
ASIAN J. MATH. c© 1999 International Press
Vol. 3, No. 3, pp. 677–688, September 1999 006

ABELIAN SURFACES WITH LEVEL
√

5 STRUCTURE∗

J. MANOHARMAYUM†

In this article, we study abelian surfaces with real multiplication by the ring of
integers of Q(

√
5). The

√
5 division points on such an abelian surface will give a

representation of the absolute Galois group into GL2(F5).
Suppose W is an F5 vector space scheme of dimension 2, defined over Q, together

with an alternating non-degenerate pairing W ×W −→ µµµ5. This is just the same as
saying that we are given a two dimensional Galois representation of Gal(Q̄/Q) into
GL2(F5) together with an alternating non-degenerate pairing on the underlying two
dimensional vector space, and the determinant of the representation is equal to the
cyclotomic character. We fix a splitting field of x2 − 5 over Q, a root δ of x2 − 5 in
our splitting field, and set O = Z(η) where η = (1 + δ)/2. For an abelian variety A,
we denote its dual by A∨.

By an HB (short for Hilbert-Blumenthal) principally polarised abelian surface
over a field K of characteristic 0, we shall mean a triple (A, λ, i)/K where

• A is an abelian surface defined over K,
• λ : A −→ A∨ is a principal polarisation defined over K, and
• i : O −→ EndK(A) is an injective homomorphism of rings such that the image

is fixed under the Rosati involution. In other words, we have i(x)∨◦λ = λ◦i(x)
for any x ∈ O.

Often, we shall simply abbreviate this to A has real multiplication.
From the general theory of abelian varieties and their duals, we have a non-

degenerate pairing between A[δ] and A∨[δ∨] for any triple (A, λ, i)/K as above. We
can thus define a Weil pairing on A[δ] by using λ and the condition i satisfies (see
[SB-T]). Using this, we can define a ‘level

√
5 structure’ on such a triple.

More specifically, by an abelian surface with level W structure, we shall mean a
4−tuple (A, λ, i, α)/K where

• (A, λ, i)/K is an HB principally polarised abelian surface, and
• α : W −→ A[δ] is an isomorphism of symplectic spaces. That is, under α, the

pairing on W goes to the Weil pairing on A[δ].
We shall be looking at the moduli space of such 4-tuples over fields of characteristic

zero. Because the coarse moduli space exists, we need to check that our objects have
no non trivial automorphisms. We can then complete the resulting fine moduli scheme
by adding cusps to get a projective surface over Q, which we denote by X(W), or
simply by X. The resulting surface has six singular points corresponding to the cusps
. Resolving singularities over Q (see [Chai]), we get a smooth projective surface which
we denote by X(W), or simply by X. We shall show the following:

Theorem A. LetW be a F5 vector space scheme of dimension two overQ together
with a non-degenerate alternating pairing to µµµ5. Then X(W) is birationally equivalent
to the projective plane P2 over Q.

Now let A be an abelian surface over K with real multiplication by O. Let I be a
non trivial ideal of O. We write A[I] = {a ∈ A(K̄) : i(x)(a) = 0 for all x ∈ I}. Here,
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A(K̄) is the set of geometric points of A. Gal(K̄/K) acts on A[I] thus giving rise to
a representation of the Galois group with coefficients in some ring. Note that, as O
is a Principal Ideal Domain, I = (a) for some a ∈ O and A[I] is precisely the kernel
of the ‘multiplication by a’ map. When a ∈ Z, we get a representation of Gal(K̄/K)
into GL4(Z/aZ). (We are of course assuming that the characteristic of K is zero).
We write ρ̄A,I for the representation we get from A[I] for an ideal I of O.

For a prime p, we write Dp for a decomposition group at p.
Using Theorem A, we shall show the following result:

Theorem B. Let ρ̄ : Gal(Q̄/Q) −→ GL2(F5) be a representation of the absolute
Galois group of Q with determinant equal to the cyclotomic character. Let Σ be a
finite set of finite primes. Assume that for each p ∈ Σ, we are given an HB principally
polarised abelian surface (Ap, λp, ip) defined over Qp such that ρ̄|Dp

∼ ρ̄Ap,
√

5. Fur-
ther, assume that ρ̄|Dp

is reducible and decomposable for all but at most one prime
in Σ. Fix a non trivial ideal I of O.

Then there are infinitely many HB principally polarised abelian surfaces (A, λ, i)
over Q such that

• a) ρ̄A,
√

5 ∼ ρ̄
• b) ρ̄A,I |Dp ∼ ρ̄Ap,I for all p ∈ Σ.

We give another formulation of the above theorem:

Theorem C. Let ρ̄ : Gal(Q̄/Q) −→ GL2(F5) be a representation of the absolute
Galois group of Q with determinant equal to the cyclotomic character. Assume that
W is a given F5 vector space scheme of dimension two over Q together with a non-
degenerate alternating pairing to µµµ5 which induces the representation ρ̄. Let Σ be
a finite set of finite primes, and assume that for each p ∈ Σ, we are given an HB
principally polarised abelian surface (Ap, λp, ip) defined over Qp such that Ap[

√
5] is

isomorphic, as sympletic spaces, to W/Qp
. Fix a non trivial ideal I of O.

Then there are infinitely many HB principally polarised abelian surfaces (A, λ, i)
over Q such that

• a) A[
√

5] is isomorphic to W, and
• b) ρ̄A,I |Dp ∼ ρ̄Ap,I for all p ∈ Σ.

I would like to thank F. Diamond, J. Nekovář and N. I. Shepherd-Barron for
many helpful discussions.

Throughout this article, all fields, unless mentioned otherwise, are of character-
istic zero. All schemes are assumed to be defined over Q.

1. The associated moduli space. We fix W, a two dimensional F5 vector
space scheme over Q together with a pairing W ×W −→ µµµ5 where µµµ5 is the kernel
of multiplication by 5 on the multiplicative group scheme Gm. Given such a pair,
we shall denote, for i ∈ (Z/5Z)×, the pair consisting of W and pairing given by the
composite W ×W −→ µµµ5 −→ µµµ5 where the last map is ‘raising to the i-th power’ by
W(i).

We write
√

5 for δ in this section.
Strictly speaking, we need to look at abelian surfaces over a general scheme (de-

fined over SpecQ) with real multiplication in order to define our moduli space. For
details, see [vdGeer] or [Falt-Ch]. But to check that such an object has no non trivial
automorphism, we only need to check it for abelian surfaces over a field.
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Propostion 1.1. Let (A, λ, i, α)K be the 4-tuple over K where (A, λ, i)K is
an abelian surface with real multiplication over K and α : W −→ A[

√
5] is an iso-

morphism which sends the given pairing on W to the Weil pairing on A[
√

5]. Then
(A, λ, i, α)K has no non trivial automorphism.

Proof. Let θ be an automorphism of (A, λ, i, α)K . We first show that θ5 is the
identity. To see this, note that we have the following exact sequence:

0 −→ ker(
√

5) −→ A[5]
√

5−→ ker(
√

5) −→ 0 .

Thus with respect to a suitable choice of basis for the Tate module T5(A), we can
write θ, modulo 5, as the matrix




1 0 ∗ ∗
0 1 ∗ ∗
0 0 1 0
0 0 0 1


 .

Thus θ5 acts as the identity on A[5], and hence from this, we conclude that θ5 is the
identity. (See, for example, [Mil].)

The Tate module T(
√

5)(A) defn= lim←−A[
√

5
n
] comes with an action of lim←−O/(

√
5)n.

Since the Tate module is torsion free, T(
√

5)(A) is a free Z5(
√

5) module of rank 2.
Since θ commutes with

√
5, we can view, with respect to a choice of basis, θ as an

element of GL2(Z5(
√

5)) whose reduction modulo
√

5 is the identity. Further, recall
that the map

End(A) −→ End(Tp(A))

is injective for any prime p different from the characteristic of K.
We are thus led to the following: let B ∈ GL2(Z5(

√
5)) be such that B ≡(

1 0
0 1

)
(mod

√
5) and B5 = Identity. Then B is the identity.

To see this, assume that B is not the identity. We can write B = I +
√

5
n
C where

n ≥ 1 and C is not divisible by
√

5. Then

B5 = I + 5
√

5
n
C + 10

√
5
2n

C2 + 10
√

5
3n

C3 + 5
√

5
4n

C4 +
√

5
5n

C5 .

We get a contradiction by taking valuations, thus showing the above statement.

We thus have the following
Corollary 1.2. The fine moduli space of 4-tuples (A, λ, i, α) exists.

Notation. We denote by Y (W) the resulting fine moduli space.
Y (W) is defined over Q. As mentioned in the beginning, there is a natural

completion of Y (W) over Q giving a projective surface X(W) over Q. The resolution
of singularities is denoted by X(W). We note that X(W) is a smooth projective surface
defined over Q.

Since we have a fine moduli space, there is a universal abelian surface with real
multiplication and level structure given by W. We write A(W)univ for the universal
abelian surface. Thus given a Q scheme S and an abelian surface A/S with real
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multiplication and level structure given by W, there are unique morphisms S →
Y (W), A → A(W)univ such that the following diagram is cartesian:

A −→ A(W)univ

↓ ↓
S −→ Y (W)

2. Complex points of the moduli space and a Galois involution. We
refer to [vdGeer-Hi] for details.

In this and the next section, we let K be the fixed splitting field of x2 − 5 over
Q, and denote by O its ring of integers. Recall that δ is a fixed root of x2 − 5 in K.
Recall that O is a Principal Ideal Domain (in fact a Euclidean Domain).

Set H = {z ∈ C such that Im(z) > 0}, the complex upper half plane. We denote
by Γ(δ) the principal congruence subgroup of level δ. That is

Γ(δ) = {A ∈ SL2(O) : A ≡
(

1 0
0 1

)
(mod δ)}.

Often, we shall just write Γ in place of Γ(δ).
We denote the Galois involution of O by ′. This gives us an involution on GL2(K).

We will write ′ for the involution on GL2(K) as well. An element of GL2(K) is said
to be totally positive if the determinant of the element is positive for any embedding
of K in to R. We write GL+

2 (K) for the subgroup of totally positive elements.
If we fix an embedding of K into R, and hence an identification of K with Q(

√
5),

the totally positive elements of GL2(K) act on the complex upper half plane H as lin-
ear fractional transformations. We write the action as Aτ for A ∈ GL+

2 (Q(
√

5)), τ ∈
H. We have the standard extension of this action to the product of two copies of the
upper half plane:

A(τ1, τ2) = (Aτ1, A
′τ2) for A ∈ GL+

2 (Q(
√

5)), (τ1, τ2) ∈ H× H.

We now describe how we can think of Γ�H × H as the complex points of our
moduli space. We have to produce, for each (τ1, τ2) ∈ H× H, a principally polarised
abelian variety with real multiplication and distinguished basis for the vector space
of
√

5 division points.
We first define an alternating, non-degenerate integral form on O⊕O as follows:

E : O ⊕O × O ⊕O −→ Z by
E((α1, β1), (α2, β2)) = traceK/Q(α1β2 − α2β1)/δ

.

We fix the basis ( 1
δ , 0), (0, 1

δ ) for 1
δ (O ⊕O)/O ⊕O.

Now fix, once and for all, an embedding of K which sends δ to the positive square
root of 5 in R.

To each (τ1, τ2) ∈ H× H , we associate the lattice

Λ(τ1, τ2) = {(ατ1 + β , α′τ2 + β′) : (α, β) ∈ O ⊕O} .

We write E(τ1, τ2) for the pairing on Λ(τ1, τ2) gotten from E by transport of structure.
Set

A(τ1, τ2)
defn= C2/Λ(τ1, τ2).
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The pairing E(τ1, τ2) extends to give the complex torus A(τ1, τ2) the structure of
an abelian surface with principal polarisation gotten from E(τ1, τ2). The embedding
of O into End(A(τ1, τ2)) is then given by multiplication component wise along with
Galois conjugation: α(z1, z2) = (αz1, α

′z2) for α ∈ O. Finally a
√

5 level structure is
given by the basis for

√
5-division points

{(
1
δ
,−1

δ

)
,

(τ1

δ
,−τ2

δ

)}
,

where now we have identified δ with
√

5.
With this description, the complex points of Y (W) are identified with Γ�H×H.
The complex points of the compactification also can be interpreted as obtained

by adding cusps to Γ�H × H. This comes from consideration of the action of Γ on
P1(Q(

√
5)). There are six cusps in our case. All of these can be found in [vdGeer]

and [vdGeer-Hi].
On Γ�H × H, there is an involution defined by switching the two factors of

H × H. (See [vdGeer].) Our aim is to define, over Q, an involution on Y (W) which,
on complex points, corresponds to the involution given by transposition of the two
factors of H× H.

If we change the embedding of O in to the endomorphism ring by the Galois
involution on O, then this corresponds to making an identification of δ with −√5.
Thus the basis for

√
5 division points becomes

{(
− 1√

5
, 1√

5

)
,
(
− τ1√

5
, τ2√

5

)}
.

There is an isomorphism A(τ1, τ2)
∼−→ A(τ2, τ1) gotten from transposing the two

factors of C×C. We denote this map by †. Thus on the lattices Λ(τ1, τ2), Λ(τ2, τ1), we

have (ατ1 + β, α′τ2 + β′)
†−→ (α′τ2 + β′, ατ1 + β) . To ease notation, we shall identify

(α, β) with (ατ1 + β, α′τ2 + β′). Then our map is just (α, β)† = (α′, β′).
We now look at how the embedding of O into EndA changes. Let α ∈ O

and let (z1, z2) ∈ A(τ1, τ2). We continue writing † for the resulting isomorphism
EndA(τ1, τ2) −→ EndA(τ2, τ1) . It follows easily that α†(z1, z2) = (α′z1, αz2).

Thus as principally polarised abelian surfaces with real multiplication, A(τ2, τ1)
(with real multiplication as constructed) is the same as the principally polarised
abelian surface A(τ1, τ2) but with real multiplication given by Galois conjugation
of the standard one.

Finally, we need to see how the level structure changes under †. Under †, we have
(

1√
5
,− 1√

5

)
−→

(
− 1√

5
,

1√
5

)
,

(
− τ1√

5
,

τ2√
5

)
−→

(
τ2√
5
,− τ1√

5

)
.

We are now ready to define our involution.
Definition 2.1. For a morphism φ : O −→ R with R a ring (with unit), we

define φ′ to be the composite

O
′
−→ O φ−→ R,

where ′ is the Galois involution on O.
Definition 2.2. We define the involution † on Y (W) by its action on 4-tuples:

(A, λ, i, α)†
defn
= (A, λ, i′, α).
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We observe † is defined over Q. It further extends to an involution, again defined
over Q on X(W) and X(W).

And, of course, we have already checked

Proposition 2.3. On Γ(
√

5)�H × H the involution † is the one we have been
using. That is, we have Γ(

√
5)(τ1, τ2)† = Γ(

√
5)(τ2, τ1).

Remark. We could have equally well defined † by

(A, λ, i, α) −→ (A, λ, i′,−α).

To see that they give the same involution, simply apply multiplication by −1 on A.

We have the following result:
Proposition 2.4. The fixed points of † on X(W) lie on a geometrically rational

and geometrically irreducible curve.

The proof is a direct consequence of the above Proposition and the description of
fixed points over C (see [vdGeer] or [Hirz]).

Definition 2.5. We define the diagonal of X(W) to be the fixed points of the
involution † on X(W). We shall denote it by D(W), or by D if the context is clear.

3. Rationality of the diagonal. As usual, W is our fixed vector space scheme
over Q with a fixed alternating, non-degenerate pairing in to µµµ5 , and δ is a fixed root
of x2 − 5. The Galois involution is defined by

(A, λ, i, α) −→ (A, λ, i′, α).

D is the diagonal in X(W). Our aim is to show the following result:

Theorem 3.1. The diagonal D is rational over Q. That is, D is isomorphic to
P1 over Q.

We know (from [Hirz] for example) that D is indeed isomorphic to P1 if we go up
to an algebraic closure of Q.

First we show the following lemma:
Lemma 3.2. (A, λ, i, α) is fixed by † if and only if there exists an endomorphism

u : A −→ A with the following properties:
• a) ut = u where t is the Rosati involution given by λ,
• b) u2 is the identity,
• c) u ◦ δ = −δ ◦ u, and
• d) u restricted to A[δ] is the identity.

Such an endomorphism is unique.

Proof. Note that a morphism θ : A −→ A is a morphism of polarised abelian
varieties if and only if λ = θ∨ ◦ λ ◦ θ.

Suppose now that (A, λ, i, α) is fixed by †. Then, by definition, there is an
endomorphism u satisfying (c). As it is a morphism of polarised abelian varieties, we
must have ut ◦ u equal to the identity morphism. Note that u2 is an automorphism
of (A, λ, i, α). So (b) holds, and then (a) follows from this.
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For the reverse implication, simply note that (a) and (b) implies that u is indeed
a morphism of polarised abelian varieties.

To prove uniqueness, let u1 and u2 be two endomorphisms having the four prop-
erties. We then have (u1 ◦ u2) ◦ (u1 ◦ u2)t = u1 ◦ u2 ◦ ut

2 ◦ ut
1 – which is the identity.

Further, we have (u1 ◦ u2) ◦ δ = −u1 ◦ δ ◦ u2 = δ ◦ (u1 ◦ u2). Hence u1 ◦ u2 is an
automorphism of (A, λ, i, α), and hence it is the identity. Thus we have u1 = u2.

We can thus think of the diagonal as the moduli space for 5-tuples (A, λ, i, α, u)
where u is an endomorphism satisfying the four conditions of the lemma above.

Lemma 3.3. For (A, λ, i, α, u), the morphism

A −→ Image(1 + u)× Image(1− u)

is an isogeny with kernel contained in A[2]. Each factor of the product on the right
hand side is an elliptic curve.

Proof. We work over C. Take the abelian surface corresponding to the point

(τ, τ) ∈ H× H. u, as an endomorphism of C× C, is simply the matrix
(

0 −1
−1 0

)
.

The morphism 1 + u then corresponds to the map

C× C −→ C
(z1, z2) −→ z1 − z2

Under this, Λ(τ, τ) goes to the lattice Z
√

5τ + Z
√

5.
The morphism 1− u corresponds to the map

C× C −→ C
(z1, z2) −→ z1 + z2

Under this, Λ(τ, τ) goes to the lattice Zτ + Z.
The lemma then follows.

Lemma 3.4. Under 1 + u, A[δ] goes to the subgroup scheme of 5 division points
of the elliptic curve Image(1 + u).

Proof. Follows again from looking at the corresponding problem over C.

Proof of Theorem. The previous lemma will give us a morphism if we know a bit
more about the pairing on the images. Applying the lemma to the pull back of the
universal abelian surface over D, we see that we get a rational map, defined over Q,
from D to the modular elliptic curve X(W(i)) for some i. Since both the curves are
smooth, the rational map extends to a morphism. On complex points, this morphism
is clearly injective. Hence it is an isomorphism. The result then follows from the
fact that the modular elliptic curve X(W(i)) is isomorphic over Q to P1 (this can be
shown in exactly the same way as Theorem 1.2 of [SB-T]).

4. Geometrically rational surfaces over fields of characteristic zero. Let
k be a field of characteristic zero. By a surface S over k, we shall mean an integral,
geometrically irreducible projective scheme of dimension 2 over k. We denote the
canonical sheaf of S by ωS , or simply by ω. We write KS for a divisor in the class of
the canonical sheaf of a smooth surface S. Again we simply write K for such a divisor
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when the context is clear. A divisor D on S gives rise to an invertible sheaf (see
[Hart]), which we denote by L(D). We have, for example, an isomorphism between
L(D)−1 and L(−D). Following the notation of [Hart], we write

l(D) = dimkH0(S, L(D)), s(D) = dimkH1(S, L(D)).

Definition 4.1. We say that a surface S defined over k is rational, or birationally
trivial if there exists a birational map

φ : S −− −→ P2

defined over k. We say that S is geometrically rational if S/k̄ is rational.

We shall be using the following classical result of Noether and Enriques:

(Enriques-Noether) Assume that k is algebraically closed. Let S be a surface,
p : S −→ C a morphism from S to a smooth curve C. Suppose we are given a point
x ∈ C such that p is smooth at x and the fibre at x is isomorphic to P1. Then there
exists a Zariski open U ⊂ C with x ∈ U such that p−1U is isomorphic to U ×P1 over
U . In other words, there is an isomorphism p−1U

ψ−→ U × P1 such that ψ ◦ π = p|U
where π : U × P1 −→ U is the projection.

For a proof, see Chapter III of [Beau].

We now prove a result for checking birational triviality of geometrically rational
surfaces.

Theorem 4.2. Let S be a smooth, projective, geometrically rational surface over
k. Let C be a curve in S which is isomorphic to P1 over k. Assume that C2 = 0 and
that there exists a smooth curve H in S, defined over k, with C.H = 1. Then S is
birationally trivial.

Proof. First note, using birational invariance of the geometric and arithmetic
genus, that we have pa(S) = pg(S) = 0. We claim that l(C) = dimkH0(S, L(C)) ≥ 2.

To prove the claim, we note, by the adjunction formula, C.KS = −2. Thus by
Riemann-Roch, we have l(C)− s(C) + l(K − C) = 2. Obviously, for a function f on
S, (f) + K − C ≥ 0 implies (f) + K ≥ 0. Since pg = 0, we get l(K − C) = 0.
Finally, since s(C) ≥ 0, we get l(C) ≥ 2.

Hence we can find a non constant function g on S, defined over k, such that
(g) + C ≥ 0. In other words, (g) = D − C with D effective. The linear system
given by D, C has no base points. For if it did, then we would have, by invariance
of intersection numbers under rational equivalence, 0 = C.C = C.D > 0. Hence g
defines a non constant morphism, over k, from S to P1. We write π for this morphism
π : S −→ P1

k. Without loss of generality, we may assume that the fibre at (0 : 1) is
C.

By generic smoothness (see corollary 10.7, Chapter III of [Hart]), there is a
non empty open subset U of P1, defined over k, such that the restriction π|π−1U :
π−1U −→ U is smooth. (The result in [Hart] is over an algebraically closed field,
but we can then take intersection of the Galois conjugates as there are only finitely
many of them.)
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We claim that we can assume (0 : 1) ∈ U .
To see this, let V = U ∪ {(0 : 1)}. Consider π|π−1V : π−1V −→ V . The

restriction is certainly a proper morphism. The restriction π|π−1V is seen to be flat
by checking dimension on each closed fibre. (See corollary to Theorem 23.1 of [Mats]).
This further implies that π|π−1V is smooth (Theorem 10.2, Chapter III in [Hart]).

By the theorem of Enriques-Noether, we can assume π−1V/k̄ is isomorphic to
Vk̄ × P1

k̄
over Vk̄.

Hence we can conclude that the generic fibre of π is a smooth projective curve of
genus 0. We need to show that this is in fact P1, and for this we need to produce a
section for π. We now show that H gives rise to a section.

For this, we show that π|H : H −→ P1 is an isomorphism. This morphism is
non constant as C.H = 1. Now let z be a geometric point in V . Since intersection
numbers are unchanged under algebraic equivalence, we see that π−1z.H = C.H = 1.
Hence H intersects such a geometric fibre at exactly one point. Thus π|H is of degree
1, and so an isomorphism.

Corollary 4.3. Let S be a smooth, projective, geometrically rational surface
over k, and let C be a smooth curve in S such that C is isomorphic to P1 over k.
Suppose C2 ≥ 1. Then S is birationally trivial.

Proof. We first do the case C2 = 1. Let P be a k-rational point of S lying in
C. Let S̃ be the blow up of S at P . We write σP for the corresponding birational
morphism σP : S̃ −→ S. Denote by C̃ the strict transform of C.

Then C̃ is isomorphic to P1 over k as C is smooth at P . Writing E for the
corresponding exceptional curve (i.e. σ−1

P (P )), we have E
∼−→/k P1, E2 = −1 ,

E.C̃ = 1 (as C is smooth at P ). Further, σ∗P (C) = C̃ + E. Hence we have

1 = C2

= σ∗P (C).σ∗P (C)

= (C̃ + E)(C̃ + E)

= C̃2 + 2− 1.

Thus C̃2 = 0, and the result in this case follows by applying the above theorem to S̃.
In the general case, we note that the strict transform of C under blowing up at

a k-rational point on the curve has self intersection C2 − 1, and is still isomorphic to
P1 over k. The result then follows by induction.

5. Proof of Theorem A. We now write X in place of X(W), X in place of
X(W) and Y in place of Y (W). Recall that we have the diagonal D on X. By
Theorem 3.1, we know that D is isomorphic to P1 over Q.

Write K for a divisor in the class of the canonical sheaf ωX. It is shown in [Hirz]
(see the statement numerated as (12) and the paragraph preceeding that in [Hirz])
that −K.D = 4. By the Adjunction Formula, we have −2 = D(K + D) = −4 + D2,
and hence D2 = 2.

From the classification of Hilbert modular surfaces (see [vdGeer]), we know that
X is geometrically rational. Theorem A then follows directly from Corollary 4.3.

6. Analogue of a result of Hirzebruch. We now describe the structure of
our surfaces X(W) and X over Q as a double cover of P2 ramified along a rational
curve with prescribed singularities. All of this is done in [Hirz]. Our result follows
from observing that most of the arguments there are valid over Q as well.
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Proposition 6.1. Let K be a divisor in the class of the canonical sheaf ωX.
Then we have K2 = −4.

Proof. This is already contained in [Hirz]. The volume of Γ(
√

5)�H×H is shown
to be 4. The six singularities of X are resolved by cycles of type (−3,−3). The value
of K2 then follows from the formula in chapter 4 of [vdGeer].

The surface X has singularities at geometric points corresponding to the six cusps
of Γ(

√
5). We have the following commutative diagram:

X(W) −→ X(W)
↓ ↓

X(W)/† −→ X(W)/†
,

where † is the Galois involution defined in section 2.
The action of † on the cycles given by resolution of singularities is described in

[Hirz]. Hirzebruch shows that the image of each cycle in X(
√

5,W)/† is an exceptional
curve of the first kind, i.e. a smooth rational curve with self intersection −1. Further,
each of the resulting exceptional curves meets the image of the diagonal D tangentially
at two distinct points. Let us call the six exceptional curves Ei. The divisor

E = H1 + H2 + H3 + H4 + H5 + H6

is defined over Q, and we have Hi.Hj = −δi,j . Thus we can blow down the divisor
E. The blow down is naturally identified with X/†. From [Hirz], we see that X/†

is a smooth surface whose canonical divisor has self intersection 9, and hence it is
a Severi-Brauer variety, i.e. a surface which is isomorphic to P2 over the algebraic
closure. Since the image of D(W) is rational over Q, X/† contains a geometric point
defined over Q and hence it is isomorphic to P2 over Q.

The images of Hi, i = 1, . . . 6, give us six points in P2 which correspond to the
images of the six singular points of X. The collection of these six points is defined
over Q. The image of D in P2 is a rational curve passing through these six points.
From [Hirz], we see that the degree of the image is 10.

Write C for the image of D(W) in P2. Using the fact that P2 is the blow down
along Hi, or from [Hirz] directly, we see that C is smooth except at the points corre-
sponding to the singular points of X and it has double cusps as singularities there.

Hence we have the following rational analogue of Hirzebruch’s theorem:

Theorem 6.2. The quotient X(
√

5,W)/† of X(
√

5,W) under the involution † is
isomorphic, over Q, to P2. Under this isomorphism, the singular points of X give a
collection of six points defined over Q. There is a rational curve C over Q of degree
10 whose singularities are at the six points and which has double cusps as singularities
there. C corresponds to the image of the diagonal D(W). Under these identifications,
X is a double cover of P2 ramified along C.

7. Proof of Theorem B and and Theorem C. Recall that for W, we have
defined, in section 1, its twists W(i) where i ∈ (Z/5Z)×. For each twist, we have a
fine moduli space Y (W(i)) which we shall shorten to Y (i). We shall write Y instead
of Y (1) = Y (W). For each Y (i), we have a universal abelian surface A(i)univ with
real multiplication together with the right level structure.

Lemma 7.1. Let (A, λ, i)k be an abelian surface with real multiplication. Suppose
ρA,

√
5 : Gal(k̄/k) −→ Gl2(F5) is reducible and decomposable. Write W for the vector
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space scheme given by
√

5 division points together with the Weil pairing induced by λ.
Then for each i ∈ (Z/5Z)×, there are isomorphisms α(i) : W(i) −→ A[

√
5] such that

the diagram

(A, λ, i, α(i)) −→ A(i)univ

↓ ↓
Spec(k) −→ Y (i)/k

is cartesian.
In other words, there are k-rational points xi on Y (i)/k such that (A, λ, i, α(i)) is

the fibre at xi of A(i)univ −→ Y (i)/k.

Proof. We only need to note that in this case, we can write

W ∼−→ V1 ⊕ V2

where V1 and V2 are one dimensional F5 vector space schemes over k. We can thus
change the embedding by multiplying, say, on the second factor.

Lemma 7.2. Let k be a finite extension of Qp, and let X be a geometrically
irreducible scheme of finite type over k. Suppose Z is a Zariski closed subscheme
(with reduced induced structure) such that X − Z is dense. Let U be a non-empty
open admissible set in Xan. Then U − Zan is non-empty. (Here Xan is the rigid
analytic space associated to X.)

Proof. Without loss of generality, we can assume k = Cp, and that X is affine. We
need to show the following statement: let z ∈ Zan and let U be an open neighbourhood
of z. Then U ∩ (X − Z)an is non-empty.

This follows because the dimension of z in Xan is equal to the Krull dimension
of X as X is reduced (see chapter 7 of [BGR]). If U ⊂ Zan, this dimension would also
be the Krull dimension of Z– giving a contradiction.

We shall use the following result. The result is Theorem 5.1 of [Kis1] (see also
[Kis2]), and we use the same notations as in [Kis1] in our statement.

Local constancy. Let F be a field of charcteristic zero, complete with respect
to a non-archimedean valuation and residue charcteristic positive. Suppose X is a
rigid space over F , and let L be a local system on X which is given by a locally
constant finite etale sheaf on X .

For a rational point z of X , write ρz for the corresponding representation of
Gal(F̄ /F ).

Then for any rational point x of X , there is a neighbourhood U of x such that for
any rational point y in U the representations ρx and ρy are equivalent.

By Theorem A, we know that there are Zariski open subsets of Y (i) which are
isomorphic to Zariski open, dense subsets of A2. Throughout this section, we fix such
an open subset for each Y (i), which we denote by U(i). We shall write U in place of
U(1) when W is understood. We write the pull back of the universal abelian surface
A(i)univ as A(i)U(i). And, of course, AU is understood to be the case of i = 1.

We now turn to the proof of Theorem B.
Recall that we are given
• A representation ρ̄ : Gal(Q/Q) −→ GL2(F5) with determinant the cyclotomic

character.
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• Σ a finite set of finite primes such that for each p ∈ Σ, we have:
a) an abelian surface with real multiplication (Ap, λp, ip) defined over Qp

b) an equivalence of Galois representations ρ̄|Dp ∼ ρ̄Ap,
√

5

c) ρ̄|Dp
is reducible and decomposable for all but one prime p in Σ.

By lemma 7.1 above, we can thus assume that there is a symplectic F5 vector
space scheme W of dimension 2 over Q such that each abelian surface (Ap, λp, ip) lies
on Y/Qp

.
We are interested in the mod I representations ρ̄Ap,I . The mod I representations

arise from the etale covering of Auniv obtained by taking kernel of I. By Local
constancy and lemma 7.2 , we can therefore assume that the (Ap, λp, ip)’s are from
Qp-rational points of U/Qp

. Identifying U with the Zariski dense, open subset of A2
Q,

we get
• points (ap, bp) in UQp

corresponding to (Ap, λp, ip)
• an εp > 0 such that for each (xp, yp) inQ2

p with max{|xp−ap|p, |yp−bp|p} ≤ εp,
(xp, yp) ∈ UQp(Qp) and the abelian surface given by the fibre at (xp, yp) has
the same (equivalent) mod I representation as ρ̄Ap,I .

By the weak approximation theorem, we can find infinitely many (x, y) ∈ U(Q)
such that max{ |x− ap|p, |y − bp|p} ≤ εp for all p ∈ Σ. Taking fibres at such points
(x, y) then completes the proof of Theorem B.

Note that the same argument works for Theorem C: in fact, under the hypotheses
of Theorem C, all the given abelian surfaces are points on one single component
(determined by W).
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