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BOUNDS FOR CERTAIN EXPONENTIAL SUMS*

TODD COCHRANE! AND ZHIYONG ZHENGH

1. Introduction. In this paper we consider exponential sums of the type

(1.1) S(az™ + bx,p™) = Z e(az™ + bx/p™),
x mod p™
and
(1.2) S(az™ + bx, x,p™) = Z x(x)e(azx™ + bx/p™),
x mod p™

where p™ is a prime power , x mod p™ is a Dirichlet character, a,b,n are integers
with n > 2.

The first sum was studied in connection with Waring’s problem and we have
a classical result due to professor Hua [10]. The second sum has not been studied
before as far as the authors know. We hope it can be used in the work of generalizing
Waring’s problem. In [6], Davenport and Heilbronn showed that

(1.3) S(az™ + b, p™) <p p""(b,p™), ifpta,

where § = 2/3 if n =3, and § = 3/4 if n > 3. Hua [10] showed that § = 1/2 for all
n > 2 (also see Lemma 4.1 of Vaughan [19]). Hua’s proof depends on Weil’s estimate
for exponential sums over finite fields (see Bombieri [1] or Schmidt [15]). In this case
we have

(1.4) 1S(az™ + bz, p)| < (n— 1)p?, ifpta.
For m > 2, following the work of Loxton and Smith [13], and Smith [17], one has that
(1.5) [S(a™ + b, p™)| < dur (™% (A, ™),

where d,,_1(p™) is the number of representations of p™ as a product of n — 1 positive
integers and A is the discriminant of the derivative of the polynomial az™ + bz. After
an improvement by Loxton and Vaughan, Theorem 1 of [14] implies the following
estimate

m+Tg
pl

(1.6) |S(az™ +ba,p™)| < (n—1)p" =" (D,p™)%,

where D is the different of the derivative of the polynomial ax™ + bz, and 79 = 1 if
p < n,and 79 = 0 if p > n. Very recently, Dabrowski and Fisher established better
bounds for exponential sums of this kind. Under the restriction p t ab, p t n, and
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758 T. COCHRANE AND Z. ZHENG

n > 2, their work implies the following bounds (see Theorem 1.8 of [5] or Theorem 2
of Ye [21]): If p > 2, then

(n—1p%, ifptn—1,
(nfl)prZ, if p*|ln —1,h > 1 and m > 3h + 2,
(

n—1,p—p™»"3-Dp% if m is even,

min(h, mz

(1.7) |S(az™ +bx,p™)| <

(n—1,p—1)p “Dp™ . if mis odd.

There is a similar estimate for p = 2.

The purpose of this paper is to improve the above estimate by showing the follow-
ing quite general result. To state our theorem conveniently, let ord,(x) denote the nor-
mal exponent valuation on the p-adic field. In particular, for z € Z, x # 0,p°"% (@) ||z.

THEOREM 1.1. Letn >2, m > 2, h=ordy(n—1), 8 =ordy,(n), and a,b € Z be
any integers with T = ordy(a) < m —2. If p > 2 we have

(1.8)  [S(az™ + bz, p™)| < (n = 1,p— L)p2 ™ (LA pzmin(hm=2-m)p % ()3,
and if p= 2, then

(1.9) |S(ax” + b;mp )| < 2]72 min (h,m—2— 7—) (b » )%7

where (i, j) denotes the greatest common divisor of two integers i and j.

COROLLARY 1. Ifm>2n>2andptnn—1), (n—1,p—1)=1and ptb,
then for any integer a, we have the following sharp bound that

(1.10) |S(az™ + ba,p™)| < p%.

The condition 7 < m—2 in the above theorem is natural since we can deal with the
case 7 > m —1in a trivial manner. If 7 = ord,(a) > m —1, then S(az™ + bz, p™) =0
when ord,(b) = 6 < 7. If ord,(b) > ord,(a) > m, then S(az™ + bx,p™) = p™. If
ordy(b) > ordy(a) = m — 1, we have |S(az™ + bz, p™)| < (n — 1)p™~2, by Weil’s
estimate (1.4).

It also is of interest to compare this result with Theorem 5 of [21], in which
Ye considered the special case of very large n, and showed that if p > 2, p 1 ab,
n=@(p™) —k with 1 < k < p— 1, where p(p™) = p™~1(p — 1) is the Euler function,
then one has

(k+1)pz+1, ifk>1k|p—1,and m =1,
(k+1)p%, ifl<k<p-—1,and m > 2,

15 (az?®™) =k 4 b, p™)| < { pTa, ifk=p—1, and m =3, or m > 5,
p-p7, if k=p—1, and m =4,
Pz, ifk=p—1,and m = 2.

Sincem > 2,if1 < k < p—1, then p{ ¢(p™)—k = n and we have § = ordpy(n) = 0.
If1<k<p-—2 thenh=ordy(n—1)=0,and (n—1,p—1)=(k+1,p—1). If
k=p—1,then h =1, and (n —1,p—1) = 1. Thus by (1. 8), if m > 2, and p { ab,
we have

m

(1.11) 1S (az?®")=F b, p™)| < p%, ifk=p—1,m=2,
p, ifk=p—1,m >3,
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which is better than Ye’s result when 1 < k < p — 1. This improvement allows us to
establish a new bound for hyper-Kloosterman sums. We state this result as follows.

Estimation of Kloosterman Sums. The classical Kloosterman sum is defined
by

T+ b
(1.12) K(a,b,p™) = Z e(axp:; x), where Tz = 1(modp™).
x mod p™
pte

If m =1 we have the well known bound due to Weil [20],

(1.13) |K(a,b,p)| < 2p%, if pt (a,b).

If m > 2, Salie [16] showed that there exists an absolute constant C such that
(1.14) |K (a,b,p™)| < Cp%, ifpt(a,b) and m > 2.

Estermann [8] showed that C'= 2 for p > 2 and p 1 (a, b), (see Lemma 4 and Lemma 8
of [8]). As a direct corollary of Theorem 1.1, we have Estermann’s result immediately.

COROLLARY 2. Ifp>2,m>2, and p{(a,b), then we have
(1.15) |K (a,b,p™)| < 2p%.

Proof. If m > 2, then K(a,b,p™) = 0 if pla, and p t b, or p{ a and p|b. Thus we
may assume that p { ab. Since 2¥P") = 1(modp™) when p 2, it follows that
(1.16) K(a,b,p™) = S(am‘"“"m)_1 + bz, p™).

The corollary follows by (1.11) immediately. O
We turn now to a discussion of the hyper-Kloosterman sum. For any aj, as, ...
Gn+1 € Z we define an n-dimensional Kloosterman sum by

airy + -+ ATy + Anp1T1 Ty
pm

pwb pm
Kn(ar, a2, ani1,p™) = Z Z e( )
x1=1 Tp=1

where, in the sum, it is understood that the values x; are restricted to nonzero residue
classes (mod p). If m = 1, we have a deep estimate due to Deligne,

(1.17) |Kn(at, a2, ans1,p™)| < (n+1)p?, if ptatas - angr.

If m > 2, we have K, (a1,a2, - ans1,p™) = 0 if p | a; for some a;, and p { a; for
some a; (see Theorem 3 of [18]). Thus we may assume p { ajas - - - a,41 and restrict
our attention to the sum,

m 1+ -+ Ty +arr Ty
(1.18) Ku(ap™) =3 - Y e(— p : )-

In [21], [22] Ye generalized the identity (1.16) to any n > 1. If p > 2, pt n and
p 1 a, he showed that

p%(n—l)s(axw(ﬂ”)—n + nax, p™), if m is even,

(119) Kn(a,pm) = {(2n1an1

. L)en=1p% S(ax?P") " 4w, p™), if m s odd,
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where (1) is the Legendre symbol and |ep| =1 .

By (1.11) and (1.19), we obtain
COROLLARY 3.1 Letp>2, m>2,1<n<p-—1, and pta, then we have
(1.20) [ Kn(a,p™)] < 4p™7, fn=p—-1,m=2,
p mn

[N

pE, ifn=p—1,m>3.

The result of this corollary was obtained earlier by R. A. Smith [18, Theorem 6],
and by Dabrowski and Fisher [5, Theorem 1.8, Example 1.7].

Mixed Exponential Sums. Another purpose of this paper is to establish an
estimate for the mixed exponential sum, S(az™ + bz, x,p™). If m = 1, it follows from
Weil’s work [17] that for all x mod p, and pfa

(1.21) |S(az™ + bz, x,p™)| < np?.

Using the method the authors established in [3] and [4], we obtain the following bound
for S(ax™ + bz, x,p™).

THEOREM 1.2. Letn > 2, m > 1 and a,b be any integers with p{a. If p > 2,
then for all x mod p™, we have

(1.22) [S(az™ 4+ bz, x,p™)| < np%m(@pm)%.
If p =2, then for all x mod 2™, we have
(1.23) |S(az™ + bx, x, 2™)| < 2n23™ (b, 2™)5.

The following example shows that the exponent %m in (1.22) is best possible.

EXAMPLE 1.3. For any a,b € Z with p { ab, and p > 5, there exists at least one
character y such that

(1.24) |S(az? + bz, x, p*)| = p°.
The proof is given at the end of the paper.

2. Preliminaries. To prove the above theorems, we first consider exponential
sums in general and state some sharp estimates given in the author’s works [3] and
[4]. Let f(z) be a polynomial with integral coefficients, and let

21)  S(£p™ = > elf@)/p™), SFxp™ = > x@elf(x)/p™).

x mod p™ x mod p™

Let d = d(f) denote the ordinary degree of f(z), and d,(f) denote the degree of
f read (modp). For f(z) = ag + a12 + - - + agz? € Z[z], we define

(2.2) ordy(f) = oréliigd {ord,(a;)}.

LA more general result on n-dimensional Kloosterman sums was obtained in a recent work of
Todd Cochrane, Ming-Chit Liu and Zhiyong Zheng, “Upper bounds for n-dimensional Kloosterman
sums”; preprint.
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If m = 1, it is a well known consequence of the work of Weil [17] on the Riemann
hypothesis for curves over a finite field (also see for example Bombieri [1] and Schmidt
[14]) that if d,(f) > 1 and p is an odd prime, then for all f and all x mod p,

(2.3) 1S(f,p)| < (dp(f) —1)p2 and  [S(f,x,p)| < dp(f)p?.

If m > 2, Hua [8] and [10] showed that if d,,(f) > 1, then
(2.4) |S(f,p™)| < dpm),

In [2], Chalk considered the zeros of f () modulo p and showed that if m > 2t 4 2
then

(2.5) |S(fip™)| < d(z #a)thﬂ .pm(l—ﬁ),
acA

where t = ord,(f'(z)), A = A(f,p) is the set of distinct zeros of the related congruence

(2.6) p_tf/ () =0 (mod p),

o 1s the multiplicity of each a € A and M = max{p, } is the maximum multiplicity.
In [3] and [4], we improved Chalk’s result by proving the following theorem (see
Theorem 2.1 of [3]).

THEOREM 2.1. Let p be an odd prime and f be any nonconstant polynomial
defined over Z, t = ordp(f/(x)), m > 2. Then if 0 <t <m — 2, we have
(i) If A is empty, then S(f,p™) = 0.
(i) If A is not empty, then

(2.7) S, < (3 pa)prerp™ (s,
acA

(iii) If p = 2, then form >t +3, orm =2, t =0, if A is empty then S(f,2™) = 0.
Also, for any m > 1, t > 0, we have

(2.8) 1S(f,2™)| < (3 pa)2wmgmi=mren),
acA

The estimate (2.7), known as Chalk’s conjecture (see [7] ), provides a local upper
bound for S(f,p™). Similar upper bounds were obtained by Ding [7] and Loh [12].

Exponential sums with a Dirichlet character x denoted by S(f, x,p™), are called
mixed type exponential sums. Several authors, including E. Bombieri, M. C. Liu and
W. M. Schmidt, posed the problem of how to generalize the classical bound of Hua
(2.4) to S(f,x,p™). In [3] and [4], we succeeded in establishing a sharp estimate
for this sum. To state this result, let p be odd prime and y mod p™ be a Dirichlet
character. Let g be a primitive root (modp™) such that g > 0, and

(2.9) gPt=147rp, withpir

Then we can find a unique integer ¢ = ¢(x,g) with 0 < ¢ < p™~*(p — 1), such that
for all k

(2.10) X(g%) = e(ck/p™ " (p - 1)).
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Let
(2.11) t= ordp(f/ (z)) and ¢ = ordp(mcf/ (z) + o).

Since p t r, it is plain that ¢; = min{t, ordy(c)} < m —1. Let A; be the set of distinct
nonzero solutions of the related congruence

(2.12) p i {raf () +c}=0 (mod p).

THEOREM 2.2 (Theorem 1.1 of [3]). If 0 < t; < m — 2, we have
(i) If Ay is empty, then S(f,x,p™) =0.
(ii) If Ay is not empty, then t = t1, and we have

(2.13) S ™ < (3 o)yt
acA;

where piq is the multiplicity of each a € A and M = max{pq}-
Since M < d, it follows that

(2.14) 1S(f,x,p™)| < 6dp™ (=TT,

uniformly for any prime p, polynomial f with d,(f) > 1, and m > 1. We also showed

that the exponent m(1 — dil) is best possible for m > 2; see Example 9.2 of [3] and

Example 1.3 of this paper.

3. Lemmas. To prove Theorem 1.1, we first state a recursion relationship which
was established in [3]. Let

(3.1) oo = ordp{f(pr + ) = f(a)},  ga(x) =p~7*{f(pr + ) — f(2)}

where a € A is a solution of congruence (2.6).
LEMMA 1 (Proposition 3.1 of [3]). Ifp>2 and m >t+2, orp=2, m >t + 3,
orp=2,m=2, andt =0, then if A is not empty, we have

(32) S(£,p™) =Y e(f(@)/p™)p" " S (gar P 7),

acA

where S(go, p™ %) =p" %, if m < 04, and

(3.3) Sap™ ) = S elga@)/p" ), ifm > 0.

x mod pm~%«a

Trivially, we have |S(gq,p™ 7)) < p™ %=, and so we deduce from this lemma the
nontrivial estimate for S(f,p™),

(3.4) 1S(Hp™MI < (O™, (0<t<m—2).
acA

LEMMA 2. Let p be an odd prime, f(x) € Z[z] be a polynomial of degree d and
d, = dy(f) be the degree of f(x) read modulo p. If 1 <d, <p—1, we have

(35) |S(f’pm)| < (dp _ 1)pm(1_i)'
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Proof. Write f(z) = axz*+ax_128 1+ -+a;v+ag+pH(x), where H(x) € Z[z],
kE=d,(f) withl <k<p-—1,and ptar. If m =1, the lemma follows from Weil’s
estimate. Let m > 2. Since f'(z) = kapz*~1 +--- 4+ a; + pH'(z) and p 1 k, we have
t = 0. By Theorem 2.1, we have

(3.6) IS0 < (3 )™ 750 < (1 — 1)pma=h),
acA
and the lemma follows. O

LEMMA 3. Letn be a positive integer with n = 1(modp) and 7; = j—l—ordp{( 7; )}

for1 <j <n. Thenifp >3, we have 7; > 141 forallj > 3. If p =3, then 73 = 7o,
and 7; > 141 forall j > 4. If p=2, then Ty > 3 =147 , and 7; > 2+ 75 for all
Jj=>5.

Proof. Sincej(?)z(n—j—i—l)(;l_l ),thenforlﬁjgn,wehave

(3.7 i =14+ord,(n—j+1)—ordy(j) + 15-1.

If p > 2, we have

o0

(3.8) ordp( Z (/"]

k=1

,_.
IN
O | .

Thus if j > 4, we have
T >j—2—ord,(j!) + 1 > 1+ 1.

If p> 3, then 73 = 14+ 7 by (3.6), and for all j > 3, we have 7; > 14+ 1. If p = 3,
then 73 = 7, and 7y = 1 4+ 73 . Now we consider p = 2. It is easy to see that

Tos > 2 —ordy(6) + To5—1y and 7; =1+7;_1, if jis odd.

In particular, s = 14+ 7o, 75 =14+ 7174 > 24+ 70,74 > 73 =14+79,76 > 2+ 74 > 3+ 7o,
and 77 > 1475 >4+ 7. If j > 8, j =26 with § > 4, we have

Tos > 2(0 — 2) + 1 — orda(8!) + 4.

Since

(3.9) ordy(6!) =Y _[6/2%] <
k=1

we have

7'25>6—3+7’422+T2,

and the lemma follows immediately. O

LEMMA 4. Let 0; = j — ordy(j!). If p > 3, then 63 =14 02 and 6; > 1+ 03 for
all 5 > 4. If p=3, then 03 = 0, and 0; > 1 + 03 for all j > 4.
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Proof. We have
' :1—07“dp(j)—|—9j_1, for j > 2.
It follows that
(3.10) 0; > j—3—ordy(j!) + ordy(6) + 3.

If p > 3, then ord,(j!) < %j, and 6; > % —3+ordy(6) + 65 > 1+ 03, if j > 8. Now if
p>3,thenf3 =140 and 04 =1+03,05 >0, >1+03,06=1+4+05>2+ 03,07, >
96 Z 2+93 pr: 3, then 03 :92,04 :93+1,05 = 1+04 = 2+03706 = 05 = 2+93,
and 07 =1+ 0 = 3+ 03. The lemma follows. O

To prove Theorem 1.2, we need to untwist the sum S(f, x,p) using the method
established in [3]. Let p > 2 be an odd prime, x mod p™ be a Dirichlet character, r
and ¢ be defined by (2.9) and (2.10) with p{7, and 0 < ¢ < p™~(p — 1), t and t; be
defined by (2.11), and A; be defined by (2.12).

LEMMA 5. If m > t1 4+ 2, then for any polynomial f and multiplicative character
x mod p™, we have
(i) If Ay is empty, then S(f,x,p™) = 0.
(i) If Ay is not empty, then t =t1, and

(3.11) S(£,p™ = > x(@e(f(a)/p™) > e(Faly)/p™),

aEA; ymodp™—1

where F,(y) is an integral-valued function given by
(3.12) Fo(y) = f(a(l+7p)Y) — fle) + pey.

Proof. See formula (6.3) of [3]. O
This lemma also gives a nontrivial estimate for S(f, x, p™), namely,

(3.13) ISUEoGp™I< (D) Dp™ !t if0<t <m-—2.
acEA;

4. Proof of Theorem 1.1. Let p > 2, m > 2, n > 2, a,b € Z, and f(z) =
ax™ + bx. Put

(4.1) ordy(b) =9, ord,(n)=p and ord,(n—1)=nh.

We will prove that if ordy,(a) =7 < m — 2, then

(4.2) |S(az" + ba, p™)| < (n— 1,p — D)p2 Mt Ahpy minthm=2=rkp 55,
If we have (4.2) when 7 = 0 then we claim it is true for any 7 with 1 <7 < m — 2.

To see this, first note that S(az™ + bz, p™) = 0 if 6 < 7 and so we may assume § > 7.
Then we have

ap~Tax" +bp T "x

S(az" +be,p™) | =p| Y e o

x mod p™m—7

)|

s—1 m—r

< p-r(n —1,p— 1)p% min{h,m—Q—T}p 5 p% min{l,ﬁ}p Z

m

< (n —1,p— l)p% min{l,ﬁ}p% min{h,m7277}p7p% )
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Thus without loss of generality, we may let 7 = 0, and prove the following in-
equality,
(4.3)  [S(aa”™ + bz, p™)| < (n — 1,p — 1)p? mind1 Ay minthm=2}p 5,5
for all m > 2, and p t a. We use induction on m. If m = 2, we consider the two
cases > 1and 6 =0. If 8 > 1 and § = 0, then 7 = 0 and the related congruence
p~Hanz" ! +b} = 0(mod p) has no solution, thus S(az™ +bx,p™) = 0. If 3 > 1, and
d > 1, then (4.3) is trivial. Let 8 = 0, then t = 8 = 0, and the related congruence
has a t most (n — 1,p — 1) distinct solutions. It follows from (3.4) that

(14) Saa + b = (30 Dp < (n— Lp— 1)p
acA

Next we consider m > 3, and suppose (4.3) holds for smaller m with m > 2. If
d > m, then (4.3) is trivial. If § = m — 1 and 8 > 1, then (4.3) is trivial again. We
consider § =m —1 and 8 =0, or 6 =m — 2, then ¢t = min(d, 3) < m — 2. By (3.4) we
have

(4.5) |S(az™ + b, p™)| < (D 1p™ ' < (n—1,p—1)p%p
acA

m\u

Therefore we may let 0 < § < m — 3, and then ¢ = min(3,d) < m — 3. We consider
three cases 3 >4, < d , and B = 0.

Case (i). 8> 4. In this case t = §, and the related congruence p~!(anz" 1 +b) =
0 (mod p) has no solution, so S(az™ + bz, p™) = 0.

Case (ii). B < 4. In this case the related congruence has only one solution,
x = 0, with multiplicity n — 1. By Lemma 1, we have

m 1 pm—l

(4.6) S(az™ + ba,p™) = Z e(f(pz)/p™) =Y e(g(z)/p™
rx=1 rx=1

where

(4.7) g(x) = f(pz) = ap"z" + pbx.

Let b = p°by, and n = p®ny with p{bin, then
g(z) = ap™z" + bip°la, o= ord,(g(x)) = min(n, s + 1).
If n>§+1, then

m 5§—1
n 5—1 b
(4.8) S(az™ 4 bz, p™) = p° e( mi j_ 1QE)—O.
r=1
Ifn<dé+1,since 6 <m — 3, then m —n > 2, and we have
o ax + pdti-np g e men
S(az™ + ba,p™) ' Z ) = S (g,

where g1 (z) = az™ + p®+t1="b,z. By the induction supposition (note that m —n > 2)
we obtain

—n d+1—mn

|S(g1,pm7”)| < (n —1,p— 1)17% min(h,m7n72)pm2 P p% min(l,ﬁ)'
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It follows that
|S(az™ + bz, p™)| < (n— 1,p — 1)pt in(bm=2)p% 3 )3 min(L5),

Case (iii). 8 = 4. In this case we have t = § = 6. If h = ord,(n — 1) = 0,
then the related congruence p~*{anz""! +b} =0 (mod p) has at most (n —1,p — 1)
distinct solutions, each of multiplicity one, and so by (2.7) we have

m
2

(4.9) 1S(az" + b, p™)| < (n—1,p — V)p%Ep? = (n—1,p— 1)pEp?.

Thus (4.3) is true for h = 0. If h > 1, then t = § = 8 = ord,(n) = 0. We may let
1 < h < m — 3, otherwise (4.3) follows from (3.4). Let n = p"n; + 1, where p { ny,
and 1 < h < m — 3. The related congruence anz™ ! + b = 0(modp) has at most
(n1,p — 1) solutions and each solution has multiplicity p". Let a € A , since p { b,
then p{a. By Lemma 1 and (3.1)

(4.10) go(z) =p~ 7 (f(pr + ) = f(a))

—0o = n j n—1
= « . ap’e? + (ana +b)px},

o (o )
where a; = aa™ ™7 with pta;, and 0, = ord,{f(pz + a) — f(a)}. Let
(4.11) T, =J+ ordp{< ;L )} and v = ord,{ana" "t +b} + 1.
By Lemma 3, we have

1
(4.12) 0o = min(me,v) and 7= ordp{gn(n -1}+2=h+2.

It follows from Lemma 1 that

@13) St b= Y @ Y o2y

pmoa
acA z mod pMm—a

If v < m, then 0, = v, and we have dp(ga(z)) = 1, that is, go(z) is a linear
polynomial over F,. By Lemma 2, it follows that S(az™ + bx,p™) = 0. Let 7o < v,
then o, = =h+2<m-—1, for h <m—3. If p > 3, by Lemma 3, we have
dp(ga(x)) = 2. By Lemma 2, we have

It follows from (4.13) that

m—og

m
2

(4.14) |S(az™ + bx, p™)| < (n1,p — 1)p”“_1p =(n-1,p— 1)p%p ,

and so (4.3) is true. If p = 3, by Lemma 3 we have 13 = 75 = h+2, then d,(g.(z)) = 3,
and we can write g, () = Az® + Bx? + Cx + pH (), with p { AB. It is easy to see
that for all m > 1, we have

2173 3}'2 x X
@15) | Y ellmn=| Y oA TETLCTIE), g

w3

x mod 3™ x mod 3™
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So (4.14) follows for p = 3. This completes the proof of Theorem 1.1 when p > 2.

Now if p = 2, and (1.9) is true when 7 = ordz(a) = 0, then it is easily extended
toall 1 <7 <m—2. Since if § <7 <m — 2, then S(az™ + bx,2™) = 0. So we only
consider 6 > 7. If § > 7 =m — 2, then (1.9) is trivial. Let 6 > 7 and 1 <7 <m — 3,
then

om—T1

a2 T+ 027"y
S b . 2™)| = 27 P —
|S(az"™ + bx,2™)] ‘3:1 e( = )l

m—71 5—

<272. 2% min(h,m—r—2)2 5 2TT

<2. 2% min(h,mf‘r72)2%2%.
Let 7 =0, § = orda(b), 8 = orda(n), h = ords(n — 1). We are to show that
(4.16) |S(az™ + bx,2™)| < 2. 23 min(hm=2)95 93

We may suppose m > 3 and 0 < § < m — 3, otherwise it is trivial. In this case we
have t = min(3,d) < m — 3. We consider three cases § > and § < 6 and 8 = .

If 3 > 4, then the related congruece 27°(anz™ ' +b) = 0 (mod 2) has no solution
and we have S(az™ + bx,2™) = 0 by Lemma 1.

If B < 6, then t = § and the related congruence has only one solution, x = 0. Let
b=2%b;. By Lemma 1, if 2 { b; then

277171

(4.17) S(az™ +bx,2™) = > e(

r=1

a2™z™ + 291y ¢
2771

).

If n >+ 1, then S(az™ 4+ bx,2™) =0. f n <§+ 1, then m —n > 2 for § < m — 3.
By the induction assumption we have

m—n +1—n
2 2

1S(az™ + ba,2™)| < 2. 27123 min(hm-—n=2)9
<2. 2%min(h,m—2)2%2%.
Finally, we consider 8 = §. In this case if o = 0, then the related congruence

27 {anz"" 1 4+ b} = 0 (mod 2) has one solution, z = 1, of multiplicity one. By (2.8)
of Theorem 2.1, we have

w3
[V

|S(az™ + ba, p™)| < 2727 = 2% 23,

If h > m — 2, then the result is trivial, so we only consider 1 < h < m — 3. In this
case we have 3 = 0, and then t = § = 3 = 0. Let n = 2"n; 4+ 1 with 2 { ny, then the
related congruence anz™~! +b =0 (mod 2) has one solution, x = 1. Let

(418)  qi(x)=2"{f2z+1)— f(1)} = 2*”{2 < ;L > a2lx? + (an + b)2z},
where o = orda(f(2x + 1) — f(1)). Let

(4.19) T; :j+ord2{( ;L )}, v =1+ ords(an +b).
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By Lemma 1, we have

a+b

(4.20) S(az™ + bx,2™) = 6(27)2”*15(91, 2m=7),
By Lemma 3, we have
(4.21) oc=min{n,v} < =h+1<m-—2.

If v < 79, then 0 = v, and we have S(az™ + bx,2™) = 0. Let 75 < v, then 0 = 75 =
h+1. By Lemma 3, 73 = 1 + 73, 74 > 1+ 79, and 7; > 2 + 75 when j > 5, then g1 (x)
may be written as follows

(4.22) g1(z) = 2Ax* + 2B2® + Ca? + Dz +4H(x), H(x) € Z[x],
where 2 1 BC. As a simple application of Theorem 2.1, one may get for all m > 1
that

gm

4 3 2 )
|Ze<2Am + 2Bz —l—;ic +Dm+4H(m))|§2.2m;.

(4.23)

r=1

It follows that

m—o—+1

|S(az™ + bz, 2™)| < 2°712. 2" < 2.2 2% =2.252%

which completes the proof of Theorem 1.1 when p = 2.

5. Proof of Theorem 1.2. We first prove (1.22). Let p > 2, n > 2, m > 1,
d = ord,(b), and 8 = ord,(n). We will show that for all x mod p™, and a,b € Z with
p1a that

(5.1) 1S (az™ + ba, x, p™)| < np3™ (b, p™)7.

If m = 1, the result follows from Weil’s upper bound (1.21). Let m > 2, and consider
d>m—3. If § > m, then (5.1) is trivial. If § > m — 3, and 3 > 0, then p|n, so (5.1)
is trivial again. If § > m — 3, and 8 = 0, then by (3.13), it follows that ¢t; = 0 and
that

|S(az™ + b, x,p™) < (Y Dp™t <np™ Tt <mpFps.
ac Ay

wlon

Therefore, we may let m > 4, and 0 < 6 < m — 4. In particular ¢; = min{J, S,
ord,(c)} < m — 4, and so the conditions of Theorem 2.2 and Lemma 5 hold. By
Lemma 5, if A; is not empty, then

(5.2) S(az™ +bx, x,p™) = Y x(a)e(w;%ba) > e(Far(ny)%
acA;

y mod pm—1
where f(z) = az™ + bz, and
(5:3) Fa(y) = fla(l +rp)’) — f(a) + pey.

To express the integral valued function F,(y) as a polynomial over Z/p™Z, we let
0; = j—ordy(j), ! :p‘”dp(ﬂ)wj, p{w; and Wyw; = 1(modp™). Let N be a positive
integer such that

(5.4) 0; =j—ordy(j!) >m, forall j > N.
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It is easy to see that for any integer y, we have
N
(5.5) (1+rp)¥ =14 C(y)wr'p®  (mod p™),
j=1

where Cj(y) is a polynomial of degree j in the variable y defined by
(5.6) Cily) =yly—1)---(y—j+1).

It follows that we can take

N

(5.7) F,(y) = (rana™ + rba + ¢)py + Z(aa"Cj (ny) + baC;(y))wjriph.
j=2

We let

(5.8) oo =o0rdy(Fa(y)),  galy) =p 7" Fa(y).

Then g¢,(y) is a nonzero polynomial read (modp). To prove (5.1), we consider three
cases, 3> d and B < § and 3 = 6.

Case (i). § > 6. In this case, we have t; = ¢, and ord,(c) = §. The related
congruence p~°{brz + ¢} = 0(modp) has one solution with multiplicity one. By
Theorem 2.2 and (2.13), we get

|S(az™ + bz, x,p™)| < pTp? =p* 5

b=z,

[NEY

ps < pim

and (5.1) follows immediately.

Case (ii). / < 4. If ord,(c) < 3, then the related congruence has no solution.
If ord,(c) > 3, then the congruence has only one solution z = 0. In both cases we
have S(axz™ + bz, x,p™) = 0. Thus we let ord,(c) = <. Then t =t; = 3, and the
related congruence

(5.9) pPlarnz™ +¢) =0 (mod p)

has at most (n,p — 1) distinct solutions. If B = 0, we see that each solution has
multiplicity one. By Theorem 2.2 and (2.13),

m t
2

pz <np

wlon

[S(az™ + bz, x, p™)| < (n,p = 1)p s
Hence, we may let 1 < ord,(c) = 3 < 4.

LEMMA 6. Let p be an odd prime. Let o € Ay be a solution of (5.9), and F,(y),
oo and go(y) be defined by (5.7) and (5.8). Let dy(ga) be the degree of ga(y) read
modulo p. Then we have 0o, < 0+ 3, and dp(ga) < 3.

Proof. Let C;(y) = 25:1 mi(j)y* with m;(j) € Z. We have

J
aaCj(ny) + baCj(y) = (ana™ + ba)mi(j)y + Z(ania" + ba)m;i (§)y".
i=2

In particular,

aa™Cy(ny) + baCs(y) = (an*a™ + ba)y? — (ana™ + ba)y,
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and

aaCs(ny) + baCs(y) = (ana™ 4 ba)y® — 3(an’a™ + ba)y? + 2(ana™ + ba)y.
By (5.7), we have if p > 3,

N j . . .
(5.10)  Faly) = Aay® + Bat® + Doy + > (D _(an'a™ + ba)mi (j)y")w;r/p’,
>4 i=2

where D, € Z and
(5.11) Ay = w3r3p% (anda™ + ba), B, = r’p” (ana™ + ba)(wz — 3wzrp’s ~02).

We consider three cases, 6 < 26,0 =20 and § > 20.
If § < 20, then ordy,(B,) = 0 + 2, and for all ¢ > 2, we have

ord,(an‘a™ + ba) > min(if3, ) = 4.

So ordy(As) > 0 + 3, by Lemma 4 and (5.10). It follows that o, < ¢ + 2 and that
dp(ga) < 2.
If § = 2, then ord,(Ba) > 6 + 2 and ord,(As) = 6 + 3. For all ¢ > 3, we have

ord,(an'a™ + ba) > min(if3,§) = .

By Lemma 4 and (5.10), we have 0, < 6 + 3, and dp(g.) < 3.
If § > 23, then ord,(B,) = 28 + 2 and for all i > 3, we have

ord,(an‘a™ + ba) > min(33,§) > 23.

Then we have 0, <2842 < 0+ 2, and dy(ga) < 2. There is a similar discussion for
p = 3. This completes the proof of Lemma 6. O

We now use Lemma 6 and Lemma 2 to complete the proof of the theorem when
B < 6. For each a € Aj;, by Lemma 6 we have 0, < 6 + 3 and dp(ga) < 3. Then
m — o, > 1 since § < m — 4, and so by Lemma 2

| Z 6( ga(y) )| < 2p%(m—aa).

y mod p™m— T«

It follows from Lemma 5 and (5.2) that

|S(az™ + br, x,p™)| < Y preTipsimoe)
ac Ay
<2(n,p—1)p Fmp3
S npémp§.

The last inequality follows from o, < ¢ + 3 and the fact that 2(n,p — 1) < n, since
pln.

Case (iii). 8 = ¢. In this case, if A; is not empty, then we must have v =
ordp(c) > f=49. Thus t =t; = § and the related congruence is
°l

p °lanrz™ + brz + ¢] = 0(modp).
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If § > 0, then v > 0, where we define v = ord,(c). We show that each o € A; has
multiplicity one. To prove this conclusion, first let v > §. Then « is a solution of
p~%(anz™' 4+ b) = 0(modp). Since 3 = > 0, then p|n, and pfn — 1, and so a just
has multiplicity one. If v = 6 > 0, and a € A; has multiplicity greater than one, then

p%(an®*ra™ P+ br) =0 (mod p).

But this is impossible since 3 = § > 0. This proves that if 3 = § > 0, then each
a € A; has multiplicity one. The result now follows from Theorem 2.2.

We consider next 6 = f = 0 and discuss the two cases v = 0 and v > 0. If
v =0,let f(z) = anra"+brz+ec, f (z) = an®rz™ ' +br. If n = 1(modp), then each
o € A; has multiplicity one. For if f(o) = f (o) = 0 (mod p) and n = 1 (mod p),
then p|e, a contradiction. If v = 0 and n # 1(modp), then each o € A; has at most
multiplicity two. By Theorem 2.2 and (2.13), we have

|S(az™ + bz, X, p™) < (Y pa)pd™ <mps™.
acAq

Next we discuss 6 = [ = 0, and v > 0. In this case the related congruence is
anz™ ! 4+ b= 0(modp). If n # 1(modp), then each a € A; has multiplicity one, and
the conclusion follows. If n = 1(modp), we let

n=pn +1, with pfn; and h>1.

So the congruence has at most (n1,p — 1) distinct solutions, each of multiplicity p”.

Without loss of generality, we may let 1 < h < m — 3. Since if h > m — 2, then
2m

nps > p™ for n > p™~2 and m > 3. Now for each o € Ay,

(5.12) ana™ ' +b=0(modp), n=p"n; +1 and 1<h<m-—3.

Let F,(y) and g, (y) be as defined by (5.7) and (5.8).
LEMMA 7. Under the above assumptions, we have oo < h+ 3, and d,(g.) < 3.

Proof. The proof is similar to Lemma 6. Let p = ord,(an?a™ + ba). We consider
the two cases p > h and p < h.
If p < h, then for all i > 3, we have

ordp(ania" +ba) = Ordp(an2a” +ba + an2a™(ni=2 — 1))

> min(p, h) = p.

It follows that oo < p+2 < h+2 and dp(gq) < 2.
If p > h, then ord,(A.) = 3+ h, and for all i > 3, we have

ord,(an’a™ + ba) = h.

It follows that oo < 3 + h, and dp(g) < 3. This completes the proof of Lemma 7. O
By Lemma 7, Lemma 2 and the same discussion as in case (ii), we have

wlon

|S(az™ + bz, x, p™)| < 2(n1,p — 1)ps™p3 < npiTps,

which completes the proof of Theorem 1.2 when p > 2. If p = 2, then following the
method of section 8 of [3], we obtain the result. Here we omit the details of the proof.
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Proof of (1.24) in Example 1.5. Let p > 5, n =2, m =3, a,b € Z with p t ab, and
f(x) = az?+bx. We will select a character x mod p3 such that the related congruence
2arz?+brr+c =0 (mod p) has only one solution with multiplicity two, where r and
¢ defined by (2.9) and (2.10) when m =3. Let 1 <a <p—1,and 1 < d, <p—1, be
defined by the congruences,

(5.13) 4aa+b=0 (mod p), ar*(aa+2b)=0d, (mod p).
Now we pick up ¢ by setting
(5.14) ¢ =pdy —ra(2ac+b)  (mod p?).

It is easy to see that p{ ¢, and so the corresponding character x mod p? is a primitive
character. By the above definition, then « is the unique solution of 2ara? +brz+c =0
(mod p) with multiplicity two. By (5.2), and (5.7), we have

ac® + ba E
(5.15) S(ax® + bz, x,p°) = x(a)e(T) > e<—§;§” ),
y mod p2

where

Fo(y) = (2ara® + rba + ¢)py + (aa’Ca(2y) + baCy(y))2rp?
(5.16) = Ay? + By (mod p?),

and

(5.17) A =2r*p*(4ac’® + ba), B =p[(2raa® + rba + c) — pr?(aa® + 2ba)].
By (5.13) and (5.14), we have p3|A and p3|B. It follows that

(5.18) 1S (ax® + bz, x, p*)| = p*,

which completes the proof.
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