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GEOMETRIC RIGIDITY OF SPHERICAL HYPERSURFACES IN
QUATERNIONIC MANIFOLDS∗

YOSHINOBU KAMISHIMA†

Abstract. This article concerns a geometric structure on (4n + 3)-dimensional smooth mani-
folds. The isometry group of quaternionic hyperbolic space acts transitively on the boundary sphere
as projective transformations. It gives a geometry (PSp(n + 1, 1), S4n+3). A (4n + 3)-manifold lo-
cally modelled on this geometry is said to be a spherical pseudo-quaternionic manifold. We discuss
a Carnot-Carathéodory structure on spherical pseudo-quaternionic manifolds in connection with the
Sasakian 3-structure. Using superrigidity in quaternionic hyperbolic group, we shall prove the geo-
metric rigidity of compact spherical pseudo-quaternionic (4n + 3)-manifolds when the fundamental
group is isomorphic to either an amenable group or a quaternionic hyperbolic group.

Introduction. A spherical pseudo-quaternionic structure is a geometric struc-
ture on a (4n + 3)-manifold locally modelled on the sphere S4n+3 with coordinate
changes lying in the Lorentz group PSp(n + 1, 1). Here PSp(n + 1, 1) is isomorphic
to the isometry group Iso(Hn+1

F ) of the quaternionic hyperbolic space Hn+1
F where F

stands for the noncommutative field of quaternions. The space Hn+1
F has the projec-

tive compactification whose boundary is the sphere S4n+3 on which PSp(n+1, 1) acts
as projective transformations. The pair (PSp(n + 1, 1), S4n+3) is said to be spherical
pseudo-quaternionic geometry (cf. [19], [6]). A (4n + 3)-manifold locally modelled on
this geometry is said to be a spherical pseudo-quaternionic manifold. In this paper
we shall study geometric rigidity of compact spherical pseudo-quaternionic manifolds.
A typical example of spherical pseudo-quaternionic manifolds is a homogeneous space
and its compact quotient M . That is, there is a transitive group of spherical pseudo-
quaternionic transformations of the universal covering space M̃ which has a discrete
subgroup Γ acting properly discontinuously on M̃ with compact quotient M̃/Γ. For
our geometric use, we follow the construction of hyperboloid in real hyperbolic geom-
etry. Let S4n+3 − S4n−1 be the sphere complement where S4n−1 is the boundary of
the quaternionic hyperbolic space Hn

F . It turns out that S4n+3 − S4n−1 is the to-
tal space of the principal bundle: Sp(1)→S4n+3 − S4n−1−→Hn

F and the subgroup of
PSp(n + 1, 1) preserving S4n−1 is isomorphic to the group Sp(n, 1) · Sp(1). Moreover,
the fundamental result in semi-Riemannian geometry is that S4n+3−S4n−1 is a sim-
ply connected geodesically complete semi-Riemannian manifold of type (3, 4n) with
constant curvature −1 (cf. [29], [46]). If π is a torsionfree discrete uniform subgroup
of Sp(n, 1) ·Sp(1), then the orbit space M0 = S4n+3−S4n−1/π is a compact spherical
pseudo-quaternionic manifold which has the fibration over the compact quaternionic
hyperbolic space form:

Sp(1)→M0
ν−→ Hn

F/Γ.

Here π is mapped isomorphically onto a torsionfree discrete uniform subgroup Γ ⊂
PSp(n, 1) = Iso(Hn

F). More generally, we have the homogeneous spherical pseudo-
quaternionic spaces and their compact quotients:

Sp(m)×∆Sp(1)× Sp(n−m)\Sp(m, 1) · Sp(n−m + 1)/π = S4n+3 − S4m−1/π,
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where 1 5 m 5 n and the fundamental group π is isomorphic to a discrete uni-
form subgroup of PSp(m, 1). (Compare §1.) By using the Margulis’ superrigidity by
Corlette [11], we prove that the converse is also true.

Theorem A. Let M be a compact spherical pseudo-quaternionic (4n+3)-manifold
whose fundamental group π1(M) is isomorphic to a discrete uniform subgroup of
PSp(m, 1) for some m where 2 5 m 5 n. Then M is pseudo-quaternionically isomor-
phic to the double coset space Sp(m) × ∆Sp(1) × Sp(n −m)\Sp(m, 1) · Sp(n −m +
1)/Γwhere m = 2, · · · , n.

Let T (M0) be the deformation space of spherical pseudo-quaternionic struc-
tures on marked manifolds homeomorphic to M0. There is the natural map hol :
T (M0)→Hom(π, PSp(n+1, 1))/PSp(n+1, 1) which assigns to a marked structure its
holonomy representation. As an application, we have the following. (Compare [14].)

Corollary B. The map hol maps T (M0) homeomorphically onto a connected
component in Hom(π, PSp(n + 1, 1))/PSp(n + 1, 1). Moreover, the connected compo-
nent consists of the set of Fuchsian representations which is diffeomorphic to
Hom(π, Sp(1))/Sp(1).

In order to prove Theorem A and Corollary B, we examine the holonomy repre-
sentation ρ : π1(M)→PSp(n + 1, 1). As a spherical pseudo-quaternionic structure,
the sphere with one point removed, S4n+3 − {∞}, is identified with the Heisenberg
nilpotent Lie group M. Here M lies in the central extension 1→R3→M ν−→ Fn→1
for which Fn is the n-dimensional quaternionic vector space (cf. §1). Let Sim(M) be
the subgroup of PSp(n+1, 1) whose elements leave M invariant (equivalently, each el-
ement stabilizes the point at infinity {∞} ). Recall that an amenable closed subgroup
of PSp(n + 1, 1) is conjugate to a subgroup of either Sim(M) or a maximal compact
subgroup Sp(n + 1) · Sp(1). Given a group G, a representation ρ : G→PSp(n + 1, 1)
is said to be amenable if the closure of the image ρ(G) is amenable. To apply the
superrigidity, it is necessary for a representation to be Zariski-dense. First of all we
must avoid the case of amenable holonomy representations. We have the following
classification.

Theorem C. Let M be a compact spherical pseudo-quaternionic (4n+3)-manifold.
If the holonomy group is amenable, then M is finitely covered by the sphere S4n+3, a
Hopf manifold S1 × S4n+2 or a nilmanifold M/Γ.

Our method to the proofs is to study a Carnot-Carathéodory structure on a spher-
ical pseudo-quaternionic manifold from the viewpoint of gauge theory, which is based
on the H. Weyl’s conformal structure. A quaternionic Carnot-Carathéodory structure
on a (4n + 3)-manifold M consists of a nondegenerate codimension 3-subbundle B of
TM each fiber of which is endowed with an n-dimensional quaternionic vector space
(cf. [32],[34]). Our notion of quaternionic Carnot-Carathéodory structure general-
izes the Sasakian 3-structure. Classically the Sasakian 3-structure [40],[41] is known
to be a geometric structure on (4n + 3)-manifolds as an analogue of quaternionic
Kähler manifolds such as the quaternionic projective space FPn (cf. [16],[28],[38]).
In particular the canonical Sasakian 3-structure on S4n+3 induces the Hopf bun-
dle: Sp(1)→S4n+3 π−→ FPn. The connection form defines an sp(1)-valued one-form
θ on S4n+3 for which Null θ = {X ∈ TS4n+3 | θ(X) = 0} gives rise to a non-
degenerate codimension 3-subbundle. We see that (S4n+3,Null θ) is a quaternionic
Carnot-Carathéodory manifold. Then it is a fundamental purpose to exhibit spherical
pseudo-quaternionic geometry on S4n+3 as an analogue of spherical Cauchy-Riemann
geometry [6], or that of conformally flat geometry.
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Proposition D. If AutQCC(S4n+3) is the group of all quaternionic Carnot-
Carathéodory transformations of (S4n+3,Null θ), then AutQCC(S4n+3)=PSp(n+1, 1).
That is, the spherical pseudo-quaternionic geometry (PSp(n + 1, 1), S4n+3) coincides
with the quaternionic Carnot-Carathéodory geometry on S4n+3.

By this proposition, a spherical pseudo-quaternionic (4n + 3)-manifold M will
be a quaternionic Carnot-Carathéodory manifold. For example, the quaternionic
Carnot-Carathéodory structure to the domain S4n+3−S4n−1 is mapped isometrically
at each point onto the quaternionic hyperbolic geometry (PSp(n, 1),Hn

F) with the
automorphism group AutQCC(S4n+3 − S4n−1) = Sp(n, 1) · Sp(1). The quaternionic
Carnot-Carathéodory metric on M plays the same role as the euclidean metric on Fn.
Concerned with the proof of Theorem C, a compact spherical pseudo-quaternionic
(4n+3)-manifold with amenable holonomy provides a holonomy-invariant closed sub-
set outside the developing image in S4n+3 by using the idea of Fried [12]. Then we
shall prove Theorem C by showing that the developing map is a covering map onto
its image.

Finally we remark the non-rigidity. There are examples of non-homogeneous
spherical pseudo-quaternionic manifolds and compact quotients. Given such a com-
pact manifold M1 = S4n+3−Sn/Γ (cf. Corollary 6, Note 7), there is a nontrivial family
of developing pairs (devt, ρt) (t ∈ Sp(1)) of spherical pseudo-quaternionic structures
on M1. This is obtained by the bending deformation.

1. Spherical pseudo-quaternionic geometry.

1.1. Spherical pseudo-quaternionic structure. Let Fn+2 denote the quater-
nionic vector space, equipped with the Hermitian form

B(z, w) = −z̄1w1 + z̄2w2 + · · ·+ z̄n+2wn+2.

Consider the following subspaces in Fn+2 − {0}:

V 4n+7
0 = {z ∈ Fn+2| B(z, z) = 0},

V 4n+8
− = {z ∈ Fn+2| B(z, z) < 0}.

Let P : Fn+2 − {0}−→FPn+1 be the canonical projection onto the quaternionic pro-
jective space. By definition [8], the quaternionic hyperbolic space Hn+1

F is defined to
be P (V 4n+8

− ). Let GL(n+2,F) be the group of all invertible (n+2)×(n+2)-matrices
with quaternion entries. The group Sp(n+1, 1) is the subgroup of GL(n+2,F) whose
elements preserve the form B. The action of Sp(n + 1, 1) on V 4n+8

− induces an action
on Hn+1

F . The kernel of this action is the center Z/2 = {±1} and the quaternionic
hyperbolic group PSp(n + 1, 1) is defined to be the quotient of Sp(n + 1, 1) by the
center. It is known that Hn+1

F is a complete simply connected Riemannian manifold
of −1 5 sectional curvature 5 − 1

4 , and with the group of isometries PSp(n+1, 1) (cf.
[25]).

The projective compactification of Hn+1
F is obtained by taking the closure H̄n+1

F
of Hn+1

F in FPn+1. Then it follows that H̄n+1
F = Hn+1

F ∪ P (V 4n+7
0 ). The boundary

P (V 4n+7
0 ) of Hn+1

F is the standard sphere of dimension 4n+3. Put P (V 4n+7
0 ) = S4n+3.

Then the hyperbolic action of PSp(n + 1, 1) on Hn+1
F extends to a smooth action on

S4n+3 acting as projective transformations because the compactification Hn+1
F ∪S4n+3

sits inside FPn+1. The action of PSp(n + 1, 1) is transitive on S4n+3 whose stabilizer
at infinity {∞} is isomorphic to Sim(M). (Compare 1.2.) We then call the pair
(PSp(n + 1, 1), S4n+3) spherical pseudo-quaternionic geometry. Notice that the same
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construction for the real (resp. complex) hyperbolic space is referred to conformally
flat geometry (PO(n, 1), Sn), spherical CR-geometry (PU(n + 1, 1), S2n+1) (cf. [13],
[6]).

Let M be a smooth manifold of dimension 4n+3. Suppose that {Uα, φα}α∈Λ is a
maximal collection of charts of M satisfying that M = ∪

α∈Λ
Uα, φα : Uα→φα(Uα) (⊂

S4n+3) is a homeomorphism, and if Uα ∩ Uβ 6= ∅, then the coordinate change gαβ =
φβ ◦ φ−1

α extends to an element of PSp(n + 1, 1).
Such a collection of charts is said to give a uniformization on M . An equiva-

lence class of uniformizations (by refinement) is called a spherical pseudo-quaternionic
structure on M . A manifold equipped with this structure is said to be a spherical
pseudo-quaternionic manifold M .

Denote by AutPQ(M) the group of spherical pseudo-quaternionic transformations
of M . Using a uniformization on M (cf. [28]), there is a developing pair: (ρ,dev) :
(AutPQ(M̃), M̃)−→(PSp(n + 1, 1), S4n+3) where M̃ is the universal covering space of
M and π1(M) ⊂ AutPQ(M̃).

1.2. Quaternionic Heisenberg geometry. Let P : (Sp(n + 1, 1), V 4n+8
− ∪

V 4n+7
0 )−→(PSp(n + 1, 1),Hn+1

F ∪ S4n+3) be the equivariant projection. If {∞} is
the point at infinity of S4n+3, then the stabilizer PSp(n + 1, 1)∞ is a noncompact
maximal amenable Lie subgroup of PSp(n+1, 1). Let {e1, . . . , en+2} be the standard
basis of Fn+2 with respect to the Hermitian form B, i.e., B(e1, e1) = −1, B(ei, ej) =
δij (i, j = 2, . . . , n + 2), B(e1, ej) = 0 (j = 2, . . . , n + 2). Since V 4n+7

0 is a cone, we
can assume that the inverse image P−1(∞) consists of a quaternionic line passing
through the vector f1 = (e1 + en+2)/

√
2 (that is, P (f1) = ∞). If H is a subgroup

of Sp(n + 1, 1) which leaves f1 invariant, then PH is isomorphic to PSp(n + 1, 1)∞.
Put fn+2 = (e1 − en+2)/

√
2. Now each element g of H has the following form with

respect to the basis {f1, e2, . . . , en+1, fn+2}:

g =




λ x z
0 B y
0 0 µ




where λ, µ ∈ F∗, B is an (n, n)-matrix, x is an n-th line vector, and y is an n-
th column vector. As B(gz, gw) = B(z, w) for arbitrary z, w ∈ Fn+2, we have the
following relations (cf. [8]).

(1) λ̄µ = 1, x = λtȳB.

(2) z̄µ + µ̄z = |y|2, B ∈ Sp(n).

Let M be the subgroup consisting of the following matrices;




1 x z
0 I y
0 0 1




satisfying that Re z =
|y|2
2

, x = tȳ. (Note that this follows from (1), (2).) Putting

z =
|y|2
2

+ iα + jβ + kγ, there is a one-to-one correspondence between the product
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R3 × Fn and M:

((α, β, γ), y) =




1 tȳ |y|2
2 + iα + jβ + kγ

0 I y
0 0 1




Then the one-to-one correspondence gives a group law on the product R3 × Fn.
As a consequence, M is the product R3 × Fn with group law:

(a, y) · (b, z) = (a + b + Im < y, z >, y + z).

Here < > is the Hermitian inner product and Im < > is the imaginary part. M is
nilpotent because [M,M] = R3 which is the center consisting of the form ((α, β, γ), 0).
M is called the Heisenberg nilpotent Lie group. (Compare [13].) Moreover H is
isomorphic to the semidirect product M o (Sp(n) × F∗). We define the subgroup
Sim(M) of PSp(n + 1, 1) to be PH = PSp(n + 1, 1)∞. Then Sim(M) is isomorphic
to the semidirect product Mo (Sp(n) ·Sp(1)×R+). The action of Sp(n) ·Sp(1)×R+

on M is given as follows: if (A · g, t) ∈ Sp(n) · Sp(1)× R+ and (a, y) ∈M, then

(A · g, t) ◦ (a, y) = (t2 · gag−1, t ·Ayg−1).

Choosing x0 = P (fn+2) ∈ S4n+3 −{∞}, M acts simply transitively on S4n+3 −{∞}
by ρ(g) = gx0 for g ∈ M. S4n+3 − {∞} is identified with M as a spherical pseudo-
quaternionic structure. The pair (Sim(M),M) is called quaternionic Heisenberg
geometry.

Choosing a torsionfree discrete cocompact subgroup Γ from Mo (Sp(n) · Sp(1)),
we have a fibration of an infranilmanifold as a compact spherical pseudo-quaternionic
manifold;

(i) T 3→M/Γ−→Fn/Γ̂

where T 3 is the 3-torus and Fn/Γ̂ (Γ̂ ⊂ E(n) = Fno(Sp(n) ·Sp(1)) is the quaternionic
euclidean flat orbifold.

Let M−{0}(= S4n+3 − {0,∞}) ≈ R+ × S4n+2. Then it follows that (cf. [19])

AutPQ(R+ × S4n+2) = (O(1, 1)0 o Z/2)× (O(3)× Sp(n) · Sp(1)).

Choosing a torsion free discrete cocompact subgroup ∆ of Sp(n)·Sp(1)×R+ we obtain
an infra-Hopf manifold

(ii) R+ × S4n+2/∆ ≈ S1 × S4n+2/G,

where G is a finite subgroup of AutPQ(S1×S4n+2) = (S1oZ/2)×(O(3)×Sp(n)·Sp(1)).
In particular, the Hopf manifold S1×S4n+2 is a spherical pseudo-quaternionic mani-
fold. Similar to the conformal, CR-cases, there is an orientation reversing involution
τ in AutPQ(S4n+3 − {0,∞}) = AutPQ(R+ × S4n+2), we can perform an operation of
the connected sum which is closed under the spherical pseudo-quaternionic structure.
(Compare [6], [28].) We obtain that

Proposition 1. Let M1, M2 be spherical pseudo-quaternionic manifolds. Then
the connected sum M1#M2 supports a spherical pseudo-quaternionic structure.
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1.3. Homogeneous spherical pseudo-quaternionic manifolds. We intro-
duce another quadric V 4n+3

−1 = {z ∈ Fn+1 − {0}| B(z, z) = −1}. In the quaternion
case, the group GL(n + 1,F) is acting on Fn+1 from the left and F∗ = GL(1,F) act-
ing as the scalar multiplications from the right. We have the following equivariant
principal bundles over FPn.

(R∗ · F∗,F∗) −−−−→(GL(n+1,F) · F∗,Fn+1−{0}) P−−−−→(PGL(n + 1,F),FPn)x
x

x
(Z/2 · Sp(1),Sp(1))−−−−→ (Sp(n, 1) · Sp(1), V 4n+3

−1 ) P−−−−→ (PSp(n, 1),Hn
F).

Then V 4n+3
−1 is known to be a simply connected geodesically complete semi-Riemann-

ian manifold of type (3, 4n) with constant curvature −1 (cf. [29]). Note that the
group of isometries of V 4n+3

−1 is Sp(n, 1) ·Sp(1). Let π be a torsionfree discrete uniform
subgroup of Sp(n, 1) ·Sp(1). From the above sequence, P maps isomorphically onto a
torsionfree discrete uniform subgroup Γ of PSp(n, 1). Since Sp(1) is compact, π acts
properly discontinuously and freely on V 4n+3

−1 . Put M0 = V 4n+3
−1 /π. By the above

diagram, there is a fiber bundle over the compact quaternionic hyperbolic manifold

(iii) Sp(1)→V 4n+3
−1 /π−→Hn

F/Γ.

We give examples of Riemannian homogeneous spaces as spherical pseudo-quater-
nionic structure and their compact quotients. Let S4n+3 − S4m−1 be the sphere
complement (1 5 m 5 n), which is isomorphic to the quotient space P (V 4m+3

−1 ×
S4(n−m)+3) by chasing the equivariant principal bundle:

(Z/2,Sp(1))
↓

(G,V 4m+3
−1 × S4(n−m)+3)

↓ P ↘

(PG, P (V 4m+3
−1 × S4(n−m)+3)) = S4n+3 − S4m−1 ⊂ FPn+1,

where G = Sp(m, 1)× Sp(n−m + 1) P−→ Sp(m, 1) · Sp(n−m + 1). If AutPQ(S4n+3−
S4m−1) is the subgroup of PSp(n + 1, 1) preserving S4m−1, then it is isomorphic to
PG = Sp(m, 1) · Sp(n−m + 1). Let

∆Sp(1) = {
(

λ 0
0 Im

)
,

(
λ 0
0 In−m

)
}/{±1} ⊂ Sp(m, 1) · Sp(n−m + 1).

Then Sp(m)×∆Sp(1)×Sp(n−m)\Sp(m, 1) ·Sp(n−m+1) = S4n+3−S4m−1, which is
a Riemannian homogeneous space because the stabilizer Sp(m)×∆Sp(1)×Sp(n−m)
is compact. Choosing a torsionfree discrete uniform subgroup π ⊂ Sp(m, 1) · Sp(n −
m + 1), we obtain a double coset space S4n+3 − S4m−1/π as a compact spherical
pseudo-quaternionic manifold. As π is mapped isomorphically onto a discrete uniform
subgroup Γ ⊂ PSp(m, 1), there is a fiber bundle over the quaternionic hyperbolic
manifold Hm

F /Γ.

(iv) S4(n−m)+3→S4n+3 − S4m−1/π−→Hm
F /Γ.
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In particular when m = n, S4n+3 − S4n−1 = P (V 4n+3
−1 × S3) = V 4n+3

−1 .

Proposition 2. M0 is a compact spherical pseudo-quaternionic manifold whose
developing image is a homogeneous space S4n+3 − S4n−1.

1.4. Proper action of subgroups of PSp(n+1, 1). For our later use, we prove
the existence of proper actions of connected Lie groups on the sphere complement
which is not homogeneous. Let (Sim(M),M) be the Heisenberg geometry for which
Sim(M) = Mo (Sp(n) · Sp(1)× R+). There is the equivariant principal bundle:

R3→(Sim(M),M) ν−→ (Sim(Fn),Fn).

The subgroup Sp(n) · Sp(1) acts on Fn by A · g(z) = A · z · g−1. Given an R-vector
subspace V of Fn, denote by Sp(V ) the subgroup of Sp(n) ·Sp(1) leaving V invariant.
Put G = ν−1(V o (Sp(V ) × R+)). Then G is a closed subgroup of Sim(M) which
preserves the subspace ν−1(V ) = R3 × V . Note that N = ν−1(V ) is also a nilpotent
subgroup of M. Suppose that dim V = k. As G stabilizes the point at infinity {∞},
G preserves the (k + 3)-sphere Sk+3 = (R3× V )∪{∞}. Moreover, G leaves invariant

M− R3 × V = M∪ {∞} − R3 × V ∪ {∞} = S4n+3 − Sk+3.

Let X be the universal covering space of S4n+3 − Sk+3.

Lemma 3. Suppose that V 6= Fn.
(1) G acts properly on S4n+3 − Sk+3.
(2) There is a G-invariant complete Riemannian metric on S4n+3 − Sk+3.
(3) Given a discontinuous subgroup Γ of G, let (Γ̃, X) be any lift of the action

(Γ, S4n+3−Sk+3) to X. Then no such group Γ̃ acts properly discontinuously
with compact quotient X/Γ̃.

Proof. (1) Let K be a compact subset of S4n+3−Sk+3. We prove that the subset
of G, ζG(K) = {g ∈ G | gK ∩K 6= ∅}, is compact. There is an equivariant fibration:

R3→(G,S4n+3 − Sk+3) ν−→ (V o (Sp(V )× R+), S4n − Sk),

where Sk = V ∪{∞}. Put Ĝ = V o (Sp(V )×R+). Let Conf(S4n) = PO(4n+1, 1) be
the group of conformal transformations of S4n. If Conf(S4n, Sk) is the subgroup of
Conf(S4n) preserving Sk, then we have (Conf(S4n, Sk), S4n − Sk) = (PO(k + 1, 1)×
O(4n − k),Hk+1

R × S4n−k−1) where the product PO(k + 1, 1) × O(4n − k) acts as
isometries. (Compare [18].) Since Ĝ is a closed similarity subgroup of PO(k + 1, 1)×
O(4n − k), Ĝ acts properly on S4n − Sk. Let {gi} be a sequence in ζG(K). Given
a sequence {xi} ∈ K with limxi = x, suppose that lim gixi = y for some y ∈ K.
Since lim ν(gi)ν(xi) = ν(y), there is an element h ∈ Ĝ such that lim ν(gi) = h. As
R3→G

ν−→ Ĝ is a principal fibration with contractible fiber, we choose a section
s : Ĝ−→G. In particular, lim s(ν(gi)) = s(h). Let s(h) = g′ so that lim s(ν(gi))xi =
g′x. Since there is a sequence {ti} ∈ R3 for which ti · s(ν(gi)) = gi, we have lim ti ·
s(ν(gi))xi = y. As R3 acts properly, there is an element t ∈ R3 such that lim ti = t.
Hence lim gi = lim ti · s(ν(gi)) = t · g′.

(2) There exists a G-invariant Riemannian metric g on S4n+3 − Sk+3 by (1).
(Compare [27].) We prove that g is complete. Let d be the distance function on
S4n+3 − Sk+3 and {xn}n∈N a Cauchy sequence in S4n+3 − Sk+3. Take a simply
connected closed subgroup ν−1(V oR+) = (R3×V )oR+ acting freely on S4n+3−Sk+3.
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Moreover, the solvable subgroup V o R+ (⊂ Sim(V )0) acts simply transitively on
Hk+1
R , the above fibration induces the following fibration:

(R3 × V )oR+→S4n+3 − Sk+3 µ−→ S4n−k−1.

Then the sequence {µ(xn)} has an accumulation point z ∈ S4n−k−1. Choose z̃ ∈
S4n+3−Sk+3 such that µ(z̃) = z. Let K be a compact neighborhood of z̃ in S4n+3−
Sk+3. There is a number ε > 0 such that the ε-ball Bε(z̃) centered at z̃ is contained
in K. As lim µ(xn) = z ∈ µ(K), there exists a sufficiently large L such that µ(xn) ∈
µ(B ε

3
(z̃)) for n = L. Choose {z̃n} ∈ B ε

3
(z̃) with µ(z̃n) = µ(xn) for n = L. Then there

is a sequence {sn} ∈ (R3 × V ) o R+ such that xn = sn · z̃n for n = L. As {xn} is
Cauchy, there exists an M > L such that d(xm, xn) <

ε

3
for m,n = M . In particular,

d(xM , xn) = d(sM · z̃M , sn · z̃n) <
ε

3
. As d(z̃n, z̃) <

ε

3
for n = M ,

d(s−1
n sM · z̃, z̃) = d(sM · z̃, snz̃)

5 d(sM · z̃, sM · z̃M ) + d(sM · z̃M , snz̃n) + d(snz̃n, snz̃)
= d(z̃, z̃M ) + d(xM , xn) + d(z̃n, z̃) < ε.

Therefore s−1
n sM · z̃ ∈ K for n = M . By properness of (R3 × V ) o R+, we have

lim s−1
n sM = s′ or lim sn = sMs′ −1. As {z̃n} ∈ K and K is compact, there is a point

w ∈ K with lim z̃n = w up to a subsequence. Then,

limxn = lim sn · z̃n = sMs′ −1 · w.

Hence S4n+3 − Sk+3 is complete.
(3) If k 6= 4n − 2, then X = S4n+3 − Sk+3. The action (Γ̃, X) coincides with

the action (Γ, S4n+3 − Sk+3). Since Ĝ acts properly on S4n − Sk = Hk+1
R × S4n−k−1

and transitively on Hk+1
R , the quotient S4n − Sk/Ĝ is compact Hausdorff. Noting

the fibration that G/Γ−→X/Γ−→X/G = S4n − Sk/Ĝ, if X/Γ is compact, then Γ
is a discrete uniform subgroup of G. On the other hand, G has the exact sequence
1→R3 × V→G

τ−→ Sp(V ) × R+ in which N = R3 × V ⊂ M is a maximal normal
nilpotent Lie subgroup of G. If 4 = Γ ∩ N , then 4 is a discrete uniform subgroup
of N . (See [37].) Thus τ(Γ) is discrete and cocompact in Sp(V )×R+. Since R+ acts
as contraction or expansion on N ⊂M (acts by different scale factors as in (1.2)), so
does τ(Γ) on 4. Hence 4 cannot be discrete in N , being a contradiction.

Suppose that k = 4n − 2. Then V = Fn−1 × R2 ⊂ Fn. So, the group Sp(V ) is
isomorphic to Sp(n−1) ·SO(2) where SO(2) is a circle of Sp(1). Then the equivariant
fibration of (1) induces the following:

R3→(G̃,X) ν̃−→ (V o (Sp(n− 1)× R× R+),H4n−1
R × R),

where Z→R→SO(2) is a covering group. As again the quotient space X/G̃ = H4n−1
R ×

R/V o(Sp(n−1)×R×R+) = S4n−S4n−2/Ĝ is compact Hausdorff. If X/Γ̃ is compact,
then the fibration implies that Γ̃ is a discrete uniform subgroup of G̃. Since G̃ has the
group extension 1→R3×V→G̃

τ−→ Sp(n− 1)×R×R+→1 in which N = R3×V is a
maximal normal nilpotent Lie subgroup of G̃. Thus the intersection N∩Γ̃ is a discrete
uniform subgroup of N . The same argument yields a contradiction. Therefore there
is no discrete cocompact subgroup Γ̃ of G̃.
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It is easy to see that the closed connected abelian subgroups of M are only
R3 = (R3, 0), Rn = (0,Rn) or R3 × Rn up to conjugacy. The subgroup of Sim(M)
leaving invariant Rn is isomorphic to the subgroup Sim(Rn)0 = Rn o (SO(n)× R+).
When we take V as the abelian group Rn, G = R3o Sim(Rn)0 which leaves invariant
R3 × Rn and also Sn+3.

Corollary 4. The group G acts properly on M−R3×Rn = S4n+3−Sn+3. In
particular, Sim(Rn) acts properly.

Recall that a proper totally geodesic subspace in Hn+1
F is isometric to Hm

K (K =
R,C or F, 1 5 m 5 n), or Hn+1

R , Hn+1
C , or a 3-dimensional (hyperbolic) subspace

H1(I) (which is orthogonal to H1
R in H1

F). (Compare [8].) In order to construct a
non-homogeneous example but has compact quotient, we need the following.

Proposition 5.
(1) The subgroup of PSp(n + 1, 1) preserving Hn+1

R in Hn+1
F is isomorphic to

PO(n + 1, 1)× SO(3), which also preserves Sn in S4n+3.
(2) PO(n + 1, 1) acts properly on S4n+3 − Sn.
(3) There is a complete Riemannian metric on S4n+3 − Sn invariant under

PO(n + 1, 1)× SO(3).

(1) follows from the result of [8]; the subgroup of Sp(n + 1, 1) which preserves
Hn+1
R is isomorphic to O(n+1, 1) ·Sp(1). As before if Conf(S4n+3, Sn) is the subgroup

of Conf(S4n+3) preserving Sn = ∂Hn+1
R , then (Conf(S4n+3, Sn), S4n+3 − Sn) =

(PO(n + 1, 1) × O(3n + 3),Hn+1
R × S3n+2) (cf. [18]). We have an isometric action

of PO(n + 1, 1) on S4n+3 − Sn. However it is noted that the above action of (2) on
S4n+3 − Sn is different from this isometric action.

Proof. (2) Since Rn ∪ {∞} = Sn ⊂ M ∪ {∞} = S4n+3, note that S4n+3 −
Sn = M− Rn. Moreover PO(n + 1, 1) = O(n + 1) · Sim(Rn). It suffices to check
that Sim(Rn) acts properly on M− Rn. Let K be a compact set of M− Rn and
ζSim(Rn)(K) = {g ∈ Sim(Rn) | gK ∩K 6= ∅}. Let {gi} be a sequence in ζSim(Rn)(K).
Given a sequence {pi} ∈ K with lim pi = p, suppose that lim gipi = q for some q ∈ K.
There is the fibration: R3→M− R3 × Rn ν−→ Fn − Rn as before.

Case I. Suppose that an infinite number of points {pi} satisfy that ν(pi) ∈ Rn.
Then we have ν(p) ∈ Rn. Recall that an element g of Sim(Rn) has the form:

g = (0, x) · (B, t).

For
(

α
z

)
∈M,

we have

g

(
α
z

)
= (0, x) ·

(
t2α
tBz

)
=

(
t2α + Im < x, tBz >

x + tBz

)
.

Let

pi =
(

αi

zi

)
−→p =

(
α
z

)
.
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In our case, zi, z ∈ Rn. Note that α 6= 0 = (0, 0, 0) because p ∈ K. In particular we
have that limα−1

i = α−1. In the sequence

gi

(
αi

zi

)
=

(
t2i αi + Im < xi, tiBizi >

xi + tiBizi

)
−→q =

(
α′

z′

)
,

since Im < xi, tiBizi >= 0, this reduces to

gipi =
(

t2i αi

xi + tiBizi

)
.

It follows that lim t2i αi = α′. Then t2i = t2i · |αi| · |α−1
i |−→|α′| · |α−1|. Thus we assume

that lim ti = t < ∞. As lim xi + tiBizi = z′, lim zi = z and Bi ∈ SO(n), we obtain
that limxi = x for some x ∈ Rn (up to a subsequence). Assume lim Bi = B ∈ SO(n).
Then it follows that

lim gi = lim (0, xi) · (Bi, ti) = (0, x) · (B, t) ∈ Sim(Rn).

This proves Case I.
Case II. Suppose that an infinite number of points {pi} satisfy that ν(pi) ∈

Fn −Rn but ν(p) ∈ Rn. For the point pi, put zi = yi + Im(zi) where yi = Re(zi). As
ν(pi) = zi converges to ν(p) = z, it follows that lim yi = z and lim Im(zi) = 0. Put

pi
′ =

(
βi

Im(zi)

)
=

(
αi − Im < yi, zi >

Im(zi)

)
.

As Im < yi, zi >=< yi, Im(zi) > −→0, lim pi
′ = (α, 0). Since α 6= 0, we may assume

that βi 6= 0 for infinitely many i. We have lim |βi|−1 = |α|−1. Let Lyi
= (0, yi)·(I, 1) ∈

Sim(Rn) be the translation. Then limLyi
= (0, z) · (I, 1) = Lz ∈ Sim(Rn). Consider

the sequence {gi ◦ Lyi
} ∈ Sim(Rn). Then,

gi ◦ Lyi(pi
′) = gi

(
αi − Im < yi, zi > + < yi, Im(zi) >

yi + Im(zi)

)
= gi

(
αi

zi

)
= gipi−→q.

On the other hand, gi ◦ Lyi
= (0, xi) · (Bi, ti) ◦ (0, yi) = (0, xi + tiBiyi) · (Bi, ti). Put

gi ◦ Lyi
= (0, wi) · (Bi, ti). Then

gi ◦ Lyi(pi
′) =

(
t2i · βi+ < wi, tiBiIm(zi) >

wi + tiBiIm(zi)

)
.

It follows that

limRe(wi + tiBiIm(zi)) = Re(z′), i.e., wi−→Re(z′).

Similarly, Im(wi + tiBiIm(zi)) = tiBiIm(zi)−→Im(z′). Therefore,

lim < wi, tiBiIm(zi) >=< Re(z′), Im(z′) > .

Since lim(t2i · βi+ < wi, tiBiIm(zi) >) = α′,

t2i = t2i · |βi| · |βi|−1 5 (|α′| + | < Re(z′), Im(z′) > |) · |α|−1 + 1.

Thus, {ti} is bounded. Let lim ti = t (up to a subsequence).
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As gi ◦ Lyi
= (0, wi) · (Bi, ti)−→(0,Re(z′)) · (B, t), and Lyi

−→Lz,

lim gi = lim gi ◦ Lyi
◦ L−1

yi
= (0,Re(z′)) · (B, t) ◦ L−1

z ∈ Sim(Rn).

So {gi} converges.
Case III. Suppose that an infinite number of points {pi} satisfy that ν(pi) ∈

Fn − Rn and ν(p) ∈ Fn − Rn. Then Im(z) = Im(ν(p)) 6= 0. Recall

gipi =
(

t2i αi + Im < xi, tiBizi >
xi + tiBizi

)
.

If xi + tiBizi ∈ Rn, then ν(pi) = zi ∈ Rn. In our case gipi ∈M− R3 × Rn.
If lim gipi = q ∈ M− R3 × Rn, then all points {pi, p, gipi, q} ∈ M− R3 × Rn =

S4n+3 − Sn+3. By Corollary 4, Sim(Rn) acts properly on M− R3 × Rn. It follows
that lim gi = g ∈ Sim(Rn).

We show that q does not lie in R3 × Rn. Suppose that q ∈ R3 × Rn. Then
z′ ∈ Rn or Im(z′) = 0. As q ∈ K ⊂ M − Rn, α′ 6= 0. Since gipi−→q, note
that t2i αi + Im < xi, tiBizi > −→α′ and xi + tiBizi−→z′. It follows that Im(xi +
tiBizi) = tiBiIm(zi)−→Im(z′) = 0. Then, lim |tiBiIm(zi)| = lim ti|Im(zi)| = 0. On
the other hand, ν(pi) = zi−→ν(p) = z, so lim Im(zi) = Im(z) 6= 0 by our case.
Thus lim |Im(zi)|−1 = |Im(z)|−1. Therefore, lim ti = lim ti|Im(zi)| · |Im(zi)|−1 =
0 · |Im(z)|−1 = 0. Moreover,

|xi| = |xi + tiBizi − tiBizi|
5 |xi + tiBizi|+ ti|zi|
5 |z′|+ 0 · |z|+ 1 = |z′|+ 1.

So {xi} is bounded, let limxi = x. Then

t2i αi + Im < xi, tiBizi >= t2i αi+ < xi, tiBiIm(zi) > −→0 · α+ < x, 0 >= 0.

This contradicts that t2i αi + Im < xi, tiBizi > −→α′ 6= 0 as above.

(3) There exist a PO(n+1, 1)×SO(3)-invariant Riemannian metric g on S4n+3−Sn

by (2) and a principal fibration RnoR+→S4n+3−Sn µ−→ S4n+3−Sn/RnoR+. Since
S4n+3 − Sn ≈ Hn+1

R × S3n+2 topologically and Rn o R+ ⊂ Sim(Rn) is a transitive
subgroup of Hn+1

R , S4n+3−Sn/RnoR+ is compact (which is homeomorphic to S3n+2).
Then as in the argument of (2) of Lemma 3, we can prove that g is complete.

The same argument of Proposition 5 can be applied to the complex case. Com-
bined with Corollary 4, we obtain the following.

Corollary 6.
(1) The subgroup of PSp(n + 1, 1) preserving Hn+1

C in Hn+1
F is isomorphic

to P (U(n + 1, 1) · S1{±1,±j}) ≈ U(n + 1, 1) × {±1}, which preserves also
S2n+1 in S4n+3.

(2) Put H = P (U(n+1, 1)·S1{±1,±j}). Then H acts properly on S4n+3−S2n+1.
Moreover, S4n+3 − S2n+1 admits an H-invariant complete Riemannian met-
ric.

(3) There is a compact spherical pseudo-quaternionic manifold S4n+3−Sn/Γ for
which S4n+3−Sn is not homogeneous but Γ is a discrete uniform subgroup of
PO(n+1, 1). Similarly S4n+3−S2n+1 is not homogeneous but has the compact
quotient S4n+3 − S2n+1/Γ for a discrete uniform subgroup Γ of U(n + 1, 1).
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Note 7. Let Hn
R ⊂ Hn+1

R ⊂ Hn+1
F be the canonical inclusion of totally geodesic

real hyperbolic subspaces. We have also the embedding: Hn
R ⊂ Hn

C ⊂ Hn
F by taking

its span. The subgroup of PSp(n + 1, 1) = Iso(Hn+1
F ) preserving Hn

R is isomorphic to
(O(n, 1) · Sp(1)) · Sp(1) = Iso(Hn+1

F ,Hn
R). Since those elements also leave the span

Hn
F invariant, Iso(Hn+1

F ,Hn
R) is a subgroup of Iso(Hn+1

F ,Hn
F) = Sp(n, 1) · Sp(1). On

the other hand, let Z/2 · Sp(1) = Sp(1) be the subgroup of Iso(Hn+1
F ,Hn

R). Then
we note that Sp(1) fixes Hn

R pointwisely. So does its span Hn
F , but rotates Hn+1

R
with axis Hn

R. Hence it is possible to bend Hn+1
R along Hn

R inside Hn+1
F equivariantly

with respect to a discrete uniform subgroup Γ of PO(n + 1, 1). In fact, a compact
manifold M1 = S4n+3 − Sn/Γ of Corollary 6 admits a spherical pseudo-quaternionic
structure (devt, ρt) for an element t ∈ Sp(1). For t sufficiently close to 1, the nearby
structure theorem by Thurston (cf. [42]) implies that the holonomy representation
ρt : Γ→PSp(n+1, 1) is discrete faithful and the developing image dev(M̃1) = S4n+3−
L(ρt(Γ)). (See Remark 31.)

2. Quaternionic Carnot-Carathéodory geometry.

2.1. Sasakian 3-structure on S4n+3. Recall the construction of Sasakian 3-
structure on S4n+3. (Compare [40],[41].) Denote by < > the Hermitian inner product
over Fn+1, which is invariant under the standard quaternionic structure {I, J,K}. Let
< , >p be the inner product on TpFn+1 obtained from the parallel translation of the
inner product < , >0=< , > at the origin of Fn+1. Letting gp(X, Y ) = Re < X, Y >p

for X, Y ∈ TpFn+1, g is the standard euclidean metric on Fn+1 which is invariant
under {I, J, K}. Let S4n+3 be the unit sphere in Fn+1. The restriction g to S4n+3

gives the spherical Riemannian metric on S4n+3. There exists a normal vector field
N on S4n+3 such that TS4n+3 ⊕N = TFn+1|S4n+3. Put

ξ1 = IN, ξ2 = JN, ξ3 = KN.

Then the subspace generated by {ξi}i=1,2,3 with N forms the tangent plane TF1

in TFn+1. Since g(ξ1, N) = Re < IN,N >= 0, similarly for J, K, the subspace
{ξi}i=1,2,3 belongs to TS4n+3. The full set (S4n+3, g, {ξ1, ξ2, ξ3}, {I, J,K}) is said to
be the canonical Sasakian 3-structure on S4n+3. It is easy to check that the isometry
group Iso(S4n+3, g)0 is isomorphic to Sp(n + 1) · Sp(1).

Identify Im F = Ri +Rj +Rk with the Lie algebra sp(1) of Sp(1). Put ωi(X) =
g(ξi, X). Then ωi is a (real valued) 1-form on S4n+3. Define an sp(1)-valued 1-form
ω on S4n+3 to be

ω(X) = ω1(X)i + ω2(X)j + ω3(X)k.

A direct calculation shows that for X, Y ∈ TS4n+3

(∗) dω(X, Y ) = g(X, IY )i + g(X, JY )j + g(X, KY )k.

If Ra : S4n+3→S4n+3 is the right translation defined by Ra(x) = x · a for a ∈ Sp(1),
then ω satisfies that R∗aω = ā · θ · a (cf. [41]). Thus ω turns out to be a connection
form of the Hopf bundle:

Sp(1)→S4n+3 ν−→ FPn.

Put

B = {X ∈ TS4n+3 | ωi(X) = 0 for i = 1, 2, 3}.
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Since g|B×B is invariant under {I, J,K}, B is a 4n-dimensional invariant subbundle
of TS4n+3 such that

B ⊕ {ξ1, ξ2, ξ3} = TS4n+3.

By (∗), we have [B,B] = {ξ1, ξ2, ξ3} so that B is a Carnot-Carathéodory structure on
S4n+3 by the definition (cf. [32]).

We examine further properties on the Carnot-Carathéodory structure B on S4n+3

from the conformal viewpoint.

Lemma 8.
(I) (nondegenerate) The form ω satisfies that

ω ∧ ω ∧ ω ∧
n times︷ ︸︸ ︷

dω2 ∧ · · · ∧ dω2 6= 0 at every point of S4n+3.

(II) (integrable) There exist quaternion valued one-forms ωα (α = 1, . . . , n) on
S4n+3 such that

dω = −1
2
δᾱβωᾱ ∧ ωβ (mod ω).

Proof. (I) If ω = ω1i+ω2j+ω3k, then the three-form ω∧ω∧ω and the four-form
dω ∧ dω are real valued;

(1) ω3 = −6ω1 ∧ ω2 ∧ ω3, dω2 = −(dω1 ∧ dω1 + dω2 ∧ dω2 + dω3 ∧ dω3).

Choose an orthonormal vector field Xα (α = 1, . . . , n) from B with respect to g so
that {Xα, IXα, JXα,KXα}α=1,...,n forms a basis of B. Then the nonzero terms are

dω1(Xα, IXα) = dω1(JXα,KXα) = dω2(Xα, JXα) = dω2(KXα, IXα)
= dω3(Xα,KXα) = dω3(JXα,KXα) = −1,

and so dω2
1(Xα, IXα, JXα,KXα) = −1

3
. Then a calculation shows that

dω2p
1 (X1, IX1, JX1,KX1; . . . ;Xn, IXn, JXn,KXn) =

(2p)! · 22p

(4p)!

and ω1 ∧ ω2 ∧ ω3(ξ1, ξ2, ξ3) =
1
6
. We have

ω3 ∧ dω2n = 6ω1 ∧ ω2 ∧ ω3 ∧ (dω1
2 + dω2

2 + dω3
2)n

=
∑

p+q+r=n

n!
p!q!r!

· (2p)! · 22p

(4p)!
· (2q)! · 22q

(4q)!
· (2r)! · 22r

(4r)!
,

which is a positive constant.

(II) Choose a coframe θα with θα(Xβ) = δα
β (α, β = 1, . . . , n). Put

θα+n = −θα ◦ I, θα+2n = −θα ◦ J, θα+3n = −θα ◦K,
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and define a quaternion valued one-form ωα to be ωα = θα+θα+ni+θα+2nj+θα+3nk.
As B⊕{ξ1, ξ2, ξ3, N} = B⊕TF1 = TFn+1|S4n+3, we have that < > |B = Σ

α
ωᾱ⊗ωα.

If we note g(X, Y ) = Re < X, Y >, then each dω1(X, Y ) = g(X, IY ), dω2(X, Y ) =
g(X, JY ) or dω3(X, Y ) = g(X, KY ) represents the imaginary part of Σ

α
ωᾱ⊗ωα(X, Y )

for X, Y ∈ B respectively. A calculation shows that

(2)

dω1 = −
∑
α

(θα ∧ θα+n − θα+2n ∧ θα+3n)

dω2 = −
∑
α

(θα ∧ θα+2n − θα+3n ∧ θα+n)

dω3 = −
∑
α

(θα ∧ θα+3n − θα+n ∧ θα+2n).

On the other hand,

1
2
δᾱβωᾱ ∧ ωβ =

1
2

∑
α

ωᾱ ∧ ωα

=
∑
α

(θα ∧ θα+n − θα+2n ∧ θα+3n)i +
∑
α

(θα ∧ θα+2n − θα+3n ∧ θα+n)j

+
∑
α

(θα ∧ θα+3n − θα+n ∧ θα+2n)k.

Therefore, we obtain that dω = −1
2
δᾱβωᾱ ∧ ωβ (mod ω).

Definition 9. We call the bundle B a quaternionic Carnot-Carathéodory struc-
ture on S4n+3. An sp(1)-valued one-form η on S4n+3 represents the same quater-
nionic Carnot-Carathéodory structure if η = λ̄ · ω · λ for some nonzero function
λ : S4n+3−→F∗.

A diffeomorphism f : S4n+3→S4n+3 is called a quaternionic Carnot-Carathéodory
transformation if f∗ω = λ̄ · ω · λ for some nonzero function λ : S4n+3→F∗.

Let λ = u ·µ where u : S4n+3→R+ is a positive function and µ : S4n+3→Sp(1) is a
function, and µ→A under the map Sp(1)−→Aut(F) = SO(3), i.e., (µ̄iµ, µ̄jµ, µ̄kµ) =
(i, j, k) ·A. Equivalently, a quaternionic Carnot-Carathéodory transformation f is a
diffeomorphism satisfying that f∗ preserves B, and f∗(ξ1, ξ2, ξ3) = u2 ·(ξ1, ξ2, ξ3) ·A(p)
(mod B)p at each point p ∈ S4n+3.

Denote AutQCC(S4n+3) the group of all quaternionic Carnot-Carathéodory trans-
formations of S4n+3 onto itself.

2.2. Quaternionic Carnot-Carathéodory structure.
Let S4n+3 = {(q0, · · · , qn) ∈ Fn+1 | |q0|2 + · · ·+ |qn|2 = 1} be the unit sphere in

Fn+1.

Lemma 10. Let θ = q̄0dq0 + · · · + q̄ndqn be an sp(1)-valued 1-form on S4n+3.
Then θ = ω on S4n+3.

Proof. By the definition, ξ1 = (q0i, · · · , qni), ξ2 = (q0j, · · · , qnj), ξ3 =
(q0k, · · · , qnk) at a point q = (q0, · · · , qn). Let ~x = (x0, · · · , xn) be the vector parallel
to a tangent vector X ∈ TqS

4n+3. As gq(N, X) = Re < ~q, ~x >= 0, we can put
q̄0 · x0 + · · ·+ q̄n · xn = ai + bj + ck.
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Since < ξ1, X >= −i(q̄0 · x0 + · · · + q̄n · xn), similarly for ξ2, ξ3, a calculation
shows that Re < ξ1, X >= a, Re < ξ2, X >= b, Re < ξ3, X >= c. As ω(X) =
Re < ξ1, X > i + Re < ξ2, X > j + Re < ξ3, X > k from (2.1), it follows that
ω(X) = q̄0 · x0 + · · · + q̄n · xn. On the other hand, if {e0, · · · , en} is dual to the
forms {dq0, · · · , dqn}, then X = e0 · x0 + · · · + en · xn which implies that θ(X) =
q̄0 · x0 + · · ·+ q̄n · xn.

Let V 4n+7
0 = {z ∈ Fn+2−{0} | − |z1|2 + |z2|2 + · · ·+ |zn+2|2 = 0} be the quadric

as before. Define an sp(1)-valued one-form on V 4n+7
0 (⊂ Fn+2 − {0}) to be

θ̃ = z̄−1
1 (−z̄1dz1 + z̄2dz2 + · · ·+ z̄n+2dzn+2)z−1

1 .

If π:V 4n+7
0 −→S4n+3 is the projection defined by π(z1, . . ., zn+2)=(z2·z−1

1 , . . ., zn+2·z−1
1 ),

it is easy to check that π∗θ = θ̃ on V 4n+7
0 . Note from (1.2) that P (f1) = ∞ where

f1 = (e1 + en+2)/
√

2 =




1√
2

0
...
0
1√
2




.

Thus π(f1) = (0, . . . , 0, 1) which is identified with {∞}.
Lemma 11.

(i) PSp(n + 1, 1) ⊂ AutQCC(S4n+3).
(ii) For an arbitrary a ∈ F∗, there exists an element g ∈ Sp(1)×R+ ⊂ PSp(n+1, 1)∞

such that g∗ω = χ̄ · ω · χ for some function χ : S4n+3→F∗ with χ(∞) = a−1.

Proof. (i) Let f ∈ PSp(n + 1, 1) be an element. If f̃ : V 4n+7
0 −→V 4n+7

0 is a lift of
f to Sp(n + 1, 1), then f̃ is represented by a matrix A ∈ Sp(n + 1, 1);

f̃




z1

...
zn+2


 = A




z1

...
zn+2


 .

For brevity, write the form θ̃ as follows:

θ̃ = z̄−1
1 ((z̄1, . . . , z̄n+2) · I1,n+1 ·




dz1

...
dzn+2


)z−1

1 .

Here

I1,n+1 =




−1 0 · · · 0
0 +1 · · · 0
...

...
. . .

...
0 0 · · · +1


 .

Then

f̃∗θ̃ = f̃∗(z̄−1
1 )((z̄1, . . . , z̄n+2)A∗ · I1,n+1 ·A




dz1

...
dzn+2


)f̃∗(z−1

1 ).
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If χ′ : V 4n+7
0 →F is a smooth map defined by χ′(z) = z1 · f̃∗z−1

1 for z = (z1, . . . , zn+2),
then by the definition

f̃∗θ̃ = (f̃∗z̄−1
1 · z̄1)(z̄−1

1 · (z̄1, . . . , z̄n+2) · I1,n+1 ·




dz1

...
dzn+2


 · z−1

1 )(z1 · f̃∗z−1
1 )

= χ̄′ · θ̃ · χ′.

On the other hand, for t ∈ F∗,

χ′(z · t) = z1(z · t) · z−1
1 (f̃(z · t)) = (z1 · t) · z1(f̃(z) · t)−1

= (z1 · t) · t−1z1(f̃(z))−1 = z1 · (f̃∗z1(z))−1 = χ′(z).

Thus, χ′ factors through a map χ : S4n+3→F such that χ ◦ π = χ′. As f ◦ π = π ◦ f̃
and π∗θ = θ̃, we obtain that

f∗ω = χ̄ · ω · χ.

By the definition, f ∈ AutQCC(S4n+3).
(ii) Choose g̃ ∈ PSp(n + 1, 1)∞ such that λ = a, µ = b, B = I, x = y = z = 0

from (1.2), then g̃ has the form with respect to the basis {e1, . . . , en+2}:

g̃




z1

z2

...
zn+1

zn+2




=




(a + b)z1 + (a− b)zn+2/2
z2

...
zn+1

(a− b)z1 + (a + b)zn+2/2




.

On the other hand, g∗ω = χ̄ · ω · χ from (i) where χ(π(z)) = χ′(z) = z1 · z1(g̃)−1 =

2z1((a + b)z1 + (a − b)zn+2)−1. As χ(∞) = χ′(f1) = χ′(
1√
2
, 0, . . . , 0,

1√
2
), we have

χ(∞) = a−1.

Proposition 12. AutQCC(S4n+3) = PSp(n + 1, 1). That is, the spherical
pseudo-quaternionic geometry (PSp(n + 1, 1), S4n+3) coincides with the quaternionic
Carnot-Carathéodory geometry (AutQCC(S4n+3), S4n+3).

Proof. Put H = AutQCC(S4n+3). Without of loss of generality, H is assumed to
be connected. We examine the structure of the Lie group H. Let f be a diffeomor-
phism in H. By the definition f∗ω = λ̄ · ω · λ where λ : S4n+3→F∗. First if the map
Sp(1)−→Aut(F) = SO(3) sends λ/|λ| to A, then f∗(ξ1, ξ2, ξ3) = |λ|2(ξ1, ξ2, ξ3) · A
(mod B). (See Definition 9.) Let H∞ be the stabilizer of H at {∞},
which contains PSp(n + 1, 1)∞. Consider the tangential representation at {∞},
τ : H∞→Aut(T{∞}S4n+3).

Given h ∈ H∞ with h∗ω = µ̄ ·ω ·µ, suppose that µ(∞) = 1. Then h∗(ξ1, ξ2, ξ3) =
(ξ1, ξ2, ξ3) (mod B∞) at the point {∞}. Recall the real valued four-form Ω = dω∧dω
(cf. (1) in the proof of Lemma 8). Since h∗dω = µ̄ · dω · µ (mod ω), we have h∗Ω =
|µ|4Ω (mod ω). Put h′∗ = h∗|B∞. Since h∗ maps B onto itself, h′∗ ∈ Aut(B∞) =
GL(4n,R). In particular, h′∗Ω∞ = Ω∞ on B∞. Using the consisting relation (2)
for Ω∞ in the proof of Lemma 8, the above formula implies that h′∗ ∈ Sp(n) · Sp(1).
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(Compare Lemma 9.1 [38] for example.) Thus, with respect to the basis ωα (α =
1, . . . , n) in (II) of Lemma 8, there exist (Uα

γ ) ∈ Sp(n) and b ∈ Sp(1) such that

h′∗ωα = Uα
γ ·ωγ · b. Since dω = −1

2
δᾱβωᾱ ∧ωβ (mod ω) by (II) of Lemma 8, we have

that h′∗dω = b̄ · dω · b (mod ω), which implies b = µ(∞) = 1. Hence,

τ(h) =
(

I3 V
0 U

)

with respect to the basis {ξ1, ξ2, ξ3} and that of B∞. Here V is a (3, 4n)-matrix and
U = (Uα

γ ). If we denote by M(3, 4n) the vector space consisting of (3, 4n)-matrices,
then τ(h) ∈ M(3, 4n)o Sp(n).

Now suppose that f ∈ H∞ and f∗ω = λ̄ · ω · λ. Put λ(∞) = a ∈ F∗. From
Lemma 11, choose g ∈ Sp(1) × R+ such that g∗ω = χ̄ · ω · χ with χ(∞) = a−1.
Consider the element f ◦ g ∈ H∞. Since (f ◦ g)∗ω = χ · g∗λ · ω · χ · g∗λ (mod ω),
we have that χ · g∗λ(∞) = χ(∞) · λ(g(∞)) = 1. Then by the above argument and
τ(g) ∈ Sp(1)× R+, we conclude that

τ(H∞) ⊂ M(3, 4n)o (Sp(n) · Sp(1)× R+).

In particular, Sp(n) ·Sp(1) is a maximal compact subgroup of τ(H∞). If we note that
τ maps compact groups of H∞ monomorphically into its image, the maximal compact
subgroup of H∞ is Sp(n) · Sp(1) as well as PSp(n + 1, 1)∞.

Let K be a maximal compact subgroup of H. Since Sp(n + 1) · Sp(1) is the
maximal compact subgroup of PSp(n + 1, 1), we have that

Sp(n) · Sp(1) ⊂ Sp(n + 1) · Sp(1) ⊂ K.

As PSp(n + 1, 1) acts transitively on the simply connected space S4n+3, we have
H/H∞ = S4n+3. In particular, H∞ is connected. By the structure theorem of
connected Lie groups (cf. [15]), the coset space H/K (resp. H∞/Sp(n) · Sp(1)) is
diffeomorphic to the euclidean space Rm (resp. R`) for some m, `. If we note that
Sp(n) · Sp(1) = H∞ ∩K, then there is the fibration:

K/Sp(n) · Sp(1)→H/H∞−→Rm/R`.

Hence K/Sp(n) · Sp(1) = S4n+3 and m = `. We obtain that K = Sp(n + 1) · Sp(1).
Let R ·S be the decomposition of H where R is the radical, and S is a semisimple

Lie group. If π : H−→Ŝ is the canonical projection onto the semisimple Lie group
Ŝ without center, then π maps PSp(n + 1, 1) isomorphically onto the simple Lie
subgroup π(PSp(n + 1, 1)) of Ŝ. Since π(K) is a maximal compact subgroup of Ŝ
and K ⊂ PSp(n + 1, 1), we have π(PSp(n + 1, 1)) = Ŝ. Therefore H is the semidirect
product Ro PSp(n + 1, 1).

On the other hand, π(H∞) is a connected subgroup of π(PSp(n+1, 1)) containing
π(PSp(n + 1, 1)∞). The classification theorem 4.4.1 of [8] implies that π(H∞) =
π(PSp(n + 1, 1)∞). Putting R′ = R ∩ H∞, similarly we have that H∞ =
R′ o PSp(n + 1, 1)∞. Then

S4n+3 = H/H∞ = R/R′ × PSp(n + 1, 1)/PSp(n + 1, 1)∞ = R/R′ × S4n+3.

Therefore R = R′. In particular, it follows that R = R∞. As H = Ro PSp(n + 1, 1)
acts effectively and transitively on S4n+3, this implies that R = {1}. Hence H =
PSp(n + 1, 1). This completes the proof.
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For f ∈ AutQCC(S4n+3), if f∗ω = λ̄ · ω · λ satisfies that |λ| = 1, i.e., λ ∈ Sp(1),
then f is said to be a strict quaternionic Carnot-Carathéodory transformation.

Corollary 13. If Aut1QCC(S4n+3) is the group of strict quaternionic Carnot-
Carathéodory transformations of S4n+3, then the geometry (Aut1QCC(S4n+3), S4n+3)
coincides with the canonical Sasakian 3-structured geometry (Sp(n+1) ·Sp(1), S4n+3).

Proof. Let ω be the connection form on S4n+3 as before. Then ω = ω1i+ω2j+ω3k
where ωi is a real valued 1-form. There is an I = I1, J = I2, K = I3-invariant
Riemannian metric on S4n+3 defined by

g(X, Y ) =
3∑

i=1

ωi(X) · ωi(Y ) +
1
3

3∑

i=1

dωi(X, IiY ).

Every element of Aut1QCC(S4n+3) preserves g (i.e., a compact group). It is noted that
g is the spherical metric on S4n+3.

Proposition 14. A spherical pseudo-quaternionic (4n + 3)-manifold M admits
a quaternionic Carnot-Carathéodory structure.

Proof. Let B be the canonical quaternionic Carnot-Carathéodory structure on
S4n+3 where B = Null ω. Given a maximal collection of charts {Uα, φα}α∈Λ of M
(cf. (1.1)), for each chart φα : Uα→S4n+3, we put

Bα = φ∗αB, ωα = φ∗αω

on Uα. (Note that Bα = Null ωα.) If Uα ∩Uβ 6= ∅, then gαβ ◦φα = φβ for an element
gαβ ∈ PSp(n + 1, 1). Since g∗αβB = B by Proposition 12, Bα = φ∗αB = φ∗βB = Bβ on
Uα ∩ Uβ . The union {Bα}α∈Λ gives rise to a codimension 3-subbundle B′ on M . As
B′|Uα = Bα is locally equivalent to B (that is, each ωα satisfies (I), (II) of Lemma
8), B′ is a quaternionic Carnot-Carathéodory structure on M .

Remark 15. (1) On S4n+3, we have obtained a globally defined sp(1)-valued one-
form ω defining B and three independent vector fields {ξ1, ξ2, ξ3} (equivalently, there
exists the quaternionic structure of complex structures {I, J,K} on B). In general,
a spherical pseudo-quaternionic manifold M admits a family of sp(1)-valued one-
forms ωα and three independent vector fields {ξα

1 , ξα
2 , ξα

3 } locally defined on each Uα

(equivalently, a quaternionic structure {Iα, Jα,Kα} on each Bα). If Uα∩Uβ 6= ∅, then
gαβ ◦φα = φβ with gαβ ∈ AutQCC(S4n+3), and so (gαβ)∗(ξ1, ξ2, ξ3) = u2(ξ1, ξ2, ξ3) ·A
for some A : Uα ∩ Uβ→SO(3). As (φα)∗(ξα

1 , ξα
2 , ξα

3 ) = (ξ1, ξ2, ξ3), we have

(ξβ
1 , ξβ

2 , ξβ
3 ) = u−2(ξα

1 , ξα
2 , ξα

3 ) ·A−1

on Uα∩Uβ . So the union E = {ξα
1 , ξα

2 , ξα
3 }α∈Λ defines an SO(3)×R+-bundle over M .

(2) A (strict) quaternionic Carnot-Carathéodory transformation on a spherical
pseudo-quaternionic (4n + 3)-manifold is similarly defined to be a diffeomorphism
satisfying the condition of Definition 9, that is, f∗ωβ = λ̄·ωα ·λ whenever f(Uα) ⊂ Uβ .

Recall that dim Sp(1) ·Sp(n) = 2n2 +n+3. By using the G-structure theory, we
can prove the following: Let M be a spherical pseudo-quaternionic (4n+3)-manifold.
Then the group of strict transformations Aut1QCC(M) is a Lie group whose dimension
is less than or equal to 2n2 + 5n + 6. If M is compact, then Aut1QCC(M) is compact.
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A vector field ξ is said to be a quaternionic Carnot-Carathéodory vector field if ξ
generates a local one-parameter group {φt}|t|<ε of quaternionic Carnot-Carathéodory
transformations of M . That is, for each t, φt is a quaternionic Carnot-Carathéodory
transformation on a neighborhood.

Proposition 16 (cf. [20]). Let B′ = ∪
α

Bα be an (induced) Carnot-Carathéodory

structure on a spherical pseudo-quaternionic manifold M4n+3. If ξ is a nonzero
quaternionic Carnot-Carathéodory vector field, then the set {x ∈ M | ξx ∈ Bx} is
a codimension 3-regular submanifold of M .

Proof. Put N = {x ∈ M | ξx ∈ B′
x}. Each sp(1)-valued one-form ωα on Uα can

be described as

ωα = ω1
αi + ω2

αj + ω3
αk

such that φ∗αωi = ωi
α (i = 1, 2, 3). Define a smooth map fα : Uα→R3 to be

fα(p) = (ωα)p(ξp) = ((ω1
α)p(ξp), (ω2

α)p(ξp), (ω3
α)p(ξp)).

As Bα = B′|Uα = Null ωα, N ∩ Uα = f−1
α (0). It is sufficient to show that

Rank (dfα)p = 3 for all p ∈ N ∩ Uα. For this, let ιξ : A`(M)→A`−1(M) be
the interior product for each integer ` (cf. [25] for example). Then we have that
ιξωα(p) = (ωα)p(ξp) = fα(p). Since Lξωα = ιξ · dωα + d · ιξωα, it follows that
dfα = Lξωα − ιξdωα : TUα→TR3. Let {ψt}|t|<ε be a local one-parameter group gen-
erated by ξ. By the definition, (ψt)∗(Bα) = Bα for sufficiently small t. If Yp ∈ (Bα)p,
then

(Lξ)pωα(Yp) = lim
t→0

(ωα)p(Yp)− (ωα)ψt(p)((ψt)∗(Yp))
t

= 0.

It implies that (dfα)p(v) = −(ιξ ·dωα)p(v) = −2dωα(ξ, v) for v ∈ (Bα)p. On the other
hand, we have a family of local quaternionic structures {Iα, Jα,Kα}α∈Λ defined by
the following commutative diagram:

Bα
φα∗−−−−→ ByIα

yI

Bα
φα∗−−−−→ B.

Similarly for Jα, Kα. Put

v1 = −Iαξ/b, v2 = −Jαξ/b, v3 = −Kαξ/b

where bp = g(φα∗(ξp), φα∗(ξp)). Then v1, v2, v3 belong to (Bα)p such that

dωα(ξ, v1) = (1, 0, 0),
dωα(ξ, v2) = (0, 1, 0),
dωα(ξ, v3) = (0, 0, 1).

In fact, as φα∗ ◦ Iα = I ◦ φα∗ by the definition,

dωα(ξ, v1) = dφ∗αω(ξ, v1) = dω(φα∗ξ,−Iφα∗ξ/b).
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On the other hand, from the property (∗) of (2.1) and that g|B′ × B′ is invariant
under I, J,K,

dω(φα∗ξ,−Iφα∗ξ/b) =
1
b
(g(φα∗ξ, φα∗ξ)i + g(φα∗ξ,Kφα∗ξ)j + g(φα∗ξ,−Jφα∗ξ)k)

=
1
b
g(φα∗ξ, φα∗ξ)i = i,

similarly for v2, v3. Therefore f−1
α (0) is a codimension 3-regular submanifold of Uα.

If Uα ∩ Uβ 6= ∅, then gαβ = φβ ◦ φ−1
α satisfies that g∗αβω = λ̄ · ω · λ for some function

λ : Uα ∩ Uβ→F∗ by Proposition 12. Then,

fβ(p) = (ωβ)p(ξp) = φ∗αλ(p) · fα(p) · φ∗αλ(p).

So f−1
α (0) = f−1

β (0) on Uα ∩ Uβ . Since N = ∪
α∈Λ

N ∩ Uα = ∪
α∈Λ

f−1
α (0), N is a

codimension 3-regular submanifold of M .

3. Amenable holonomy and Classification.

3.1. Quaternionic Carnot-Carathéodory structure on Heisenberg man-
ifolds. Let (Sim(M),M) be the Heisenberg geometry. We study the quaternionic
Carnot-Carathéodory structure B with the quaternionic structure {I, J,K} on M.
This structure is induced from the quaternionic Carnot-Carathéodory structure of
S4n+3 restricted to S4n+3 − {∞} by Proposition 14. As before, there is the equivari-
ant principal bundle:

R3→(Sim(M),M) ν−→ (Sim(Fn),Fn).

Lemma 17.
(1) The fiber R3 is transverse to B.
(2) The center R3 is compatible with {I, J,K}. i.e., t∗ ◦ I = I ◦ t∗ for all t ∈ R3,

similarly for J,K.

Proof. (1) Let ξ be a nontrivial vector field induced by a one-parameter subgroup
of R3. So ξ is a quaternionic Carnot-Carathéodory vector field. Suppose that ξp ∈ Bp

for some point p ∈ M. Since R3 is the center of M, g∗ξp = ξgp for all g ∈ M. In
particular we have ξx 6= 0 for all x ∈ M. As B is invariant under the action of M,
the subspace {x ∈M | ξx ∈ Bx} coincides with the whole space M. This contradicts
Proposition 16. Thus R3 is transversal to B at each point of M.

(2) Recall that M = S4n+3−{∞} = {[z, y, 1]} ⊂ FPn+1 with respect to the basis
{f1, e2, . . . , en+1, fn+2} (cf. (1.2)). Let U = {[z, y, µ] |µ 6= 0} be an open subset in
FPn+1. Each t ∈ R3 satisfies that t[z, y, µ] = [z + tµ, y, µ]. If ϕ : M ⊂ U→Fn+1 is a
parametrization defined by ϕ([z, y, µ]) = (zµ−1, yµ−1), then the action of R3 on M
is equivalent to the usual translations of R3 on R3 × Fn ⊂ Fn+1:

ϕ · t · ϕ−1(w, x) = (w + t, x).

Chasing the commutative diagram from the definition of (2.3):

TpU
Ip−−−−→ TpU

t∗−−−−→ TtpUyϕ∗

yϕ∗

yϕ∗

Tϕ(p)Fn+1 = Fn+1 i−−−−→ Tϕ(p)Fn+1 = Fn+1 (ϕ·t·ϕ−1)∗−−−−−−−→ Tϕ(tp)Fn+1 = Fn+1,
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we obtain that (ϕ · t · ϕ−1)∗ = id and hence t∗ ◦ I = I ◦ t∗ for all t ∈ R3, similarly for
J,K.

This lemma implies the following corollary.

Corollary 18. Let (B, {I, J,K}) be the induced quaternionic Carnot-Carathéo-
dory structure on M. Then ν induces the standard quaternionic structure {I0, J0,K0}
on Fn,i.e., ν∗ ◦ I = I0 ◦ ν∗, etc. In particular, ν∗ maps (B, {I, J,K}) isomorphically
onto the tangent bundle (TFn, {I0, J0,K0}) at each point of M.

3.2. Dilations on Heisenberg manifolds. Choose a left invariant metric g
on M with the group of isometries E(M) = M o Sp(n) · Sp(1). If we note that ν
is a homomorphism of M onto Fn, then g induces the standard euclidean metric g0

on Fn. Corollary 18 implies that ν∗ : (B, g, {I, J,K})→(TFn, g0, {I0, J0,K0}) is a
local isometry at each point of M. As g0 is invariant under {I0, J0,K0}, g|B × B is
invariant under {I, J,K}. Let λ : Sim(M)−→R+ be the scale factor homomorphism
as well as λ0 : Sim(Fn) = Fn o (Sp(n) · Sp(1) × R+)−→R+. Since g0 satisfies that
(g0)hp(h∗X, h∗Y ) = λ0(h)2 · (g0)p(X, Y ) for each h ∈ Sim(Fn), we have for each
α ∈ Sim(M), and X, Y ∈ Bx

(∗) gαx(α∗X, α∗Y ) = λ(α)2 · gx(X, Y ).

Therefore (Sim(M), g|B × B,M) plays the same role as the euclidean similarity
geometry. The similar property holds for (Sim(M), g|TR3 × TR3). In fact, if h =
((α, β, γ), z) · (A · g, t) ∈ Sim(M), then for w = (w, 0) ∈ R3 and x ∈M,

h(w · x) = t2 · gwg−1 · hx.

Since R3 is the normal subgroup of Sim(M), each element of Sim(M) leaves the
subbundle TR3. Moreover, if {ξ1, ξ2, ξ3} are the vector fields which generate R3, then
h∗((ξi)x) = t2(Adgξ)hx = λ(h)2(Adgξ)hx. As Ad acts as isometries with respect to g,
we have that for X, Y ∈ TR3

x,

(∗∗) ghx(h∗X, h∗Y ) = λ(h)4 · gx(X, Y ).

Denote by F the frame bundle on M generated by {ξ1, ξ2, ξ3}. Since F⊥ = B with
respect to g and B is invariant under Sim(M), there is a Sim(M)-invariant direct
decomposition: TM = F ⊕B, or equivalently g = g|F × F ⊕ g|B ×B.

3.3. Classification of compact manifolds with amenable holonomy. A
representation ρ : π→PSp(n + 1, 1) is said to be amenable if the closure of the image
ρ(π) in PSp(n +1, 1) lies in the maximal amenable Lie subgroup of PSp(n +1, 1). As
the first step to prove Theorem C of Introduction, we must show that

Theorem 19. Let M be a compact spherical pseudo-quaternionic (4n + 3)-
manifold. If the holonomy group is amenable, then M is finitely covered by the sphere
S4n+3, a Hopf manifold S1 × S4n+2 or a nilmanifold M/Γ.

The rest of this section is spent for the proof of the above theorem. Suppose
that a compact smooth connected (4n + 3)-manifold M admits a spherical pseudo-
quaternionic structure. Then there exists a developing pair (ρ,dev) : (π, M̃)−→
(PSp(n + 1, 1), S4n+3). A maximal amenable subgroup of PSp(n + 1, 1) is conjugate
to Sp(n) · Sp(1) or Sim(M). If the holonomy group ρ(π) is amenable, then we can
assume that ρ(π) lies in Sp(n) · Sp(1) or Sim(M). In the former case, choose a
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spherical metric on S4n+3 such that Sp(n) · Sp(1) is a subgroup of isometries. The
pullback by the developing map gives a π-invariant Riemannian metric on M̃ . This
metric induces a Riemannian metric on M . As M is compact by our hypothesis, M̃
is complete. Therefore dev is a local isometry of a complete Riemannian manifold M̃
into S4n+3. Hence dev is a covering map (cf. [7]). Thus dev is homeomorphic so that
M ≈ S4n+3/F where F = ρ(π) ⊂ Sp(n) · Sp(1) is a finite subgroup acting freely on
S4n+3.

In the latter case, ρ(π) lies in Sim(M). There is no Riemannian metric invariant
under Sim(M).

3.4. Complete similarity manifolds. Given a Heisenberg similarity manifold
N , there exists a developing pair (ρ,dev) : (π1(N), Ñ)−→(Sim(M),M). In general,
N is said to be geodesically complete if the developing map is a homeomorphism of
Ñ onto M. Let ∇ be a left invariant Levi-Civita connection on M induced by g.
Since ∇ is invariant under the automorphism group of M, each element of Sim(M)
preserves ∇. Then the pullback connection ∇′ by dev defines a π1(N)-invariant Levi-
Civita connection on Ñ , since it is also induced from the pullback Riemannian metric
g′ = dev∗g. Thus ∇′ induces an affine connection on N . In other words, geodesically
completeness on N is equivalent to that the exponential map is defined on the entire
tangent space TxÑ for some point x ∈ Ñ (cf. [7]). This does not depend on the
choice of a point in Ñ because geodesically completeness on Ñ is the same as metric
completeness by g′. (See [46].) However, note that the Riemannian metric g′ does not
necessarily induce a Riemannian metric on N .

Put Γ = ρ(π). Assume that Γ is infinite and amenable in Sim(M). Put M̃ ′ =
M̃ − dev−1(∞). Then the developing pair reduces to the following:

(ρ,dev) : (π, M̃ ′)−→(Sim(M),M).

Recall that M supports the Carnot-Carathéodory structure B and the frame bundle
F .

As dev is an immersion, we have the pullback metric g′ = dev∗g, the induced
subbundles B′ = dev∗B and F ′ = dev∗F on M̃ ′ respectively. There exists a ball
Dr(x) about zero of radius r in TxM̃ ′ with respect to g′ such that the exponential
map expx : Dr(x)→M̃ ′ is defined. Obviously there is the commutative diagram:
(dev(x) = p)

TxM̃ ′ dev∗−−−−→ TpM
⋃

Dr(x)
yexpp

yexpx

M̃ ′ dev−−−−→ M.

If M̃ ′ is (geodesically) complete, the local isometry dev is a homeomorphism of
M̃ ′ onto M. The holonomy group Γ will be discrete in Sim(M). If dev−1(∞) 6= ∅,
then it is easy to see that dev : M̃−→S4n+3 is homeomorphic. Since Γ is infinite
by our hypothesis, we have that M̃ = M̃ ′. Recall that R+ ⊂ Sim(M) acts on M
as expansion or contraction as in (1.2). If Γ is discrete in Sim(M), then Γ is either
conjugate to a subgroup of Mo Sp(n) · Sp(1) = E(M) or Sp(n) · Sp(1)×R+. As the
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latter group fixes the origin of M, Γ ⊂ E(M) in our case. Hence M is isomorphic to
an infranilmanifold M/Γ.

3.5. Incomplete similarity manifolds. Suppose that M̃ ′ is incomplete. De-
fine

R(x) = sup{r | expx : Dr(x)→M̃ ′ is defined}.
Then R(x) < ∞ for all points x of M̃ ′ by the above remark (3.4). Put r = R(x).
With respect to the pull-back affine connection ∇′, there exists a vector v ∈ ∂Dr(x)
such that γ(t) = expxtv is an incomplete geodesic, i.e., γ(t) is defined on 0 5 t < 1
but not t = 1. Recall that M = M̃/π decomposes into the union of the orbit space
M̃ ′/π and dev−1(∞)/π.

Lemma 20. Let P : M̃→M be the covering map. Then the geodesic image
{P (γ(t))}05t<1 has an accumulation point inside M̃ ′/π.

Proof. Since M is compact, the geodesic image {P (γ(t))}05t<1 ∈ M̃ ′/π has an ac-
cumulation point y in M . Since dev−1(∞)/π consists of finite points, we may consider
the case that dev−1(∞)/π consists of a single point. Suppose that dev−1(∞)/π = {y}
in M . Choose an evenly covered neighborhood U of y. When Ũ is a lift of U to M̃ ,
by the definition, α · Ũ ∩ Ũ 6= ∅ for some α ∈ π if and only if α = 1. We can assume
that dev : Ũ→dev(Ũ) is homeomorphic. If ỹ ∈ Ũ is a point with P (ỹ) = y, then
dev(ỹ) = {∞} as above.

As y is an accumulation point of the geodesic image {P (γ(t))}05t<1, there exists
a sequence 0 < t1 < t2 < · · · < tn < · · · < 1 such that

γ(tn) ∈ αn · Ũ
for elements αn ∈ π. On the other hand, as M is complete, there exists a limit point
lim

n→∞
dev(γ(tn)) ∈M. Since dev(γ(tn)) ∈ ρ(αn) dev(Ũ) and each ρ(αn) stabilizes the

point {∞}, we have that

lim
n→∞

dev(γ(tn)) =
∞∩

n>>1
ρ(αn)dev(Ũ) = {∞},

which is a contradiction. Therefore the accumulation point y of the geodesic
image {P (γ(t))}05t<1 lies in M̃ ′/π.

Then we can apply the same argument of Fried [12], also Miner [31] to the quater-
nionic case. By Lemma 20, the geodesic image in M̃ ′/π has an accumulation point
z inside M̃ ′/π, and it passes by z infinitely many times and arbitrarily close. By
the argument of [12], [31], this recurrent property gives a family of elements {γij} of
π1(M, z) such that γij (j >> i) maps γ(ti) very close to γ(tj) (0 < ti < tj < 1).
Moreover

Lemma 21 ([12], Lemma 3.2 [31]). Denote by 0 = (0, 0) the origin of M. Sup-
pose that expp ◦ dev∗(v) = 0 ∈ M (dev(x) = p). For sufficiently large i, j, the
holonomy image ρ(γij) can be chosen to be a Heisenberg similarity transformation
centered arbitrarily close to 0 with arbitrarily small rotation matrix.

With the aid of Lemma 21, expx can be defined on the half space Hx = {X ∈
TxM̃ ′ | g′x(v, X) < r2} containing Dr(x). (See the figures of [12], [31].) To see this,
note that expp dev∗(Dr(x)) is a maximal metric ball about p of radius r whose bound-
ary contains 0. Let X ∈ Hx. By Lemma 21, there exists an element ρ(γij) ∈ Γ such
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that for sufficiently large i < j, ρ(γij) ◦ expp dev∗(X) ∈ expp dev∗(Dr(x)), and γijx ∈
expx(Dr(x)). Using dev−1 locally, we have that expγijx((γij)∗X) ∈ expx(Dr(x)).
Define expxX = γij

−1 ◦ expγijx((γij)∗X).
Since dev(γij

−1 ◦ expγijx(γij)∗X) = expp dev∗(X), which is well defined. As a
consequence, for each y ∈ M̃ ′, there exists a unique vector V = Vy ∈ ∂Dr(y) for
which expyV is not defined.

Remark 22. From the property (3.2) of Heisenberg dilations, there is no π-
invariant Riemannian metric within the conformal class on M̃ ′, although it is possible
to construct a π-invariant Riemannian metric within the Carnot-Carathéodory struc-
ture. For example, denote

Rb(x) = sup{||Xb|| ; X ∈ Dr(x), expxX is not defined},
Rf (x) = sup{||Xf || ; X ∈ Dr(x), expxX is not defined}.

Obviously, 0 5 Rb(x), Rf (x) 5 R(x). Since the decomposition is invariant under π,
the properties (∗), (∗∗) of (3.2) imply that for γ ∈ π,

g′γ·x(γ∗Xb, γ∗Y b) = λ(ρ(γ))2 · g′x(Xb, Y b),

g′γ·x(γ∗Xf , γ∗Y f ) = λ(ρ(γ))4 · g′x(Xf , Y f ).

Let Y = Y f ⊕ Y b for a vector Y ∈ TxM̃ ′. We introduce a new metric:

g̃x(X, Y ) =
g′x(Xf , Y f )

Rf (x)2 + Rb(x)4
+

g′x(Xb, Y b)

Rf (x) + Rb(x)2
.

Then g̃ is a Riemannian metric on M̃ ′ which is invariant under π.

For each x ∈ M̃ ′, we have the half space Hx = {X ∈ TxM̃ ′ | g′x(V, X) < r2}
on which expx is defined. Here V = Vx is a unique vector lying on the boundary

∂Dr(x) such that expxV is undefined, where r = R(x) = ||V || =
√
||V f ||2 + ||V b||2.

Unfortunately, the half spaces Hx are not necessarily translated each other by the
elements of π.

Let ∂Hx = {X ∈ TxM̃ ′ | g′x(V, X) = r2} denote the boundary of Hx. The
following lemma is obtained from the idea of Fried [12] (also Miner [31]) which has
been already used to show the existence of half space Hx on which expx is defined.

Lemma 23 (Compare Lemma 1 [12], Proposition 2.6 [31].). Let 0 be the origin
of M and suppose expp ◦ dev∗(v) = 0 as above. Then

0 ∈ ∩
y∈M̃ ′

expq ◦ dev∗(∂Hy), dev(y) = q.

Proof. Suppose not. Then the origin 0 is not contained in expq ◦ dev∗(∂Hy)
for some y ∈ M̃ ′. By Lemma 21, there is an element γ ∈ π whose holonomy ρ(γ)
carries the half space expq ◦ dev∗(Hy) arbitrarily close to 0 in M. For the vector
V = Vy ∈ ∂DR(y)(y), γ∗V is a unique vector of ∂DR(γy)(γy) such that expγyγ∗V is
undefined. So the geodesic expρ(γ)q(t · dev∗(γ∗V )) (0 5 t < 1) lies in the half space
expρ(γ)q ◦dev∗Hγy, and it meets the boundary expρ(γ)q(dev∗(∂Hγy)) perpendicularly
at the point expρ(γ)q(dev∗(γ∗V )). Denote by ≺y (V, Y ) the angle between V and Y
at y and let Dε

R(y)(y) = {Y ∈ DR(y)(y) | ≺y (V, Y ) < ε} be the cone at y of the axis
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V with angle ε > 0. As the geodesic expρ(γ)q(t · dev∗(γ∗V )) is arbitrarily close to 0,
we choose a small ε such that

expq ◦ dev∗(Dε
R(y)(y)) ⊂ expρ(γ)q ◦ dev∗(Hγy).

By the commutativity, dev ◦expy(Dε
R(y)(y)) ⊂ dev ◦ expγy(Hγy), which implies

that expy(Dε
R(y)(y)) is properly embedded in the convex domain expγy(Hγy). The

closed metric cone expy(Dε
R(y)(y)) sits inside expγy(Hγy) and hence is compact. This

contradicts that expyV is undefined.
Put J = ∩

y∈M̃ ′
expq ◦ dev∗(∂Hy). By the construction of J , the developing image

dev(M̃ ′) is obviously outside J .

Corollary 24. dev(M̃ ′) ⊂M− J .

Lemma 25. Let J̄ be the closure of J in S4n+3 Then, either J̄ = J or J̄ = J∪{∞}.

Proof. Since S4n+3 = M∪ {∞}, and J ⊂ expq ◦ dev∗(∂Hy), it is easy to see
that J̄ ⊂ J ∪ {∞} and so either J̄ = J or J̄ = J ∪ {∞}.

Lemma 26. If J̄ = J ∪ {∞}, then dev−1(∞) = ∅. As a consequence, the
developing map reduces to the following:

dev : M̃−→M− J.

Proof. If x ∈ dev−1(∞), then there is a neighborhood U of x in M̃ with U−{x} ⊂
M̃ ′ such that dev(U−{x}) = dev(U)−{∞}. As {∞} ∈ J̄−J , (dev(U)−{∞})∩J 6= ∅,
but dev(U) − {∞} ⊂ dev(M̃ ′), which is impossible by Corollary 24. In particular,
M̃ = M̃ ′.

As above, the unique vector V ∈ ∂Dr(x) has the property that expx(t · V ) is de-
fined for 0 5 t < 1, but not t = 1. In this case, the image expp(dev∗ V ) (dev(x) = p)
is said to be an invisible point. In general if expx(t · X) is defined for t = 1, then
expp(dev∗X) is called a visible point because expp(dev∗X) = dev ◦expx(X), oth-
erwise the point expp(dev∗X) is invisible. Especially every point in the half space
expq(dev∗Hy) is visible for each y ∈ M̃ ′, while invisible points lie only on the bound-
ary expq ◦ dev∗(∂Hy). (Compare [12], [31].)

Lemma 27. J is invariant under Γ. In particular, J̄ is a Γ-invariant closed
subset in S4n+3 contained in a submanifold of dimension at most 4n + 2.

Proof. Let m ∈ J . There exists a vector X ∈ ∂Hy such that m = expq(dev∗(X))
for each y ∈ M̃ ′ (dev(y) = q). If we note that each boundary expq◦dev∗(∂Hy) contains
0 from Lemma 23, then expq(dev∗X) is an invisible point, otherwise expq(dev∗(V ))
would be a visible point. Since each γ ∈ π maps the unique vector V ∈ ∂DR(y)(y) onto
the unique vector γ∗V ∈ ∂DR(γy)(γy), the geodesic expρ(γ)q(t ·dev∗(γ∗V )) determines
the boundary C = expρ(γ)q ◦ dev∗(∂Hγy).

Suppose that ρ(γ)m = expρ(γ)q(dev∗(γ∗X)) does not lie on C. Then the geodesic
α(t) = expρ(γ)q(t · dev∗(γ∗X)) intersects C at some s < 1. Put n = α(s) = expρ(γ)q ◦
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dev∗(s · γ∗X), which lies on C. On the other hand, since s ·X ∈ Hy, expy(s ·X) is
defined. Put z = γ ◦ expy(s ·X) ∈ M̃ ′. Then

dev(z) = dev ◦ expγy(s · γ∗X) = expρ(γ)q ◦ dev∗(s · γ∗X) = n.

We have the maximal disc expn dev∗DR(z)(z) centered at n, which intersects the
boundary C with the middle of the disc. Let expn ◦ dev∗(Hz) be the half space
containing expndev∗DR(z)(z). Since expn ◦ dev∗(∂Hz) contains 0 and the point w =
expρ(γ)q(dev∗(γ∗V )) ∈ C, we conclude that w sits inside expn ◦ dev∗(Hz). This
contradicts that w is an invisible point. Therefore, the point ρ(γ)m ∈ expρ(γ)q ◦
dev∗(∂Hγy) at each y ∈ M̃ ′. Hence, J is invariant under Γ.

Concerned with the structure of the boundary expq ◦ dev∗(∂Hy), we have the
following.

Lemma 28. Let V = V f ⊕ V b be the decomposition for the unique vector V =
Vy ∈ ∂DR(y)(y).
(1) If V f 6= 0, then expq ◦ dev∗(∂Hy) = R2×U where U = Fn or U is an affine half

space of Fn.
(2) If V f = 0, then expq ◦ dev∗(∂Hy) = R3 × U where U is a (4n− 1)-dimensional

affine subspace of Fn.

Proof. Recall that

∂Hy = {X ∈ TyM̃ ′ | g′y(V, X) = g′y(V f , Xf ) + g′y(V b, Xb) = r2}

for X = Xf ⊕Xb ∈ TyM̃ ′.
(1) Suppose that V f 6= 0. Let dev(y) = q. The projection TqR3→TqM ν∗−→

Tν(q)Fn induces the map ν∗ : dev∗(∂Hy)−→ν∗◦dev∗(∂Hy). Put vX = ν∗(dev∗(X)) =
ν∗(dev∗(Xb)) and sX = r2 − g′y(V b, Xb). Then the inverse image at vX is a two
dimensional affine subspace of TqR3:

ν∗−1(vX) = {dev∗(Y f + Xb) | g′y(V f , Y f ) = sX}.

Since it is a half space as before, ν∗−1(vX) is perpendicular to dev∗(V f ) and so the
fibers ν∗−1(vX) are parallel to each other. Let TqM = Fq⊕Bq be the decomposition
for q ∈ M. Then we note that F0 is the ideal of the nilpotent Lie algebra T0M
generated by the center R3. If Lq is the left translation of M, then there is the
commutative diagram:

T0M dLq−−−−→ TqMyexp

yexpq

M Lq−−−−→ M.

Let T0 ∈ F0, S0 ∈ B0. Since R3 is the center, [T0, S0] = 0, it follows that exp(T0) ·
exp(S0) = exp(T0 + S0). Choose T0, S0 such that dLq(T0) = dev∗(Y f ), dLq(S0) =
dev∗(Xb). By the commutativity,

expq(dev∗(Y f + Xb)) = expT0 · expq(dev∗(Xb)).
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Let ν : expq ◦ dev∗(∂Hy)−→expν(q) ◦ ν∗ ◦ dev∗(∂Hy) ⊂ Fn be the projection. Put
zX = expν(q)(vX). Then the inverse image at zX ,

ν−1(zX) = expq(ν∗
−1(vX))

= {exp T0 · expq(dev∗(Xb)) | g′y(V f , Y f ) = sX , T0 = dLq−1 ◦ dev∗(Y f )}.

By the above remark, these inverse images ν−1(zX) are two dimensional parallel affine
subspaces in R3. Hence the subset {exp T0 | T0 = dLq−1 ◦ dev∗(Y f ), g′y(V f , Y f ) =
sX} is a two dimensional vector subgroup R2 of R3. Let

W ′ = {dev∗(Zb) ∈ dev∗(∂Hy) | gq(dev∗(V b),dev∗(Zb))
= r2 − gq(dev∗(V f ),dev∗(Zf )) 5 r2}

be the subspace of TqM for Z = Zf ⊕ Zb ∈ TyM̃ ′. As ν∗ is a local isometry of
(Bq, gq) onto (Tν(q)Fn, (g0)ν(q)), ν∗ maps W ′ isometrically onto

ν∗(W ′) = {ν∗◦dev∗(Zb) ∈ ν∗◦dev∗(∂Hy) | (g0)ν(q)(ν∗◦dev∗(V b), ν∗◦dev∗(Zb)) 5 r2}.

In particular the submanifold (expq(W ′), g) is isometric to the affine subspace (expν(q)◦
ν∗(W ′), g0) of Fn. Put U = expν(q) ◦ ν∗(W ′). Then U is either Fn or an affine
half space according to whether V b = 0 or V b 6= 0. Since (expq(W ′), g) is a flat
submanifold of M, we have that expq(W ′) = (α, U) for some α ∈ R3. If we note
that expq ◦ dev∗(∂Hy) = R2 · expq(W ′) which contains 0, then α ∈ R2 and hence
expq ◦ dev∗(∂Hy) = R2 × U .

For (2), as V f = 0, gq(dev∗(V b),dev∗(Zb)) = (g0)ν(q)(ν∗◦dev∗(V b), ν∗◦dev∗(Zb))
= r2. Then U = expν(q) ◦ ν∗(W ′) = ν ◦ expq ◦ dev∗(∂Hy) is a (4n − 1)-dimensional
affine subspace of Fn. It is easy to see that expq ◦dev∗(∂Hy) is a principal R3-bundle
over U . Hence, expq ◦ dev∗(∂Hy) = R3 × U .

As J = ∩
y∈M̃ ′

expq◦dev∗(∂Hy) by the definition, J is an affine subspace of (M,∇),

i.e., J = Rk ×W where Rk is a vector subspace of R3 and W is an affine subspace of
R4n = Fn. In particular we have the following.

Corollary 29.
(i) If J̄ = J , then J is a single point {0} in M.
(ii) If J̄ = J ∪ {∞}, then J̄ is an ` (= 1)-dimensional sphere S`.

Proof of Theorem 19. (I) J̄ = J . Then J = {0}, which implies that the
holonomy group Γ ⊂ Sp(n) · Sp(1)× R+.

(I)1 dev−1(∞) = ∅. Then M̃ = M̃ ′ and dev : M̃−→M− {0} = R+ × S4n+2 by
Corollary 24. As M is compact, dev : M̃−→R+ × S4n+2 is homeomorphic so that M
is finitely covered by a Hopf manifold S1 × S4n+2.

(I)2 dev−1(∞) 6= ∅. Then the developing map satisfies that dev : M̃−→S4n+3−
{0}. Replace S4n+3 − {0} for the role of M = S4n+3 − {∞}. As a consequence, we
show this case does not occur. In fact, put M′ = S4n+3−{0}. If M̃ is complete, then
dev : M̃−→M′ is homeomorphic. Then Γ acts freely on M′, while Γ has a fixed point
{∞} inside M′. So M̃ is incomplete. The same argument as above shows that there
is a Γ-invariant affine subspace J ′ which is outside the developing image dev(M̃). If
∂ dev(M̃) is the boundary of the developing image in S4n+3, then ∂ dev(M̃) is a Γ-
invariant closed subset containing at least two points. Recall the limit set L(Γ) of Γ in
S4n+3, which is defined to be the boundary of the closure of the orbit Γ ·w for a point
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w ∈ Hn+1
F . (Compare [8].) By minimality, L(Γ) ⊂ ∂ dev(M̃). Thus we have that

dev : M̃−→S4n+3 − L(Γ). As Γ ⊂ Sp(n) · Sp(1)× R+ in our case (I), L(Γ) = {0,∞}
and so the developing image dev(M̃) misses the point {∞}. This contradicts the
hypothesis (I2).

(II) J̄ = J ∪ {∞}. By Lemma 26 and Corollary 29 (ii), dev : M̃−→M− J
where J is an ` (= 1)-dimensional affine flat subspace of M.

We define a Γ-invariant Riemannian metric on M− J . Let Z be a vector field
which assigns to each p ∈M− J the vector Z(p) from p to J , which is perpendicular
to J with respect to the left invariant metric g on M. Such a vector Z(p) is uniquely
determined because J is an affine flat subspace (M,∇), Z(p) is the shortest vector
which meets J . Moreover, since J is invariant under Γ, the vector field Z is Γ-invariant.
As in the Remark 22, let X = Xf ⊕Xb (resp. Y = Y f ⊕ Y b) be a decomposition for
vectors X, Y ∈ Tx(M− J). We define a Riemannian metric:

h̃p(X, Y ) =
gx(Xf , Y f )

||Zf (p)||2 + ||Zb(p)||4
+

gx(Xb, Y b)
||Zf (p)||+ ||Zb(p)||2 .

By the dilation property (∗), (∗∗) of (3.2), h̃ is a Riemannian metric on M−J which
is invariant under Γ. The pullback by dev defines a π-invariant Riemannian metric
dev∗ h̃ on M̃ such that dev : M̃−→M− J is a local isometry. Then M becomes a
compact Riemannian manifold induced by dev∗ h̃. As a consequence M̃ is complete
so that dev : M̃−→M− J is a covering map. Since J is an `-dimensional affine flat
subspace of M with 1 5 ` 5 4n + 2, there are the following cases: (i) if dim J 5 4n,
then dev : M̃−→M−J is homeomorphic; (ii) if dim J = 4n+1, then dev : M̃−→M−J
is a covering map; (iii) if dim J = 4n + 2, then dev is a homeomorphism of M̃ onto
a connected component of M− J .

For the cases (i), (iii), Γ is discrete in Sim(M), so either L(Γ) = {∞} or L(Γ) =
{0,∞}. Since ∂ dev(M̃) contains more than one point, we have that L(Γ) ⊂ ∂ dev(M̃).
Thus dev : M̃−→S4n+3 − L(Γ) is homeomorphic for which S4n+3 − L(Γ) = M or
S4n+3−L(Γ) = M−{0} respectively. Hence dev(M̃)∩J −{0} 6= ∅. This contradicts
Lemma 26 under the hypothesis (II).

For the case (ii), note that J = Rk × R4n+1−k such that J̄ = S4n+1.
(ii)1 Suppose that k = 3, i.e., J = R3 × R4n−2. Then ν−1(R4n−2) = J from

(1.4). Moreover, M− J = S4n+3 − J̄ = S4n+3 − S4n+1 ≈ B4n+2 × S1 where B4n+2

is a (4n + 2)-dimensional ball. Let X be the universal covering space of M − J .
The developing map dev lifts to a homeomorphism ˜dev : M̃−→X which maps π
onto a subgroup Γ̃ acting properly discontinuously and freely on X. In particular,
M ≈ X/Γ̃ is compact. However if we note that the action (Γ̃, X) is a lift of the action
(Γ, S4n+3 − S4n+1), then X/Γ̃ cannot be compact by (3) of Lemma 3.

(ii)2 Suppose that J = R2 × R4n−1 or J = R1 × Fn. Consider the case J =
R2 × R4n−1. Recall that an element g of Sim(M) has the form:

g = (α, x) · (A · g, t).

For (
β
z

)
∈M,

the action of g satisfies that

g

(
β
z

)
=

(
α + t2g · β · g−1 + Im < x, tAz · g−1 >

x + tAz · g−1

)
.
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The subspace R4n−1 contains at least one quaternionic subspace F1. As Γ leaves J
invariant for which β ∈ R2 and z ∈ R4n−1 can be chosen arbitrarily, it follows that
x = 0. Thus Γ lies in the subgroup (R2, 0)oSp(n) ·SO(2)×R+. (Note that this group
does not preserve R3 × Rn, although Γ acts invariantly on R3 = (R3, 0) as similarity
transformations.)

Let γ = (α, 0) · (A · g, t) be an element of (R2, 0)o Sp(n) · SO(2)×R+. Then, for
(β, x) ∈M = R3 × Fn

γ

(
β
x

)
=

(
α + t2g · β · g−1

t ·Ax · g−1

)
=

(
α + t2 ·B1β

t ·B2x

)

=
(

α
0

)
+

(
t2 ·B1 0
0 t ·B2

)(
β
x

)
.

Here, a matrix B1 ∈ SO(2) is the conjugate of g and a matrix B2 ∈ SO(4n) is A · g
under the identification Fn = R4n.

Let f : M = R3 × R4n−→R3 × R4n be the diffeomorphism defined by f(α, x) =
(α, x|x|) where | · | is the euclidean norm. Then it is easy to check that

f(γ
(

β
x

)
) =

(
t2 ·B1 0
0 t2 ·B2

)
· f(

(
β
x

)
) +

(
α
0

)
.

There is a homomorphism τ : Γ−→(R2, 0) o (SO(2) × SO(4n)) × R+ ⊂ Sim(R4n+3)
such that f ◦ γ = τ(γ) ◦ f . We have an equivariant diffeomorphism:

(Γ,M)
f−→ (τ(Γ),R4n+3).

The pair (τ ◦ρ, f ◦dev) : (π, M̃)−→(Sim(R4n+3),R4n+3) gives a similarity structure on
M in which f ◦ dev misses f(J). The theorem of Fried [12] says that the developing
map f ◦ dev : M̃−→R4n+3 of a compact incomplete similarity manifold M misses
exactly one point {0} (up to conjugacy). Hence f(J) = {0}, which is impossible by
dim J = 4n + 1. The same argument can be applied to the case that J = R1 × Fn.
As a consequence, (II) does not occur. This completes the proof of Theorem 19.

4. Geometric superrigidity.

4.1. Geometric rigidity on spherical pseudo-quaternionic manifolds.
Margulis has shown that: Let G be a connected semisimple Lie group with trivial
center and has no compact factor. Given an irreducible lattice Γ of G and a homo-
morphism ρ : Γ−→G′ where G′ is a semisimple Lie group with trivial center and
without compact factor, ρ extends to a homomorphism from G to G′ provided that the
real rank of G is at least two and ρ(Γ) is Zariski dense in G′. Note that a connected
semisimple Lie group with trivial center supports a real algebraic structure. (Com-
pare [47].) This sort of result is called Margulis’ superrigidity and the question is left
to the rank one semisimple Lie groups, namely the real (resp. complex, quaternionic,
Cayley) hyperbolic groups. It is known that the Margulis’ superrigidity is false for the
real hyperbolic case, for instance, because of the existence of bending (= a nontrivial
deformation of Fuchsian groups in higher dimensions). On the other hand, Kevin
Corlette [11] has proved the Margulis’ superrigidity affirmatively for the cases G of
the isometry group PSp(n, 1) (n = 2) and the isometry group F−20

4 of the hyperbolic
Cayley plane. See also [33].
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As in (1.3) we have a compact spherical pseudo-quaternionic manifold

Sp(m)×∆Sp(1)× Sp(n−m)\Sp(m, 1)× Sp(n−m + 1)/Γ = S4n+3 − S4m−1/Γ,

in which the fundamental group Γ is virtually isomorphic to a discrete uniform sub-
group of PSp(m, 1). In this section we prove the following rigidity.

Theorem 30. Let M be a compact spherical pseudo-quaternionic (4n + 3)-
manifold whose fundamental group is virtualy isomorphic to a discrete uniform sub-
group of PSp(m, 1) for some 2 5 m 5 n. Then M is pseudo-quaternionically isomor-
phic to the double coset space

Sp(m)×∆Sp(1)× Sp(n−m)\Sp(m, 1)× Sp(n−m + 1)/Γ,

where m = 2, · · · , n.

Proof. Let M be a compact spherical pseudo-quaternionic (4n + 3)-manifold.
Then there exists a developing pair (ρ,dev) : (π1(M), M̃)−→(PSp(n + 1, 1), S4n+3).
Put π = π1(M), ρ(π) = Γ. We have the holonomy representation

ρ : π−→Γ ⊂ PSp(n + 1, 1).

By the hypothesis, passing to a subgroup of finite index, π is isomorphic to a discrete
uniform subgroup of PSp(m, 1) for some 2 5 m 5 n. We may assume that π ⊂
PSp(m, 1). If Γ is amenable, then the classification theorem 19 shows that π is
virtually nilpotent. This case does not occur by the hypothesis.

Let A(Γ) be the Zariski closure (real algebraic closure) of Γ in PSp(n + 1, 1).
Then by Theorem 4.4.2 of [8] shows that either A(Γ) = PSp(n + 1, 1) or A(Γ) leaves
a proper totally geodesic subspace in Hn+1

F .
(i) Suppose that A(Γ) = PSp(n + 1, 1). Then Γ is Zariski dense in PSp(n + 1, 1).

The superrigidity by Corlette implies that ρ extends to a continuous homomorphism
ϕ : PSp(m, 1)−→PSp(n+1, 1). Since ϕ is analytic (cf. [15]), the image ϕ(PSp(m, 1))
is a connected Lie subgroup of PSp(n + 1, 1). As Γ ⊂ ϕ(PSp(m, 1)) does not leave
any proper totally geodesic subspace in Hn+1

F , ϕ(PSp(m, 1)) = PSp(n + 1, 1) and so
m = n + 1. Since m 5 n by our hypothesis, this is impossible.

(ii) Suppose that A(Γ) leaves a proper totally geodesic subspace in Hn+1
F . A

proper totally geodesic subspace in Hn+1
F is isometric to Hk

K (K = R,C or F, 1 5
k 5 n), Hn+1

R , Hn+1
C , or a 3-dimensional R-subspace H1(I). (Compare [8].) Note that

H1(I) is orthogonal to H1
R in H1

F and so isometric to H3
R. If A(Γ) leaves invariant a

proper subspace Hk
K (K = R,C,F, k 5 n), then A(Γ) leaves also Hk

F invariant. Thus
A(Γ) preserves S4k−1 = ∂Hk

F. The subgroup of PSp(n + 1, 1) preserving S4k−1 is
isomorphic to Sp(k, 1) · Sp(n− k + 1). In particular, A(Γ) ⊂ Sp(k, 1) · Sp(n− k + 1)
for k 5 n. Then recall that there is a Γ-invariant homogeneous Riemannian metric
on S4n+3 − S4k−1 from (1.3).

If A(Γ) leaves invariant Hn+1
K (K = R,C), then A(Γ) preserves Sn = ∂Hn+1

R
(resp. S2n+1 = ∂Hn+1

C ). By Proposition 5, Corollary 6, A(Γ) ⊂ PO(n + 1, 1)× SO(3)
or A(Γ) ⊂ P(U(n + 1, 1) · S1{±1,±j}) respectively. Moreover S4n+3 − Sn (resp.
S4n+3 − S2n+1) admits a Γ-invariant complete Riemannian metric.

If A(Γ) preserves H1(I), then it leaves also H1
F invariant. As H1(I) is isometric to

H3
R, the subgroup of PSp(n+1, 1) preserving H1(I) is isomorphic to PSL(2,C)×Sp(n)

where PSL(2,C) = Iso(H3
R). Thus A(Γ) ⊂ PSL(2,C) × Sp(n) which leaves invariant

S3 = ∂H1
F.
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Let τ : Sp(k, 1) ·Sp(n−k +1)−→PSp(k, 1) be the canonical projection. Similarly
for τ : PSL(2,C) × Sp(n)−→PSL(2,C), τ : PO(n + 1, 1) × SO(3)−→PO(n + 1, 1) or
τ : P(U(n + 1, 1) · S1{±1,±j})−→PU(n + 1, 1) respectively. Suppose that H is one
of PSp(k, 1), PSL(2,C), PO(n + 1, 1), or PU(n + 1, 1).

Since τ is a proper map and A(Γ) (with finitely many components) leaves the
proper totally geodesic subspace, Theorem 4.4.1 of [8] implies that τ(A(Γ)) = H. In
particular, τ(Γ) is Zariski dense in H. We obtain a homomorphism τ ◦ρ : π−→H with
Zariski dense image τ(Γ). As H is a noncompact simple Lie group and without center,
applying the Corlette’s superrigidity, τ ◦ρ extends to a continuous homomorphism Ψ :
PSp(m, 1)−→H. As in (i), we obtain that Ψ(PSp(m, 1)) = H. Moreover PSp(m, 1)
has no normal subgroup, so Ψ : PSp(m, 1)−→H is an isomorphism. Therefore 2 5
m = k 5 n. As a consequence, Γ is a discrete uniform subgroup of Sp(m, 1) · Sp(n−
m+1). In particular we have Λ(Γ) = L(Sp(m, 1) ·Sp(n−m+1)) = S4m−1. Consider
the developing map

dev : M̃ − dev−1(S4m−1)−→S4n+3 − S4m−1

for which the homogeneous Riemannian metric h on S4n+3−S4m−1 (cf. 1.3) induces
a Riemannian submersion:

S4(n−m)+3→(Sp(m, 1) · Sp(n−m + 1), S4n+3 − S4m−1, h) ν−→ (PSp(m, 1),Hm
F , ĥ).

Here ĥ is the hyperbolic metric on Hm
F . Let dev∗ h be the induced Riemannian metric

on M̃ − dev−1(S4m−1) which is invariant under π.

(iii) We prove that dev∗ h on M̃−dev−1(S4m−1) is complete. Recall that ν maps
the boundary S4m−1 = ∂(S4n+3 − S4m−1) identically onto S4m−1 = ∂Hm

F under the
projection Sp(n−m)→S4n+3 ν−→ D4m.

Let {xi} be a Cauchy sequence in M̃ − dev−1(S4m−1) with respect to the in-
duced metric dev∗ h. We may suppose that dev−1(S4m−1) 6= ∅. Let ρ∗ (resp. ρ)
be the distance function on M̃ − dev−1(S4m−1) (resp. S4n+3 − S4m−1), and ρ̂ be
the (hyperbolic) distance function on Hm

F . As dev−1(S4m−1) is invariant under π,
M decomposes into the union (M̃ − dev−1(S4m−1))/π and dev−1(S4m−1)/π where
dev−1(S4m−1)/π consists of a finite number of compact submanifolds. If P : M̃−→M
is a covering map, then the sequence {P (xi)} has an accumulation point y (after
passing to a subsequence). Choose ỹ ∈ dev−1(S4m−1) with P (ỹ) = y. There ex-
ists a neighborhood W of ỹ in M̃ such that the closure W̄ is compact. Moreover,
P : W̄−→P (W̄ ) and dev : W̄−→dev(W̄ ) are diffeomorphic. As y ∈ P (W ), there exist
elements {γi} ∈ π such that {γixi} ∈ W for i = L where L is a sufficiently large num-
ber. We have lim γixi = ỹ. Since {xi} is Cauchy in (M̃−dev−1(S4m−1), ρ∗) , for each

integer n, there exists an integer λ(n) satisfying that if i, j = λ(n), ρ∗(xi, xj) <
1
n

.

Let B 1
n
(xλ(n)) be the ball of radius 1

n centered at xλ(n) in M̃ − dev−1(S4m−1). In
particular,

{xi} ∈ B 1
n
(xλ(n)) for i = λ(n).

As λ(n) increases as n does, we can assume that λ(n) = n for n = N where N is a
sufficiently large number with N > L. In particular we note that {γλ(n) · xλ(n)} ∈ W
for n = N .

Then we show that there is an integer m such that B 1
m

(γλ(m) · xλ(m)) ⊂ W .
Suppose not. Put ∂′W = ∂W̄ ∩ (M̃ − dev−1(S4m−1)). Then for each n = N , there
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is a point zλ(n) of B 1
n
(γλ(n) · xλ(n)) lying on ∂′W . Thus we have that

ρ∗(γλ(n) · xλ(n), zλ(n)) 5 1
n

.

In general, for every z ∈ ∂′W ⊂ M̃ − dev−1(S4m−1), the metrics satisfy

ρ̂(ν ◦ dev(γλ(n) · xλ(n)), ν ◦ dev(z)) 5 ρ(dev(γλ(n) · xλ(n)),dev(z))
5 ρ∗(γλ(n) · xλ(n), z).

In particular,

(∗) ρ̂(ν ◦ dev(γλ(n) · xλ(n)), ν ◦ dev(zλ(n))) 5 1
n

.

As lim γi · xi = ỹ, and ν extends to a map identically on the boundary, ν ◦ dev(γλ(n) ·
xλ(n))−→ν ◦ dev(ỹ) ∈ ν(S4m−1) = S4m−1. On the other hand, W̄ is a compact
neighborhood of ỹ in M̃ and dev : W̄−→dev(W̄ ) is diffeomorphic. In particular,
ν ◦ dev(ỹ) ∈ S4m−1 − ∂dev(W̄ ).
Since zλ(n) ∈ ∂′W , {zλ(n)} has an accumulation point z in ∂W̄ . Passing to a
subsequence if necessary, it follows that dev(zλ(n))−→dev(z) ∈ ∂ dev(W̄ ). There-
fore, as ν ◦ dev(M̃ − dev−1(S4m−1)) ⊂ Hm

F , it follows either ν ◦ dev(z) ∈ Hm
F or

ν ◦ dev(z) ∈ ∂ dev(W̄ ) ∩ S4m−1, i.e., ν ◦ dev(z) 6= ν ◦ dev(ỹ). In each case,

lim
n→∞

ρ̂(ν ◦ dev(γλ(n) · xλ(n)), ν ◦ dev(zλ(n))) = ∞,

which is impossible by (∗). Hence we obtain that B 1
m

(γλ(m) · xλ(m)) ⊂ W for some
m.

Since {xi}i=λ(m) ∈ B 1
m

(xλ(m)), the isometry γλ(m) (with respect to ρ∗) shows
that {γλ(m) · xi}i=λ(m) ∈ B 1

m
(γλ(m) · xλ(m)). As W̄ is compact, there is a point

w ∈ W̄ such that lim
i→∞

γλ(m) · xi = w. Therefore lim
i→∞

xi = γ−1
λ(m) · w for

which dev(γ−1
λ(m) · w) = lim

i→∞
dev(xi). Since the sequence of images {dev(xi)} is also

Cauchy in the complete metric space S4n+3 − S4m−1, {dev(xi)} has a limit point in
S4n+3 − S4m−1, which therefore implies that dev(γ−1

λ(m) · w) ∈ S4n+3 − S4m−1. Thus

dev(γ−1
λ(m) · w) is not contained in S4m−1, i.e., γ−1

λ(m) · w ∈ M̃ − dev−1(S4m−1). This

shows that the Cauchy sequence {xi} converges in M̃ − dev−1(S4m−1) so that the
simply connected space M̃ − dev−1(S4m−1) is complete. As a consequence, the local
isometry dev : M̃ − dev−1(S4m−1)−→S4n+3 − S4m−1 becomes a diffeomorphism. In
particular, dev : M̃−→dev(M̃) is a diffeomorphism. As Γ is discrete and acts properly
discontinuously on dev(M̃), dev(M̃) ⊂ S4n+3 − L(Γ). As above L(Γ) = S4m−1, so
dev : M̃−→S4n+3 − S4m−1 is diffeomorphic. Thus M is isomorphic to S4n+3 −
S4m−1/Γ which is the double coset space Sp(m) × ∆Sp(1) × Sp(n −m)\Sp(m, 1) ×
Sp(n−m + 1)/Γ where 2 5 m 5 n. This completes the proof of Theorem.

Remark 31. (1) In the earlier draft of this paper, there was a gap in the com-
pleteness argument of the proof of Theorem 30, which was pointed out by the referee.
Our proof (iii) to showing completeness is based on the observation of completeness
argument of Suhyoung Choi and Lee’s paper [10]. See also [21] for the correction.

(2) Notice that the transitive connected subgroup H of PSp(n+1, 1) is isomorphic
to Sp(m, 1) · Sp(n − m + 1) which acts transitively on S4n+3 − S4m−1. Especially,
L(H) = S4m−1.
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(3) When m = 1, PSp(1, 1) is isomorphic to the isometry group PO(4, 1)0 of real
hyperbolic space H4

R. We do not know whether the above theorem is true or not in
this case. The bending deformation as in Note 7 can not be applied to this case.
B. Apanasov has noticed this fact by pointing out our incorrect use of bending for
PO(4, 1)0 = PSp(1, 1).

Proposition 32. Let M be a compact spherical pseudo-quaternionic (4n + 3)-
manifold M and G a connected semisimple Lie group with no compact factor and
without center. Suppose that M̃ is not homogeneous. If the fundamental group π
is virtually isomorphic to a discrete uniform subgroup of G and the cohomological
dimension of π is less than or equal to 4n + 3, then G must be isomorphic to one of
the following Lie groups:

1. PO(m, 1)0, 1 5 m 5 4n + 3.
2. PU(m, 1), 1 5 m 5 2n + 1.

Proof. Let Γ be the holonomy group. As in the argument of Theorem 30, its real
algebraic closure A(Γ) is either (i) PSp(n + 1, 1) or (ii) τ ◦ ρ : π→τ(Γ) is isomorphic
and discrete in H where H = PSp(m, 1) (1 5 m 5 n), PSL(2,C), PO(n + 1, 1), or
PU(n + 1, 1) and τ(Γ) is Zariski dense in H. Note that PSL(2,C) ≈ PO(3, 1)0.

Suppose that G is isomorphic to neither PO(m, 1)0 nor PU(m, 1). Then G has
either R-rank = 2 or is isomorphic to PSp(m, 1) (m = 2) or F−20

4 . (Note that
PSp(1, 1) ≈ PO(4, 1)0.) By the superrigidity, τ ◦ ρ extends to a continuous homomor-
phism ϕ : G−→PSp(n + 1, 1) or ϕ : G−→H. As ϕ(G) is a connected Lie subgroup
of PSp(n + 1, 1) or H, we have that ϕ(G) = PSp(n + 1, 1) or ϕ(G) = H. Put
Ĝ = G/ Kerϕ and let p : G→Ĝ be the canonical projection.

Case (i) ϕ induces an isomorphism ϕ̂ : Ĝ−→PSp(n + 1, 1). Since the cohomo-
logical dimension of π is less than or equal to 4n + 3 by the hypothesis, dim G/K 5
4n + 3 where K is a maximal compact subgroup. On the other hand, dim G/K =
dim PSp(n + 1, 1)/Sp(n + 1) · Sp(1) = 4n + 4, which yields a contradiction.

Case (ii) ϕ̂ : Ĝ−→H is an isomorphism. As τ ◦ ρ : π→τ(Γ) is isomorphic, p(π)
maps isomorphically onto ϕ(π) = τ(Γ). Since τ(Γ) is discrete in H, p(π) is discrete and
cocompact in Ĝ. If K is a maximal compact subgroup of G, then p(K) is a maximal
compact subgroup of Ĝ by the hypothesis on G. There is a fibration of compact
aspherical manifolds: K ∩Kerϕ\Kerϕ→K\G/π

p̂−→ p(K)\Ĝ/p(π) in which p̂ maps
π isomorphically onto p(π). Since both compact aspherical manifolds have isomorphic
fundamental groups and have the same dimension, p̂ is a covering map and so is a
homeomorphism. Hence the fiber K ∩ Kerϕ\Kerϕ is a point or K ∩ Kerϕ = Ker ϕ
which is compact. As G is semisimple with no normal compact factor and with no
center, Ker ϕ must be trivial. Therefore ϕ : G−→H is an isomorphism, that is,
G = PSp(m, 1) (m = 2).

Suppose that G is isomorphic to PO(m, 1)0, or PU(m, 1). The hypothesis that
dimG/K 5 4n + 3 implies that 1 5 m 5 4n + 3 for PO(m, 1)0 and 1 5 m 5 2n + 1
for PU(m, 1).

4.2. Deformation space on spherical Carnot-Carathéodory manifolds.
Let (G, X) be a geometry and M0 a (G, X)-manifold. The deformation space T (M0)
is the space of all (G, X)-structures on marked manifolds homeomorphic to M0. More
precisely, T (M0) consists of equivalence classes of diffeomorphisms f : M0 → M from
M0 to (G, X)-manifolds M . Two such diffeomorphisms fi : M0 → Mi (i = 1, 2)
are equivalent if and only if there is an isomorphism (i.e., (G, X)-structure preserving
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diffeomorphism) h : M1→M2 such that h ◦ f1 is isotopic to f2. If f : M0 → M is a
representative element of T (M0), there is a developing pair (ρ,dev) : (π1(M), M̃) →
(G, X). We have the holonomy representation ρ ◦ f] : π1(M0) → G up to conjugacy.
There is a map hol : T (M0) → Hom(Γ,G)/G which assigns to a marked structure
its holonomy representation. When we take (G, X) = (PSp(n + 1, 1), S4n+3), the
deformation space T (M0) is the space of all possible spherical pseudo-quaternionic
structures on M0. Let M0 = V 4n+3

−1 /π be a compact spherical pseudo-quaternionic
(4n + 3)-manifold for π ⊂ Sp(n, 1) · Sp(1) as in (1.3). We have the following corollary
from Theorem 30.

Corollary 33. Let M be a compact spherical pseudo-quaternionic (4n + 3)-
manifold. Suppose that π1(M) is isomorphic to the fundamental group of a compact
quaternionic hyperbolic 4n-manifold. Then, M is pseudo-quaternionically isomorphic
to M0 = V 4n+3

−1 /π.

Recall that a representation ρ : π→PSp(n+1, 1) is amenable if its closure of ρ(π)
lies in the maximal amenable Lie subgroup of PSp(n + 1, 1). A maximal amenable
Lie group in PSp(n + 1, 1) is conjugate to Sp(n) · Sp(1) or Sim(M).

Let S(0,∞) be the set of amenable representations in Hom(π, PSp(n + 1, 1))
and S(−1) the set of non-amenable representations in Hom(π, PSp(n + 1, 1)). Then
the disjoint union S(0,∞) ∪ S(−1) constitutes Hom(π, PSp(n + 1, 1)). A Fuchsian
representation ρ : π→PSp(n + 1, 1) is a discrete faithful representation whose image
ρ(π) leaves the totally geodesic quaternionic n-subspace Hn

F in Hn+1
F up to conjugacy

(equivalently, leaves invariant the boundary sphere S4n−1 in S4n+3). (Compare [14],
[8].)

Lemma 34. Let R (resp. F ) be the set of all discrete faithful (resp. Fuchsian)
representations of π into PSp(n + 1, 1). Then S(−1) = R = F .

Proof. Let Pr : Sp(n, 1) · Sp(1)−→PSp(n, 1) be the projection. Put Pr(π) = Γ′.
Since π is isomorphic to a discrete uniform lattice Γ′ in PSp(n, 1), R ⊂ S(−1). Let
ρ : π−→PSp(n + 1, 1) be a non-amenable representation. Put ρ(π) = Γ. Then the
real algebraic closure A(Γ) is not amenable. As in the argument of the proof of
Theorem 30, we have a homomorphism τ : A(Γ)−→H, where H is either
PSp(m, 1), PU(m, 1), PO(m, 1), (2 5 m 5 n + 1) or PSL(2,C). Moreover, τ ◦ ρ(π)
is Zariski dense in H. Let τ ◦ ρ ◦ Pr−1 : Γ′−→H be a homomorphism. By the
superrigidity, there is an extension Ψ : PSp(n, 1)−→H of τ ◦ ρ ◦ Pr−1. It is easy to
see that Ψ : PSp(n, 1)−→H is an isomorphism. Then A(Γ) = Sp(n, 1) · Sp(1) up to
conjugacy. Since π is torsion free, ρ : π→Γ ⊂ Sp(n, 1) · Sp(1) is a discrete faithful
representation. Moreover, Sp(n, 1) · Sp(1) acts transitively on Hn

F in Hn+1
F , so ρ is a

Fuchsian representation. Hence S(−1) = R, which simultaneously coincides with F .

Let Pr(π) = Γ′ be a discrete uniform lattice of PSp(n, 1) as above. If we put

R(Γ′) = {ρ′ ∈ Hom(Γ′,PSp(n, 1)) | ρ′ is a discrete faithful representation},

then by the well known Mostow rigidity, the orbit space R(Γ′)/ PSp(n, 1) is a single
point.

Let R(π, Sp(n, 1) · Sp(1)) be the set of discrete faithful representations
into Sp(n, 1) · Sp(1). Then it is easy to see that the set of discrete faithful represen-
tations R(π, PSp(n + 1, 1))/PSp(n + 1, 1) is in one-to-one correspondence with
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R(π, Sp(n, 1) · Sp(1))/Sp(n, 1) · Sp(1). (Compare [22].) As there is the fibration:

Hom(π, Sp(1))/Sp(1)−→Hom(π, Sp(n, 1) · Sp(1))/Sp(n, 1) · Sp(1)
−→Hom(Γ′,PSp(n, 1))/PSp(n, 1),

it follows that

Hom(π, Sp(1))/Sp(1) ≈ R(π, Sp(n, 1) · Sp(1))/Sp(n, 1) · Sp(1).

R = R(π, PSp(n + 1, 1)) ≈ PSp(n + 1, 1) × Hom(π, Sp(1))/Sp(1). From Lemma 1.2
[17], note that R is a closed subset in Hom(π, PSp(n + 1, 1)).

Corollary 35. The set of Fuchsian representations is a component of
Hom(π, PSp(n+1, 1)). Moreover, the set of Fuchsian representations is diffeomorphic
to the space PSp(n + 1, 1)×Hom(π, Sp(1))/Sp(1).

Proof. Since S(−1) = F ≈ PSp(n + 1, 1) × Hom(π, Sp(1))/Sp(1), S(−1) is a
closed connected subspace in Hom(π, PSp(n + 1, 1)). Let C(−1) be the connected
component of Hom(π, PSp(n + 1, 1)) containing S(−1). If C(−1) − S(−1) 6= ∅, then
there is a sequence {ρi} such that lim

i→∞
ρi = ρ ∈ S(−1). Since Hom(π, PSp(n+1, 1)) =

S(0,∞)∪S(−1), each ρi is amenable. Suppose that each ρi(π) stabilizes a point {∞i}.
Passing to a subsequence, let lim

i→∞
∞i = ∞ ∈ S4n+3. Then for every γ ∈ π,

ρ(γ)(∞) = lim
i→∞

ρi(γ)(∞i) = lim
i→∞

∞i = ∞,

which contradicts that ρ is non-amenable.
Let hol : T (M0) → Hom(π, PSp(n + 1, 1))/PSp(n + 1, 1) be the map as before.

We obtain the following from Corollary 33 and 35.

Theorem 36. The map hol maps T (M0) homeomorphically onto a connected
component diffeomorphic to Hom(π, Sp(1))/Sp(1).
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