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ON A DENSITY PROBLEM FOR ELLIPTIC
CURVES OVER FINITE FIELDS*

YEN-MEI J. CHENT AND JING YU?

Abstract. We prove an analogue of Artin’s primitive root conjecture for two-dimensional tori
Resk /o Gm under the Generalized Riemann Hypothesis, where K is an imaginary quadratic field.
As a consequence, we are able to derive a precise density formula for a given elliptic curve E over a
finite prime field. One adjoins coordinates of all ¢-torsion points to the base field and asks for the
density of the rational primes ¢ for which the resulting Galois extension over the base field has degree
£2 — 1. It turns out that the density in question is essentially independent of the curves, and unless
in certain special cases, even independent of the characteristic p if p Z1 (mod 4).

1. Introduction. Given an elliptic curve E/r , one is interested in the Galois
representations on (-torsion E[f] C E(F,) for various rational prime numbers /. Let
F,(E[4]) be the Galois extension of F,, obtained by adjoining all coordinates of points
in E[¢]. A basic question is: how often the degree [F,,(E[(]) : Fp] can be the largest
possible, in other words, is equal to £2 — 1 ?

If the given curve E/p, is supersingular, it is not difficult to deduce that for
almost all ¢, the degree of F,(E[¢])/F, is bounded by 2(¢—1). Thus for our purpose it
suffices to consider non-supersingular elliptic curves. We want to study the following
set associated to a given non-supersingular Ep :

Mg = {¢: (¢ rational prime, [F,(E[(]):TF,]=¢*—1}.

Our main result is that, under the generalized Riemann Hypothesis (GRH), these sets
Mg always have positive density. Furthermore the value of this density den(Mpg) can
be given precisely in terms of a universal constant Cl:

1 2
Cy = — 1— — 2 )=0.133776--- .
2Ty H ( q(q—l))

If p # 1 (mod 4), then always den(Mpg) = C5 unless in certain exceptional cases.
Otherwise we have den(Mg) = (1 — ﬁ)_lcb (c.f. Theorem 4.3).

The approach of this paper is based on a variation of Artin’s primitive root prob-
lem for a family of two-dimensional tori over Q. Let Endg denote the endomorphism
ring of the elliptic curve FE and let a € Endg be the Frobenius endomorphism. If F is
not supersingular, Z[a] C Endg, and Z[«] is identified with an order in an imaginary
quadratic field K = Kg. Then Z[a] C Ok, the ring of integers in K. The torus in
question is the one obtained from G, /x via restriction of scalars : T = Resg ;g G k-
This T is a two-dimensional torus defined over Q. It comes with a canonical homo-
morphism 7 : T — G,, defined over K which is universal, in the sense that any map
into G,, defined over K can be factored through a map into T that is defined over
Q. One identifies T(Q) with G,,(K) = K*. Therefore the Frobenius endomorphism

q#2 prime
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738 YEN-MEI J. CHEN AND JING YU

« is regarded here as a rational point in T(Q). One observes that powers of such a
point can never be contained in any proper subtorus of T. Hence it has a good chance
to become ”primitive” when reducing modulo rational primes ¢, in the sense that «
modulo ¢ generates T(F,).

In §2, we begin with the condition for given a € Ok to be primitive point modulo
prime ¢ for the torus Tg, where K is an arbitrary imaginary quadratic field and ¢ is
a rational prime which remains prime in K. The set M, consisting of all primes /¢
having this property with respect to a fixed « is then characterized algebraically via
a family of Galois extensions constructed from «. In §3 we prove that M, always has
a density (assuming GRH) which can be given precisely. An application to elliptic
curves is given in §4. Our method works well for elliptic curve E over any finite field
F,, and one can gather in this way information on the distributions of the degrees
[F-(E[f]) : F,] as £ ranges over all prime numbers.

2. Primitive Points for Certain Two Dimensional Tori. Let K be a fixed
imaginary quadratic number field, with ring of integers O C K. We use T to denote
the complex conjugation and in this section ¢ always stands for a rational prime
number that stays prime in K. For o € O \ {0}, N(«) = aa” denotes its absolute
norm, @ denotes the coset in (Og /lOk)* containing o if ordy(a) = 0, and og(«)
denotes the order of @ inside (Ox/lOk)*. The set of all rational prime numbers
is denoted by P. Given a € Ok \ {0}, we set u = u(a) = a”/a. The following
straightforward Proposition is the starting point:

PROPOSITION 2.1.  Let £ be a rational prime that is inert(stays prime) in K and
ordg(e) = 0. Then og(a) = £* — 1 if and only if o,(N(c)) =€ —1 and og(u) = £ + 1.

Proof. Note that as £ is inert in K, o = of (mod ¢). Thus N(a) = of*! and
u=a'"" (mod ¢). Suppose that os(a) = £2—1. Then clearly we have oy (N (a)) = (—1
and og(u) = £+ 1. Conversely, if 0p(cr) # 2 — 1, then there exists a prime ¢ such that

2 - )2
q|¢?—1and o =1 (mod ¢). If ¢ | £ — 1, then N(o<)pT1 =a 7 =1 (mod ¢);
21

and if ¢ | £+ 1, then Wi =o' =1 (mod ¢). Therefore, 0p() # (2 — 1 implies
either og((N(a)) S € —1 or op(u) S £+ 1. a

Recall that T = Resg /g Gm,x is the algebraic group over Q obtained from the
multiplicative group G, by restriction of scalars. We have o € Og\{0} C K* = T(Q)
and we are interested in the following set of primes:

M, = {¢: ¢ rational prime that is inert inK, ords(a) =0, og(a) =% -1}
= {¢: ¢ rational prime that is inert in K, & generate T(Fy)}.

Notations: Let ¢, ¢’ be rational primes with ¢’ odd. We introduce the following
Galois number fields:
E,=Q, 1 =K.
E, = (@(;l,q7 YN (a)), where g, is the group of ¢-th roots of unity.
FE,, = the compositum H E,, for square free m.
qlm
Fy = Ky, /).
F,, = the compositum H Fy, for square free odd n.
q'|n
Ly, n = the compositum E,, F,, for m,n square free and n is odd.
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For Galois number fields E/F, (p, E/F) will denote the Artin symbol whenever
the prime g in F' is unramified in £. We shall allow 7 to stand also for the complex
conjugation on Q(uy,), i.e. 7(§) = &1 for any € € p,,. Given square free m,n, with n
odd, we consider in particular the following subset of Gal(L,, ,/Q):

Cman={0€Gal(Ly,n/Q): 0l =7, 0|g, =id,o|gu,) =7, and o? = id}.

We have
LEMMA 2.2. Let ¢ be a prime that is inert in K/Q and q be a prime. Suppose
ordg(a) = 0. Then the following conditions are equivalent:

1) q| (0—1) anda o =1 in (Ox/lOK)*.

(2) ¢ splits completely in E,/Q.

(3) ¢ is unramified in Lq1/Q and (¢, Ly1/Q) C Cy1.

Proof. Tt suffices to note that (1) amounts to ¢ | (¢ — 1) and N(«) =1
(mod ¢). This is equivalent to ¢ | (¢ — 1) and 2?2 = N(«) (mod ¢) has a solution in Z.
Thus we have (1)<(2). The rest follows from the definitions. A

LEMMA 2.3. Let £ be a prime that is inert in K/Q and ¢’ be an odd prime.
Suppose ordg(a)) = 0. Then the following conditions are equivalent:

2

1) ¢ |(t+1) anda v =1 in (O /lOK)*.

(2) ¢' | (0 +1) and O splits completely in Fy /K.

(3) € is unramified in L1 o /Q and (¢, L1,4/Q) C Cy 4.

Proof. 'We first note that (1) < ¢’ | £+ 1 and a7 =1in (O /tOK)*. This is
equivalent to ¢’ | (/+1) and 27 = a (mod ¢) has a solution in O, since (O /(O )*
is cyclic. Also it is equivalent to ¢/ | (£ + 1) and 27 = of~! = u (mod ¢) has a
solution in Ok, because ¢’ 1 (¢ — 1). Hence we obtain (1) < (2). On the other hand
¢'|(¢ +1) if and only if (¢,Q(py)/Q) = 7. If (2) holds, then ¢ is clearly unramified
in Ly,,/Q. Because Ok splits completely in Ly /K, we have 02 = id, for all
o€ (¢,L1,4/Q). Thus (2) = (3). Conversely, from o? = id for all o € (¢, L1 ,/Q), we
obtain immediately that O splits completely in F, /K. Hence (3) = (2). a

Combining Lemmas 2.2, 2.3, we deduce the crucial:

COROLLARY 2.4. Let £ be a rational prime which is inert in K/Q and ordy(a) =
0. Then £ € M, if and only if both the following two conditions hold: (1) For all prime
q, if £ is unramified in Ly, then (€,Ly1/Q) € Cy 1.

(2) For all odd prime ¢, if £ is unramified in Ly 4, then (¢, L1,y /Q) € C1,q -

From now on we make the further assumption that « is not a root of unity and
ged(a, ™) =1, 1e. 1 € a0k + a”Ok. The remaining part of this section is occupied
by a detailed study of the Galois family L,,,, together with the computation of
#C,, . All these are preliminaries needed for the main theorems of §3.

LEMMA 2.5. Let m,n be square-free positive integers with n odd. Let s be the
largest integer with the property that N(a) € (Q*)%, and let s’ be the largest integer

£—1
aq

with the property that uw € (K*)° . Let my = m/ged(m,s) and ny = n/ged(n,s’).
Suppose ged(s,6) = 1. Then

(a)
myp(m)

[Em : Q] B [km m@(um) : Q]7
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where(bk;m =Q (resp. Q(v/N(a))) if 2t m (resp. 2| m).

2n36(n) if K =Q(v=3), 3| n, andu € (K(un)*)’,

o1 ) SEAQG.
[Fn Q] = { 2n2¢(n)

TKNQ(pn) Q] otherwise.

Proof. Our argument is based on the following

SUBLEMMA. Let F be a field, K1 a finite abelian extension of F', and Ky be
a finite extension of F which is not Galois but with prime extension degree. Then
Ky, Ky are linearly disjoint over F and [K1Ks : K1] = [Ka : F.

(a) Suppose that 2 { m. For q | m, let Ep 4 = Q(pm, ¢/ N(a)). Note that
[Q(¢/N () : Q] =1 or q depending on whether N(a) € (Q*)?. By the Sublemma, we
have therefore
1 if N(a) € (@)Y,

q otherwise.

B+ Q)] = {

Thus E,, ,'s are linearly disjoint over Q(g,,). Since E,, is the compositum of E,, 4’s,
we have (B : Q] = [Ep : Q)| Qtt) : Q] = i $(m).

Suppose that 2 | m, write m = 2m’. Then m; = m/ ged(m, s) = 2-m’/ ged(m/, s)
=2m} and E,, = EyE,,. For ¢’ | m/, let E,, o = E> (y,m/, %'/N(a)). Here one also

has [E>( 4/N(a)) : E5] = 1 or ¢’ depending on whether N(a) € (Q*)q/. Consequently,

1 if N(a) € (Q*),

Em, By HKm' )| =
g (b )] { q otherwise.

The E,, 4 ’s are linearly disjoint over Es(f,,/) and we have

[Em Q] = [Em : Bx(pm)][E2 () = Q]
_ 1 [Bs : Ql[Qtw) : @
2 [E2N Q) : Q]
mi1g(m)
[E2 N Q(Um) : Q] .

(b) For ¢ | n, let Fy, o = K(pn, ¢/u). Note that if ¢’ { s, then K( %/u) is not
Galois over K except that K = Q(v/—3) and ¢’ = 3. Also one has that [K( %/u) :
K] =1 or ¢’ depending on whether u € (K*)q,. By the Sublemma, we have [F, o :

K(pn)] = ¢'/ged(¢',s") except when K = Q(v/—3) and ¢’ = 3. If K = Q(v/—3) and
3| n, then

1 ifue (K’

3 ifud (K(u)*)’

Thus the F,, ,’s are linearly disjoint over K (u,,) and we have:

[Fn,3 K (pn)] = {

wwme:{?ﬁK:QW*”“”aMerwmf

ny  otherwise.
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Therefore,

[Fn Q] = [Fy : K (pn)][K (pn) : Q)

n n . w\3
_ { 73[50(5?;n>):@] if K=Q(/=3),3|n, andu e (K(g,)*)",

2n2¢(n)

RAdq ~ Otherwise. 0

LEMMA 2.6. Let m,n be square-free positive integers with n odd and gcd(m,n) =
1. Suppose further that « satisfies all the conditions in Lemma 2.5. If K = Q(v/—3),

3 n and u € (K (fmn)*)’\ (K (1n)*)°, then By 0 Fy = k() 0 K (tn, /) and

S[Kkm n Q(/J'mn) : Q]
[km N Q(/l'm) : Q] [K n @(ll'n) : Q] .

Otherwise, Epy N Fy = k() N K (@) and

[Kkm N Q(mn) = Q]

[Fm N Q(pm) : QK N Q(pn) : Q)
(Recall that ky, = Q (resp. Q(y/N(w))) if 2t m (resp. 2| m).)

Proof.  First we contend that E,, N Kk (mn) = km(m). Also that F, N
Kk (pmn) = K () except when K = Q(v=3), 3 | n, u € (K(fmn)*)’ but u ¢

3

(K (pn)*)"

Since ged(m,n) = 1, Kkm (fmn, V/N(@)) and Kk, (fimn, ¥/u) are linearly
disjoint over Kk, (fmn). Observe that E,, C Kk (fmn, %/ N(e)) and F, C
Kk (mn, ¥/u). Hence

Em N Fn c Kkm(ﬂ'mna m\/ N((X)) N Kkm(/»l'mnz W) = Kkm(“mn)

Note that for odd prime ¢, N(«a) € (Q*)? if and only if N(a) € ((Kk‘m)*)q. Similar
to the proof of Lemma 2.5(a), one has

Kk (s W/ N (@) 2 Kk (pnn)] =

[EmNF,:Q]=

[EmNEF,:Q]=

my

and therefore E,;, N Kk (mn) = km (m)-

Similarly, because N(«) is divisible only by splitting primes, if ¢’ 1 s’, then
Kk,,(%/u) is not Galois over Kk,, except when K = Q(v/-3) and ¢’ = 3. Thus

we have

(K Eo (B /10) + K b (Bann)] = { i K =Q(v=3), 3| n, u € (K(pmn)*)’,

ny  otherwise.

Therefore, F,NKkp, (mn) = K (@) unless K = Q(v/=3), 3 | n, and u € (K(umn)*)g\

(K(,u,n)*)g. In the last mentioned case, it is easy to check that [F, N Kk, (mn) :
K(pn)] = 3 and thus F,, N Kk, (Bmn) = K (i, Ju).
If we are in the case K = Q(v/—3), 3| n, u € (K(p,mn)*)g\ (K(p,n)*)g, what we
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obtain is
(B NEy: Q= [(Ep N Kk (fmn)) 0 (Fy N Kk (mn)) : Q)]
= U{:m(ll’m) N K(IJ‘YM \S/a) : Q] — [k"m(”m) : Q][K(ll'na \3/ﬂ) : Q]

(KK (Hmn \?/ﬂ) : Q)
_ 3[km () : QJ[K (1) : Q]
[K ke (Bmn) + Q)
—3. [ 2 QIIQ(pm) : Q) [K : Q[Q(pn) : Q] [Kkm N Qttmn) : Q]
K N Qum) : Q  [KNQpn) : Q [Kkm : Q[Q(tms) = Q]
3[Kkm NQ(mn) = Q]
[om N Q(pm) : QK NQ(pn) : Q]

On the other hand, in all other cases, we have

. o . o [km(/‘m) : Q] [K(/‘n) : Q}
[Em N Fp Q) = [k (Bm) N K (pn) : Q] = (K ke (fmn) : Q]
_ [Fm - QlQ(pm) - Q [K - QQ(pn) : Q) [Kkm N Q(pmn) : Q]
[k N Q) : Q] [KNQpn) : Q [Kkim : Q[Q(1mn) : Q]
_ [Kkm N Q(Bmn) : Q] 0
[km N Q(pm) : QK NQ(rn) : Q]

LEMMA 2.7. Let m,n be square-free positive integers with n odd. Suppose further
that o satisfies all the conditions in Lemma 2.5. Let ¢y = #Cm n. Then we have

{ 1 if E,, NF, is totally real,
Cm,n =

0 otherwise.

In particular, if ged(m,n) # 1, then ¢y n = 0.

Proof. Suppose that E,, N F), is not totally real. Then it is clear that Cy, ,, = 0
and thus ¢, = 0.

Now suppose that E,, N F, is totally real. Then ged(m,n) = 1. Note that
Cmn € Gal(Ly, n/Em) € Gal(Ly, n/Em N Fy) € Gal(Ly,,,/Q). Recall that Ly, , is

the compositum of E,,, F,, and thus one has the following isomorphism
Gal(Lyn/Em N F,) — Gal(E,, /By N E,) x Gal(F, /By, N Fy,)
o= (01,02) = (0|E,.,0|F,)

Embedding F,, into C, and restricting the complex conjugation 7 to F},, since E,, NF},
is totally real, we may extend 7 |g, to an element in C,, . It suffices to show that
o € Cpyy, if and only if o9 = 7|F,. Suppose 0 € C,;, . Then o7 =id. Let ¢, be a fixed

primitive n-th root of unity. Suppose oo( /u) = }L%ﬁ for some fixed i, 0 <7 <n—1.

Then /u = o3(/u) = ¢, {/u. As n is odd, it follows that i = 0 and o9 is unique
on F,. O

Let d,, , denote the extension degree of L,, , over Q. Then we have

LEMMA 2.8. Let m,n be square-free positive integers with n odd and ged(m,n) =
1. Suppose further that « satisfies all the conditions in Lemma 2.5. Then

min mn . +\3
{ SR if K = Q(vV=3), 3| n, and u € (K(ttmn)*)”,

2minap(mn)
[Kknl m@(um7l):(@]

dmm =

otherwise.
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Proof. Recall the fact that L,, , is the compositum of F,, and F;,. Combining
Lemma 2.5 and Lemma 2.6, we have, if K = Q(v/=3), 3 | n, and u € (K(ftmn)*)?,
then

2mynap(mn)
3Kk NQmn) : Q]
2minad(mn) 0
(KK 0 Qi) = Q)

Let Dy denote the absolute value of the discriminant of the imaginary quadratic
field K, and let D,, , denote the absolute value of the absolute discriminant of the
number field L, ,,. Then we have

LEMMA 2.9. D, | D" @men) (N(a)mn)4m1"2¢(m)¢("),

Proof. Tt is routine to compute that the relative discriminant of E,/Q and
F, /K divides N(a)Fe¥ 2B and N (o)Fo )2 Fe K] pegpectively. Hence the rel-
ative discriminant of Ly,,/K divides (N(a)mn) 2manzg(m)o(n
D7I7{11n2¢(m)¢(n) (N( 4m1’ﬂ2¢(m)¢(”). 0

Otherwise, d,, =

), Consequently D, , |
a)mn)

3. Existence and positivity of the density. Given a set M C P, we are
interested in the following limit:

. #H{leM: L<ax}
lim .
500 z/logx
If this limit exists, its value is called the density of M, and will be denoted by den(M).
We are going to prove that if @ € K satisfies certain conditions, then the set M,
introduced in §2, has a positive density. The structure of our proof follows that of
Hooley[2], c.f. also Murty[4].
For pimes ¢, ¢' with ¢’ odd, we define two sets
Sqg={¢ €P: lisinert in K, (O is unramified in Ly 1, and (¢, Lq1) € Cq1.},
Ty ={¢ € P: £isinert in K, (O is unramified in Ly ¢, and (¢,L1 ) € C1 4.}
Note that given a rational prime ¢, there are only finitely many ¢’s such that £ € S,
and also there are only finitely many ¢'’s such that £ € T;,. We define R(¢) to be the

compositum
R(O) =[] Los [ L1
q q’

where ¢ runs through primes satisfying ¢ € S, and ¢’ runs through odd primes satis-
fying £ € Ty.

We are interested in the lattice of the fields L,, ,'s where m,n are square-free
positive integers with n odd, partially ordered by

L = Ly if and only if m’ | m and n’ | n.

This lattice will be denoted by L. Given L € L, we also introduce the functions:
flx,L)y=#{£: L€ P, £ <z, {isinert in K/Q, and R(¢) = L},
m(x, L) =#{: L eP, L <z, {isinert in K/Q, and R(¢) D L}.
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For L € L, it is clear that 71 (x, L) Z f(x,L"). From Mébius inversion, we have
L'=<L
flx, L) = Z wu(L', L)my(z, L") where u(L', L) is the Mobius function of the lattice
L'<L
L. (c.f. [5], Proposition 2.) In particular,

ZZH(Lm,m )1 (2, L) = Zu 1)1 (%, L p)

where m,n run through square-free positive integers with n odd.
We will use the following effective version of Chebotarev Density Theorem.
THEOREM 3.1. Let L/Q be finite Galois extension with Galois group G, and C
a union of conjugacy classes of G. Let mo(x, L/Q) = #{p : p is a prime unramified in
L/Q, p <z, and (p,L/Q) C C}. Assume GRH holds for the Dedekind zeta function
of L. Then there exists a positive constant Ag (independent of C,L) such that for
every x > 2,

#C
#G

where Li(x) is the logarithmic integral Li(z) =
(c.f. [6], Theorem 4.)

The existence of density for M, is contained in the following

THEOREM 3.2. Given a € O \ O™ with ged(o,a™) = 1. Let s be the largest
integer such that N(a) € (Q*)°. Assume that ged(s,6) = 1 and furthermore GRH
holds. Then den(M,,) exists and is given by

den Z/’L Cmn’

where in the sum m, n runs through all square free positive integers, n is required to
be odd.

Remark. The condition ged(s,6) = 1 in Theorem 3.2 is not essential. If 2 | s or
3| s, one can still prove such an identiy with both sides equal 0.

Proof of Theorem 3.2. First note that #{¢ € M, : { <z} = f(x,K). Define
N(z,y) =#{¢: 0 e P, { <z, lisinert in K, { ¢ S; and £ & T, for all ¢,¢' < y.}.
Recall that for any o € Gal(L,, ,,/Q),

re(e, L/Q) - e Liw)] < 40 (EE Vi log(Dalt )

r _dt ., _=
2 logt logz

as r — 0.

o€ Cpm 0|, €Cya forall ¢ m and O’|L1,q, € Cyy forall ¢ | n.

Then it is clear that f(x, K) < N(z,y) and

N(ay) = 3 n(m)un)m (@, L)

where the dash on the sum indicates that all the prime divisors of mn are < y. Note
that 71 (2, Lin.n) = 7c,, . (%, Lim n). Then applying Theorem 3.1 we can find a positive
absolute constant Ay such that for all z > 2,

71 L) = L)) < Ao VT 10g(Drnna™™7)).

m,n
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Now define M(z,y1,y2) = #{¢ : L € P, < z, ¢ € S, for some ¢ € [y1,y2] or
¢ € Ty for some ¢’ € [y1,y2).}. Then

(1) f(x,K)ZN(:c,y)—M(as,y,x—l-l).

Claim 1: M(m,logifz,ﬁlogm) =o(%-).

log x

Proof. The left-hand side is bounded by

Z mi(x, Lg1) + Z w1 (w, Ly,gr)-

Vz/log? z<q<y/zlogz Vz/log? z<q'<\/zlogx

If ¢ contributes a count of 1 to mi(x, L, 1) then £ = 1 (mod ¢); if ¢ contributes a
count of 1 to mi(x,Lq,y) then £ = —1 (mod ¢'). Hence m(x, Ly1) is bounded by
#{0: ¢ <z,0{ =1 (modq)} and m(x,L1,) is bounded by #{¢ : ¢ < z, ¢ = —1
(mod ¢')}.

By the Brun-Titchmarsh theorem, for any b € Z, there is an absolute constant B
such that for g < z,

X

Al s b=b mod g} < Br—yms.

Therefore we have

X
M (z, Y= 1 <92. § B—
(7 gtz vloa ) < (¢ — 1)log(x/q)
Vz/log? z<g<+/zlogx

T 1
= log x ' O(Z 7

q
x log q
< -0
< oes Q=)
xloglog x x
SO(——=——)=o(—)
log” x log x

Claim 2: M(x, 255, @+ 1) = o(1:;).

Proof. Note that one can write

Mz, Y2 2 +1) :M(:E,log%,\/flogx)+M(x,\/510gx,x+1).

' TogZa”
By Claim 1, it suffices to show that M(z,\/zlogz,z + 1) = 0(1og7)- Recall that
if £ € S;, then £ = 1 (mod ¢) and N(oz)[fTl = 1 (mod ¢) in Ok, which implies
£ divides N(a)% — 1; similarly if ¢ € T/, then £ = —1 (mod ¢’) and W o= 1

£+1

(mod ¢) in Ok, which implies ¢ | (cu%1 — 047%). Since £ < z and ¢,q¢' > /xlogz,
(-1)/q,(t+1)/q <2y/x/logx. Let

Ry = H (N(@)¥—-1) and Ry= H (af — (aT)k)Q.
k<2y/z/logzx k<2y/z/logzx

Note that Ry # 0 and Ry # 0. Then it is easy to see that ¢ € S, implies ¢ | Ry and
also that ¢ € T, implies £ | Ry. So M (x,/zlogz,z+ 1) is bounded by the number of
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prime factors of Ry Ro, which is trivially O(log R; + log R3). Observe that

logRl < Z klOgN(Oé) = O(loé"w% and

k<2y/z/logx
log Ry < Z klog\/W:O(logI?m)'
k<2yz/logx

Therefore M(z,/zlogz,z + 1) = O(k%gx)'
Claim 3: M(z,y,z + 1) is 0(

—) provided y = y(z) — oo as x — oo.

Proof. Tt suffices to show that M(z,y, 10\!:1;) = 0(f557)- We have:
T
M(Qj,y, \/; ) < Z Wl(xan,l) Z Wl(xaLLq/)a
log” x e v
Y<q<iyz, y<q’ <oeZa
Cq,1 1
Z 7T1(.’E,Lq71)§ Z d L ( )+O( flogD 1£U‘1 )
y<g< lo‘gfz y<qg< 10‘[1 ¢ q7
1
< Li(xz) Z —2—9—\/5-0( Z log q) + Vxlogx - O( Z 1).
y<g< f y<g< ‘F y<g< ‘F

log?2 = log2 = log2 z

One also gets the same bound for the sum involving 7y (z, L1 ). Hence

M(z,y, X&) < 2-Li(z) Z q%+2~\/$?loga:-0( Z 1)

log® =
y<a< y<q<logL2xm
_ VI VY ("
(1ng) +O(\Flog‘%‘(log z/log log? z)> - O(Ing)'

Claim 4: If y(z) = O(log ), then

() () e @ v
N = > .
(z,y) Z dm.n log x * 0(logx

m,n

Proof. Applying the effective Cebotarev Density Theorem to those fields L, »,
and union of conjugacy classes Cy, n, with all prime divisors of mn bounded by y.
Summing together the error terms, we have:

O(Zlflm’"\/ilogDm’nxd’” ") = \[Z logmn) + O flogxz

(22t\/§10g y + 22" /zlog x)

X

O(2%/zlogz) = o( ),

where ¢ is the number of rational primes < y, thus t = O(Iogy)

Using Lemmas 2.7 and 2.8 we see that the series Z%

m,n

convergent. Now choose y properly (y = O(log z)), combining (1), Claim 3 and Claim

log x

is absolutely

n
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4, we arrive at

e,
fo k) = 2, g o T g

Therefore we conclude that den(M,) = Z% g

We are particularly interested in the case N(«a) = p®, where p is a prime splitting
in the imaginary quadratic field K. As in §2, the case K = Q(v/—3) = K (u3) requires
special attention. Suppose that K = Q(v/=3) and a # 0 € O, ged(a,a”) = 1, and
N(a) = p®, with s an integer prime to 6. Then the principal ideal («) is equal to (3)°
for some primary prime of Ok lying above p. There is an unique integer §(«) modulo
6 with o = Cg(a)ﬂs. From the classical theory of cubic Gauss sums (c.f. [3], Chap. 9),
one knows that pg € K ([J,p)*g. Then it follows that for any square-free odd integer
n, u = %T € K(pn)** if and only if 3 | 6(a) and p | n. In the following we shall call
an imaginary quadratic integer « exceptional if a € K, and o = +3° with § primary
prime. All other imaginary quadratic integers are called nonexceptional. From Lemma
2.6, we know that if « is nonexceptional then E,, N F,, = kp,(pm) N K (w,,) always
holds for relatively prime square free positive integer m, n with n odd.

Let h denote the class number of K. For any positive integer n, let f(n) denote
the number of odd prime divisors of n. We are ready to derive a precise formula for
the density.

THEOREM 3.3. Assume GRH holds. Suppose a € O \Ok™*, ged(a,a”™) =1 and
N(«a) = p®, where p is a prime splitting in K, s is an integer satisfying ged(6,s) = 1
and f(s) = f(m) Then M, has positive density given by

1 2 2 if p = 1 (mod 4)
1 H (1 - (g — 1)) H (1 - q(q— 1)) or « is exceptional,

qls, g#p q>3, qfps
den(Ma) - 1 H(l — 2 ) H (1 — L) otherwise
4o e-D7 ot ale—1)

Remark. 1. The condition ged(6,s) =1 in Theorem 3.3 is essential.

2. It is possible to remove the condition f(s) = f(m) from Theorem 3.3. In
doing so, one has to modify the Euler factors in the infinite product which corresponds
to primes dividing s. Writing (o) = a®, and let o be the order of the ideal class of a.
The primes dividing s’ = s/o and those dividing o will give different contributions to
the density, where s is the largest integer with the property that v € (K *)S/.

Proof of Theorem 3.3. Since f(s) = f(m), one has n; = ny for all square
free integer n.

First Case: Suppose that p =1 (mod 4).
Case 1.1: Dg =0 (mod 4).

By Lemma 2.6 for relatively prime square free positive integers m, n with n odd,
we have

Q(y/p) if2|mandp|n,

E,.NF, =
" " {Q otherwise,
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Then from Lemma 2.7 and 2.8, we obtain

minigp(mn)  if 2p | mn,
n=1and d,,, = .
’ 2mini¢(mn)  otherwise.

Applying Theorem 3.2, we have

- pu(mn) p(mn)

2ptmn 2p|mn
B 27 () 27 ()
=2 T " 2 a0
_ 2709 1i(¢) 270 u(c)

Z 2¢190(c) ;: 2¢10(c)

- o [ 0- =)

q>3 2 (p B 1) >3, g#p q1(q B 1)
1 2
- I o-—5
4 q>3 q#p ql(q B 1)
2
H —) H (1-—=)>0.
4 qls, g#p (g ) q>3, qtps q(q 1)

Case 1.2: —Dg =1 (mod 4), i.e. K =Q(yv/—a),a =3 (mod 4). Also the integer « is
assumed to be nonexceptional.

By Lemma 2.6, for relatively prime square free positive integers m, n with n odd,
we have that F,, N F,, = kpy(pm) N K(@y) is totally real except when a | mn with
ged(a,n) =1 (mod 4), in that case it contains the imaginary field Q(1/—a/ ged(a,n)).
From Lemmas 2.7 and 2.8, we get

{ 0 ifa|mn and ged(a,n) =1 (mod 4),
Cm,n = .
1  otherwise,

iminid(mn)  if 2ap | mn,
A = ¢ minip(mn) if either a | mn or 2p | mn, but not both,

2minip(mn)  otherwise.
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In order to compute den(M,,) in this case, we first compute two sums Sy, Sa:

) p(mn) p(mn)
S1= Z 2minip(mn) + Z minip(mn)

m, n, 2tn m, n, 2fn

afmn, 2p+m? | af(n)n dplmn
fe fle
) afc,zzpfc w " ;2; w
=110 G - I 03
T L0 D) T D L6 o)
) i(g(l B ql(qQ— 1)) - QZT;A(LS)) q>g+ap(1 ) ﬁ).

Next consider

& ) L ()
52 = Z minip(mn) + Z minip(mn)’

m, n, 2tn m,n, 2tn

a|lmn, 2ptmn a|lmn, 2p|mn
where the dash indicates that the sum runs through m, n with ged(a,n) = 3 (mod 4).
Define for each integer r the function f,. : Zsg — Z by f.(n) = n/ged(n,r). Note
that ny = fs(n) for every positive integer n. Let m and n be relatively prime integer,
let a be a divisor of mn. Then one has fs(mn) = fi(m)fs(n), mn = afo(m)foa(n),
and

fs(a) - fS(fa(m))fs (fa(n)) = fs (afa(m)fa(n)> = fs(mn) = fs(m)fs(n).
Thus
p(mn) _ u(a) N(fa(m)fa(n))
minig(mn)  ard(a) fo(m)ifa(n)1o(fa(m)fa(n))
For any positive integer n, let g(n) denote the number of prime divisors of n that is
congruent to 3 modulo 4. For each ordered-pair (m/,n’) with ged(a, m'n’) = 1, the

number of ordered pair (m,n) with a | mn,n odd, and g(gcd(a, n)) odd satisfying
m’ = fa(m) and n’ = f,(n) is equal to

((g<1a>) ) £ (ZEZ;)) of(@)-g(a)

_g9(a)—1 , 9f(a)=g(a) _ of(a)-1
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Therefore,
g 2 (“)‘1u(a)< > pu(mn) 3 2pu(mn) )
2 a19(a) it minip(mn) it minip(mn)
2ptmn géd(a,mn):l gcd(a,m,h)yzl, 2p|mn
_ 2”‘”#(@)( 3 2Mu(e) 2”0)“#(0))
2@1@5(@) ged(a,c)=1, 2pfc Cl¢(c) ged(a,c)=1, 2plc Cl¢(C)
_ 2/ u(a) ( 3 2709 () 3 2f(c)u(€)>
2a1¢(a) ged(a,c)=1 01(;5(0) ged(a,c)=1, 2plc Clqb(c)
2@ y(a) 2 2(@) () 2
=—" 1-— + 1———
o A O am=n) * m w1 - a5=0)
=—" 11— —).
ot -GG

Applying Theorem 3.2, we have

den(Ma) =51+ 5 =

Case 1.3: Suppose K = Q(v/—3) and « is exceptional

For square free m,n, n odd and 3 { m, we compute [E,, N F,, : Q] using Lemma
2.6. If gcd(3p,n) = 1 and 2 1 m, we obtain E,, N F,, = Q. If p | m and 3 | n, then as
in Case 3.1 E,, N Fy, = kyy () N Ky, </u) is cubic over Q no matter m is even or
odd. When m is even, we also have E,, N F,, = Q if gcd(3p,n) = 1 or p{ mn. On the
other hand, E,, N F,, = Q(,/p) if p | n. Therefore E,,, N F, is always totally real, and

{O
Cm,n =
’ 1

By Lemma 2.8, If 34 m and 2t m, then

2minip(mn)

dm,n = m1n1¢<mn)
minip(mn)

If 3fm and 2 | m, then

2minip(mn)
minyp(mn)

dm n =

’ minip(mn)

minip(mn)
6

it 3| m,
if 3¢ m.

if 31 n,
if 3| n and p t mn,

if 3| n and p | mn.

if 34n and p { mn,
if 3t n and p | mn,
if 3| n and p t mn,

if 3| n and p | mn.
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In order to compute den(M, ), we first evaluate sums Sz, Sy as follows:

p(mn)

p(mn) p(mn)
S3 = — 4 L St A ok Nt
’ 'rn;)m, 2m1n1¢(mn) m;{n 2m1n1¢(mn) nL;fn m1n1¢(mn)
3Jm‘mY.,2J(m 3)(7,nny,2\m, 3’(7’nn’,2\'m
ptmn plmn
mn mn
Z p(mn) + Z p(mn)
it 2minip(mn) it 2minip(mn)
?;)[7;Ln 3’(7rm,,2|7’n, plmn
_ 1 3 p(mn) 1 3 p(mn)
4 — minip(mn) 4 — minip(mn)
ged(6,mn)=1 ged(6,mn)=1, plmn

B PO 1 YOue) 1 2/ ()
4 Z 01¢() 4 Z adlec) 4 Z c19(c)

ged(6,c)= ged(6,c)=1, p|c ged(6p,c)=1
3p(mn) 6p(mn)
Sy = _ommn) _ommn)
2 bt 2 et
3fm,2)(m,13|n,p\mn 3{’m,2\7;7,,,3|n,p|mn

Applying Theorem 3.2, we have

mn
den(Ma) =S5+ 54+ Z M
m,n, 2tn Lol

3tm, 3|n, ptmn

1 2/pu(e) 1 27 p(c)
4 Z c19(c) 12 Z c19(c)

ged(6p,c)=1 ged(6p,c)=1
1 C),u(c 2
_ 1-—=—).
s X e mi o I 0y
ged(6p,c)=1 qls, g#p q>3, qtps

Second Case: Suppose p Z 1 (mod 4).
Case 2.1: Dig = 0 (mod 4). Then the possibility is Dg = 4 (mod 8) and p = 3
(mod 4).

By Lemmas 2.6, 2.7 and 2.8, for relatively prime square free positive integers m, n
with n odd, we have

EnNF,=Q, ¢c;mn =1, and dp, , = 2minip(mn).
Then by Theorem 3.2, we have

AT . N

et 2m1n1¢(mn) 2¢19(c)
7[11;[3 1(q— 1))
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Case 2.2: —Dg =1 (mod 4), i.e. a = 3 (mod 4). The integer « is assumed to be
nonexceptional. Note the case p = 2 is allowed here.

By Lemmas 2.6, 2.7 and 2.8, for relatively prime square free positive integers m, n
with n odd, we have

Q(v/—a/ged(a,n)) if a|mn and ged(a,n) =1 (mod 4),
EnNF, =4 Q(/a/ged(a,n)) if a | mn and ged(a,n) =3 (mod 4),
Q otherwise,
0 ifa|mnand ged(a,n) =1 (mod 4),
Cmun = { 1 otherwise,
minigp(mn)  if a | mn,
o]

2mini¢(mn)  otherwise.

We start with the sum

!

_ __umn)
55 = sz mlnléf’(m”).
0’1\7;111”

where the dash indicates that the sum runs through m, n with ged(a,n) =3 (mod 4).
Similar to the computation of S5, we have

- 27 1u(a) 2f(c)u(c)
~ 2a14(a) Z .

ged(a,c)=1

Applying Theorem 3.2, we have

p(mn)
den(M,) = MY g
en(Ma) Z; 2m1n1¢>(mn)+ ¥
atmn

_ 2f(€)u B 2
Z 2c1¢(c) H(l q1(q—1))'

qZB

Case 2.3: Suppose K = Q(v/—3) and « is exceptional. Note that p =3 mod 4.
Using Lemma 2.6, for square free m,n, n odd and 3 t m, we compute E,,NF,, = Q

if 3tn, or ptn. On the other hand, if p | m and 3 | n, then E,,, N F), = kp () N

K(pn, &/u) is a cubic extension of Q. Thus F,, N F,, is always totally real, and

0 if3|m,
Cm,n =
' 1 if3fm.
From Lemma 2.8, we also obtain, for 3 1 m:

2minip(mn) if 3tn,

dmn =< mini¢(mn)  if 3| n and p{mn,

many(mn) if 3| n and p | mn.
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Applying Theorem 3.2, we see that the value of den(M,,) is

_ pmn) _ plmn) _ 3pmn)
m,nzﬂfn 2m1n1¢(mn) + mém mlnlqﬁ(mn) + m;{n m1n1¢(mn)

3tmn 3tm, 3|n, ptmn 3fm, 3|n, p|mn
_ Z p(mn) _ Z p(mn)
4~ dminip(mn) — 12mini¢(mn)
ged(6,mn)=1 ged(6p,mn)=1

p(mn)
B ; dminyip(mn)

ged(6p,mn)=p

:1 Z 27 () 1 Z 2f(c)u(c)_1 Z 27 ()

ged(6,¢)=1 c1e(c) 12 ged(6p,c)=1 () ged(6,c)=1, plc c19(c)
L 2/p(e) 1 2 9
=5 2 Tagle) 4 H(l_ﬁ) 11 - @
ged(6p,c)=1 qls, g#p 4>3, qips

4. Applications to Elliptic Curves over Finite Fields. Let F, denote a
finite field of characteristic p with r = p® elements. Given an elliptic curve E defined
over .., we would like to know the size of the Galois extension of F,. obtained through
adjoining coordinates of all /-torsion points where £ is a prime. Let E[¢] C E(F,.) be
the set of all these (-torsion points. Let Endg denote the endomorphism ring of F
and let « = ag € Endg be the Frobenius endomorphism which raises the coordinates
of points on F to its r-th power. Then the size of the Galois extension in question is
the degree [F,.(E[¢]) : F,.] which equals to the order of the Frobenius endomorphism
acting on E[l]. If the curve E is not supersingular, a well-known theorem of Hasse
asserts that Z[o] C Endg which can be identified with an order in an imaginary
quadratic field K = Kg. If F is supersingular, it may happen that ap € Z, or else
Z[a] is still contained in an imaginary quadratic field K = Kg. We let disc(a) be
the discriminant of Z[a]. The following proposition bounds [F.(E[(]) : F,] in the
non-supersingular case:

PROPOSITION 4.1.  Given a non-supersingular elliptic curve E g with (geomet-
ric) Frobenius endomorphism « embedded in an imaginary quadratic field K. Let ey
be the largest divisor of 24 such that o € (K*)¢?, and e; = 2, or 1 according to whether
a is a square in K. Suppose prime £ > 3 and £ 1 pdisc(a). Then

FEi B < | s et in K/Q
r I N if € splits in K/Q

e’

Proof.  The degree [F.(E[{]) : F,] is exactly the order of the endomorphism
« inside (Endg /¢Endg)*. Since ¢ does not divide disc(«), we have Z[a]/{Z]a] =
Endg /lEndgp & Ok /€O, hence [F,.(E[{]) : F,] equals the order of « inside the
group (O /lOk)*. If £ is inert in K/Q, then we have #((Ok /¢Ok)*) = ¢* — 1 which
is divisible by 24. On the other hand if ¢ splits in K/Q, the group (Ok /¢Ok)* has
exponent /—1. The desired bound follows immediately from these observations. O

We are interested in the distribution of the degrees [F,.(E[{]) : F,] as the prime
number ¢ varies. In particular, how often the Galois extension degree [F,(E[/]) : F,]
can be the largest possible, in other words, is equal to (¢2 — 1)/es ? We consider
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therefore the following set of primes:
={l|teP, [F.(E[]):F,]=*—-1)/es}.

The main theorem to be established is:

THEOREM 4.2. Assume GRH holds, and suppose ged(s,6) = 1. Let Er_ be any
elliptic curve which is not supersingular . Then the set Mg always has positive density.

Proof. Let K = Kp, with h equals to the class number of O. First, we apply
Theorem 3.2 to the Frobenius a = ap. This shows that the set Mg has a density,
since it differs from M, only by a finite set. Next we can multiply s by suitable powers
of those prime factors of h not dividing 6 so that s and s’/ ged(s’, h) has the same
set of odd prime factors. Extending the base field to F ./, and replacing the curve £
by E’ which is the original E over F,.-. Then the Frobenius o/ = ap satisfies the
hypothesis of Theorem 3.3. It follows that the set Mg/ has positive density. To finish
the proof, it suffices to show that M, C M,. This follows from the fact that the order
of a modulo ¢ is at least the order of @’ modulo ¢ because o is a power of a. O

For prime fields IF,. = F},, a precise value of the density can be given.

THEOREM 4.3. Given an elliptic curve E/g, which is not supersingular. Suppose
GRH holds. Then the density of Mg is :

1- 2" if p=1 (mod 4) or a is exceptional,
den(Mg) _{ ( p(p n) G2 fp ( ) b
Cy otherwise,
where Cy is the constant:
1 2
Co=- [] (-———)=0133776---
4 . alg—1)
q#2 prime

Proof. Since den(Mg) = den(M,,) in this case (s=1), the formula follows from
Theorem 3.3 immediately. O
Let tg € Z denote the trace of the Frobenius endomorphism. If the curve FE is
supersingular, bounds on [F.(FE[{]) : F,] are given by
PROPOSITION 4.4.  Suppose E g, is supersingular and £ does not divide disc(c).
Then
((—1), if tg =2/, and s even
20-1), iftg=0
[F.(E[]):F,] << 3({—1), iftg==%\r, and s even
4(0—1), if tg ==+ptD/2 s odd, and p =2
6(0—1), iftg=+pttY/2 s odd, andp =3
Proof. Frobenius endomorphisms of all supersingular elliptic curves have been

computed explicitly by Deuring (c.f.[7], Theorem 4.1). If tg = £2+/r and s is even,
ap € Z. Iftg =0, ag = /-1, then aE € Z. If tg = +4/r, and s is even,

= +p3 lir, aE G Z. If tg = and s is odd, ag = j:QS;l(l +v-1),
ap €Z. Ity = > and s is odd, ap = +3°7 T 3if , a8 € Z. The proposition
follows from this information immediately. O

Combining Theorem 4.3 with Proposition 4.4 we obtain the following characteri-
zation of supersingular elliptic curves:
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COROLLARY 4.5.  Assume GRH holds. Then E/r, is supersingular if and only
if [Fp(E[0]) : Fp] = O(¢ — 1) as £ runs through the rational primes.

In fact, in the supersingular case, it is not difficult to derive from Hooley’s classical
work on Artin’s primitive roots conjecture (c.f. [2] or [4], the details are left to the
reader) for the torus G,,, the following result

THEOREM 4.6. Assume GRH holds. Let E/p, be a supersingular elliptic curve.
Then the set of primes £ satisfying [Fp(E[€]) : Fp] = 2(¢ — 1) has a positive density.
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