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A PALEY-WIENER THEOREM FOR
THE ANALYTIC WAVE FRONT SET*

JAN BOMANT AND LARS HORMANDER#?

1. Introduction. Let u be a hyperfunction with compact support in R™ and
let i3 be the indicator function of its Fourier-Laplace transform ,

(L) aQ) =u(e™ ), ¢e T ial(¢) = Tm T logla(td)|/t, ¢ € C".
{ogtmtoo

(One can think of u as an analytic functional supported by a compact set in R"; in
particular u could be a distribution in £'(R™).) We recall that i is plurisubharmonic
and positively homogeneous of degree 1. By an extension of the Paley-Wiener theorem

(1.2) ia(¢) < H(Im (),
where H is the supporting function of (the convex hull of) supp u,
(1.3) H(n)= sup (xz,n),

TESUPp u

and there is equality in (1.2) on CR" = {z§;z € C,£ € R"}. Since i; is convex on
every complex line through the origin we have

(1.2) —H(—TIm¢) < i4(¢) < H(Im(),

and in particular i3 vanishes in R™.

By Theorem 2.3.1 of Sigurdsson [6], if £&,n € R™ \ {0}, then i5(& +in) = H(n)
if and only if (x,&) € WF4(u) for some x € R™ with (x,n) = H(n), that is, there is
an analytic singularity of u with frequency £ in the supporting plane of supp u with
exterior conormal 7. In this paper we shall prove that one can in fact determine the
convex hull of W F4(u) for fixed frequency by means of the asymptotic behavior of ig
at R™ and obtain Sigurdsson’s theorem as a corollary. Let H¢ denote the supporting
function of the fiber of WF4(u) for the frequency &,

(1.4) He(n) = sup{(z,n); (x,§) € WFa(u)}, &neR", £#0.

That W F4(u) is closed means that He(n) is upper semicontinuous in (§,7). Our main
result is:

THEOREM 1.1. If u is a hyperfunction with compact support in R™ and ig is the
indicator function of the Fourier-Laplace transform a, then

(1.5) He(n) = lim lim sup iq(+itn)/t
0240110 |E—¢|<s
= Tm g +itg)/t= Tm  dg(E+iti)/t,
t—+40,6—¢ t—40,£—¢£,1—n
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758 J. BOMAN AND L. HORMANDER

where He(n) is the supporting function for WFa(u) defined by (1.4), and £, € R”,
€0

Theorem 1.1 will be proved in Section 2. Here is a simple example:

Ezxample. Let x be the characteristic function for the unit ball in R™ and set
u = x + 04, where a € R™. Since the indicator function for x is ¢ — |Im+/{(¢, ()| (see
e.g. [6, p. 278]), it follows easily that
ia(C) = max{|Im \/(¢, ()|, {a, Im () }.
For £ € R™\ {0} and n € R™ we have
1 1 ,
[T /(€ + it € + itn) | = | Tm V/[E]? + 2it(€, n) + O(12)] — |<€|£7|7>| ast— 0,

with uniform convergence for £ in compact subsets of R™\ {0} and 7 bounded. Hence
(1.5) gives

He(n) = max{[(¢,m)|/[&], (a,n)},

which is the supporting function of the set consisting of the three points +£/|¢| and
a, in agreement with (1.4).
The theorem of Sigurdsson [6] already mentioned follows easily from Theorem 1.1:

COROLLARY 1.2. If¢,n € R™\ {0} then igx(§+in) = H(n) if and only if He(n) =
H(n).

Proof. If i3(¢ + in) = H(n) then the nonpositive subharmonic function z +—
i(§ + zn) — ImzH(n) in the upper half plane of C vanishes identically since it
vanishes at i. Thus i3(§ + itn) = tH(n) for ¢ > 0, so He(n) > H(n) by (1.5). The
opposite inequality is obvious so He¢(n) = H(n). The proof that H¢(n) = H(n) implies
i5(§ +1in) = H(n) requires a small part of Lemma 3.2 so it will be postponed until the
end of Section 3.

By Theorem 3.1.4 of Sigurdsson [6], for every plurisubharmonic function p in
C™ which is positively homogeneous of degree 1 and vanishes in R", there exists
a distribution v € &'(R"™) such that p = i3. Hence (1.5) with iz replaced by p,
assigns to every such function p a supporting function H¢ depending on £ € R",
which corresponds to a closed conic set in T*(R™). It is in no way obvious that the
three definitions of H¢(n) in (1.5) are equivalent and give an upper semicontinuous
function. However, in Section 3 we shall give a direct proof which is applicable to
arbitrary plurisubharmonic functions ¢ in C" satisfying an analogue of (1.2),

(1.6) q(¢) <C|Im¢|, ¢e€C™ ¢(§) =0, {cR™

Although Theorem 1.1 allows one to determine the convex hull of {z;(x,&) €
W F4(u)}, which may be much smaller than the convex hull of supp u as in the example
above, it gives no non-trivial information on the analytic singular support of u. In
fact, in Section 4 we shall prove that

(1.7) U ch{z; (z,£) € WF4(u)} = chsuppu,
§#0

where ch denotes the convex hull. We are grateful to Michael Atiyah for a lemma on
vector fields on the sphere which is the main point in the proof.
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2. Proof of Theorem 1.1. Since it is obvious that

lm lim  sup ig(§+itn)/t < Tm  ig(E+itn)/t<  Tm  ig(€+iti)/t,
0=+04 270 1i—¢|<s t—+0,6—¢ t—40,E—€,7—1

it is sufficient to prove that

m  ia(§+ith)/t < He(n) < lim lim  sup ia(€ + itn)/t.
t—40,6—E,ii—n 0=+ 530 1E—¢ <o

Using the homogeneity of i; we can write these inequalities in the form

(2.1) lm g (ré + 7)) < He(n),
P00, E—
(2.2) He(n) < lim lim  sup ia(ré + in).

=0 r—too E-g|<s
To prove (2.1) we must show that if {,7 € R™ \ {0} and v > H¢(n) then there
are open neighborhoods V¢ and V;, of £ and 7 such that for some R
(2.3) ia(ré +i7) <~ when £ € Ve, 7€ V,, 7> R.
This will follow if we prove that there exist constants C). such that
(2.4) i
|1l()\(r§:+iﬁ))| = Ju(eMCM =T < CLe? when A >0, 7> R, £€ Ve, 1€ V.

To express the hypothesis on the analytic wave front set we shall use the Fourier-
Bros-Tagolnitzer (FBI) transform

(2.5) U\ y,0) = u(exp(=A(z| - —y* +i(-,6)))).
If K is a compact set and (x,n) > He(n), v € K, then (K x {{})NWF4(u) = 0, hence
(2:6) U9 < Cem, ifA>0, ye K, £V,

where ¢ > 0 and V¢ is an open bounded neighborhood of ¢. (Cf. [1, Theorem
9.6.3].) We shall estimate @(\(ré + i7)), that is, the action of u on the function
z — exp(Mz, 7)) —idr(z, £)), by expressing it in terms of the FBI transform using the
formula

(2.7) M@ — ()\T/%r)%ne_)\\;,p/gr/ e_%)‘rlz_y‘2+>\<y,ﬁ) dy.

which follows since [ e=Arly=2=a/r*/2 gy — (27 ) \r)n/2,
If K, =suppu+ {y € R";|y| < o} and p is sufficiently large, then

Hz—yl> > |fllyl +1 whenz € K;, y ¢ K,, thus
emsArle—ylP M) o eféme*%”'x*ylz, when z € Ky, y ¢ K,, 7> 2,
if || < 2|n|. For the entire analytic function
F(z) = (Ar/gﬂ)%neﬂ\lﬁﬁ/w/ e~ BAM(E=YZ—0)FNYA) gy
CK

e

we therefore obtain the estimate

(2.8) |F(z)] < 22me—2Artairlmzl® i Ro, e K.
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From (2.7) it follows that

ﬁ()\(r§+ i) = U(Fefir/\«,g)) + ()\T/Qﬂ—)%nefklﬁp/%' U, y,é)e)\(y,m dy.
KQ

Here |F(z)e~™ =8| < 23m¢~3% if Rez € K, and |Im z[|€] + |Tm 2|2 < 1. When
7+ 4y > 0 it follows that |u(Fe™ 8| < Ce.
Choose o with He (1) < 79 < 7y and let K be the compact set {y € K,; (y, 1) >0}

Since (K x {£}) N W F4(u) = () we can then apply (2.6) and obtain

Az

/ U(r,y, €)M dyl < Ce™, if re+ 7 > 2|n| sup |y|.
K yeK

For every 6 > 0 we have
U\, y,6)| < Cse®®,  when y € K,,.

Since (y,n) < vy in K, \ K we can choose a neighborhood V,, of i such that |7| < 2|n]
as above when 77 € V,, and in addition (y,7) < (y0+7)/2 when 7 € V;; and y € K,\ K.
Then we obtain

Az"

/ U(\r, y7g)€>\<y7ﬁ> dy| < Cge5>\(7"+1)+>\(70+7)/2 < C:S@Mv
YEK\K

if § = £(v —0)/(r + 1). This completes the proof of (2.4) and of (2.1).

To prove (2.2) assume that the right-hand side is smaller than T'. Then we can
find § > 0 and an unbounded set R C (1, 00) such that i (€ +in) < T when | —¢| < §
and r € R. By a classical theorem of Hartogs (see e.g. [2, Theorem 3.2.13] or (3.6) in
Lemma 3.1 below, with u(¢) =t~ log |a(t¢)|, K = {ré +in; |€ — €] < &}), it follows
that when r € R one can find A, such that

(2.9) la(\(ré +in))| < e, ifre R, |E—€ <6, A> A,

We must prove that He(n) < T, that is, that WFa(u) N {(y,&); (y,n) > T} =0. To
do so we shall estimate the FBI transform (2.5).
The hypothesis (2.9) can be written

(2.9) lix(Aré)| < e, ifre R, |€ ¢ <6, A> A, where uy = X"y,

We must prove that U(\,y,€) is exponentially decreasing when A — oo if (y,n) > T
and ¢ is sufficiently close to £. We have

U, y, &) = u(eM(-2l—ul=it.0))
which is the Fourier transform at Aré of uye™@ where
Q(z) = Mgrle = yl* + (z,m)) = gxrlz —y +n/r]* = Xnl?/2r + XMy, n).
Hence the absolute value of the Fourier transform of e~@ is

6 — (2m/ )2 exp(Aln|?/2r — My, n) — |6]%/27r),
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which gives
(2.10)
U, 5,6)] < (2mAr) /2 / [iin (A€ — 0) exp (Aln[2/2r — Ay, m) — [8]2/2r) db.

When |€ — €| < §/2 and r € R, A > A,., the integral for |§| < Ard/2 can be estimated

using (2.9)’, so this contribution to U(Ar,y, &) is bounded by

(2.11) exp (AT = (y,n) + [n[*/2r)).

If (yo,n) > I and r is sufficiently large, it is exponentially decreasing when A — 400,
uniformly for all ¥ in a compact neighborhood Vj, of yo. What remains is to estimate
the integral for |@| > Ard/2. To do so we note that

lix(0)| < Coemelfl g e R,

if K > sup{(y,n);y € supp u} and ¢ is an arbitrary positive number. For the remaining
part of the right-hand side of (2.10) we obtain the bound

(2.12)
(2mAr) /20, exp (A(k + elré — /N — (y,n) + |n|?/2r) — 0% /2Ar) df
|0]|>Ard/2
< ()\7"/271’)”/2056)‘17/ ekr(8|é—9\—\9|2/2) do, if r > 1; b= sup (K_ <y717> + ‘77|2/2)
10]>5/2 yevo

If e(4]€]/02 4+ 2/6) < 1/4 then €|¢ — 6] < |0|?/4 when |6 > §/2, so (2.12) can be
estimated by

(/\r/zw)”/QcEeAb/ e M0 /4 go o AMO—TE/1T)
16]>5/2

Hence (2.12) is exponentially decreasing as A — +oo if r > 17b/62, so U(\r,y,€)
is uniformly exponentially decreasing when A — oo if |£ — §~| < 0/2 and y € V.
This proves that (yo,&) ¢ WFa(u) if (yo,n) > T (cf. [1, Theorem 9.6.3]), that is,
H¢(n) <T. The proof of (2.2) and of Theorem 1.1 is now complete.

3. Remarks on plurisubharmonic functions. As mentioned in the introduc-
tion, for every plurisubharmonic function p which is positively homogeneous of degree
1 and vanishes in R™ there exists by Theorem 3.1.4 of Sigurdsson [6] a distribution
u € &'(R™) such that i3 = p. Thus Theorem 1.1 shows that with every such p are asso-
ciated supporting functions He in R™, £ € R™\ {0}, defined by (1.5) with i; replaced
by p, such that He(n) is upper semicontinuous as a function of (£, ). The equivalence
of the three definitions in (1.5) is not obvious but will be proved here directly under
weakened hypotheses without using Theorem 1.1 and Sigurdsson’s theorem.

From the three line theorem and the Phragmén-Lindelof theorem it follows that
H(n) = p(in) is a supporting function in R™ and that p(§ +in) < H(n) for &,n € R™.
Since the restriction to a complex line through the origin is a convex function we have

(3.1) —H(-n) <p(+in) < H(n), &neR",

and p(§ + in) = H(n) when & + in € CR™, for the nonpositive subharmonic func-
tion p(zn) — Im zH (n) in the upper half plane vanishes on the imaginary axis, hence
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identically.

With £ € R™ and ¢ € C", (1.5) concerns the limits of p(§ + t{)/t as t — 0.
However, in studying them we shall drop the homogeneity assumption on p in view
of some potential applications. In what follows we shall denote by q an arbitrary
plurisubharmonic function in C™ such that for some constant C

(3.2) q(¢) <ClIm¢|, ¢eC" ¢(§) =0, {eR™

We shall need some well-known facts concerning plurisubharmonic functions summed
up in the following lemma.

LEMMA 3.1. Let us, t > 0, be plurisubharmonic functions in the connected open
set 0 C C™ which are uniformly bounded above on every compact subset of 2, and set

(3.3) a(¢) = T w(C).
Then either uw= —o0 or else the wupper semicontinuous regularization u*(() =

EEHC u(g) is plurisubharmonic and equal to u(() > —oo except in a pluripolar set,
which is also a Lebesgue null set for fized Im ¢ (or Re (), and we have

(34) w(©)= Jm uE+0), (e

If U is a plurisubharmonic function in a ball B = {¢ € C™;|¢| < R} and U < M in
B, U<m<Min BNhR", then

(3-5) U€+in) <m+2(M —m)nl/(R—[&]), if [§]+|n] < R.

If K is a compact subset of Q and f is a continuous function on K, then

(3.6) Jim sup (ug(€) = f(€)) < sup (u”(€) = f(C))-
—+0¢ek CeK

Proof. With the possible exception of (3.4), (3.5) the statements are well known.
Proofs can be found for example in Sections 3.2 and 4.1 of [2] apart from the basic
result of pluripotential theory that negligible sets are pluripolar. (Cf. Klimek [4,
Theorem 4.7.6].) To prove (3.5) we assume at first that £ = 0 and that n = 1 so that
U is a subharmonic function < M in {z € C;|z| < R} and u < m on (—R, R). Then
it follows from the maximum principle that

R+ 2
R—2’

for the right-hand side is a harmonic function equal to m on (—R, R) and equal to M
when |z] = R and Im z > 0. Hence

2
U(z) <m+ (M —m)— arg |z2| < R, Imz > 0,
7r

4
U (iy) §m+(Mfm);arg(R+iy) <m+2(M-m)y/R, 0<y<R.

We obtain (3.5) if we apply this estimate to the subharmonic function U (€ + zn) when
z € C and |n]|z] + [¢] < R, taking y = 1 and replacing R by (R — |&])/|n].
For the function u in (3.3) it follows for small R that

u(C+E+in) < ls|u<pRU(C+9) +Cnl/(R=ED),  [€l+Inl <R,
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where § € R. In fact, if 0 < x € C°(R™), [x(§)dé =1, and |§] < 1 if £ € supp x,
then

ueld) = [ ul@ - eo(e e = [wC - xte)de
is plurisubharmonic where it is defined, and

us(¢+¢+in) < ‘slupRu(C +0)+Cll/(R—[¢] —¢), if|¢l+[nl+e<R,
<
which implies that

w (¢ + & +in) < sup u(C+0) + Clnl/(R — [£])
|0|<R

for almost every (€,7) with |£] + |n| < R. Hence

u*(¢) < Ib\up u((+6) | hm w(¢+0) when R | 0.
0|<R

Remark. Using [2, Proposition 4.1.9] it is also easy to prove that U(() is the limit
as R — 0 of the mean value over the real ball with center ¢ and radius R if U is
plurisubharmonic in a neighborhood of ¢. This implies (3.4), but we chose a proof
using (3.5) since this inequality will be needed in another context below.

For an arbitrary plurisubharmonic function ¢ in C™ satisfying (3.2) with some
constant C we set

(3.7) () = tﬁoq(f +t)/t, ¢eC™

It is clear that (3.2) remains valid with ¢ replaced by g or the upper semicontinuous
plurisubharmonic regularization qg. Since ¢¢ and q’g are positively homogeneous of
degree 1, it follows from the remarks at the beginning of the section that he(n) = g (in)
is a supporting function, and that

(3.8)  —he(=Im(¢) < ¢ (¢) < he(Im(), ¢€C™ ¢ (¢) =he(Im¢), ¢e€CR"

We have he(n) = ¢ (in) = ge(in) for almost all n € R", and since hg is continuous it
follows that

(3.9) he(n) = lim g (i), 1 € R™.
By Lemma 3.1 we also have
(3.9 he(n) = Rnhm ge(€ +in), neR"

When n =1 we have ¢¢(¢) = he(Im () > —oo for all ¢ € C, for ¢¢(¢) and he(Im() =
qg(g) are both homogeneous and equal almost everywhere on every ray through the
origin in C. For general n we can apply this observation to C 5 z +— ¢(§ + zn), where
&,m € R™, and conclude that

(3.10) 2(Q) = T a(€ +10)/t > —oc, (€ CR™.

The following lemma will show that ¢(§ + t{)/t converges to he(Im(¢) on CR™ in
suitable topologies.
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LEMMA 3.2. Let v be a subharmonic function in C; = {z € C;Imz > 0} such

that v(z) < ClImz when z € Cy and the boundary measure lim,_, o v(x + iy) dz on
R vanishes. Then

1 Im(
3.11 li tz)/t =~I1 Cy; =I'—-— —=d
(1)  Tmo(a)ft=qlmz zeCy o W/m i ).
where dyp = Av is a positive measure and

(3.12) I = lim v(iy)/y = lim supv(z +iy)/y.
y—+00 y——+00 4

If v > —oc0 and dv is a positive measure with compact support in C, such that the
logarithmic potential [log|z — (| dv(() is locally bounded, then

(3.13) tliq-lo t~o(tz)dv(2) :7/Imzd1/(z),
(3.14) tliq-lo/ lv(tz)/t — vImz| dv(z) = 0.

We have v =T if and only if v(z) =T'Imz, z € C,.
Proof. The hypothesis implies that we have the Riesz representation

1 z—C

1 —TI — [ 1 ’7’ , .
(3.15) v(2) mz—&-27T /C+ og ¢ du(¢), zeCy
(See e.g. [3, Theorem 2.2].) Hence

1 tz —(C
v(tz)/t—l"lmz—i—% .. log té—(‘du(o’

and since
(3.16) [tz — C*/|tz — ¢* =1+ 4t Im 2 Im /|tz — ¢|?

we can rewrite this formula as

v(tz)/t =TImz — 1 log(1+ 4tIm zIm ¢/ |tz — ¢|*) du().
4t C,

When ¢t — +0 Fatou’s lemma gives

_ 1 ImzIm(
li tz)/t <T'Imz— — —d =1
T o) e P = IR a0 = 7,

which proves (3.11) when v = —oo. If v > —oo, that is, if the integral in (3.11)
converges, we only get an inequality instead. To prove the opposite inequality we
shall accept (3.13) for the moment, take x > 0 in Cy(R4), and apply Fatou’s lemma
to the special case of (3.13) where dv = [ d,.x(s) ds/s, that is,

tlirJrrlo v(tsz)x(s)ds/ts = yImz / x(s)ds.

Since v(tsz)x(s)/ts is bounded above we obtain

yine [ \(s)ds < [ x(s)ds T (e

T—+0
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hence lim;_, 1o v(t2)/t > vImz. This will prove (3.11) when we have verified (3.13).
To do so we write

/C+ t~ o (tz)dv(2) ZI’/C+ Irnzclu(z)—&—%lrt/c+ du(¢) /c+ log‘iz:g‘du(z)
:F/C Imzdu(z)+/c trw(¢/t) du(Q),

_ 1
;— g‘du(z) = T ar c. log(1 4 4Im zIm (/| — 2|*) dv(2);

w(() = %/C log‘

the equality follows from (3.16). This gives at once that

Im (¢
w <C,———
(O] < Corey
outside a compact subset of C,, and since the logarithmic potential of dv is lo-
cally bounded by assumption, we have such a bound in C;. Hence |w({/t)|/t <
C, Im¢/|¢)?, and since w(¢/t)/t — —m ' Im(|¢|™? [Imzdv(z) when t — +0, the
dominated convergence theorem proves that

Im

L ¢/ du(c) =3 me () /| G O st 0,

which completes the proof of (3.13).
If § > 0 it follows from (3.11), which is uniform for z € suppdv, that v(tz)/t <
~vIm z + 0 when 2z € suppdr and t is sufficiently small. Hence

/|U(tz)/t—71mz—5|du(z) :/('yImz—I—(S—v(tz)/t)du(z) —>5/ dv(z)

by (3.13) when ¢t — +0, which proves that

t@0/|v(tz)/t—'yhnz|dl/(z) < 25/ dv(z),

and completes the proof of (3.14).
Finally, v = T is equivalent to du = 0 by (3.11), hence equivalent to v(z) = T'Im z
by the Riesz representation. The proof of the lemma is complete.

Remark. We can take for dv the Lebesgue measure in any compact subset of C
and conclude that v(tz)/t — yImz in L}, (C,) when t — 40. We could also take for
dv the one dimensional Lebesgue measure on an interval z + I C Cy where [ is an
interval on R with finite length |I|. Then (3.13) gives

. 1 .
tl_lgl() It v(t(s+ z))ds = yImz|I|,

which implies that yImz < lim, ¢ " sup,c;v(t(s + 2)) and in view of (3.11)

(3.17) lim ¢t ‘supv(t(s+2)) =yImz, =z€C,.
t—+0 sel
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Let us also note that the hypotheses of Lemma 3.2 are fulfilled by v(z) = q(§+2n)
for arbitrary &,n € R™, if ¢ is plurisubharmonic in C™ and satisfies (3.2), and that
v > —oo then by (3.10).

We can now give a direct proof of the equalities in (1.5) for more general plurisub-
harmonic functions.

THEOREM 3.3. If q is a plurisubharmonic function in C™ satisfying (3.2), then

(3.18)  lim lim sup q(€ +itn)/t
T HO =0 g-¢l <

= Im qE+itg)/t=  Tim  qE+ita)/t, &neR™
0.6 e 0.6 €7

Here é ,ne€R".
Proof. Tt is obvious that (3.18) is valid with = replaced by <, so what must be
proved is that

(3.19) Iim g€ +ith)/t < lim lim sup q(€+itn)/t.
t—+0,E—€,7—n 0=+04— 40 ¢—¢|<s

Let T" be larger than the right-hand side, that is, assume that for some § > 0

(3.20) lim sup q(§+E&+itn)/t <T.
t—+0 |£|<35

Set, with £ € R™ as in (3.19), (3.20),
(3:21) Q(¢) = sup q(¢+¢),

|€]<28

which is an upper semicontinuous, hence plurisubharmonic function satisfying (3.2).
By (3.20) we have

lim sup Q(§+ (s +i)tn)/t <T,
t—+40 |s|<1

which by (3.17) implies
Jim Qe+ i)/t < T
that is, lim;_, ¢ SUD £ <25 q(§ + £+ itn)/t < T'. Thus we can find T > 0 such that

(3.22) g€+ E+itn)/t <T, f0<t<T, |£ <20
Hence

Qe+ E+t(E+in))/t <D, f0<t<T, || <0, T <,

and since we have a uniform upper bound for ¢(¢§ + £+ t¢)/t when Im( is bounded,
it follows from (3.5) if I' > T" that for some ¢’ > 0

qé+E+itq)/t<T, if0<t<T, |£ <6, |n—7 <&
This means that o R R
lim g+ E+iti) )t <T,
t—+0,6—0,7—n

which proves (3.19) and the theorem.
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For the function He(n) defined by (3.18) we have

He(n) = p(in), n€R", where p(¢) = Hﬁ_}gq(éﬂt t0)/t.

Since
p(0+in) = lim q(§+1t0+itn)/t =p(in), 0,n€R",
t—+0,§—¢
it follows from (3.4) that p*( + in) = p(in), so He(n) = p(in) is a convex positively
homogeneous function, and it is obviously upper semicontinuous as a function of (£, 7).
Hence

(3.23) W = {(z,&);(z,n) < He(n)Vn € R™}

is a closed subset of R™ x R™ which is convex with supporting function H¢ when £ is
fixed. If ¢ is positively homogeneous of degree 1 then H¢(n) is positively homogeneous
of degree 0 in &, so W is conic in the second variable when £ # 0. For £ = 0 the fiber
of W becomes the set with supporting function equal to ¢(i-), which agrees with the
common convention to define a fiber of W F4(u) over the frequency 0 as the support
of u.

For the supporting function h¢ defined by (3.9) or (3.9)" we have

(3.24) he(n) < He(n)

in view of the last expression for He(n) in (3.18). However, there is no obvious rea-
son why he(n) should be upper semicontinuous as a function of (£,7). The upper
semicontinuous regularization

(3.25) h(n) = Tm he(n)
§—¢
is also a supporting function for fixed £, and we have

(3.26) he(n) < He(n).

We have not been able to decide whether there is always equality in (3.26), but this
question is not really relevant in the context of Theorem 1.1.

If w € &(R™) then the description of the asymptotic behavior of @ given by
the indicator function i; can be refined by studying the set Loo(u) of limits of the
plurisubharmonic functions ¢ + t~!log|a(t¢)| as t — +oo. If H is the supporting
function of suppu defined by (1.3), then Ly (u) is a compact subset of the set Py of
plurisubharmonic functions ¢ in C” such that

(3.27) ¢(¢) < H(Im¢), ¢e€C" wu(¢)=H(m(), ¢eCR"
(See [3], Sections 3 and 4.) We have

ia(¢) = max ¢(¢), ¢(€C™
q€Loo (u)
Every q € Py satisfies the hypotheses of Theorem 3.3. When ¢ € Lo (u) the set
in T*(R™) corresponding to the function He(n) defined by ¢ according to (3.18) is a
closed subset of WF4(u). The sets so obtained might contain additional information
on the analytic singularities of u.
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We shall finally complete the proof of Corollary 1.2 using no results obtained in
this section except the last and very elementary statement in Lemma 3.2.

Proof of Corollary 1.2. Assuming that He¢(n) = H(n), where £,n € R™\ {0}, we
must prove that i,(€ 4+ in) = H(n). Using the first expression for He(n) in (1.5) we
have by the hypothesis

lim lm sup i4(§+itn)/t = H(n).
6_>+0t~>+0|é_§|<5

Thus we have for every § > 0

H(n) < lim gs(itn)/t =~, ['= lim gs(itn)/t < H(n), if¢s5(¢) = sup ia(§+C),
=40 b0 lE-¢l<o

for is (0 +itn)/t < H(n) when § € R™ and ¢ > 0. Since v < T' by Lemma 3.2 it follows

that v = T' = H(n), which proves that ¢s(zn) = H(n) Im z when Im z > 0, by the last

statement in Lemma 3.2. When z = ¢ and § — 0 we conclude that i; (£ +in) > H(n),

for ig is upper semicontinuous. The opposite inequality is valid for all £,7 € R",

which completes the proof of Corollary 1.2.

4. Proof of (1.7). If u is a hyperfunction in R"™ with compact support K, and
x € K is a boundary point of the convex hull ch K, then (x — y,&) > 0 when y € K,
for some & € R™ \ {0}. By Holmgren’s uniqueness theorem (cf. [1, Theorem 8.5.6])
this implies that (z,+£) € WF4(u). Hence (1.7) follows from the following purely
geometrical fact:

THEOREM 4.1. Let K C R™ be a compact set, and define for £ € R™ \ {0}

(4.1) Ke={r e K;{x—y,§) >0 fory e K}.
Then it follows that
(4.2) | ch(Ke UK _¢) = ch K,

§#0

where ch denotes the convex hull.

The main point in the proof of the theorem is the following lemma which we owe
to Michael Atiyah:

LEMMA 4.2. On the unit sphere S~ = {x;2 € R"™, |z| = 1} there is no non-
vanishing continuous tangential vector field v such that v(x) = v(—z), r € S*~ L.

Proof. If n is odd it is well known that there is no non-vanishing continuous
tangential vector field at all, so we could assume that n is even. However, the following
proof works for every n. Assume that there is a vector field v as in the statement.
The tangent bundle T of the real projective space P! is equal to

{(z,7);2z € sl reR", (z,7) = 0}

with the identification (z,7) ~ (—z,—7). Since (z,v(z)) = 0 and v(z) = v(—x),
x € 8”71, the vector field v generates a line subbundle H of T equal to

{(z,tv(z)); 2 € 8", t € R},

with the identification (x,tv(z)) ~ (—z, —tv(z)) = (—z, —tv(—=x)). It is isomorphic to
the line bundle over P"~! defined by S™"~! xR with the identification (x,t) ~ (—x, —t).
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But this is also isomorphic to the tautological line bundle on P*~! obtained from the
normal bundle of S"~! by the identification (x, A\x) ~ (—z,A\z) = (—z, —A(—x)). This
proves that the Stiefel-Whitney class w(H) of H is equal to that of the tautological
line bundle, hence equal to 1 + a where a is the element in H*(P"~! Z,) generating
H*(P"~1,Zy), thus a”~! # 0 and a™ = 0. (See e.g. Milnor and Stasheff [5].)

With H+ denoting the subbundle of T orthogonal to H we have T = H @& H*,
hence

(1+a)"=w(T)=wH) wH) =1+a)w(H").

This implies that
wHY) =1+a)" =1+ +a" 1,

which is a contradiction since a”~! # 0 and H* has rank n — 2.

Proof of Theorem 4.1. We shall argue in three steps.

1. Assume that K is a convex set with C*° boundary having strictly positive
Gaussian curvature. When ¢ € S"~! we denote by z(¢) the boundary point with
exterior conormal . Then (&) is a C° function of ¢, and K¢ = {z(§)}, which means
that ch(K¢ U K_¢) is the interval between x(§) and x(—&) on the line L¢ through
these points. The statement (4.2) will follow if we prove that Ugegn-1Le = R". If
this were not true we could find a point # ¢ Ugcgn—1L¢. Then we denote by y(€) the
intersection of L¢ and the hyperplane {y; (y — z,£) = 0}, which is not parallel to Lg
since (z(&) — x(=£),£) # 0. It is now clear that y(§) is a C'*° function of ¢ and that
v(€) = y(€) — x is a non-zero tangent vector of S"~! at &, with v(§) = v(—£) since
L¢ = L_¢. This contradicts Lemma 4.2 and proves Theorem 4.1 in this special case.

2. If K is just convex we can choose a sequence K; | K of convex sets with C*°
boundaries having strictly positive Gaussian curvature. Given x € K we can choose
& € S™ ! so that x is on the interval between the points acji on 0K, with exterior
conormal £¢;. Passing to a subsequence we can assume that :z:jE converge to limits
zt € OK and & — & Then zt € K¢ and z is on the interval between 2+ and z~,
which proves the statement in the convex case.

3. If K is an arbitrary compact set we denote the convex hull by K and note
that the theorem follows from its validity for K if we prove that

(4.3) ch(Ke UK ¢) Dch(Ke UK ¢), €€ 8"t

It suffices to prove that K¢ C ch K¢, so assume that = € K, thus + € K and
(x —y,§) > 0, y € K. This implies that = is in the convex hull of M = {y €
K;(y —xz,&) =0} C K¢, which completes the proof.
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