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REAL HYPERSURFACES IN KAHLER MANIFOLDS*

WILHELM KLINGENBERGT

0. Introduction. The present work is concerned with the geometry of embedded
real hypersurfaces in a Kahler manifold, where isomorphisms are both holomorphic
and isometric in the underlying Riemannian structure. Here we introduce their local
invariants and compatibility relations, solve the local realization problem, and give a
characterization of the metric sphere in C™ via a maximum principle for an adapted
Laplace operator. A more detailed description follows.

a) In 1.3 we define a doubly covariant tensor £ on the complexified tangent bundle
of the hypersurface N. It describes the curvature of the maximal complex subbundle
HN of TN in the ambient manifold with regard to the Kahler metric . One part of £ is
the well-known Levi form of the hypersurface with respect to a one-form of norm one
that annihilates the “horizontal” tangent bundle HN. The form ¢ may be expressed
in terms of the second fundamental form of the hypersurface in an appropriate frame
of the underlying Riemannian manifold, see 1.4.

b) In 2 we derive differential compatibility conditions of covariant derivatives of
£. In 2.3, 2.4 and 2.5 we employ a connection on the horizontal bundle that is the
projection of the Levi-Civita connection of the ambient manifold. It is a one-form on
the hypersurface with values in the Lie algebra of the unitary group of the horizontal
subbundle and we give its structure equations.

¢) In 3.2 we solve the local existence problem as follows. The data are a CR-
manifold U with a metric on TU that is hermitian on HU and a real function r that
prescribes the ambient curvature of the curves in IV that are orthogonal to HN. We
require that the composition of the defining form for HN with the complex struc-
ture is closed, the complex structure on the horizontal bundle is parallel with respect
to the associated Levi-Civita connection, and that an associated unitary connection
has vanishing curvature. The latter corresponds to Gauss and Codazzi compatibility
conditions. The conclusion is that there exists a local isometric C'R-embedding of U
into C™. In 3.4 we embed nondegenerate C'R manifolds U together with a prescribed
hermitian metric on HU rather than on TU as in 3.2. In exchange we prescribe
additional data, namely mixed horizontal and vertical coefficients of /. In this case,
there is an embedding under analogous requirements as before. This result has fea-
tures of both the classical hypersurface existence theorem in Riemannian geometry
and of Kuranishi’s CR embedding [Ku]. Namely we require compatibility conditions
involving metric and complex structure, and the non-degeneracy of the Levi-form.

d) In 4 we give commutator identities for the operation of the Laplace operator
of HN on ¢. In the Riemannian case these are referred to as Simons identity, see [S]
and [CdCK].

e) As an application we give in 5 the following

THEOREM 5.2. Let N be a compact strictly pseudoconvex hypersurface of C™.
Assume that the horizontal mean curvature of N is constant, and H“ON is parallel
in TVOC™. Then N is a metric sphere.
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The first assumption relates only to the C' R structure, the other assumptions are
that the trace of the second fundamental form on HN is constant, that the curves on
N orthogonal to HN are geodesics of N, and that the symmetric part of £ vanishes on
the horizontal bundle. This result is an analogue of Alexandrov’s theorem on compact
convex hypersurfaces in R™: if such have constant mean curvature, then they must
be metric spheres. Our result does not follow from this since we do not make any
assumption on the purely vertical coefficient of £. This coefficient describes the curva-
ture in the ambient manifold of the vertical integral curves. Therefore our assumption
neither implies that the full mean curvature of the hypersurface is constant nor that it
convex. Of course we use the ambient complex strucure, therefore our result does not
imply the one in R™. Also, by the existence result of 3.2, our assumptions locally ad-
mit other surfaces than subsets of metric spheres. In this sense, this is a global result.
It is an application of our first Simons-type identity in 4.2 and the strong maximum
principle for the horizontal Laplace operator on strictly pseudoconvex hypersurfaces.
The remaining identities of 4.2 are recorded here for completeness and application
in [HK]. The maximum principle along horizontal curves for the horizontal Laplace
operator was used in [A] to study a heat flow for contact structures.

The paper [CM] gives a local normal form for real analytic hypersurfaces in com-
plex manifolds and [B] and [YK] present some material on real submanifolds of any
codimension of Kahler manifolds. In [O], geometric properties of real hypersurfaces
of complex projective space are studied. In [J1] and [J2] one finds an introduction
to C'R-structures. The lectures of Fefferman, [BFG], give an extensive review of the
relation of function theory of a domain to CR geometry of the boundary and the
analogy with Riemannian geometry. Webster defines in [W] a connection on non-
degenerate C'R manifolds with a distinguished one form that defines the horizontal
bundle. It is characterized by the requirement that the Levi form is parallel. The
resulting intrinsic curvature is different from the curvature that we have, as we use
the Levi-Civita connection of the induced Kéhler metric.

ACKNOWLEDGEMENTS. The results presented here are part of the author’s Ha-
bilitationsschrift at the Universitdt Tibingen, [K]. The author is grateful to Professor
G. Huisken for advice, to Professors S.S. Chern and J.K. Moser for introducing him to
this subject, and to Mrs. S. Schmidt for her scrupulous typesetting of the manuscript.

1.1. Structure Equations. On a Ké&hler manifold M with complex structure

M J and metric ™ h we denote by TH9M and T%' M the subbundle of C ® T'M whose
fibres consist of the eigenspaces for +i and —i of the C-linear extension of ™.J
to C® TM. By the Kéhler property, the Levi-Civita connection ¥V of C ® TM
preserves THOM and T%!'M. On the principal U(n,C)-bundle of unitary frames of
TYOM, n = dimc M, we have the C"-valued canonical form ™, and the u(n)-valued
connection and curvature forms Mw, MQ. For a unitary frame {e,}7_, of T1OM
one has for 7 = Mgi ! = Myl ¢ A(C® TM), Q, = MQl € A*(C ® TM),
7,k =1,...,n, the structure equations

A9 = —w] A6

dwi = —w; Awh + Qi,

and analogous equations in T%'M for the conjugates e, 67, w!, Q7. Recall that

wi(er) =0I(MV, e) for r =1,..,n,1,..,n. By unitarity,

ESll

I ok
Wy, = —w;
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Jj o_ k
Q= —Q;.
Let now
F:N—->M

be an immersion of a real hypersurface. The above structure equations hold for the
pull-back frames {F*e;}7_, {F*6%}7_,, connection (F"MV) () :T(C®TN) x
I'C® F*TM) — I'(C® F*TM), F*Mw, and curvature F*MQ of F*T1OM, and
exterior differentiation d on N. In the sequel we will denote these pull-back objects
by {ex}r_,, {6F}r_,, MV, My, MQ) respectively, and we write w = Mw for economy
of notation.

1.2. Adapted Frames. Since N is odd dimensional, TN does not inherit a
complex structure from F*T M. We denote by HN < TN the maximal ™ J-invariant
subbundle of i : TN — F*TM:

HN :=TNn MJTN,
called the holomorphic or horizontal tangent bundle of N. Let H'"°N, H*'N be the
(+i)-eigenspaces of (C® HN,H J =M J|HN), then H''N = F*T*°M NC® TN.
For an analysis of the curvature of N with regard to the Kahler metric we consider a

unitary frame {ey}7_, of F*T19M which is adapted to TN in the following way:
span {e,}"_1 = HION

a=1 "

1
span {ea, eas 5 (en + 1)}t = C® TN,

5 (
Then {¢F = %(é)kwk),gn“@ = \%’(ak—ek)}gzl is the dual frame of { X, X,, 4%} and
ker £2m = TN, ker&" = HN @ RX5,,. Finally we introduce a frame {f,} of C ® TN
by setting fe = e¢, fr = (e, + €5) with its dual frame {p}, ¢* = 65, o™ = (0" +
6™). Here and later we adopt the following convention for the ranges of the indices:
Jyk,p,q € {1,...,n} for frames of F*T*OM a,b,c€ {1,...,n—1,1,...,n—1,n} on
C®TN,&nef{l,....n—1,1,....n—1} on C® HN, and «, 3,7, € {1,...,n — 1}
on H'ON.

1.3. Second Fundamental Form in Kahler Geometry. Let e; be adapted to
in : TN — F*TM as above. Since C® T'N=ker (" — ") is involutive in C® F*TM,

iNd(0" — ™) = 0.
On the other hand, we compute, recalling 1.1,
ind(0" —0") = in(—wl A0 +wWE AOY —w] A"+ W] AT
= Wi (f)e™ Nt + Wi (fa)p® A" —wl(fe)e™ N — Wi (fn)e™ A"
" A (Wi (fe)e® +wn (f)@™)
= (Wa(fp) + Wi (fa)e™ A &’ +wilfa)e® N e — wialFa)e™ A ¢
Hwa(fa) + Wi (fa))e™ A @™ = (Walfa) +wi(fa))e® A g™
This implies

(1) wa(fp) —wj(fa) =0
(2) wi(fz) +wi(fa) =0
(3) wa(fn) = wpi(fa) =0
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This gives, also using ¢3,0" = %90",
iNdO™ = i (08 A wp)
= wy (fa)p™ Np® + 1wff(fa)w" A p?

n « 3 1 n « n 1 a n
= walfp)e™ NP+ Swi(Fa)e® A" = Swi(fa)e™ A g™

We define the coefficients of a doubly covariant tensor £ on C ® TN as follows.

V2

Eja = TW;L(JI@)
fdg = Zag
=4,

Qi

This gives
7: n

dip" = ivV2,50% NP + 75" = ur?) A ™.

The restriction of dp™ to H''N @ H%!'N is the Levi-form of the real hypersurface
F(N) for the choice ¢™ of a defining one-form for HN. By (1), (2), (3) we have

los = lsa
lap = L3a
Lom = lna,
L
lon = lnn

We summarize: To a real hypersurface we associate a quadratic form €={l;,} on
C® TN which decomposes into a hermitian form (the Levi form) {{,5} on H'"*N ®
H%IN and a symmetric form {€o5} on H*°N @ H'N and a real form {,q = €an}
on CRTN. Namely {£,,} is real on TN — C®TN. Recall that N is called strictly
pseudoconvex if {£,5} is positive definite.

1.4. Relation of ¢ to the Riemannian second fundamental form. We
will express the Kéhlerian second fundamental form ¢ as defined above relative to
the adapted U(n,C)-frame {ex} of F*T"OM in terms of the Riemannian second
fundamental form —k with respect to the 0(2n)-frame {Xj, X4} of F*TM. The
latter is defined by

ko :="(MVx. Xy), s,t=1,...,2n—1.
Using £2"([Xs, X¢]) = 0 and £"(X,) = —£2"(JX,), one computes

eaﬁ = k'ocﬁ + kn-i—a,n-‘rﬁ + i(k%""’ﬁ B kn+a’ﬁ)
éa,@ = ka,@ - kn+a,n+,3 - i(knJra’ﬁ + ko"nJr’@)
b = knpg + tknnip
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2.1. Gauss Equations for (TN,V V) — (TM,M V). Associated to the orthog-
onal projection

iy :CQF*TM — C® TN,

7N (v) = @8 (v)ee+ 5 (0™ +60™)(v)(en +er), we have the connection V'V = my o™V )()
I'(C®TN)xT(C®TN) — I'(C ® TN) with connection form YMw. Relative to
the frame {f,}, its coefficients are given by Ywf = Mwt, Nwi() = "NV fa) =

"MV fa) = (00 (MY fa) = 0M(MY( fa) = }U" Nog = MwZ, Nup() =
(Vi fn) = 2 0*MVyen +en) = 3 Mwd(), Ywd =1 Mw‘f Nyr = 0. The
structure equations of C ® TN then read
de? + Nwl A =0
dNwl + ng/\ Npb = Nag,
Comparing these with the structure equations of F*TM with connection w = Mw
from 1.1 gives the Gauss equations for TN — F*TM:

Ma - NQ)gzd(wg— Nu)g)—i—w;‘/\wg— Noe A ng
=w, Awj —

1
2 n

ng/\ ng
/\(UB

= —ifaafﬁlﬁﬂa A <Pb
Ma — NQ)gzd(wg— ng)—l—w;‘/\wg— Noma ng

a

=w, \wg
1
= *Zgnagﬁbcpa AN gob.

2.2. Codazzi Equations for (TN, ¥V). The coefficients of the covariant
derivative of ¢ with respect to V'V, namely ¢ (NV0) jab, satisfy

jab -
Alja = Lonpe” + lpa N + Lip Nl
Note that V¥ V/ is a triply covariant tensor on C ® TN. Then we compute

dw™ — b

b \/»
é QO A\ QO + 75 wa A (pa.
\[ jab \@ ba J

(dljq N @ + Ljgdp®)

This gives for j =« and j =n

dw? = ! WP A+ w Awy +wl Awy
« faab 9 a
dw? = (N b A"+ w) Awl.

Now by the structure equations of F*T'M from 1.1,

g%b(pa/\gpb 23/2£na€jb(p /\80 +Z\/> MQTL
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These are Codazzi equations for F': N — M.

2.3. Gauss Equations for (HN, V) — (TM, V). The orthogonal pro-
jection 7 : C® F*TM — C® HN, my(v) = 05(v)eg, gives rise to the connection

OV =g o MV: T(C®TN)xT'(C® HN) — I‘(C@HN) with connection form #w.

Relative to the frame {ej}, ng = ng7 Hyn = Hya = . The structure equations

of C® HN read ’
dp® + Hup A o* = (Tog = V) Ao
=—Nwp Ag"
:*23%664(190(1/\@”
deg‘+ waf/\ ng: HQ%.

From the first equation we read off that ¥V has torsion. As above, we derive the
Gauss equations for HN — F*TM:

MO — Q)5 = dwg — Twf) +winwh— Twin Huf

= w, ANwj
1 a b

= ——lgalape® N .
2

2.4. Codazzi Equations for (HN, V). The coefficients of the covariant
derivative E%b = (HV{)jap of £ on (HN, V) satisfy
Alja = Lihpe" + lpa Tl + £, Tl

Here {éaﬁn} is a triply covariant tensor on C ® HN, and {£[,,}, {¢X,,}, etc. are of
corresponding lower covariance on C ® HN. We define

By = lanlyy o = Lanl 5ls

and compute as in 2.2:

7
——lod"
/2 9%

bl T 1 7f) A

dwy = Ldﬁja At +

7

- \f(g

i 1 o ;
+—=ly (0 AW} + —slin (@ Awi + 5" Awn)

7 V3
1 . 5 ) ~ n

jab

1

_ ( H b a 2 2 a n
—\ﬁﬁjabgp ANp? 4+ H /\w + - (f — L) N

— 1 _ n
—Ejng,yg(p’y A 4105 + izjn(gn"y()p’y - gn'y@'y) A 2
This, again using the structure equations of F*T'M, gives
et N b *sz A (F wh —wp)+23/2(€2 — 2" A"

i - _ s n
+—=Lin (b — Lns?) A" + Z\/iéjnéyggo'y A+ z\/in )

V2
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We evaluate the first expression on the right-hand side for j = « and j = n:
i\/iwg AFwP —wP) = %&La(abgoa Agb
Z\fw AHWP —wP) = \;éﬁfagoa A

2.5. Commutator relations for the second covariant derivatives of ¢/ on
(HN,7 V). The coefficients of the second covariant derivative of ¢ on (HN,” V),
namely (7V20)j4p. = €11, satisfy

H H H H H
dg] gjabc@ +€pab wp +€jcb C K]ac wb'

Then we compute
ddlja = d(fo,0" + lpa TWf + e Twp)
(gjabc@ + ZH a ;D + Eﬁb " wg + gﬁzc Hwb) A Qob

pab

1 n H Y 1 n Y
) Auﬂ)+£m(<p Awi+5¢" Awy)

£H
+ 2 2

Jw(cp ANwi +
O (V2507 A o + %(ﬁmw” —ln50") N ")

(épabcp +lyq ng+€pc Hopeyn # p —lpa Hu;p/\ ,+€pa HQ;’
+(fj(b<,0 + lpe pr + 4 sz) A Hwb - fjc wi A Hub 4 lic HQe
=00 N ® + 23/2 (Leslitn — Cyeliis )™ A @

bl (b = o) A"+ VB 57 A
+0sa(FQ) — MQD) + 56 (FQ5 — MQS) + Log MO + 45 MOS.

Note that ddl;, = 0. This gives for (ja) = (a, 3), (a, 8), (n, 3), (n,n) the following

commutator relations.

c Z n Z 9 n
e’ Nt = W(éwfgfaa — Lyt )t A" ﬁggﬁn(gn’)’@’y —Lnzyp") Ny

. 5.5, 1 a
+iVD 0507 N 45 (5l + Laalis) " A6
%B MO 4,5 MO

n

ga,@bc@ A 30 23/2 (évﬁgaﬁ'y gf’Ygaﬁ'y)QDE A 90 +—= f aﬁn( TWSOFY - gn"y(p’?) A
+1\f€aﬁn 507 A4 (Ezﬁfab+€w€ﬁb)<ﬂ NP +lsg MO +Las M QY

0’ A ° =3 /2 (Lyelilss — Q*Znﬁw)cpﬁ A"+ 7enﬁn(£mw — Ly @) A

+’L\[£ npn 75807/\90 + gnagbﬁcp /\SD +€"’Y MQA/

1 _
Ennbc@ A 50 23/2 (e’YfEnn'y ef’ann'y)spf A 410 + 7£nnn (gn"/@ - gn’fY(P’Y) ANy

+i\/§£n7m£'y$¢’y A 90 .
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3.1. A model bundle for the embedding problem. Let (HU, #.J) be a CR
structure on an oriented manifold U of real dimension 2n — 1, and YA a metric on TU
which is hermitian on (HU,” J). In this section we construct an associated bundle
EU over U with fibre R?" and endowed with a complex structure ¥.J and metric ©h.
For this purpose let the real line bundle RU — T'U be the orthogonal complement of
HU — (TU,Y h).

We define
EU :=TU® RU 2 HU ® RU ® RU
J="r0 (] )

Ep|TU := Yh, L is hermitian on (EU, #.J).

Now choose dual unitary frames {e;,}7, {6*}} of EXOU, (E1°U)* which are adapted
to

iy : TU — EU,

namely such that f, :=ij;eq € HYOU, f, := 3i};(en+en) € TU are compatible with
the orientation of TU. Let {¢} be the dual frama of {f,}.

3.2. Fundamental Existence Theorem for Real Hypersurfaces in Kéhler
Manifolds. We require the following data.
a) (HU, HJ) is a OR structure on a real oriented (2n — 1)-manifold U
b) Yh is a metric on TU which is hermitian on (HU, .J)
¢) r:U — R a function, v € U(n).
Using the notation of 3.1 and letting YV denote the Levi-Civita connection of
(TUY h), we now define a u(n)-valued connection w on C ® EU:

e (“V ) fa)
Ewg = o"(YV(yfa)
"YUV [0 — 0" (YN, f5)@T +ire™

€
we
i

fors,t=1,...,n,1,...,7;p,q=1,...,n. We also define the differential dgy by

drg = (e¢ - g)6°

for a function g on U and in a compatible way for forms on C ® HU. Note that in
general d%; # 0.

THEOREM 3.2. Let (HU, #.J, YUh,r,v) be given as above and assume

di(e™o 17y =0
Ay Hi=0
dEwiJr Ewg/\ Bl =o0.

Then for every u € U thre exists a neighborhood U, of u and a unique

F:.U,—-C"
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with
F*Tl,O(Cn — ELOUu
F*¢h = FEp
F*C" = By
(F*v)(u) = 1d.

REMARKS. a) Since iy : TU — EU is involutive, we have i5,d(60™ — ™) = 0, and
by (0™ — ™) = —i(6" + 0™) o FJ, the first assumption is an intrinsic version of the
involutivity.

b) The second condition is equivalent to w§ =0.

¢) By the first conclusion and since C ® TU N EY°U = HYYU, F is a CR-
embedding. In addition by the second, F'* preserves adapted unitary frames. There-
fore by the third and the definition of w, we have

\fEn
\/>En

by = i "(fn) = V2r.

)

Hoz H
wg =0,

lop = alfo) = _i\/ﬁwn(UVfbfoc)

(fv) - Zf@ (vanfv)

by =

3.3. Proof of the Existence Theorem. We prove Theorem 3.1 in two steps.

First we establish the existence of functions e; : U — TH0C", j = 1,...,n, with the
property

dej —wh e, =0
where wl := Ewg is defined as in 3.2. The functions {e;} are represented by their

graph G C U x cr. I_éet 71, o denote the projections to the first and second2 factors
of the product U X C™ and zx € C", k= 1,...,n be coordinate vectors of C" . Then
TG CTU @ TC™ is characterized by

d(zy o m2) Z omy - mwh =0
for k=1,...,n. Let I be the ideal of differential forms on U x c generated by the

left hand sides above and their exterior derivatives. We drop the m; and differentiate:

d(zr — zpwi) = dzp N Wi + zp - dw?
= (dzp — zpwl) Awy
= (0 mod I.

Threfore, ker(z; — zpw?) is an integrable distribution by Frobenius’ Theorem, and
there exists

e:U, — (C"2, e(p) =v
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on a neighborhood U, C U of u. )
We claim that the image of e is contained in U(n) C C™; let (-,-) denote the
standard hermitian product of C":
d(€j7 ek) = (dej, ek) + (ej, dek)
= (wWhep, ex) + (ej,wipep)
= Wl (ep,er) +wiles,ep)
Plep,er) —wy (e, ep).

Define e;,(t) := (e;,ex)(y(t)) for a real curve in U through u : 4(0) = u. then
e;jx(0) = 0 and ej, = 0;5 solves the ODE

w

50— WP — ke
€k = wj Epk wpejp.

Therefore e, = d;; which proves the claim.
The second part of the proof consists of constructing F': U, — C™ with

AF(fe) = ee dF(f) = 5len+en)

Again this map is represented by its graph in U x C™, and its tangent distribution
satisfies

1
i(en +em)om " =0.
Here, z is the coordinate vector of C™. The exterior derivative is computed as follows.

Weset V=UV,w= Fu.

d(z 0m) — (egom) -y op® —

1 n a 1 k n
dlegy® + S (en + €n)@") = wg Apter — ecp® (Vi fo) " A 9" + S (wnen +whep) A

1
—5(en+en)" (Vs fo)" A @°

=Wl AT en +WI AT en — 8 (Vi fn) 0" A @"eg

+ 2%n ANo™(en —en) — §(w5eg—|—w565)/\4p
1 n a
= glen en)e" (Vi o) A g,
Note that ¢$(Vy, fn) = —%@”(Vfafg), here we set » = n. Then by definition of
w = Fwin 3.2 we continue

1 1
d(eco® + sen Ten)e”) = " (Vi f)e" AT + 5 (0" (Vi )7
_ 1
" (V5 7)) A" = 5" (Vs o)™ A ¢’len
1
+" (Vi f7)0" N7 — 5(@”(an,fv)so”

) 1
—¢" (Vi J3)e) A" = 50" (Vs fo)o" N o'len

1 _
—§<P"(Vfgfv + V5, f5)07 N’ (en — €r)

%@"(HJ(Vfgfv — Vi )T AG (en — en)
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The last equation follows from the first assumption of the Fundamental Existence
Theorem 3.2. We therefore conclude again by Frobenius’ Theorem that F' : U, — C"
exists as above and satisfies the conclusions of the Theorem by construction.

3.4. Existence Theorem for nondegenerate CR manifolds. Here we pre-
scribe a different set of data from 3.2. Namely we assume, using the notation of
3.1:

a) (HU,M J) is a nondegenerate oriented CR-manifold.

bl) 7 is a one-form on TU with kerr=HN and compatible with the orientation

of U,and s: U — RT

b2) #h is a hermitian metric on (HN,H J)

b3) {ro}:U — Cn~!

c)r:U—R,velU(n,C).
PROPOSITION 3.3. Let (HU,® JH h,7,5,74) be as in a)-b3) and {f,} as in 3.1.
Then there exists a unique vector field X € T'(TU) with
i) 7(X)=s
ii) W(VxX, fa) = ra for the metric h on TU with h|H = Hh, h(X,X) = 1,
X 1H, and V its Levi-Civita connection.

Proof. Let {fa,t} be dual to {¢*, 7} and make the ansatz X = a, f,, + st. Then
by [KN I, p. 160] and the integrability of the CR structure,

hMVxX, fo) =2h([fa, X],X)
= 2h([f5ua7f”/ + a”_Yf"_/ + St]7X)
= 2a,(([fa: f5]) + 25C([fa, 1]) + 257 (fa - 5).

Here, ¢ = h(-, X) and one has ( = s~'7. Therefore,

hMVxX, fa) = 23_1a77([f07, ) +27([fa,t]) + 25_1(f5Y - 8).

Since (HN, J) < TN is a nondegenerate C'R manifold, its Levi-form 7[fs, f,] is
invertible, and the above equation can be solved uniquely for a,. Then, since ay = @,
the vector field X is uniquely determined. O

Let ¢" := (, fn := X,Yh := h and recall the notation of 3.1. Now defining
Pug = 0* (V) fa), Pwi = " (Vi f)¢t + 570", Pup i= 5 (ry @ —ra97) +irg™,
we have the following

COROLLARY 3.4. Let (HU JH h 7, 8,74,7,v) be as in a)-c). Then the state-
ment of Theorem 3.2 holds for Pw as defined above.

Proof. By Proposition 3.3, the above definition of ©w matches the one in 3.2.
Therefore we may apply Theorem 3.2. O

4.0. Laplace Operator on (TN, Vh). Setting f,, = fa, the Laplace operator
on a tensor T on C® T'N is given by
NAT := tracern(NV2T).

Note that for an immersion F : N2"~t — M, NAF = MV%V]«EF - MVNkafEF +
complex conjugate = MVy, fp — NV fi + c.c. = LNXy,, where LY 1= 3¢, ;.
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The latter equals the trace of the Riemannian second fundamental form oriented
in such a way that L™ X5, points out of a convex hypersurface. Let now

& gy = T2 kagkip + kntajkjnis + i(kajkints — kgikjnta):

Note the analogy with £,5 as given in 1.4. For the other coefficients (pa), E(Qp o) 18
defined analogously in the pattern of 1.4. The is easy to verify the following

1
g%pa) = §€pﬁ€"7a + épnénan

We also define |¢|? := Eif;;llkgq. Now the Simons commutator identity in C", see
[CACK] reads

NAlpy —20°V2LN) o = LN — 0 lpa

(pa)
4.1. Laplace Operator on (HN, #h). We define a weakly elliptic second order
differential operator
HAT := tracepn(TV2T).

for a tensor T as above. It gives a tensor AT on C® HN of the same type. We also
define the trace of the Levi form,

L:= Zéada
which may be viewed as a horizontal mean curvature of N. For F': N — M, we have
H _ MygyM M
AF ="V Vi F - VHVfEng

- vaaf#f* vasfé
= Hn(Mveaeét +M ve@ea)en + eﬁ(MVea €a +M Ve@ ea)eﬁ

1 (3
- 76&54677, - 76(1&6'&
V2 V2
— LX,,.

4.2. Commutator identities for “A/¢ in Euclidean Space. For a real
hypersurface F': N — C™ we compute the following commutator relations for 7 AZ.
We use the Codazzi and second-order relations from 2.4 and 2.5. Note that since
M = C" here, MQ = 0.

H _ _
Alap = 2505
= lapyy — lagyy + 2(apy = lagp)y + 2(baspy = Lagap) + 2(lasy = brya)p
. L oo 2 2 2
=iV2Ll, 5, + 5 (O alay + Loy lp — G 5lay — £50,5)
+Z\/§(€nﬁéa’7 - é”’?&xﬁ)"/
63/2) _ 2 2 2 5 2
—i2%20 5lamn + (Btboy + CpL — 65005 — Loy bop)
+iV2(laslyn — Llna) s
= i\/i[LgaBn + EOC:Y (énﬁ'y - e’yﬁn) + foﬁv&yén + énﬁ(ga’i)”}’ - 67’7@) + gnBL(l
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afy

+ 2(@0,7675“ — fvgfoé:m) + anLa

+€n’)’€a,é'7 + eOé:Y(g'ynB - g'y,én) + Eaievén
—Llyga) + CaL— L0, + 65, — (eg,y
= i\/i[gnﬁgaﬁ“? - gn’?‘gaﬁv
2 2
L5 Ln] = o (—lunl 5 + 2(% 2)

= 20,5baqn + bny(azs = Laps)

- enaLB - L(ganf} - Zoz,(;n)

2
lag + larl?5)

5 (barbyn — L

e<&w+w24mﬂﬂwww4¢m

Ea'y (Enn&yg + = (82

+£

= iV2[lnt

1
—2¢
2 OL

3
+63,

HAlys —2

= éaﬂw

= iv/2LL,
+iV2(t

= iV2[Llosn + lns(lary
_gn"yeaﬁv - gaﬁ (gn‘w - g'ﬁn)
+2€57(€am - éavn) + %Bﬁgvan + Ea"v (é’mﬁ

+£ny

gL — Laplay + Lslory — Lovloy + (63[3 +5a) —
= i\/i[gnvgaﬂﬁ
—np(laylyn

_Ea,@(_

- Eaﬂ‘w + 2(%67

gL —Logls + 03,

apy = tnylagy

s(E+ 2, +20

(62 0o+ Lo

ay*y
E'fvaﬁ

pn + (525% +

— oL

oL)

ﬁ?—))—»L&ennea@-+»§<f%a——fig>ﬂ

(£2 g+ anﬁvﬂ)

+ z(zaﬁz

vBn

1
n) + iL(ziﬁ_ + EQ_a

2
5a)-

—Llazg)y + 2(Laypy

2ol — gl —

nﬁéa”v - én”ygaﬁ + 2&1"65’7)7
o lary + gl — Colag = Uy + iV 2(laylyn = lnalys)s

(6‘1’75 - gaﬁ’?) + Envzaﬁﬁ - EnaL,B

2035 (banlory — 2lnalny

Has(bunlyp —

oy (bnglas = nplay —

= iﬁ[éméaﬁ"v

—Llna L) + Ea”y (Enngﬁ’y

1
+§w -2.)

2 lnp + = (6 —05))

o lis) — L(lonl

i'y (KSB + gﬂa) -

- zmeam + 2(aslypn + Loglyan) + eng 4 lppLo — LopLy]

— e,ygfo@n) + EnBLa —lna

+ 2€na€n3)

—Lazyp) + 2(lazy
Ezyagﬂﬂ’)

—lyza) T lapLla  +Las(lany — Loyn)
~LapLn + 2lon(bpyy — Lyyp) +

L(lans — faﬁn)

1
Ly + 5((% = 02)) + 2lan(a5lyn — lngL)

L —LozLy]

- Ewa)ﬁ

+ gaﬁévﬁn
2onLg

— Lypn) + Lazlysn

Liogn]

(e G+ 02,08
— lnlapy + 2(laylypn + Laylyan) + fnﬁL + lnalp = lapLn]
2nplny + 5 (5 —3,))

aff — 2£na£nﬁ + = (E,Ba Eiﬁ))]

(f VCs+ 2 lsy)

13
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1 1
fieaﬂ(eiﬁ + 02 +20,) + 5L(@iﬂ + 03, + 2lnalnp)

1 1
_2€nn(£§5 + g%a) + 4(£in€nﬁ + gane%n) + i(gi,@ + 6304) - §(£a7£’%ﬁ + e%i‘eﬁﬁ)

T Alg — 20y5np
= gnﬁv‘/ - Enﬁﬁ + 2(671[3? - Z?ﬁﬂ)v + z(znﬁﬁv - gn%ﬂ) + Q(En“’w - fwn)ﬁ
1
= iV2Llpp, + §(£3n — 02, 0y) + V25 — O + 2nnlps ),
1
2 2 . 2 2
+£nﬁ€’7’7 - En’y‘gﬁ’V + Z\/i(—L[nn + 5(‘67’7 - é”y'y)),@
= iV2[Llngn + l5(Lspy — Long) + Lssloys + Lsp(Lssy — Los5) + asLs
—L5(loqny — lyss) —LpsLs — Loy (Lpsy — Lysp) — Coslysp
+2035 (bnny — lnyn) + 2€p5Lnyn + 20nn(€pyy — Lyap) + 20nnLp
1
—&mLﬁ — L(fnng — Engn) — Léngn + 5“’2@ — é%v)g]
1
+§(€3n - g'%yneﬁ"/) + E?LBL - ei’ygﬁ’?

) 1
= 1\/5[25[3'7577/)% + ZrmLﬁ + eﬁéLS - EBSLé + 5(&75&575 - £5’Y£z§7yﬂ)}
—[055(nplsy — luylsp) + Lsp (03, — Ll,s — 2025)

—Lg5(Loxloyn — lnslys) — Loy (Cnrylas — Ly5Lon)
3
+2055(5 (50 = 62y) = bunlny) + 2lnn (Cazlyn = LagL)

3 1

. 1
= 7,\/5[255:75”771 +lonLg+{lgsLs — fﬁgL(; + 5(5,755575 — f,ygﬁg,—yﬁ)}

1
~lng(Cs + 65,) + 5 Lo + L3 + 2nplan)

1

HAgnn - 26’73%71

= unyy = buny + 2luny = buin)y + 2lnny = bnzin) + 2lnzy = Ly
. ) 3

= iV2Ll 0, + m@(i(@m = 022) + lonlny)y

. 1
_Z\/éen’_wlgn“/ + ﬁ(g'yggn“_ﬂ; - £5’Y€n'75) + Ein&y“’/ - E?L'yfn“_/

. 1
HiIV2(—lan L + 5 (B = £)n

. 3 3
= Z\/?[Lfmm + if,—yg(f&w — fgfyn) + §fﬁ,gf5ﬁm
3 3 3

3
5 lns (Gyy = Lyzs) + 5 lnsls — 5 lns(lovy = Lame) = SlnsLs

3 3
_565’7 (Kng'y - K’ygn) - §£5’7€75n + E’ﬂx/énn’)' + gn“(g’fﬁﬁ - E’Y:Y") + lpnLn
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1 1
*gn'y(gn"yn - Enn”y) - gn'ygnn"y + 5675(67@5 - gé”yn) + ig—yggé"yn

1 1 1
_585'7(67175 - ES:m) - 5657&?&71 —Lpn Ly — Llypn + 5(&2@ - g’%’y)n]
+€3mL - E?z'ye";/

. 3
= iV 2l lnny — o lons + 5(em;Lg —Lp5Ls) + Ls5lysn — Lyslsg,)
3

2 1
—5lan (O + G+ 3000) + L + (an)?) + 66, + (65 — £,5656).

4.3. Computation of ZA((2,).
TA(C,5084)
=205 TAl,z + 405 Lpa5
= 4lgaLog + 2% [lsalinnlogy — Loalnilogy + 2(Chsl 5 — 2 5lasn)
+lnaLo — 03,15 — (35L0]
—C5(02, + 2 +200) + L(E5 + Lpal’y,, + 205,
+20505, — (65, 0e5 + 05,02 5) + 4o 5. Lpay
= dlgaLog — 2202 L, + 2% (e — 2 e5) - L
+iV2(luyes — buges) - L5+ Alap Loy + (LE, — (625)) + Llgal’, — 5502,

+2(0pall, — 65,) + 2(LE, — £250%,).

5. Maximum principle and an application. An embedded curve in N is
called horizontal if its tangent is contained in HN < TN. The Laplace operator 7 A
of (HN,H h) satisfies a strong maximum principle along horizontal curves of N. This
was proved earlier in [A] in three dimensions for contact manifolds and the arguments
apply in the case of a strictly pseudoconvex N.

THEOREM 5.1. Let “Ag > 0 for a smooth real function g on N and g < K on
N. If g(a) = K for some a € N, then g|y = g(a) for all horizontal curves v of N
through a.

If the horizontal distribution HN in TN defines a contact structure on N, that
is if N inherits a nondegenerate C'R-structure, then the horizontal curves are also
called Legendre curves and by a well-known result, see [AG], they connect arbitrary
points on N. The above now immediately gives the following strong maximum prin-
ciple: Let N < (M, J,h) be a compact embedded real hypersurface that is strictly
pseudoconvex. If #Ag > 0 (or < 0) for a smooth real function g on N, then g is
constant.

THEOREM 5.2. Let F : N — C" be a compact, connected, strictly pseudoconver
real hypersurface. Assume that the horizontal mean curvature L of N is constant and
that MV |(F*TY M x HYYN) Cc HY*°N. Then N is a metric sphere.

Proof. Let {ex} be frame adapted to N < C" as in 1.2. Then by the assumption
on the Levi-Civita connection, " (V,.,e,) = 0, and therefore ¢,; = 0. Now by 4.3
and since L = const, we have

(72 = ivV2(naea — lanea) ) - o = (Lhig = (Ea)?).
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Since N is strictly pseudoconvex, we have £,5 > 0 for every a, and therefore the right
hand side is nonnegative. To see this choose a frame in which ¢, 5 is diagonal. Then

(Z za&> > (s | - <Z(£aa)2) = %Zzaaéﬁg(faa —lgg)* > 0.
a af

B

The differential operator acting on £2 ; satisfies the strong maximum principle, there-
fore (2, = const. This implies Lf3; — ((2;)* = 0 and {45 = ¢; for all 3. Next
consider

veaXQn = ve (en - eﬁ)

o

(wh(ea)er - wh(ealer)

5 (Lager + Laker)

ol

=D

= —5tapes
1

——=C1€q-

2
Now on N C C™ we have, if z denotes the coordinate vector of C”,

2 2 1
e 7Xn = Cq —\7 5 a
Va(z—i—Cl on) =€ +C1( 2)016

This implies, since also V., (z + %in) = 0, and the curvature of C™ vanishes, that
on N

2
0=V _ —X
[eouea](z + 1 2")

= Ver(earca) X, (2 F ;X%)
i p
= —méa&vXn (Z + aXQn)
Therefore, since £,5 # 0, we conclude that (z+ %Xgn) vanishes identically on N, and
for any v € TN, v - |22 = 2Re(z,v) = 72%(X2n,v) = 0 which implies that |z|? = c3
on N. Therefore N is a metric sphere. O

REMARK. The assumption that H'°N is parallel in (F*T19M,M V) is equivalent
to ;g = 0 on the hypersurface. Since
1
2

= % (wﬁ(en)ek + wg(en)efc>

(3
23? (En]}ek - gknel;) )

Vx, Xn (Hk(ven(en +eq))ex + QE(V% (en + e,—l))e,-c)

we see that the condidtion £, = 0 implies that the integral curves of the vertical line
bundle are geodesics of V. This, together with the condition ¢,3 = 0, implies that the
second fundamental form for the underlying Riemannian metric, as related in 1.4, has
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the form A® 1,7 ® A. Here we refer to the real basis Xy, ..., X;,—1, Xpn, Xnt1, -y Xon-1
that corresponds to the frame ey as in 1.2 and in which /.5 is diagonal, and A
is the (n-1)x(n-1) matrix with the coefficients k,s as in 1.4. The assumption of
strict pseudoconvexity says that A is positive definite, and constant horizontal mean
curvature says that the trace of A is constant in this setting. We have no assumption
on the real coefficient #,,,.

[A]
[AG]
[BFG]
Bl
(CM]
[HK]
(1]
(2]
(K]
[KN]
[Ku]
[O]

[S]
(W]

[YK]
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