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RETICULAR LEGENDRIAN SINGULARITIES∗

TAKAHARU TSUKADA†

Dedicated to Professor Takuo Fukuda on his sixtieth birthday

1. Introduction. In [6] K. Jänich explained the wavefront propagation mech-
anism on a manifold which is completely described by a positive and positively ho-
mogeneous Hamiltonian function on the cotangent bundle and investigated the local
gradient models given by the ray length function. Wavefronts generated by an initial
wavefront which is a hypersurface without boundary in the manifold is investigated as
Legendrian singularities by V.I.Arnold (cf., [1]). In [9], I.G.Scherbak studied the case
when the hypersurface has a boundary and she explained the wavefronts generated by
the hypersurface with a boundary corresponds to a generalized notion of wavefronts
(i.e., the boundary fronts).

In this paper we investigate the more general case when the hypersurface has an
r-corner. In this case each wavefront incident from each edge of the hypersurface
gives a contact regular r-cubic configuration (cf., Section 5) at a point of the 1-jet
bundle which is a generalization of the notion of Legendrian submanifolds. In complex
analytic category, the notion of contact regular r-cubic configurations is introduced
by Nguyen Huu Duc, Nguyen Tien Dai and F.Pham (cf., [2], [5]). But all contact
regular r-cubic configuration in their category is stable.

The first topic in this paper is the investigation of the relation between (sym-
plectic) regular r-cubic configurations which has been developed in [10] and contact
regular r-cubic configurations.

The second topic is the investigation of the stability of smooth contact regular r-
cubic configurations and the classification of stable wavefonts given by stable contact
regular r-cubic configurations in C∞-category. In order to realize this purpose we shall
define the notion of reticular Legendrian maps in Section 7 which is a generalization of
the notion of Legendrian maps for our situations. We shall also give the theorem that
the equivalence relation among reticular Legendrian maps is equivalent to a certain
equivalence relation of corresponding generating families. In this section we shall
define the notion of stability, homotopically stability, infinitesimal stability of reticular
Legendrian maps and give the theorem that these and the stability of corresponding
generating families are all equivalent.

By the above results the classification of stable wavefronts is reduced to the clas-
sifications of function germs. In section 8 we classify function germs with respect to
reticular K-equivalence with reticular K-codimension lower than 8 . This gives the
classification of stable wavefonts in manifolds of dimension≤ 7.

Here, we draw the figure of the wavefront of one of the reticular Legendrian map-
germ whose generating family is a reticular versal unfolding of B−,−

2,3 -singularity in the
classification list, that is x2

1−x1x2−x3
2+q1x

2
2+q2x2+q3x1+q4. The wavefront given by

this generating family is a subset in (q1, q2, q3, q4)-space around 0. Hence we draw the
sections of this wavefront in (q2, q3, q4)-space given by cutting at q1 < 0, q1 = 0, q1 > 0
respectively.

2. Preliminaries. Here we shall define several notations and recall basic facts.
Let Hr = {(x1, · · · , xr) ∈ Rr|x1 ≥ 0, · · · , xr ≥ 0} be an r-corner. Let E(r; l) be
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Fig. 1.1. q1 < 0 (left) and q1 = 0 (right)

Fig. 1.2. q1 > 0

the ring of smooth function germ at 0 on Hr × Rl for r, l ∈ N and m(r; l) = {f ∈
E(r, l)| f(0) = 0} be the maximal ideal of E(r; l). Let B(r; l) the set of diffeomorphism
germs on (Hr ×Rl, 0) preserving Hr ∩ {xσ = 0}×Rl for all σ ⊂ Ir = {1, · · · , r}. We
remark that a diffeomorphism germ φ on (Hr ×Rl, 0) is an element of B(r; l) if and
only if φ is written in the following form:

φ(x, y) = (x1a1(x, y), · · · , xrar(x, y), b1(x, y), · · · , bl(x, y)) for (x, y) ∈ (Hr ×Rl, 0),

where a1, · · · , ar, b1, · · · , br ∈ E(r; l) and a1(0) > 0, · · · , ar(0) > 0.

A function germ F (x1, · · · , xr, y1, · · · , yk, q1, · · · , qn) ∈ m2(r; k + n) is called S-
non-degenerate if

x1, · · · , xr,
∂F

∂x1
, · · · , ∂F

∂xr
,
∂F

∂y1
, · · · , ∂F

∂yk
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are independent on (Hk ×Rk+n, 0), that is

rank




∂2F

∂x∂y

∂2F

∂x∂q
∂2F

∂y∂y

∂2F

∂y∂q




0

= r + k.

We remark that F (x, y, u) ∈ m2(r; k + n) is S-non-degenerate only if r ≤ n.

A function germ F̄ (x1, · · · , xr, y1, · · · , yk, λ1, · · · , λn+1) ∈ m(r; k + n + 1) is called
C-non-degenerate if ∂F̄

∂x (0) = 0, ∂F̄
∂y (0) = 0 and

x1, · · · , xr, F̄ ,
∂F̄

∂x1
, · · · , ∂F̄

∂xr
,
∂F̄

∂y1
, · · · , ∂F̄

∂yk

are independent on (Hk ×Rk+n+1, 0), that is

rank




∂F̄

∂y

∂F̄

∂λ
∂2F̄

∂x∂y

∂2F̄

∂x∂λ
∂2F̄

∂y∂y

∂2F̄

∂y∂λ




0

= r + k + 1.

We remark that F̄ (x, y, λ) ∈ m(r; k + n + 1) is C-non-degenerate only if r ≤ n.
Let π̄ : PT ∗Rn+1 → Rn+1 be the projective cotangent bundle equipped with the

contact structure defined in [1, p.310]. By the trivialization

PT ∗Rn+1 ∼= Rn+1 × P (Rn+1)
[ξ1dλ1|λ + · · ·+ ξn+1dλn+1|λ] ((λ1, · · · , λn+1), [ξ1; · · · ; ξn+1]),

we call (λ, [ξ]) a homogeneous coordinate, where λ is coordinates of the base space of
π̄.

Let π̃ : J1(Rn,R) → Rn+1((q, z; p) 7→ (q, z)) be the canonical Legendrian bundle
equipped with the contact structure defined by the canonical 1-form α = dz − pdq,
where (q1, · · · , qn, z; p1, · · · , pn) are canonical coordinates of J1(Rn,R).

We fix [ξ0] ∈ PT ∗Rn+1. Choose coordinates (q1, · · · , qn, z) of Rn+1 (the base
space of π̄ and π̃) such that [ξ0] = (0, [0; · · · ; 0; 1]). Set the affine chart of PT ∗Rn+1:Uz

= {((q1, · · · , qn, z), [ξ1; · · · ; ξn; η])|η 6= 0}. Then

ψz : Uz
∼→ J1(Rn,R)((q, z), [ξ; η]) 7→ (q, z,−ξ1

η
, · · · ,−ξn

η
) )

is a Legendrian equivalence. We define

p1 : Rn+1 −→ Rn ( (q, z) 7→ q ),

p̃1 : J1(Rn,R) −→ T ∗Rn ( (q, z, p) 7→ (q, p) ).

Then the following diagram is commutative:

Uz
ψz−→ J1(Rn,R)

p̃1−→ T ∗Rn

π̄ ↓ π̃ ↓ ↓ π

Rn+1 id−→ Rn+1 p1−→ Rn.
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We say that function germs F (x, y, u), G(x, y, u) ∈ m(r; k+ l), where x ∈ Hr, y ∈
Rk and u ∈ Rl, are reticular K-equivalent (as l-dimensional unfoldings) if there exist
Φ ∈ B(r; k + l) and a unit a ∈ E(r; k + l) satisfying the following:

(1) Φ = (φ, ψ), where φ : (Hr×Rk+l, 0) → (Hr×Rk, 0) and ψ : (Rl, 0) → (Rl, 0).
(2) G(x, y, u) = a(x, y, u) · F (φ(x, y, u), ψ(u)) for (x, y, u) ∈ (Hr ×Rk+l, 0).
Lemma 2.1. Let F̄ (x, y, q, z) ∈ m(r; k + n + 1) be a C-non-degenerate function

germ. Then F̄ is reticular K-equivalent to −z + F (x, y, q), where F ∈ m2(r; k + n) is
S-non-degenerate.

Proof. By taking some coordinate change of (q, z), we may assume that ∂F̄
∂q (0) =

0, ∂F̄
∂z (0) 6= 0. By implicit function theorem, there exists F ∈ m(r; k + n) such that

F̄ (x, y, q, F (x, y, q)) ≡ 0.It is easy to check that F ∈ m2(r; k+n). Since F̄ |{−z+F=0} =
0, there exists a ∈ E(r; k + n + 1) such that F̄ = a · (−z + F ). Since ∂F̄

∂z (0) = −a(0),
a is an unit. By Proposition 5.5, F is S-non-degenerate.

By [1, p.313 Proposition and p.323 Proposition] and [12], we obtain the following
Lemma.

Lemma 2.2. Let Cn be the set of Legendrian submanifolds of (J1(Rn,R), 0) and
Sn be the set of Lagrangian submanifolds of (T ∗Rn, 0).Then Cn and Sn have the
following relations:

(1) p̃1 gives a bijection from Cn to Sn.
(2) Let F̄ (y, q, z) = −z + F (y, q) ∈ E(k + n + 1)(F ∈ m2(k + n)) and L̃ ∈ Cn.

Then F̄ is a generating family of L̃ if and only if F is a generating family of p̃1(L̃).
Indeed let L̄ be a Legendrian submanifold germ of (PT ∗Rn+1, [ξ0]) and F̄ (y, q, z)

= −z + F (y, q1, · · · , qn) ∈ E(k + n + 1)(F ∈ m2(k + n))be a generating family of L̄.
Then

L̄ = {(q1, · · · , qn, z, [
∂F̄

∂q1
; · · · ; ∂F̄

∂qn
;−1])|∂F̄

∂y
= F̄ = 0},

L̃ = ψz(L̄) = {(q1, · · · , qn, F,
∂F

∂q1
, · · · , ∂F

∂qn
)|∂F

∂y
= 0},

L = p̃1(L̃) = {(q1, · · · , qn,
∂F

∂q1
, · · · , ∂F

∂qn
)|∂F

∂y
= 0}.

Under these fact, we identify (PT ∗Rn+1, [ξ0]) and (J1(Rn,R), 0) and identify Leg-
endrian submanifold of (PT ∗Rn+1, [ξ0]) and that of (J1(Rn,R), 0) respectively.

3. Propagation mechanism of wavefronts. The propagation mechanism of
wavefronts incident from a hypersurface germ with an r-corner in a smooth manifold is
described as follows (cf., [6],[10]): Let M be an n(= r+k+1)-dimensional differentiable
manifold and H : T ∗M\0 → R be a C∞-function, called a Hamiltonian function,
which we suppose to be everywhere positive and positively homogeneous of degree
one with respect to the fiber, that is H(λξ) = λH(ξ) for all λ > 0 and ξ ∈ T ∗M\0.
Let XH denote the corresponding Hamiltonian vector field on T ∗M\0, given locally
by the Hamiltonian equations:

q̇i =
∂H

∂pi
, ṗi = −∂H

∂qi
,

where (q, p) are local canonical coordinates of T ∗M .
We set E = H−1(1) and consider the following canonical projections : π : T ∗M →

M , πE : R × E → E, πR : R × E → R. We denote Eq the fiber of the spherical
cotangent bundle π|E at q ∈ M .
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Let q0 ∈ M, t0 ≥ 0, ξ0 ∈ Eq0 and η0 be the image of the phase flow of XH at
(t0, ξ0). Since the phase flow of XH preserves values of H, the local phase flow Ψ :
(R×T ∗M\0, (t0, ξ0)) → (T ∗M\0, η0) of XH induces the map Φ : (R×E, (t0, ξ0)) −→
(R× E, (t0, η0)) given by Φ(t, ξ) = (t,Ψ(t, ξ)).

We set exp = πM ◦ Φ : (R × E, (t0, ξ0)) → (M, u0), expq0 = exp|R×Eq0
, exp− =

πM ◦ Φ−1 : (R × E, (t0, η0)) → (M, q0), exp−u0
= exp−|R×Eu0

, φ1 = (πM , exp) :
(R × E, (t0, ξ0)) → (M ×M, (q0, u0)), φ2 = (exp−, πM ) : (R × E, (t0, η0)) → (M ×
M, (q0, u0)), where u0 = π(η0).

By [6, 2.2] we have the following Proposition
Proposition 3.1. If expq0 is regular then φ1 and φ2 are diffeomorphisms.
Let expq0 be regular. We can define the function germ

τ = πR ◦ φ−1
1 = πR ◦ φ−1

2 : (M ×M, (q0, u0)) → (R, t0).

We call τ the ray length function associated with the regular point (t0, ξ0) of expq0 .
Then the following diagram is commutative:

(R× E, (t0, ξ0))
Φ−→ (R× E, (t0, η0))

↙ (πR, exp) φ1 ↘ ↙ φ2 (πR, exp−) ↘
(R×M, (t0.u0))

(τ,π2)←− (M ×M, (q0, u0))
(τ,π1)−→ (R×M, (t0, q0))

Let V 0 be the hypersurface germ in (M, q0) satisfying ξ0|Tq0V 0 = 0 with an
r-corner defined as the image of an immersion ι : (Hr × Rk, 0) → (M, q0). We
parameterize V 0 by ι. For each σ ⊂ Ir = {1, · · · , r} we define Λ0

σ by the set of
conormal vectors of V 0

σ := V 0 ∩ {xσ = 0} in (E, ξ0) as the lift of the initial wavefront
incident from V 0

σ . Then we regard the set L̃σ the image of covectors in Λ0
σ by Φ

around time t0, that is

L̃σ = {Φ(t, ξ) ∈ (R× E, (t0, η0))|(t, ξ) ∈ (R, t0)× Λ0
σ},

as the set of the lift of the wavefronts incident from V 0
σ around time t0. We also

regard the union of L̃σ for all σ ⊂ Ir as the set of the lift of wavefront incident from
the hypersurface V 0 around time t0. We define the wavefront incident from V 0 by

⋃

σ⊂Ir

(πR, πM )(L̃σ).

The family of submanifolds {L̃σ}σ⊂Ir
of (R×E, (t0, η0)) is ‘generated’ by the ray

length function τ as the following:
Proposition 3.2. Let V 0 be the hypersurface germ in (M, q0) satisfying ξ0|Tq0V 0

= 0 which is the image of an immersion ι : (Hr ×Rk, 0) → (M, q0). Let L̃σ be the
set of the lift of the wavefronts incident from V 0

σ := V 0 ∩ {xσ = 0} around time t0
for σ ⊂ Ir. Define F̄ (x, y, u, t) := −t + τ ◦ (ι(x, y), u) ∈ E(r; k + m + 1). Then the
following hold:

(1) F̄ is C-non-degenerate, that is ∂F̄
∂x (0) = 0, ∂F̄

∂y (0) = 0 and

rank




∂F̄

∂y

∂F̄

∂u
∂2F̄

∂x∂y

∂2F̄

∂x∂u
∂2F̄

∂y∂y

∂2F̄

∂y∂u




0

= r + k + 1.
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(2)

L̃σ = {(t, duF̄ (x, y, u)) ∈ (R× T ∗M\0, (t0, η0))|
xσ = dxIr−σ

F̄ (x, y, u) = dyF̄ (x, y, u) = F̄ = 0}

for σ ⊂ Ir, where we identify (M, u0) and (Rn, 0) by coordinates (u1, · · · , un) of
(M, u0).

Proof. This is immediately followed by [10] Proposition 2.2.

By Theorem 5.6 (2), Proposition 3.2 means that {L̃σ}σ⊂Ir is a contact regular r-
cubic configuration of (R×T ∗M\0, (t0, η0)) with the contact structure defined by the
canonical 1-form dt−pdu, where p are the fiber coordinates corresponding to u. Hence
there exists a contact diffeomorphism C : (J1(Rn,R), 0) −→ (R × T ∗M\0, (t0, η0))
such that

L̄σ = C(L̃σ
0 ) for σ ⊂ Ir,

where L̃0
σ = {(q, z, p) ∈ (J1(Rn,R), 0)|qσ = pIr−σ = qr+1 = · · · = qn = z =

0, qIr−σ ≥ 0} (cf., Section 5).

Small perturbations of the immersion ι implies small perturbations of contact
diffeomorphism C. Therefore we investigate the stabilities of contact regular r-cubic
configurations with respect to perturbations of corresponding contact diffeomorphisms
in a more general situation in Section 7.

4. Results of Reticular Lagrangian singularities. Here we shall recall some
results given in [10]. Let (q, p) be canonical coordinates of (T ∗Rn, 0) and π : (T ∗Rn, 0)
→ (Rn, 0) be the cotangent bundle. Let H = {(q1, · · · , qn) ∈ (Rn, 0)|q1 ≥ 0, · · · , qr ≥
0, qr+1 = · · · = qn = 0} be an r-corner and Hσ = {(q1, · · · , qn) ∈ H|qσ = 0} be an
edge of H for σ ⊂ Ir. We define L0

σ the conormal bundle of Hσ, that is

L0
σ = {(q, p) ∈ (T ∗Rn, 0)|qσ = pIr−σ = qr+1 = · · · = qn = 0, qIr−σ ≥ 0}.

Definition 4.1. Let {Lσ}σ⊂Ir
be a family of 2r Lagrangian submanifold germs

of (T ∗Rn, 0) under canonical symplectic structure of (T ∗Rn, 0). Then {Lσ}σ⊂Ir
is

called a symplectic regular r-cubic configuration if there exists a symplectomorphism
S on (T ∗Rn, 0) such that Lσ = S(L0

σ) for all σ ⊂ Ir.
Let {Lσ}σ⊂Ir be a symplectic regular r-cubic configuration and F (x, y, q) ∈

m(r; k + n)2 be a function germ which is S-non-degenerate. We call F a generat-
ing family of {Lσ}σ⊂Ir

if F |xσ=0 is a generating family of Lσ for σ ⊂ Ir, that is

Lσ = {(q, ∂F

∂q
(x, y, q)) ∈ (T ∗Rn, 0)|xσ =

∂F

∂xIr−σ
=

∂F

∂y
= 0} for σ ⊂ Ir.

Let {L1
σ}σ⊂Ir and {L2

σ}σ⊂Ir be symplectic regular r-cubic configurations. We
call {L1

σ}σ⊂Ir
and {L2

σ}σ⊂Ir
are Lagrangian equivalent if there exists a Lagrangian

equivalence Θ such that L2
σ = Θ(L1

σ) for σ ⊂ Ir.

We say that function germs F (x, y, u), G(x, y, u) ∈ m(r; k+n), where x ∈ Hr, y ∈
Rk and u ∈ Rn, are reticular R+-equivalent (as n-dimensional unfoldings) if there
exist Φ ∈ B(r; k + n) and α ∈ m(n) satisfying the following:
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(1) Φ = (φ, ψ), where φ : (Hr × Rk+n, 0) → (Hr × Rk, 0) and ψ : (Rn, 0) →
(Rn, 0).

(2) G(x, y, u) = F (φ(x, y, u), ψ(u)) + α(u) for (x, y, u) ∈ (Hr ×Rk+n, 0).
We say (Φ, α) a reticular R+-isomorphism from G to F and if α = 0 we say that

F and G are reticular R-equivalent.
We say that function germs F (x, y1, · · · , yk1 , u) ∈ m(r; k1+n) and F (x, y1, · · · , yk2 ,

u) ∈ m(r; k2 + n) are stably reticular R+-equivalent if F and G are reticular R+-
equivalent after additions of non-degenerate quadratic forms in the variables y.

Theorem 4.2. (1) For any symplectic regular r-cubic configuration {Lσ}σ⊂Ir ,
there exists a function germ F ∈ m(r; k+n)2 which is a generating family of {Lσ}σ⊂Ir .

(2) For any S-non-degenerate function germ F ∈ m(r; k + n)2, there exists a
symplectic regular r-cubic configuration of which F is a generating family.

(3) Two symplectic regular r-cubic configuration are Lagrangian equivalent if and
only if their generating families are stably reticular R+-equivalent.

We remark that two S-non-degenerate function germ F, G ∈ m(r; k + n)2 are
generating families of the same symplectic regular r-cubic configuration, then F and
G are reticular R-equivalent.

Lemma 4.3. Let U, V be open sets in Rn such that 0 ∈ U and let f0 : U → V be a
embedding. Then there exist a neighborhood U1 of 0 in U and an open ball V1 around
f0(0) in V and a neighborhood N1 of f0 in C∞(U, V ) such that f |U1 is embedding and
V1 ⊂ f(U1) for all f ∈ N1. Moreover

N1 −→ C∞(V1, U) (f 7→ (f |U1)
−1|V1)

is continuous.

5. Contact regular r-cubic configurations. In this section we shall define
Contact regular r-cubic configurations and investigate the relations between sym-
plectic and contact regular r-cubic configurations.

Let (q1, · · · , qn, z, p1, · · · , pn) be canonical coordinates of J1(Rn,R). Set L̃0
σ =

{(q, z, p) ∈ (J1(Rn,R), 0)|qσ = pIr−σ = qr+1 = · · · = qn = z = 0, qIr−σ ≥ 0} for each
σ ⊂ Ir.

Definition 5.1. Let {L̃σ}σ⊂Ir be a family of 2r Legendrian submanifold germs
of (J1(Rn, R), 0). Then {L̃σ}σ⊂Ir is called a contact regular r-cubic configuration if
there exists a contact diffeomorphism C on (J1(Rn,R), 0) such that L̃σ = C(L̃0

σ) for
all σ ⊂ Ir.

Two contact regular r-cubic configurations {L̃1
σ}σ⊂Ir and {L̃2

σ}σ⊂Ir are said to
be Legendrian equivalent if there exist Legendrian equivalence Θ of π̃( or π̄) such that
L̃2

σ = Θ(L̃1
σ) for all σ ⊂ Ir.

Remark. The definition of contact regular r-cubic configuration by Nguyen Huu
Duc [5, p. 631] is that there exists a contact diffeomorphism C such that L̃σ =
C({qσ = pIr−σ = qr+1 = · · · = qn = z = 0}) for all σ ⊂ Ir. Then {L̃σ}σ⊂Ir is called
a contact regular r-cubic configuration.

Definition 5.2. Let {L̃σ}σ⊂Ir
be a contact regular r-cubic configuration in

(J1(Rn,R), 0). Then F̃ (x, y, q, z) ∈ m(r; k + n + 1) is called a generating family of
{L̃σ}σ⊂Ir

if the following conditions hold:
(1) F̃ is C-non-degenerate.
(2) For each σ ⊂ Ir, F̃ |xσ=0 is a generating family of L̃σ, that is

L̃σ = {(q, z,
∂F̃

∂q
/(−∂F̃

∂z
))| xσ =

∂F̃

∂xIr−σ
=

∂F̃

∂y
= F̃ = 0}.
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We now consider contact diffeomorphisms and contact diffeomorphism germs on
J1(Rn,R) and (J1(Rn,R), 0) respectively. Let (Q,Z, P ) be canonical coordinates on
the source and (q, z, p) be canonical coordinates of the target. We define the following
notations:

ı : (J1(Rn,R) ∩ {Z = 0}, 0) → (J1(Rn,R), 0) be the inclusion map on the domain.

C(J1(Rn,R), 0)={C : (J1(Rn,R), 0) → (J1(Rn,R), 0)|C : contact diffeomorphism}
Cα(J1(Rn,R), 0) = {C ∈ C(J1(Rn,R), 0)|C̃ preserves the canonical 1-form}
CZ(J1(Rn,R), 0) = {C ◦ ı |C ∈ C(J1(Rn,R), 0)}
Cα

Z(J1(Rn,R), 0) = {C ◦ ı |C ∈ Cα(J1(Rn,R), 0)}

Let U be an open set in J1(Rn,R) and V = U ∩ {Z = 0}. Let ı̃ : V → U be the
inclusion map.

C(U, J1(Rn,R)) = {C̃ : U → J1(Rn,R)|C̃ : contact embedding }
Cα(U, J1(Rn,R)) = {C̃ ∈ C(U, J1(Rn,R)) | C̃ preserves the canonical 1-form }
CZ(V, J1(Rn,R)) = {C̃ ◦ ı̃ |C̃ ∈ (U, J1(Rn,R))}
Cα

Z(V, J1(Rn,R)) = {C̃ ◦ ı̃ |C̃ ∈ Cα(U, J1(Rn,R))}

Lemma 5.3. Let {L̃σ}σ⊂Ir
be a contact regular r-cubic configura-

tion in (J1(Rn,R), 0) defined by C ∈ C(J1(Rn,R), 0). Then there exists C ′ ∈
Cα(J1(Rn,R), 0) that also defines {L̃σ}σ⊂Ir .

Proof. Let C = (qC , zC , pC). Define the function a on C(J1(Rn,R), 0) by the
relation C∗(dz − pdq) = a(dZ − PdQ). Define

φ : (J1(Rn,R)∩{Z = 0}, 0) ∼→ (J1(Rn,R)∩{Z = 0}, 0)( (Q,P ) 7→ (Q, a◦ı(Q,P )P ) ),

C ′ :(J1(Rn,R), 0)∼→ (J1(Rn,R), 0)
(Q,Z, P̄ ) 7→(qC ◦ ı ◦ φ−1(Q, P̄ ), Z+zC ◦ ı ◦ φ−1(Q, P̄ ), pC ◦ ı ◦ φ−1(Q, P̄ )).

Then

C
′∗(dz−pdq)=dZ+((C◦ı)◦φ−1)∗(dz−pdq)=dZ−(φ−1)∗(a◦ı(Q,P )PdQ)=dZ−P̄ dQ.

Therefore C ′ ∈ Cα(J1(Rn,R), 0). Since C ′(Q, 0, a(Q,P )P ) = C(Q, 0, P ), C ′ also
defines {L̃σ}σ⊂Ir .

Lemma 5.4. Let S(T ∗Rn, 0) be the set of symplectic diffeomorphism germs on
(T ∗Rn, 0). We define the following maps:

Cα
Z(J1(Rn,R), 0) → S(T ∗Rn, 0)

C = (qC , zC , pC) 7→ ( SC : (Q,P ) 7→ (qC , pC)(Q,P ) )

S(T ∗Rn, 0) → Cα
Z(J1(Rn,R), 0)

S = (qS , pS) 7→ ( CS : (Q,P ) 7→ (qS , fS , pS)(Q,P ) ),

where fS(Q,P ) is uniquely defined by the relation that S∗(pdq)−PdQ = dfS , fS(0, 0)
= 0. Then these maps are well defined and inverse to each other(that is SCS

= S, CSC

= C).
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Proof. Let C ∈ Cα
Z(J1(Rn,R), 0) be given. Take C̄ ∈ Cα(J1(Rn,R), 0) such

that C̄ ◦ ı = C. Since SC = (qC , pC), we have

(SC)∗(dp ∧ dq) = C∗(dp ∧ dq) = C∗(−d(dz − pdq)) = −d((C̄ ◦ ı)∗(dz − pdq))

= −d(ı∗(dZ − PdQ)) = −d(−PdQ) = dP ∧ dQ

Hence SC ∈ S(T ∗Rn, 0).
Conversely let S = (qS , pS) ∈ S(T ∗Rn, 0) be given . We define the diffeomorphism

C̄S on (J1(Rn,R), 0) by C̄S(Q,Z, P ) = (qS(Q,P ), Z + fS(Q,P ), pS(Q,P )). Then
C̄S ◦ ı = CS and

(C̄S)∗(dz−pdq) = dZ+dfS−S∗(pdq) = dZ+(S∗(pdq)−PdQ)−S∗(pdq) = dZ−PdQ.

Hence CS ∈ Cα
Z(J1(Rn,R), 0). On the other hand, by definition, we have

SCS

= (qCS , pCS ) = (qS , pS) , CSC

= (qSC , fSC

, pSC ) = (qC , fSC

, pC).

Since fSC

and zC satisfy the equation of z(Q,P ) that dz = pCdqC − PdQ and
z(0, 0) = 0, we have that fSC

= zC .
Proposition 5.5. Let Cn

r be the set of contact regular r-cubic configurations
in (J1(Rn, R), 0) and Sn

r be the set of symplectic regular r-cubic configurations in
(T ∗Rn, 0). We define

TS : Cn
r → Sn

r ( {C(L̃0
σ)}σ⊂Ir

7→ {SC(L0
σ)}σ⊂Ir

),where C ∈ Cα
Z(J1(Rn,R), 0)

TC : Sn
r → Cn

r ( {S(L0
σ)}σ⊂Ir 7→ {CS(L̃0

σ)}σ⊂Ir
),where S ∈ S(T ∗Rn, 0)

Then (1) TS and TC are well defined and inverse to each other.
(2) A function germ F (x, y, q) ∈ m2(r; k + n) is S-non-degenerate if and only if

−z + F is C-non-degenerate.
(3) A function germ F (x, y, q) ∈ m2(r; k +n) is a generating family of a symplec-

tic regular r-cubic configuration if and only if −z + F is a generating family of the
corresponding contact regular r-cubic configuration.

Proof.(1) Let C = (qC , zC , pC) ∈ Cα
Z(J1(Rn,R), 0) and S ∈ S(T ∗Rn, 0) satisfy

that S = SC (hence C = CS). Since S = (qC , pC), we have S(L0
σ) = p̃1(C(L̃0

σ)) for
all σ ⊂ Ir. Since S(L0

σ) and C(L̃0
σ) are uniquely determined by each other under p̃1

by Lemma 2.2, we have (1).
(2) Let F (x, y, q) ∈ m2(r; k+n). If we define F̄ ∈ m(r; k+n+1) by F̄ (x, y, q, z) =

−z + F (x, y, q). Then ∂F̄
∂x (0) = ∂F

∂x (0) = 0, ∂F̄
∂y (0) = ∂F

∂y (0) = 0 and




∂F̄
∂y

∂F̄
∂q

∂F̄
∂z

∂2F̄
∂x∂y

∂2F̄
∂x∂q

∂2F̄
∂x∂z

∂2F̄
∂y∂y

∂2F̄
∂y∂q

∂2F̄
∂y∂z




0

=




∂F
∂y

∂F
∂q −1

∂2F
∂x∂y

∂2F
∂x∂q 0

∂2F
∂y∂y

∂2F
∂y∂q 0




0

.

This implies (2).
(3) By (2),we have

F̄ = −z + F is a generating family of {C(L̃0
σ)}σ⊂Ir

⇔ F̄ is C-non-degenerate and F̄ |xσ=0 generates C(L̃0
σ) for all σ ⊂ Ir

⇔ F is S-non-degenerate and F |xσ=0 generates S(L0
σ) for all σ ⊂ Ir

⇔ F is a generating family of {S(L0
σ)}σ⊂Ir

.
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The relation between contact and symplectic regular r-cubic configurations is
given in the following diagram:

(J1(Rn,R) ∩ {Z = 0}, 0) C=CS

→ (J1(Rn,R), 0)
p̃1|Z=0 ↓ ↓ p̃1

(T ∗Rn, 0) S=SC

→ (T ∗Rn, 0)

{L̃0
σ}σ⊂Ir

7→ {L̃σ}σ⊂Ir

↓ TS ↓↑ TC

{L0
σ}σ⊂Ir

7→ {Lσ}σ⊂Ir

We say that function germs F (x, y1, · · · , yk1 , u)∈m(r; k1+m) and F (x, y1, · · · , yk2 ,
u) ∈ m(r; k2+m) are stably reticular K-equivalent if F and G are reticular K-equivalent
after additions of non-degenerate quadratic forms in the variables y.

The relations between contact regular r-cubic configurations and their generating
families are given in the following theorem.

Theorem 5.6. (1) For any contact regular r-cubic configuration {L̃σ}σ⊂Ir
in

(J1(Rn,R), 0), there exists a function germ F̄ ∈ m(r; k+n+1) which is a generating
family of {L̃σ}σ⊂Ir

.
(2) For any C-non-degenerate function F̄ ∈ m(r; k + n + 1), there exists a con-

tact regular r-cubic configuration in (PT ∗Rn+1, (0, [∂F̄
∂λ (0)])) (or in (J1(Rn,R), 0))

of which F̄ is a generating family.
(3) Two contact regular r-cubic configurations are Legendrian equivalent if and

only if their generating families are stably reticular K-equivalent.
Proof. (1) Let a contact regular r-cubic configuration {L̃σ}σ⊂Ir

in (J1(Rn,R), 0)
be given. Set {Lσ}σ⊂Ir

= TS({L̃σ}σ⊂Ir
) and let F ∈ m2(r; k + n) be a generating

family of {Lσ}σ⊂Ir
. Then −z+F ∈ m(r; k+n+1) is a generating family of {L̃σ}σ⊂Ir

by Proposition 5.5 (3).
(2) Let a C-non-degenerate function F̄ ∈ m(r; k + n + 1) be given. By Lemma

2.1 and (3)a, we may assume that F̄ has the form F̄ (x, y, q, z) = −z + F (x, y, q)(F ∈
m2(r; k + n)). Then F is a generating family of a symplectic regular r-cubic configu-
ration {Lσ}σ⊂Ir

in (T ∗Rn, 0) by Proposition 5.5 (2) and Theorem 4.2 (2). Hence F̄
is a generating family of TC({Lσ}σ⊂Ir

) by Proposition 5.5 (3).
(3) This is proved by analogous methods of that of Theorem 3.2 (3) in [10] and

details are given in [11].

6. Stability of function germs. In order to investigate the stabilities of smooth
contact regular r-cubic configurations, we shall prepare the results of the singularity
theory of function germs with respect to reticular K-equivalence. Basic techniques
for the characterization of the stabilities we use in this paper depend heavily on the
results in this section, however the all arguments are almost parallel along the ordinary
theory of the right-equivalence (cf., [14]), so that we omit the detail.

We denote J l(r+k, 1) the set of l-jets at 0 of germs in m(r; k) and let πl : m(r; k) →
J l(r + k, 1) be the natural projection. We denote jlf(0) the l-jet of f ∈ m(r; k).

We say f, g ∈ m(r; l) are reticular K-equivalent if there exists φ ∈ B(k; l) and
a ∈ E(k; l)such that g = a · f ◦ φ and a(0) 6= 0.

Lemma 6.1. Let f ∈ m(r; k) and Ol
K(jlf(0)) be the submanifold of J l(r + k, 1)

consist of the image by πl of the orbit of reticular K-equivalence of f . Put z = jlf(0).
Then

Tz(Ol
rK(z)) = πl(〈f, x1

∂f

∂x1
, · · · , xr

∂f

∂xr
〉E(r;k) + m(r; k)〈 ∂f

∂y1
, · · · , ∂f

∂yk
〉).

We say that a function germ f ∈ m(r; k) is reticular K-l-determined if all function
germ which has same l-jet of f is reticular K-equivalent to f .
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Lemma 6.2. Let f ∈ m(r; k) and let

m(r; k)l+1 ⊂ m(r; k)(〈f, x1
∂f

∂x1
, · · · , xr

∂f

∂xr
〉+ m(r; k)〈 ∂f

∂y1
, · · · , ∂f

∂yk
〉) + m(r; k)l+2,

then f is reticular K-l-determined. Conversely let f ∈ m(r; k) be reticular K-l-
determined, then

m(r; k)l+1 ⊂ 〈f, x1
∂f

∂x1
, · · · , xr

∂f

∂xr
〉E(r;k) + m(r; k)〈 ∂f

∂y1
, · · · , ∂f

∂yk
〉.

Let F ∈ m(r; k + n1), G ∈ m(r; k + n2) be unfoldings of f ∈ m(r; k). We
say that F is reticular K-f-induced from G if there exist smooth map germs φ :
(Hr ×Rk+n2 , 0) → (Hr ×Rk, 0), ψ : (Rn2 , 0) → (Rn1 , 0) and α ∈ E(0;n2) satisfying
the following conditions:

(1) φ((Hr ∩ {xσ = 0})×Rk+n2) ⊂ (Hr ∩ {xσ = 0})×Rk for σ ⊂ Ir.
(2) G(x, y, v) = α(v) · F (φ(x, y, v), ψ(v)) for x ∈ Hr, y ∈ Rk and v ∈ Rn2 .
Definition 6.3. Here we give several definitions of the stabilities of unfoldings.

Let f ∈ m(r; k) and F ∈ m(r; k + n) be an unfolding of f .
We define a smooth map germ

jl
1F : (Rr+k+n, 0) −→ (J l(r + k, 1), jlf(0))

as follow: Let F̃ : U → R be a representative of F . For each (x, y, u) ∈ U , We define
F(x,y,u) ∈ m(r; k) by F(x,y,u)(x′, y′) = F (x + x′, y + y′, u) − F (x, y, u). Now define
jl
1F (x, y, u) =the l-jet of F(x,y,u). jl

1F depends only on the germ at 0 of F . We say
that F is reticular K-l-transversal if jl

1F |x=0 is transversal to Ol
K(jlf(0)). It is easy

to check that F is reticular K-l-transversal if and only if

E(r; k) = 〈f, x1
∂f

∂x1
, · · · , xr

∂f

∂xr
,

∂f

∂y1
, · · · , ∂f

∂yk
〉E(r;k) + WF + m(r; k)l+1,

where WF = 〈 ∂F
∂u1

|u=0, · · · , ∂F
∂un

|u=0〉R.
We say that F is reticular K-stable if the following condition holds: For any

neighborhood U of 0 in Rr+k+n and any representative F̃ ∈ C∞(U,R) of F , there
exists a neighborhood NF̃ of F̃ such that for any element G̃ ∈ NF̃ the germ G̃|Hr×Rk+n

at (0, y′0, u
′
0) is reticular K-equivalent to F for some (0, y′0, u

′
0) ∈ U .

We say that F is reticular K-versal if F is reticular K-f -induced from all unfolding
of f .

We say that F is reticular K-infinitesimal versal if

E(r; k) = 〈f, x1
∂f

∂x1
, · · · , xr

∂f

∂xr
,

∂f

∂y1
, · · · , ∂f

∂yk
〉E(r;k) + WF .

We say that F is reticular K-infinitesimal stable if

E(r; k + n)

= 〈F, x1
∂F

∂x1
, · · · , xr

∂F

∂xr
,
∂F

∂y1
, · · · , ∂F

∂yk
〉E(r;k+n) + 〈 ∂F

∂u1
, · · · , ∂F

∂un
〉E(n).

We say that F is reticular K-homotopically stable if for any smooth path-germ
(R, 0) → E(r; k + n), t 7→ Ft with F0 = F , there exists a smooth path-germ (R, 0) →



120 RETICULAR LEGENDRIAN SINGULARITIES

B(r; k + n) × E(n), t 7→ (Φt, αt) with (Φ0, α0) = (id, 1) such that each (Φt, αt) is a
reticular K-isomorphism and F0 = αt · Ft ◦ Φt.

Theorem 6.4 (Transversality lemma). Let U be a neighborhood of 0 in 0 ∈
Rr+k+n with the coordinates (x1, · · · , xr, y1, · · · , yk, u1, · · · , un) and A be a submani-
fold of J l(r + k, 1). Then the set

TA = {F ∈ C∞(U,R) | jl
1F |x=0 is transversal to A}

is dense in C∞(U,R) with respect to C∞-topology, where jl
1F (x, y, u) is the l-jet of

the map (x′, y′) 7→ F (x + x′, y + y′, u) at 0.
The transversality we used is a slightly different for the ordinary one [14], however

we can also prove this theorem by the method along the ordinary method.
Theorem 6.5. Let F ∈ m(r; k + n) be an unfolding of f ∈ m(r; k). Then the

following are equivalent.
(1) F is reticular K-stable.
(2) F is reticular K-versal.
(3) F is reticular K-infinitesimal versal.
(4) F is reticular K-infinitesimal stable.
(5) F is reticular K-homotopically stable.
For f ∈ m(r; k) we define the reticular K-codimension of f by the R-dimension

of the vector space

E(r; k)/〈f, x1
∂f

∂x1
, · · · , xr

∂f

∂xr
,

∂f

∂y1
, · · · , ∂f

∂yk
〉E(r;k).

By the above theorem if a1, · · · , an ∈ E(r; k) is a representative of a basis of the vector
space, then f + a1v1 + · · · anvn ∈ m(r; k + n) is a reticular K-stable unfolding of f .

7. Reticular Legendrian maps. Our purpose in this section is to investigate
the stabilities of smooth contact regular r-cubic configurations. At first, we define the
reticular Legendrian maps and their equivalence relation.

Let L̃0 = {(q, z, p) ∈ J1(Rn,R)|q1p1 = · · · = qrpr = qr+1 = · · · = qn = z =
0, qIr

≥ 0} be a representative of the union of L̃0
σ for all σ ⊂ Ir. We call the map

germ

(L̃0, 0) i−→ (J1(Rn,R), 0) π̃−→ (Rn ×R, 0)

a reticular Legendrian map if there exists a contact diffeomorphism C on (J1(Rn,R),
0) such that i = C|L̃0 . C is called an extension of i. We call {i(L̃0

σ)}σ⊂Ir the
contact regular r-cubic configuration associated with π̃ ◦ i. We call F a generating
family of π̃ ◦ i if F is a generating family of {i(L̃0

σ)}σ⊂Ir
. A homeomorphism germ φ :

(L̃0, 0) −→ (L̃0, 0) is called a reticular diffeomorphism if there exists a diffeomorphism
Φ on (J1(Rn,R), 0) such that φ = Φ|L̃0 and φ(L̃0

σ) = L̃0
σ for all σ ⊂ Ir. Two reticular

Legendrian maps π̃ ◦ i1, π̃ ◦ i2 : (L̃0, 0) → (J1(Rn,R), 0) → (Rn × R, 0) are called
Legendrian equivalent if there exists a reticular diffeomorphism φ and a Legendrian
equivalence Θ on π̃ such that the following diagram is commutative:

(L̃0, 0) i1−→ (J1(Rn,R), 0) π̃−→ (Rn ×R, 0)
φ ↓ Θ ↓ g ↓

(L̃0, 0) i2−→ (J1(Rn,R), 0) π̃−→ (Rn ×R, 0)
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where g is the diffeomorphism of the base of π̃ induced from Θ.
Under this equivalence relation, we have the following theorem as a corollary of

Theorem 5.6.
Theorem 7.1. (1) For any reticular Legendrian map π̃◦i, there exists a function

germ F ∈ m(r; k + n + 1) which is a generating family of π̃ ◦ i.
(2) For any C-non-degenerate function germ F ∈ m(r; k + n + 1), there exists a

reticular Legendrian map of which F is a generating family.
(3) Two reticular Legendrian maps are Legendrian equivalent if and only if their

generating families are stably reticular K-equivalent.
Here we give several definitions of the stabilities of reticular Legendrian maps.

Stability. Let π̃ ◦ i : (L̃0, 0) → (J1(Rn,R), 0) → (Rn × R, 0) be a reticular
Legendrian map. π̃◦i is called stable if the following condition holds: For any extension
C0 ∈ C(J1(Rn,R), 0) of i and any representative C̃0 ∈ C(U, J1(Rn,R)), there exists
a neighborhood NC̃0

of C̃0 in C∞-topology such that for all C̃ ∈ NC̃0
π̃ ◦ C̃|L0 at x0

and π̃ ◦ i are Legendrian equivalent for some x0 = (0; 0; 0, · · · , 0, P 0
r+1, · · · , P 0

n) ∈ U .

Let π̃ ◦ i is a reticular Legendrian map. By Lemma 5.3, we may assume that
there exists an extension C ∈ Cα(J1(Rn,R), 0) of i0. Therefore we may consider
the following other definitions of stabilities of reticular Legendrian maps: (1) The
definition given by replacing C(J1(Rn,R), 0) and C(U, J1(Rn,R)) to Cα(J1(Rn,R),
0) and Cα(U, J1(Rn,R)) of the original definition respectively. (2) The definition
given by replacing to CZ(J1(Rn,R), 0) and CZ(V, J1(Rn,R)) respectively. (3) The
definition given by replacing to Cα

Z(J1(Rn,R), 0) and Cα
Z(V, J1(Rn,R)) respectively.

Lemma 7.2. The original definition and these definitions of stabilities of reticular
Legendrian maps are all equivalent.

Proof. (original)⇒(1). Let C0 ∈ Cα(J1(Rn,R), 0) be an extension of i0 and
C̃0 ∈ Cα(U, J1(Rn,R)) be a representative of C0. Take a neighborhood NC̃0

of
C̃0 in C(U, J1(Rn,R)) for which the hypothesis of the original definition holds. Set
N ′

C̃0
= NC̃0

∩ Cα(U, J1(Rn,R)). Then the hypothesis of the definition of (1) holds
for N ′

C̃0
.

(1)⇒(3). Let C0 ∈ Cα
Z(J1(Rn,R), 0) be an extension of i0 and C̃0 ∈

Cα
Z(V, J1(Rn,R)) be a representative of C0. We construct the continuous map

Cα
Z(V, J1(Rn,R)) → Cα(V × R, J1(Rn,R)) (C̃ 7→ C̃ ′) by the following: Let C̃ =

(zC̃ , qC̃ , pC̃) ∈ Cα
Z(V, J1(Rn,R)). Then C̃ ′ is defined by C̃ ′(Q,Z, P ) = (qC̃(Q,P ), Z+

zC̃(Q,P ), pC̃(Q,P )). Then C̃
′∗(dz − pdq) = dZ + C̃∗(dz − pdq) = dZ − PdQ. Hence

this map is well defined. Take a neighborhood NC̃0
′ of C̃0

′
in C(V ×R, J1(Rn,R))

for which the hypothesis of the definition of (1) holds. Let N ′
C̃0

be the inverse image
of NC̃0

′ by the preceding map. Then the hypothesis of the definition of (3) holds for
N ′

C̃0
.

(3)⇒(2). Let C0 ∈ CZ(J1(Rn,R), 0) be an extension of i0 and C̃0 ∈
CZ(V, J1(Rn,R)) be a representative of C0. Define

CZ(V, J1(Rn,R)) → C∞(V, J1(Rn,R) ∩ {Z = 0})(C̃ 7→ φC̃ : (Q,P ) 7→ (Q, fC̃P ) ),

where f C̃ ∈ C∞(V,R) is defined by C̃∗(dz − pdq) = −f C̃PdQ. Then this map
is continuous because f C̃Pi = (f C̃(PdQ))( ∂

∂Qi
) = −(dz − pdq)(C̃∗ ∂

∂Qi
) = −∂zC̃

∂Qi
+

pC̃
∂qC̃

∂Qi
(i = 1, · · · , n). We may assume φC̃0

is embedding by shrinking V if necessary.
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By Lemma 4.3 there exists a neighborhood NC̃0
of C̃0 and a neighborhood V1 of 0 in

V and a neighborhood W of 0 in J1(Rn,R) ∩ {Z = 0} such that

NC̃0
→ Emb(W,V ) (C̃ 7→ (φC̃ |V1)

−1|W )

is well defined and continuous. Therefore we may define the following continuous
map:

NC̃0
→ Cα

Z(W,J1(Rn,R)) (C̃ 7→ C̃ ◦ (φC̃ |V1)
−1|W ).

Take a neighborhood N of C̃0◦(φC̃0
|V1)

−1|W for which the hypothesis of the definition
of (3) holds. Let N ′

C̃0
be the inverse image of N by the preceding map. Then the

hypothesis of the definition of (2) holds for N ′
C̃0

.

(2)⇒(original). Let C0 ∈ C(J1(Rn,R), 0) be an extension of i0 and C̃0 ∈
C(U, J1(Rn,R)) be a representative of C0. Let V = U ∩ {Z = 0} and C̃0

′
= C̃0|Z=0.

Take a neighborhood NC̃0
′ of C̃0

′
in CZ(V, J1(Rn,R)) for which the hypothesis of the

definition of (2) holds. Because C(U, J1(Rn,R)) → CZ(V, J1(Rn,R)) (C̃ 7→ C̃|Z=0)
is continuous, if we set N ′

C̃0
the inverse image of NC̃0

′ by the preceding map then the
hypothesis of the original definition holds for N ′

C̃0
.

Homotopical Stability. Let π̃ ◦ i : (L̃0, 0) → (J1(Rn,R), 0) → (Rn×R, 0) be a
reticular Legendrian map. A map germ ī : (L̃0 ×R, 0) → (J1(Rn,R), 0)((Q,P, t) 7→
īt(Q,P ))(̄i0 = i) is called a reticular Legendrian deformation of i if there exists a one-
parameter family of contact diffeomorphisms C̄ : (J1(Rn,R)×R, 0) → (J1(Rn,R), 0)
((Q,Z, P, t) 7→ C̄t(Q,Z, P )) such that īt = C̄t|L̃0 for t near 0. We call C̄ an exten-
sion of ī. Let φ : (L̃0, 0) → (L̃0, 0) be a reticular diffeomorphism. A map germ
φ̄ : (L̃0 ×R, 0) → (L̃0, 0)((Q,P, t) 7→ φ̄t(Q,P ))(φ̄0 = φ) is called a one-parameter de-
formation of reticular diffeomorphisms of φ if there exists a one-parameter family of
diffeomorphisms Φ̄ : (J1(Rn,R)×R, 0) → (J1(Rn,R), 0)((Q,Z, P, t) 7→ Φ̄t(Q,Z, P ))
such that φ̄t = Φ̄t|L̃0 for t near 0 and each φ̄t is a reticular diffeomorphism. We call
Φ̄ an extension of φ̄. A reticular Legendrian map π̃ ◦ i : (L̃0, 0) → (J1(Rn,R), 0) →
(Rn ×R, 0) is called homotopically stable if for any reticular Legendrian deformation
ī = {̄it} of i there exist a one-parameter deformation of reticular diffeomorphisms
φ̄ = {φ̄t} of id(L̃0,0) and a one-parameter family of Legendrian equivalences Θ̄ = {Θ̄t}
with Θ̄0 = id(J1(Rn,R),0) such that īt = Θ̄t ◦ i ◦ φ̄t for t near 0.

Infinitesimal Stability. A vector field v on (J1(Rn,R), 0) is called tangent to
(L̃0, 0) if v|L̃0

σ
is tangent to L̃0

σ for all σ ⊂ Ir. A function germ H on (J1(Rn,R), 0)
is called fiber preserving if there exists function germs h0, · · · , hn on the base of π̃
such that H(q, z, p) =

∑n
i=1 hi(q, z)pi + h0(q, z). A reticular Legendrian map π̃ ◦

i : (L̃0, 0) → (J1(Rn,R), 0) → (Rn × R, 0) is called infinitesimal stable if for any
function germ f on (J1(Rn,R), 0) there exists a fiber preserving function germ H on
(J1(Rn,R), 0) and a vector field v on (J1(Rn,R), 0) such that v is tangent to (L̃0, 0)
and Xf ◦ i = XH ◦ i + i∗v, where Xf and XH are the contact hamiltonian vector
field of f and H respectively and i∗v is defined by i∗v = (C∗v) ◦ i for an extension
C ∈ C(J1(Rn,R), 0) of i.

Lemma 7.3. For any one-parameter family of Legendrian equivalences
Θ̄ : (J1(Rn,R)×R, 0) → (J1(Rn,R), 0) with Θ̄0 = id, there exists a fiber preserving
function germ H on (J1(Rn,R), 0) such that XH = dΘ̄

dt |t=0. Conversely for any fiber
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preserving function germ H on (J1(Rn,R), 0), the flow Θ̄ of XH with the initial
condition Θ̄0 = id is a one-parameter family of Legendrian equivalences.

Theorem 7.4. Let π̃ ◦ i : (L̃0, 0) → (J1(Rn,R), 0) → (Rn ×R, 0) be a reticular
Legendrian map with the generating family F (x, y, q, z) ∈ m(r; k + n + 1). Let f =
F |{q=z=0}. Then the following are equivalent.

(1) F is a reticular K-stable unfolding of f .
(2) π̃ ◦ i is homotopically stable.
(3) π̃ ◦ i is infinitesimal stable.
(4) For any function germ f on (J1(Rn,R), 0), there exists a fiber preserving

function germ H on (J1(Rn,R), 0) such that f ◦ i = H ◦ i.
(5) π̃ ◦ i is stable.
This theorem is proved by analogous methods of that of Theorem 5.5 in [10] and

details are given in [11].

8. Classification of function germs. In [10], we classified simple or unimodal
function germs with respect to reticular R-equivalence. This classification includes
the classification with reticular R-codimension lower than 7. This means that we
classified all stable caustic in manifolds of dimension lower than 7.

On the other hand, by Proposition 5.5 the dimension of a manifold includes a
wavefront exceeds unity than the dimension of a manifold includes the corresponding
caustic. Therefore it is natural to classify stable wavefronts in manifolds of dimension
lower than 8. In order to realize this, we classify function germs with reticular K-
codimension lower than 8 with respect to reticular K-equivalence.

By Lemma 7.1 and Lemma 7.2 in [10], we have only to classify residual singu-
larities, that is function germs in m(r; k)2 whose restriction to x = 0 is an element
of m(0; k)3. jyα,xβ f(0) ≈ g denotes quasihomogeneous equivalence of jets and f ≈ g
means f is reticular K-equivalent to g and ⇒ means ‘see’ or ‘implies’.

Let f ∈ m(r; k)2 be a residual singularity with the reticular K-codimension lower
than 8. We set φ(y) = f(0, y) ∈ m(0; k)3.

The case r = 1, k = 0. f ≈ xn (n = 2, · · · , 7).
The case r = 1, k = 1. One of the five:

j2f(0) ≈ xy + x2 or xy ⇒ f ≈ xy + εyn (εn+1 = 1, n = 3, · · · , 7),
jy3,x2f(0) ≈ y3 + x2 ⇒ f ≈ y3 + x2,
jy3,x2f(0) ≈ x2 ⇒ (1),
jy3,x2f(0) ≈ y3 ⇒ (3),
jy3,x2f(0) ≈ 0 ⇒ (5).

(1) jy3,x2f(0) = x2 ⇒ one of the five:
jy4,x2f(0) ≈ y4 + axy2 ± x2(a2 6= 4) ⇒ f ≈ y4 + axy2 ± x2(a2 6= 4),
jy4,x2f(0) ≈ (y2 ± x)2 ⇒ f ≈ y5 + (y2 ± x)2 or y6 ± (y2 ± x)2,
jxy2,x2f(0) ≈ xy2 ± x2 ⇒ f ≈ y5 + xy2 ± x2,
jy5,x2f(0) ≈ y5 + x2 ⇒ f ≈ y5 ± xy3 + x2,
jy5,x2f(0) ≈ x2 or 0 ⇒ (2).

(2) jy6,x2f(0) is adjacent to y6 + axy3 ± x2(a2 6= ±4) and hence
the codimension of f ≥dimE(1; 1)/(〈x∂f

∂x , ∂f
∂y , y ∂f

∂y 〉R + 〈x3, x2y, xy4, y7〉E(1;1)) ≥ 12−
3 = 9.
(3) jy3,x2f(0) = y3 ⇒ one of the five:
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j3f(0) ≈ y3 + ax2y + 2x3(a 6= −3) ⇒ f ≈ y3 + ax2y + 2x3(a 6= −3),
j3f(0) ≈ y3 + xy2 ⇒ f ≈ y3 + xy2 ± x4 or y3 + xy2 ± x5,
j3f(0) ≈ y3 + x2y ⇒ f ≈ y3 + x2y,
jy3,x4f(0) ≈ y3 + x4 ⇒ f ≈ y3 ± x3y + x4,
jy3,x4f(0) ≈ y3 ⇒ (4).

(4) f is adjacent to y3 ± x4y + x5 and this has codimension 9.
(5) jy3,x2f(0) = 0 ⇒ one of the four:

j3f(0) ≈ xy2 ± x3 ⇒ f ≈ y4 ± xy2 ± x3 or y5 ± xy2 ± x3,
j3f(0) ≈ xy2 ⇒ f ≈ y4 ± xy2 ± x4,
j3f(0) ≈ x2y ⇒ f ≈ y4 + xy3 ± x2y,
j3f(0) ≈ x3 or 0 ⇒ (6).

(6) j3f(0) = x3 or 0 ⇒ f is adjacent to y4 + xy3 ± x3 and this has codimension 8.
The case r = 1, k = 2 One of the two:

j3φ 6= 0 ⇒ (7),
j3φ = 0 ⇒ (22).

(7). j3φ 6= 0 ⇒ on of the four:
φ ∈ D4 ⇒ (8),
φ ∈ D5 ⇒ (12),
φ ∈ D6 ⇒ (16),
φ ∈ E6 ⇒ (19).

(8). φ = y2
1y2 ± y3

2 ⇒ one of the four:
jy2

1y2,y3
2 ,xy2

f(0) ≈ y2
1y2 ± y3

2 + xy1 + axy2,

a2 ± 1 6= 0 ⇒ f ≈ y2
1y2 ± y3

2 + xy1 + axy2,
jy2

1y2,y3
2 ,xy2

f(0) ≈ y2
1y2 ± y3

2 ± xy2 ⇒ (9),
jy2

1y2,y3
2 ,x2f(0) ≈ y2

1y2 ± y3
2 + x2 ⇒ (10),

jy2
1y2,y3

2 ,x2f(0) ≈ y2
1y2 ± y3

2 ⇒ (11).
(9) jy2

1y2,y3
2 ,xy2

f(0) = y2
1y2±y3

2±xy2 ⇒ f ≈ y2
1y2±y3

2±xy2+xy2
1 or y2

1y2±y3
2±xy2+xy3

1 .
(10). jy2

1y2,y3
2 ,x2f(0) = y2

1y2 ± y3
2 + x2 ⇒ f ≈ y2

1y2 ± y3
2 + x2 ± xy2

2 .
(11) f ∈ m3(1; 2). Therefore the codimension of f ≥ E(1; 2)/(〈 ∂f

∂y1
, ∂f

∂y2
〉R+m3(1; 2)) ≥

10− 2 = 8.
(12). φ = y2

1y2 + y4
2 ⇒ one of the three:

jy2
1y2,y4

2 ,xy2
f(0) ≈ y2

1y2 + y4
2 ± xy2 ⇒ (13),

jy2
1y2,y4

2 ,xy1
f(0) ≈ y2

1y2 + y4
2 + xy1 ⇒ (14),

jy2
1y2,y4

2 ,xy1
f(0) ≈ y2

1y2 + y4
2 ⇒ (15).

(13). jy2
1y2,y4

2 ,xy2
f(0) = y2

1y2 + y4
2 ± xy2 ⇒ f ≈ y2

1y2 + y4
2 ± xy2 + xy1 or y2

1y2 + y4
2 ±

xy2 + xy2
1 .

(14) jy2
1y2,y4

2 ,xy1
f(0) = y2

1y2 + y4
2 + xy1 ⇒ f ≈ y2

1y2 + y4
2 + xy1 ± xy2

2 .
(15) jy2

1y2,y4
2 ,xy1

f(0) = y2
1y2 + y4

2 . Then f is adjacent to y2
1y2 + y4

2 + εx2 + xy2
2(a +

δy2) (a2 6= 4ε) and this has codimension 9.
(16) φ = y2

1y2 ± y5
2 ⇒ one of the two:

jy2
1y2,y4

2 ,xy2
f(0) ≈ y2

1y2 ± xy2 ⇒ (17),
jy2

1y2,y4
2 ,xy2

f(0) ≈ y2
1y2 ⇒ (18).

(17). jy2
1y2,y4

2 ,xy2
f(0) = y2

1y2 ± xy2 ⇒ f ≈ y2
1y2 ± y5

2 ± xy2 + xy1.
(18) jy2

1y2,y4
2 ,xy2

f(0) = y2
1y2. Then f is adjacent to y2

1y2+εy5
2+xy1+xy2

2(a+δy2) (a2 6=
−ε) and this has codimension 10
(19). φ = y3

1 + y4
2 . ⇒ one of the two:
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jy3
1 ,y4

2 ,xy2
f(0) ≈ = y3

1 + y4
2 ± xy2 ⇒ (20),

jy3
1 ,y4

2 ,xy2
f(0) ≈ = y3

1 + y4
2 ⇒ (21).

(20). jy3
1 ,y4

2 ,xy2
f(0) = y3

1 + y4
2 ± xy2 ⇒ f ≈ y3

1 + y4
2 ± xy1 + xy2

(21). jy3
1 ,y4

2 ,xy2
f(0) = y3

1 + y4
2 . Then f is adjacent to y3

1 + y4
2 ± xy1± xy2

2 and this has
codimension 8.
(22) Since φ ∈ m4(0; 2), we have the codimension of φ ≥ E(0; 2)/(〈 ∂φ

∂y1
, ∂φ

∂y2
〉R +

m4(0; 2)) ≥ 10− 2 = 8. Therefore f has codimension ≥ 9.
The case r = 1, k ≥ 3. We need only to prove that the codimension of f ≥ 8

in the case r = 1, k = 3. Since the codimension of φ ≥ E(0; 3)/(〈 ∂φ
∂y1

, ∂φ
∂y2

, ∂φ
∂y3
〉R +

m3(0; 3)) ≥ 10− 3 = 7. Therefore the codimension of f ≥ 7 + 1 = 8.
The case r = 2, k = 0. One of the five:
j2f(0) ≈ x2

1 + ax1x2 ± x2
2(a

2 6= ±4) ⇒ f ≈ x2
1 + ax1x2 ± x2

2(a
2 6= ±4),

j2f(0) ≈ (x1 ± x2)2 ⇒ f ≈ (x1 ± x2)2 ± xn
2 (n = 3, · · · , 6),

j2f(0) ≈ x2
1 ± x1x2 ⇒ f ≈ xn

1 ± x1x2 ± xm
2

or ±x1x2 + x2
2 or x1x2 (n,m ≥ 2, 5 ≤ n + m ≤ 8),

j2f(0) ≈ x2
1 or x2

2 ⇒ (23),
j2f(0) ≈ 0 ⇒ (26).

(23) We investigate only the case j2f(0) = x2
1. But the case j2f(0) = x2

2 is calculated
analogously.

One of the two:
jx2

1,x3
2
f(0) ≈ x2

1 ± x3
2 ⇒ f ≈ x2

1 ± x1x
2
2 ± x3

2 or x2
1 ± x3

2,
jx2

1,x3
2
f(0) ≈ x2

1 ⇒ (24).
(24) One of the three:

jx2
1,x4

2
f(0) ≈ x2

1 + ax2
1x2 ± x4

2 ⇒ f ≈ x2
1 + ax2

1x2 ± x4
2 ± x1x

3
2,

jx2
1,x4

2
f(0) ≈ x2

1 ± x2
1x2 ⇒ f ≈ x2

1 ± x2
1x2 ± x5

2,
jx2

1,x4
2
f(0) ≈ x2

1 ⇒ (25).
(25) jx2

1,x4
2
f(0) = x2

1 ⇒ f is adjacent to x2
1 ± x1x

3
2 ± x5

2 and this has codimension 8.
(26) j2f(0)=0 ⇒ Since f ∈ m3(2, 0), the codimension of f≥E(2, 0)/(〈x1

∂f
∂x1

, x2
∂f
∂x2

〉R
+m4(2; 0)) ≥ 10− 2 = 8.

The case r = 2, k = 1. One of the five:
j2f(0) ≈ x1y ± x2y ± x2 or x1y ± x2y ⇒ f ≈ yn ± x1y ± x2y + x2

2

(n ≥ 3,m ≥ 2,m + n ≤ 8),
j2f(0) ≈ x1y + x2 or x2y + x2

1 ⇒ (27),
j2f(0) ≈ x1y or x2y ⇒ (29),
jx2

1,x2
2,y3f(0) ≈ x2

1+ax1x2±x2
2(a

2 6=±4) ⇒ f ≈ y3+εx2
2y+x2

1+ax1x2+δx2
2

(a2 6= 4δ),
others ⇒ (30).

(27) We investigate only the case j2f(0) = x1y + x2. But the case j2f(0) = x2y + x2
1

is calculated analogously.
One of the four:

jy3,x1y,x2
2
f(0)f ≈ y3 ± x1y + x2

2 ⇒ f ≈ y3 ± x1y ± x2y
2 + x2

2,
jy4,x1y,x2

2
f(0) ≈ y4 + ax2y

2 + x1y ± x2
2 ⇒ f ≈ y4 + ax2y

2 ± x2
2y + x1y ± x2

2,
jy4,x1y,x2

2
f(0) ≈ x2y

2 ± x1y ± x2
2 ⇒ y5 ± x2y

2 ± x1y + x2
2,

jy4,x1y,x2
2
f(0) ≈ ±x1y + x2

2 ⇒ (28).
(28) jy4,x1y,x2

2
f(0) = ±x1y + x2

2 ⇒ f is adjacent to y5 ± x2y
3 ± x1y + x2

2 and this has
codimension 8.
(29) j2f(0) = x1y ⇒ f is adjacent to y3 + ax2

2y + 2x3
2 ± x2

2y
2 ± x1y(a 6= −3) and this
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has codimension 8.
j2f(0) = x2y ⇒ f is adjacent to y3 + ax2

1y + 2x3
1 ± x2

1y
2 ± x2y(a 6= −3) and this has

codimension 8.
(30) j2f(0) is adjacent to f0 = (x1±x2)2 or x2

1±x1x2 or ±x1x2 +x2
2 ⇒ f is adjacent

to f0 + y3 + ax2
2y ± 2x3

2(a 6= −3) and this has codimension 8.
The classification list of singularities with reticular K-codimension lower than 8

r = 1
k Normal form codim Conditions Notation
0 xn n n = 2, · · · , 7 Bn

1 xy + εyn n εn+1 = 1, n = 3, · · · , 7 Cε
n

y3 + x2 4 F4

y4 + axy2 ± x2 6 a2 6= ±4 K±,a
4,2

y5 + (y2 ± x)2 6 K#,±
1,1

y6 + ε(y2 + δx)2 7 K#,ε,δ
1,2

y5 ± xy3 + x2 7 K1,±
5,3

y3 + ax2y + 2x3 6 a 6= −3 F a
1,0

y3 + xy2 ± x4 6 F±6
y3 + xy2 ± x5 7 F±7
y3 ± x2y 6 F

′,±
1,0

y3 ± x3y + x4 7 F
′,±
7

y4 + εxy2 + δx3 6 Kε,δ
4,3

y5 + xy2 ± x2 6 K±
5,2

y5 + xy2 ± x3 7 K±
5,3

y4 + εxy2 + δx4 7 Kε,δ
4,4

y4 + xy3 ± x2y 7 K2,±
4,2

2 y2
1y2 ± y3

2 + xy1 + axy2 6 a2 ± 1 6= 0 D±,a
4,1

y2
1y2 + εy3

2 + δxy2 + xy2
1 6 Dε,δ

4,2

y2
1y2 + εy3

2 + δxy2 + xy3
1 7 Dε,δ

4,3

y2
1y2 + εy3

2 + δxy2
2 + x2 7 D2,ε,δ

4

y2
1y2 + y4

2 + xy1 ± xy2 6 D±
5,1

y2
1y2 + y4

2 + εxy2
1 + δxy2 7 Dε,δ

5,2

y2
1y2 + y4

2 + xy1 ± xy2
2 7 D1,±

5

y2
1y2 + εy5

2 + xy1 + δxy2 7 Dε,δ
6,1

y3
1 + y4

2 ± xy1 + xy2 7 E±
6,0

where ε = ±1, δ = ±1.
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r = 2
k Normal form codim Conditions Notation
0 x2

1 + ax1x2 ± x2
2 4 a2 6= ±4 B±,a

2,2

(x1 + εx2)2 + δxn
2 n + 1 n = 3, · · · , 6 Bε,δ

2,2,n

xn
1 + εx1x2 + δxm

2 n+m−1 n,m≥2, 5≤n+m≤8 Bε,δ
n,m

x2
1 + εx1x

2
2 + δx3

2 5 Bε,δ
2,3′

x2
2 + εx2

1x2 + δx3
1 5 Bε,δ

3,2′

x2
1 ± x3

2 6 B±
2,3,0

x2
2 ± x3

1 6 B±
3,2,0

x2
1 + ax2

1x2 + εx4
2 + δx1x

3
2 7 Bε,δ,a

2,4′

x2
2 + ax1x

2
2 + εx4

1 + δx3
1x2 7 Bε,δ,a

4,2′

x2
1 + εx2

1x2 + δx5
2 7 Bε,δ

2,5′

x2
2 + εx1x

2
2 + δx5

1 7 Bε,δ
5,2′

1 yn
1 + εx1y + δx2y + xm

2 n+m−1 n≥3,m≥2, m+n≤8 Cε,δ
n,m

y3 + εx1y + δx2y
2 + x2

2 5 Cε,δ
3,2,1

y3 + εx2y + δx1y
2 + x2

1 5 Cε,δ
3,2,2

y4+ax2y
2+εx2

2y+x1y+δx2
2 7 Cε,δ,a

4,2,1

y4+ax1y
2+εx2

1y+x2y+δx2
1 7 Cε,δ,a

4,2,2

y5 + εx2y
2 + δx1y + x2

2 7 Cε,δ
5,2,1

y5 + εx1y
2 + δx2y + x2

1 7 Cε,δ
5,2,2

y3+εx2
2y+x2

1+ax1x2+δx2
2 7 a2 6= 4δ Cε,δ,a

3,2′

where ε = ±1, δ = ±1.
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Weber généralisées, Ann. Inst. Fourier, Grenoble, 41:4 (1991), pp. 905–936.

[5] N. H. Duc, Involutive singularities, Kodai Math. J., 17 (1994), pp. 627–635.
[6] K. Jänich, Caustics and catastrophes, Math. Ann., 209 (1974), pp. 161–180.
[7] F. Pham, Singularites des Système Differentiels de Gauss-Manin, Progress in Math. 2,

Birkhauser, 1979.
[8] F. Pham, Déploiements de singularités de systèmes holonomes, C. R. Acad. Sci, Paris, t-289
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