W) is of type I, IIT or V, then one has «(M (W)) = M(W).
Actually, this is proven in the next 2.

2. Let M(p) be simple and of type either I, III or V. We show «(M(p)) = M(p)
for each types separately. B B

I. Recall Table A T and Theorem 6.3 I. The simplicity of M (p) implies pia3 =
p1pep3 and p;; = pip; for i # j. Then, «(p;) (= pi23/pi) is equal to pjx for {i,j,k} =
{1,2,3}. This implies ¢«(M(p)) = M(p).

ITI. Recall Table A IIT and Theorem 6.3 IIL. Since (p1,ps) = 1, p» = p3 and
h = p1p2, one has t(p1) = pa. This implies (M (p)) = M(p).

V. Since p; = pa = p3 = h, clearly, «(M(p)) = M(p).

3. If W is self-dual, then (W) = e(W*) and we finished the proof. If W is not
self-dual, then because of 2, M (W) is either of the form (6.15) or of type II or IV.
The smallest exponent (1.5) for the case (6.15) is given by 1 — (k —1)(I — 1)(m — 1),
which is invariant under the change of the order of k,l and m. We prove the equality
e(W) = e(W*) separately for the types IT and IV in the following Theorem 7.9. O

In the next Theorem 7.9, we list all dual pairs of weight systems and their smallest
exponents. The result is described in terms of the poset M (p) generated by three
integers p = (p1,p2, p3) with p; > 2 (cf. §4), where h = lem (py, p2, ps), and ¢ is the
involution «(&) := h/¢.

THEOREM 7.9. Let M(p) be a simple poset generated by p = (p1,p2,p3) with
p; > 2 (cf. Theorem 6.3). For each type of M(p), we give a list of
i) the conditions for «(M(p)) to be simple, ;

i) simple weight systems W and W* representing M (p) and (M (p)),
iii) the smallest exponents € ;== ey = ew~ for W and w*, a
iv) the condition for W to be self-dual.

L. Let M(p) be simple of type I (cf. (6.2)).
i) o(M(p)) = M(p). It is automatically simple.
ii) The weight system representing M(p) = (M (p) is uniquely given by

(7.9) W = W™ := (p1p2, p2p3, P3P1; P1P2p3)-

111) EW:h(l/pl—i-l/pg—i-l/pg—l),

iv) W is automatically self-dual.

II. Let M(p) be simple of type 11 (cf. (6.5)).

i) «(M(p)) = M(p1,p3/p2,p3). It is simple if and only if

(7.10) (p3/p2 —1,p3) = 1.
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ii) The weight system representing M (p) and (M (p)) are uniquely given by

(7.11) W = (ps, p1p3/p2, (p2 — 1)p1; p1p3),
W* = (p3, p1p2, (p3/p2 — 1)p1; p1p3)-

iii)

(7.12) ew =ps —pi(p2 — 1)(ps/p2 — 1).

iv) The weight system W is self-dual if and only if
(7.13) P3 = ps.

II. Let M(p) be simple of type III (cf. (6.8)).
i) o(M(p)) = M(p). It is automatically simple.
ii) The weight systems representing M(p) = (M (p)) are given by (6.9):

W =W* = (p2, p1g2, P143; p1P2)-

iii) ew=—(P1—1)(p2—q2—q) + @2+ g3-
iv) Any simple weight system representing M (p) is self-dual.

IV. Let M(p) be simple of type IV (cf. (6.11)).
i) «(M(p)) = M(ps/p2, ps/p1,ps). It is simple if and only if

(7.14) (p3/p2 — 1,p3/p1) = (p3/p1 — p3/p2 +1,p3) = 1.

ii) The weight systems representing M (p) and t(M(p)) are uniquely given by

(7.15) W = (p3/p1, (p1 — 1)p3/p2,p2 — p1 + 1;p3),

W* = (p2, (p3/p2 — 1)p1,p3/P1 — p3/p2 + 1;p3)).
iif)
(7.16) ew=p3/p1 — (p3/p2 — 1)(p2 — p1 + 1)

= p3 — pap3/p1 — (P3/P1 — p3/p2 + 1)(p2 —p1 + 1).

iv) The weight system W is self-dual if and only if

(7.17) D1p2 = P3-

V. Let M(p) be simple of type V (cf. (6.14)).

i) «(M(p)) = M(p). It is automatically simple.

ii) The weight systems representing M (p) = (M (p)) are either of type Ap_1 or given
by (6.15):

(7.18) W=(Im—-—m+1mk—k+1,kl—141;klm+1),
: W* = (Ik —k+1,ml — [+ 1,km —m + 1; klm + 1).

iii) ew=1—(k-1D(l-1(m-1).

iv) A simple weight system representing M (p) is self-dual if either it is of type Ap_1

or of the form (6.15) and k =1,1=m orm = k.
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VI-XIV. If M(p) is one of types VI-XIV, then it is not of dual type and (M (p))
cannot be represented by a weight system.

Proof. The calculations of i), ii) and iv) are easy exercise by a use of data and
results of Theorem 6.3 §6. The only thing one need to show is the coincidence of
the smallest exponents of W and W* for types II and IV. Recalling the formula
€ = a+ b+ c— h for the smallest exponent, we show the coincidence of the sum
a + b+ c of the weights for each cases.

I. Recall Theorem 6.3 I and Theorem 7.8 2.

II. Recall Table A II and Theorem 6.3 II. Since pakps, (p1,p3) = 1 and h = p1ps,
one has t(p1) = ps, t(p2) = p1(p3/p2), t(p1p2) = p3/p2 > 2 and «(p3) = p1. Put
Py =1, Ph = p3/p2 and pj := p3. Clearly (p,p3) = 1, pylpy and py V ph = piph =
p1(p3/p2). So, t(M(p)) = M(p'). The simplicity conditions for M (p’) are p3/p}(=
ps/p1) # 1, (p1,p3)(= (p1,p3)) = 1 and (p3 —1,p3) = (p3/p2 — 1,p3) = 1. The simple
weight system W' representing M (p’) is uniquely given by W* = (p3, p1p2, (p3/p2 —
Dp1;pips) (cf. (6.7)). By a use of these expressions of the weights, we see that the
sum a +b+c = p3 +p1p3/p2 + (p2 — 1)p1 and o’ +b' + ¢’ = ps + p1p2 + (p3/p2 — 1);
coincide. This proves ey = eyy=.

III. Recall Theorem 6.3 III and Theorem 7.8 2.

IV. Recall Table A, IV and Theorem 6.3 IV. Since 1 # p;Lkpakps = h, one has

1 # p3/pakps/pikps so that ((M(W)) is given by M(p') for py = h/pa, py = h/p1
and p4 = p3 = h. Then the simplicity conditions for M (p’) is: (p} — 1,p5) = (ps/p2 —
L,p3/p1) = 1 and (py — p} + 1,p5) = (p3/p1 — p3/p2 + 1,p3) = 1. The weight system
representing M (p') is uniquely given by W* = (po, (h/p2 — 1)p1,h/p1 — h/p1 + 1;h)
(cf. (6.13)). By a use of these expression of weights, one see that the sum a +b+c =
h/pr+(pr —1)h/pa+p2—p1+1and @/ +b' +¢ = pa+ (h/pa —1)p1 +h/p1 —h/p2 +1
coincide. This proves ey = eyy=.

V. Recall Theorem 6.3 V and Theorem 7.8 2. O

As an application of Theorems 7.8 and 7.9, we obtain the following existence of
the duality among weight systems with the smallest exponent equal to 1 or —1, respec-
tively. This result is a starting point of the present work as explained in introduction.
In §12 and 13, we shall study these cases more closely.

THEOREM 7.10. Let W be a primitive weight system.

1. If all exponents are positive, then W is self-dual.

2. If W is simple and non-degenerate with eyy = —1, then it is dual to a weight
system with ey = —1.

Proof. 1. Suppose that all exponents for W are positive. Due to the positivity
mult (W) > 0 (cf. (5.6) and Theorem 5.1 1) and non-existence of exponent —1, there
exists exponent equal to 1, which should be the smallest. Then due to the simplicity
of the smallest exponent (cf. (1.5)), W is simple: mult (W) = 1. Therefore, M (W) is
either of types I ~ V or of type XI (Theorem 6.2 2). But W cannot be of type XI,
for the smallest exponent for type XI is non-positive (Theorem 6.3 XI). The weight
system W is already self-dual, if M (W) is of type either I, III or V (Theorem 7.8 2).
Thus we have only to show that W satisfies the self-duality conditions in Theorem
7.9, when M (W) is of type II or IV.

II. Recall descriptions (6.5), (6.6) of a simple weight system W of type II. Note
that the (7.10) gives the smallest exponent for W, even W* may not exist. Put
u:=p3/pa—1>1and v:=py—12>1so that (7.10) yields pyuv = (u+1)(v+1) —e.
Let us show p; < 3. Otherwise p; > 4 and so pjuv > 2u-2v > (u+ 1)(v+1) >
(u+ 1)(v +1) — 1, a contradiction! If p; = 3 then (2u — 1)(2v — 1) = 1, whose only
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positive integral solution is u = v = 1. If p; = 2 then (u — 1)(v — 1) = 1, whose only
positive integral solution is © = v = 2. In both cases, one has u = v satisfying the
condition (7.11) of the self-duality.

IV. Recall descriptions (6.11), (6.12) of a simple weight system W of type IV.
Put w:=ps/ps —1>1and v:=py/p; — 1 > 1 so that (7.14) yields e = (u + 1) (v +
1) — u(pyv + 1). This implies ((p1 — 1)u — 1)v = 0. Since v > 1 and v > 1, this
is possible only when p; = 2 and v = 1. So p3/ps = 2 and hence W satisfies the
condition p; = p3/p2 (7.15) of the self-duality.

2. Let W be a simple weight system with the smallest exponent equal to —1. The
simplicity implies that W is either of types I ~ V or type XI (Theorem 6.2). But W
cannot be of type XI, since the smallest exponents for the type XI is a multiple of 2,
3 or 4 (Theorem 6.3 XI). If M (W) is of type I, III or V, then W is already self-dual
(Theorem 7.8 2). Therefore we have only to show that the conditions for the existing
of W* in Theorem 7.9 are satisfied, if W is of type II or IV. It is already shown that
the smallest exponent of W* is equal to that of W (Theorem 7.9).

II. Recall again in the descriptions (6.5), (6.6) and (7.10). Since p1(p3/p2—1)(p2—
1) = p3 —e so that p3 = e mod p3/ps — 1. So if e = +1 then (p3, p3/p2 —1) = 1, which
is the condition (7.7) for the existence of simple dual weight system W*.

IV. Recall again the descriptions (6.11), (6.12) and (7.14). Since (p3/p2 —1)(p2 —
p1 +1) = p3/p1 —e. Hence p3/p1 = e mod p3/ps — 1. So if ¢ = £1, then (p3/p2 —
1,p3/p1) = 1. Further, recall —(ps/p1 —p3/p2 +1)(p2 —p1 +1) = p3 — paps/p1 —€ =
—&+p3(1 —pa/p1). Hence (p3/p1 — p3/p2+ 1)(p2 — p1 + 1) = € mod p3. This implies
that p3/p1 — ps/p2 + 1 is a unit in the ring Z/Zps. Thus (ps/p1 — ps/p2+ 1,p3) = 1.
Therefore the conditions (7.12) for «(M(W)) to be representable by a simple weight
system W* are satisfied. O

EXAMPLE 7.11.

1. Let p be any integer > 2 prime to 7. Put,

Wi = (7,p,3p;7p) and Wy := (7,p,2p;7p).

Then they have the same poset: M(W7) = M(Ws) = @ , where

ew, (h) = —ew, (7) = 1 and ey, (h) = —ew, (7) = 2 (use Table A III). So, W is simple
and self-dual but W5 is non-degenerate but not simple.

2. Many examples of simple non-degenerate weight system, which are not dual
to any other weight system, are given in the Appendix.

8. Dual rank vy and genus ag. In this section we give formulae of the dual
rank vy and the genus ag in terms of, so called, refined coordinates of W, (see (8.4)
and (8.5)). As a consequence, we get a criterion for vy to be positive or negative.

The refined coordinates for W' is a system of integers pi, po, p3, u, v, w, m and
41, g2, qs describing the weight system W (see (8.1)-(8.3)). It is cumbersome to use
such coordinates, but, the results in this and next sections, in particular, the integrality
of the discriminants (Theorem 9.2) are proven only by a use of them. The results
are closely related to our next goal on eta-products in §14, but will not be used
immediately. Therefore, some readers are suggested to skip this and the next sections.

Let W = (a,b,c; h) be a weight system. Let pi,ps and p3 be the generators of
the poset M (W) defined in (4.4)-(4.7). We consider the following refinement of p; :

(8.1) p1 = prowm, pa = ppwum and pz = P3uvm



1014 K. SAITO

where p1, po, P3, u, v, w and m are positive integers determined by the rule:

i) P1,P2 and p3 are mutually prime to each other,
il) w,v and w are mutually prime to each other,
111) (ﬁhu) = (ﬁZav) = (Z_)Baw) = 17

) (q1, prvwm) = (g2, pawum) = (g3, psuvm) = 1.

v

We call the system of integers p1, p2, p3, u, v, w, m and g1, g2, g3 the refined coordinates
for the weight system W. Refined coordinates exist uniquely (put m := ged(p1, p2, p3),
u = ged(pa/m,ps/m), v i= ged(ps/m,p1/m) and w = ged(py/m, pa/m)). The
word “coordinate” is justified, since the weight system is recovered from the refined
coordinates as

(8.2) h = p1papsuvwm, a = q1p2psu, b = g2p3p1v, ¢ = g3p1p2w,

or, equivalently

(8.3) W = (q1p2P3u, 2P3P1V, 3P1P2W; P1P2P3uvWM,).

The weight system W (8.3) is regular, if and only if the coordinates satisfy

) q1,q92 and g3 are mutually prime to each other,

vi) either g1 =1, ppu=1& ¢1 | (wm — q2), or psu=1& ¢ | (vm — ¢3),
i) either ¢=1, psv=1& g2 | (um —g3), or prv=1&g | (wm —q),
) either gz =1, prw=1& g3 | (vm —q1), or pow =1 & g3 | (um — ga).

For a proof, see remarks at (1.1) and (4.8).
THEOREM 8.1. Let the notation be as above. Then one has

(8.4) v = P1Pap3uvwm — (Papsu/qi + P1P3v/qe + P1paw/q3)
+(P1u/q2q3 + P2v/q1q3 + P3w/q1g2)m — wvwm? /q1qags.
(8.5) 2a0 = wvwm?/q1q2q3 — (u/q2q3 + v/q1q3 + w/q1g2)m

+1/q1 +1/q2 +1/q5 — 1.

Proof. The proof depends on the type of W using the next Table G. One has to
verify that the formulae ¢) and d) in the table are the specializations of the formulae
(8.4) and (8.5) by applying the conditions a) in the table. Details of the calculations
are left to the reader. O

Table G.

For each type of weight system W, following data are exhibited.
a) Numerical conditions on the refined coordinates for W to be of the type, and
explicit description of W.
b) Explicit formula of the cyclotomic exponents obtained by rewriting the exponents
given in the Table A,
¢) Explicit formula of the genus obtained by rewriting (3.4),
d) Explicit formula of the dual rank obtained by rewriting (7.2)

Type I
a)p1#Lpe#L,ps# L1 =q@=qg=1
W = (p2p3u, P3p1v, P1P2w; PrP2P3Uuvwm).
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b) ew (h) = vowm?, ey (p12) = —wm, ew (pa3) = —um, ew (p31) = —vm.
¢) 2a¢ = vvwm? — (u+v +w)m + 2,
d) vw = —wwwm? + (p1P2P3uvw + Pru + Pav + psw)m — (PaPst + P3Prv + Prpow).

Type II.
a) D1 7é 17132 = 17]53 7& 1,U 7é 17w = ]-7(]1 =q2 = 17(13 | um — 1.
W = (psu, p3p1v, g3p1; PLp3uvm).
b) ew (h) = (um — 1)vm/qs, ew (p12) = —m, ew (p3) = (um — 1) /gs,
¢) 2ag = (um — L)(vm — 1)/q3 —m + 1,
d) vw = —uvm?/q3 + (P1psuv + Pru/gs + v/qs + P3)m — (Psu + P3prv + P1/qs).

Type III.
aA)pr#Lpp=p3=Lu#lLv=w=1,q =1,¢2 | um —g3,q3 | um — gqa,
W = (u, g2p1, g3p1; prum).
b) ew (h) = m(um — g2 — 43)/q2q3, ew (p2) = —(um — g2 — q3) /423,
¢) 2ap = (m — 1)(um — g2 — q3)/ 4243,
d) vw = —um?/qaq3 + (Pru+ pru/qaqs + 1/q3 + 1/q2)m — (u+ p1/qz2 + p1/qs)-

Type IV.

a) p1 =p2 = 17p3 7é 17“# 1a’U =w= laQ1 = 1aQ2 ‘ m — 1aQ2Q3 |a
W = (p3u, q2p3, q3; D3um,).

b) ew (h) = (m — 1)(mu — q2)/q2q3, ew (p2) = —(m — 1) /o,

c) 2ag = (m — 1)(um — g2 — q3) /4243,

d) vw = —(m — 1)(um — upsq2q3 — g2 — P3q3)/q243,

Type V.
a) ]31 :ﬁQ :133 = l,U:U:UJ: 17m7é 17(m7Qi) - 17
W = (q1,q2,q3;m).
b) ew (h) = ((m — q1)(m — q2)(m — q3)/q192q3 + 1)/m
=m?/q1q2q3 — (1/q1q2 + 1/q2q3 + 1/qzq1)m + 1/q1 + 1/q2 + 1 /g3,
¢) 2a0 = m?/q1g2q3 — (1/q1g2 + 1/q2q3 + 1/qzqi)m + 1/q1 + 1/g2 + 1 /g3 — 1,
d) vw = —m?/q1g2q3 + (1/q1q2 + 1/q2q3 + 1/q3q1 + 1)m — 1/q1 — 1/q2 — 1 /g,

Type VI
aA)pr#FLp=pFlLutfllutl,g=qg=qg=1,
W = (psu, psp1v, prw; p1psuvwm).
b) ew (h) = (uwm — 1)vm, ew (p12) = —wm, ew (p23) = —um,
¢) 2ag = vvwm? — (u+ v +w)m + 2.
d) vw = —uvwm? + (P1psuvw + pru + v + Psw)m — (P3u + P1p3v + Prw).

Type VII.
aypr#ELpp=p3=lLutlLvElLw#1l,q1=q =g =1,
W = (u, p1v, prw; pruvwm).
b) ew (h) = m(uvwm —v —w), ew (p23) = —um,
¢) 2ag = wvwm? — (u +v +w)m + 2,
d) vw = —uwvwm? + (pruvw + pru+v + w)m — (u + P + prw).

Type VIIL
a)pr=pe=p3=LuZlvELw#l,q=q=qg=1,
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W = (u, v, w; uvwm,).
b) ew (h) = vvwm? — (u + v + w)m,
¢) 2ag = vvwm? — (u+ v +w)m + 2,
d) vy = (1 — m)(muvw — u — v — w).

Type IX.
a)pr#Lpp=ps=lLu#lvAlLw=1,¢ =qg2=1,q3 | um —1,
W = (u, p1v, q3p1; pruvm).
b) ew (h) = m(uvm/q3s —v/q3 — 1), ew (p3) = —(um — 1) /g3,
c) 2a9 = uvm?/q3 — (u/qz +v/q3s + 1)m + 1/q3 + 1,
d) vw = —uvm?/qs + (pruv + pru/qs + v/qs + 1)m — (u + pro + P1/qs).

Type X.

a)pr=pe=1,p3#Lbul,v£lL,w=1,¢ =g =1,g3|um—1orovm—1
W = (psu, p3v, g3; p3uvm,).

b) ew (h) = (um — 1)(vm — 1) /g3, ew (p12) = —m,

¢) 2a9 = uvm?/q3 — (u/qs +v/qs +1)m +1/g3 + 1,

d) vw = —uvm?/q3 + (Psuv + u/q3 + v/qs + p3)m — (Psu + Psv + 1/q3).

Type XL

a)pr=pe=p3=lLuZlv£l,w=1,q=¢g =149 |un—1orvm—1,
W = (u,v, q3; Psuvm).

b) ew(h) = (um —1)(vm —1)/g3 — m,

¢) 2ag = uvm?/q3 — (u/qs +v/qs + 1)m + 1/q3 + 1,

d) v = —uvm?/qs + (uv +u/qs + v/qs + 1)m — (u+v +1/g3).

Type XII.
a’) ﬁl :17132 7&17233#170:1”: 17m7é 1;Q1 :17QQ ‘ m_17q$3 ‘ m_17
W = (p2p3u, q2p3, q3D2; D2D3um).
b) ew (h) = (m — D)um/q2q3, ew (p2) = (m — 1)/q2, ew (p3) = (m — 1) /gs.
¢) 2a0 = um?/qaqs — (u/qaqs +1/q3 +1/q2)m +1/q2 + 1/gs,
d) vw = (m — 1)(p2p3u + P3/q2 + P2/q3 — u/qaqzm)
= —um?/qaqs + (P2D3u + u/q2qs + P2/q3 + D3/q2)m — (PaDsu + P3/qz + D2/q3).

Type XIII.
a) p1 =Dp2 =p3 = 17“# 171):11): ]_7m7é 17Q1 = ]-7
W = (u, g2, q3; um).
b) ew (h) = (m — 1)(um — g2 — g3)/q243,
¢) 2ap = (m — 1)(um — g2 — q3)/q24s,
d) vw = —(m — 1)(um — g2 — g3 — uq293)/q233
= —um?®/q2q3 + (u +u/qeqz + 1/q3 + 1/g2)m — (u + 1/q2 + 1/q3).

Type XIV.
a) p1=Dp2 = 1,p3 751,11,:1):11): ]-am?é L |m_QZ,q2 | m —qi,
W = (q1P3, q2P3, q3; P3m).
b) ew (h) = (m — q1)(m — q2)/q1G2q3, ew (1) = —(Mm — @1 — ¢2)/q2,
¢) 2a0 = m?/q1q2q3 — (1/q2q3 + 1/quas + 1/quaz)m + 1/q1 +1/q2 +1/qs — 1,
d) vw = —m?/q1q2q3 + (b3 + 1/q2q3 + 1/q1q3 + D3 /q1q2)m — (Ps/q1 + b3 /a2 + 1/a3)-
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COROLLARY 8.2.

i) - >0 if m < p1p2ap3qigeqs + (Pruqi + P2vge + p3wgs) /uvw — 1
<0 if m > p1P2P3q1q2q3 + (Pruqr + P2vqe + P3wqs)/uvw.

il) If vw =0, then either following a) or b) holds.
a) m = 1 and W is either of types IV, VIII, XII, XIII or of type V with q; = 1 i,
type XI with q3 = 1, type XIV with q1 or g2 =1,
b) m = {p1P2P3q192q3 + (P1ug1 + P2vqs + Pswqs) /uvw — 1}, where {x} := the least
integer non less than x.

Proof. We regard vy as if it were a polynomial in m of degree 2 by the expression
(8.4). Then the corollary is proven if we show that vy |m—0< 0 and vy |n=1> 0. In
fact,

VW lm=0 = —(P2P3u/q1 + P1P3v/q2 + P1p2w/q3) and
VW |m=1 = p1p2p3uvw — (P2p3u/q1 + P1Pp3v/qe + P1p2w/qs)
+(P1u/q2q3 + P2v/q1q3 + P3w/q1q2) — wvw/q1q2q3
= (u—1/u) - p1/q2q3 + (v — 1/v) - P2 /qzqr + (w — 1/w) - P3/qra2
Fuvwlprgr — 1/vw)(p2qz — 1/wu)(p3gs — 1/uv) — 1]/q1q2q3
+1/uvwq1g2gs-

Apparently, v |m=o is negative. To show the non-negativity of vy |m=1, we need
some works. In the second expression of vy |;,=1, only the second term could possibly
be negative. Let us list all such cases, and check vy |,,=1> 0 in all cases.

i) case (prq1 — 1/vw)(p2g2 — 1/wu)(p3gs — 1/uv) = 0.
This is the case either py =1 =v=w=1,po =@ =w=u=1o0rp3s =q3 =u=
v =1 (in fact, this happens for the types IV, XII, XIII and some special cases of type
V and XIV). It is easy to check directly that in all those cases, one has vy |n=1= 0.

ii) case 0 < (p1q1 — 1/vw)(Page — 1/wu)(psqs — 1/uv) < 1.
a) If u =v =w =1, then p;q1 > 2 for all i and hence vy |;=1> 0,
b) If u > 1,v = w = 1, then p1¢q; > 1. This is possible only for type III.

One has ¢1 =1 and v [;n=1= (p1 — 1)(u(g2 — 1)(g3 — 1) + (u = 1)(g2 + g3)) > 0.
¢) If u,v > 1,w = 1, then at least two of p;q; are 1. All are 1 only for the type XI.
Then vy |m=1= (v —1)(v —1)(1 — 1/¢3) > 0 and = 0 only when g3 = 1. Remaining
cases are of type IX and X. Then vy |m=1= (u—1)(v(p1 — 1/q3) +P1/g3 —1) > 0, or
W |m=1= (v — 1)(u — 1)(p3 — 1/g3) > 0, respectively.
d) If w,v,w > 1, then p;q; = 1 for all 4. This is possible only for type VIII and then
vw ‘m::[: 0.0

REMARK 8.3. The corollary i) does not state about case when m lies in the
interval (p1p2P3¢19243 + (P1ugi +p2vge +Pp3wgs) /uvw —1, p1p2paqigaqs (Pr1ugr +Pp2vge +
Pswqs)/uvw). The corollary ii) b) states only the necessity for vy = 0 but not the
sufficiency.

9. Discriminants d(WW) and d*(W). We introduce the discriminant d(W) and
the dual discriminant d*(W') for a weight system W as follows.

(9.1) awy:= [[ @,
i€EM (W)
(9.2) W)= [ ni=wo.

iEM(W)
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They will be used in the product formula (10.4) for the signature of W and in the
duality formula for eta-products (13.3) and (13.3)*. The goal of this section is to
prove that d(W) and d*(W) are integers.

The next formula follows immediately from the definition.

(9.3) d(W) = h?® . d*(W).
Proof. d(W)/d*(W) =TI (h)*w® = p2e, QO
ieM(W)
This formula, in particular, implies that square free factors of d(W) and d*(W)

coincide. Furthermore, it implies the next fact.
ASSERTION 9.1. If W and W* are dual weight systems. Then,

(9.4) AW) = d(W*) = d* (W) = d*(W*)

Proof. The definitions of d(W*) and d*(W) coincides (see (7.7)). Recall that
ag = 0 if the weight system W has its dual (see §7 Assertion 7.7 11)). O

The main goal of the present section is the next theorem.

THEOREM 9.2.  The discriminants d(W) and d* (W) are integers.

Proof. The theorem is a corollary of the next theorem, where we give a formula
(9.5) of the dual discriminant in terms of refined coordinate (p1, P2, Ps3, u, v, w, M, q1, g2,
gqs) for W (recall (8.1)-(8.3)). We have only to notify that the exponents (um—ga—qs+
¢293)/q2q3 etc. in the formula (9.5) are non-negative (obvious from the expression)
and integral (for they are, by definition (9.2), integral linear combinations of the
cyclotomic exponents, depending on the type of W). For d(W) use (9.3). O

THEOREM 9.3. Let W be a weight system. One has

(9.5) d*(W) = pguquzf%Jrqwa)/qz% .pgvqu3*q1+q3q1)/q3q1 'ﬁgwqulqurqlqz)/qlqz .

Proof. The proof depends on the type of W. In the following, we calculate d*(W)
for each type according to the data given in §8 Table G. It turns out that the resulting
expression of d* (W) is a specialization of the formula (9.5). Details of the verifications
are left to the reader. We check the condition for d*(W) to be equal to 1 in order to
prove theorem-bis.

TypeI. Onehasp; #1, p2 #1, p3 # 1 and g1 = ¢2 = g3 = 1. Then,
d*(W) :=pi™ - py™ - ps"™ - prpepsuvwm/(1 - Papau - P3p1v - P1paw)
_ ﬁzltm—l . ﬁgm—l .ﬁgjm—l -m.
This equals 1 if and only if m=u=v=w = 1.
TypeIl. Onehaspo=w=1,p1 #1,p3s# 1, u# 1 and gt = g2 = 1. Then,
4 (W) =g~ gy psuom /(1 Py - pspro)
_(um—1 —m—
:pg )/q3.p3 1-m.
This can never be equal to 1.
Type IIl. One has po =p3=v=w=1,p; #1, u # 1 and ¢q; = 1. Then,
4 (W) = ﬁ(lumfthqu)/qwz - prum/(1 - )
_ ﬁgum*qus)/qzqz By .

This can never be equal to 1.
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TypeIV. Onehaspi=po=v=w=1,p3# 1, u#1, m#1and ¢ = 1. Then,
d*(W) = p§" "% pyum /(1 - pyw) = "7/ m,
This can never be equal to 1.
Type V. One has py =ps =ps=u=v=w =1, m # 1. Then,
d*(W) :=m.

This can never be equal to 1.
Type V. Onehaspy=1,p1 #1,p3 A1, u#1, w#1and g = ¢2 = g3 = 1. Then,
d*(W) :=pg™ - pi™ - prpsuvwm/(p3u - p1p3v - prw)

_ ﬁgmrl.p?m—l.nl
This can never be equal to 1.

Type VII. Onehaspo=ps=1,p1 #ZL,u#l,v#A1l,w#1land ¢s =¢q =¢q3 = 1.
Then

=1 um—1

d*(W) :==pi™ - pruvwm/(u - prv - prw = Py m).
This can never be equal to 1.
Type VIII. One has p;1 =po=p3s =1, u#1,v# 1, w# 1. Then
d*(W) == uwvwm/(u-v-w) =m.
This is equal to 1 if and only if m = 1.
TypeIX. Onehaspo=ps=w=1,p#L,u#1,v#1and gt =¢ =1.
(W) := f)&um_l)/q‘?’ -pruvm/(u - prv) = pg’””‘”/‘” -m
This can never be equal to 1.

Type X. Onehaspy =po=w=1,ps#1,u#1,v#1and ¢ = g2 = 1. Then,

d* (W) := py' - psuvm/(psu - psv) = 5~ " - m.

Then d*(W) =1 if and only if m = 1.
Type XI. Onehaspy =pa=p3=w=1,u# 1, v # 1. Then
d*(W) :==uvm/(u - v) = m.
Then d*(W) =1 if and only if m = 1.
Type XII. Onehaspy =v=w=1,ps#1,p3# 1, m# 1 and ¢ = 1. Then,
a*(W) = oy~ g papum (upaps)

_ ﬁ:()’m—l)/qz .pgm—l)/qs m.

This can never be equal to 1.
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Type XIII. One has p;y = pos =p3 =v=w =1 and u # 1, m # 1. Then,
d*W):=u-m/u=m.

This can never be equal to 1.

Type XIV. One has py =ps =u=v =w = ¢ and p3 # 1, m # 1. Then
a5 (W) = Z7):(3m—q1—qz)/qlqz oy

This can never be equal to 1.

This completes the proof of Theorem 9.3. O

THEOREM 9.4. In the following, we give the list of weight system W with d*(W') =
1. There are 4 types: type I, VIII, X and XI.

Among them, only the type I admits ag = 0, and hence, d(W) = 1.

1. Type I: W := (p2ps, P31, P1D2; P1D2P3)
for relatively prime integers p1, p2 and ps > 1. Then, ey (h) = 1 and py = (A" —
DA = DAY = 1)(AY = 1)/(A = DH(A"™ = D)(A*™ — 1)(A** —1). So ap = 0 and
p=v=(p —1wv-1)(w—-1)>0.

2. Type VIII: W = (u, v, w; uvw)
for relatively prime integers u,v and w (> 1). Then ey (h) = uvwvw —u —v — w and
o = AWY=D) (AW 1)\~ 1) (A% ~1)/(A—1). Soag = www—u—v—w+2 >0
and p=(uww —1)(vw - 1)(wu—-1), v=ww—-uv—v—w—1>0.

3. Type X. W = (um, vm, w; uvm)
for relatively prime integers u,v (> 1) and w and an integer m > 1 with w | v —1
orw | v—1, (wym) = 1. Then, ew(h) = (u—1)(v — 1)/w and py = (A*"™ —
DA — 1) = 1)/(A = 1)(A™ = 1). Soapg = (u—1)(v—1)/w > 0 and p =
(u—1D)(w=1)(uwom -1 w,v=(u—1)(v—=1)m—1>0.

4. Type XL W = (u, v, w; uv)
for relatively prime integers u,v (> 1) and w with w | w—1 or w | v —1. Then
ew(h) = (u—1)(v—1)/w—1 and oy = (A —1)*PW=TA* —1)(A\? —1)/(A—1). So
ap=(u—-1w-1/w>0andp=(u—-1)(v-1)(w—w)/w, v=w—-—u—v—12>0.

REMARK 9.5. 1. It is a bit surprise to observe that the factors in the powers of
u,v and w are canceled out in the formula (9.5) of the discriminant. The author does
not know a significance of this fact.

2. The formulae (8.4), (8.5) and (9.5) seem to suggest as if there exists a wvir-
tual dual weight system W* for any W so that the formulae describe universally the
numerical invariants of W*. What is the natural category, which contains weight
systems as its subcategory and is closed under the duality operation * ?

10. Signature A(WW) of a weight system. We attach to a weight system W
a finite set of integers A(W), which we call the signature of W (the name has an
origin in the signature for a Fuchsian group, see remarks at the end of this section).
The numbers will be identified with the Dolgachev numbers for the 14 unimodular
exceptional singularities in §13 in case of weight system with ey = —1. The goal of
this section is to show a product formula (10.4) for the signature.

First we fix notation. Let A and B be sets of finite positive integers, where
the same number may appear multiply. We denote A = B if any integer, ex-
cept for 1, appears in A and B with the same multiplicity. The “=" obviously
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defines an equivalence relation. Put IIA := Hpe 4 P and # A :=the number of
elements of A which is not equal to 1. By u * v we denote v times copy of u.
For instance, {1,2,3,1,2,3} = {2,2,3,3} = {2%2,3x2},#'{1,2,3,1,2,3} =4 and
I{1,2,3,1,2,3} = 36.

To a weight system W = (a,b, c; h), we attach two sets of integers:
(10.1)
AW) :={a;:a; 1 h,1 <i<3} IO {ged(as,a;) * (m(a;,a;;h)—1): 1<i<j<3},

(10.2)

AW) = {ai :n(p) # 1,1 < i <3FI {(h/p) * (=ew () | p € M(W),n(p) = 2}.
Here, a; := a,az = b and a3 := ¢, and m(k,l;h) := #{(u,v) € Z%, | h = uk +vl}.
We will show the equivalence: A(W) = A(W), and the equivalence class will be called
the signature of W.

THEOREM 10.1. Let W = (a,b,c; h) be a primitive weight system, which is not
of type Ay. Then

(10.3) A(W) = A(W).
(10.4) MAW) =TIAW) =a-b-c-d(W)/h*T2%® =a-b-c-d*(W)/h.

Proof. Decompose A(W) = By 11 By and A(W) = By 11 By, where By := {a; :
a; th,1 <i <3}, By = {ged(ai, a;) * (m(ai,a;;h) —1) : 1 <i < j <3}, By = {a; :
n(pi) # 1,1 < i < 3} and By := {(h/p) = (—ew(p)) | p € M(W),n(p) = 2}. The
proof of (10.3) is done by the following 3 steps:

1. By C Bs. 2. By C Bs. 3. (Bl\B]_> = (BQ\BQ)

Proof of 1. Since h/a; = p;/q;, we may rewrite By = {a; : ¢; # 1,1 < i < 3}.
The fact that n(p;) = 1 implies ¢; = 1 (§5 Assertion 5.3 ii)), implies B; C B;.

Proof of 2. Take any element p € M (W) with n(p) = 2. Without a loss of gen-
erality, we assume that p = p1a = lem(p1,p2). We have a1 = (h,a1)q1, a2 = (h,a2)q2
and h = (h,a1)p1 = (h,a2)p2. Note that (h,a1)/(h,a1,a2) and ¢o are co-prime, oth-
erwise the common factor in ¢y still devises h/(h,az), which contradicts to the def-
inition of g3. Similarly, (h,as)/(h,a1,a2) and ¢; are co-prime. Therefore (a1,as) =
(h,a1,a2) - (q1,¢q2). Since (q1,q2) = 1 (4.8), we have (a1,as) = (h, a1, as). Therefore,
h/p = h/lem(p1,p2) = ged(h/p1, h/p2) = ged((h, a1), (h, az))= (h,a1,a2) = (a1,a2).
We need to show that —ew (p) < m(ai,az;h). Actually, this will be proven in the
next step 3.

Proof of 3.  First, note that if n(p;) = 3 and ¢; = 1, then by definition a; =
gih/p; = 1. Therefore, El\Bl =By :={a; : n(p;)) =2and ¢ = 1,1 < i < 3}.
On the other hand, let us show that if n(p;;) # 2 for 1 < 4,5 < 3 with ¢ # j, then
either (a;,a;) = 1 or m(a;,a;;h) < 1. By assumption n(p;;) = 3 and hence h =
pij = lem(h/(h,a;),h/(h,a;)) = h/(h,a;,a;). So (h,a;,a;) =1 and hence (a;,q;) =
(h,as,a5) - (¢,4q5) = (¢,q5) and h = (h,a;)(h,a;)k for some k. If (g;,q;) # 1, then
h & (¢, q;) by definition of ¢; (and ¢;). So h & (a;,a;) and therefore m(a;,a;; h) = 0.
This implies that Bo\By = B} := {(ai,a;)*(m(a;,aj;h)—1—ew(pi;) for 1 <i<j <3
with n(p;;) = 2}. So, let us prove Bf = B;.

Let p € M(W) and n(p) = 2. Assume p = pyo. It is sufficient to show

m(ay,ag;h) =1—ew(p) +#{1<i<3| pi=p and ¢ =1}.
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The proof is separated according to the type of the poset M, := {n € M(W) | n | p}.
There are 3 types to consider (cf. the proof of Theorem 5.1).

. In this case, ¢1 = g2 = 1 but p # p;

and p # py. Since h = py1a = pab, there exists d € N such that h = dpipa/(p1,p2),

a = dps/(p1,p2) and b = dpi/(p1,p2). So m(a,b;h) = m(pi/(p1,p2), p2/(P1,D2);
p1p2/(p1,p2)) = (P1,p2) + 1 = p1p2/p12 + 1, which is equal to 1 — ew (p) (cf. (5.2)).

i) M, = @ . This case ¢ = 1 but p # p;. Since

h = pia = p2(h,b), one has pa/p1 = a/(h,b) =: d and h = p1d(h,b),a = d(h,b) and
b = ¢a2(h,b), where we note that go is prime to ps and hence to d. Since we know
that g2 | p1 — 1, one has m(a,b;h) = m(d,q2;p1d) =1+ (p1 —1)/g2 + (g2 — 1) =
1—ew(p)+#{1 <i<3| p; =pand g; =1} (cf. (5.3)), where d(x) is either equal
to 1 or 0 according as x = 0 or not.

i) M, = @7@:])1 =Py = P12 ) . Since p = p; = po, one has (h,a) =
(h,b) = h/p which we denote by d. Then h = dp,a = dqi, and b = dgo, where
(q1,92) = 1 (cf. the proof of step 2). Since we know ¢; | p—¢2 and ¢2 | p — @1
(cf. §5 Assertion iii)), one has q1¢2 | p — q1 — g2. Therefore m(a,b; h) = m(qy1, q2;p) =
I+(p—a—@)/ane+#{1<i<2|¢g =1} =l-ewP)+#{1 <i <3 |p;=p,q =1}
(cf. (5.4)).

This completes a proof of (10.3).

A proof of (10.4). Since a = q1h/p1,b = q2h/p2 and ¢ = g3h/p3, one has a-b-c =
q1G2q3h3 /p1p2ps. Therefore the right hand side of (10.4) is equal to

o, = @

a-b-c- d(W)/h1+2aO — M h2 d(W)/hQaO — M h2 H (p/h)ew(p)_
Pip2ps P1P2p3 peM(W)

Decompose the last factor into H?Zl(nn(p):j (p/h)ew P)). The factor for j = 0 or 3
is equal to h or 1, respectively. If n(p) = 1, then p = p; for 1 <14 < 3. Recalling the
facts ew (p;) = 1 and ¢; = 1 for n(p;) = 1 (Theorem 5.1 2 and Assertion 5.3 ii), we
write the formula as:

h h ~ ~ ~
= I w—- [ ) ov® =uB, 1B, = MAW) = TAW).
1<i<3 pEM(W)
n(p;)#1 n(p)=2

This completes a proof of (10.4). O
COROLLARY 10.2.
1. Under the same setting as in Theorem 8.1, one has

(10.5) # AW) =2 +mult (W) —2a9 — #{1 <i <3| n(p;) #1,¢; =1}.
2. Suppose W is simple (cf. §6 Theorem 6.3). Then
3 ifag =0 and W is of dual type

(10.6) #HAW) = { 1 ifap=1 and W is of type IX and k > 0
0 ifag=1 and W is of type IX and k = 0.
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The set A(W) is given as follows.
L {P17p27p3} = {h/a,h/b, h/C}
II. {p1,p3/p2, (p2 — )p1}.
I1. {p1,p1g2, P13 }-
IV. {p3/p2, (P — 1)p3/p2,p2 — p1 + 1}.
V. {q1,q2,95} = {a,b, c}.
XI {q3} = {2k + 1}, {3k + 1} or {4k + 1} according as W is (6.22, 23 or 24).
Proof. 1. From the expression (10.2) for A(W) and (10.4) one has

#FHAW)=#{1<i <3| n(ps) #1,qs #1} — E ew (p)
pEM(W)
n(p)=2

=3— > ew(p)—#{1<i<3| np) # La =1},
pEM (W)
1<n(p)<2

which implies the formula (10.5) (cf. (7.5) and (3.4)).

2. The (10.5) implies that ag is at most 1. Then W is either dual type for ag = 0
or type IX for ap = 1 (see Theorem 6.3). O

REMARK 10.3.

1. Some particular cases of (10.4) were known ([D], [O-W], [S5], [S6]).

2. The signature A(W) has an origin in a study of normal surface singularity
with a C*-action ([D1-2], [O-W], [P2-3], [S7, (5.6.5)]). Let a weight system W =
(a,b,c;h) be given. Consider an action of t € C* on (z,y,2) € C3 by t- (x,y,2) :=
(t%x, %y, t°2) and define a weighted projective plane P(a,b,c) := {C3\{0}}/C*. A

curve C in P(a,b,c) of degree h is defined by a weighted homogeneous polynomial

fW(fU,y»Z) = Zai+bj+ck:h Cijkxiyjzk~

For a generic choice of the coefficients of fy, the curve Cyy is smooth if and only
if the weight system W := (a,b,c; h) is regular, and its genus is given by ag ([S6,
theo. 3]). Consider the surface Xyo = {(z,y,2) € C* | fw(z,y,2) = 0} with the
natural projection Xy o\{0} — Cw by C*-action so that Cy is an orbifold (where
Xw,o\{0} is smooth, for Cy is smooth). Any singular orbit of C*-action lies in the
intersection of Cy with coordinate axises ¢, ¢, and £, of P(a,b,c). There is a one-
to-one correspondence between the set A(W) and the set Cy N (£ U4, UL, ), where
the values of A(TW) describes the order of the isotropy groups at the points. The pair
(ag; A(W)) of the genus ag of Cy and the set A(W) of orders of isotropy groups, is
called the signature of the orbifold Cy . In fact, Cy (resp. Xw,) can be realized as
the quotient of the Riemann sphere P for ey > 0 or the complex upper half plane
H for for ey < 0 (resp. —ew-th root of the canonical bundle of H) by the action
of a Fuchsian group of the signature (ap; A(W)) ([Mag,p98]) (resp. a lifting of the
Fuchsian group in the —ey-th covering of PSL(2,R) ([D1-3],[S7,85]).

3. The above corollary 2. implies that if W is simple,

an elliptic curve with 1 fixed point, if W is type IX,k >0

a rational curve with 3 fixed points, if W is dual type
C = {
an elliptic curve without a fixed point, if W is type Eg.

Let us give an explicit weighted homogeneous equation of Cyy .
L zPt + yP? 4 2P for (p;,pj) =11 # j.
IL P! 4 yP2 4 y2P3/P2 for pybps, (p1,ps) =1, (p2 — 1,p3) = L.
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I 2Pt 4+ yz(y? + 29) for ps = p3, (p1,p2) = L,p2 + 1 = (g2 + 1)(g3 + 1),
(q2,93) = 1.
IV. 2Pt 4 gyP2/Pr 4 y2P3/P2 for pyLpobps, (p1 — 1,p2) = 1, (pa — p1 + 1,p3) = 1.
V. yz* + zyt + 22™ for (klm — 1,lm —m +1) = (klm — 1,mk —k+ 1) =
(klm — 1,k — 1+ 1) = 1.
XL 22 + y(y?+t — 22)(y?*R*+ — \2?) for k € Z>o and A € C\{0, 1},
23 + Y32 Ly + axyttly for k € Zso and a® + 81 # 0,
(22 — 2kt (22 — N\y?*+L) + y2? for k € Zw and X € C\{0,1}.

Note that except for the last type XI, each curve Cyy for the dual types I-V is the
quotient of the sphere or the upper half-plane by the triangle groups (cf. [Mag,
Chap.II))

11. The Cartan matrix of type ADE. First, we recall an observation of
H. Ochiai [Oc] in its original form. Denote by [n] the function ¢" — ¢~™ in gq.
Let C be the Cartan matrix of type either Ay, Dy, Eg, E7 or Eg. Put ®(q) :=

det (%I —-C+21 ) where [ is the identity matrix. Then ® decomposes into a fi-

nite product II;[i/2]% for suitable integers d; € Z. Then Ochiai’s observation [Oc]
states:

i) if d; # 0, then 4 | h, where h is the Coxeter number for C,

ii) d; € {—2,0,2} for any ¢ € N,

iii) if ij = h for 4,/ € N, then d; + d; =0,

iv) d; # 0 for all divisors 4 of h if C is of type Dy, Eg, E7 or Ejs.

We translate the observation in terms of Coxeter element. Let Cox be a Coxeter
matrix for the Cartan matrix C' and let ¢(X) := det(A — Cox ) be its characteristic
polynomial. The eigenvalues of Cox are w; := exp(2my/—1m;/h) for the exponent
mi, i =1,---,£. So p(A\) = Hle()\ — w;). Decompose it to ¢(A) = Hilh(/\i —1)¢®
for some exponents e(i) € Z. Since Cox + Cox ~' is conjugate to C' — 2I, one has

¢
®(q) = det ((q+q’1)[— Cox — Coxfl) = H(quq’l —wi—w; )

¢ ¢ 2
=[Ia-wila-wN/a=a" <H(q - wi)) =¢(q)*/q"
_ qfe H(qz _ 1)2e(¢) _ H ((qz . 1)2/q¢)e(i) _ H(qi/Z o 1/qi/2)2e(i)
ilh ilh ilh
= [Tti2>.
ilh

where we used the fact Y ie(i) = I. Thus one gets d; = 2¢(i) for ¢ € N. So, the
Ochiai’s observation is equivalent to the following statements.

i) i | h for e(i) # 0,

ii) e(i) € {0,£1} for any ¢ € N,

iii) e(i) + e(h/i) = 0 for i € N ie. p = ¢*,

iv) Div (h) = {i € N: e(i) # 0} for any Dy, Eg, E7, Es.

These can be easily verified as follows. First, recall that there is a one to one
correspondence between the root systems of types Ay, Dy, Eg, E7 and Fg and the
weight systems having only positive exponents in such way that the set of exponents
for them coincides. For such weight systems, one can prove the i)-iv) as follows.
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i) By definition, one has M (W) C Div (h) (§4).

ii) This is the simplicity of W (§1 Assertion 1.2 and §6 Theorem 6.2).

iii) This is the self-duality of W (§7 Theorem 7.10 1).

iv) This is a consequence of the classification of weight systems with only positive

exponents, recalled in Table B.
Table B.

Name Weight dW) AW)  ow(N) M(W)
(1,b,0+1—b; 41

Ar 1)
(2,0-2,0-1; (A2C-D_1y(A2_1) @@\

De o1y 22072 “mrmenoon Sl

{: even

O-O—@E-6e)

{: odd

Es  (3,4,6;12) 3 233 QZ-bh*-hr-y 3)

(A6—1)(A*=1)(A—1) @/ @

!

. AP -1)(A*-1)
B (4,6,918) 2 234 O HEU

4

%
"
@
8/

A1) (N —1)(A2—1)(AZ—1
Es  (6,10,1530) 1 235 GQupGm ooy O

6)—15

Converse to the observation iv), a simple weight system W satisfies Div(h) =
M (W) if and only if W is one of the following cases.

L. (p2ps, psp1, p1p2; p1p2ps) for three mutually different prime numbers py, pa and
ps- p=(pL—1)(p2 —1)(ps — 1).

II.  (p3,pip2,p1(p2 — 1);p1p3) for two different prime numbers p; and py. p =
(p1 = 1)(p3 —p2 +1).

III.  (p2,p192,P1q3; p1p2) for two different prime numbers p1, p2 and two positive
integers gz, g3 such that py +1 = (g2 +1)(g3 +1). p = (p1 — 1)(p2 + 1).

IV. (% p(p—1),p?> —p+1;p?) for a prime number p. u=p* —p*> +p— 1.

V. (Im—m+1,mk—k+1,kl—1+1;p) for a prime number p and three positive
integers k,l and m such that klm=p—1. u=p—1= klm.

XI.

(p,2,(p—1)/2;2p) for a prime number p with p = 3mod4. u=3p+ 1.

(p,3,p — 1;3p) for a prime number p with p =2mod3. u = 4p + 2.

Proof. Let h = PlE ! P,f * for prime numbers P;,---, P, and positive integers
Ey,---, Eg. A priori, we see E; < 3, else the four elements P;, P?, P? and P;* in Div(h)
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cannot be realized in M (W). Clearly #Div(h) = Hle(Ei + 1). On the other hand,
the possible values of #M (W) are only 2, 3,4, 5,6 or 8. Thus Div(h) = M (W) implies
a very limited possibility of E;. Let us list possibilities of py,ps and p3 according to
the value N := #M(W).

N=2 Thenk=1and E; =1. 1i)p; = Pi,ps =P, and p3 = P;. Type V.
N =3.Then k=1and Ey =2. ii) p1 = P1,p2 = Py and ps = P{, Type XIV.
iii) py = P, pa = P and p3 = P2, Type XIII.
These cases cannot be simple (Theorem 6.2).
N=4.iv) k=2,Ey=FEy=1. p1 = P1,ps = P, and p3 = P, P». Type XL
v) k=2,F1 =FEy=1. p1 = P1,ps = ps = P5, Type IlI,
vi) k=1and Ey = 3.
N =6. vi)k=2and E; = 1,FEy = 2. po = Py, po = P> and p3 = PZ. Type IL
N =8. k=2and F; =1, F; = 3. This is impossible.
viii) k =3 and Ey = E3 = E3 = 1. p1 = P1,ps = P> and p3 = P5. Type L

For a sake of Example 13.7, we list the 3 degenerate weight systems having only
non-negative exponents. They correspond to simply elliptic singularities [S2]. So,
let us call them elliptic weight systems. All elliptic weight systems have the same
signature: (ag; A(W)) = (1;¢). The lattice of vanishing cycles for them are described
by elliptic root systems [S41-S45].

Table C.
name W w d(W) exponents ow(N) M(W)

3
5 . 0?1717172a (A3—1)3
Es (1,1,1;3) 8 27 593 AT O———B)

)

~ 0,1,1,2,2, (»4_1)2(x2-1)
B (1,1,2;4) 9 32 2.3,3,4 A1 O—2—©

i . 07]-’272737 ()\671)()\371)()\2 1) /@\
By (L23:6)10 36 50000 = @\®/@

12. Strange duality of Arnold. We give an interpretation of the Arnold’s
strange duality by the duality of weight system. Still, the original duality remains
somewhat mysterious. First, we review the strange duality in its original form.

In [A1], Arnold class1ﬁed unimodular germs of holomorphic functions. They con-

sist of three classes: i) three simple elliptic singularities EG, E7, ES, ii) cusp singulari-
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ties Tpqr for p,q,r € N with %—&— 1 +% < 1, and iii) 14 exceptional unimodular singular-
ities. In each of 1 parameter family of the 14 singularities, there is just one singularity
which is defined by a weighted homogeneous polynomial f(z,y, z) of 3 variables. The
corresponding hypersurface Xy (= the zero loci {(z,y,2) € C?: f(z,y,z) = 0} of f)
has the following description due to I.V. Dolgachev [D1-2]. The action of the Schwarz
triangular group I'pgr (with 1/p+1/¢+ 1/r < 1) on the upper half plane H lifts to
a free action on the half-space H := {(u,v) € C? : $(u/v) > 0} so that H/T is a
complex 2-fold. By adding a cusp point O, Jﬁl/ I' U {O} becomes an affine algebraic
variety with an isolated singularity at O. Dolgachev has shown that there are 14
triangular groups, for which H/T'U{O} becomes a hypersurface in C3, and which are
exactly the 14 quasi-homogeneous exceptional singularities Xy. The values p,q and r
of the triangle are called the Dolgachev numbers.

On the other hand, Gabrielov [G] has determined the intersection form on the
middle (= 2-) dimensional homology group of a smoothing X; (= {(z,y,2) € C? |
f(z,y,z) = 1} for the 14 exceptional unimodular singularities (sometimes called the
lattice of vanishing cycles for the singularity) as follows. We denote by 7,4, the based
lattice, whose intersection diagram is of the shape of the letter T' with three branches
of length p,q and r (e.g. Es = To35, E7 = Tas4, etc). Then the intersection form for

0 1
10 },Where

the 14 exceptional unimodular singularities are of the form 7,4 ® [
the integers p, q and r are called the Gabrielov numbers.*)

Then Arnold [Al] called a strange duality: there exists an involution o among
the 14 exceptional singularities, by which the Dolgachev numbers and the Gabrielov
numbers interchange. The Dolgachev and Gabrielov numbers are recalled in Table D.
We include in the table the unique weight system W attached to the singularity by

the relation: Xy ~ Xy (for the uniqueness of W, see [S1, 4.3]).

Table D.

Name, Weights, D+#, G+# Name, Weights, D+#, G#
Ui (3,4,4;12) 444 444 Wis  (4,5,10;20) 255 255
S12 (3,4,5;13) 345 345 Z13 (3,5,9;18) 335 247
S11 (4,5,6;16) 256 344 Z12  (4,6,11;22) 246 246
Q12 (3,5,6;15) 336 336 Z11 (6,8,15;30) 238 245
Q11 (4,6,7;18) 247 335 Eiy (3,8,12;24) 334 239
Qo (6,8,9;24) 239 334 Eis  (4,10,15;30) 245 238
Wis  (3,4,8,16) 344 256 Ei» (6,14,21;42) 237 237

REMARK 12.1. It was remarked by D. B. Fuks (cf. [A]) that the sum of the
Dolgachev numbers and Gabrielov numbers for the 14 singularities are 24 for all 14
singularities. This fact was interpreted by Dolgachev, Nikulin and Pinkham in terms
of duality between algebraic cycles and transcendental cycles on certain K3 surfaces.
This leads to further generalizations of the duality by several authors [N][P1][L][E-W].

We now give an explanation of the strange duality in terms of weight system. The
first step is the characterization of the 14 weight systems in Table D as follows.

ASSERTION 12.2. The weight systems attached to the 14 unimodular exceptional
singularities are exactly the simple and non-degenerate weight systems having —1 as
its smallest exponent.

This is a matter of calculation. Table E gives the list of such weight systems
together with the numerical data including the characteristic functions and the posets.
The “+” means that the weight system is self-dual.
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Table E.

Weight

*(3,4,4;12)

*(3,4,5;13)

(4,5,6;16)

*(3,5,6;15)

(4,6,7;18)

(6,8,9;24)

(3,4,8;16)

* (4,5,10,20)

(3,5,9;18)

*(4,6,11;22)

(6,8, 15; 30)

pw  d(W)
12 16
12 13
11 8
12 9
11 6
10 3
13 8
12 5
13 6
12 4
11 2

A(W)

444

345

256

336

247

239

344

255

335

246

238

K. SAITO

ew(N)

A2—1)(\*-1)

geSE e

(}\1371)
(A-1)

(A1 1)

(A -1 (r-1)

(1A 1)

(A5—=1)(A-1)

(B 1A —1)

(A9—=1)(A—1)

A1)\t =1)(A3—1)

A=A -1 (A-1)

(Ao -1)(A2-1)

(At=1)(A-1)

(A°—1)(A°—1)(\%—1)

=) (M—1)(A=1)

(B 1)(A2-1)

-1

(A2—1)(A%-1)

1) (A1)

O~~~
/@\
® D)
\@/
O~

\?

D@
@”)0

D—O—®
@@\@

(A0—1)(A°—1)(A%2—1)
OB—1)(AT0—1)(A—1)

®)



DUALITY WEIGHT SYSTEMS 1029

. (A1 —1D)(A3-1)(A%2—1) e
(3,8,12,24) 14 3 334 F—D (WD) (=D j @

A —1)(A2-1)(A2-1)

(47 10, 15;30) 13 2 245 (51 (A —1)(A—1) @\@ @

\
A=A -1)(N* -1
*(6,14,21;42) 12 1 237 Gnr=gira ey \

It was shown that the set {simple and non-degenerate weight system having —1
as its smallest exponent} is closed under the involution W < W* (Theorem 7.10 2).
Comparing Tables D and E, we obtain:

ASSERTION 12.3.

2. The dual pairs W «— W™ of the weight systems in Theorem 7.10 2 coincide
with the dual pairs of strange duality of Arnold.

3. For the 6 self-dual weight systems, one has the equality Div (h) = M(W).

It is a natural question whether the duality of weight system explains the strange dual-
ity. To answer the question, we first notice a fact that the Dolgachev # is elementarily
determined by the weight system W.

ASSERTION 12.4.

4. The set of Dolgachev numbers is equivalent to the signature A(W') defined for
the weight system W in (10.1).

Proof. This may almost be a triviality now, when we identify the surface H/T'
considered by Dolgachev and the hypersurface Xy \ {O} in C? defined by the weight
system W (cf. Remark 10.3 at the end of §10), where the isotropy groups of C*-actions
on them has two different expressions: one by the conjugacy classes of isotropy groups
of the action of I' on H, and the other by the singular orbits of C*-action on Xy \{O}
given by the points Cyw N (€ U L, U L,)(~ A(W)). O

The following diagram symbolized the relations among the data we study.

duality of weight system

weight system W weight system W*
A(W) A(W™)
Dogachev numbers Gabrielov numbers

strange duality

Here the left vertical arrow is explained by Assertion 12.4 and the first horizontal
arrow is explained in Theorem 7.10 2 (§7). The right vertical arrow remains to be
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explained yet, which is proven by Gabrielov [Ga] depending on the classification of
the 14 unimodular exceptional singularities as formulated in the next assertion.

ASSERTION 12.5.

5. Let W be a simple weight system having —1 as its smallest exponent. Then
0 1
1 0|
So, if one can give a proof of the Assertion 12.5 directly without a use of classification,
then it completes the explanation of the strange duality. We ask the following some
more a general problem:

For a weight system W, describe in terms of W the lattice of vanishing cycles
together with the intersection form and the Milnor monodromy action c on it.

REMARK 12.6.

1. Converse of the above problem: the data of the monodromy ¢ determine
M (W) is true, since the characteristic polynomial ¢(\) := det(AI — ¢) determines
M (W) (Theorem 5.1). Furthermore, according to Theorem 6.3, the datum of M (W)
determines W up to finite ambiguities.

2. Experiences suggest that the Dolgachev numbers have close relations with
(M(W)), whereas the Gavrielov numbers have similarity with M (W). Can one
clarify this as a mathematical statement?

the lattice of the vanishing cycles for W is isomorphic to Ty =) ®

13. Eta products for a regular system of weights. Let W be a regular
system of weights. Inspired by finite group theory ([C-NJ], [Ma], [Ko]), we introduce
products ny and 7y, of Dedekind eta-functions. They are modular forms on the upper
half plane H of weight ag and —ag, respectively, which may have poles at cusps. The
products ny and (n3;,) ! are holomorphic (resp. vanishing) at all cusps if and only if
the dual rank vy is non-positive (rep. negative). The level and character of the eta-
products are explicitly given in Lemma 13.3. The products 7y and 7y, are combined
by the involution 7 — —1/h7 (13.4). This leads to an interpretation of the duality of
weight systems in terms of n-products (13.5) and (13.5)*.

Let W be a weight system, and let ey be the cyclotomic exponent (3.1) of its
characteristic polynomial ¢y, (2.1). Define the products:

(13.1) nw (1) = H n(ir)ew @),

ieM (W)

(13.1)* iy (r) == [ [ nGir) e /9.
ilh

Here 1(7) == ¢'/?* T[>, (1—¢") with ¢ = exp(2m/—17) is the Dedekind eta-function.
We call nw and ny;, the eta-products for W. The product expansions of 7 is absolutely
convergent for ¢ € C with |¢| < 1, so ny and 7}, are nowhere vanishing holomorphic
functions in 7 € H := {r € C: (r) > 0}. Since the order of the product in
nw and ny, can be changed freely, one has some multiplicative expressions for the
eta-products:

(13.2) nw(m) =g T [ -g™e®

ieM (W) n=1

o0
=g/ I ew(q™)

n=1
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oo HUwW

g/ H H — exp(2mv/—1m;/h))

n=11:=1

[ee]
(13.2)* mw(r) = ¢/ [ [ - ¢ ev ™/

jlh n=1

= g/ H e (q")

vw +2a0
ey H ( [ (¢ - exp(2ny/=Tm}/m)/(a" - 1>2“°)

i=1

where my,...,m, (u = pw) and m7,...,m; o, (v = vw) are the exponents and
dual exponents for W, respectively (cf. (2.2) and (7.5)). Let us give a relation between
the two eta-products.

ASSERTION 13.1. The two eta-products nw and 1y, are combined by the imagi-
nary transformation: T — —1/ht, as follows.

(13.3) nw (=1/h) iy (7) = (7/3/=1)" J\/d=(W).
(13.3)* nw (1) iy (—/h7) = (V=1/7)"" //d(W).

where h = hyw is the Cozeter number (§1) and d(W) (resp. d*(W)) are the (resp.
dual) discriminant ((9.1), (9.2)) for the weight system W.

Proof. The transformation 7 — —1/h7 is involutive. Hence, in view of (9.3),
(13.3)* is a consequence of (13.3). So we prove only (13.3).

By a use of the well-known formula 1(—1/7) = 1/7/v/—1n(7) for the Dedekind-eta
function, the first factor of (13.3) is calculated as:

(~1/hr)= [ n(=1/(hr/ip)

iEM (W)

ew (i) )
= 11 (\/m/z«/1> “n(hr i)W ®
ieM(W)

:\f_ (hT/F Hn (1) eW(h/J)

Jjlh
1 a
=Vd - (h/V=1)"" iy (1)}
0
Suppose W and W* are weight systems which are dual to each other (§7). Then
by definition of the eta-products, one has
(13.4) nw (1) = (1) and gy (1) = (7).

Combining (13.4) with (13.3) and (13.3)*, we obtain another expression of the duality
of weight system in terms of eta-products.
COROLLARY 13.2. Let W and W* be dual weight systems. Then,

(13.5) nw (—1/h7) - (1) = V.
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Here d := d(W) = d(W*). Conversely, the (15.5) characterize the duality between W
and W* so far their poset is not self-dual.
Proof. We have only to recall the fact: ) . ew (i) = 2a9 = 0, since W is non
degenerate (cf. (7.5) and §7 Assertion 7.7 11)). The (13.5) is equivalent to (7.7). O
Next, we discuss the automorphic nature of the eta-products. For a function f(7)

on the upper half plane H and for A = (g Z) € GLI(R) and k € Z, put f |, A :=

det(A)*/?(cr + d)~F f(A(7)) with A(7) := (ar + b)/(ct 4 d). If f is holomorphic on
‘H and there exist k, N € Zso such that f |y A = e(d)f for A € To(N) := {4 =
(‘cl 3) € SLy(Z) : ¢ =0 mod N} where ¢ is a Dirichlet character mod N, then we call

f an almost holomorphic automorphic form of weight k and character € (or, of type
(k,€)) on the group To(N) (of level N). The eta-products nw and 1/ny« are almost
automorphic forms of weight ag, since one has 7 |12 A = V(A) -7 for YA € SLy(Z)
where V(A) is a 24th root of unity whose explicit formula is known (cf. [Ra, p163]).
An explicit description of level N and character € of the eta-products are given in the
next lemma (cf. [Sal2 §2 Lemma 1]).

LEMMA 13.3.  The eta-products nw (mwT) and 1/n5,(mi,T) are almost holo-
morphic automorphic forms of weight ag and character ey on the group To(Nw),
where my, myy,, ew and Ny are given as follows.

(13.6) mw = 24/(ged(pw, 24), miy, = 24/ ged(vw, 24)
(137) NW = thWm;V
— ao
(dsf(dl) ) for d odd,
(13.8) ew(d) = d
( > for d even.
des

Here dgy is the square free part of the discriminant (9.1) and (g) is the residue symbol
defined as follows. If d > 0 and odd, it is the Legendre symbol multiplicatively extended
ind. Ifd <0 then (5) = (ﬁ) ford <0 and ¢ >0 and (5) = _(WCI) ford <0 and
c < 0. Put (%) = 1.

The next lemma is the goal of this section.

LEMMA 13.4. The eta-products nw (mt) and 1/nj,(m*T) are holomorphic
(resp. have zero) at all cusp points € Q U {oc}, if and only if v(W) < 0 (resp.
<0).

Proof. The following fact may be well known among experts. For a sake of
completeness, we recall with a sketch of proof (cf. [H-M, Theorem 1]).

Fact. For all A = (‘; Z) € SLo(Z) (¢ #£0), nw(m7) |ag A can be developed in a

Laurent series in the local parameter exp(2my/—17/24mhyw ) whose leading degree is
gwen by ¢ - ®w(c). Here for any & € Zyo, put

(13.9) EOow() = > (h-(,9)/i) ew(i).

€M (W)

Sketch of a proof of the Fact.



DUALITY WEIGHT SYSTEMS 1033

Put f(7) := nw(m7), where m := my. Let ¢ = A(y/—1o0) for A = (ZZ) €
SLy(Z) and ¢ # 0 be a cusp. For i € M(W), let (%‘l ?’) € SLy(Z) (Z”lo)A, ie.

"B € SLa(Z) st (37 0) A=B; (5 1),
Comparing the determinant and the ged of the first column of both hand sides,
one gets mi = «a;0; and (mi,c) = tay, respectively. Then

f) oo A= T (n(mi) 11 Ayt

iEM(W)
. ew(l)
= H ((mi)_1/4.77(7) l1/2 (ﬂgl (1)> A)
iEM(W)
) ew (1)
=Cy- H <77(T) l1/2 Bi <%z ?j))
i€M (W)
ew ()
a; B v
e T (o (5 2)
i€ M (W)
Q; ﬁz ew ()
I bl D)
€M (W)
=y - exp (271'\/—1( Z % )7/24> H Fi(r

ieM (W) €M (W)

where C7, Cs, C3 and Cy are non-zero constants and F;(7) is the unit factor of
a; Bi ew (4) . . C e 2ny/ =17
(17( 5T+ )) , which can be developed into a power series in ¢; := exp (767; )
(i € M(W)) with constant term 1. Since d;|mi|m-hy, all variables are positive powers
of exp(2m\/—17/24mhy ) and [] F; is expanded in its power series with a constant
term 1. The degree of the leading term of f(7) |4, A w.r.t. the variable is given by

(3 @) i =( 3 @miew) - mine

i€ M (W) i€M (W)

Z hw(’t, C)Qew(i)/i =cC- ‘I)W(C)

i€M (W)

We return to the proof of Lemma 13.4.

Since Py (1) = —vw (7.2) (that is: the order of pole of 7y at an integral cuspidal
point is equal to vy ), it is necessary to be vy < 0 (resp. < 0) for gy to be holomorphic
(cuspidal). To prove the converse, it is sufficient to prove the innequality:

(13.10) §-Ow () =& dw(l)

for any £ € Zg. By definition of ®y, one has:

E-dw(&) - ow(l)= Y (h-(5,6)%/i =& (h/i)) ew(i).

i€M(W)
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We decompose the sum according to the level n(i) = 0,1, 2 or 3. The term for n(i) = 3
(i.e. i = h) is cancelled automatically. So, the sum is equal to

Eh—h— 3 (&-(h/i)—h-(i,€)/i)
n(’):l
+ Z - (h/i) = h- (i,€) /i) lew (3))|

n(i)=2

=h-(-1 1= > 1/
n(i)=1
+he Y (1,67 = 1)/i
n(i)=1

+ > (¢ *) lew ()] - (h/9).

n(i)=2

The second and the third terms in the last expression are non-negative. The index
set I :={i € M(W) | n(i) = 1} consists at most of three integers, which are non
less than 2 and mutually different (cf. (4.4)). So, the factor 1 —3_ ), 1/i of the
first term can be negative only when I = {2,3,5} and W is of type Es. The explicit
formula of & - By (€) using ew (i) = (—1)"(®) for i € M(Eg) = D(30) proves (13.10)
for this case.

Altogether, the inequality (13.10) is proven.

These complete a proof of the lemma. O

In the rest of section, apart from duality, we ask a question on non-negativity of
Fourier coefficients of eta-products. The following is the conjecture.

CONJECTURE 13.5.  Let W be a weight system. All Fourier coefficients at oo
of n(hw - 7)¥ - nqw(T) are non-negative integers, if and only if vy > v. All Fourier
coefficients at oo of n(hw -T)* -0y, (T) are non-negative integers, if and only if pw > p.

Specialization of the conjecture to v = 0 is the one given in the introduction.
Specialization of the conjecture to y = 0 is the following fact.

Fact. Fourier coefficients at co of 13y, (T) are non-negative integers.

This fact is a direct consequence of a product formula of the eta products given
below. Note that the formula says also that 7y, has non-negative Fourier coeflicients
at oo if W is non-degenerate. Since vy + 2ag > 0, this is a particular case of the
conjecture. It implies that the eta-product for a weight system having its dual has
non-negative Fourier coefficients at oco.

ASSERTION 13.6. Let my,...,m, and my,...,m; o, be the sets of reduced”)
exponents and dual exponents (Def. 7.8) for W, respectively. Then,

v+2ag
(1311) nw ( n)/24 H ( 2ao/ i_[ m¢+nh)> .
(13.11)* niy (1) = q" W/ H <1/H g™t )

*) Here a reduced exponent m; is an integer 0 < m; < h, which represents an
exponent m; mod (h).
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Proof. We prove only (13.11). The proof of (13.11)* is proceeded similarly. The
multiplicity n(j) of a factor (1 — ¢’) for j € Zso in (13.2) is given by: n(j) =
> ew(%), which clearly depends only on ged(j, h). Recall the definition (7.1)
ieM(W),ilj
for ¢}y, (A), and the fact that n(j) is equal to minus of the multiplicity of the h/ged(j, h)
th primitive roots of unity in the cyclotomic equation ¢f,(A) = 0 (cf. (7.4) and
Assertion 7.2). So the factors for j with (n — 1)h < j < nh and n € N are given by

nh—1 v
j=(n—1)h+1 i=1

where we use a fact {mj,...,mi} ={h—mj,...,h—m5}. If ged(j,h) = h, then,

n(j) =n(h)= > ew(i)=2a

i€ M (W)

These imply (13.11). O

ExAMPLE 13.7. We illustrate the non-negativity of Fourier coefficients of ny for
the weight systems of types Eg, E7, Es and (1,1, 2;5).

Let W be a weight system of type EG, E7, Es or (1,1,2;5). Since vy = 0, the
eta-product nw (7) is a holomorphic automorphic form of weight ag equal to 1 or
2, respectively (Lemma 13.3). Let Ly (s) = Y.~ ; cw(n)n™* be the Dirichlet series
attached to the Fourier expansion ny (m7) = > cw(n)g™. We shall determine “Euler
product expression” of the Dirichlet series. This leads to an explicit formula for the
Fourier coefficients ¢y (n) and the non-negativity of them. Results are exhibited in
the following list. The Fourier expansion of the eta-product for the weight system
(1,1,2;5) was studied by Ramanujan (who called the formula very strange). The
expression of some eta-products including Es by a use of Eisenstein series was studied
by Koike in connection with moonshine [Ko].

Eg: W =(1,1,1;3)
ng, (37) = n(97)*/n(37)
=q+q*+2¢" +2¢" +2¢" + ¢ +2¢% + - -

1
rel ===

D
P#3 3
1 1
= H 1 —p—s)2 H 1 —p—2s
p=1(3) ( p ) p=2(3) p

0 ifn >0,
o) = {0 10 (1)L ()2 otterwive

l

for N =3"p}" - -pirq"t - - ¢"" where p; is a prime number with p; =1 (3) and ¢; is

a prime number with ¢; = 2 (3).
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Er: W =(1,1,2;4)
ng, (87 n(327)%n(167) /n(8T)
— P g 027 B 25 P ST T

1 1
Le (s ][ = Il —=

p=1(8) p p=5,7(8)

1 1
S| e ——  ——
1 —p—s)2 1 —s)2
=is L TP pzs(g)( +p~*)
0 ifn>0,
co (N¥{ Lt Pr
Er 1 [Lie (i + (A = (=1) =) ][ (m; +1)
[Ti_, (1 + (=1)%)/2" otherwise,
for N =2"pi" - -pptq™ - gyt -+ -1}t where p; is a prime number with p; = 3 (8),
¢; is a prime number with ¢; = 1 (8) and r; is a prime number with r; =5 or 7 (8).
Es: W =(1,2,3;6)
ng, (127)= n(727)1(367)n(247) /n(127) (
— P+ T+ g2 4 M 4 54 255 4+ B0 g0 4 M3

1 1
R S | e

_ p—32s
p=1(12) p=7,11(12) 1 p

1 1
N e I e ) /1

p=5(12) p=5(12)
0 ifnorn' >0,

_ ) 1 Pe ol
cg,(N) =91 7T (i + 1)(A = (1) =) [y (mi + 1)
TTi_, (1 4 (=1)%)/2" otherwise,
for N = 273" Hle pi Hi:l g Hle r;* where p; is a prime number with p; =
5 (12), ¢; is a prime number with ¢; = 1 (12) and r; is a prime number with r; = 7 or
11 (12).

W =(1,1,2;5)
(11,25 (1) =n(57)°/n(7)
= q+¢*+2¢3+3¢* +5¢° +2¢° +6¢" +5¢® +7¢° +5¢*° +12¢" +- - -

1
L(1,1,2;5)(5) = 1;[(1 —p—st)(1 — (%) p~9)

conan) =TT (007 (%) - ()

Yz

for the prime decomposition N = Hle p;*. The Fourier expansion of the eta-product
N(1,1,2;5) was studied by Ramanujan, who called it a “remarkable identity” [R]. The
weight system (1, 1,2;5) belongs to the 4th group of Appendix 1.
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Appendix 1. Weight systems of rank less than or equal to 24.

This appendix is added after discussions with K. Harada, T. Kondo and G. Mason.
We compare the Frame shape (which is the same as the cyclotomic exponents in the
present paper) for conjugacy classes of the automorphism group - 0 of the Leech lattice,
with that of direct sums of weight systems having rank 24 defined below. We refer to
[C-NJ, [H-L], [K] and [Ma] for the Frame shape of classes of - 0 and related subject.

By a direct sum of weight systems, we mean a symbol Wy & - - - @ W,,,, where W;
are weight systems having the same Coxeter number. The rank (resp. characteristic
polynomial and discriminant) of Wi @ --- @& W,, is defined to be the sum (resp. the
product) of these of the summands W;.

In the following, we list up direct sums of weight systems having rank 24 (which
is proceeded by a help of Table F at the end of Appendix 1). The list is divided into
the four groups.

1) direct sum of weight systems having only positive exponents (cf. §10):
24A,, 124,, 843, 6A4, 4A5 @ Dy, 6D4, 4Ag, 247 © 2Ds, 3As,

249 @ D¢, 4Dg, A11 ® D7 ® Es, 4Eg, 2A12, 3Dg, A15 @ Do,
Dy ®2E7, A17 ® Er, 2Dqo, Ags, D16 @ Eg, 3E3, Doy.

2) direct sum of dual pairs of simple weight system with e = —1 (cf. §11):
2(3,4,4;12), 2(3,4,5;13), (4,5,6;16) @ (3,4,8;16), 2(3,5,6;15),
(4,6,7;18) & (3,5,9;18), (6,8,9;24) @ (3,8,12;24), 2(4,5,10;20),
2(4,6,11;22), (6,8,15;30) @ (4, 10,15;30), 2(6, 14, 21; 42).

3) weight system of rank 24 having negative exponents (cf: Table F):

(3,7,7:21), (3,7,11;25), (3,11,15;33), (4,7,12;28), (4,9,18;36),
(4,14,23;46), (6,9,11;33), (6,10,23;46), (6,26,39;78),
(10,14, 35; 70), (12,15, 20; 60).

4) degenerate weight systems:

3Fg, 2Fs @ 4As, Eg ® 8Ag, 2E7 @ 2A3, E7 @ 5As,
2Es ® Dy, Es 245 ® Dy, (1,2,2;6) @ Dy, (1,1,2;5)
We observe the following facts on the table, which are verified directly.

1. The characteristic polynomial of a direct sum in the lists 1), 2) and 3) is self-dual
(in the sense at introduction),

2. The discriminant of a direct sum in the lists 1), 2) and 3) is a square.

3. The cyclotomic exponents of a direct sum in the list 1), 2) and 3) appears as a
Frame shape of an element of the Conway group -0,

4. All of self-dual Frame shapes for conjugacy classes of -0 appear in this way, except
for the 4 conjugacy classes: 6A = 6*3*/142%, 104 = 10%52/1222, 15D = 30-10-6 -
2/1-3-5-15 and 184 =18-9/1- 2.

5. All weight systems in the list 4) are degenerate (< the characteristic polynomial
has 1 as its Toots < ag > 0). Therefore, they are not self-dual and their cyclotomic
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exponents do not appear as a Frame shape of the Conway group -0. The Fourier
coefficients of eta-products attached to them are non-negative integers (cf. Example
13.7).

REMARK A.1

1. The self-duality of direct sums in the lists 1) and 2) is a consequence of §7
Theorem 7.10.

2. The squareness of the discriminant for direct sums in the list 2) is a consequence
of §9 Assertion 9.1.

3. Let L=1L;®--® Ly, be the direct sum of the lattices L; of vanishing cycles
for W;. It may be an interesting question whether there exists a unimodular lattice L
such that L C L C L* (= the dual lattice of L). In the case of 1), this is true because
of the Niemeier lattice L. In the case of 2), this is true because of the K3-lattice L.
In the case of 3), the discriminants are squares, but we do not know the answer.

In Appendix 2, we introduce an algebraic surface )~(W for each of the weight
system W in the group 3) so that the lattice of the vanishing cycles is realized as the
lattice of transcendental cycles of the surface X w-

4. The weight system (1,1,2;5) in the list 4) has a negative exponent —1. But
since it is degenerate, we classified it in the group 4) but not in 3). The eta-products
for this case was studied by Ramanujan as remarkable identity [R] (see also Example
13.7).

In Table F, we list up all weight systems of rank less or equal to 24 together
with the data: rank py, discriminant d(W), genus ag, signature A(W'), characteristic
polynomial gy (A) and the poset M(W). We omit the case ¢ > 0 and the case e = —1
of mult (W) = 1, which are already listed in tables A, B, C and E. A weight system
having a dual weight system is indicated either by “«” (in case self-dual) or by “s«x”
(otherwise) and the dual weight is given in the table.

Table F.

w po dW) ag  AW)  ow(N) M(W)

5 AS_1)8

(1,1,25) 24 5 2 2 ) QG
A6—1)*

(L2.2:6) 20 213 1 222 AT O——0—©

e=-2

) (AP —1)(A°—1)
(3,5,5;15) 16 25 0 555 e e @\@/@

E3

. (A17_1) ®—
(3,5,7;17) 16 17 0 357 - ()

* 21 3 /@\
) A2-H(A\3-1)
(3,7,9;21) 16 9 0 339 DD @\@/@
e=-3

*

19 _
(4,5,7:19) 18 19 0 457 a1 O—@®

*
. ()\20_1)()\4_1) /@\
(4,5820) 18 16 0 448  Oo-bOtD @




*

(4,7,14;28)

*

(4,10,17; 34)
e=—4

*

(3,7,7;21)

*
(3,7,11;25)

*

(3,11, 15; 33)

e=-5

*k

6,7,9;27)
Hk

6,8,13;32)
(4,7,16; 32)
*

6,8,19; 38)

ES

(6,22, 33;66)

ES

(4,7,12;28)

(4,9,14; 32)

ES

(4,9,18;36)

(4,14,19; 42)

18

18

24

24

24

20

19
25

20

20

24

23

24

23

49

25

16

16
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(A—1)(A"=1)(A2=1)

277 oo
A1) (A% -1
2410 ooy
W -1)(\"-1)
T A3-1)(A—-1)
A25_
3711 A
O —1)(A*—1)
3315 G
NT-1(A%-1
sor b
2613 32-1(at-1)
A47 QEHO-D)
(AB-1)(\3-1)
268 oo
2321 (s _n(as-—1)(A3-1
338 E,\24—1g((,\16—1§(,\—1§

6 (A —1)(A2—1)(A2-1)
(WT-D)(AE-1)(A-1)

\) )
=0
Nel d

2311 A (A1) (A2 —1)(A%2—1)

AB-D(A2-1)(A-1)(A-1)

(-1 (3t -1)

4412 TCDOST)

(21 (A1)

2914 Geoaon

(P01 (W -1 (A1)
1) (V1) (A-1)

299

(21 (W -1)

2419 L5t
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*
(4,14, 23; 46)

e=—7

*

(8,9,12;36)

ok
8,10, 15: 40)
8, 20; 40)

) )

*

(8,10, 25; 50)

*
(6,9,11;33)
(6,10, 13; 36)

*
(6,10, 23; 46)

(6, 20, 27; 60)

(6, 20, 33: 66)

*
(6,26, 39; 78)

e=-—11

*
(10, 14, 35; 70)

e=—13

*
(12,15, 20; 60)

24

21

20
28

21

24

23

24

22

23

24

24

24

12

2414

348

N\
[@a{é)]
U=

258

369

21013

2610

2327

2320

2313

257

345
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(A6_1)(A2—1)
(A -1)(A-1)

A—_1)(At—1)(A3-1)
Q)P —1)(A—1)

A DA -1 (A1)
O -1)(A—1)

(01 (A —1)(A2=1)
T (\O-D(A-1)

(AB-_1)(A3-1)
(AH=1)(Ar-1)

(A6 —1)(A%—1)
(A-1)(A-1)

(A —1)(A2-1)
(A*3)(A-1)

A —D(A—1)(A3-1)
(A30-1)(A20-1)(A-1)

A—_1)(A—1)(A2=1)
(A3B-1)(A22-1)(A-1)

AP —HOP DA DA 1)

(P13 -1) (3P 1)(A-1)

A1)\ DT -1(A 1)

AT (=) (A=) (A1)

A - -1 (A=) (A% —1)
(A0-1) (AP -1)(A2-1)(A-1)

%}

®
e om
©
O,
20
R
®
2
= 6, o 50
@5

4

O—O——66

S
@ %
®

C)
i
® &

&

C)
&
Gé"@@
&

O

f;?

2 @C
@/

S
&
e)/

@

YO @
g/
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Appendix 2. Algebraic Surfaces for Weight Systems of Rank 24.

To each W of the 11 weight systems of rank 24 in the list 3) of Appendix 1, we

attach an algebraic surface XW and its lattice Ly, of transcendental cycles of rank
24. In all 11 cases, the number of negative exponents is equal to 2, and hence the
signature of the quadratic form of the lattice is (4,20). It is remarkable that, in all
11 cases, the discriminant of the lattice is a square integer. It would be interesting to
find a characterization of these lattices.

First, we recall the list of the weight systems together with the data: i) charac-

teristic polynomial ¢ = @, ii) discriminant d = d(W), iii) signature set A = A(
iv) volume vol, and v) exponents. Of course uw = vy = 24 and ag = 0.

(3,7,7;21)
0=21-7/3-1, d=49, A={7,7,7}, vol =4/7,
exponents : —4,—1,2,3,3,5,6,6,8,9,9,10,11,12,12,13,15,15, 16, 18,
18,19,22,25

(3,7,11;25)
p=25/1, d=25, A={3,7,11}, vol =4/7,
exponents : —4,—1,2,3,5,6,7,8,9,10,11,12,13,14,15,16,17, 18, 19, 20,
22,23, 26,29

(3,11, 15; 33)
»=33-3/11-1, d=9, A =1{3,3,15}, vol =4/15,
exponents : —4,—1,2,5,7,8,10,11,11,13,14,16,17,19, 20, 22, 22, 23, 25,
26,28,31, 34,37

(4,7,12;28)
©=28-4/7-1, d=16, A ={4,4,12}, vol =5/12,
exponents : —5,—1,2,3,6,7,7,9,10,11,13,14,14,15,17,18,19, 21, 21,
22,25,26,29, 33

(4,9,18; 36)
©=36-9-2/18-4-1,d=9,A4={2,9,9},v0l = 7/18,
exponents : —5,—1,3,4,7,8,11,12,13,15,16,17,19, 20, 21, 23, 24, 25, 28, 29,
32,33,37,41

(4,14,23; 46)
p=46-2/23-1, d=4, A=1{2,4,14}, vol = 5/23,
exponents : —5,—1,3,7,9,11,13,15,17,19, 21, 23, 25, 27,29, 31, 33, 35, 37, 39,
43,47,51

(6,9,11;33)
»=33-3/11-1, d=9, A=1{3,6,9}, vol =7/18,
exponents : —7,—1,2,4,5,8,10,11,11,13,14,16,17,19, 20, 22, 22, 23, 25, 28, 29,
31,34,40

(6,10,23;46)
p=46-2/23-1, d=4, A={2,6,10}, vol = 7/30,
exponents : —7,—1,3,5,9,11,13,15,17,19, 21, 23, 23, 25, 27, 29, 31, 33, 35, 37,

W)u
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41,43,47,53

(6,26, 39; 78)
p=78-13-3-2/39-26-6-1, d=1, A={2,3,13}, vol =7/78,
exponents : —7,—1,5,11,17,19,23,25,29, 31, 35,37,41,43,47,49, 53, 55,59,
61,67,73,79,85

(10,14, 35; 70)
0="70-7-5-2/35-14-10-1, d=1, A={2,5,7}, vol = 11/70,
expomenents : —11,—1,3,9,13,17,19, 23,27, 29, 31, 33,37, 39,41, 43, 47,
51,53,57,61,67,71,81

(12,15, 20; 60)
v=60-5-4-3/20-15-12-1, d=1, A={3,4,5}, vol = 13/60,
exponents : —13,—1,2,7,11,14,17,19, 22, 23, 26, 29, 31, 34, 37, 38,
41,43,46,49,53,58,61,73

According to §10 Remark 10.3, any weight system W = (a, b, ¢; h) defines a smooth
curve Cyy in P(a, b, c) by a weighted homogeneous polynomial fy of three variables
(x,y, z) of weight a,b and ¢ and of total degree h. The genus g(Cw ) (which is shown
to be equal to ag) turns out to be zero for all of the 11 weight systems. The curve
Cw is given as an orbifold T'y \'H, where I'yy C PSLo(P) is a triangle group with
the signature set A(W). That is: there are 3 conjugacy classes of elliptic fixed points
of I'yy, where the set of orders of the fixed points is A(W). Since the polynomial
fw consists of 3 monomials (§10 Remark 3), fy is unique up to constant factors
on coordinates. The affine equation fi = 0 in C? defines a surface Xy o with an
isolated singular point at the origin. The map fi : C*\Xw,o — C\{0} defines a
Milnor fibration whose general fiber Xy (given by the affine equation: fy = 1) has
a homotopy type of bouquet of py number of 2-spheres [M]. We consider the middle
(2-dim.) homology group Ly := —Hy(Xw,Z). The rank(Lw) is given by pw, and
the sign (p+4, to, —) of Ly is given by uy = #{exponents between 0 and h}, po =
#{exponents equal to 0 or h}, u_ = #{exponents which exceeds the above range}. In
fact, p+ = 16+4, po = 0 and p— = 4 in all of the 11 weight systems. The discriminant
of Ly is given by d(W).

In order to give a geometric description of the lattice Ly, we describe Pinkham’s
compactification of the surface Xy and its smooth model (cf. [P1~3]). Let Xy be
the surface in the weighted projective space P(a,b,c,1) = C> UP(a,b,c) defined by
the equation fy (z,v,2) +w". So, Xy = Xw U Cw, where Cyy = Xy NP(a,b,c).
The singularities of Xy are cyclic quotient singularities exactly at the orbifold points
of Cyw by a group of order given by the signature A(W). By blowing up them, we
obtain a smooth model X’W of XW» which turns out to be minimal, checked case by
case for 11 cases. Let Do, = Xw\Xw be the total transform of the curve Cy in
Xw. Let Z[Ds] be the submodule of Hy ()?W, Z) spanned by irreducible components
of Ds,. Then we have the description:

Lw = Z[Dso )t

(cf. [S7 (5.9.1)]). The determinant of the intersection matrix of the irreducible com-
ponents of Dy, is equal to the discriminant d(W) (checked case by case). So the
irreducible components are linearly independent in Ho(Xy,Z). On the other hand,
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the Picard number for the del Sart surface Xy turns out to be equal to rank(Z[Ds))
owing to an explicit formula [Shi]. These altogether implies the next statement:

ASSERTION A.2  The_lattice Ly is isomorphic to the lattice of the transcendental
cycles of the surface Xw whose discriminant is equal to d(W).

Furthermore, in 9 of the 11 cases, Xy has Kodaira dimension 1 and admits
an elliptic fibration over a rational curve, and in the remaining two cases, Xy has
Kodaira dimension 2 and admits genus 2 or 3 fibrations over a rational curve.

In Table H, for each of 11 weight systems W, we exhibit the data:

i) Weighted homogeneous polynomial: fyr + w” defining Xyy .

ii) The Chern numbers ¢} = K7 and ¢y, geometric genus p,, and the Kodaira
dimension & of the surface )?W.

iii) Intersection diagram of the exceptional set Ej of the minimal resolution of
Xw,o is given by the figure in the left side. Irreducible components of Ey are rational
curves whose self-intersection numbers are given by the numbers inside the circle. The
coefficients of the canonical divisor of the resolution are given near to the circle.

iv) The intersection diagram of D is given by the figure in the right hand side.
Irreducible components of D, are relational curves. The coefficients of the canonical
divisor of the surface Xy are given near at the vertices.

Table H.
(3, 7, 7, 21) X’w = {(1;7 + y3 + 23 + U)21 — 0}

Koo(Xw)? =0, co(Xw) =36, py(Xy)=2, KXy =1

@@@\

0 1

.
@_ C——C2
C—C)—

0

OX¢
\

—_

(3,7,11;25) X, = {28 +y+ 122 + 2% + w?® = 0}

KOO(XUI)2 =0, CQ(XU)) = 36, pg(Xw) =2, H(Xw) =1

‘oo 0—0-—9-0
\o@ o060

(4, 7,12; 28) )A(:w = {.CE7 + y4 4220 4+ = 0}
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Q, o
- 5
&

)
=)

@ 2 1
NG00, @

2
2 3 / 4

&
—0
0 2@

(4,14,23:46) X, := {28y + yPz + 22 + w0 = 0}

Koo(Xp)?2 =0, co(Xw) =36, py(Xy)=2, r(Xyp)=1

<, &
0 oo

h \@2@1 O@ O@ 1€2> 2@ z@/ 4

(6,9,11;33) X, := {a'y + Pz + 23 + P = 0}

KOO(XUI)2 =0, CQ(XU)) = 36, pg(Xw) =2, ﬁ()?w) =1

(6,10,23:46) X, := {2% + ytz + 2% + w6 = 0}

(6,26,39;78) X, :={z¥ + 1P + 22+ w™ =0}
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Koo(Xu)? =0, c2(X,) =36, pg(Xw) =2, k(Xy)=1

) \@‘Z@m@ o009 /

(10, 14, 35; 70) —{x +y°+ 22 +w™ =0}
KOO(Xw)2:1 02(X ) =35, pg(Xu)=2, r(Xy)=2

‘”\0 <) o——

[=p}

[©
D@00
S

—_
=~

(12,15,20;60) X, := {a® + y* + 25 + w5 = 0}

Koo(X'w)2 =2, C2(Xw) = 34, pg(Xw) =2, R(Xw) =2.

D

[A1]
[A2]
[A3]
[Bo]
[B1]
(B2]
(B3]

[C-N]

e —0n_

-5 4 8

144 3@ 6@ 9@ /@12
G—0 G—0

—6 -3 2 7
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