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WEAK SPIN(9)-STRUCTURES ON 16-DIMENSIONAL
RIEMANNIAN MANIFOLDS*

THOMAS FRIEDRICH'

Abstract. The aim of the present paper is the investigation of Spin(9)-structures on 16-
dimensional manifolds from the point of view of topology as well as holonomy theory. First we
construct several examples. Then we study the necessary topological conditions resulting from
the existence of a Spin(9)-reduction of the frame bundle of a 16-dimensional compact manifold
(Stiefel-Whitney and Pontrjagin classes). We compute the homotopy groups m;(X84) of the space
X84 = 80(16)/Spin(9) for i < 14. Next we introduce different geometric types of Spin(9)-structures
and derive the corresponding differential equation for the unique self-dual 8-form Q8 assigned to any
type of Spin(9)-structure. Finally we construct the twistor space of a 16-dimensional manifold with
Spin(9)-structure and study the integrability conditions for its universal almost complex structure
as well as the structure of the holomorphic normal bundle.

1. Introduction. The aim of this paper is to present a weak holonomy concept
associated to the Lie group Spin(9). The spin representation of the group Spin(9)
is real and 16-dimensional. According to Berger’s holonomy theorem, Spin(9) can
occur as the holonomy group of a 16-dimensional Riemannian manifold. However,
D. Alekseevski (see [2]) and R. Brown/ A. Gray (see [6]) proved that any complete
16-dimensional Riemannian manifold whose holonomy group is contained in Spin(9)

is necessarily flat or isometric to the Cayley plane Fy/Spin(9) or its non-compact dual
F;/Spin(9).

In 1971 A. Gray introduced the concept of weak holonomy. He proved that if a
manifold has one of the groups

G =S0(n), SU(n), Spn)-Sp(l), Sp(n)-SO(2), Sp(n), Spin(7)

as weak holonomy group, then its holonomy is in fact already contained in G. Con-
sequently, only 3 groups may admit a weak holonomy concept that is more general
than the traditional holonomy approach (see [14]):

G=U(n), G =Gy in dimension 7, G = Spin(9) in dimension 16.

The first two cases yield a rich geometric structure both as weak and as classical
holonomy groups and have been studied intensively. Manifolds with weak holonomy
group U(n) are called nearly Kéhler (see [13]). A. Gray has investigated them since
1976 (see [15]) and pointed out that they have special properties in dimension 6. This
effect is closely related to the fact that, on a 6-dimensional manifold, the existence of
a nearly Kéhler structure is equivalent to the existence of a real Killing spinor (see
[17]). In 1981 S. Marchiafava (see [21]) characterized 7-dimensional manifolds with
weak holonomy group Ga, and M. Fernandez / A. Gray (see [9]) studied the different
geometric types of Ga-structures systematically. In particular, nearly parallel Go-
structures correspond again to real Killing spinors (see [12]). Only the case of weak
holonomy Spin(9) on 16-dimensional manifolds has been neglected until now.
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We will first define a (topological) Spin(9)-structure on a 16-dimensional manifold
as some 9-dimensional subbundle V? of the bundle of endomorphisms End(7(M1°)).
Locally, there exist nine endomorphisms I, € T'(V?) (1 < a < 9) satisfying the
relations

[e3

I2=1d , I'=1, , I,z=—Igl, fora#p.

From this point of view a Spin(9)-structure is a 16-dimensional analogue of a quater-
nionic structure. It was already noticed in [6] that there exists a Spin(9)-invariant
and self-dual 8-form Q2 on R'6. Although it cannot be used to uniquely character-
ize the structures we are interested in, it will play an important role. We construct
several examples of 16-dimensional manifolds admitting natural topological Spin(9)-
structures. Then we derive necessary conditions for the Stiefel-Whitney and the
Pontrjagin classes of a compact manifold admitting a Spin(9)-reduction of the frame
bundle. For example, the complete intersection of three quadrics in P'*(C) satisfies
all these conditions. Up to now it seems impossible to formulate a necessary and
sufficient criterion for the existence of a Spin(9)-structure. This is mainly due to the
complicated homotopy type of the space X8 = SO(16)/Spin(9). Using recent results
on the homotopy groups m;(SO(n)) outside the stable range (see [20]) we compute
(X3 fori=1,...,14.

In Section 8 we start with the investigation of the geometry of Spin(9)-structures.
For this, we assign to any Spin(9)-reduction a 1-form I' with values in the bundle
A3(V9), ie.,

e A" (M) @ A3 (V).

The space A'(R®) @ A3(R?) decomposes under the action of Spin(9) into 4 irre-
ducible summands. Depending on the algebraic type of I' there are 16 different
geometric types of Spin(9)-structures. One of the components in the splitting of
AL (R'6) ® A3(R?) is the representation A!(R'6) itself. We call the corresponding type
of Spin(9)-structure nearly parallel, i.e., a topological Spin(9)-structure is nearly par-
allel if and only if T is a vector field. We prove that S' x S'® admits a nearly parallel
Spin(9)-structure, thus showing that such structures do exist. Using the fact that
the Spin(9)-representation A7(R6) is multiplicity-free (see [1]), we can prove that
the above introduced 8-form Q¥ of a nearly parallel Spin(9)-structure satisfies the
equations

608 = —504( 1 Q%) |, d0® = —504 % (T 1 Q).

The other geometric types of Spin(9)-structures yield similar differential equations
for dQ8.

In the final part of this paper we sketch the twistor theory for nearly parallel
Spin(9)-structures. For this, we introduce the space 7; of all complex structures in
A2(RY)

9
Ti={T= Y  =xaplady: J*=-Id},

1<a<B<9

which is isomorphic to a complex quadric @ in P¥(C) and on which Spin(9) acts
transitively. Using 7; as a typical fibre we define a twistor space 77 (M) for any
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16-dimensional manifold with a fixed Spin(9)-structure. It has a canonical almost
complex structure as well as an anti-holomorphic involution without fixed points.
From the general theory of twistor spaces (see [4], [22]) we know that the almost
complex structure on 77 (M%) has to satisfy two integrability conditions. The first
one concerns the torsion tensor and turns out to be automatically satisfied in case of a
nearly parallel Spin(9)-structure. Therefore, only the integrability condition involving
the Riemannian curvature Q7 and the derivative DZ(T") has to be fulfilled. As an
example, we show that the twistor space of the Cayley plane Fy/Spin(9) is isomorphic
to

TL(F1/Spin(9)) = Fy/(Spin(2) xz, Spin(7)).

Since Spin(2) xz, Spin(7) is the centralizer of the subgroup Spin(2) in Fy,
T1(F4/Spin(9)) is a generalized flag manifold and therefore a complex projective va-
riety (see [27]). The twistor space 77 (St x S'%) of St x S5 with its invariant nearly
parallel Spin(9)-structure is a complex subvariety of the twistor space of S! x S'°
considered as a conformally flat 16-dimensional Riemannian manifold. Then we de-
scribe the twistor space of the flat manifold R'® as an 8-dimensional holomorphic
vector bundle N over the quadric @), and compute its Chern classes as well as the
space of all holomorphic sections H°(IN) of this bundle. This result allows not only
the description of 77(R'%), but also of the normal bundle N to any fibre inside an
arbitrary twistor space 77 (M!6). It turns out that N admits a 16-dimensional family
of holomorphic sections, i.e., it is possible to reconstruct the given manifold M6 with
a nearly parallel Spin(9)-structure from its twistor space 77 (M16).

The author thanks Ilka Agricola for her helpful comments and Heike Pahlisch for
her competent and efficient IXTEX work.

2. Spin(9)-structures on 16-dimensional manifolds. Let R be the 9-
dimensional Euclidean space and denote by Cg the real Clifford algebra of the negative
definite quadratic form. Cy is generated by the vectors of R?, and the relation

veowtw-v=—2wvw) , v,weR

holds. The spin representation g of the group Spin(9) is a faithful real representation
in the 16-dimensional space Ag of real spinors and is the unique irreducible represen-
tation of the group Spin(9) in dimension 16. Moreover, Spin(9) acts transitively
on the 15-dimensional sphere S(Ag) of all spinors of length one. The representation
Kg is the isotropy representation of the Cayley plane Fy/Spin(9), the unique excep-
tional symmetric space of rank one. Denote by A6 : Spin(16) — SO(16) = SO(Ay)
the universal covering of the orthogonal group SO(16). Spin(9) is a simply con-
nected group and there exists a lift Spin(9) C Spin(16) of the group rgo(Spin(9)).
Since the subgroup Spin(9) C SO(16) contains the element (—Id), the subgroup

—_~

Spin(9) C Spin(16) C Cis has to contain one and only one of the two elements
+e; - ...eq6 of the Clifford algebra Cy of RS,

PROPOSITION 1. The subgroup Spin(9) C Spin(16) contains the element ey - . .. -
e1s, but it does not contain the element —eq - ... - e14.

Proof. We fix the following curve in Spin(9) joining the two elements +1 €
Spin(9):

~v(t) = cos(2t) +sin(2t)vy vy, 0<t< g,
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where v1, . .., vg is an orthonormal basis in R?. Using the explicit formulas for the spin
representation kg (see [11]) we compute the matrix of the endomorphism rg(7y(t)) :
Ag — Ag. ko(7(t)) lifts into Spin(16) via the formula

—_~—

Ko(v(t)) = (cos(t) +sin(t)ey - e3) - ... - (cos(t) + sin(t)eys - e16)

and at ¢ = § we obtain

—_~—

™
H9(7(§)> —€1-€2-... €15 €16-

Let us characterize Spin(9) as a subgroup of SO(16). For this purpose we consider
the complex spin representation A§ and recall that there exists a real structure « :
A — AF that anti-commutes with the Clifford multiplication of vectors by spinors
(see [11]):

d

av-) = —va() , veRYe Ag.
The space Ag of real spinors is the fixed point set of «:
Ao={peAj: a(y) =1}

We introduce a new multiplication of vectors by spinors via the formula

vk =i(v- ).

Since « is a real structure, the x-multiplication is compatible with «

a(vx ) =v*a(y).

In particular, the real spinor space Ag is invariant under the *-multiplication by
vectors. In case we understand the vectors of R as operators on Ag acting by the
x-multiplication, we will denote these vectors by I,.J... € R?. Then we have

(%) IxJ+JxI=21,J), I,JecR".

Any vector I € R? defines a symmetric endomorphism I : Ag — Ag and, conse-
quently, RY is a subspace of the algebra S3(Ag) of all symmetric endomorphisms. For
convenience, we will often omit the x between the vectors I, J,... € R°.

PROPOSITION 2. The group Spin(9) consists of all products (—1)FI 15 ... Iy €
SO(16) where I, Is, ..., I are vectors of length one in RY. Moreover, the subgroup
of SO(Ag) preserving under conjugation the space R® C S3(Ag) coincides with the
group Spin(9), i.e.,

Spin(9) = {g € SO(Ag) : gR%™ =R},

Proof. Consider the subgroup H = {g € SO(Ag) : gR%~! = R%}. Then we have

Spin(9) C H C SO(Ay).
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On the other hand, Spin(9) is a maximal nontrivial compact subgroup of SO(16) (see
[6]). Consequently, we conclude Spin(9) = H. 0

Let us consider a 16-dimensional oriented Riemannian manifold M® and denote
by F(M?**®) its frame bundle with structure group SO(16).

DEFINITION. A Spin(9)-structure is a reduction R C F(M?') of the SO(16)-
bundle F(M?*®) via the homomorphism kg : Spin(9) — SO(16).

A Spin(9)-structure defines certain other geometric structures. In particular, it
induces a spin structure on M6 as well as a 9-dimensional real, oriented Euclidean
vector bundle V? with spinor structure:

V9 =R XSpm(Q) Rg.

The tangent bundle 7'(M'9) is isomorphic to the bundle Ag(V?) of real spinors of the
vector bundle V? and, therefore, we obtain a x-multiplication of elements of V? by
vectors in T(M1°). Conversely, a spin structure of M, a real vector bundle V¥ and
a x-multiplication define a Spin(9)-structure on M (see Proposition 2). Locally a
Spin(9)-structure is a collection of 9 symmetric involutions I, (1 < o < 9) acting
on the tangent bundle such that the following relations hold:
I2=1d , I'=1, , IJs=—Isl, (a#p).

A Spin(9)-structure in dimension n = 16 is the analogue of a quaternionic structure
on Riemannian manifolds of dimension n = 4k. The symmetric involutions I, ..., Iy
define 2-forms €, 5 on M6 locally by the formula

Qop(X,Y) = g(X, I, 15(Y)) — (I, I5)9(X,Y), X,Y € T(M').

The matrix Q = (Q.3) is an antisymmetric (9 x 9)-matrix of 2-forms. Using the
antisymmetric involutions I,Igl, (o < B < ) we can define in a similar way 2-forms
Yagy. Then

Yapy = —Xgay = Lpya

holds and the 2-forms {Qq3, Xag~} are linearly independent and a local frame in the
bundle A%(M16).

The Spin(9)-representation A®(Ag) = A8(R'®) contains one and only one 8-form
Q8 which is invariant under the Spin(9)-action. This form defines the unique parallel
form on the Cayley plane F,/Spin(9). Since the signature of the Cayley plane is
positive, 2§ must be self-dual, Q0§ = Q5. It induces a canonical 8-form Q8 defined
on a 16-dimensional manifold M with fixed Spin(9)-structure (see [6]).

3. Large subgroups of Spin(9). The group Spin(8) admits an outer automor-
phism of order three (the principle of triality, see [7], [16]). We use this automorphism
to construct certain subgroups of Spin(9) which are all pairwise not conjugate. In
general, for any subgroup H C Spin(9) we will denote by

e Ag(H) the representation of H in the vector space R?;

e Ag(H) the representation of H in the spinor space Ag = R16.
Therefore, we assign to any subgroup H of Spin(9) a pair (Ag(H), Ag(H)) of H-
representations.
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EXAMPLE 1. In case of the standard inclusion Spin(8) C Spin(9) we have
Ag(Spin(8)) = As @ RY | Ag(Spin(8)) = A @ Ay,

where Ag is the standard representation of Spin(8) in R® and AZ are the real spin
representations of Spin(8).

ExaMpPLE 2. The kernel of the 8-dimensional real spin representation /ﬁé" :
Spin(8) — SO(AY) is isomorphic to Zs:

ker(kg) = {1,e1 ... es}.
Consider the diagram
Spin(8) Spin(8) C Spin(9)
Spin(8)/ ker(kg) — SO(AY) C SO(9)

and lift the homomorphism
Spin(8) — Spin(8)/ ker(kg ) — SO(AT)

into the universal covering of SO(AJ). Then we obtain a subgroup Spin*(8) C
Spin(9) isomorphic to Spin(8). In this case we have

Ag(Spin™(8)) = AT @R | Ag(SpinT(8)) = Ay & Ay

Indeed, the representation Ag splits under the action of the group Spin™(8) into two
8-dimensional irreducible representations. Moreover, the element e; -...-eg € Spin(8)
corresponds to the element (—1) € Spin™(8) C Spin(9) and, consequently, e ... - eg
acts on Ag by multiplication by (—1). Therefore, we conclude that

Ag(Spint(8)) = Ag ® Ag.

ExXAMPLE 3. The kernel of the 8-dimensional real spin representation xg :
Spin(8) — SO(Ay) is isomorphic to Zs,
ker(kg) = {1,—e1 ... es}

and a construction similar to example 2 defines a subgroup Spin~(8) C Spin(9)
isomorphic to Spin(8) such that

Ag(Spin~(8)) = Ag @RY | Ag(Spin~(8)) = A @ Af.

EXAMPLE 4. The group Spin(7) has a 7-dimensional real irreducible represen-
tation in R” and an 8-dimensional real irreducible and faithful representation in the
space A7 of real spinors. Lifting these two representations into Spin(9) we obtain two
subgroups Spin(7) and Spina(7) of Spin(9) such that

Ag(Spin(7)) = A @R @ RY | Ag(Spin(7)) = A7 @ Ay,



WEAK SPIN(9)-STRUCTURES 135
Ao(Spina(7)) = A7 ®RY | Ag(Spina(7)) = A7 & A7 R

The subgroup Spin(7) is, in fact, already contained in Spin(8). Consequently, we can
once again apply the automorphism of the triality principle and obtain a total of 3
subgroups of Spin(9), which we will denote by Spin™(7), Spin=(7), Spina (7).

ExaMPLE 5. We intersect the subgroup Spin(9) C SO(16) with the subgroup
U(8) C SO(16). It turns out that Spin(9) N U(8) is isomorphic to the group
Spin(2) xz, Spin(7) and

Ag(Spin(9)NUB)) =R*@ A7 , Ag(Spin(9)NU(8)) = R* @ As.

Table 1 summarizes the decomposition of the representations Ag and Ag for all these
subgroups.

H Ay(H) Ag(H)
Spin(8) As ®R? AY @ A7
Spin*(8) A oR! Ay & Ay
Spin~(8) Ag o R! AY & A
Spin(9) N U(8) R @ A, R? ® A;
Spin(7) AR o R! Ar p A
Spina(7) Ar &R A7 A7 OR?
Spin™(7) A dR! A7 d A
Spin=(7) A OR! Ar B A
Go A7dR'@R | A7 A R @R

Table 1: Large subgroups of Spin(9) and the branching of the standard and spin
representation of Spin(9).

Since the subgroup Spina(7) C Spin(9) is the isotropy group of a spinor in Ag, we
have



136 T. FRIEDRICH

PROPOSITION 1. Let M6 be an oriented Riemannian manifold admitting a non-
vanishing vector field. Then M admits a Spin(9)-structure if and only if M*® admits
a Spina (7)-structure. In case M6 admits two independent vector fields, the existence
of a Spin(9)-structure is equivalent to the existence of a Ga-structure.

4. Examples of Spin(9)-structures. A Spin(9)-structure on a 16-dimensional
Riemannian manifold occurs in case the frame bundle admits a reduction to a sub-
group of Spin(9) C SO(16). We describe two cases of a geometric situation of this
type. First, we will construct examples of homogeneous spaces with invariant Spin(9)-
structures. Consider a Lie group G, a subgroup H C G and suppose that the homo-
geneous space G/H is reductive. We decompose the Lie algebra g of G into

g=hdn,

where the subspace n is Ad(H)-invariant. If H is a subgroup of Spin(9) and the
H-representations Ag(H) and Ad : H — SO(n) are equivalent, then the space G/H
admits a homogeneous Spin(9)-structure. Indeed, the frame bundle F(G/H) given
by

f(G/H) =G Xaq SO(U)
admits a H-reduction and the subgroup H is contained in Spin(9). This general

remark yields the following examples of 16-dimensional manifolds with homogeneous
Spin(9)-structures.

EXAMPLE 1. Take G = Fy or Fy and H = Spin(9). Then the symmetric spaces
F,/Spin(9) and Fy/Spin(9) admit homogeneous Spin(9)-structures.

ExaMPLE 2. Consider the subgroup H = Spina(7) C Spin(9). Then we have
Ag(SpinA(7)) =A7BA P R

On the other hand, Spin(9) acts transitively on the sphere S(Ag) = S with
isotropy group Spina(7). The isotropy representation of the homogeneous space
Spin(9)/Spina(7) is isomorphic to A7 & A7. Consequently, the pair of groups

G = S'x Spin(9) , H = Spina(7)

defines a homogeneous Spina (7) C Spin(9)-structure on the manifold G/H = S x
S1s,
ExAMPLE 3. Consider the pair
G=8"x8'"xS0(8) , H=Gy,

where G2 denotes the exceptional Lie group embedded into SO(7) C SO(8). The
isotropy representation of this homogeneous space is isomorphic to R @R @ A7 & A
and coincides with the Ga-representation Ag(Gs). Consequently, the homogeneous
space

G/H = 8" x S* x (80(8)/G)
admits a homogeneous Go C Spin(9)-structure.

ExaMPLE 4. The group H = SU(3) is the isotropy group of a pair of real
spinors in A7 and, henceforth, a subgroup of Spin(7) C Spin(9). Consider the group
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G = S x 81 x S x Spin(7). The isotropy representation of the homogeneous space
G/H is isomorphic to R! & R & R! @ R! & RS @ R® and coincides with the H-
representation Ag(SU(3)). Consequently, the homogeneous space

G/H = 8" x S* x S* x (Spin(7)/SU(3))
admits a homogeneous SU(3) C Spin(9)-structure.

EXAMPLE 5. The pair G = SU(5) , H = SU(3) defines a homogeneous
SU(3) C Spin(9)-structure on

G/H = SU(5)/SU(3).

The second situation in which a Spin(9)-structure occurs in a natural way is the case
where the tangent bundle of M splits in a suitable way.

PROPOSITION 1. Let M'6 be a 16-dimensional oriented Riemannian manifold
and suppose that there exist a 4-dimensional complex vector bundle E* as well as a
complex line bundle L such that

1. ci(EY)Y=0 in H?*(MS;7);
2. the tangent bundle T(M*®) is, as a real vector bundle, isomorphic to the
Whitney sum L ® (E* @® EY).

Then M admits a Spin(9) NU(8) C Spin(9)-structure.

Proof. Since SU(4) is isomorphic to Spin(6), the tangent bundle of M'® admits a
Spin(2) xz, Spin(6) C Spin(9) N U (8)-reduction. The representation Ag(Spin(6)) =
Ag(SU(4)) is then isomorphic to the standard representation of SU(4) in C* @ C*. O

PROPOSITION 2. Let M6 be a 16-dimensional oriented Riemannian spin mani-
fold. Suppose that there exists a 8-dimensional real vector bundle W with Spin(7)-
structure such that the tangent bundle T(M16) is isomorphic to W8 @ W?8. Then M1
admits a Spin(7) C Spin(9)-structure.

Proof. Consider the subgroup H = Spin(7). Then we know already that Ag(H) =
A7 ® A7 holds. a

Let N* be an arbitrary manifold and consider the projection 7 : T(N¥) — N* of
its tangent bundle. The bundle T(T(N*)) is isomorphic to the sum of the induced
bundles 7*(T'(N*)) @ 7*(T(N*)). This isomorphism is not a canonical one, but de-
pends on a fixed linear connection on the manifold N*. Therefore, we obtain the
following

COROLLARY 1. Let N® be an oriented, S-dimensional Riemannian manifold with
a Spin(7)-structure. Then the tangent bundle M'S = T(N®) admits a Spin(7) C
Spin(9)-structure.

COROLLARY 2. Let N® be an S-dimensional Hermitian manifold with first Chern
class divisible by 4. Then the tangent bundle M1® = T(N®) admits a Spin(9)NU(8) C
Spin(9)-structure.

5. Topological conditions. A 16-dimensional compact manifold with Spin(9)-
structure should satisfy certain topological conditions. Some of them have already
been studied in the paper [16] and we will first summarize these results.

THEOREM 1 (see [16]). Let M'® be a compact manifold admitting a Spin(9)-
structure and denote by V° the associated 9-dimensional bundle.
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1. The following Stiefel-Whitney classes of M'® vanish

w1 :w2:W3:w4:UJ5:UJ6:w7:O7

wyg = wig = w11 = w1z = 0.

2. The Stiefel-Whitney classes of M are related to the corresponding classes
of V9 by the formulas

wg(M'%) = wi(V®) + ws(V?)
wia(M') = W2(V?) 4+ wa (V) wg(V?)
wia(M®) = WE(V?) + we (V) ws(V?)
wi5(M'0) = w7 (V) ws(V?)

3. In case H*(M?'5;Z) is 2-torsion free, the Pontrjagin class p1 (M) is divisible
by 4 and the Pontrjagin classes pa(M16) | p3(M©) are divisible by 2.

Since the first seven Stiefel-Whitney classes of M !¢ vanish, the Wu class of M6
reduces to the element wg (M) € H8(M¥;Zs) (see [19]). Consequently, the Stiefel-
Whitney class wg(M1°) is characterized by the condition

P Uy =18 Uwg(M'©) for any y® € H3(M'S; Zy).

COROLLARY 1. Let M*® be a compact manifold admitting a Spin(9)-structure.
Then the quadratic form over Z

H8(M?'S;7)/ Tor x H¥(M*'®;Z)/ Tor — H'S(M'5;7Z)

is an even Z-form if and only if wg(M*®) = 0.

The aim of this part of the paper is to compute the Pontrjagin classes of M6 explicitly
in terms of the corresponding classes of the vector bundle V. Some new integral
conditions are consequences of these formulas.

THEOREM 2. Let M'® be a compact manifold admitting a Spin(9)-structure.
Then the Pontrjagin classes of M and of the bundle V° are related by the following
formulas:

1. pr(M16) = 2p (V?).

2. pa(M'®) = Tp3(V?) — pa(V?).

3. py(M6) = %(m (V9) = 12p1 (V) pa (V) + 16p3(V9)).

4 pa(M1) = 5 (35pH(V®) = 12052 (V2)pa(V?) -+ 400p1 (V) ps (V)

—1664p4(V9)>.

The Euler class e(M*%) and the the fourth L-polynomial of M6 can be expressed by
the Pontrjagin classes of the bundle V?°:

1 1
16 9\ _ 9 9 9\ _ 9
o (M%) = S V) — RV Ia(V) e V) — (V).
16 9y 9 9
o L) = s (3551p1(V ) — 21208 p2(V2) pa (V?)

4116048 p1 (V) p3(V?) — 128(19p2(V?) + 4953p4(V9))).
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The bundle V? is a real vector bundle with spin structure. The general formula
(V) =wi(V?) =0 mod2
yields that p; (V) is divisible by 2. In particular, we obtain the

COROLLARY 2. Let M*'® be a compact manifold admitting a Spin(9)-structure.
Then,

1. p1(M?'9) is divisible by 4. Denote by x the cohomology class py (M) /4.
2. 3(p3(M?'®) — 3zpa(M?'0)) is an integral cohomology class.
3. 12 gt — 45 42 po (M) + 22 gps (M) — py (M) is divisible by 13.
Proof of Theorem 2. Consider the 9-dimensional spin representation
Kg : Spin(9) — SO(Ay)

and fix maximal tori 7%, T® in SO(9) and SO(Ag). We denote by ©; : T* — S (1 <
i <4) and by g : T® — S (1 < a < 8) the coordinates of the maximal tori. Then,
the representation kg has the following weights:

Ml:%(@1+®2+@3+94) , u2:%(®1+@2+®3—@4)
ﬂgZ%(@1+@2—@3+@4) , u4:%(91—@2+@3+94)
u5:%(—@1+@2+®3+®4) , uﬁzé(@1+®2—®3—@4)
,u7=%(@1—@2+@3—@4) , MS:%(—@1+@2+@3—@4)

The first Pontrjagin class p; (M) is given by

8 4
p1 (M%) = Z pe =207 =2p1 (V7).

=1

This calculation proves the first formula of Theorem 2. For the second Pontrjagin
class we obtain

M= Y wii=(e) - Y e = TRt p(v).

1<a<B<8 i=1 1<i<j<4

The formulas 3.) - 5.) can be computed in a similar way, however the calculations
of p3, p4 are much more lengthly. The last formula is a consequence of the first four
formulas and the formula for the L4-polynomial

Ly= (381ps — T1ps p1 — 19p3 + 22pa p? — 3p1),

31527
(see [18], page 25). d

EXAMPLE. Let M6 be a smooth complete intersection of three quadrics in
P1(C). Then the diffeomorphism type is unique and M is a simply-connected mani-
fold (see [24]). Denote by x € H?(P(C);Z) the generator of the second cohomology
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group. The Stiefel-Whitney, Chern and Pontrjagin classes of M6 are well-known (see
[18], page 159):

wi=0 fori#8, wg=a*
cp =6x , e =18x% | c3=32x% |, c4=39x",
5 =30x" |, c=20x5 , ;=0 , cg=15x%,
p1=0 . pp=18x* | p3=60x5 , py=351x5.

The inclusion M6 — P1(C) induces an isomorphism H;(M;Z) — H;(P*(C);Z)
for i < 8 (see [23]). In particular, x € H?(M'5;Z) is a generator of the second
homology group of M6 and x* € H®(M'%;7Z) is not divisible. A calculation of the
Euler class as well as the signature yields the equality

X(M®) 5

o(M6) 3’
In particular, M'0 satisfies all the necessary conditions for the Pontrjagin classes
formulated in Corollary 1 and Corollary 2. Therefore, complete intersections of
three quadrics in P! (C) are candidates of compact 16-dimensional manifolds ad-
mitting Spin(9)-structures. However, a Spin(9)-structure compatible with the com-
plex structure on M6 cannot exist. Indeed, since Spin(9) N U(8) is isomorphic to
Spin(2) xz, Spin(7) and Spin(7) is contained in the subgroup SU(8) C SO(16),
such a structure would define a product decomposition of the complex tangent bun-
dle T(M*®) into T(M'®) = L ® F®, where L is an complex line bundle and F?® is
an 8-dimensional complex vector bundle with vanishing first Chern class, ¢1(F®) = 0.
Then the first Chern class of M6 is divisible by 8, ¢;(M16) = 8¢, (L), a contradiction.

These formulas become much simpler in case p; (M) = 0 vanishes and the scalar
curvature R > 0 is positive.

COROLLARY 3. Let M be a compact 16-dimensional Riemannian manifold with
Spin(9)-structure and suppose that the scalar curvature R > 0 is positive. Moreover,
let p1 (M) =0 be trivial. Then,

1. the signature o(M*®) is given by the formula

01 =5 [ puv) =5 [ mor).

M16 M16

2. in H*(M1%;Q) the formulas po(M®) = — pa(V?), p3(M16) = 2p3(V?) and
pa(M16) = —13py(V?) hold.

3. the equality 13 p3(M16) = 12 p,(M'6) holds.

4. the Euler class is given by e(M'6) = L (p3(V?) —4ps(V?)) = & pa(M'6). In
particular, we obtain e(M') = 3o(M*).
Proof of Corollary 5. M 16 does not admit harmonic spinors, and, consequently,

the A-genus vanishes. Since p; (M%) = 0, the A-genus is a combination of two
characteristic classes only:

A:Apg—FB]M.
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A and B are universal coefficients. In the case of the Cayley plane M1¢ = F, /Spin(9),
we know that

p% =36 y Da= 397
(see [5]). Consequently, the ratio A/B equals f% and, finally, we obtain the equation
39p3 (M%) =36 pa(M'°)

for any manifold M6 under consideration. The signature of M is given by

o019 = [ Lo =~ [ 19507%) + 4953pu(V)

M6 M6
1
- __ - 1 2 M16 4 9
i [ (19B00%) + 4953pu(V°)
M16
=1 (19 o Pa(M'%) 4 4953 py(V ))
M6
| 36 1664 1
_ D2 2227 44053 V9 = _Z VN0
14175 ( 39 ( 128)+ )p“( ) 3/p4( )
M16 M16

6. The homotopy type of the space Spin(16)/Spin(9). A necessary and
sufficient criterion for the existence of a Spin(9)-structure does not seem to be known.
The classifying space of the group Spin(9) is a fibre bundle over the classifying space
of Spin(16) with fibre X8 = Spin(16)/Spin(9). Therefore, the homotopy type of
X?® yields obstructions for the existence of a Spin(9)-structure on a 16-dimensional
real vector bundle. We compute some of the homotopy groups of this space.

THEOREM 1.
1. 7T1(X84) = 7T2(X84) = 7T4(X84) = 7T5(X84) = 7T6(X84) = 7T7(X84) =
7T13(X84):0.

2. 7T3(X84) = Z4 ) 7T12(X84) = 7T14(X84) = ZQ.
8. There is an exact sequence

0 — 7710(X84) — Zg @Zg — Zg — 7T9(X84) — ZQ@ZQ — ZQ — 7T8(X84) — O
4. There is a surjective homomorphism m11(X8*) — Zg.

Using this result as well as the condition for the first Pontrjagin class discussed
before we immediately obtain the following

COROLLARY. Let Y be an 8-dimensional CW -complex. A real, oriented 16-
dimensional vector bundle over Y admits a Spin(9)-structure if and only if its first
Pontrjagin class is divisible by 4.

Proof of the Theorem. We apply the exact sequence of homotopy groups of the
fibration

Spin(9) — Spin(16) — X5,
Since m12(Spin(16)) = m13(Spin(16)) = m14(Spin(16)) = 0, we obtain

ma(X3) = mi3(Spin(9)) = Zs,
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7T13(X84) = 7T12(Spiﬂ(9)) = O,

(see [20]). Next we use the fact that m2(Spin(16)) = m10(Spin(16)) = 0. Then, we
obtain the exact sequence

0 — m2(X3) — m11(Spin(9)) — 711(Spin(16)) — 7T11(X84) — m10(Spin(9)) — 0.

But m11(Spin(9)) = Z @ Za, mo(Spin(9)) = Zg and m11(Spin(16)) = Z  (see
[20]). Consequently, we obtain 72(X®*) = Zy as well as a surjective homomorphism
711 (X®) — Zg. The other statements of the theorem are easy consequences of the
following two facts, which we are going to prove now:

a.) The homomorphism induced by the inclusion kg : Spin(9) — Spin(16)
(ko) : m3(Spin(9)) = Z — Z = m3(Spin(16))

is the multiplication by 4;
b.) The inclusion kg induces an isomorphism

(ko) : m7(Spin(9)) — m7(Spin(16)).

Indeed, consider the subgroup Spin(3) C Spin(9). The homogeneous space
Spin(9)/Spin(3) is the Stiefel manifold V3(R?) and its homotopy groups are well-
known:

m3(Va(R?)) = ma(Va(R?)) = 0.

Therefore, the inclusion induces an isomorphism 73(Spin(3)) — w3(Spin(9)). Since
Ag(Spin(T)) = 2A7, we can calculate Ag(Spin(3)) by restricting the 7-dimensional
spin representation A7 to Spin(3). But this restriction coincides with

A7|Spin(3) = C? @ C?,

where Spin(3) = SU(2) C SO(4) acts on C? in the usual way. Finally, we obtain a.).
The proof of the property b.) is more sophisticated and uses some results of [10].
Consider the subgroup
Spin(7) = Spina(7) C Spin(9).

Since Spin(9) acts transitively on S*® with isotropy group Spina(7), the homomor-
phism

w7 (Spina (7)) — m7(Spin(9))

is an isomorphism. Because of Ag(Spina(7)) = A7 @ A7 @ R! we should study the
map

Spin(7) — SO(A7) ® SO(Ax).

Let i : Spin(7) — Spin(8) be the inclusion and denote by H : Spin(8) — Spin(8)
the triality automorphism. The 7-dimensional spin representation x7 is given by
k7 = H oi. Denote by p : Spin(8) — S7 the projection and fix a generator ay €
m7(Spin(7)) = Z. Moreover, we choose generators e1, es € w7(Spin(8)) = Z & Z such
that
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1.) py(e1) = e is a generator of the group m7(S7);
2.) i#(a7) = €2.

There are elements «, 3,7 € 77(Spin(8)) with the following properties (see [10], page
152-155):

a.) y=a—f
b.) @« =e; +xea, [ =—e +yes, v =2e+(x—y)es where x,y € Z are
integers;

c.) The element y maps into 0 € m7(Spin(9)) via the homomorphism
m7(Spin(8)) — m7(Spin(9));
d.) The triality homomorphism acts on 77 (Spin(8)) via the following formulas:

Let
A C
(3 5)

be the matrix of Hy : m7(Spin(8)) — m7(Spin(8)) with respect to the basis e, es.
Then, condition d.) is equivalent to the system of six equations:

A+zC=1 , —-A4+yC=2 | 24+ (xz—-y)C=-1
B+zD=-y , —-B+4+yD=z—-y , 2B+ (x—y)D=—=z.

We solve this system:

2 _
_1+1319+A  D=_1-4 . AB - B 2B + AB

¢= STvar a2 YT Tivara

and, in particular, we obtain
r—y=C"Y1+2D).
Consequently, we have v = 2e; + C~1(1+2D)es. On the other hand, v = 0
in m7(Spin(9)), and, therefore, we conclude that 2e; = —C~1(1 + 2D)ey holds in
m7(Spin(9)). This implies Hy(ez2) = Cey + Dey = —ey in m7(Spin(9)). This equa-
tion implies that the homomorphism
(k1) : m7(Spin(7)) — w7 (SO(A7)) — m7(Spin(9))
maps the generator a; € m;(Spin(7)) into (—ag), where ag € w7(Spin(9)) is the
generator of 77(Spin(9)). The inclusion Spin(7) — Spin(9) induces the map a; —
2ag. Indeed, the homotopy group
w7 (Spin(9)/Spin(7)) = m7(Va,9) = Zo
is isomorphic to Zs. Finally, we conclude that the map

Spin(7) — SO(A7) & SO(A7) C SO(16)

induces an isomorphism on 7. ]
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7. The decomposition of Spin(9)-representations. Let us once again recall
the notation. An orthonormal basis in R? is denoted by I1,...,Is. Via the modified
Clifford multiplication x (see Section 2) the vectors I, (1 < a < 9) are symmetric
involutions acting on the space Ag = R16:

I2=1d , I}=1, , Iiz=-I31, (a#p).

[e3

The group Spin(9) acts on the space A*(R?) ® Ag of spinor valued k-forms in R?.
The decomposition into irreducible components of this space is well-known (see [25]).
Let us introduce the endomorphisms

O : A*(R%) ® Ag — A*THRY) ® Ay,
05 : AFRY) @ Ag — AF 1R @ Ay,

defined by the formulas

:1
9
@w@np ZI Ju) ® (In*®)

and denote by P, the kernel of the map ©;. In particular, P is the spinor space
Py = Ag and Py is the kernel of the Clifford multiplication A'(R%) ® Ag — Ag. The
decomposition of the spaces A*(R?) ® Ay is given by the formulas (see [25])

A*(R%) @ Ag = > Or_10...00,(P,).

0<r<min(k,9—k)

Moreover, Og_10...00, : P, — ©;_10...00,(P,) is an isomorphism of P, onto
the image. We apply this decomposition in the cases of k =1,2,3:

1. AY(R?) ® Ag splits as a Spin(9)-representation into
A (R?) ® Ag = Og(Po) ® Py = Py ® Py = Ag @ Py;
2. A2(R%) ® Ay splits as a Spin(9)-representation into
A*(R?) © Ag = ©100(Po) @ O1(P1) & Py = Dg & Py & Py;
3. A3(R%) ® Ag splits into
AN R)@Ag=Ag D P, &P @ Ps.
The dimensions of the representations P, are given by:
dim Py =dimAg =16 , dimP, =128, dimP, =432, dimP; = 768.

We decompose now the space A%2(Ag) = A%(R6) = s0(16) as well as A3(Ay) into
irreducible Spin(9)-components. It turns out that only two components occur and
these decompositions can be obtained in an elementary way.

PROPOSITION 1. Under the action of the group Spin(9) the spaces AP(Ag) (p =
2,3) decompose into two irreducible components:

A?(Ag) = A2 (R D A3R?) , A3(Ag) =P @ P,.
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Proof. We define an equivariant injection
A% (R?) — A%(Ay)
by the formula

> taas T Aoy — D aaas TaiTay

1<a;<az<9 1<a;<az<9
Since (In,lo,)* = 13,1}, = layla, = —1Ia,la,, this map has values in the space

A2%(Ay) of all antisymmetric endomorphisms of Ag. In a similar way we can define an
injection A3(R?) — A%(Ag) and, consequently, we have decomposed A%(Ag). A%(Ay)
is the surjective image of the space

Ag @ A%(Ag) = Ag @ A%(R%) @ Ag ® A*(R?) = 2Py © 2P, @ 2P, @ Ps.
Therefore, A%(Ag) is a combination
A3(Ag)=A-Py+B-P,+C-P,+D-P3

where the integers A, B,C' < 2 are bounded by two. Inserting the dimensions of
the representations we immediately obtain that (A, B,C, D) = (0,1,1,0) is the only
possible solution. 0

The decomposition of the Spin(9)-representations AP(Ag) for p > 4 is much more
complicated and has been computed by I. Agricola (see [1]). We will use this result
in the next section in an essential way.

THEOREM 1 (see [1]). The Spin(9)-representations AP(Ag) are multiplicity-free.

In particular, the representation A7(Ag) decomposes into

A7(Ag):A9€BP1+P2+P3+....

COROLLARY 1. Let L: Ag — A"(Ag) be a linear Spin(9)-equivariant map. Then
there exists a constant C such that

L(X) = C(X 195)
holds for any X € Ag, where Q8 € A®(Ag) is the unique Spin(9)-invariant 8-form on
Ag.

If the 16-dimensional manifold M admits a Spin(9)-structure R C F (M)
with associated real vector bundle V?, we will denote by P,.(V?) the associated vector
bundles

PT(VQ) =R X Spin(9) P;.
The following bundle isomorphisms are consequences of the decompositions of the
Spin(9)-representations.

PROPOSITION 2: Let M6 be a 16-dimensional Riemannian manifold with a fived
Spin(9)-structure. The following bundles are isomorphic:

1. AY (M) @ AL(V9) = AL (M) @ P (V?);
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2 AL(MI0) @ A2(V9) = AL(M') & Py (V0) & Po(V?);

9. A (M) @ AV = A (M%) & Pr(V?) & Pa(V?) © Ps(V?) ;
4o A2(M10) = A2(V9) @ A3(V?);

5. A3(M1'0) = Py(V) & Pa(V?)

In a similar way we can study the 16-dimensional spin representations Ali6 as

Spin(9)-representations. The element e; - ...e16 belongs to the subgroup Spin(9) C
Spin(16) and acts on Ali(; by multiplication by (£1). Consequently, Afg is a SO(9)-
representation, but Aj; is a Spin(9)-representation. Both representations do not
contain non-trivial elements that are invariant under the Spin(9)-action. Indeed, a
Spin(9)-invariant element in AliG would define a parallel spinor on the Cayley plane
F,/Spin(9). Since the Ricci tensor of this space is not zero, the spinor must vanish.
Using these properties of the Spin(9)-representations Aliﬁ it is not hard to check that:

1. Af; is, as a Spin(9)-representation, isomorphic to S3(R?) @ A%(R?), where
S2 denotes the space of traceless symmetric 2-tensors on R?.
2. Alg is the unique irreducible Spin(9)-representation of dimension 128.

This discussion yields the

PROPOSITION 3. Let M6 be a 16-dimensional Riemannian manifold with a fized
Spin(9)-structure. Then the spinor bundle ST (M) of M is isomorphic to

SH(M'Y) = S2(V) @ A3(V?).

8. The geometry of Spin(9)-structures. In this section we introduce the 16
different types of weak geometric Spin(9)-structures. For this purpose, we will briefly
recall how the different geometric classes of weak Ga-structures arise (weak geometric
U(n)-structures can be treated in a completely similar way). Then we reformulate
this scheme in a purely bundle theoretic way and use this approach to motivate the
geometric types of weak Spin(9)-structures.

So, consider a 7-dimensional Riemannian manifold (M7, g) and a 3-form w? of
general type. This form defines a G-reduction R of its frame bundle F(M7). Fur-
thermore, its covariant derivative Vw? is a section in the bundle T*(M7) @ A3(M7)
with special symmetry properties. Under the Gs-action, this space splits into 4 irre-
ducible components, thus leading to 16 different geometric types of weak Ga-structures
(see [9]). Now we change the point of view. Denote by Z : T(F(M")) — s0(7) the
Levi-Civita connection of M7. We decompose the Lie algebra into

50(7) =02 D m,

when m = R7 is the orthogonal complement of g, inside s0(7). The representation
of Gy on m is just the 7-dimensional standard representation of Gs. Given a Go-
structure defined by a subbundle R C F(M7), we restrict Z onto R and decompose
it:

Thus Z* : T(R) — g5 is a connection in the Ga-principal fibre bundle R and I is a
1-form on M7 with values in the associated vector bundle

R xg,m=TR xg, RT =T(M").



WEAK SPIN(9)-STRUCTURES 147

Denote by ps the representation of SO(7) on A3(R”). Then the covariant derivative
Vw? is given by

Vw? = p3(T)(w?).
Consider now the Gs-equivariant map
RT@RT - RT®@A3R?), X®Y — X® (p3(Y)wd).

The crucial point is that this map is injective. Consequently, the Ga-type of Vw? is
uniquely determined by the Ga-type of I' € ALY(M7) @ T(M7). Since R” ® R splits
again into 4 summands, we reobtain the previous 16 classes of weak geometric G-
structures, and may view this as an alternative, but completely equivalent definition of
these structures. The advantage of this approach is that the form w? does not appear
any more in the definition and can thus be used, in our situation, for defining weak
Spin(9)-structures in 16 dimensions. Let (M6, g) be an oriented, 16-dimensional
Riemannian manifold and fix some Spin(9)-structure R C F(M6). We decompose
the Lie algebra s0(16) into

50(16) = spin(9) & m.

Using the symmetric operators I, : R — R!® we know that IoIg and I,Igl,
(a < 8 < 7) are antisymmetric. The Lie algebra spin(9) is spanned by the elements
1,15 € A?(R16) and the operators 1,13l form a basis of the orthogonal complement
m:

spin(9) = Lin(I,Ig: a < f)
m=Lin(I,Igl,: a<pf<7).

The Spin(9)-representation Ad in the complement m is equivalent to the representa-
tion A%(R?). The Levi-Civita connection of the Riemannian manifold is a 1-form on
F (M)

Z : T(F(M')) — s0(16)

with values in s0(16). We restrict the connection form to the Spin(9)-structure and
decompose it with respect to the decomposition of the Lie algebra so(16) into

Zir =2 ®T.

Then, Z* is a connection in the principal Spin(9)-fibre bundle R, and T is a tensorial
1-form of type Ad. Therefore, I is a 1-form defined on M6 with values in the
associated bundle

R X Spin(9) M = R X Spin(9) AS(RQ) = AB(VQ)

In case I' = 0, the Riemannian manifold has a holonomy group contained in Spin(9)
and a classical result of Alekseevski/Brown/Gray (see [2], [6]) states that M6 is either
flat or isometric to one of the symmetric spaces Fy/Spin(9) or Fy/Spin(9). On the
other hand, A1 (M16)®A3(V?) splits into 4 subbundles (see Section 7). From this point
of view we obtain 16 classes of ”weak Spin(9)-structures” depending on the algebraic
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type of I'. In this paper we will only study one class of these Spin(9)-structures. The
splitting

AYM) @ A3(VO) = AL (M) @ PL (V) & Po(VO) @ Ps(V?)

is the background for the following

DEFINITION. A Spin(9)-structure on a 16-dimensional Riemannian manifold is
called nearly parallel if T is a vector field.

The inclusion A'(M') c AY(M16) @ A3(V?) c AN (M) ® A%(M19) is given by
the formula

r—6 >  LIgl(D)® (lsl,)
1<a<fB<y<9

and, therefore, in case of a nearly parallel Spin(9)-structure this sum coincides with
the difference Z — Z* of the two connections. Since the Levi-Civita connection is a
torsion free connection, we obtain the following formula for the torsion tensor 7™ of
the connection Z*

TXY)=6 Y A L Ia L ()T L(Y) = (D L Ts L, (V) LaTs1 (X) }.
1<a<fB<y<9

X,Y € T(M?*) are vectors tangent to M16. In particular, we have
¢(T*(X,¥),T) = 0.

Fix a local section (eg,...,e15) in the reduction R C F(M1'%) and denote by

o', ...,0' the dual frame. Then the 1-form

Yoo LIpl(T) ® (Iudsly)

1<a<f<y<9

with values in A%(M1°) is given by the (16 x 16)-matrix (I' = ey):
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0 2515 | 9514 | 9,13 9,12 2011 [ 0510 _559 | 58 g &6 o9 _o4 _o3 o2 7ol
_2515 0 2513 | o514 | o511 o512 269 |—2510| 57 o8 ) o6 o3 o4 ol 702
2014 7013 0 72015 2010 7209 2012 72011 706 05 708 07 702 al 704 703
2513 2514 2015 0 —209 | 2010|2511 | _2,12| _;5 —o6 —o7 —o8 ol o2 3 704
_2512] 9511 | _5510| 5,9 0 _2515| 9514 | _o513| 4 -1 o2 ol _ o8 o7 _ o6 76°
72011 72012 209 2010 2015 ) 72013 72014 03 04 771 702 707 708 05 706
2010 | _269 | _2512| 2511 | _2514| 513 0 —2015| 2 ol ot —o3 P —o® —o8 707
2059 2510 2511 2512 20513 2514 2515 0 ol o2 o3 o4 o5 o6 o7 758

o8 4 o6 -} g _o3 o2 ol 0 0 0 0 0 0 0 409

o7 o8 .} o6 o3 o4 _ol _ o2 0 0 0 0 0 0 0 40510
-6 | &5 o8 o7 | =02 | ot | —ot | =03 | o 0 0 0 0 0 0 |4011
) ) —o7 o8 ol o2 o3 _o4 ) 0 0 0 0 ) 0 4012

ot _ o3 o2 _ol o8 o7 _ o6 g} 0 0 0 0 0 0 0 4013
o3 ot | —ol | =02 | =67 | o8 o | =8 | o 0 0 0 0 0 0 |40t4
o2 o1 o4 — o3 o6 -1 o8 —o7 0 0 0 0 0 0 0 4515
7701 7702 7703 7704 7705 7706 7707 7708 7409 74010 74011 74012 74013 74014 74015 0

Let us explain the representation of the endomorphisms I, we used here. Denote
by E;; € s0(8) the standard basis of the Lie algebra so(8) and consider the real
representation of the 7-dimensional Clifford algebra (see [3]):

er= FEis+ For — E36 — Eus
ey = —F17 + Fas + E35 — Eyg
e3 = —FEi6 + Eos — E3s + Euy
eq = —E15 — Fog — E37 — Eis
es = —F13 — Fay + E57 + Egs
E1y — B3 — Ess + Eer
er = FEip— Ezy — Ese + Ers

€6

A representation of the matrices I, ..., Iy in RS is, for example, given by

0 —en (0 E [ E 0
(ea 0 ) 1§O[S7 ) IS<E 0) ) IQ(() _E>7

where F is the identity on R8. A computer calculation immediately yields the formula
for the (16 x 16)-matrix.

1,

ExXAMPLE. The manifold M'¢ = §15 x S! admits a homogeneous, nearly parallel
Spin(9)-structure such that 0 # I' € A (M), Indeed, M6 is a homogeneous space

M = (Spin(9)/Spina (7)) x S = (SO(16)/S0(15)) x S*.
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The frame bundle F (M%) admits the SO(15)-reduction Fo(M*®) = SO(16) x St C
F(M?*6). Denote by © the Maurer-Cartan form of the Lie group SO(16). The Levi-
Civita connection of M16 is given by the 1-form

VA4 = Prso(15) (@) : T(SO(16) X Sl) — 50(15),
where we decompose 50(16) into so(15) and its orthogonal complement
50(16) = s0(15) & n

and project onto 0(15). On the other hand, we have the commutative diagram

Spin(9) — SO(16)

]

Spina(7) —— SO(15).

F(M*%) admits the Spina (7)-reduction R = Spin(9)x St. We restrict the Levi-Civita
connection to R and decompose it with respect to the orthogonal decomposition

50(16) = spin(9) @ m.
Finally, let us decompose the Lie algebra
spin(9) = spiny (7) & L.
Using the Spina(7)-reduction R the 1-form I is given by the formula
[:T(R)—m , I'=prmoprsoaus)(O).

The map prm o prso(is) : 5pin(9) — m vanishes on the subspace spin, (7) and, con-
sequently, it is a Spina (7)-equivariant map ¢ — m. We compute the formula for T.
Consider an element W in the Lie algebra spin(9),

W = Z Xaglalﬁ

1<a<B<9
and let us introduce pt, ..., u'® given by
pt = 2x19 . =2xg9 ; pd = —2x39 pt = —2x49
B’ =—2xg9 18 = 2xs9 ; pn=2x79 1P = —2xsg9,
1 =2x18 + 2X97 + 2x35 — 2X46 pt0 = —2x7 + 2x98 + 2x36 + 2Xy45
ptt = 2x15 + 2x96 — 2x38 + 2x47 p'? = —2x16 + 2Xa95 — 2X37 — 2X48
pt? = 2x14 — 2X03 — 2X57 — 2Xes pMt = 2x13 + 2X04 + 2X58 — 2X67

/L15 = 2X19 — 2X34 — 2X56 + 2X75.

Then a direct calculation yields that T'(WW) is given by the same (16 x 16)-matrix as

the endomorphism > LIzl (e16) @ In1gl, if we replace the form o by u'.
1<a<f<y<9

Consequently, the Spin(9)-structure on S x S'° is nearly parallel and the vector field

r= % is the unit vector field tangent to S*. O
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We derive now a differential equation for the canonical 8-form 02 of a nearly
parallel Spin(9)-structure. This equation - in contrast to the case of weak Ga-
structures (see [9]) or weak Spin(7)-structures (see [8]) - does not completely charac-
terize the nearly parallel Spin(9)-structures. We will contract the covariant derivative
VQ8 € T(AY(M16) @ A8(M1)) once in order to obtain an equation for 605,

THEOREM 1. Let R C F(M1'®) be a nearly parallel Spin(9)-structure on M?*®

with vector field T. Then the canonical form Q¥ satisfies the equations

608 = —504( Q%) |, dQ® = —504% (I' | QF).

Proof. The 8-form Q8 is defined by a Spin(9)-invariant form in A®(Ag) = A8(R!6).
Therefore, 28 is parallel with respect to the connection Z*,

vV*Q8 = 0.

The covariant derivative with respect to the Levi-Civita connection is now given by
the formula

V=6 > LIILT) @ ps(Talsl,)Q®,
1<a<pB<y<9

where pg : 50(16) — s0(A%(R'®)) is the differential of the representation of the group
SO(16) in A3(RY). Contracting this equation we obtain that

008 =—6 Y LIgLa(T) J(ps(Lalsl,)02%)
1<a<fB<vy<9

is defined by a linear, Spin(9)-equivariant map of RS = Ag into A7(Ag) = A7 (R).
Using Theorem 1 of Section 7 we conclude that there exists a constant C' such that

508 = (I 4 08)

holds. Taking into account the explicit formula for pg we obtain C = —504. O

REMARK. A second natural class of Spin(9)-structures occurs if T' belongs to
the subbundle P;(V?) @ P2(V?) C AN (M16) @ A3(V?). According to Proposition 2
of Section 7 I is a pair of 3-forms I' =Ty + Ty € P1(V?) & Po(V?) = A3(M16). A
Spin(9)-structure of this type is called a nearly 3-parallel Spin(9)-structure. Let us
derive the corresponding differential equation for dQ®. Remark that there are two
non-trivial Spin(9)-equivariant linear maps of A3(Ag) into A%(Ag):

16
Uy (D) = Z(ei AT) A (e 19Q%)
16
Uy (T) = *( Z (ei Je; IT) A (e Jej | QS)).
ij=1

Here x denotes the Hodge operator acting on forms in sixteen variables. Since
A%(Ag) ~ A7(Ay) is a multiplicity-free Spin(9)-representation and the representa-
tion A3(Ag) = P1(R?) @ Po(R?) splits into two irreducible components, any Spin(9)-
equivariant map A%(Ag) — A?(Ag) is a linear combination of ¥; and W,. The
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parameters depend on the fixed isomorphism P;(R?) @ Py(R?) = A3(Ag) and they
can be normalized to one. Therefore, we obtain two differential equations depending
on the algebraic type of the 3-form I':

16
s = Z(e, i F) A (62‘ i Qg)

i=1
16

dQS:*( Z(ei_\ej_]F)/\(eiinjJQS)).

2,j=1

9. The twistor space of a Spin(9)-structure. Let C be the space of all com-
plex structures J compatible with the metric and acting on R'6 = Ag:

J?=-1d , JJ*=1Id.

We consider the intersection of C with the space A?(R?) = spin(9):

Z:COAQ(Rg):{j: S xaplals: j2:—ld}.

1<a<B<9

PROPOSITION 1. The group Spin(9) acts transitively on 1. The isotropy group
of the operator 1115 € Ty is isomorphic to

Spin(9) NU(8) = Spin(2) xz, Spin(7).
Proof. The normal form of a 2-form is
j = a[1[2 + bIgI4 + CIE)IG + d[7[8.

The condition J2 = —Id yields the equations

(a+b+c—d?=1 (a+b+c+d?=1
(a+b—c+d?=1 (a+b—c—d?*=1
(a—b+ct+d?=1 (a—bt+c—d?=1

(—a+b4+c+d?=1 (—a+b+c—d)?=1.

The solutions of these equations are the 4-tuples (1,0, 0,0), (0,+1,0,0), (0,0, £1,0)
and (0,0,0,+1). Therefore, Spin(9) acts transitively on 7;. |

COROLLARY. The space 11 is a complex manifold isomorphic to the quadric Q in
P8(C) defined by the equation 23 + ...+ 22 = 0:

T, = Spin(9)/Spin(2) xz, Spin(7) = Q.
DEFINITION. Let (M6, g) be an oriented, 16-dimensional Riemannian manifold

with a fized Spin(9)-structure R C F(M?Y). We define the twistor space T, (M1%) as
the associated bundle

T.(M') = R Xspino) T
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The general twistor construction (see [4], [22]) yields a natural almost complex
structure J on the twistor space 7;(M16). J depends on the restriction Z* of the
Levi-Civita connection Z. There are two types of integrability conditions for 7. The
first type is an algebraic condition for the torsion tensor 7™ of the connection Z*.
The identity

(%) ™JX,JY)-J1r(JX,Y)-Jr(X,Jy)-T*(X,Y)=0
should be satisfied for any operator 7 € C N A%(V?) and any pair of vectors X, Y.

PROPOSITION 2. Let R C F(M?') be a nearly parallel Spin(9)-structure on
a 16-dimensional Riemannian manifold. Then the torsion tensor T* satisfies the
integrability condition (*).

Proof. A direct calculation using the explicit formula of the torsion tensor 7% in

case I is a vector yields the result. ]

The second integrability condition is an identity for the curvature R* of the con-
nection Z*:

(o) [RYITX,TY),TI=JR(TX,Y), T|=T[R"(X, T X), T]-[R"(X,Y),T| = 0

for any pair of vectors X,Y and for any operator J € C N A?(V?). The relation
Z = Z* 4T yields the following formula for the curvature forms Q4" and Q7 of the
connections Z* and Z:

. 1
0% =0? - D) + 5[r,r].

Here DZ(T") = dI' + [Z,T] denotes the derivative of the 1-form I' with respect to the
Levi-Civita connection.

PROPOSITION 3. Let R C F(M1'Y) be a nearly parallel Spin(9)-structure on a

16-dimensional Riemannian manifold. Then the 2-form [I',T] satisfies the condition
(%%) for any J € CNA%(V?).

Proof. A direct calculation yields the result. ]
Let us introduce a 2-form W with values in the bundle of endomorphisms of
T(M19)
W =07 - DZ(I).
Then we obtain the following

Theorem 1. The twistor space T, (M) of a 16-dimensional Riemannian manifold
with nearly parallel Spin(9)-structure is a complex manifold if and only if the tensor
field W = Q% — DZ(T") satisfies the equation

W(IX,TY),J| - ITW(ITX.Y),J| - TW(X,JY),J] - W(X,Y),J]=0
for any point J € Ti(M16) of the twistor space.

We formulated the integrability condition for the almost complex structure of
T1 (M) viewing the tensor W = QZ — DZ(T") as a (2,0)-tensor with values in the
bundle of antisymmetric endomorphisms of T(M*). Remark that W does not sat-
isfy the first and second Bianchi identity in general. We can understand W as an
endomorphism acting on the bundle of 2-forms,

W2 A2(M) — A2(M1S).
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In this case the integrability condition is equivalent to the condition
Ls(W(T*w?)) = T (W(Lgw?)) + W(Lgw?) = Lg(W(w?)) =0,

where we define, for any 2-form w? € A?(M!%) and any complex structure J €
T1(M19), the 2-forms J*(w?) and L 7(w?) by the formulas:

(T (X,)Y) = (T X, TY)
(LrwH)(X,Y) =*(JX,Y) + (X, TJY).

Since J is an antisymmetric complex structure, we have the following relations on
2-forms:

T(Lqgw?) = LAT'W) = ~Law® (TP =,
The Spin(9)-structure yields a splitting of the bundle of 2-forms:
AQ(Mlﬁ) _ A2(V9) D A3(V9).

It turns out that, for J € 7; (M%), the operators J* and L7 preserve this splitting.
Let us thus write the endomorphism W : A2(M10) — A?(M16) as a (2 x 2)-matrix

Was Wis
W= ,
( Way Wis )

where Wop : A*(V?) — AP(V®) (a,3 = 2,3) is a bundle morphism. Then the
integrability condition splits into 4 conditions, too:

Lg(Wap(T"w?) = T (Wap(Lgw?)) + Wap(Lgw?) = Lg(Wap(w?)) = 0.

We can analyze these conditions in the usual way (see for example [22]) using
representation theory. However, since W does not satisfy the first Bianchi identity, the
discussion becomes more complicated. We will not provide this discussion in details,
but let us investigate the condition for Wso for example. The complex structure
J € CNA2(RY) = 7; is an element of the Lie algebra spin(9) as well as of the group
Spin(9). In case the two form w? belongs to A%2(VY), we have

Ly(W?)=—[T,w? , T =AdT)(*).
Therefore Was : spin(9) — spin(9) is a linear map satisfying the condition
[T Waz(Ad(T)w?)] = Ad(T)(Was ([T, w?]) + Wa ([T, w?]) — [T, Waz(w?)] = 0

for any w? € A?(V?) and any J € C N spin(9). The adjoint action of the complex
structure J on a 2-form w? can be expressed by the commutator

Ad(T)? = + 517,172,

Indeed, we have

[T,1T,w?]] = T(Jw? — w2 T) — (Jw? — > T)T
= —20? + 2JWAT* = —2w* + Ad(T)w?.
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Using this formula, the integrability condition for W55 becomes much simpler:

[ij?Q([Jv [va2]])] = [j’ [\77 WQQ([jvw2])H'

Fix a complex structure J € 77 and decompose the Lie algebra spin(9) into the
stabilizer of J

by = {w? € pin(9) 7,07 =0}

and its orthogonal complement bj This subspace f)j is the tangent space T'7(77) of
the quadric 77 at the point J € 73. Moreover, %ad(J ) defines the complex structure

of 7;. In fact, for any 2-form w? € b }7 the formula
[\77 [jvwzﬂ = 74(“)2

holds. The latter equation defines bJj as a subspace of spin(9):

g = {2 copin(0) 17,17, = ~42}
The quadric 77 is a symmetric space. Therefore, in the decomposition

spin(9) = h, ©h%

the commutator relations

[bja hJ] - bj 5 [hJa hﬁ] C b}7 5 [héa hé] C h]

hold. We remark that for any real number ¢ € R!, any 2-form n?> € A%(R%) and
any 5-form p® € A5(RY) the endomorphism Wag : A2(R%) — A2%(R?) defined by the
formula

ng(wg) =c- w4 [nQ,wQ] + *(/f’ A w2)

satisfies the integrability condition. Indeed, the n?-term can be handled using the
Jacobi identity. Then we obtain (u® = 0)

7. Waa(17.,17,0%)) = 7. Waal(T. )] = [ 7. 177, (7. 0]

The elements [J,w?] and [7,7?] belong to h% and, consequently, [[7,w?], [T, 7?]] is
an element of the Lie algebra h,. The 15-term in the formula of Way satisfies the
integrability condition, too. This is a consequence of the algebraic relations of the
endomorphisms I, (1 < a < 9) and can be checked by a direct calculation. Altogether
we obtain a family of endomorphisms Way satisfying the integrability condition and
depending on

dim A?(R%) 4 dim A®(R%) + 1 = 163

parameters. A representation-theoretic argument shows that we derived the general
formula for the endomorphism Wss. Let us sketch the argument. The tensor product
A?(R%) ® A?(R?) decomposes into six irreducible SO(9)-representations:

A(R?) © A*(R?) = (1) @ SF(A*(RY)) © A*(A*(R?))
= (1) ® {(44) & (126) & (495)} & {(36) & (594)}
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where, for example, (44) denotes the unique irreducible SO(9)-representation of di-
mension 44. We have already proved that the terms (1) = RY, (36) = A%(R?) and
(126) = A5(R?) may occur in the decomposition of Way. Therefore, we have to ex-
clude the representations (44), (495) and (594). A traceless symmetric endomorphism
L : R% — R? induces by

Lrw?(a,f) = w*(La, §) + w?(a, LP)

a linear map Lz, : A?(R%) — A%(R?) and this formula realizes the irreducible represen-
tation (44) = S2(R?) in A%2(R?) ® A%(R?). Consider, in particular, the endomorphism
Lo € S3(R?) defined by the formulas

Lo(I1) :IQ 5 L()(IQ) :Il s LO(Ia) =0 for 3§O¢§9

as well as the complex structure Jy = I1I5 and the 2-form wg = I; AN I5. A direct
computation yields the result

[0, L1, ([T0, [Jos w3 = =801z, [Jos[Jo, L1, ([To, wp))]] = 811 I3
Consequently, the endomorphism Was is orthogonal to the representation (44). Let
us summarize the previous discussion:

THEOREM 2. An endomorphism Wag : A2(R?) — A%(R®) satisfies the integrability
condition if and only if there exists a constant ¢ € RY, a 2-form n? € A%2(R°) and a
5-form u® € A5(R?) such that

Was(w?) = ¢+ w? + [n%, w?] + *(u° A w?)

holds.

In a similar way one can discuss the possible type of the endomorphisms Was, Wsq
and W33.

The twistor space 71 (M) is a fibration over M'® and the fibres are complex
submanifolds analytically isomorphic to the quadric 7; = @ in P¥(C). The group
Iso(M*'®;R) of all isometries of M6 preserving the Spin(9)-structure R C F(M1°)
acts on the twistor space as a group of holomorphic transformations.

ExaMPLE 1. (The twistor space of the Cayley plane) The Cayley plane
F,/Spin(9) is a symmetric space and the Riemannian connection reduces to the
Spin(9)-structure. The twistor space

T1(Fy/Spin(9)) = F4/(Spin(2) xz, Spin(7))

is a 15-dimensional complex manifold. The exceptional group Fj acts transitively
on the twistor space as a group of holomorphic transformations. Consider the torus
T, = Spin(2). Its centralizers in Spin(9) and in F, coincide:

Cspin(9)(T1) = Cr, (T1) = Spin(2) xz, Spin(7).

Consequently, the twistor space 77 (Fy/Spin(9)) of the Cayley plane is a generalized
flag manifold and, henceforth, a projective variety (see [27]).

EXAMPLE 2. (The twistor space of S! x S1%) St x S5 admits a nearly parallel
Spin(9)-structure with the parallel vector field I' = % tangent to S'. Therefore, the
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tensor field W coincides with the curvature tensor R of the space form S'°. Using
the well-known formula

R(X,Y)Z = (Y, Z)X — (X, Z)Y

we immediately see that the integrability condition of Theorem 1 holds, i.e.
T1(S! x §1%) is a complex manifold. Since the first Betti number is odd, 7; (S* x S*5)
does not admit a Kahler metric. In particular, this complex manifold is not algebraic
projective.

EXAMPLE 3. (The twistor space of R6) Since R'C is flat, the parallel displace-
ment along lines through a fixed point 0 € R'6 defines a holomorphic projection of
the twistor space 7;(R'%) onto one fibre Q. Consequently, 7;(R'%) is analytically
isomorphic to an 8-dimensional holomorphic vector bundle N over ). Let us describe
the bundle N. Consider the trivial real vector bundle

N =Q xR
and introduce a complex structure on N by the formula
i(J,%):=(J,Tx)
for 7 € Q = 77 and x € R®. The group Spin(9) acts on the bundle N by
9-(J.%) = (9Tg", 9%)
and, therefore, N is a homogeneous vector bundle over the space
T, = Spin(9)/Spin(2)xz,Spin(7) , N = Spin(Q)XSpm(g)XZQSpm(7)R16.

As usual, the bundle N is the associated bundle to the representation of the group
Spin(2)xz, Spin(7) = Spin(9) NU(8) in U(8). We decompose the Lie algebra spin(9)

spin(9) = (spin(2) @ spin(7)) & [

where the linear space [ consist of all elements

9 9
Z X1ad1lo + Z Xgﬁfgl—g.
a=3 B=3

We can compute the u(8)-valued curvature form Q¥ of the bundle N using the canon-
ical connection of the symmetric space ). This formula is quite a complicated one.
However, the trace of QY has a simple form:

TT(QN) = —16i(dX13 N dX23 +...+ Xmg A dXQg).

Since the first Chern class ¢1(N) is represented by the form ¢y (N) = —z=Tr(QV),
we obtain a formula for ¢;(N):
16

01<N) = %(Xmg A dX23 +...+ Xmg AN dXQg).

On the other hand, @ is a Ké&hler-Einstein manifold and therefore the first Chern
class ¢1(Q) is proportional to the fundamental form of the Kéhler structure. In this
way we obtain the formula

14

C1 (Q) = %(dxlg Adxoz + ...+ dxi9 A ngg)
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and, finally, we have the relation

8

a(N) = 2 a(Q).

Let x € H?(IP®(C); Z) be the generator of the second cohomology group of P¥(C). The
Chern classes ¢;(Q) of the quadric Q@ C P®(C) can be described by the powers of the
element x:
a(@Q=7x , Q) =22x> , 3(Q)=40x3
ca(Q) =46x* | 5(Q)=34x" | 5(Q)=16x" |, ¢(Q)=4x"

(see [18]). Consequently, we obtain the formula
c1(N) =8x.
The real vector bundle N is trivial and its first Pontrjagin class p;(N) vanishes:
0=p1(N) =2¢a(N) — G (N).

Therefore, the second Chern class co(N) is proportional to ¢?(N):
1
c2(N) = 3 c(N) = 32x°.

We describe the space H"(N) of all holomorphic sections of the bundle N over Q. Any
fixed vector y € R'® = Ay defines a section S, € I'(Q; N) by the map S, : Spin(9) —
RlG = Aga

Sy(A) = A7 (y).

S, is a holomorphic section and the Spin(9)-action on H°(N) coincides under this
identification with the Spin(9)-action on R'®. In particular, we have computed the
dimension of HO(V):

dim¢ HO(N) = 16,
and H°(N) is the unique irreducible Spin(9)-representation of dimension 16. |

The previous discussion describes not only the twistor space 7; (R16) of the flat space,
but also the normal bundle to any fibre inside an arbitrary twistor space 7; (M16).

THEOREM 3. Let M'6 be a 16-dimensional Riemannian manifold with a nearly
parallel Spin(9)-structure and suppose that the twistor space Ty (M*°) is analytic. The
normal bundle N to any fibre Q C Ty(M?'%) is an 8-dimensional holomorphic vector
bundle over the quadric Q with the following properties:

1
1. er(N) = gcl(Q) —8x (V)= gAd(N) =32x.
2. dime H°(N) = 16.
0

The fibre 77 of the twistor space 7;(M'6) admits an antiholomorphic involution
7. Using the different models for 73 we can define 7 in different ways. The involution
7 : 7Ty — 77 is given by
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In case we identify 77 with the quadric
Q= {[zo A EPg((C):zg—&-...—i—zg:O},

the involution 7 is the conjugation, 7[zp : 21 : ... : 28] =[Z0 : Z1 : ... : Zs]. Finally, in
case T = Spin(9)/Spin(2)xz, Spin(7) is considered as the Grafmann manifold G g of
all oriented 2-planes 72 in R?, the involution 7 reverses the orientation, 7(72) = —72.

Since 7 commutes with the Spin(9)-action on 77, it defines an involution
7 T (M) — T (M)

on any twistor space. The map 7 is an antiholomorphic involution without fixed
points. Moreover, 7 acts on the space H°(NNV) of all holomorphic sections of the
normal bundle to a fibre Q C 7;(M16) and the space of real sections can be identified
with the tangent space at the base point to M.

Summarizing, the twistor space 71 (M) of a 16-dimensional manifold with a
(nearly parallel) Spin(9)-structure has the same structure as the twistor space of an
oriented 4-dimensional Riemannian manifold. The difference is the more complicated
topology of the fibre.

REMARK. We defined a twistor space 77 (M%) by using the space 7:C N A%(R?)
of all complex structures that are given by a two-form in A%(R?). There is a second
possibility. Consider the space

T = CNA3RY) = {J = Y yes LIl TP = —Id}

1<a<f<y<9

of all complex structures on R!® defined by a 3-form in A3(R?). Then the group
Spin(9) does not act transitively on 75. For example, I1 IoI3 and %(Ilfg.[g + 11516+
I;1glg) are two elements in 75 with different isotropy groups with respect to the
Spin(9)-action. The complete orbit structure of 73 is very difficult and related to the
classification of all normal forms of 3-forms in 9 variables. For the case of the group
SL(9) acting on R?, the orbit structure of A3(R°) was described in the paper [26].
Anyway, consider a Spin(9)-orbit O* C 7. Then we can introduce the twistor space

7’2(’)* (M16) =R XSpin(Q) O*

and a given Spin(9)-invariant geometric structure on O* induces a similar structure
on the twistor space T,C" .
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