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WEAK SPIN(9)-STRUCTURES ON 16-DIMENSIONAL
RIEMANNIAN MANIFOLDS∗

THOMAS FRIEDRICH†

Abstract. The aim of the present paper is the investigation of Spin(9)-structures on 16-
dimensional manifolds from the point of view of topology as well as holonomy theory. First we
construct several examples. Then we study the necessary topological conditions resulting from
the existence of a Spin(9)-reduction of the frame bundle of a 16-dimensional compact manifold
(Stiefel-Whitney and Pontrjagin classes). We compute the homotopy groups πi(X

84) of the space
X84 = SO(16)/Spin(9) for i ≤ 14. Next we introduce different geometric types of Spin(9)-structures
and derive the corresponding differential equation for the unique self-dual 8-form Ω8 assigned to any
type of Spin(9)-structure. Finally we construct the twistor space of a 16-dimensional manifold with
Spin(9)-structure and study the integrability conditions for its universal almost complex structure
as well as the structure of the holomorphic normal bundle.

1. Introduction. The aim of this paper is to present a weak holonomy concept
associated to the Lie group Spin(9). The spin representation of the group Spin(9)
is real and 16-dimensional. According to Berger’s holonomy theorem, Spin(9) can
occur as the holonomy group of a 16-dimensional Riemannian manifold. However,
D. Alekseevski (see [2]) and R. Brown/ A. Gray (see [6]) proved that any complete
16-dimensional Riemannian manifold whose holonomy group is contained in Spin(9)
is necessarily flat or isometric to the Cayley plane F4/Spin(9) or its non-compact dual
F ∗4 /Spin(9).

In 1971 A. Gray introduced the concept of weak holonomy. He proved that if a
manifold has one of the groups

G = SO(n), SU(n), Sp(n) · Sp(1), Sp(n) · SO(2), Sp(n), Spin(7)

as weak holonomy group, then its holonomy is in fact already contained in G. Con-
sequently, only 3 groups may admit a weak holonomy concept that is more general
than the traditional holonomy approach (see [14]):

G = U(n), G = G2 in dimension 7, G = Spin(9) in dimension 16.

The first two cases yield a rich geometric structure both as weak and as classical
holonomy groups and have been studied intensively. Manifolds with weak holonomy
group U(n) are called nearly Kähler (see [13]). A. Gray has investigated them since
1976 (see [15]) and pointed out that they have special properties in dimension 6. This
effect is closely related to the fact that, on a 6-dimensional manifold, the existence of
a nearly Kähler structure is equivalent to the existence of a real Killing spinor (see
[17]). In 1981 S. Marchiafava (see [21]) characterized 7-dimensional manifolds with
weak holonomy group G2, and M. Fernandez / A. Gray (see [9]) studied the different
geometric types of G2-structures systematically. In particular, nearly parallel G2-
structures correspond again to real Killing spinors (see [12]). Only the case of weak
holonomy Spin(9) on 16-dimensional manifolds has been neglected until now.
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We will first define a (topological) Spin(9)-structure on a 16-dimensional manifold
as some 9-dimensional subbundle V 9 of the bundle of endomorphisms End(T (M16)).
Locally, there exist nine endomorphisms Iα ∈ Γ(V 9) (1 ≤ α ≤ 9) satisfying the
relations

I2
α = Id , I∗α = Iα , IαIβ = −IβIα for α 6= β.

From this point of view a Spin(9)-structure is a 16-dimensional analogue of a quater-
nionic structure. It was already noticed in [6] that there exists a Spin(9)-invariant
and self-dual 8-form Ω8 on R16. Although it cannot be used to uniquely character-
ize the structures we are interested in, it will play an important role. We construct
several examples of 16-dimensional manifolds admitting natural topological Spin(9)-
structures. Then we derive necessary conditions for the Stiefel-Whitney and the
Pontrjagin classes of a compact manifold admitting a Spin(9)-reduction of the frame
bundle. For example, the complete intersection of three quadrics in P11(C) satisfies
all these conditions. Up to now it seems impossible to formulate a necessary and
sufficient criterion for the existence of a Spin(9)-structure. This is mainly due to the
complicated homotopy type of the space X84 = SO(16)/Spin(9). Using recent results
on the homotopy groups πi(SO(n)) outside the stable range (see [20]) we compute
πi(X84) for i = 1, . . . , 14.

In Section 8 we start with the investigation of the geometry of Spin(9)-structures.
For this, we assign to any Spin(9)-reduction a 1-form Γ with values in the bundle
Λ3(V 9), i.e.,

Γ ∈ Λ1(M16)⊗ Λ3(V 9).

The space Λ1(R16) ⊗ Λ3(R9) decomposes under the action of Spin(9) into 4 irre-
ducible summands. Depending on the algebraic type of Γ there are 16 different
geometric types of Spin(9)-structures. One of the components in the splitting of
Λ1(R16)⊗Λ3(R9) is the representation Λ1(R16) itself. We call the corresponding type
of Spin(9)-structure nearly parallel, i.e., a topological Spin(9)-structure is nearly par-
allel if and only if Γ is a vector field. We prove that S1×S15 admits a nearly parallel
Spin(9)-structure, thus showing that such structures do exist. Using the fact that
the Spin(9)-representation Λ7(R16) is multiplicity-free (see [1]), we can prove that
the above introduced 8-form Ω8 of a nearly parallel Spin(9)-structure satisfies the
equations

δΩ8 = −504(Γ |Ω8) , dΩ8 = −504 ? (Γ |Ω8).

The other geometric types of Spin(9)-structures yield similar differential equations
for dΩ8.

In the final part of this paper we sketch the twistor theory for nearly parallel
Spin(9)-structures. For this, we introduce the space T1 of all complex structures in
Λ2(R9)

T1 = {J =
9∑

1≤α<β≤9

xαβIαIβ : J 2 = −Id},

which is isomorphic to a complex quadric Q in P8(C) and on which Spin(9) acts
transitively. Using T1 as a typical fibre we define a twistor space T1(M16) for any
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16-dimensional manifold with a fixed Spin(9)-structure. It has a canonical almost
complex structure as well as an anti-holomorphic involution without fixed points.
From the general theory of twistor spaces (see [4], [22]) we know that the almost
complex structure on T1(M16) has to satisfy two integrability conditions. The first
one concerns the torsion tensor and turns out to be automatically satisfied in case of a
nearly parallel Spin(9)-structure. Therefore, only the integrability condition involving
the Riemannian curvature ΩZ and the derivative DZ(Γ) has to be fulfilled. As an
example, we show that the twistor space of the Cayley plane F4/Spin(9) is isomorphic
to

T1(F4/Spin(9)) = F4/(Spin(2)×Z2 Spin(7)).

Since Spin(2) ×Z2 Spin(7) is the centralizer of the subgroup Spin(2) in F4,
T1(F4/Spin(9)) is a generalized flag manifold and therefore a complex projective va-
riety (see [27]). The twistor space T1(S1 × S15) of S1 × S15 with its invariant nearly
parallel Spin(9)-structure is a complex subvariety of the twistor space of S1 × S15

considered as a conformally flat 16-dimensional Riemannian manifold. Then we de-
scribe the twistor space of the flat manifold R16 as an 8-dimensional holomorphic
vector bundle N over the quadric Q, and compute its Chern classes as well as the
space of all holomorphic sections H0(N) of this bundle. This result allows not only
the description of T1(R16), but also of the normal bundle N to any fibre inside an
arbitrary twistor space T1(M16). It turns out that N admits a 16-dimensional family
of holomorphic sections, i.e., it is possible to reconstruct the given manifold M16 with
a nearly parallel Spin(9)-structure from its twistor space T1(M16).

The author thanks Ilka Agricola for her helpful comments and Heike Pahlisch for
her competent and efficient LATEX work.

2. Spin(9)-structures on 16-dimensional manifolds. Let R9 be the 9-
dimensional Euclidean space and denote by C9 the real Clifford algebra of the negative
definite quadratic form. C9 is generated by the vectors of R9, and the relation

v · w + w · v = −2〈v, w〉 , v, w ∈ R9,

holds. The spin representation κ9 of the group Spin(9) is a faithful real representation
in the 16-dimensional space ∆9 of real spinors and is the unique irreducible represen-
tation of the group Spin(9) in dimension 16. Moreover, Spin(9) acts transitively
on the 15-dimensional sphere S(∆9) of all spinors of length one. The representation
κ9 is the isotropy representation of the Cayley plane F4/Spin(9), the unique excep-
tional symmetric space of rank one. Denote by λ16 : Spin(16) → SO(16) = SO(∆9)
the universal covering of the orthogonal group SO(16). Spin(9) is a simply con-

nected group and there exists a lift ˜Spin(9) ⊂ Spin(16) of the group κ9(Spin(9)).
Since the subgroup Spin(9) ⊂ SO(16) contains the element (−Id), the subgroup
˜Spin(9) ⊂ Spin(16) ⊂ C16 has to contain one and only one of the two elements
±e1 · . . . e16 of the Clifford algebra C16 of R16.

Proposition 1. The subgroup ˜Spin(9) ⊂ Spin(16) contains the element e1 · . . . ·
e16, but it does not contain the element −e1 · . . . · e16.

Proof. We fix the following curve in Spin(9) joining the two elements ±1 ∈
Spin(9):

γ(t) = cos(2t) + sin(2t)v1 · v2 , 0 ≤ t ≤ π

2
,
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where v1, . . . , v9 is an orthonormal basis in R9. Using the explicit formulas for the spin
representation κ9 (see [11]) we compute the matrix of the endomorphism κ9(γ(t)) :
∆9 → ∆9. κ9(γ(t)) lifts into Spin(16) via the formula

˜κ9(γ(t)) = (cos(t) + sin(t)e1 · e2) · . . . · (cos(t) + sin(t)e15 · e16)

and at t = π
2 we obtain

˜
κ9

(
γ
(π

2

))
= e1 · e2 · . . . · e15 · e16.

Let us characterize Spin(9) as a subgroup of SO(16). For this purpose we consider
the complex spin representation ∆C9 and recall that there exists a real structure α :
∆C9 → ∆C9 that anti-commutes with the Clifford multiplication of vectors by spinors
(see [11]):

α(v · ψ) = −vα(ψ) , v ∈ R9, ψ ∈ ∆C9 .

The space ∆9 of real spinors is the fixed point set of α:

∆9 = {ψ ∈ ∆C9 : α(ψ) = ψ}.

We introduce a new multiplication of vectors by spinors via the formula

v ? ψ := i(v · ψ).

Since α is a real structure, the ?-multiplication is compatible with α

α(v ? ψ) = v ? α(ψ).

In particular, the real spinor space ∆9 is invariant under the ?-multiplication by
vectors. In case we understand the vectors of R9 as operators on ∆9 acting by the
?-multiplication, we will denote these vectors by I, J . . . ∈ R9. Then we have

(?) I ? J + J ? I = 2〈I, J〉, I, J,∈ R9.

Any vector I ∈ R9 defines a symmetric endomorphism I : ∆9 → ∆9 and, conse-
quently, R9 is a subspace of the algebra S2

0(∆9) of all symmetric endomorphisms. For
convenience, we will often omit the ? between the vectors I, J, . . . ∈ R9.

Proposition 2. The group Spin(9) consists of all products (−1)kI1I2 . . . I2k ∈
SO(16) where I1, I2, . . . , I2k are vectors of length one in R9. Moreover, the subgroup
of SO(∆9) preserving under conjugation the space R9 ⊂ S2

0(∆9) coincides with the
group Spin(9), i.e.,

Spin(9) = {g ∈ SO(∆9) : gR9g−1 = R9}.

Proof. Consider the subgroup H = {g ∈ SO(∆9) : gR9g−1 = R9}. Then we have

Spin(9) ⊂ H ⊂ SO(∆9).
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On the other hand, Spin(9) is a maximal nontrivial compact subgroup of SO(16) (see
[6]). Consequently, we conclude Spin(9) = H.

Let us consider a 16-dimensional oriented Riemannian manifold M16 and denote
by F(M16) its frame bundle with structure group SO(16).

Definition. A Spin(9)-structure is a reduction R ⊂ F(M16) of the SO(16)-
bundle F(M16) via the homomorphism κ9 : Spin(9) → SO(16).

A Spin(9)-structure defines certain other geometric structures. In particular, it
induces a spin structure on M16 as well as a 9-dimensional real, oriented Euclidean
vector bundle V 9 with spinor structure:

V 9 := R×Spin(9) R9.

The tangent bundle T (M16) is isomorphic to the bundle ∆9(V 9) of real spinors of the
vector bundle V 9 and, therefore, we obtain a ?-multiplication of elements of V 9 by
vectors in T (M16). Conversely, a spin structure of M16, a real vector bundle V 9 and
a ?-multiplication define a Spin(9)-structure on M16 (see Proposition 2). Locally a
Spin(9)-structure is a collection of 9 symmetric involutions Iα (1 ≤ α ≤ 9) acting
on the tangent bundle such that the following relations hold:

I2
α = Id , I∗α = Iα , IαIβ = −IβIα (α 6= β).

A Spin(9)-structure in dimension n = 16 is the analogue of a quaternionic structure
on Riemannian manifolds of dimension n = 4k. The symmetric involutions I1, . . . , I9

define 2-forms Ωα,β on M16 locally by the formula

Ωαβ(X, Y ) = g(X, IαIβ(Y ))− 〈Iα, Iβ〉g(X, Y ), X, Y ∈ T (M16).

The matrix Ω = (Ωαβ) is an antisymmetric (9 × 9)-matrix of 2-forms. Using the
antisymmetric involutions IαIβIγ (α < β < γ) we can define in a similar way 2-forms
Σαβγ . Then

Σαβγ = −Σβαγ = Σβγα

holds and the 2-forms {Ωαβ ,Σαβγ} are linearly independent and a local frame in the
bundle Λ2(M16).

The Spin(9)-representation Λ8(∆9) = Λ8(R16) contains one and only one 8-form
Ω8

0 which is invariant under the Spin(9)-action. This form defines the unique parallel
form on the Cayley plane F4/Spin(9). Since the signature of the Cayley plane is
positive, Ω8

0 must be self-dual, ?Ω8
0 = Ω8

0. It induces a canonical 8-form Ω8 defined
on a 16-dimensional manifold M16 with fixed Spin(9)-structure (see [6]).

3. Large subgroups of Spin(9). The group Spin(8) admits an outer automor-
phism of order three (the principle of triality, see [7], [16]). We use this automorphism
to construct certain subgroups of Spin(9) which are all pairwise not conjugate. In
general, for any subgroup H ⊂ Spin(9) we will denote by

• Λ9(H) the representation of H in the vector space R9;
• ∆9(H) the representation of H in the spinor space ∆9 = R16.

Therefore, we assign to any subgroup H of Spin(9) a pair (Λ9(H),∆9(H)) of H-
representations.
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Example 1. In case of the standard inclusion Spin(8) ⊂ Spin(9) we have

Λ9(Spin(8)) = Λ8 ⊕ R1 , ∆9(Spin(8)) = ∆+
8 ⊕∆−

8 ,

where Λ8 is the standard representation of Spin(8) in R8 and ∆±
8 are the real spin

representations of Spin(8).

Example 2. The kernel of the 8-dimensional real spin representation κ+
8 :

Spin(8) → SO(∆+
8 ) is isomorphic to Z2:

ker(κ+
8 ) = {1, e1 · . . . · e8}.

Consider the diagram

Spin(8) Spin(8) ⊂ Spin(9)

Spin(8)/ ker(κ+
8 ) SO(∆+

8 ) SO(9)
? ? ?

- ⊂

and lift the homomorphism

Spin(8) → Spin(8)/ ker(κ+
8 ) → SO(∆+

8 )

into the universal covering of SO(∆+
8 ). Then we obtain a subgroup Spin+(8) ⊂

Spin(9) isomorphic to Spin(8). In this case we have

Λ9(Spin+(8)) = ∆+
8 ⊕ R1 , ∆9(Spin+(8)) = ∆−

8 ⊕∆−
8 .

Indeed, the representation ∆9 splits under the action of the group Spin+(8) into two
8-dimensional irreducible representations. Moreover, the element e1 · . . . ·e8 ∈ Spin(8)
corresponds to the element (−1) ∈ Spin+(8) ⊂ Spin(9) and, consequently, e1 · . . . · e8

acts on ∆9 by multiplication by (−1). Therefore, we conclude that

∆9(Spin+(8)) = ∆−
8 ⊕∆−

8 .

Example 3. The kernel of the 8-dimensional real spin representation κ−8 :
Spin(8) → SO(∆−

8 ) is isomorphic to Z2

ker(κ−8 ) = {1,−e1 · . . . · e8}

and a construction similar to example 2 defines a subgroup Spin−(8) ⊂ Spin(9)
isomorphic to Spin(8) such that

Λ9(Spin−(8)) = ∆−
8 ⊕ R1 , ∆9(Spin−(8)) = ∆+

8 ⊕∆+
8 .

Example 4. The group Spin(7) has a 7-dimensional real irreducible represen-
tation in R7 and an 8-dimensional real irreducible and faithful representation in the
space ∆7 of real spinors. Lifting these two representations into Spin(9) we obtain two
subgroups Spin(7) and Spin∆(7) of Spin(9) such that

Λ9(Spin(7)) = Λ7 ⊕ R1 ⊕ R1 , ∆9(Spin(7)) = ∆7 ⊕∆7,
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Λ9(Spin∆(7)) = ∆7 ⊕ R1 , ∆9(Spin∆(7)) = ∆7 ⊕ Λ7 ⊕ R1.

The subgroup Spin(7) is, in fact, already contained in Spin(8). Consequently, we can
once again apply the automorphism of the triality principle and obtain a total of 3
subgroups of Spin(9), which we will denote by Spin+(7), Spin−(7), Spin∆(7).

Example 5. We intersect the subgroup Spin(9) ⊂ SO(16) with the subgroup
U(8) ⊂ SO(16). It turns out that Spin(9) ∩ U(8) is isomorphic to the group
Spin(2)×Z2 Spin(7) and

∆9(Spin(9) ∩ U(8)) = R2 ⊗∆7 , Λ9(Spin(9) ∩ U(8)) = R2 ⊕ Λ7.

Table 1 summarizes the decomposition of the representations Λ9 and ∆9 for all these
subgroups.

H Λ9(H) ∆9(H)

Spin(8) Λ8 ⊕ R1 ∆+
8 ⊕∆−

8

Spin+(8) ∆+
8 ⊕ R1 ∆−

8 ⊕∆−
8

Spin−(8) ∆−
8 ⊕ R1 ∆+

8 ⊕∆+
8

Spin(9) ∩ U(8) R2 ⊕ Λ7 R2 ⊗∆7

Spin(7) Λ7 ⊕ R1 ⊕ R1 ∆7 ⊕∆7

Spin∆(7) ∆7 ⊕ R1 Λ7 ⊕∆7 ⊕ R1

Spin+(7) ∆7 ⊕ R1 ∆7 ⊕∆7

Spin−(7) ∆7 ⊕ R1 ∆7 ⊕∆7

G2 Λ7 ⊕ R1 ⊕ R1 Λ7 ⊕ Λ7 ⊕ R1 ⊕ R1.

Table 1: Large subgroups of Spin(9) and the branching of the standard and spin

representation of Spin(9).

Since the subgroup Spin∆(7) ⊂ Spin(9) is the isotropy group of a spinor in ∆9, we
have
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Proposition 1. Let M16 be an oriented Riemannian manifold admitting a non-
vanishing vector field. Then M16 admits a Spin(9)-structure if and only if M16 admits
a Spin∆(7)-structure. In case M16 admits two independent vector fields, the existence
of a Spin(9)-structure is equivalent to the existence of a G2-structure.

4. Examples of Spin(9)-structures. A Spin(9)-structure on a 16-dimensional
Riemannian manifold occurs in case the frame bundle admits a reduction to a sub-
group of Spin(9) ⊂ SO(16). We describe two cases of a geometric situation of this
type. First, we will construct examples of homogeneous spaces with invariant Spin(9)-
structures. Consider a Lie group G, a subgroup H ⊂ G and suppose that the homo-
geneous space G/H is reductive. We decompose the Lie algebra g of G into

g = h⊕ n,

where the subspace n is Ad(H)-invariant. If H is a subgroup of Spin(9) and the
H-representations ∆9(H) and Ad : H → SO(n) are equivalent, then the space G/H
admits a homogeneous Spin(9)-structure. Indeed, the frame bundle F(G/H) given
by

F(G/H) = G×Ad SO(n)

admits a H-reduction and the subgroup H is contained in Spin(9). This general
remark yields the following examples of 16-dimensional manifolds with homogeneous
Spin(9)-structures.

Example 1. Take G = F4 or F ∗4 and H = Spin(9). Then the symmetric spaces
F4/Spin(9) and F ∗4 /Spin(9) admit homogeneous Spin(9)-structures.

Example 2. Consider the subgroup H = Spin∆(7) ⊂ Spin(9). Then we have

∆9(Spin∆(7)) = ∆7 ⊕ Λ7 ⊕ R1.

On the other hand, Spin(9) acts transitively on the sphere S(∆9) = S15 with
isotropy group Spin∆(7). The isotropy representation of the homogeneous space
Spin(9)/Spin∆(7) is isomorphic to ∆7 ⊕ Λ7. Consequently, the pair of groups

G = S1 × Spin(9) , H = Spin∆(7)

defines a homogeneous Spin∆(7) ⊂ Spin(9)-structure on the manifold G/H = S1 ×
S15.

Example 3. Consider the pair

G = S1 × S1 × SO(8) , H = G2,

where G2 denotes the exceptional Lie group embedded into SO(7) ⊂ SO(8). The
isotropy representation of this homogeneous space is isomorphic to R1⊕R1⊕Λ7⊕Λ7

and coincides with the G2-representation ∆9(G2). Consequently, the homogeneous
space

G/H = S1 × S1 × (SO(8)/G2)

admits a homogeneous G2 ⊂ Spin(9)-structure.

Example 4. The group H = SU(3) is the isotropy group of a pair of real
spinors in ∆7 and, henceforth, a subgroup of Spin(7) ⊂ Spin(9). Consider the group
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G = S1 × S1 × S1 × Spin(7). The isotropy representation of the homogeneous space
G/H is isomorphic to R1 ⊕ R1 ⊕ R1 ⊕ R1 ⊕ R6 ⊕ R6 and coincides with the H-
representation ∆9(SU(3)). Consequently, the homogeneous space

G/H = S1 × S1 × S1 × (Spin(7)/SU(3))

admits a homogeneous SU(3) ⊂ Spin(9)-structure.

Example 5. The pair G = SU(5) , H = SU(3) defines a homogeneous
SU(3) ⊂ Spin(9)-structure on

G/H = SU(5)/SU(3).

The second situation in which a Spin(9)-structure occurs in a natural way is the case
where the tangent bundle of M16 splits in a suitable way.

Proposition 1. Let M16 be a 16-dimensional oriented Riemannian manifold
and suppose that there exist a 4-dimensional complex vector bundle E4 as well as a
complex line bundle L such that

1. c1(E4) = 0 in H2(M16;Z);
2. the tangent bundle T (M16) is, as a real vector bundle, isomorphic to the

Whitney sum L⊗ (E4 ⊕ E4).

Then M16 admits a Spin(9) ∩ U(8) ⊂ Spin(9)-structure.

Proof. Since SU(4) is isomorphic to Spin(6), the tangent bundle of M16 admits a
Spin(2)×Z2 Spin(6) ⊂ Spin(9) ∩ U(8)-reduction. The representation ∆9(Spin(6)) =
∆9(SU(4)) is then isomorphic to the standard representation of SU(4) in C4 ⊕C4.

Proposition 2. Let M16 be a 16-dimensional oriented Riemannian spin mani-
fold. Suppose that there exists a 8-dimensional real vector bundle W 8 with Spin(7)-
structure such that the tangent bundle T (M16) is isomorphic to W 8⊕W 8. Then M16

admits a Spin(7) ⊂ Spin(9)-structure.

Proof. Consider the subgroup H = Spin(7). Then we know already that ∆9(H) =
∆7 ⊕∆7 holds.

Let Nk be an arbitrary manifold and consider the projection π : T (Nk) → Nk of
its tangent bundle. The bundle T (T (Nk)) is isomorphic to the sum of the induced
bundles π∗(T (Nk)) ⊕ π∗(T (Nk)). This isomorphism is not a canonical one, but de-
pends on a fixed linear connection on the manifold Nk. Therefore, we obtain the
following

Corollary 1. Let N8 be an oriented, 8-dimensional Riemannian manifold with
a Spin(7)-structure. Then the tangent bundle M16 = T (N8) admits a Spin(7) ⊂
Spin(9)-structure.

Corollary 2. Let N8 be an 8-dimensional Hermitian manifold with first Chern
class divisible by 4. Then the tangent bundle M16 = T (N8) admits a Spin(9)∩U(8) ⊂
Spin(9)-structure.

5. Topological conditions. A 16-dimensional compact manifold with Spin(9)-
structure should satisfy certain topological conditions. Some of them have already
been studied in the paper [16] and we will first summarize these results.

Theorem 1 (see [16]). Let M16 be a compact manifold admitting a Spin(9)-
structure and denote by V 9 the associated 9-dimensional bundle.
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1. The following Stiefel-Whitney classes of M16 vanish

ω1 = ω2 = ω3 = ω4 = ω5 = ω6 = ω7 = 0,

ω9 = ω10 = ω11 = ω13 = 0.

2. The Stiefel-Whitney classes of M16 are related to the corresponding classes
of V 9 by the formulas

ω8(M16) = ω2
4(V 9) + ω8(V 9)

ω12(M16) = ω2
6(V 9) + ω4(V 9)ω8(V 9)

ω14(M16) = ω2
7(V 9) + ω6(V 9)ω8(V 9)

ω15(M16) = ω7(V 9)ω8(V 9).

3. In case H∗(M16;Z) is 2-torsion free, the Pontrjagin class p1(M16) is divisible
by 4 and the Pontrjagin classes p2(M16) , p3(M16) are divisible by 2.

Since the first seven Stiefel-Whitney classes of M16 vanish, the Wu class of M16

reduces to the element ω8(M16) ∈ H8(M16;Z2) (see [19]). Consequently, the Stiefel-
Whitney class ω8(M16) is characterized by the condition

y8 ∪ y8 = y8 ∪ ω8(M16) for any y8 ∈ H8(M16;Z2).

Corollary 1. Let M16 be a compact manifold admitting a Spin(9)-structure.
Then the quadratic form over Z

H8(M16;Z)/Tor×H8(M16;Z)/Tor → H16(M16;Z)

is an even Z-form if and only if ω8(M16) = 0.

The aim of this part of the paper is to compute the Pontrjagin classes of M16 explicitly
in terms of the corresponding classes of the vector bundle V 9. Some new integral
conditions are consequences of these formulas.

Theorem 2. Let M16 be a compact manifold admitting a Spin(9)-structure.
Then the Pontrjagin classes of M16 and of the bundle V 9 are related by the following
formulas:

1. p1(M16) = 2 p1(V 9).
2. p2(M16) = 7

4 p2
1(V

9)− p2(V 9).

3. p3(M16) = 1
8

(
7 p3

1(V
9)− 12 p1(V 9) p2(V 9) + 16 p3(V 9)

)
.

4. p4(M16) = 1
128

(
35p4

1(V
9)− 120p2

1(V
9)p2(V 9) + 400p1(V 9)p3(V 9)

−1664p4(V 9)
)
.

The Euler class e(M16) and the the fourth L-polynomial of M16 can be expressed by
the Pontrjagin classes of the bundle V 9:

• e(M16) =
1

256
p4
1(V

9)− 1
32

p2
1(V

9)p2(V 9) +
1
16

p2
2(V

9)− 1
4

p4(V 9).

• L4(M16) =
1

1814400

(
3551 p4

1(V
9)− 21208 p2

1(V
9) p2(V 9)

+116048 p1(V 9) p3(V 9)− 128(19 p2
2(V

9) + 4953 p4(V 9))
)
.
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The bundle V 9 is a real vector bundle with spin structure. The general formula

p1(V 9) ≡ ω2
2(V 9) = 0 mod 2

yields that p1(V 9) is divisible by 2. In particular, we obtain the

Corollary 2. Let M16 be a compact manifold admitting a Spin(9)-structure.
Then,

1. p1(M16) is divisible by 4. Denote by x the cohomology class p1(M16)/4.

2. 1
2 (p3(M16)− 3 x p2(M16)) is an integral cohomology class.

3. 175
8 x4 − 45

8 x2 p2(M16) + 25
8 x p3(M16)− p4(M16) is divisible by 13.

Proof of Theorem 2. Consider the 9-dimensional spin representation

κ9 : Spin(9) → SO(∆9)

and fix maximal tori T 4, T 8 in SO(9) and SO(∆9). We denote by Θi : T 4 → S1 (1 ≤
i ≤ 4) and by µα : T 8 → S1 (1 ≤ α ≤ 8) the coordinates of the maximal tori. Then,
the representation κ9 has the following weights:

µ1 =
1
2
(Θ1 + Θ2 + Θ3 + Θ4) , µ2 =

1
2
(Θ1 + Θ2 + Θ3 −Θ4)

µ3 =
1
2
(Θ1 + Θ2 −Θ3 + Θ4) , µ4 =

1
2
(Θ1 −Θ2 + Θ3 + Θ4)

µ5 =
1
2
(−Θ1 + Θ2 + Θ3 + Θ4) , µ6 =

1
2
(Θ1 + Θ2 −Θ3 −Θ4)

µ7 =
1
2
(Θ1 −Θ2 + Θ3 −Θ4) , µ8 =

1
2
(−Θ1 + Θ2 + Θ3 −Θ4)

The first Pontrjagin class p1(M16) is given by

p1(M16) =
8∑

α=1

µ2
α = 2

4∑

i=1

Θ2
i = 2p1(V 9).

This calculation proves the first formula of Theorem 2. For the second Pontrjagin
class we obtain

p2(M16) =
∑

1≤α<β≤8

µ2
αµ2

β =
7
4

( 4∑

i=1

Θ2
i

)2

−
∑

1≤i<j≤4

Θ2
i Θ

2
j =

7
4
p2
1(V

9)− p2(V 9).

The formulas 3.) - 5.) can be computed in a similar way, however the calculations
of p3, p4 are much more lengthly. The last formula is a consequence of the first four
formulas and the formula for the L4-polynomial

L4 =
1

34 52 7
(381 p4 − 71 p3 p1 − 19 p2

2 + 22 p2 p2
1 − 3 p4

1),

(see [18], page 25).

Example. Let M16 be a smooth complete intersection of three quadrics in
P11(C). Then the diffeomorphism type is unique and M16 is a simply-connected mani-
fold (see [24]). Denote by x ∈ H2(P11(C);Z) the generator of the second cohomology
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group. The Stiefel-Whitney, Chern and Pontrjagin classes of M16 are well-known (see
[18], page 159):

ωi = 0 for i 6= 8, ω8 = x4

c1 = 6 x , c2 = 18 x2 , c3 = 32 x3 , c4 = 39 x4 ,

c5 = 30 x5 , c6 = 20 x6 , c7 = 0 , c8 = 15 x8 ,

p1 = 0 , p2 = 18 x4 , p3 = 60 x6 , p4 = 351 x8 .

The inclusion M16 → P11(C) induces an isomorphism Hi(M16;Z) → Hi(P11(C);Z)
for i < 8 (see [23]). In particular, x ∈ H2(M16;Z) is a generator of the second
homology group of M16 and x4 ∈ H8(M16;Z) is not divisible. A calculation of the
Euler class as well as the signature yields the equality

X (M16)
σ(M16)

=
5
3
.

In particular, M16 satisfies all the necessary conditions for the Pontrjagin classes
formulated in Corollary 1 and Corollary 2. Therefore, complete intersections of
three quadrics in P11(C) are candidates of compact 16-dimensional manifolds ad-
mitting Spin(9)-structures. However, a Spin(9)-structure compatible with the com-
plex structure on M16 cannot exist. Indeed, since Spin(9) ∩ U(8) is isomorphic to
Spin(2) ×Z2 Spin(7) and Spin(7) is contained in the subgroup SU(8) ⊂ SO(16),
such a structure would define a product decomposition of the complex tangent bun-
dle T (M16) into T (M16) = L ⊗ F 8, where L is an complex line bundle and F 8 is
an 8-dimensional complex vector bundle with vanishing first Chern class, c1(F 8) = 0.
Then the first Chern class of M16 is divisible by 8, c1(M16) = 8 c1(L), a contradiction.

These formulas become much simpler in case p1(M16) = 0 vanishes and the scalar
curvature R > 0 is positive.

Corollary 3. Let M16 be a compact 16-dimensional Riemannian manifold with
Spin(9)-structure and suppose that the scalar curvature R > 0 is positive. Moreover,
let p1(M16) = 0 be trivial. Then,

1. the signature σ(M16) is given by the formula

σ(M16) = −1
3

∫

M16

p4(V 9) =
1
39

∫

M16

p4(M16).

2. in H∗(M16;Q) the formulas p2(M16) = − p2(V 9), p3(M16) = 2 p3(V 9) and
p4(M16) = −13 p4(V 9) hold.

3. the equality 13 p2
2(M

16) = 12 p4(M16) holds.

4. the Euler class is given by e(M16) = 1
16 (p2

2(V
9)−4 p4(V 9)) = 1

13 p4(M16). In
particular, we obtain e(M16) = 3 σ(M16).

Proof of Corollary 3. M16 does not admit harmonic spinors, and, consequently,
the Â-genus vanishes. Since p1(M16) = 0, the Â-genus is a combination of two
characteristic classes only:

Â = Ap2
2 + B p4.
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A and B are universal coefficients. In the case of the Cayley plane M16 = F4/Spin(9),
we know that

p2
2 = 36 , p4 = 39,

(see [5]). Consequently, the ratio A/B equals − 39
36 and, finally, we obtain the equation

39 p2
2(M

16) = 36 p4(M16)

for any manifold M16 under consideration. The signature of M16 is given by

σ(M16) =
∫

M16

L4 = − 1
14175

∫

M16

(19 p2
2(V

9) + 4953 p4(V 9))

= − 1
14175

∫

M16

(19 p2
2(M

16) + 4953 p4(V 9))

= − 1
14175

∫

M16

(
19 · 36

39
p4(M16) + 4953 p4(V 9)

)

= − 1
14175

∫

M16

(
19 · 36

39
·
(
− 1664

128

)
+ 4953

)
p4(V 9) = −1

3

∫

M16

p4(V 9).

6. The homotopy type of the space Spin(16)/Spin(9). A necessary and
sufficient criterion for the existence of a Spin(9)-structure does not seem to be known.
The classifying space of the group Spin(9) is a fibre bundle over the classifying space
of Spin(16) with fibre X84 = Spin(16)/Spin(9). Therefore, the homotopy type of
X84 yields obstructions for the existence of a Spin(9)-structure on a 16-dimensional
real vector bundle. We compute some of the homotopy groups of this space.

Theorem 1.

1. π1(X84) = π2(X84) = π4(X84) = π5(X84) = π6(X84) = π7(X84) =
π13(X84) = 0.

2. π3(X84) = Z4 , π12(X84) = π14(X84) = Z2.
3. There is an exact sequence

0 → π10(X84) → Z2⊕Z2 → Z2 → π9(X84) → Z2⊕Z2 → Z2 → π8(X84) → 0.

4. There is a surjective homomorphism π11(X84) → Z8.

Using this result as well as the condition for the first Pontrjagin class discussed
before we immediately obtain the following

Corollary. Let Y be an 8-dimensional CW -complex. A real, oriented 16-
dimensional vector bundle over Y admits a Spin(9)-structure if and only if its first
Pontrjagin class is divisible by 4.

Proof of the Theorem. We apply the exact sequence of homotopy groups of the
fibration

Spin(9) → Spin(16) → X84.

Since π12(Spin(16)) = π13(Spin(16)) = π14(Spin(16)) = 0, we obtain

π14(X84) = π13(Spin(9)) = Z2,
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π13(X84) = π12(Spin(9)) = 0,

(see [20]). Next we use the fact that π12(Spin(16)) = π10(Spin(16)) = 0. Then, we
obtain the exact sequence

0 → π12(X84) → π11(Spin(9)) → π11(Spin(16)) → π11(X84) → π10(Spin(9)) → 0.

But π11(Spin(9)) = Z ⊕ Z2, π10(Spin(9)) = Z8 and π11(Spin(16)) = Z (see
[20]). Consequently, we obtain π12(X84) = Z2 as well as a surjective homomorphism
π11(X84) → Z8. The other statements of the theorem are easy consequences of the
following two facts, which we are going to prove now:

a.) The homomorphism induced by the inclusion κ9 : Spin(9) → Spin(16)

(κ9)# : π3(Spin(9)) = Z→ Z = π3(Spin(16))

is the multiplication by 4;
b.) The inclusion κ9 induces an isomorphism

(κ9)# : π7(Spin(9)) → π7(Spin(16)).

Indeed, consider the subgroup Spin(3) ⊂ Spin(9). The homogeneous space
Spin(9)/Spin(3) is the Stiefel manifold V3(R9) and its homotopy groups are well-
known:

π3(V3(R9)) = π4(V3(R9)) = 0.

Therefore, the inclusion induces an isomorphism π3(Spin(3)) → π3(Spin(9)). Since
∆9(Spin(7)) = 2∆7, we can calculate ∆9(Spin(3)) by restricting the 7-dimensional
spin representation ∆7 to Spin(3). But this restriction coincides with

∆7|Spin(3) = C2 ⊕ C2,

where Spin(3) = SU(2) ⊂ SO(4) acts on C2 in the usual way. Finally, we obtain a.).

The proof of the property b.) is more sophisticated and uses some results of [10].
Consider the subgroup

Spin(7) ∼= Spin∆(7) ⊂ Spin(9).

Since Spin(9) acts transitively on S15 with isotropy group Spin∆(7), the homomor-
phism

π7(Spin∆(7)) → π7(Spin(9))

is an isomorphism. Because of ∆9(Spin∆(7)) = ∆7 ⊕ Λ7 ⊕ R1 we should study the
map

Spin(7) → SO(∆7)⊕ SO(Λ7).

Let i : Spin(7) → Spin(8) be the inclusion and denote by H : Spin(8) → Spin(8)
the triality automorphism. The 7-dimensional spin representation κ7 is given by
κ7 = H ◦ i. Denote by p : Spin(8) → S7 the projection and fix a generator α7 ∈
π7(Spin(7)) = Z. Moreover, we choose generators e1, e2 ∈ π7(Spin(8)) = Z⊕ Z such
that
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1.) p#(e1) = e is a generator of the group π7(S7);
2.) i#(α7) = e2.

There are elements α, β, γ ∈ π7(Spin(8)) with the following properties (see [10], page
152-155):

a.) γ = α− β;
b.) α = e1 + xe2, β = −e1 + ye2, γ = 2e1 + (x − y)e2 where x, y ∈ Z are

integers;
c.) The element γ maps into 0 ∈ π7(Spin(9)) via the homomorphism

π7(Spin(8)) → π7(Spin(9));
d.) The triality homomorphism acts on π7(Spin(8)) via the following formulas:

H#(α) = −β , H∗(β) = γ , H#(γ) = −α.

Let

H# =
(

A C
B D

)

be the matrix of H# : π7(Spin(8)) → π7(Spin(8)) with respect to the basis e1, e2.
Then, condition d.) is equivalent to the system of six equations:

A + xC = 1 , −A + yC = 2 , 2A + (x− y)C = −1
B + xD = −y , −B + yD = x− y , 2B + (x− y)D = −x.

We solve this system:

C = −1 + A + A2

B
, D = −1−A , x =

AB −B

1 + A + A2
, y = − 2B + AB

1 + A + A2

and, in particular, we obtain

x− y = C−1(1 + 2D).

Consequently, we have γ = 2e1 + C−1(1 + 2D)e2. On the other hand, γ = 0
in π7(Spin(9)), and, therefore, we conclude that 2e1 = −C−1(1 + 2D)e2 holds in
π7(Spin(9)). This implies H#(e2) = Ce1 + De2 = − 1

2e2 in π7(Spin(9)). This equa-
tion implies that the homomorphism

(κ7)# : π7(Spin(7)) → π7(SO(∆7)) → π7(Spin(9))

maps the generator α7 ∈ π7(Spin(7)) into (−α9), where α9 ∈ π7(Spin(9)) is the
generator of π7(Spin(9)). The inclusion Spin(7) → Spin(9) induces the map α7 →
2α9. Indeed, the homotopy group

π7(Spin(9)/Spin(7)) = π7(V2,9) = Z2

is isomorphic to Z2. Finally, we conclude that the map

Spin(7) → SO(∆7)⊕ SO(Λ7) ⊂ SO(16)

induces an isomorphism on π7.
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7. The decomposition of Spin(9)-representations. Let us once again recall
the notation. An orthonormal basis in R9 is denoted by I1, . . . , I9. Via the modified
Clifford multiplication ? (see Section 2) the vectors Iα (1 ≤ α ≤ 9) are symmetric
involutions acting on the space ∆9 = R16:

I2
α = Id , I∗α = Iα , IαIβ = −IβIα (α 6= β).

The group Spin(9) acts on the space Λk(R9) ⊗ ∆9 of spinor valued k-forms in R9.
The decomposition into irreducible components of this space is well-known (see [25]).
Let us introduce the endomorphisms

Θk : Λk(R9)⊗∆9 → Λk+1(R9)⊗∆9,

Θ∗k : Λk(R9)⊗∆9 → Λk−1(R9)⊗∆9,

defined by the formulas

Θk(ωk ⊗ ϕ) =
9∑

α=1

(Iα ∧ ωk)⊗ (Iα ? ϕ),

Θ∗k(ωk ⊗ ϕ) = −
9∑

α=1

(Iα |ωk)⊗ (Iα ? ϕ)

and denote by Pr the kernel of the map Θ∗r . In particular, P0 is the spinor space
P0 = ∆9 and P1 is the kernel of the Clifford multiplication Λ1(R9)⊗∆9 → ∆9. The
decomposition of the spaces Λk(R9)⊗∆9 is given by the formulas (see [25])

Λk(R9)⊗∆9 =
∑

0≤r≤min(k,9−k)

Θk−1 ◦ . . . ◦Θr(Pr).

Moreover, Θk−1 ◦ . . . ◦ Θr : Pr → Θk−1 ◦ . . . ◦ Θr(Pr) is an isomorphism of Pr onto
the image. We apply this decomposition in the cases of k = 1, 2, 3:

1. Λ1(R9)⊗∆9 splits as a Spin(9)-representation into

Λ1(R9)⊗∆9 = Θ0(P0)⊕ P1 = P0 ⊕ P1 = ∆9 ⊕ P1;

2. Λ2(R9)⊗∆9 splits as a Spin(9)-representation into

Λ2(R9)⊗∆9 = Θ1Θ0(P0)⊕Θ1(P1)⊕ P2 = ∆9 ⊕ P1 ⊕ P2;

3. Λ3(R9)⊗∆9 splits into

Λ3(R9)⊗∆9 = ∆9 ⊕ P1 ⊕ P2 ⊕ P3.

The dimensions of the representations Pr are given by:

dimP0 = dim ∆9 = 16 , dimP1 = 128 , dimP2 = 432 , dimP3 = 768.

We decompose now the space Λ2(∆9) = Λ2(R16) = so(16) as well as Λ3(∆9) into
irreducible Spin(9)-components. It turns out that only two components occur and
these decompositions can be obtained in an elementary way.

Proposition 1. Under the action of the group Spin(9) the spaces Λp(∆9) (p =
2, 3) decompose into two irreducible components:

Λ2(∆9) = Λ2(R9)⊕ Λ3(R9) , Λ3(∆9) = P1 ⊕ P2.
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Proof. We define an equivariant injection

Λ2(R9) −→ Λ2(∆9)

by the formula
∑

1≤α1<α2≤9

aα1α2 Iα1 ∧ Iα2 −→
∑

1≤α1<α2≤9

aα1α2 Iα1Iα2 .

Since (Iα1Iα2)
∗ = I∗α2

I∗α1
= Iα2Iα1 = −Iα1Iα2 , this map has values in the space

Λ2(∆9) of all antisymmetric endomorphisms of ∆9. In a similar way we can define an
injection Λ3(R9) → Λ2(∆9) and, consequently, we have decomposed Λ2(∆9). Λ3(∆9)
is the surjective image of the space

∆9 ⊗ Λ2(∆9) = ∆9 ⊗ Λ2(R9)⊕∆9 ⊗ Λ3(R9) = 2P0 ⊕ 2P1 ⊕ 2P2 ⊕ P3.

Therefore, Λ3(∆9) is a combination

Λ3(∆9) = A · P0 + B · P1 + C · P2 + D · P3

where the integers A,B, C ≤ 2 are bounded by two. Inserting the dimensions of
the representations we immediately obtain that (A,B, C, D) = (0, 1, 1, 0) is the only
possible solution.

The decomposition of the Spin(9)-representations Λp(∆9) for p ≥ 4 is much more
complicated and has been computed by I. Agricola (see [1]). We will use this result
in the next section in an essential way.

Theorem 1 (see [1]). The Spin(9)-representations Λp(∆9) are multiplicity-free.
In particular, the representation Λ7(∆9) decomposes into

Λ7(∆9) = ∆9 ⊕ P1 + P2 + P3 + . . . .

Corollary 1. Let L : ∆9 → Λ7(∆9) be a linear Spin(9)-equivariant map. Then
there exists a constant C such that

L(X) = C(X |Ω8
0)

holds for any X ∈ ∆9, where Ω8
0 ∈ Λ8(∆9) is the unique Spin(9)-invariant 8-form on

∆9.

If the 16-dimensional manifold M16 admits a Spin(9)-structure R ⊂ F(M16)
with associated real vector bundle V 9, we will denote by Pr(V 9) the associated vector
bundles

Pr(V 9) = R×Spin(9) Pr.

The following bundle isomorphisms are consequences of the decompositions of the
Spin(9)-representations.

Proposition 2: Let M16 be a 16-dimensional Riemannian manifold with a fixed
Spin(9)-structure. The following bundles are isomorphic:

1. Λ1(M16)⊗ Λ1(V 9) = Λ1(M16)⊕ P1(V 9);
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2. Λ1(M16)⊗ Λ2(V 9) = Λ1(M16)⊕ P1(V 9)⊕ P2(V 9);
3. Λ1(M16)⊗ Λ3(V 9) = Λ1(M16)⊕ P1(V 9)⊕ P2(V 9)⊕ P3(V 9) ;
4. Λ2(M16) = Λ2(V 9)⊕ Λ3(V 9);
5. Λ3(M16) = P1(V 9)⊕ P2(V 9).

In a similar way we can study the 16-dimensional spin representations ∆±
16 as

Spin(9)-representations. The element e1 · . . . e16 belongs to the subgroup ˜Spin(9) ⊂
Spin(16) and acts on ∆±

16 by multiplication by (±1). Consequently, ∆+
16 is a SO(9)-

representation, but ∆−
16 is a Spin(9)-representation. Both representations do not

contain non-trivial elements that are invariant under the Spin(9)-action. Indeed, a
Spin(9)-invariant element in ∆±

16 would define a parallel spinor on the Cayley plane
F4/Spin(9). Since the Ricci tensor of this space is not zero, the spinor must vanish.
Using these properties of the Spin(9)-representations ∆±

16 it is not hard to check that:

1. ∆+
16 is, as a Spin(9)-representation, isomorphic to S2

0(R9) ⊕ Λ3(R9), where
S2

0 denotes the space of traceless symmetric 2-tensors on R9.
2. ∆−

16 is the unique irreducible Spin(9)-representation of dimension 128.

This discussion yields the

Proposition 3. Let M16 be a 16-dimensional Riemannian manifold with a fixed
Spin(9)-structure. Then the spinor bundle S+(M16) of M16 is isomorphic to

S+(M16) = S2
0(V 9)⊕ Λ3(V 9).

8. The geometry of Spin(9)-structures. In this section we introduce the 16
different types of weak geometric Spin(9)-structures. For this purpose, we will briefly
recall how the different geometric classes of weak G2-structures arise (weak geometric
U(n)-structures can be treated in a completely similar way). Then we reformulate
this scheme in a purely bundle theoretic way and use this approach to motivate the
geometric types of weak Spin(9)-structures.

So, consider a 7-dimensional Riemannian manifold (M7, g) and a 3-form ω3 of
general type. This form defines a G2-reduction R of its frame bundle F(M7). Fur-
thermore, its covariant derivative ∇ω3 is a section in the bundle T ∗(M7) ⊗ Λ3(M7)
with special symmetry properties. Under the G2-action, this space splits into 4 irre-
ducible components, thus leading to 16 different geometric types of weak G2-structures
(see [9]). Now we change the point of view. Denote by Z : T (F(M7)) → so(7) the
Levi-Civita connection of M7. We decompose the Lie algebra into

so(7) = g2 ⊕m,

when m ∼= R7 is the orthogonal complement of g2 inside so(7). The representation
of G2 on m is just the 7-dimensional standard representation of G2. Given a G2-
structure defined by a subbundle R ⊂ F(M7), we restrict Z onto R and decompose
it:

Z|R = Z∗ ⊕ Γ.

Thus Z∗ : T (R) → g2 is a connection in the G2-principal fibre bundle R and Γ is a
1-form on M7 with values in the associated vector bundle

R×G2 m = R×G2 R7 = T (M7).
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Denote by ρ3 the representation of SO(7) on Λ3(R7). Then the covariant derivative
∇ω3 is given by

∇ω3 = ρ3(Γ)(ω3).

Consider now the G2-equivariant map

R7 ⊗ R7 → R7 ⊗ Λ3(R3) , X ⊗ Y 7→ X ⊗ (ρ3(Y )ω3).

The crucial point is that this map is injective. Consequently, the G2-type of ∇ω3 is
uniquely determined by the G2-type of Γ ∈ Λ1(M7) ⊗ T (M7). Since R7 ⊗ R7 splits
again into 4 summands, we reobtain the previous 16 classes of weak geometric G2-
structures, and may view this as an alternative, but completely equivalent definition of
these structures. The advantage of this approach is that the form ω3 does not appear
any more in the definition and can thus be used, in our situation, for defining weak
Spin(9)-structures in 16 dimensions. Let (M16, g) be an oriented, 16-dimensional
Riemannian manifold and fix some Spin(9)-structure R ⊂ F(M16). We decompose
the Lie algebra so(16) into

so(16) = spin(9)⊕m.

Using the symmetric operators Iα : R16 → R16 we know that IαIβ and IαIβIγ

(α < β < γ) are antisymmetric. The Lie algebra spin(9) is spanned by the elements
IαIβ ∈ Λ2(R16) and the operators IαIβIγ form a basis of the orthogonal complement
m:

spin(9) = Lin(IαIβ : α < β)
m = Lin(IαIβIγ : α < β < γ).

The Spin(9)-representation Ad in the complement m is equivalent to the representa-
tion Λ2(R9). The Levi-Civita connection of the Riemannian manifold is a 1-form on
F(M16)

Z : T (F(M16)) → so(16)

with values in so(16). We restrict the connection form to the Spin(9)-structure and
decompose it with respect to the decomposition of the Lie algebra so(16) into

Z|R = Z∗ ⊕ Γ.

Then, Z∗ is a connection in the principal Spin(9)-fibre bundle R, and Γ is a tensorial
1-form of type Ad. Therefore, Γ is a 1-form defined on M16 with values in the
associated bundle

R×Spin(9) m = R×Spin(9) Λ3(R9) = Λ3(V 9).

In case Γ ≡ 0, the Riemannian manifold has a holonomy group contained in Spin(9)
and a classical result of Alekseevski/Brown/Gray (see [2], [6]) states that M16 is either
flat or isometric to one of the symmetric spaces F4/Spin(9) or F ∗4 /Spin(9). On the
other hand, Λ1(M16)⊗Λ3(V 9) splits into 4 subbundles (see Section 7). From this point
of view we obtain 16 classes of ”weak Spin(9)-structures” depending on the algebraic
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type of Γ. In this paper we will only study one class of these Spin(9)-structures. The
splitting

Λ1(M16)⊗ Λ3(V 9) = Λ1(M16)⊕ P1(V 9)⊕ P2(V 9)⊕ P3(V 9)

is the background for the following

Definition. A Spin(9)-structure on a 16-dimensional Riemannian manifold is
called nearly parallel if Γ is a vector field.

The inclusion Λ1(M16) ⊂ Λ1(M16) ⊗ Λ3(V 9) ⊂ Λ1(M16) ⊗ Λ2(M16) is given by
the formula

Γ −→ 6
∑

1≤α<β<γ≤9

IγIβIα(Γ)⊗ (IαIβIγ)

and, therefore, in case of a nearly parallel Spin(9)-structure this sum coincides with
the difference Z − Z∗ of the two connections. Since the Levi-Civita connection is a
torsion free connection, we obtain the following formula for the torsion tensor T ? of
the connection Z?

T ?(X, Y ) = 6
∑

1≤α<β<γ≤9

{
g(Γ, IαIβIγ(X))IαIβIγ(Y )− g(Γ, IαIβIγ(Y ))IαIβIγ(X)

}
.

X, Y ∈ T (M16) are vectors tangent to M16. In particular, we have

g(T ∗(X, Y ),Γ) ≡ 0.

Fix a local section (e1, . . . , e16) in the reduction R ⊂ F(M16) and denote by
σ1, . . . , σ16 the dual frame. Then the 1-form

∑

1≤α<β<γ≤9

IγIβIα(Γ)⊗ (IαIβIγ)

with values in Λ2(M16) is given by the (16× 16)-matrix (Γ = e16):
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0 2σ15 −2σ14 −2σ13 2σ12 2σ11 −2σ10 −2σ9 −σ8 −σ7 σ6 σ5 −σ4 −σ3 σ2 7σ1

−2σ15 0 2σ13 −2σ14 −2σ11 2σ12 2σ9 −2σ10 σ7 −σ8 −σ5 σ6 σ3 −σ4 −σ1 7σ2

2σ14 −σ13 0 −2σ15 2σ10 −2σ9 2σ12 −2σ11 −σ6 σ5 −σ8 σ7 −σ2 σ1 −σ4 7σ3

2σ13 2σ14 2σ15 0 −2σ9 −2σ10 −2σ11 −2σ12 −σ5 −σ6 −σ7 −σ8 σ1 σ2 σ3 7σ4

−2σ12 2σ11 −2σ10 2σ9 0 −2σ15 2σ14 −2σ13 σ4 −σ3 σ2 −σ1 −σ8 σ7 −σ6 7σ5

−2σ11 −2σ12 2σ9 2σ10 2σ15 0 −2σ13 −2σ14 σ3 σ4 −σ1 −σ2 −σ7 −σ8 σ5 7σ6

2σ10 −2σ9 −2σ12 2σ11 −2σ14 σ13 0 −2σ15 −σ2 σ1 σ4 −σ3 σ6 −σ5 −σ8 7σ7

2σ9 2σ10 2σ11 2σ12 2σ13 2σ14 2σ15 0 σ1 σ2 σ3 σ4 σ5 σ6 σ7 7σ8

σ8 −σ7 σ6 σ5 −σ4 −σ3 σ2 −σ1 0 0 0 0 0 0 0 4σ9

σ7 σ8 −σ5 σ6 σ3 −σ4 −σ1 −σ2 0 0 0 0 0 0 0 4σ10

−σ6 σ5 σ8 σ7 −σ2 σ1 −σ4 −σ3 0 0 0 0 0 0 0 4σ11

−σ5 −σ6 −σ7 σ8 σ1 σ2 σ3 −σ4 0 0 0 0 0 0 0 4σ12

σ4 −σ3 σ2 −σ1 σ8 σ7 −σ6 −σ5 0 0 0 0 0 0 0 4σ13

σ3 σ4 −σ1 −σ2 −σ7 σ8 σ5 −σ6 0 0 0 0 0 0 0 4σ14

−σ2 σ1 σ4 −σ3 σ6 −σ5 σ8 −σ7 0 0 0 0 0 0 0 4σ15

−7σ1 −7σ2 −7σ3 −7σ4 −7σ5 −7σ6 −7σ7 −7σ8 −4σ9 −4σ10 −4σ11 −4σ12 −4σ13 −4σ14 −4σ15 0

Let us explain the representation of the endomorphisms Iα we used here. Denote
by Eij ∈ so(8) the standard basis of the Lie algebra so(8) and consider the real
representation of the 7-dimensional Clifford algebra (see [3]):

e1 = E18 + E27 − E36 − E45

e2 = −E17 + E28 + E35 − E46

e3 = −E16 + E25 − E38 + E47

e4 = −E15 − E26 − E37 − E48

e5 = −E13 − E24 + E57 + E68

e6 = E14 − E23 − E58 + E67

e7 = E12 − E34 − E56 + E78 .

A representation of the matrices I1, . . . , I9 in R16 is, for example, given by

Iα =
(

0 −eα

eα 0

)
1 ≤ α ≤ 7 , I8 =

(
0 E
E 0

)
, I9 =

(
E 0
0 −E

)
,

where E is the identity on R8. A computer calculation immediately yields the formula
for the (16× 16)-matrix.

Example. The manifold M16 = S15×S1 admits a homogeneous, nearly parallel
Spin(9)-structure such that 0 6= Γ ∈ Λ1(M16). Indeed, M16 is a homogeneous space

M16 = (Spin(9)/Spin∆(7))× S1 = (SO(16)/SO(15))× S1.
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The frame bundle F(M16) admits the SO(15)-reduction F0(M16) = SO(16)× S1 ⊂
F(M16). Denote by Θ the Maurer-Cartan form of the Lie group SO(16). The Levi-
Civita connection of M16 is given by the 1-form

Z = prso(15)(Θ) : T (SO(16)× S1) → so(15),

where we decompose so(16) into so(15) and its orthogonal complement

so(16) = so(15)⊕ n

and project onto so(15). On the other hand, we have the commutative diagram

Spin(9) SO(16)

Spin∆(7) SO(15).

-

6

-

6

F(M16) admits the Spin∆(7)-reductionR = Spin(9)×S1. We restrict the Levi-Civita
connection to R and decompose it with respect to the orthogonal decomposition

so(16) = spin(9)⊕m.

Finally, let us decompose the Lie algebra

spin(9) = spin∆(7)⊕ k.

Using the Spin∆(7)-reduction R the 1-form Γ is given by the formula

Γ : T (R) → m , Γ = prm ◦ prso(15)(Θ).

The map prm ◦ prso(15) : spin(9) → m vanishes on the subspace spin∆(7) and, con-
sequently, it is a Spin∆(7)-equivariant map k → m. We compute the formula for Γ.
Consider an element W in the Lie algebra spin(9),

W =
∑

1≤α<β≤9

xαβIαIβ

and let us introduce µ1, . . . , µ15 given by

µ1 = 2 x19 , µ2 = 2 x29 , µ3 = −2 x39 , µ4 = −2 x49

µ5 = −2 x69 , µ6 = 2 x59 , µ7 = 2 x79 , µ8 = −2 x89,

µ9 = 2 x18 + 2x27 + 2x35 − 2 x46 , µ10 = −2 x17 + 2x28 + 2x36 + 2x45

µ11 = 2 x15 + 2x26 − 2 x38 + 2x47 , µ12 = −2 x16 + 2x25 − 2 x37 − 2 x48

µ13 = 2 x14 − 2 x23 − 2 x57 − 2 x68 , µ14 = 2 x13 + 2x24 + 2x58 − 2 x67

µ15 = 2 x12 − 2 x34 − 2 x56 + 2x78.

Then a direct calculation yields that Γ(W ) is given by the same (16× 16)-matrix as
the endomorphism

∑
1≤α<β<γ≤9

IγIβIα(e16) ⊗ IαIβIγ if we replace the form σi by µi.

Consequently, the Spin(9)-structure on S1×S15 is nearly parallel and the vector field
Γ = ∂

∂ϕ is the unit vector field tangent to S1.
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We derive now a differential equation for the canonical 8-form Ω8 of a nearly
parallel Spin(9)-structure. This equation - in contrast to the case of weak G2-
structures (see [9]) or weak Spin(7)-structures (see [8]) - does not completely charac-
terize the nearly parallel Spin(9)-structures. We will contract the covariant derivative
∇Ω8 ∈ Γ(Λ1(M16)⊗ Λ8(M16)) once in order to obtain an equation for δΩ8.

Theorem 1. Let R ⊂ F(M16) be a nearly parallel Spin(9)-structure on M16

with vector field Γ. Then the canonical form Ω8 satisfies the equations

δΩ8 = −504(Γ |Ω8) , dΩ8 = −504 ? (Γ |Ω8).

Proof. The 8-form Ω8 is defined by a Spin(9)-invariant form in Λ8(∆9) = Λ8(R16).
Therefore, Ω8 is parallel with respect to the connection Z∗,

∇∗Ω8 = 0.

The covariant derivative with respect to the Levi-Civita connection is now given by
the formula

∇Ω8 = 6
∑

1≤α<β<γ≤9

IγIβIα(Γ)⊗ ρ8(IαIβIγ)Ω8,

where ρ8 : so(16) → so(Λ8(R16)) is the differential of the representation of the group
SO(16) in Λ8(R16). Contracting this equation we obtain that

δΩ8 = −6
∑

1≤α<β<γ≤9

IγIβIα(Γ) | (ρ8(IαIβIγ)Ω8)

is defined by a linear, Spin(9)-equivariant map of R16 = ∆9 into Λ7(∆9) = Λ7(R16).
Using Theorem 1 of Section 7 we conclude that there exists a constant C such that

δΩ8 = C(Γ |Ω8)

holds. Taking into account the explicit formula for ρ8 we obtain C = −504.

Remark. A second natural class of Spin(9)-structures occurs if Γ belongs to
the subbundle P1(V 9) ⊕ P2(V 9) ⊂ Λ1(M16) ⊗ Λ3(V 9). According to Proposition 2
of Section 7 Γ is a pair of 3-forms Γ = Γ1 + Γ2 ∈ P1(V 9) ⊕ P2(V 9) = Λ3(M16). A
Spin(9)-structure of this type is called a nearly 3-parallel Spin(9)-structure. Let us
derive the corresponding differential equation for dΩ8. Remark that there are two
non-trivial Spin(9)-equivariant linear maps of Λ3(∆9) into Λ9(∆9):

Ψ1(Γ) =
16∑

i=1

(ei |Γ) ∧ (ei |Ω8)

Ψ2(Γ) = ?
( 16∑

i,j=1

(ei | ej |Γ) ∧ (ei | ej |Ω8)
)
.

Here ? denotes the Hodge operator acting on forms in sixteen variables. Since
Λ9(∆9) ' Λ7(∆9) is a multiplicity-free Spin(9)-representation and the representa-
tion Λ3(∆9) = P1(R9)⊕P2(R9) splits into two irreducible components, any Spin(9)-
equivariant map Λ3(∆9) → Λ9(∆9) is a linear combination of Ψ1 and Ψ2. The
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parameters depend on the fixed isomorphism P1(R9) ⊕ P2(R9) = Λ3(∆9) and they
can be normalized to one. Therefore, we obtain two differential equations depending
on the algebraic type of the 3-form Γ:

dΩ8 =
16∑

i=1

(ei |Γ) ∧ (ei |Ω8)

dΩ8 = ?
( 16∑

i,j=1

(ei | ej |Γ) ∧ (ei | ej |Ω8)
)
.

9. The twistor space of a Spin(9)-structure. Let C be the space of all com-
plex structures J compatible with the metric and acting on R16 = ∆9:

J 2 = −Id , JJ ∗ = Id.

We consider the intersection of C with the space Λ2(R9) = spin(9):

T1 = C ∩ Λ2(R9) =
{
J =

∑

1≤α<β≤9

xαβIαIβ : J 2 = −Id
}

.

Proposition 1. The group Spin(9) acts transitively on T1. The isotropy group
of the operator I1I2 ∈ T1 is isomorphic to

Spin(9) ∩ U(8) = Spin(2)×Z2 Spin(7).

Proof. The normal form of a 2-form is

J = aI1I2 + bI3I4 + cI5I6 + dI7I8.

The condition J 2 = −Id yields the equations

(a + b + c− d)2 = 1 (a + b + c + d)2 = 1

(a + b− c + d)2 = 1 (a + b− c− d)2 = 1

(a− b + c + d)2 = 1 (a− b + c− d)2 = 1

(−a + b + c + d)2 = 1 (−a + b + c− d)2 = 1.

The solutions of these equations are the 4-tuples (±1, 0, 0, 0), (0,±1, 0, 0), (0, 0,±1, 0)
and (0, 0, 0,±1). Therefore, Spin(9) acts transitively on T1.

Corollary. The space T1 is a complex manifold isomorphic to the quadric Q in
P8(C) defined by the equation z2

0 + . . . + z2
8 = 0:

T1 = Spin(9)/Spin(2)×Z2 Spin(7) = Q.

Definition. Let (M16, g) be an oriented, 16-dimensional Riemannian manifold
with a fixed Spin(9)-structure R ⊂ F(M16). We define the twistor space T1(M16) as
the associated bundle

T1(M16) = R×Spin(9) T1.
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The general twistor construction (see [4], [22]) yields a natural almost complex
structure J on the twistor space T1(M16). J depends on the restriction Z∗ of the
Levi-Civita connection Z. There are two types of integrability conditions for J . The
first type is an algebraic condition for the torsion tensor T ∗ of the connection Z∗.
The identity

(?) T ∗(JX,J Y )− J T ∗(JX, Y )− J T ∗(X,J Y )− T ∗(X, Y ) = 0

should be satisfied for any operator J ∈ C ∩ Λ2(V 9) and any pair of vectors X, Y .

Proposition 2. Let R ⊂ F(M16) be a nearly parallel Spin(9)-structure on
a 16-dimensional Riemannian manifold. Then the torsion tensor T ∗ satisfies the
integrability condition (?).

Proof. A direct calculation using the explicit formula of the torsion tensor T ∗ in
case Γ is a vector yields the result.

The second integrability condition is an identity for the curvature R∗ of the con-
nection Z∗:

(??) [R∗(JX,J Y ),J ]−J [R∗(JX, Y ),J ]−J [R∗(X,JX),J ]−[R∗(X, Y ),J ] = 0

for any pair of vectors X, Y and for any operator J ∈ C ∩ Λ2(V 9). The relation
Z = Z∗ + Γ yields the following formula for the curvature forms ΩZ∗ and ΩZ of the
connections Z∗ and Z:

ΩZ∗ = ΩZ −DZ(Γ) +
1
2
[Γ,Γ].

Here DZ(Γ) = dΓ + [Z,Γ] denotes the derivative of the 1-form Γ with respect to the
Levi-Civita connection.

Proposition 3. Let R ⊂ F(M16) be a nearly parallel Spin(9)-structure on a
16-dimensional Riemannian manifold. Then the 2-form [Γ,Γ] satisfies the condition
(??) for any J ∈ C ∩ Λ2(V 9).

Proof. A direct calculation yields the result.

Let us introduce a 2-form W with values in the bundle of endomorphisms of
T (M16)

W = ΩZ −DZ(Γ).

Then we obtain the following

Theorem 1. The twistor space T1(M16) of a 16-dimensional Riemannian manifold
with nearly parallel Spin(9)-structure is a complex manifold if and only if the tensor
field W = ΩZ −DZ(Γ) satisfies the equation

[W (JX,J Y ),J ]− J [W (JX, Y ),J ]− J [W (X,J Y ),J ]− [W (X, Y ),J ] = 0

for any point J ∈ T1(M16) of the twistor space.

We formulated the integrability condition for the almost complex structure of
T1(M16) viewing the tensor W = ΩZ − DZ(Γ) as a (2, 0)-tensor with values in the
bundle of antisymmetric endomorphisms of T (M16). Remark that W does not sat-
isfy the first and second Bianchi identity in general. We can understand W as an
endomorphism acting on the bundle of 2-forms,

W : Λ2(M16) → Λ2(M16).
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In this case the integrability condition is equivalent to the condition

LJ (W (J ∗ω2))− J ∗(W (LJω2)) + W (LJω2)− LJ (W (ω2)) = 0,

where we define, for any 2-form ω2 ∈ Λ2(M16) and any complex structure J ∈
T1(M16), the 2-forms J ∗(ω2) and LJ (ω2) by the formulas:

(J ∗ω2)(X, Y ) = ω2(JX,J Y )
(LJω2)(X, Y ) = ω2(JX, Y ) + ω2(X,J Y ).

Since J is an antisymmetric complex structure, we have the following relations on
2-forms:

J ∗(LJω2) = LJ (J ∗ω2) = −LJω2 , (J ∗)2ω2 = ω2.

The Spin(9)-structure yields a splitting of the bundle of 2-forms:

Λ2(M16) = Λ2(V 9)⊕ Λ3(V 9).

It turns out that, for J ∈ T1(M16), the operators J ∗ and LJ preserve this splitting.
Let us thus write the endomorphism W : Λ2(M16) → Λ2(M16) as a (2× 2)-matrix

W =
(

W22 W32

W23 W33

)
,

where Wαβ : Λα(V 9) → Λβ(V 9) (α, β = 2, 3) is a bundle morphism. Then the
integrability condition splits into 4 conditions, too:

LJ (Wαβ(J ∗ω2))− J ∗(Wαβ(LJω2)) + Wαβ(LJω2)− LJ (Wαβ(ω2)) = 0.

We can analyze these conditions in the usual way (see for example [22]) using
representation theory. However, since W does not satisfy the first Bianchi identity, the
discussion becomes more complicated. We will not provide this discussion in details,
but let us investigate the condition for W22 for example. The complex structure
J ∈ C ∩ Λ2(R9) = T1 is an element of the Lie algebra spin(9) as well as of the group
Spin(9). In case the two form ω2 belongs to Λ2(V 9), we have

LJ (ω2) = −[J , ω2] , J ∗(ω2) = Ad(J )(ω2).

Therefore W22 : spin(9) → spin(9) is a linear map satisfying the condition

[J ,W22(Ad(J )ω2)]−Ad(J )(W22([J , ω2])) + W22([J , ω2])− [J ,W22(ω2)] = 0

for any ω2 ∈ Λ2(V 9) and any J ∈ C ∩ spin(9). The adjoint action of the complex
structure J on a 2-form ω2 can be expressed by the commutator

Ad(J )ω2 = ω2 +
1
2
[J , [J , ω2]].

Indeed, we have

[J , [J , ω2]] = J (Jω2 − ω2J )− (Jω2 − ω2J )J
= −2ω2 + 2Jω2J ∗ = −2ω2 + Ad(J )ω2.
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Using this formula, the integrability condition for W22 becomes much simpler:

[J ,W22([J , [J , ω2]])] = [J , [J ,W22([J , ω2])]].

Fix a complex structure J ∈ T1 and decompose the Lie algebra spin(9) into the
stabilizer of J

hJ =
{

ω2 ∈ spin(9) : [J , ω2] = 0
}

and its orthogonal complement h⊥J . This subspace h⊥J is the tangent space TJ (T1) of
the quadric T1 at the point J ∈ T1. Moreover, 1

2ad(J ) defines the complex structure
of T1. In fact, for any 2-form ω2 ∈ h⊥J the formula

[J , [J , ω2]] = −4ω2

holds. The latter equation defines h⊥J as a subspace of spin(9):

h⊥J =
{

ω2 ∈ spin(9) : [J , [J , ω2]] = −4ω2
}

.

The quadric T1 is a symmetric space. Therefore, in the decomposition

spin(9) = hJ ⊕ h⊥J

the commutator relations

[hJ , hJ ] ⊂ hJ , [hJ , h⊥J ] ⊂ h⊥J , [h⊥J , h⊥J ] ⊂ hJ

hold. We remark that for any real number c ∈ R1, any 2-form η2 ∈ Λ2(R9) and
any 5-form µ5 ∈ Λ5(R9) the endomorphism W22 : Λ2(R9) → Λ2(R9) defined by the
formula

W22(ω2) = c · ω2 + [η2, ω2] + ?(µ5 ∧ ω2)

satisfies the integrability condition. Indeed, the η2-term can be handled using the
Jacobi identity. Then we obtain (µ5 = 0)

[
J ,W22([J , [J , ω2]])− [J ,W22([J , ω2])]

]
=

[
J , [[J , ω2], [J , η2]]

]
.

The elements [J , ω2] and [J , η2] belong to h⊥J and, consequently, [[J , ω2], [J , η2]] is
an element of the Lie algebra hJ . The µ5-term in the formula of W22 satisfies the
integrability condition, too. This is a consequence of the algebraic relations of the
endomorphisms Iα (1 ≤ α ≤ 9) and can be checked by a direct calculation. Altogether
we obtain a family of endomorphisms W22 satisfying the integrability condition and
depending on

dimΛ2(R9) + dim Λ5(R9) + 1 = 163

parameters. A representation-theoretic argument shows that we derived the general
formula for the endomorphism W22. Let us sketch the argument. The tensor product
Λ2(R9)⊗ Λ2(R9) decomposes into six irreducible SO(9)-representations:

Λ2(R9)⊗ Λ2(R9) = 〈1〉 ⊕ S2
0(Λ2(R9))⊕ Λ2(Λ2(R9))

= 〈1〉 ⊕ {〈44〉 ⊕ 〈126〉 ⊕ 〈495〉} ⊕ {〈36〉 ⊕ 〈594〉}



156 T. FRIEDRICH

where, for example, 〈44〉 denotes the unique irreducible SO(9)-representation of di-
mension 44. We have already proved that the terms 〈1〉 = R1, 〈36〉 = Λ2(R9) and
〈126〉 = Λ5(R9) may occur in the decomposition of W22. Therefore, we have to ex-
clude the representations 〈44〉, 〈495〉 and 〈594〉. A traceless symmetric endomorphism
L : R9 → R9 induces by

LLω2(α, β) = ω2(Lα, β) + ω2(α, Lβ)

a linear map LL : Λ2(R9) → Λ2(R9) and this formula realizes the irreducible represen-
tation 〈44〉 = S2

0(R9) in Λ2(R9)⊗Λ2(R9). Consider, in particular, the endomorphism
L0 ∈ S2

0(R9) defined by the formulas

L0(I1) = I2 , L0(I2) = I1 , L0(Iα) = 0 for 3 ≤ α ≤ 9

as well as the complex structure J0 = I1I2 and the 2-form ω2
0 = I1 ∧ I3. A direct

computation yields the result

[J0,LL0
([J0, [J0, ω

2
0 ]])] = −8I1I3 , [J0, [J0,LL0

([J0, ω
2
0 ])]] = 8I1I3.

Consequently, the endomorphism W22 is orthogonal to the representation 〈44〉. Let
us summarize the previous discussion:

Theorem 2. An endomorphism W22 : Λ2(R9) → Λ2(R9) satisfies the integrability
condition if and only if there exists a constant c ∈ R1, a 2-form η2 ∈ Λ2(R9) and a
5-form µ5 ∈ Λ5(R9) such that

W22(ω2) = c · ω2 + [η2, ω2] + ?(µ5 ∧ ω2)

holds.

In a similar way one can discuss the possible type of the endomorphisms W23,W32

and W33.

The twistor space T1(M16) is a fibration over M16 and the fibres are complex
submanifolds analytically isomorphic to the quadric T1 = Q in P8(C). The group
Iso(M16;R) of all isometries of M16 preserving the Spin(9)-structure R ⊂ F(M16)
acts on the twistor space as a group of holomorphic transformations.

Example 1. (The twistor space of the Cayley plane) The Cayley plane
F4/Spin(9) is a symmetric space and the Riemannian connection reduces to the
Spin(9)-structure. The twistor space

T1(F4/Spin(9)) = F4/(Spin(2) xZ2Spin(7))

is a 15-dimensional complex manifold. The exceptional group F4 acts transitively
on the twistor space as a group of holomorphic transformations. Consider the torus
T1 = Spin(2). Its centralizers in Spin(9) and in F4 coincide:

CSpin(9)(T1) = CF4(T1) = Spin(2) xZ2Spin(7).

Consequently, the twistor space T1(F4/Spin(9)) of the Cayley plane is a generalized
flag manifold and, henceforth, a projective variety (see [27]).

Example 2. (The twistor space of S1 × S15) S1 × S15 admits a nearly parallel
Spin(9)-structure with the parallel vector field Γ = ∂

∂ϕ tangent to S1. Therefore, the
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tensor field W coincides with the curvature tensor R of the space form S15. Using
the well-known formula

R(X, Y )Z = 〈Y, Z〉X − 〈X, Z〉Y
we immediately see that the integrability condition of Theorem 1 holds, i.e.
T1(S1×S15) is a complex manifold. Since the first Betti number is odd, T1(S1×S15)
does not admit a Kähler metric. In particular, this complex manifold is not algebraic
projective.

Example 3. (The twistor space of R16) Since R16 is flat, the parallel displace-
ment along lines through a fixed point 0 ∈ R16 defines a holomorphic projection of
the twistor space T1(R16) onto one fibre Q. Consequently, T1(R16) is analytically
isomorphic to an 8-dimensional holomorphic vector bundle N over Q. Let us describe
the bundle N . Consider the trivial real vector bundle

N = Q× R16

and introduce a complex structure on N by the formula

i · (J , x) := (J ,J x)

for J ∈ Q = T1 and x ∈ R16. The group Spin(9) acts on the bundle N by

g · (J , x) := (gJ g−1, gx)

and, therefore, N is a homogeneous vector bundle over the space

T1 = Spin(9)/Spin(2)xZ2Spin(7) , N = Spin(9)xSpin(2)xZ2Spin(7)R16.

As usual, the bundle N is the associated bundle to the representation of the group
Spin(2)xZ2Spin(7) = Spin(9) ∩ U(8) in U(8). We decompose the Lie algebra spin(9)

spin(9) = (spin(2)⊕ spin(7))⊕ l

where the linear space l consist of all elements

9∑
α=3

x1αI1Iα +
9∑

β=3

x2βI2Iβ .

We can compute the u(8)-valued curvature form ΩN of the bundle N using the canon-
ical connection of the symmetric space Q. This formula is quite a complicated one.
However, the trace of ΩN has a simple form:

Tr(ΩN ) = −16i(dx13 ∧ dx23 + . . . + dx19 ∧ dx29).

Since the first Chern class c1(N) is represented by the form c1(N) = − 1
2πiTr(ΩN ),

we obtain a formula for c1(N):

c1(N) =
16
2π

(dx13 ∧ d x23 + . . . + d x19 ∧ d x29).

On the other hand, Q is a Kähler-Einstein manifold and therefore the first Chern
class c1(Q) is proportional to the fundamental form of the Kähler structure. In this
way we obtain the formula

c1(Q) =
14
2π

(dx13 ∧ dx23 + . . . + dx19 ∧ dx29)
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and, finally, we have the relation

c1(N) =
8
7

c1(Q).

Let x ∈ H2(P8(C);Z) be the generator of the second cohomology group of P8(C). The
Chern classes ci(Q) of the quadric Q ⊂ P8(C) can be described by the powers of the
element x:

c1(Q) = 7 x , c2(Q) = 22 x2 , c3(Q) = 40 x3

c4(Q) = 46 x4 , c5(Q) = 34 x5 , c6(Q) = 16 x6 , c7(Q) = 4 x7

(see [18]). Consequently, we obtain the formula

c1(N) = 8 x.

The real vector bundle N is trivial and its first Pontrjagin class p1(N) vanishes:

0 = p1(N) = 2 c2(N)− c2
1(N).

Therefore, the second Chern class c2(N) is proportional to c2
1(N):

c2(N) =
1
2

c2
1(N) = 32 x2.

We describe the space H0(N) of all holomorphic sections of the bundle N over Q. Any
fixed vector y ∈ R16 = ∆9 defines a section Sy ∈ Γ(Q;N) by the map Sy : Spin(9) →
R16 = ∆9,

Sy(A) = A−1(y).

Sy is a holomorphic section and the Spin(9)-action on H0(N) coincides under this
identification with the Spin(9)-action on R16. In particular, we have computed the
dimension of H0(N):

dimCH0(N) = 16,

and H0(N) is the unique irreducible Spin(9)-representation of dimension 16.

The previous discussion describes not only the twistor space T1(R16) of the flat space,
but also the normal bundle to any fibre inside an arbitrary twistor space T1(M16).

Theorem 3. Let M16 be a 16-dimensional Riemannian manifold with a nearly
parallel Spin(9)-structure and suppose that the twistor space T1(M16) is analytic. The
normal bundle N to any fibre Q ⊂ T1(M16) is an 8-dimensional holomorphic vector
bundle over the quadric Q with the following properties:

1. c1(N) =
8
7
c1(Q) = 8 x , c2(N) =

1
2
c2
1(N) = 32 x2.

2. dimCH0(N) = 16.

The fibre T1 of the twistor space T1(M16) admits an antiholomorphic involution
τ . Using the different models for T1 we can define τ in different ways. The involution
τ : T1 → T1 is given by

τ(J ) = −J .
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In case we identify T1 with the quadric

Q =
{

[z0 : . . . : z8] ∈ P8(C) : z2
0 + . . . + z2

8 = 0
}

,

the involution τ is the conjugation, τ [z0 : z1 : . . . : z8] = [z̄0 : z̄1 : . . . : z̄8]. Finally, in
case T1 = Spin(9)/Spin(2)xZ2Spin(7) is considered as the Graßmann manifold G2,9 of
all oriented 2-planes π2 in R9, the involution τ reverses the orientation, τ(π2) = −π2.
Since τ commutes with the Spin(9)-action on T1, it defines an involution

τ : T1(M16) → T1(M16)

on any twistor space. The map τ is an antiholomorphic involution without fixed
points. Moreover, τ acts on the space H0(N) of all holomorphic sections of the
normal bundle to a fibre Q ⊂ T1(M16) and the space of real sections can be identified
with the tangent space at the base point to M16.

Summarizing, the twistor space T1(M16) of a 16-dimensional manifold with a
(nearly parallel) Spin(9)-structure has the same structure as the twistor space of an
oriented 4-dimensional Riemannian manifold. The difference is the more complicated
topology of the fibre.

Remark. We defined a twistor space T1(M16) by using the space T1C ∩ Λ2(R9)
of all complex structures that are given by a two-form in Λ2(R9). There is a second
possibility. Consider the space

T2 = C ∩ Λ3(R9) =
{
J =

∑

1≤α<β<γ≤9

yαβγ IαIβIγ : J 2 = −Id
}

of all complex structures on R16 defined by a 3-form in Λ3(R9). Then the group
Spin(9) does not act transitively on T2. For example, I1I2I3 and 1√

3
(I1I2I3 +I4I5I6 +

I7I8I9) are two elements in T2 with different isotropy groups with respect to the
Spin(9)-action. The complete orbit structure of T2 is very difficult and related to the
classification of all normal forms of 3-forms in 9 variables. For the case of the group
SL(9) acting on R9, the orbit structure of Λ3(R9) was described in the paper [26].
Anyway, consider a Spin(9)-orbit O∗ ⊂ T2. Then we can introduce the twistor space

T O∗2 (M16) = R×Spin(9) O∗

and a given Spin(9)-invariant geometric structure on O∗ induces a similar structure
on the twistor space T O∗2 .
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