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THE DISTORTION THEOREMS OF LINEAR INVARIANT FAMILY
ON THE UNIT BALL*

SHENG GONG' AND QIHUANG YU#

1. Introduction. It is well know that the distortion theorem of biholomorphic
mapping in any domain in €™ does not exist. It exists only when the mapping class
has more restrictions.

The first affirmative result was established by Barnard, FitzGerald and Gong|[1]
in 1988(The paper was published at 1994). They proved the following result.

A linear invarient family, hereafter denoted LIF, on the unit ball B” in €™ is a
family M of localy biholomorphic mappings f : B™ — €™ such that if f € M then
(i) f(0) = 0,J(0) = I, where Jy is the Jacobi matrix of f and (ii)A, of f € M
for ¢ € Aut(B"), the holomorphic automorphisms of B". Here A,(f) is the Koebe
transform of f, Ay(f) = (J,(0) " (Jr(#(0) " [F((2)) — F(p(O))]

Let S be a linear invariant family, on the unit ball B2 in @2. If f(z) = (f1(2), f2(2))
€S, 2= (z1,2) € B?, and

fl(Z) =21+ d(;())z% + dgizlzg =+ d(()gzg I ,
fQ(Z) =22+ dé?())zf + dfizlzg —+ dé?%z% I ,

then

1+ 2|

(1.1) -

< C(S)log

log [(1 - zz')%deuf(z)]

holds, where C(S) = Sup {|dél()) + %dgm ‘f € 8} , J¢(2) is the Jacobi matrix of f at
z.
From (1.1), it follows the following distortion theorem

c(s)-2 c(s)-2
(1.2) w < |detJs(2)] < w
(14 [2) 92 (1= |22
In particular, if S is the family of normalized biholomorphic convex mapping, then
one can prove 1.5 < C(S) < 1.761.
In 1989, at his doctor thesis, Liu[11] extended this result to €™. He proved that:
Let S be a LIF on the unit ball B" in ¢". If

(1.3) f(2) = (f1(2), f2(2), -+  fn(2) = Z+(ZA(1)2', ...... 7214(11)2/)_~_ ...... €S,
where A() = (agik))Kj pens 2 € B", then

ntl 1+ |z
(1.4) log[(1—22") 2 detJs(2)]| <log =]’
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where
(1.5) C(8) = Sup{| Y ai}||f € S}.
1=1

As a consequence, we have

_ )OS -1 c(s)-=3+
Ul < aenry (o)) < W ED 2
(14 |2))¢S+5 (1—|z))CS+5

(1.6)

He also proved that if S is the family of normalized biholomorphic convex mappings,
then

n+1 <C’(S)<1+\/§(n_1).

(1.7) 5 = < 5

It was conjectured by Barnard, FitzGerald and Gong[1] that C(S) = '2'_ 1, where S
is the family of biholomorphic convex mappings.

In 1997, Pfaltzgraff [12] proved (1.6) again. The proof of Pfaltzgraff is same as
Liu’s proof in his doctor thesis.

In 1999, Pfaltzgraff and Suffridge [13] gave a counterexample to disprove the
conjecture : C(S) = nTH when S is the family of normalized convex mappings.
Until now, nobody know the exact value of C'(S) when S is the family of normalized
convex mappings, even nobody conjecture it.

In 1990, Gong and Zheng [8] extended (1.4) and (1.6) to the bounded symmetric
domains.

Let M C @™ be a bounded symmetric domain containing the origin. Let G be
the group of holomorphic automorphism of M, and let K be isotropy subgroup in
G which fixes the origin. Let G be Lie algebla of G, K be the maximal compact
subalgebla of G corresponding to K. Then G has the Cartan decomposition.

G=K+P.

Suppose A is a maximal Abelian subalgebla in P and A is the corresponding analytic
subgroup in G. Then we have the Iwasawa decomposition G = KAN. For every
z € M, there exist X € A and k € K such that

z=¢(ka-0) =&(expAd(k)X - O)

where O = eK is the identity coset in G/K and € is the holomorphic diffeomorphism
from G/K onto M. If Xq,------ , X4 form a basis of A, then X = Z?zl x;X;, where
q=dimA =rankM.If S is a LIF on M, and f(z) € S, then

q
1
lo detJs(z) < C(S)Zlo + [tanh x|

18 K(z,%)/K(0,0) 1 — [tanh x|

p=1
holds, where K(z,%) is the Bergman kernel function on M, C(S) is defined by (1.5)
when f(z) has expression (1.3).

In 1993, Gong Wang and Yu [6] established the following result. If f(2) is a
normalized convex mapping on the unit ball B™ in €™, then

(1.9) (i:j:)QGst(z)J(z)’s (H'Z)QG
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holds, where

1—|2]?)6i5 + Ziz;
(1'10) G = (gij)lgi,jgn = <( | l ) ]2 5 J)
(1 —1z]%) 1<i,j<n
is the matrix of the Bergman metic of B".
From (1.9), we immediately have the following consequences:

(L+ )"

(1.11) 1t i <det(JpT;) < —— U
(1 + ‘Z|)3n+1 — — (1 - |Z|)Sm+1

Comparing (1.11) with (1.6) and (1.7), we can see that (1.6) and (1.7) is better then
(1.11).

1 1

(1.12) 7(1 12l

where ||J(2)|| is the norm of the matrix J¢(z).

1— 17 o _L+]2
e ORI Ry
where A2 is the smallest eigenvalue of J¢(z)J¢ (z)/
(1.14)
1 (n =1~ |2)) 4 1 (n =1+ |z])
R e R P N P

In 1999, Gong and Liu [5] extended (1.9) to bounded convex circular domains.

Let € be a bounded convex circular domain in €™,0 € Q, its Minkowski functional
p(z) € C! on Q except for a lower dimensional manifold. Let f(z) be a normalized
biholomorphic convex mapping on §2, then

1 —p(2)
1+ p(2)

1+ p(2)

F(z,§) < p(Jp(2)¢) <
(2.6 < 25200 < T2
holds,where & € €™ is a column vector, F(z,8) = F.(2,8) = Fr(z,£), Fe(2,€) is
the Carathéodory metric in infinitesimal form and Fj(z,&) is the Kobayashi-Royden

metric in infinitesimal form.(By Lempert Theorem [10] , F, and F} are same when
the domain is convex.) When €2 is unit ball B™ in €™, then [10]

(1.15) F(z,§)

€[? ¢z'2E
I FERN TR

F(ng) = FC(va) = Fk(zag) =

In this case, (1.15) becomes (1.9).
When & = z in (1.15), we have

p(2) p(z)
(1.16) A+ p(2)2 <p(Jr(2)z) < 1= p(2)?
where z € € is a column vector. It implies
1-p(z) A< 1+p(2)
(1.17) TP Sl < el g2 i
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where [A\(2)[? >------ > |\n(2)|? are eigenvalues of Jf(z)m/

In the case that € is the unit ball B” in €™, we compare (1.17) with (1.12) and
(1.13), we may find that (1.12) and (1.13) are better than (1.17).

Let f(z) be a normalized holomorphic mapping on a domain €2 in €, and 0 € Q.
We may expand f(z) at z =0 as

(1.18) f(2) :Z+Z;ﬁDjf(0)(27 ...... . 2),
J:
where D7 is the Frechet derivative of order j, j = 1,2,------ . If ©Q is a bounded

symmetric domain in €™, and S is a LIF, then we may find that C(S) defined by
(1.5) can express as

(1.19) C(S) = Sup {; ITr(D? £ (0)u)|

uu’zl,fGS}.

Recently, Pfaltzgraff and Suffridge [14] define another order. If S is a LIF on a
domain 2 which containing origin, they defined

(1.20) o = ||ord||S = Sup {;||D2f(0)|| ’f c s} .

They proved that if € is the unit ball in €™, S is a LIF, f € S, then

m < IDf() <

where « is the order of § which is defined by (1.20).

Hamada and Kohr [9] used same method as Pfaltzgraff and Suffridge used in [14]
to prove the similar result when  is the unit polydisk in €™.

There are many examples of LIF at [14]. When LIF is the family of normalized
convex mapping on B", then o = 1, (1.21) becomes (1.12). All normalized localy
biholomorphic mappings on €™ form a LIF, then a = oo for this family.

As we mentioned above, we gave the estimations of |detJ;(z)| by (1.6) and (1.7),
and the estimations of || J¢(z)|| by (1.21) already, it is natural to ask the estimations of

—_

Tr(Jf(z)Jf(z)l). In the Section 2, we will give the estimations of T'r(Jy(2)J¢(2) ) for
LIF on the unit ball B” in €™ by (1.20). When LIF is the family of normalized convex
mappings, it is coincided with (1.14). In Section 3, by using the method as we used
in Section 2, we may prove (1.6) by a different approach. As another application of
(1.9), we will give the estimations of the covariant derivative of biholomorphic convex
mappings on the unit ball in Section 4.

(L+ =)

(1'21) (1 _ ‘Z|)a+1’

2. The estimations of the trace of Jacobi matrix of mappings in a B".
In this section, all vectors are column vectors.We consider the LIF on the unit
ball B" in €. We already know that [14]:
(1) |lord||S > 1 for every LIF S. |ord||S = 1 if S is the family of normalized
biholomorphic convex mappings on B™.
(2) If S is a LIF and |ord||S = a < oo, then § is a normal family.
(3) If @u(z) € Aut(B™), which maps 0 to a € B", and

(2.1) f(z:a) = (Dga(0) " (D f(0a(0)) " [f(9a(2)) = f(a(0))];
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where f € S, a LIF. Then the definition of ||ord||S can be expressed as
1
(2.2) llord||S = Sup {2 |D2f(0;a)(w,w)’ fes |w=1la < 1} .

(4) C(S) < n|lord||S, when S is a LIF on B".
We have the estimations of |detJ;(z)| by (1.6) and the estimations of ||J;(z)| by

—_

(1.21) already. In this section, we will give the estimations of T'r(J¢(z)Jf(z) ) when
f belongs to a LIF S with |ord||S = « on the unit ball B” in €™.
THEOREM 2.1 If § is a LIF on the unit ball B™ in €™ with ||ord||S = «, then

(1— |z Y C I ) S
(1 + |Z|)2a+2 + (TL 1) (1 + ‘Z|)2a+1

(14 |2])%?
-]z *

(2.3)

(L4 |o)>!

< Tr(Jp()Tp(2)) < A==

(n—1)

forall f €S and z € B™.
_
The inequalities (1.21) are the estimations of the largest eigenvalue of J;(z)Js(2) .

Theorem 2.1 tells us that there exists one largest eigenvalue only in J¢(z)J f(z)/, all
other eigenvalues have lower order comparing with this largest eigenvalue if the largest

eigenvalue of Jy(z)Jf (z)/ attend the estimating order.

When § is the family of normalized biholomorphic convex mappings, then ||ord||S
=1, (2.3) is coincide with (1.14).

If S is a LIF on the unit polydisc on €, then we can get the similar conclusion,
but we omit to state the results and its proof. The proof is similar with the proof of
Theorem 2.1 in below.

The method of the proof of Theorem 2.1 is different but relatyed with the proof
of (1.21) by Pfaltzgraff and Suffridge [14]. In purpose to prove Theorm 2.1, we need
the following lemmas.

LEMMA 2.2 Fiz zy = roug € B™, ug € OB™. If F is the extremal mapping in S
for the following maximum problem:

Tr <.]F'(ZQ)/JF(20)> >Tr (Jf(Zo)lJf(Zo))

|z| = ro}.

Proof. If (2.4) were false, then there would be a point z1 # zq, |21| = ro such that

holds for any f € S, then

(2.4) Tr <JF(ZO)'JF(ZO)> = max {Tr <JF'(Z)/JF(Z)>

Tr (JF(Zl)/JF(Zl)) >Tr (JF(ZO)/JF(ZO)> :

There exists an unitary matrix U such that Uzy = z; where z(, z; are column vectors.
Consider Fy(z) = UT'F(Uz) € S, then Jg, (2) = U1 Jp(Uz)U, and consequently

Tr (W’JFU (z)) —Tr (JF(Uz)’JF(Uz)) ,
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which yieds the contradiction

Tr (WIJFU(ZO)> =Tr (JF(Zl)/JF(Zl)) >Tr (JF(ZO)/JF(ZO))

LEMMA 2.3 Fiz zy = roug € B",ug € OB™. If F is the extremal mapping in S for
the mazimum problem in Lemma 2.2, then Tr[D?*F (20)20Jr(20) | is Teal, equivalently,
—_

Tr[D?F(z9)uoJr(20) | is real.
Proof. Let t be a small real number, then

JF(Zoeit) = JF(Z() + itz + O(t2)) = JF(ZO) + itDQF(ZO)ZO + O(tQ).

We have

(2.5)

—_— . / —_— _
JF(Zoezt) JF(Zoelt) :JF(Z()) JF(Zo)—itDzF(Zo)ZO JF(Zo)HtDQF(Zo)ZQJF(Zo) —|—O(t2).

By Lemma 2.2,

0 >Tr (W/JF(%@#)) —1Tr (JF(ZO)/JF(ZO)>
— itTr <D2F(z0)zoJF(zo)’ - JF(ZO)DQF(ZO)ZOI) +0(?)

= 2ReTr <itD2F(z0)zon(zo)/> +O(t?).

Dividing by |t| and considering both ¢ — 0" and ¢ — 0™, we have

—_

Im {TT(DQF(ZO)ZOJF(ZO) } = 0.

LEMMA 2.4. Fiz zy = roug € B",ug € OB™. If F is the extremal mapping in S
for the mazimum problem in Lemma 2.2, then
(2.6)
_
Tr{Jr(z0) D2F(z0)v} — Tr{Jr(z0) D*F(20)20%'v'}
! —_— —_—
— TT{%/JF(Z()) JF(ZQ)Z/}—T’I"{JF(ZQ)JF(ZQ) ZT)IV}—T’/‘{JF(ZQ)JF(Z()) D2F(O)V}
= 0

holds for any v € OB™, where zg,v are column vectors.
Proof. Any f € S can expand as (1.18), it can express as

f(z)=z4 Aa(z,2) + As(z,2,2) + -+ -
also. The mapping defined by (2.1) belongs to S and can be expanded as [14]
f(zia) = f(2) + Df(2)(a — @'22) — a — 243(a, f(2)) + O(la]*),

where |a| is sufficiently small. Let DF(z;a) be the Fréchet derivative of F(z;a) with
respect to z, then [14]

DF(z;a) = Jp(2)+D*F(2)(a—a 22) — Jp(2)2a@ —a@ 2Jp(2) — D*F(0)aJp(2) +O(|al?),
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when |a| is sufficiently small, and
(2.7)
DF(Z;a) DF(z;a)

-~

—_

Jr(z) Jrp(2)+ [DIQF(Z)(a — E’zz’) —Jp(z)za"—a’zJp(z? —DZF(O)a{F(z)]JF(jz)
Tp(2) [D2F(z)a — 2@ DIF(2)7 — a7 Tr(2) —Tr(Z) Za — JF(z)'DzF(O)a}
O(

_|_
Jr
By the extremal property of F' at point zg, we have

rl0 > Tr {W/DF(ZO; a)} —Tr (.]F(Z(J)/JF(ZQ)>

[E—) -

= 2Re [TT[DQF(Z)QJF(Z) | = Tr[@2D*F(2)2dp(2) ]

— —_— _—

— Tr[Jp(2)aZ Jp(2) | =Tr[F aJp(2)Jp(2) | -Tr[D?*F(0)a]p(2)Jp(2) ]| +O(|al?).

—_

By Lemma 2.3, we know that Tr[D?F(29)z9Jr(20) ] is real, thus
§Re[TT{E’ZOD2F(ZO)zOJF(zo)l}] = Re[Tr{Z'aD*F(2))20JF (zo)/}}.

Substituting it into the previous inequality, we have

0> Re [TT[DQF(ZO)CLJF(ZQ)/] — Tr[E5'aD? F(20) 200 (20) ]
—Tr[Jp(20)aZ0 Tr(z0) | — Tr[E5 aJr (20) T (20) |

—_—

— Tr[D*F(0)atr (20) T () ]| + O(laf?).

Dividing |a|, and denoting v = |Z—‘, then let |a| — 0, note that a can be replaced by

e'ta with arbitrary real . We have proved (2.6).
LEMMA 2.5. Fiz zg = roug € B",ug € OB™. If F' is the extremal mapping in S
for the mazimum problem in Lemma 2.2, then

70 (75 1p() ) - Tr(TpG) It
2(r — o)
= iiorg {TT(JF(ZO)JF(ZO)/) +TT(lTo/m/JF(ZO)uO)}

1
Tr(Jr(20) 7 (20) D2F (0)ug) + O(|r — o)),

_|_

2
-7

where z = rug, and r is a real number near rg.
Proof. We expand Jg(z) at point 2z,

Jp(2) = Jr(z0 + 2 — 20) = Jp(20) + D*F(20)(2 — 20) + O(|z — 20]?).

Thus

Tr(2) Jr(z) = Jr(z0) Jr(z0) + Jr(20) D2F (20) (% — 20)

(2.9) +D2F(2) (= — 20) 7 (20) + O(|z — z0]2).
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We have
71 (TpG Tp(2)) = T (T I
= 2Re [Tr(D?F(20)(= = 20) T (20) )| + O(1z = 2]%).
Dividing 2(r — o) on both sides, it is
1r(T5 Ip(2)) ~ T (TpCal Tpten)

2(r —rg)
=Re [TT(DzF(Zo)UoJF(Zo)/)} + O(|r — 1o]).

By Lemma 2.3, we know that

/!

Re [TT(D2F(ZO)uOJF(ZO)’)} = Tr(D*F(20)uoJr (20) ).

Thus
(2.10)

17(TpG Ip()) (TGl Tptan))

50— ro) = Tr(D*F (z0)uoJr (20) ) + O(|r = 7o]).

Let v = ug in Lemma 2.4, (2.6) become

TT{JF(Z())ID?F(Z())U()} - T%TT{JF(Z())ID2}/7(20)U()} /
— Tr{z'Jr(20) Jr(z0)uo} —Tr{Jr(20)Jr(20) o} —Tr{Jr(20)Jr(20) D*F(0)uo}

= 0
Hence
Tr(D F(z0)uoJr(z0) )
1) = 7 [Treo)TeGo) ]+ ol T (o) i (zo)o]
+ 1 2Tl (z0) Tk 20) D2F(0)uq).

Substituting (2.11) into (2.10), we get (2.8).
We now proceed with the proof of Theorem 2.1, beginning with the upper bound.
Proof of Theorem 2.1. The upper bound:Throughout the proof of the upper
bound, F will be the extremal mapping for the maximum problem associated with a
fixed point zg € B™, i.e

Tr <JF(z0)/JF(zo)> >Tr (Jf(Zo)/Jf(Zo)>

holds for all f € S. We now assume that the upper bound in (2.3) is false. Hence
there exists g € (0,1), zo € B",|20| = 7o such that

. (14 7g)%>2 (1+79)%*!
T’I“(JF(Z()) JF(Z())> > W+( DW
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Since the function

1+t)*2 141t)2t

(2.12) go(t,s)zw—i—(n—l)glt)zsﬂ, 0<t<l

is an increasing function of s, there is a number 5y > «, such that
—_
(213) 71 (TGl Ip o)) = olros o).

Consequently, for small € > 0 and rg — € < r < ¢ + €, there is a C! smooth function
B(r) such that 8(rg) = o and

., 1)28(r)~2 )28(r)-1
(2.14) TT(JF(TUO) JF(ruo)> = gi_r;wm—k(n—l)m = o(r, B(r)).
Thus
Tr (JF(TUO)/JF(TUO)> —Tr <JF(ZO)/JF(ZO)> o, B(r)) — oo, Bo)

r—To r—To

By Lemma 2.5, we have

(,0(7’, 6(7')) — <)O(T'Oa ﬁO)

2(r —ro)

(2.15)

2y [0 (TG Ty ) + T TG T o

+ 7 _17% Tr (JF(ZO)JF(ZO)ID2F(O)UO> + O(|r —ro|).

As 7 — 7o, the limit of the left hand side of (2.15) is 1[p, + B 03] r—r,. We evaluate
it.
Noting that

r)28-2 r)26-1

(1+7)2"1 48+ 2r
(1—7r)2PF 1 -2

(L4+7)*° 248 4 4r
(1—7)%+2 1 -2

+(n-1)

48 + 4r [(1 4 r)%—2 (1+ r)%—l] C2r(n—1) (L47)* !

1—r? | (1—r)2PH2 + (1) (1—r)2P+t 1—r? (1—r)%+D
we have
46y + 41"0T <J()/,] ( )> 2(n — 1)rg (14 7)2P~1
- =—1Tr z z —
L LR 112 (1= r)2%t!
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Moreover,
/ 1Jr 26-2 1+ 26-1
1 2B-2 1 28—-1 )
_ %25 logtE T + Elfgwﬂm log} L
28—2 28—1
— 2§logt LT [ﬁﬂiw (n UW}’
we have
Bon| =28 rultog 1 (TpGal Tt
by (2.13).
Thus
%[SDT + B'eplr=rq
(2.16) = (W + ﬂ’(ro)log%i—izzg) Tr (JF(zO)’JF(zO))

(n—=1)ro (1 + 7“0)250_1
L—rg (1 —rp)2Pott”

As r — 719, (2.15) becomes the following equality

200 + 2ro 1+7g T (n—=1)ro (1 419)**~"
(1_4’5’( )1091_7TO> Tr (JF(ZO) JF(ZO)) T C 7,3 (1— T0)2,60+1

= 1107% [Tr (MIJF(ZO)> +Tr(lm’JF(Zo)/JF(ZO)UO)}

1 _17% Tr(Jp(20)Tr (20) D*F(0)up)

+

by (2.16). After cancel the term T TOT2 Tr (JF(ZO)/JF(20)> on both sides of the
—To

privious equality, we have
(2.17)

_ _ 2B0—1
(B oteorent ) 7 (T a0 ) - (e (e

= 10 5 Te(z0) Jr(z0)uo + Tr(Jr(20) T (20) D2F(0)uo).

1
1—17rg 1—7“8

U

By equality (2.17), we know that T?“(JF(Zo)JF(Zo)/DzF(O)’LLO) is real. Jp(z0)Jr(z0)
is a positive definite Hermitian matrix, we may decompose it as
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where U is an unitary matrix. Thus

Tr(Jp(z0)Jr(20) D2F(0)ug)

)\2
1
= Tr (U U’DQF(O)u(,)
)\2
AP
= Tr U D2F(0)uoU
/\2
If
_, air - Qin
U D*F(0)ugU = ,
Ap1 - Gnn
then
A% n n
—
TT U DQF(O)'U/OU = Z)\?ajj S ZA?\a]ﬂ
22 j= j=1
But
lajj| < [U'D*F(0)uqU|| = | D*F(O)uo| < 200§ = 1.2,3,----,m,

since the ||ord||S = « and (1.20). Thus

, )
(2.18) |Tr(Jr(20)Jr(20) D*F(0)ug)| < 2aTr (JF(Z()) JF(z0)>.

By (1.21)(Theorem 4.1 in [14]), and Sy > «, we have

QTO’JF(ZO)/JF(zO)uo < The largest eigenvalue of JF(ZO)IJF(ZO)
(1+17p)**2

(2.19)

<

<

(1—ro)
(1 —‘rT())QBO_Q
(1—ro)

200+2

o 2B0+2>

From (2.17), (2.18) and (2.19), we obtain the following inequality

(2.20)
(2f0+ 0 4 8(r )log1 + r0> Tr <JF(20) JF(ZO)>
280—2 — 260—1
= 8 i_ :2§2ﬁo+2 1 ior%; (nl —?OTO 8 - :()3250“ - TT (JF(ZO) JF(Z0)>
= 3 iOTgTT(JF(Zo)/JF(zO)> +7 Q_QT(%TT(M/JF(%))
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by (2.13). After cancel the term 1 io Tr <JF(ZO)/JF(ZO)> on both sides of (2.20),

o
we have
(2.21)
2 147 R 2 R
( ﬂOQ + 3 (ro)log 0) TT(JF(ZO)’JF(ZOO < ~Tr (JF(ZO)’JF(ZO)).
1—-rg 1 -7 1—rk

From (2.21), we conclude '(rg) < 0 since Sy > a. Hence there is r1 < rg such that
B = B(r1) > B(ro) = Bo > a, and
- B (1 +T1)251—2 (1 +7,1)2,81—1
Tr <JF(7‘1UO) JF(Tluo)) = W +(n— I)W
(2.22)
(1 + T1)2’6072
W

(1 + T1)2B071

> (1 _ 7.1)2304-1

+(n-1)

by (2.14)
Let u; € OB™, such that

TT(JF(rlul)IJF(rlul)>: max Tr(JF(rlu)IJF(rlu)).

(2.23) u € OB"

Write z; = ryuq, let Fy be an extremal such that

Tr(JFl(zl)/JFl(zl)): ?’LECLS.T Tr(Jf(zl)/Jf(zl)).

By (2.22), (2.23), we have

S 14 q)201—2 14 pq)20—1
TT<JF1(21) JF1(21)> > W +<”—1)H%

(1 + 7"1)2[30_2
(1 —ry)2Pot2

(1 + Tl)Qﬁo_l

> (1 _ T1)2ﬂ0+1'

+(n-1)

We can repeat the argument just given. Thus one proves that there are a sequence of
numbers {r;} decreasing to zero and a sequence {F;} C S, such that

Tr (JF1 (zl)/JF1 (zl))
(L+7;)%0~2 (147>
2y 7 (a—ryme T Vg
= (14260 = 2)rj + - )1 = (2B +2)rj + -+ )7
+ (n=1)(1+ (200 —2)rj + - )1 = (2B + 2)rj + )7

n + 40onr; + O(r?),

where z; = rjuj, u; € OB, j=1,2,------ .
Since Jg,(z;) = I + D*Fj(0)z; + O(|2;]*), we have

!

Tr,(23) Ji,(2;) = T + D*Fj(0)z; + D2F;(0)z; + O(|z]%),
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D?F;j(0)z; + D?F;(0)z; + 02| = T, (3) Jr, () — I,
and hence
(2.25)
E— —_—
Tr (DQFj(O)zj—i-Dsz(O)zj )+O(|zj|2):Tr (JFj (%) Jr, (zj)) —n>4Bgnr;+0(|z?)

by (2.24)

Recall that S is a normal family when |lord||S = « < oo, there is a subsequence
of {F;} that converges locally uniformly to a mapping f € S and u; tend to a unit
vector u. Thus dividing by r; on both sides of (2.25) and letting j — oo through the
subsequence, we obtain

(2.26) Tr (D2 FO)u+ W’) > 4Gn.
But
Tr (D*f(0)u) + Tr (D2F(O)u') < 2/TrD[(0)u] < 20| D*f(0)u,
we have
20D £ (0)u]) > 46n > dam,
ie.,
ID2f(0)u]| > 2a = 2||ord|S.

by (2.26). This contradiction completes the proof of the upper bound inequality in
Theorem 2.1.

The proof of the lower bound inequality in Theorem 2.1 is similar with the proof
of upper bound inequality.

Throughout this argument, F' will be an extremal mapping for the minimum
problem associated with a fixed point zyg € B", i.e.,

(2.27) Tr (M'JF(%)) <Tr (Jf(zo)’Jf(zo))

holds for all f € S. We may prove the Lemma 2.2, 2.3, 2.4 and 2.5 under the
assumption (2.27), and prove the lower bound of the inequality if we instead ¢(t, )
by

(1 _ t)2s—2

(1 _ t)2s—1
(1 +t)2s+2 +

(n— UW'

n(t’ S) = (p(—t, 8) =

All the argument of the proof are similar with the proof of the upper bound. We omit
the detail.

3. The estimations of the Jacobian of mappings in a B”. We may use the

method as we used in the previous section to estimate det(Jy(2)J f(Z)/) of mapping f in
a LIF on the unit ball B” in €". Actually, the following theorem about the estimations
of det(J¢ (Z)W/) was known long time ago, which was proved by Barnard,FifzGerald
and Gong [1], Liu [11], Gong and Zheng [8], and Pfaltzgraff [12]. In this section, the

proof of Theorm 3.1 is different with the original proof. It also shows that using C(S)
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which was defined by (1.5) and (1.19) to estimate det(lf(z)Jf(z)/) is the right choice.
In this section, all the vectors are column vectors.

THEOREM 3.1. If S is a LIF on the unit ball B™ in €", then

(1 _ |Z|)2C(S)—(n+1) (1 + |ZDQC’(S)—(n+1)

(3.1) (Lt [o2C@ D < det (Jf(z) Jf(z)) < (1 |2])2C©)+0+D)

forall f €S, and z € B", where C(S) is defined by (1.5) and (1.19).

First of all, we prove the following Lemmas.

LEMMA 3.2. Fix zg = roug € B™, ug € OB™. If F' is the extremal mapping in S
for the following mazimum problem:

det (WIJF(ZO)) > det (W,Jf(zo)>

holds for any f € S, then
|z| = 7'0} .

Proof. 1f (3.2) were false, then there be a point z; # 2o, |21| = r¢ such that

—_—

(3.2) det(JF(zo)JF(zo)/) = mazx {det(JF(z)JF(z) )

det (WIJF(zl)) > det (WIJF(%)) .

There exists an unitary matrix U such that Uzy = z; where zg, z1are column vectors.
Consider Fyy(2) = U 'F(Uz) € S, then Jp, (2) = U1 Jp(Uz)U, and consequently

y (—
det (JFU(Z) g, (,z)) = det (JF(UZ) JF(Uz))
which yied the contradiction
—_— —_ —_—
det (JFU (o) JFU(ZO)) = det (JF(Z1> JF(z1)> > det (JF(ZO) JF(zO)) .
LEMMA 3.3. Fiz zg = roug € B™, ug € OB™. If I' is the extremal mapping in
S for the mazimum problem in Lemma 8.2, then Tr(D*F(29)z20(Jr(20))~ 1) is real,

equivalently, Tr(D?F (20)uo(Jr(20)) 1) is real.
Proof. Let t be a small real number, then by (2.5),

det (JF(zoe“)/JF(zoe“))

= det |:JF(Z(])I <I + itD2F(Zo)Zo(JF(Zo))_1

~it(Jr(20) ) " (D2F (20)z0) + 0<t2>) JF<zO>}

— det (JF(zO)’JF(ZO)) [1+tTr[itD2F(z0)zo(JF(zo))1—z'(JF(zo))—l'(mF(zo)zo)'
+0(t?)

det(I +tH) =1+ tTrH + O(t?)
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when t is a small real number, H is a Hermitian matrix. By Lemma 3.2,
0 >det (W/JF(Zoeit)) — det (W/JF(ZO)>
= det (WIJF(ZOD tTr {z (D2F(20)20(JF(20))—1
- (Fa)) (D) )|+ o
Dividing by |t| and considering both ¢ — 0% and ¢ — 0™, we have
Im{Tr(D?F(20)z0(Jr(20)) "'} = 0.

LEMMA 3.4. Fix zg = roug € B", ug € OB™. If F' is the extremal mapping in S
for the mazximum problem in Lemma 3.2, then

Tr (D?F(z0)v(Jr(20)) ') = 2'vTr (D?*F(20)20(Jr(20)) ")

)
(3:3) —(n+1)z@'v — Tr(D2F(0)v) =0

holds for any v € OB™, where zy,v are column vectors.
Proof. From (2.7), we have

det (W/JF(Z; a))
= det (W/JF(Z)) det {I + 2Re ((DQF(Z)(a —a'zz) — Jp(z)za

— @2Jp(2) — D2F(O)aJp(z))(JF(z))_1) + O(|a|2)}

= det (JF(z)/JF(z)> (1+ 2Re [Tr(D*F(2)(a —@'zz)(Jp(2)) !
- (n+1)@z—Tr(D*F(0)a)] + O(lal?))

when |a| is small. By the extremal property of F' at z, we have
0> det(Jp(z; a),JF(z; a)) — det (JF(Z())/JF(ZO))

= det JF(zo)’JF(zO)) - 2Re [Tr(D?F(20)(a — @' 2020)(Jr (20)) 1)
(n+ 1)@’z — Tr(D*F(0)a)] + O(|al?).

By Lemma 3.3, we know that Tr(D?F(z0)z0(Jr(20))™1) is real, thus
Re[Tr(D*F(20)a@ z020(Jr(20)) 1)) = Re[Tr(D*F(20) %0 azo(Jr(20)) 1))
Substituting it into previous inequality, we have

0> det (m/JF(Zo)) Re [Tr(D*F(20)(a — @'2020)(Jr(20)) ")
— (n+1)@2 — Tr(D*F(0)a)] + O(lal?).

Dividing |a| on both sides of the previous inequality, and denoting v = |Z—‘, then let

la| — 0, note that a can be replaced by e’’a with arbitrary real ¢, we have proved
(3.3).
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LEMMA 3.5. Fix zg = roug € B", ug € OB™. If F' is the extremal mapping in S
for the mazximum problem in Lemma 3.2, then

det (WIJF(Z)) — det (WIJF(ZQ))
(3.4) 2(r —ro) ,
= det (Tp(z0) Jp(20) ) (n+ 1)ro + Tr(D*F(0)u,)

— +0(Ir = rol)

where z = rug, and r is a real number near rg.
Proof. Expanding Jg(z) at zp, we have

det (JF(Z)’JF(Z))
= det (JF(ZO)/JF(ZO)> (14 2Re[Tr(D*F(20)(z — 20)(Jr(20)) )] + O(|z — 20/*)

by (2.9). Dividing 2(r — 1) on both sides, it is

det (JF<z)’JF(z)) — det (JF(ZO)’JF(ZO))
2(r —ro)
= det (Tp(z0) Tp(z0) ) Re[Tr(D2F (z0)uo(r (20) )] + O(Ir = ol):

By Lemma 3.3, we know that
§R6[TT(D2F(ZO)UO(JF(zo))*l] = TT(DQF(ZO)UO(JF(zO))*l).
Thus

det (JF(Z)’JF(Z)) — det (JF(ZO)’JF(ZO))
(3.5) ) 2(7’ — 7"0)
= det (Tp(a0) Tp(20) ) Tr(DF(z0)uo(Jr(20)) )] + O(Ir = o))

Let v = ug in Lemma 3.4, (3.3) becomes

Tr (D2F(zo)u0(JF(zo))*1)
=% uoTr (D*F(20)20(Jr(20)) ") + (n + 1)% ug + Tr(D*F(0)uo)
= 1r3Tr(D*F(20)uo(Jr(20)) 1) + (n + 1)rg + Tr(D?F(0)ug).

Hence

(36) T (DFF (oo (T () ) = LA T2 TO)

Substituting (3.6) into (3.5), we get (3.4).
Proof of Theorem 3.1. The upper bound: Let F' be the extremal mapping for the

maximum probrem in Lemma 3.2. We assume that the upper bound in (3.1) is false.
Hence there exists rg € (0, 1), zg € B™, |20| = 1o such that

, (1 +TO)QC(5)7(n+1)
det (JF(ZO) JF(ZO)> > (1— TO)20(5)+(n+1)'
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Since the function

(1 +t)2s—(n+1)
(1 _ t)25+(n+1) ’

(3.7) C(t,s) = 0<t<l,

is an increasing function of s, there is a number Gy > C(S) such that

(3.8) det (Tp(z0) Tp(20)) = C(ro, fo)-

Consequently, for small € > 0 and rg — € < r < ¢ + ¢, there is a C! smooth function
B(r) such that 5(rg) = By and

| 4 7)2B0)=(n4D)

(39) det (JF(TUO)/JF(TUO)> - El _ T)zﬂ(r)+(n+1) = C(n ﬁ(’l"))

Thus

det (Tp(rua) T (ruo) — det (TpGo) Tp(0) — (r,5(r) ~ (o o)

r—7To rT—7To
By Lemma 3.5, we have
(3.10)
r,0(r)) — C(7 —_— n T r(D? U
C( 5/6(2()70)_7?0() 0aﬂ0) = det (JF(ZO) JF(ZO)> ( +1) 0"1'317”(81) F(O) 0) +O(|T—T0|)

As r — rg, the limit of the left hand side of (3.10) is %[Cr + ' oplr=r,. We evaluate
it.
Noting that

0 (L4~ (14 1) 2B + (26 +n+ 1)

G = Ar (1= )2t D) - (1 — r)2o+n+2 .
we have
S 4680 + (2n + 2)r
G| = det (Tpla) Tpay) 2020 D
r=rg 1- To

by (3.8). Moreover,

S (1 +r)26—(n+1) 147
/8 90[3 - 2/8 (T) (1 B ’I")2ﬁ+(n+1) Zogl . 7"7

we have
Bes - Qﬁ(ro)logi i :2 det (Tp(z0) Tp(z0))
by (3.8). Thus
(3.11)
%[Cr +B'Calr=r, = (W - B'(ro)logi J_“:g) det (W/JF(ZOD .
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As r — 1, (3.10) becomes the following equality

(2@3"‘(”4'1)”3 + ﬂ'(ro)log%ﬂ) det (WIJF(ZO))

1 —
(n+ 1ro + Tr(D*F(0)uo) 4., (77 (0) Tp(z0)

1—T0

(n+1)

by (3.11). After cancel the term 70 et (JF(zO) JF(z0)> on both of the provi-

ous equality, we have

(250 + ' (ro)log

1- = 53) det (Tp(z0) Tp(z0))
M

(3.12) ) /
— det (JF(ZO) JF(zO)) .

By the definition of C'(S) (1.19), [Tr(D?*F(0)ug)| < 2C(S). Hence

20 4 (rolog} £ ) det (TTea) ()

0
2C(S)

200
T
fg det (Tp(20) T (20))

<

S 7z
by (3.12). But 8y > C(S), it implies 3'(r9) < 0. We may use the argument similar
in the proof of Theorem 2.1. We prove that there are a sequence of number {r;}
decreasing to zero and a sequence {F;} C S such that

det (JFj (zj)/JFj (zj))
1 )2B80—(n+1)
(3.13) > El i_ 77:;;2[30+(n+1)
= (1+@2B8-n—1rj+---- YA —=(28+n+1)rj+ - )t
= 1+446or; +O(r3)

where z; = rjuj,u; € OB",j =1,2,----- )
We know that

det (T, (25) Tp, (23)) = 14 2T7[Re(D2F(0)2)] + O(r%).
Thus
(3.14) 2Tr[Re(D*F;(0)z;)] > 46or; + O(r7), G=1,2, 7

by (3.13). When C(S) is finite, then |Jord||S is finite, and S is a normal family. There
is a subsequence of {F;} that converges locally uniformly to mapping f € S and u;
tend to a unit vector u. Thus dividing by 7; on both sides of (3.14) and letting j — oo
through the subsequence, we obtain

|Tr(D*F(0)u)| > 28 > 2C(S).

This contradiction complete the proof of the upper bound inequality in Theorem 3.1.
The proof of the lower bound inequality in Theorem 3.1 is similar with the proof
of upper bound. We omit the detail of the proof.
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4. Covariant derivative of biholomorphic convex mappings on unit ball.

In Section 1, we already mentioned that (1.9) has many consequences, e.g.,
(1.11), (1.12), (1.13) and (1.14) are its consequences. In this section, we will give
another consequence. It is about the covariant derivative of biholomorphic convex
mappings on unit ball B in €™. In this section, all vectors are row vectiors.

THEOREM 4.1. Let f(2) be a normalized biholomorphic conver mapping on the
unit ball B™ in @™, then for every z € B™ and every vector n(z) = (n1(z),------ M (2))
e '™, the inequality

1+ z | R
(4.1) ‘( k] . (O [k]) . ‘ <k
U 22 R B S | v
holds, where % = (%, ~~~~~~ ,%)' 18 the covariant derivative operator with respect

to the Bergman metric of B, €% means k—th Kronecker product of vector & € @™
and

e 71— 1—27)
(42) R v

I is the identity matrix.

In particular, if we letn = ej/1 — 27 in (4.1) wheree; = (0,------ ,0,1,0,-+---- ,
0) is the unit vector of j— th coordinate, we have the estimation of k—th covariant
derivative of f with respect to zj,j =1,2,------ sk =1,2,------ .

COROLLARY 4.2. Let f(z) be a normalized biholomorphic convex mapping on the
ball B in €™, then for every z € B™, the inequality

& kI = |2 + |2 %)
4.3 - f(2)] <
( ) 5Z§gf< )‘— (1+|z|)k’1(1—\z|)k+1
holds for j =1,2,------ ik =1,2,----- )

From (1.9), it is easy to verify

1
Q== 41292
a-T=p" 777

1
4.4 (1= |22 +]2 )2 ’8f
) Tz S

holds.

When k& =1 in (4.3), it is the right hand side inequality of (4.4).

When n =1, (4.3) is coincide with a result in [3].

If we let n = 2¢/1— 27 in (4.1), we have the following

COROLLARY 4.3. Let f(2) be a normalized biholomorphic convex mapping on the
unit ball B"™ in €™, then for every z € B™, the inequality

‘ <zw . (;Z)[k]> f(2)

holds for k=1,2,------ .

Proof of Theorem 4.1. Gong and Yan [7] proved the following result.

Let f(z) be a holomorphic mapping in B, and z = p,(w) € Aut(B™) which maps
z =a to w = 0. We may express the Taylor expansion of f(¢,(w)) at w =0 as

K|z |k

S0 a2




814 S. GONG AND Q. YU

>0 k (k]
Fw) = o) = Y- 51— am)2 R0 () 1o,

k=0

(%]
where R = R(a) is defined by (4.2) and ( ) f(a) means the column vector

()"0 ).

Normalizing the mapping F'(w), we have

8o

F(w) — F(0) -1
——(Jg(a)) "R
(4.5) V1-aa 0

—w+ 33, (VT — @) wR - (£ Fe)(Js(a) R,

It is a normalized biholomorphic convex mapping on B™ when f(z) is a normalized
biholomorphic convex mapping on B™.

We know that if f(z) is a normalized biholomorphic convex mapping on B", we
may express it as

z)=z+ Z P (z)

where P, (z) = (P,(nl)(z), ------ ,Pv(n")(z)), and P,(,{)(z),j =1,2,------ ,n are homoge-
neous polynomial of the elements of z of degree m.
Gong and Liu [4] proved that

(4.6) | P (2)] <| 2 |™, m=2,3 - ,
holds true for any z € B™ if f(z) is a normalized biholomorphic convex mapping on
B".

From (4.5) and (4.6), we have that for any w € B",

—n\k—1
(4.7) (—vl—]ja) ‘(le)[k] : (%)W Fa)(Js(@) ' R| <l w [¥

holds for all K =2,3,------ .
It is easy to verify that
. ! 1—aa')l
RR/:aa—i—( ;La) .
1—aa

Thus (4.7) is equivalent to

R ()" sta) (e Tt L mgm]

da 1—ad
(4.8)

(KY)? | w [* k
(1—aa)" 1"

y K]
)T R - (L) f@) <
From inequlities (1.9), we have

(4.9) (Jp(@) @a+ (1 —aa)D)Js(@) " > (1= |a|)'L
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Applying (4.9) to (4.8), we obtain

(] %] ! 2| 0 2%
(wR™HF . (5> fla)(wR-1)H . (;) fla) < (f!) _| |

a a (= a2 o))

That is,
“ Bt
—1\[k] ., (0 < w

(4.10) ‘(UJR ) (5a> f(a)' = (- | 2 2(V1 — ad)F 2
Let w = nR(a) in (4.10), we get
(4.11)

(k] E'|nR | pltlal

CIEATS ‘ - [
‘77 (5@) ) (1_ |a‘)2(\/1_aal)k—2 17 |a| \/1_aa

when nR(a) € B™. Both sides of (4.11) are homogeneous polynomials of the elements
of n of degree k, thus (4.11) holds true for any n € C™.
Replace a by z at (4.11), we have proved Theorem 4.1.
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