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ON A DENSITY PROBLEM FOR ELLIPTIC
CURVES OVER FINITE FIELDS∗

YEN-MEI J. CHEN† AND JING YU‡

Abstract. We prove an analogue of Artin’s primitive root conjecture for two-dimensional tori
ResK/Q Gm under the Generalized Riemann Hypothesis, where K is an imaginary quadratic field.

As a consequence, we are able to derive a precise density formula for a given elliptic curve E over a
finite prime field. One adjoins coordinates of all `-torsion points to the base field and asks for the

density of the rational primes ` for which the resulting Galois extension over the base field has degree

`2 − 1. It turns out that the density in question is essentially independent of the curves, and unless
in certain special cases, even independent of the characteristic p if p 6≡ 1 (mod 4).

1. Introduction. Given an elliptic curve E/Fp
, one is interested in the Galois

representations on `-torsion E[`] ⊂ E(F̄p) for various rational prime numbers `. Let
Fp(E[`]) be the Galois extension of Fp obtained by adjoining all coordinates of points
in E[`]. A basic question is: how often the degree [Fp(E[`]) : Fp] can be the largest
possible, in other words, is equal to `2 − 1 ?

If the given curve E/Fp
is supersingular, it is not difficult to deduce that for

almost all `, the degree of Fp(E[`])/Fp is bounded by 2(`−1). Thus for our purpose it
suffices to consider non-supersingular elliptic curves. We want to study the following
set associated to a given non-supersingular E/Fp

:

ME = {` : ` rational prime, [Fp(E[`]) : Fp] = `2 − 1}.
Our main result is that, under the generalized Riemann Hypothesis (GRH), these sets
ME always have positive density. Furthermore the value of this density den(ME) can
be given precisely in terms of a universal constant C2:

C2 =
1
4

∏

q 6=2 prime

(1− 2
q(q − 1)

) = 0.133776 · · · .

If p 6≡ 1 (mod 4), then always den(ME) = C2 unless in certain exceptional cases.
Otherwise we have den(ME) = (1− 2

p(p−1) )
−1C2 (c.f. Theorem 4.3).

The approach of this paper is based on a variation of Artin’s primitive root prob-
lem for a family of two-dimensional tori over Q. Let EndE denote the endomorphism
ring of the elliptic curve E and let α ∈ EndE be the Frobenius endomorphism. If E is
not supersingular, Z[α] ⊂ EndE , and Z[α] is identified with an order in an imaginary
quadratic field K = KE . Then Z[α] ⊂ OK , the ring of integers in K. The torus in
question is the one obtained from Gm/K via restriction of scalars : T = ResK/QGm/K .
This T is a two-dimensional torus defined over Q. It comes with a canonical homo-
morphism π : T → Gm defined over K which is universal, in the sense that any map
into Gm defined over K can be factored through a map into T that is defined over
Q. One identifies T(Q) with Gm(K) = K?. Therefore the Frobenius endomorphism
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α is regarded here as a rational point in T(Q). One observes that powers of such a
point can never be contained in any proper subtorus of T. Hence it has a good chance
to become ”primitive” when reducing modulo rational primes `, in the sense that α
modulo ` generates T(F`).

In §2, we begin with the condition for given α ∈ OK to be primitive point modulo
prime ` for the torus TK , where K is an arbitrary imaginary quadratic field and ` is
a rational prime which remains prime in K. The set Mα consisting of all primes `
having this property with respect to a fixed α is then characterized algebraically via
a family of Galois extensions constructed from α. In §3 we prove that Mα always has
a density (assuming GRH) which can be given precisely. An application to elliptic
curves is given in §4. Our method works well for elliptic curve E over any finite field
Fr, and one can gather in this way information on the distributions of the degrees
[Fr(E[`]) : Fr] as ` ranges over all prime numbers.

2. Primitive Points for Certain Two Dimensional Tori. Let K be a fixed
imaginary quadratic number field, with ring of integers OK ⊂ K. We use τ to denote
the complex conjugation and in this section ` always stands for a rational prime
number that stays prime in K. For α ∈ OK \ {0}, N(α) = αατ denotes its absolute
norm, ᾱ denotes the coset in (OK/`OK)? containing α if ord`(α) = 0, and o`(α)
denotes the order of ᾱ inside (OK/`OK)?. The set of all rational prime numbers
is denoted by P. Given α ∈ OK \ {0}, we set u = u(α) = ατ/α. The following
straightforward Proposition is the starting point:

Proposition 2.1. Let ` be a rational prime that is inert(stays prime) in K and
ord`(α) = 0. Then o`(α) = `2 − 1 if and only if o`

(
N(α)

)
= `− 1 and o`(u) = ` + 1.

Proof. Note that as ` is inert in K, ατ ≡ α` (mod `). Thus N(α) ≡ α`+1 and
u ≡ α`−1 (mod `). Suppose that o`(α) = `2−1. Then clearly we have o`

(
N(α)

)
= `−1

and o`(u) = ` + 1. Conversely, if o`(α) 6= `2 − 1, then there exists a prime q such that

q | `2 − 1 and α
`2−1

q ≡ 1 (mod `). If q | ` − 1, then N(α)
`−1

q ≡ α
`2−1

q ≡ 1 (mod `);

and if q | ` + 1, then u
`+1

q ≡ α
`2−1

q ≡ 1 (mod `). Therefore, o`(α) 6= `2 − 1 implies
either o`

(
(N(α)

)
� `− 1 or o`(u) � ` + 1.

Recall that T = ResK/QGm/K is the algebraic group over Q obtained from the
multiplicative group Gm by restriction of scalars. We have α ∈ OK \{0} ⊂ K? = T(Q)
and we are interested in the following set of primes:

Mα = {` : ` rational prime that is inert inK, ord`(α) = 0, o`(α) = `2 − 1}
= {` : ` rational prime that is inert in K, ᾱ generate T(F`)}.

Notations: Let q, q′ be rational primes with q′ odd. We introduce the following
Galois number fields:

E1 = Q, F1 = K.
Eq = Q

(
µµµq,

q
√

N(α)
)
, where µµµq is the group of q-th roots of unity.

Em = the compositum
∏

q|m
Eq, for square free m.

Fq′ = K(µµµq′ , q′√u).
Fn = the compositum

∏

q′|n
Fq′ , for square free odd n.

Lm,n = the compositum EmFn, for m,n square free and n is odd.
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For Galois number fields E/F , (℘,E/F ) will denote the Artin symbol whenever
the prime ℘ in F is unramified in E. We shall allow τ to stand also for the complex
conjugation on Q(µµµn), i.e. τ(ξ) = ξ−1 for any ξ ∈ µµµn. Given square free m,n, with n
odd, we consider in particular the following subset of Gal(Lm,n/Q):

Cm,n = {σ ∈ Gal(Lm,n/Q) : σ|K = τ, σ|Em = id, σ|Q(µµµn) = τ, and σ2 = id}.

We have
Lemma 2.2. Let ` be a prime that is inert in K/Q and q be a prime. Suppose

ord`(α) = 0. Then the following conditions are equivalent:

(1) q | (`− 1) and ᾱ
`2−1

q = 1 in (OK/`OK)?.
(2) ` splits completely in Eq/Q.
(3) ` is unramified in Lq,1/Q and (`, Lq,1/Q) ⊆ Cq,1.
Proof. It suffices to note that (1) amounts to q | (` − 1) and N(α)

`−1
q ≡ 1

(mod `). This is equivalent to q | (`− 1) and xq ≡ N(α) (mod `) has a solution in Z.
Thus we have (1)⇔(2). The rest follows from the definitions.

Lemma 2.3. Let ` be a prime that is inert in K/Q and q′ be an odd prime.
Suppose ord`(α) = 0. Then the following conditions are equivalent:

(1) q′ | (` + 1) and ᾱ
`2−1

q′ = 1 in (OK/`OK)?.
(2) q′ | (` + 1) and `OK splits completely in Fq′/K.
(3) ` is unramified in L1,q′/Q and (`, L1,q′/Q) ⊆ C1,q′ .

Proof. We first note that (1) ⇔ q′ | ` + 1 and ū
`+1
q′ = 1 in (OK/`OK)?. This is

equivalent to q′ | (`+1) and xq′ ≡ α (mod `) has a solution in OK , since (OK/`OK)?

is cyclic. Also it is equivalent to q′ | (` + 1) and xq′ ≡ α`−1 ≡ u (mod `) has a
solution in OK , because q′ - (` − 1). Hence we obtain (1) ⇔ (2). On the other hand
q′|(` + 1) if and only if (`,Q(µµµq′)/Q) = τ . If (2) holds, then ` is clearly unramified
in L1,q′/Q. Because `OK splits completely in L1,q′/K, we have σ2 = id, for all
σ ∈ (`, L1,q′/Q). Thus (2) ⇒ (3). Conversely, from σ2 = id for all σ ∈ (`, L1,q′/Q), we
obtain immediately that `OK splits completely in Fq′/K. Hence (3) ⇒ (2).

Combining Lemmas 2.2, 2.3, we deduce the crucial:
Corollary 2.4. Let ` be a rational prime which is inert in K/Q and ord`(α) =

0. Then ` ∈ Mα if and only if both the following two conditions hold: (1) For all prime
q, if ` is unramified in Lq,1, then (`, Lq,1/Q) * Cq,1.
(2) For all odd prime q′, if ` is unramified in L1,q′ , then (`, L1,q′/Q) * C1,q′ .

From now on we make the further assumption that α is not a root of unity and
gcd(α, ατ ) = 1, i.e. 1 ∈ αOK + ατOK . The remaining part of this section is occupied
by a detailed study of the Galois family Lm,n, together with the computation of
#Cm,n. All these are preliminaries needed for the main theorems of §3.

Lemma 2.5. Let m,n be square-free positive integers with n odd. Let s be the
largest integer with the property that N(α) ∈ (Q?)s, and let s′ be the largest integer
with the property that u ∈ (K?)s′ . Let m1 = m/gcd(m, s) and n2 = n/gcd(n, s′).
Suppose gcd(s, 6) = 1. Then

(a)

[Em : Q] =
m1φ(m)

[km ∩Q(µm) : Q]
,
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where km = Q (resp. Q
(√

N(α)
)
) if 2 - m (resp. 2 | m).

(b)

[Fn : Q] =

{ 2n2φ(n)
3[K∩Q(µn):Q] if K = Q(

√−3), 3 | n, and u ∈ (
K(µµµn)?

)3
,

2n2φ(n)
[K∩Q(µn):Q] otherwise.

Proof. Our argument is based on the following
Sublemma. Let F be a field, K1 a finite abelian extension of F , and K2 be

a finite extension of F which is not Galois but with prime extension degree. Then
K1, K2 are linearly disjoint over F and [K1K2 : K1] = [K2 : F ].

(a) Suppose that 2 - m. For q | m, let Em,q = Q
(
µµµm, q

√
N(α)

)
. Note that

[Q( q
√

N(α) : Q] = 1 or q depending on whether N(α) ∈ (Q?)q. By the Sublemma, we
have therefore

[Em,q : Q(µµµm)] =
{

1 if N(α) ∈ (Q?)q
,

q otherwise.

Thus Em,q’s are linearly disjoint over Q(µµµm). Since Em is the compositum of Em,q’s,
we have [Em : Q] = [Em : Q(µµµm)][Q(µµµm) : Q] = m1φ(m).

Suppose that 2 | m, write m = 2m′. Then m1 = m/ gcd(m, s) = 2 ·m′/ gcd(m′, s)
= 2m′

1 and Em = E2Em′ . For q′ | m′, let Em,q′ = E2

(
µµµm′ , q′

√
N(α)

)
. Here one also

has [E2

(
q′
√

N(α)
)

: E2] = 1 or q′ depending on whether N(α) ∈ (Q?)q′ . Consequently,

[Em,q′ : E2(µµµm′)] =

{
1 if N(α) ∈ (Q?)q′

,

q otherwise.

The Em,q′ ’s are linearly disjoint over E2(µµµm′) and we have

[Em : Q] = [Em : E2(µµµm′)][E2(µµµm′) : Q]

=
m1

2
[E2 : Q][Q(µµµm′) : Q]
[E2 ∩Q(µm′) : Q]

=
m1φ(m)

[E2 ∩Q(µm) : Q]
.

(b) For q′ | n, let Fn,q′ = K(µµµn, q
√

u). Note that if q′ - s′, then K( q′
√

u) is not
Galois over K except that K = Q(

√−3) and q′ = 3. Also one has that [K( q′
√

u) :
K] = 1 or q′ depending on whether u ∈ (K?)q′ . By the Sublemma, we have [Fn,q′ :
K(µµµn)] = q′/ gcd(q′, s′) except when K = Q(

√−3) and q′ = 3. If K = Q(
√−3) and

3 | n, then

[Fn,3 : K(µµµn)] =

{
1 if u ∈ (

K(µµµn)?
)3

,

3 if u 6∈ (
K(µµµn)?

)3
.

Thus the Fn,q′ ’s are linearly disjoint over K(µµµn) and we have:

[Fn : K(µµµn)] =

{
n2
3 if K = Q(

√−3), 3 | n, and u ∈ (
K(µµµn)?

)3
,

n2 otherwise.



a density problem for elliptic curves 741

Therefore,

[Fn : Q] = [Fn : K(µµµn)][K(µµµn) : Q]

=

{ 2n2φ(n)
3[K∩Q(µµµn):Q] if K = Q(

√−3), 3 | n, and u ∈ (
K(µµµn)?

)3
,

2n2φ(n)
[K∩Q(µµµn):Q] otherwise.

Lemma 2.6. Let m,n be square-free positive integers with n odd and gcd(m,n) =
1. Suppose further that α satisfies all the conditions in Lemma 2.5. If K = Q(

√−3),
3 | n and u ∈ (

K(µµµmn)?
)3 \ (

K(µµµn)?
)3, then Em ∩ Fn = km(µµµm) ∩K(µµµn, 3

√
u) and

[Em ∩ Fn : Q] =
3[Kkm ∩Q(µµµmn) : Q]

[km ∩Q(µµµm) : Q][K ∩Q(µµµn) : Q]
.

Otherwise, Em ∩ Fn = km(µµµm) ∩K(µµµn) and

[Em ∩ Fn : Q] =
[Kkm ∩Q(µµµmn) : Q]

[km ∩Q(µµµm) : Q][K ∩Q(µµµn) : Q]
.

(Recall that km = Q (resp. Q
(√

N(α)
)
) if 2 - m (resp. 2 | m).)

Proof. First we contend that Em ∩ Kkm(µµµmn) = km(µµµm). Also that Fn ∩
Kkm(µµµmn) = K(µµµn) except when K = Q(

√−3), 3 | n, u ∈ (
K(µµµmn)?

)3 but u 6∈(
K(µµµn)?

)3.
Since gcd(m,n) = 1, Kkm

(
µµµmn, m

√
N(α)

)
and Kkm(µµµmn, n

√
u) are linearly

disjoint over Kkm(µµµmn). Observe that Em ⊂ Kkm

(
µµµmn, m

√
N(α)

)
and Fn ⊂

Kkm(µµµmn, n
√

u). Hence

Em ∩ Fn ⊆ Kkm

(
µµµmn, m

√
N(α)

) ∩Kkm(µµµmn, n
√

u) = Kkm(µµµmn).

Note that for odd prime q, N(α) ∈ (Q?)q if and only if N(α) ∈ (
(Kkm)?

)q. Similar
to the proof of Lemma 2.5(a), one has

[Kkm

(
µµµmn, m

√
N(α)

)
: Kkm(µµµmn)] =

m1

gcd(2,m)
= [Em : km(µµµm)]

and therefore Em ∩Kkm(µµµmn) = km(µµµm).

Similarly, because N(α) is divisible only by splitting primes, if q′ - s′, then
Kkm( q′√u) is not Galois over Kkm except when K = Q(

√−3) and q′ = 3. Thus
we have

[Kkm(µµµmn, n
√

u) : Kkm(µµµmn)] =

{
n2
3 if K = Q(

√−3), 3 | n, u ∈ (
K(µµµmn)?

)3
,

n2 otherwise.

Therefore, Fn∩Kkm(µµµmn) = K(µµµn) unless K = Q(
√−3), 3 | n, and u ∈ (

K(µµµmn)?
)3\(

K(µµµn)?
)3. In the last mentioned case, it is easy to check that [Fn ∩ Kkm(µµµmn) :

K(µµµn)] = 3 and thus Fn ∩Kkm(µµµmn) = K(µµµn, 3
√

u).
If we are in the case K = Q(

√−3), 3 | n, u ∈ (
K(µµµmn)?

)3 \ (
K(µµµn)?

)3, what we
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obtain is

[Em ∩ Fn : Q] = [(Em ∩Kkm(µµµmn)) ∩ (Fn ∩Kkm(µµµmn)) : Q)]

= [km(µµµm) ∩K(µµµn, 3
√

u) : Q] =
[km(µµµm) : Q][K(µµµn, 3

√
u) : Q]

[Kkm(µµµmn, 3
√

u) : Q]

=
3[km(µµµm) : Q][K(µµµn) : Q]

[Kkm(µµµmn) : Q]

= 3 · [km : Q][Q(µµµm) : Q]
[km ∩Q(µµµm) : Q]

[K : Q][Q(µµµn) : Q]
[K ∩Q(µµµn) : Q]

[Kkm ∩Q(µµµmn) : Q]
[Kkm : Q][Q(µµµmn) : Q]

=
3[Kkm ∩Q(µµµmn) : Q]

[km ∩Q(µµµm) : Q][K ∩Q(µµµn) : Q]
.

On the other hand, in all other cases, we have

[Em ∩ Fn : Q] = [km(µµµm) ∩K(µµµn) : Q] =
[km(µµµm) : Q][K(µµµn) : Q]

[Kkm(µµµmn) : Q]

=
[km : Q][Q(µµµm) : Q]
[km ∩Q(µµµm) : Q]

[K : Q][Q(µµµn) : Q]
[K ∩Q(µµµn) : Q]

[Kkm ∩Q(µµµmn) : Q]
[Kkm : Q][Q(µµµmn) : Q]

=
[Kkm ∩Q(µµµmn) : Q]

[km ∩Q(µµµm) : Q][K ∩Q(µµµn) : Q]
.

Lemma 2.7. Let m,n be square-free positive integers with n odd. Suppose further
that α satisfies all the conditions in Lemma 2.5. Let cm,n = #Cm,n. Then we have

cm,n =
{

1 if Em ∩ Fn is totally real,
0 otherwise.

In particular, if gcd(m,n) 6= 1, then cm,n = 0.
Proof. Suppose that Em ∩ Fn is not totally real. Then it is clear that Cm,n = ∅

and thus cm,n = 0.
Now suppose that Em ∩ Fn is totally real. Then gcd(m,n) = 1. Note that

Cm,n ⊆ Gal(Lm,n/Em) ⊆ Gal(Lm,n/Em ∩ Fn) ⊆ Gal(Lm,n/Q). Recall that Lm,n is
the compositum of Em, Fn and thus one has the following isomorphism

Gal(Lm,n/Em ∩ Fn) ∼−→ Gal(Em/Em ∩ Fn)×Gal(Fn/Em ∩ Fn)

σ 7→ (σ1, σ2) = (σ|Em
, σ|Fn

).

Embedding Fn into C, and restricting the complex conjugation τ to Fn, since Em∩Fn

is totally real, we may extend τ |Fn
to an element in Cm,n. It suffices to show that

σ ∈ Cmn if and only if σ2 = τ |Fn
. Suppose σ ∈ Cm,n. Then σ1 = id. Let ζn be a fixed

primitive n-th root of unity. Suppose σ2( n
√

u) = ζi
n

1
n
√

u
for some fixed i, 0 ≤ i ≤ n−1.

Then n
√

u = σ2
2( n
√

u) = ζ−2i
n

n
√

u. As n is odd, it follows that i = 0 and σ2 is unique
on Fn.

Let dm,n denote the extension degree of Lm,n over Q. Then we have
Lemma 2.8. Let m,n be square-free positive integers with n odd and gcd(m,n) =

1. Suppose further that α satisfies all the conditions in Lemma 2.5. Then

dm,n =

{ 2m1n2φ(mn)
3[Kkm∩Q(µµµmn):Q] if K = Q(

√−3), 3 | n, and u ∈ (
K(µµµmn)?

)3
,

2m1n2φ(mn)
[Kkm∩Q(µmn):Q] otherwise.
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Proof. Recall the fact that Lm,n is the compositum of Em and Fn. Combining
Lemma 2.5 and Lemma 2.6, we have, if K = Q(

√−3), 3 | n, and u ∈ (K(µµµmn)?)3,
then

dm,n = [Lm,n : Q] = [Em : Q][Fn : Q]/[Em ∩ Fn : Q]

=
2m1n2φ(mn)

3[Kkm ∩Q(µµµmn) : Q]
.

Otherwise, dm,n =
2m1n2φ(mn)

[Kkm ∩Q(µµµmn) : Q]
.

Let DK denote the absolute value of the discriminant of the imaginary quadratic
field K, and let Dm,n denote the absolute value of the absolute discriminant of the
number field Lm,n. Then we have

Lemma 2.9. Dm,n | Dm1n2 φ(m)φ(n)
K

(
N(α)mn

)4m1n2 φ(m)φ(n).
Proof. It is routine to compute that the relative discriminant of Eq/Q and

Fq′/K divides N(α)[Eq :Q]
q2[Eq :Q] and N(α)[Fq′ :K]

q′2[Fq′ :K] respectively. Hence the rel-
ative discriminant of Lmn/K divides

(
N(α)mn

)2m1n2φ(m)φ(n). Consequently Dm,n |
D

m1n2φ(m)φ(n)
K

(
N(α)mn

)4m1n2φ(m)φ(n)
.

3. Existence and positivity of the density. Given a set M ⊂ P, we are
interested in the following limit:

lim
x→∞

#{` ∈ M : ` ≤ x}
x/ log x

.

If this limit exists, its value is called the density of M , and will be denoted by den(M).
We are going to prove that if α ∈ K satisfies certain conditions, then the set Mα

introduced in §2, has a positive density. The structure of our proof follows that of
Hooley[2], c.f. also Murty[4].

For pimes q, q′ with q′ odd, we define two sets

Sq ={` ∈ P : ` is inert in K, `OK is unramified in Lq,1, and (`, Lq,1) ∈ Cq,1.},
Tq′ ={` ∈ P : ` is inert in K, `OK is unramified in L1,q′ , and (`, L1,q′) ∈ C1,q′ .}.

Note that given a rational prime `, there are only finitely many q’s such that ` ∈ Sq

and also there are only finitely many q′’s such that ` ∈ Tq′ . We define R(`) to be the
compositum

R(`) =
∏
q

Lq,1 ·
∏

q′
L1,q′ ,

where q runs through primes satisfying ` ∈ Sq and q′ runs through odd primes satis-
fying ` ∈ Tq′ .

We are interested in the lattice of the fields Lm,n
′s where m,n are square-free

positive integers with n odd, partially ordered by

Lm,n ¹ Lm′,n′ if and only if m′ | m and n′ | n.

This lattice will be denoted by L. Given L ∈ L, we also introduce the functions:

f(x, L) = #{` : ` ∈ P, ` ≤ x, ` is inert in K/Q, and R(`) = L},
π1(x, L) = #{` : ` ∈ P, ` ≤ x, ` is inert in K/Q, and R(`) ⊇ L}.
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For L ∈ L, it is clear that π1(x, L) =
∑

L′¹L

f(x, L′). From Möbius inversion, we have

f(x, L) =
∑

L′¹L

µ(L′, L)π1(x, L′) where µ(L′, L) is the Möbius function of the lattice

L. (c.f. [5], Proposition 2.) In particular,

f(x,K) =
∑

µ(Lm,n,K)π1(x, Lm,n) =
∑

µ(m)µ(n)π1(x, Lm,n)

where m,n run through square-free positive integers with n odd.
We will use the following effective version of Chebotarev Density Theorem.
Theorem 3.1. Let L/Q be finite Galois extension with Galois group G, and C

a union of conjugacy classes of G. Let πC(x, L/Q) = #{p : p is a prime unramified in
L/Q, p ≤ x, and (p, L/Q) ⊆ C}. Assume GRH holds for the Dedekind zeta function
of L. Then there exists a positive constant A0 (independent of C, L) such that for
every x > 2,

|πC(x, L/Q)− #C

#G
Li(x)| ≤ A0

(#C

#G

√
x log(DLx[L:Q])

)

where Li(x) is the logarithmic integral Li(x) =
∫ x

2
dt

log t ∼ x
log x as x →∞.

(c.f. [6], Theorem 4.)
The existence of density for Mα is contained in the following
Theorem 3.2. Given α ∈ OK \ OK

? with gcd(α, ατ ) = 1. Let s be the largest
integer such that N(α) ∈ (Q?)s. Assume that gcd(s, 6) = 1 and furthermore GRH
holds. Then den(Mα) exists and is given by

den(Mα) =
∑
m, n

µ(m)µ(n)cm,n

dm,n
,

where in the sum m, n runs through all square free positive integers, n is required to
be odd.

Remark. The condition gcd(s, 6) = 1 in Theorem 3.2 is not essential. If 2 | s or
3 | s, one can still prove such an identiy with both sides equal 0.

Proof of Theorem 3.2. First note that #{` ∈ Mα : ` ≤ x} = f(x,K). Define
N(x, y) = #{` : ` ∈ P, ` ≤ x, ` is inert in K, ` 6∈ Sq and ` 6∈ Tq′ for all q, q′ ≤ y.}.
Recall that for any σ ∈ Gal(Lm,n/Q),

σ ∈ Cm,n ⇐⇒ σ|Lq,1 ∈ Cq,1 for all q | m and σ|L1,q′ ∈ C1,q′ for all q′ | n.

Then it is clear that f(x,K) ≤ N(x, y) and

N(x, y) =
∑
m, n

′
µ(m)µ(n)π1(x, Lm,n)

where the dash on the sum indicates that all the prime divisors of mn are ≤ y. Note
that π1(x, Lm,n) = πCm,n

(x, Lm,n). Then applying Theorem 3.1 we can find a positive
absolute constant A0 such that for all x > 2,

|π1(x, Lm,n)− cm,n

dm,n
Li(x)| ≤ A0

( cm,n

dm,n

√
x log(Dm,nxdm,n)

)
.
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Now define M(x, y1, y2) = #{` : ` ∈ P, ` ≤ x, ` ∈ Sq for some q ∈ [y1, y2] or
` ∈ Tq′ for some q′ ∈ [y1, y2].}. Then

(1) f(x,K) ≥ N(x, y)−M(x, y, x + 1).

Claim 1: M(x,
√

x
log2 x

,
√

x log x) = o( x
log x ).

Proof. The left-hand side is bounded by
∑

√
x/ log2 x<q<

√
x log x

π1(x, Lq,1) +
∑

√
x/ log2 x<q′<

√
x log x

π1(x, L1,q′).

If ` contributes a count of 1 to π1(x, Lq,1) then ` ≡ 1 (mod q); if ` contributes a
count of 1 to π1(x, L1,q′) then ` ≡ −1 (mod q′). Hence π1(x, Lq,1) is bounded by
#{` : ` ≤ x, ` ≡ 1 (mod q)} and π1(x, L1,q′) is bounded by #{` : ` ≤ x, ` ≡ −1
(mod q′)}.

By the Brun-Titchmarsh theorem, for any b ∈ Z, there is an absolute constant B
such that for q < x,

#{` : ` ≤ x, ` ≡ b mod q} ≤ B
x

(q − 1) log(x/q)
.

Therefore we have

M(x,
√

x
log2 x

,
√

x log x) ≤ 2 ·
∑

√
x/ log2 x<q<

√
x log x

B
x

(q − 1) log(x/q)

≤ x

log x
·O(

∑ 1
q
)

≤ x

log2 x
·O(

∑ log q

q
)

≤ O(
x log log x

log2 x
) = o(

x

log x
).

Claim 2: M(x,
√

x
log2 x

, x + 1) = o( x
log x ).

Proof. Note that one can write

M(x,
√

x
log2 x

, x + 1) = M(x,
√

x
log2 x

,
√

x log x) + M(x,
√

x log x, x + 1).

By Claim 1, it suffices to show that M(x,
√

x log x, x + 1) = o( x
log x ). Recall that

if ` ∈ Sq, then ` ≡ 1 (mod q) and N(α)
`−1

q ≡ 1 (mod `) in OK , which implies

` divides N(α)
`−1

q − 1; similarly if ` ∈ Tq′ , then ` ≡ −1 (mod q′) and u
`+1
q′ ≡ 1

(mod `) in OK , which implies ` | (α
`+1
q′ − ατ

`+1
q′ ). Since ` ≤ x and q, q′ >

√
x log x,

(`− 1)/q, (` + 1)/q′ < 2
√

x/ log x. Let

R1 =
∏

k<2
√

x/ log x

(
N(α)k − 1

)
and R2 =

∏

k<2
√

x/ log x

(
αk − (ατ )k)2

.

Note that R1 6= 0 and R2 6= 0. Then it is easy to see that ` ∈ Sq implies ` | R1 and
also that ` ∈ Tq′ implies ` | R2. So M(x,

√
x log x, x + 1) is bounded by the number of
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prime factors of R1R2, which is trivially O(log R1 + log R2). Observe that

log R1 ≤
∑

k<2
√

x/ log x

k log N(α) = O( x
log2 x

), and

log R2 ≤
∑

k<2
√

x/ log x

k log
√

N(α) = O( x
log2 x

).

Therefore M(x,
√

x log x, x + 1) = o( x
log x ).

Claim 3: M(x, y, x + 1) is o( x
log x ) provided y = y(x) →∞ as x →∞.

Proof. It suffices to show that M(x, y,
√

x
log2 x

) = o( x
log x ). We have:

M(x, y,

√
x

log2 x
) ≤

∑

y<q<
√

x

log2 x

π1(x, Lq,1) +
∑

y<q′<
√

x

log2 x

π1(x, L1,q′),

∑

y<q<
√

x

log2 x

π1(x, Lq,1) ≤
∑

y<q<
√

x

log2 x

cq,1

dq,1
Li(x) + O(

cq,1

dq,1

√
x log Dq,1x

dq,1)

≤ Li(x)
∑

y<q<
√

x

log2 x

1
q2

+
√

x ·O(
∑

y<q<
√

x

log2 x

log q) +
√

x log x ·O(
∑

y<q<
√

x

log2 x

1).

One also gets the same bound for the sum involving π1(x, L1,q′). Hence

M(x, y,
√

x
log2 x

) ≤ 2 · Li(x)
∑

y<q<
√

x

log2 x

1
q2

+ 2 · √x log x ·O(
∑

y<q<

√
x

log2 x

1)

= o(
x

log x
) + O

(√
x log x(

√
x

log2 x
/ log

√
x

log2 x
)
)

= o(
x

log x
).

Claim 4: If y(x) = O(log x), then

N(x, y) =
∑
m, n

′µ(m)µ(n)cm,n

dm,n

x

log x
+ o(

x

log x
).

Proof. Applying the effective Cebotarev Density Theorem to those fields Lm,n,
and union of conjugacy classes Cm,n, with all prime divisors of mn bounded by y.
Summing together the error terms, we have:

O(
∑
m, n

′ cm,n

dm,n

√
x log Dm,nxdm,n) = O(

√
x
∑
m, n

′
log mn) + O(

√
x log x

∑
m, n

′
1)

= O(22t
√

x log y + 22t
√

x log x)

= O(22t
√

x log x) = o(
x

log x
),

where t is the number of rational primes ≤ y, thus t = O( y
log y ).

Using Lemmas 2.7 and 2.8 we see that the series
∑
m, n

µ(m)µ(n)cm,n

dm,n
is absolutely

convergent. Now choose y properly (y = O(log x)), combining (1), Claim 3 and Claim
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4, we arrive at

f(x,K) =
∑
m, n

µ(m)µ(n)cm,n

dm,n

x

log x
+ o(

x

log x
).

Therefore we conclude that den(Mα) =
∑
m, n

µ(m)µ(n)cm,n

dm,n
.

We are particularly interested in the case N(α) = ps, where p is a prime splitting
in the imaginary quadratic field K. As in §2, the case K = Q(

√−3) = K(µµµ3) requires
special attention. Suppose that K = Q(

√−3) and α 6= 0 ∈ OK , gcd(α, ατ ) = 1, and
N(α) = ps, with s an integer prime to 6. Then the principal ideal (α) is equal to (β)s

for some primary prime of OK lying above p. There is an unique integer δ(α) modulo
6 with α = ζ

δ(α)
6 βs. From the classical theory of cubic Gauss sums (c.f. [3], Chap. 9),

one knows that pβ ∈ K(µµµp)?3. Then it follows that for any square-free odd integer
n, u = ατ

α ∈ K(µµµn)?3 if and only if 3 | δ(α) and p | n. In the following we shall call
an imaginary quadratic integer α exceptional if α ∈ K, and α = ±βs with β primary
prime. All other imaginary quadratic integers are called nonexceptional. From Lemma
2.6, we know that if α is nonexceptional then Em ∩ Fn = km(µµµm) ∩ K(µµµn) always
holds for relatively prime square free positive integer m, n with n odd.

Let h denote the class number of K. For any positive integer n, let f(n) denote
the number of odd prime divisors of n. We are ready to derive a precise formula for
the density.

Theorem 3.3. Assume GRH holds. Suppose α ∈ OK\OK
?, gcd(α, ατ ) = 1 and

N(α) = ps, where p is a prime splitting in K, s is an integer satisfying gcd(6, s) = 1
and f(s) = f( s

gcd(s,h) ). Then Mα has positive density given by

den(Mα) =





1
4

∏

q|s, q 6=p

(
1− 2

(q − 1)
) ∏

q≥3, q-ps

(
1− 2

q(q − 1)
) if p ≡ 1 (mod 4)

or α is exceptional,

1
4

∏

q|s

(
1− 2

(q − 1)
) ∏

q≥3, q-s

(
1− 2

q(q − 1)
)

otherwise.

Remark. 1. The condition gcd(6, s) = 1 in Theorem 3.3 is essential.
2. It is possible to remove the condition f(s) = f

(
s

gcd(s,h)

)
from Theorem 3.3. In

doing so, one has to modify the Euler factors in the infinite product which corresponds
to primes dividing s. Writing (α) = as, and let o be the order of the ideal class of a.
The primes dividing s′ = s/o and those dividing o will give different contributions to
the density, where s′ is the largest integer with the property that u ∈ (K?)s′ .

Proof of Theorem 3.3. Since f(s) = f( s
gcd(s,h) ), one has n1 = n2 for all square

free integer n.

First Case: Suppose that p ≡ 1 (mod 4).
Case 1.1: DK ≡ 0 (mod 4).

By Lemma 2.6 for relatively prime square free positive integers m, n with n odd,
we have

Em ∩ Fn =
{ Q(

√
p) if 2 | m and p | n,

Q otherwise,
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Then from Lemma 2.7 and 2.8, we obtain

cm,n = 1 and dm,n =
{

m1n1φ(mn) if 2p | mn,

2m1n1φ(mn) otherwise.

Applying Theorem 3.2, we have

den(Mα) =
∑

m, n, 2-n
2p-mn

µ(mn)
2m1n1φ(mn)

+
∑

m, n, 2-n
2p|mn

µ(mn)
m1n1φ(mn)

=
∑

2p-c

2f(c)µ(c)
2c1φ(c)

+
∑

2p|c

2f(c)µ(c)
c1φ(c)

=
∑

c

2f(c)µ(c)
2c1φ(c)

+
∑

2p|c

2f(c)µ(c)
2c1φ(c)

=
1
4

∏

q≥3

(
1− 2

q1(q − 1)
)

+
1

2p1(p− 1)

∏

q≥3, q 6=p

(
1− 2

q1(q − 1)
)

=
1
4

∏

q≥3, q 6=p

(
1− 2

q1(q − 1)
)

=
1
4

∏

q|s, q 6=p

(
1− 2

(q − 1)
) ∏

q≥3, q-ps

(
1− 2

q(q − 1)
)

> 0.

Case 1.2: −DK ≡ 1 (mod 4), i.e. K = Q(
√−a), a ≡ 3 (mod 4). Also the integer α is

assumed to be nonexceptional.
By Lemma 2.6, for relatively prime square free positive integers m, n with n odd,

we have that Em ∩ Fn = km(µµµm) ∩ K(µµµn) is totally real except when a | mn with
gcd(a, n) ≡ 1 (mod 4), in that case it contains the imaginary field Q(

√
−a/ gcd(a, n)).

From Lemmas 2.7 and 2.8, we get

cm,n =
{

0 if a | mn and gcd(a, n) ≡ 1 (mod 4),
1 otherwise,

dm,n =





1
2m1n1φ(mn) if 2ap | mn,

m1n1φ(mn) if either a | mn or 2p | mn, but not both,

2m1n1φ(mn) otherwise.
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In order to compute den(Mα) in this case, we first compute two sums S1, S2:

S1 =
∑

m, n, 2-n
a-mn, 2p-mn

µ(mn)
2m1n1φ(mn)

+
∑

m, n, 2-n
a-mn, 2p|mn

µ(mn)
m1n1φ(mn)

=
∑

a-c, 2p-c

2f(c)µ(c)
2c1φ(c)

+
∑

a-c, 2p|c

2f(c)µ(c)
c1φ(c)

=
∑

a-c

2f(c)µ(c)
2c1φ(c)

+
∑

a-c, 2p|c

2f(c)µ(c)
2c1φ(c)

=
∑

c

2f(c)µ(c)
2c1φ(c)

−
∑

a|c

2f(c)µ(c)
2c1φ(c)

+
∑

2p|c

2f(c)µ(c)
2c1φ(c)

−
∑

2ap|c

2f(c)µ(c)
2c1φ(c)

=
1
4

∏
q

(
1− 2

q1(q − 1)
)− 2f(a)µ(a)

4a1φ(a)

∏

q≥3, q-a

(
1− 2

q1(q − 1)
)

+
1

2p1(p− 1)

∏

q≥3, q 6=p

(
1− 2

q1(q − 1)
)− 2f(a)µ(a)

2p1(p− 1)a1φ(a)

∏

q≥3, q-ap

(
1− 2

q1(q − 1)
)

=
1
4
(∏

q|a

(
1− 2

q1(q − 1)
)− 2f(a)µ(a)

a1φ(a)
) ∏

q≥3, q-ap

(
1− 2

q1(q − 1)
)
.

Next consider

S2 =
′∑

m, n, 2-n
a|mn, 2p-mn

µ(mn)
m1n1φ(mn)

+
′∑

m, n, 2-n
a|mn, 2p|mn

2µ(mn)
m1n1φ(mn)

,

where the dash indicates that the sum runs through m, n with gcd(a, n) ≡ 3 (mod 4).
Define for each integer r the function fr : Z>0 −→ Z by fr(n) = n/ gcd(n, r). Note
that n1 = fs(n) for every positive integer n. Let m and n be relatively prime integer,
let a be a divisor of mn. Then one has fs(mn) = fs(m)fs(n), mn = afa(m)fa(n),
and

fs(a) · fs

(
fa(m)

)
fs

(
fa(n)

)
= fs

(
afa(m)fa(n)

)
= fs(mn) = fs(m)fs(n).

Thus
µ(mn)

m1n1φ(mn)
=

µ(a)
a1φ(a)

µ
(
fa(m)fa(n)

)

fa(m)1fa(n)1φ
(
fa(m)fa(n)

) .

For any positive integer n, let g(n) denote the number of prime divisors of n that is
congruent to 3 modulo 4. For each ordered-pair (m′, n′) with gcd(a,m′n′) = 1, the
number of ordered pair (m,n) with a | mn,n odd, and g

(
gcd(a, n)

)
odd satisfying

m′ = fa(m) and n′ = fa(n) is equal to
((

g(a)
1

)
+

(
g(a)

3

)
+ · · · (g(a)

g(a)

)) · 2f(a)−g(a)

=2g(a)−1 · 2f(a)−g(a) = 2f(a)−1.
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Therefore,

S2 =
2f(a)−1µ(a)

a1φ(a)

( ∑

m, n, 2-n
2p-mn gcd(a,mn)=1

µ(mn)
m1n1φ(mn)

+
∑

m, n, 2-n
gcd(a,mn)=1, 2p|mn

2µ(mn)
m1n1φ(mn)

)

=
2f(a)µ(a)
2a1φ(a)

( ∑

gcd(a,c)=1, 2p-c

2f(c)µ(c)
c1φ(c)

+
∑

gcd(a,c)=1, 2p|c

2f(c)+1µ(c)
c1φ(c)

)

=
2f(a)µ(a)
2a1φ(a)

( ∑

gcd(a,c)=1

2f(c)µ(c)
c1φ(c)

+
∑

gcd(a,c)=1, 2p|c

2f(c)µ(c)
c1φ(c)

)

=
2f(a)µ(a)
4a1φ(a)

∏

q≥3, q-a

(
1− 2

q1(q − 1)
)

+
2f(a)µ(a)

2p1(p− 1)a1φ(a)

∏

q≥3, q-ap

(
1− 2

q1(q − 1)
)

=
2f(a)µ(a)
4a1φ(a)

∏

q≥3,q-ap

(
1− 2

q1(q − 1)
)
.

Applying Theorem 3.2, we have

den(Mα) = S1 + S2 =
1
4

∏

q≥3, q 6=p

(
1− 2

q1(q − 1)
)
.

Case 1.3: Suppose K = Q(
√−3) and α is exceptional

For square free m,n, n odd and 3 - m, we compute [Em ∩ Fn : Q] using Lemma
2.6. If gcd(3p, n) = 1 and 2 - m, we obtain Em ∩ Fn = Q. If p | m and 3 | n, then as
in Case 3.1 Em ∩ Fn = km(µµµm) ∩K(µµµn, 3

√
u) is cubic over Q no matter m is even or

odd. When m is even, we also have Em ∩ Fn = Q if gcd(3p, n) = 1 or p - mn. On the
other hand, Em ∩ Fn = Q(

√
p) if p | n. Therefore Em ∩ Fn is always totally real, and

cm,n =
{

0 if 3 | m,

1 if 3 - m.

By Lemma 2.8, If 3 - m and 2 - m, then

dm,n =





2m1n1φ(mn) if 3 - n,

m1n1φ(mn) if 3 | n and p - mn,
m1n1φ(mn)

3 if 3 | n and p | mn.

If 3 - m and 2 | m, then

dm,n =





2m1n1φ(mn) if 3 - n and p - mn,

m1n1φ(mn) if 3 - n and p | mn,

m1n1φ(mn) if 3 | n and p - mn,
m1n1φ(mn)

6 if 3 | n and p | mn.
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In order to compute den(Mα), we first evaluate sums S3, S4 as follows:

S3 =
∑

m, n, 2-n
3-mn,2-m

µ(mn)
2m1n1φ(mn)

+
∑

m, n, 2-n
3-mn,2|m

p-mn

µ(mn)
2m1n1φ(mn)

+
∑

m, n, 2-n
3-mn,2|m

p|mn

µ(mn)
m1n1φ(mn)

=
∑

m, n, 2-n
3-mn

µ(mn)
2m1n1φ(mn)

+
∑

m, n, 2-n
3-mn,2|m, p|mn

µ(mn)
2m1n1φ(mn)

=
1
4

∑
m, n

gcd(6,mn)=1

µ(mn)
m1n1φ(mn)

− 1
4

∑
m, n

gcd(6,mn)=1, p|mn

µ(mn)
m1n1φ(mn)

=
1
4

∑

gcd(6,c)=1

2f(c)µ(c)
c1φ(c)

− 1
4

∑

gcd(6,c)=1, p|c

2f(c)µ(c)
c1φ(c)

=
1
4

∑

gcd(6p,c)=1

2f(c)µ(c)
c1φ(c)

,

S4 =
∑

m, n, 2-n
3-m, 2-m, 3|n, p|mn

3µ(mn)
m1n1φ(mn)

+
∑

m, n, 2-n
3-m, 2|m, 3|n, p|mn

6µ(mn)
m1n1φ(mn)

= 0.

Applying Theorem 3.2, we have

den(Mα) = S3 + S4 +
∑

m, n, 2-n
3-m, 3|n, p-mn

µ(mn)
m1n1φ(mn)

=
1
4

∑

gcd(6p,c)=1

2f(c)µ(c)
c1φ(c)

− 1
12

∑

gcd(6p,c)=1

2f(c)µ(c)
c1φ(c)

=
1
6

∑

gcd(6p,c)=1

2f(c)µ(c)
c1φ(c)

=
1
4

∏

q|s, q 6=p

(
1− 2

(q − 1)
) ∏

q≥3, q-ps

(
1− 2

q(q − 1)
)
.

Second Case: Suppose p 6≡ 1 (mod 4).
Case 2.1: DK ≡ 0 (mod 4). Then the possibility is DK ≡ 4 (mod 8) and p ≡ 3
(mod 4).

By Lemmas 2.6, 2.7 and 2.8, for relatively prime square free positive integers m, n
with n odd, we have

Em ∩ Fn = Q, cm,n = 1, and dm,n = 2m1n1φ(mn).

Then by Theorem 3.2, we have

den(Mα) =
∑

m, n, 2-n

µ(mn)
2m1n1φ(mn)

=
∑

c

2f(c)µ(c)
2c1φ(c)

=
1
4

∏

q≥3

(
1− 2

q1(q − 1)
)

=
1
4

∏

q|s

(
1− 2

(q − 1)
) ∏

q≥3, q-s

(
1− 2

q(q − 1)
)

> 0.
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Case 2.2: −DK ≡ 1 (mod 4), i.e. a ≡ 3 (mod 4). The integer α is assumed to be
nonexceptional. Note the case p = 2 is allowed here.

By Lemmas 2.6, 2.7 and 2.8, for relatively prime square free positive integers m, n
with n odd, we have

Em ∩ Fn =





Q(
√
−a/ gcd(a, n)) if a | mn and gcd(a, n) ≡ 1 (mod 4),

Q(
√

a/ gcd(a, n)) if a | mn and gcd(a, n) ≡ 3 (mod 4),
Q otherwise,

cm,n =
{

0 if a | mn and gcd(a, n) ≡ 1 (mod 4),
1 otherwise,

dm,n =
{

m1n1φ(mn) if a | mn,

2m1n1φ(mn) otherwise.

We start with the sum

S5 =
′∑

m, n, 2-n
a|mn

µ(mn)
m1n1φ(mn)

.

where the dash indicates that the sum runs through m, n with gcd(a, n) ≡ 3 (mod 4).
Similar to the computation of S2, we have

S5 =
2f(a)µ(a)
2a1φ(a)

∑

gcd(a,c)=1

2f(c)µ(c)
c1φ(c)

.

Applying Theorem 3.2, we have

den(Mα) =
∑

m, n, 2-n
a-mn

µ(mn)
2m1n1φ(mn)

+ S5

=
∑

c

2f(c)µ(c)
2c1φ(c)

=
1
4

∏

q≥3

(
1− 2

q1(q − 1)
)
.

Case 2.3: Suppose K = Q(
√−3) and α is exceptional. Note that p ≡ 3 mod 4.

Using Lemma 2.6, for square free m,n, n odd and 3 - m, we compute Em∩Fn = Q
if 3 - n, or p - n. On the other hand, if p | m and 3 | n, then Em ∩ Fn = km(µµµm) ∩
K(µµµn, 3

√
u) is a cubic extension of Q. Thus Em ∩ Fn is always totally real, and

cm,n =
{

0 if 3 | m,

1 if 3 - m.

From Lemma 2.8, we also obtain, for 3 - m:

dm,n =





2m1n1φ(mn) if 3 - n,

m1n1φ(mn) if 3 | n and p - mn,
m1n1φ(mn)

3 if 3 | n and p | mn.
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Applying Theorem 3.2, we see that the value of den(Mα) is
∑

m, n, 2-n
3-mn

µ(mn)
2m1n1φ(mn)

+
∑

m, n, 2-n
3-m, 3|n, p-mn

µ(mn)
m1n1φ(mn)

+
∑

m, n, 2-n
3-m, 3|n, p|mn

3µ(mn)
m1n1φ(mn)

=
∑
m, n

gcd(6,mn)=1

µ(mn)
4m1n1φ(mn)

−
∑
m, n

gcd(6p,mn)=1

µ(mn)
12m1n1φ(mn)

−
∑
m, n

gcd(6p,mn)=p

µ(mn)
4m1n1φ(mn)

=
1
4

∑

gcd(6,c)=1

2f(c)µ(c)
c1φ(c)

− 1
12

∑

gcd(6p,c)=1

2f(c)µ(c)
c1φ(c)

− 1
4

∑

gcd(6,c)=1, p|c

2f(c)µ(c)
c1φ(c)

=
1
6

∑

gcd(6p,c)=1

2f(c)µ(c)
c1φ(c)

=
1
4

∏

q|s, q 6=p

(
1− 2

(q − 1)
) ∏

q≥3, q-ps

(
1− 2

q(q − 1)
)
.

4. Applications to Elliptic Curves over Finite Fields. Let Fr denote a
finite field of characteristic p with r = ps elements. Given an elliptic curve E defined
over Fr, we would like to know the size of the Galois extension of Fr obtained through
adjoining coordinates of all `-torsion points where ` is a prime. Let E[`] ⊂ E(F̄r) be
the set of all these `-torsion points. Let EndE denote the endomorphism ring of E
and let α = αE ∈ EndE be the Frobenius endomorphism which raises the coordinates
of points on E to its r-th power. Then the size of the Galois extension in question is
the degree [Fr(E[`]) : Fr] which equals to the order of the Frobenius endomorphism
acting on E[`]. If the curve E is not supersingular, a well-known theorem of Hasse
asserts that Z[α] ⊂ EndE which can be identified with an order in an imaginary
quadratic field K = KE . If E is supersingular, it may happen that αE ∈ Z, or else
Z[α] is still contained in an imaginary quadratic field K = KE . We let disc(α) be
the discriminant of Z[α]. The following proposition bounds [Fr(E[`]) : Fr] in the
non-supersingular case:

Proposition 4.1. Given a non-supersingular elliptic curve E/Fr
with (geomet-

ric) Frobenius endomorphism α embedded in an imaginary quadratic field K. Let e2

be the largest divisor of 24 such that α ∈ (K?)e2 , and e1 = 2, or 1 according to whether
α is a square in K. Suppose prime ` > 3 and ` - p disc(α). Then

[Fr(E[`]) : Fr] ≤
{

`2−1
e2

, if ` is inert in K/Q
`−1
e1

, if ` splits in K/Q

Proof. The degree [Fr(E[`]) : Fr] is exactly the order of the endomorphism
α inside (EndE /`EndE)?. Since ` does not divide disc(α), we have Z[α]/`Z[α] ∼=
EndE /`EndE

∼= OK/`OK , hence [Fr(E[`]) : Fr] equals the order of α inside the
group (OK/`OK)?. If ` is inert in K/Q, then we have #((OK/`OK)?) = `2− 1 which
is divisible by 24. On the other hand if ` splits in K/Q, the group (OK/`OK)? has
exponent `−1. The desired bound follows immediately from these observations.

We are interested in the distribution of the degrees [Fr(E[`]) : Fr] as the prime
number ` varies. In particular, how often the Galois extension degree [Fr(E[`]) : Fr]
can be the largest possible, in other words, is equal to (`2 − 1)/e2 ? We consider
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therefore the following set of primes:

ME = {` | ` ∈ P, [Fr(E[`]) : Fr] = (`2 − 1)/e2}.
The main theorem to be established is:

Theorem 4.2. Assume GRH holds, and suppose gcd(s, 6) = 1. Let E/Fr
be any

elliptic curve which is not supersingular . Then the set ME always has positive density.
Proof. Let K = KE , with h equals to the class number of OK . First, we apply

Theorem 3.2 to the Frobenius α = αE . This shows that the set ME has a density,
since it differs from Mα only by a finite set. Next we can multiply s by suitable powers
of those prime factors of h not dividing 6 so that s′ and s′/ gcd(s′, h) has the same
set of odd prime factors. Extending the base field to Fps′ , and replacing the curve E

by E′ which is the original E over Fps′ . Then the Frobenius α′ = αE′ satisfies the
hypothesis of Theorem 3.3. It follows that the set ME′ has positive density. To finish
the proof, it suffices to show that Mα′ ⊆ Mα. This follows from the fact that the order
of α modulo ` is at least the order of α′ modulo ` because α′ is a power of α.

For prime fields Fr = Fp, a precise value of the density can be given.
Theorem 4.3. Given an elliptic curve E/Fp

which is not supersingular. Suppose
GRH holds. Then the density of ME is :

den(ME) =
{ (1− 2

p(p−1) )
−1C2 if p ≡ 1 (mod 4) or α is exceptional,

C2 otherwise,

where C2 is the constant:

C2 =
1
4

∏

q 6=2 prime

(1− 2
q(q − 1)

) = 0.133776 · · · .

Proof. Since den(ME) = den(Mα) in this case (s=1), the formula follows from
Theorem 3.3 immediately.

Let tE ∈ Z denote the trace of the Frobenius endomorphism. If the curve E is
supersingular, bounds on [Fr(E[`]) : Fr] are given by

Proposition 4.4. Suppose E/Fr
is supersingular and ` does not divide disc(α).

Then

[Fr(E[`]) : Fr] ≤





(`− 1), if tE = ±2
√

r, and s even
2(`− 1), if tE = 0
3(`− 1), if tE = ±√r, and s even

4(`− 1), if tE = ±p(s+1)/2, s odd, and p = 2

6(`− 1), if tE = ±p(s+1)/2, s odd, and p = 3

Proof. Frobenius endomorphisms of all supersingular elliptic curves have been
computed explicitly by Deuring (c.f.[7], Theorem 4.1). If tE = ±2

√
r and s is even,

αE ∈ Z. If tE = 0, αE = ±√−r, then α2
E ∈ Z. If tE = ±√r, and s is even,

αE = ±p
s
2

1±√−3
2 , α3

E ∈ Z. If tE = ±2
(s+1)

2 and s is odd, αE = ±2
s+1
2 (1 ± √−1),

α4
E ∈ Z. If tE = ±3

(s+1)
2 and s is odd, αE = ±3

s−1
2

3±√−3
2 , α6

E ∈ Z. The proposition
follows from this information immediately.

Combining Theorem 4.3 with Proposition 4.4 we obtain the following characteri-
zation of supersingular elliptic curves:
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Corollary 4.5. Assume GRH holds. Then E/Fp
is supersingular if and only

if [Fp(E[`]) : Fp] = O(`− 1) as ` runs through the rational primes.
In fact, in the supersingular case, it is not difficult to derive from Hooley’s classical

work on Artin’s primitive roots conjecture (c.f. [2] or [4], the details are left to the
reader) for the torus Gm, the following result

Theorem 4.6. Assume GRH holds. Let E/Fp
be a supersingular elliptic curve.

Then the set of primes ` satisfying [Fp(E[`]) : Fp] = 2(`− 1) has a positive density.
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[6] J.-P. Serre, Quelques applications du Théorème de densité de Chebotarev, Publ. Math. IHES,

54 (1981), pp. 123–201.

[7] W. C. Waterhouse, Abelian varieties over finite fields, Ann. scient. EC. Norm. Sup., 2 (1969),
pp. 521–560.



756 yen-mei j. chen and jing yu


