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THE STRUCTURE EQUATIONS OF
A COMPLEX FINSLER MANIFOLD∗

A. SPIRO†

A mio padre

Abstract. For a strongly pseudo-convex complex Finsler manifold M , a bundle UF (M) of

adapted unitary frames is canonically defined. A non-linear Hermitian connection on UF (M), in-
variant under local biholomorphic isometries, is given and it proved to be unique. By means of such

connection, an absolute parallelism on UF (M) is determined and a new set of structure functions

which generate all the isometric invariants of a Finsler metric is obtained.
A pseudo-convex complex Finsler manifolds M , which admits a totally geodesic complex curve

with a given constant holomorphic sectional curvature through any point and any direction, is called

E-manifold . Main examples of E-manifolds are the smoothly bounded, strictly convex domains in
Cn, endowed with the Kobayashi metric. A complete characterization of E-manifolds, using the

previously defined structure functions, is given and a smaller set of generating functions for the

isometric invariants of E-manifolds is determined.

1. Introduction. The main purpose of this paper is to give a complete set of
invariants, which characterize a strongly pseudoconvex complex Finsler metric up to
local biholomorphic isometries. Several properties of these invariants are immediately
related with the intrinsic geometry of the Kobayashi metric of the smoothly bounded,
strongly convex domains in Cn.

Let M be a complex manifold and J its complex structure. The well-known
infinitesimal Kobayashi pseudo-distance kM on T̃M = TM \ {zero section} can be
defined as follows ([Ko]): for any x ∈ M and any 0 6= v ∈ TxM , let Av the set of all
r ∈ R+ such that there exists a holomorphic map f : ∆r → M from ∆r = {|z| < r} ⊂
C into M with f(0) = x and f∗( ∂

∂ζ ) ∈ Cv. Then

kM (v) = inf
r∈A(v)

1
r
.

We consider the following class of complex manifolds.
Definition 1.1. A complex manifold (M, J) is a Lempert manifold if
(1) the infinitesimal Kobayashi pseudo-distance kM is a strongly pseudoconvex

Finsler metric, that is:
a) it is a smooth function on T̃M with values in R+;
b) kM (λv) = |λ|kM (v) for any λ ∈ C∗ and v ∈ T̃M ;
c) at any point x ∈ M the hypersurface Sx = {v ∈ TxM : kM (v) = 1} is strongly

pseudoconvex in TxM ;
(2) for any non-vanishing complex vector w ∈ TCx M ⊂ TCM , there exists a

complex curve γw : U ⊂ C → M , such that γw(0) = x, γ′w(0) = w and γ(U) is a
totally geodesic submanifold of M ;

(3) the metric, which is induced by kM on the totally geodesic complex curve
γw(U), is Kähler and with constant holomorphic curvature equal to −4;
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(4) the (finite) Kobayashi distance dM , determined by kM , is complete and the
exponential map exp : TxM → M is a diffeomorphism for any x ∈ M .

An immediate interest for Lempert manifolds comes from the well-known results
of L. Lempert on the Kobayashi metric of strongly convex domains in Cn ([Le], [Le1]).
Some of his results can be stated as follows.

Theorem 1.2. [Le] If M is a smoothly bounded, strongly convex domain in Cn,
then M is a Lempert manifold.

Since the convexity of a domain is not a biholomorphic invariant property, The-
orem 1.2 motivates the following question:

Are there some invariant properties of kM (to be added to (1) - (4) of Def.
1.1), which characterize the manifolds that are biholomorphic to a smoothly bounded,
strongly convex domain in Cn?

Some encouraging results have been obtained by various authors (e.g. [Fa], [Pa],
[Le2], [BD], [AP], [AP1]). In particular, we would like to mention the following theorem
by J. J. Faran (see also [Pa]).

Theorem 1.3. [Fa] (M, J) is a Lempert manifold if and only if it admits a
strongly pseudoconvex Finsler metric F , which verifies (2), (3) and (4) of Definition
1.1. In this case F coincides with the Kobayashi metric kM .

Faran’s Theorem has been improved by M. Abate and G. Patrizio in [AP] in the
following sense: they proved that if (M, J) has a strongly pseudoconvex Finsler metric
F , then it admits a natural non-linear Finsler connection and if the corresponding
torsion and curvature verify pointwise a certain set of conditions, then (M, J) satisfies
(2), (3) and (4) of Def. 1.1 and hence it is a Lempert manifold.

By Faran’s theorem, our previous question has positive answer if and only if
there exist some conditions, which are necessary and sufficient for the existence of a
biholomorphism between a Finsler manifold M , verifying (2), (3) and (4) of Def. 2.1,
and a strongly convex domain D ⊂ Cn.

The general problem of determining necessary and sufficient conditions for the
existence of a (local) isomorphism between two geometric structures is usually called
the (local) equivalence problem for those structures. In this paper we give a new
solution to the local equivalence problem for strongly pseudoconvex Finsler metrics
and, by means of this solution, we obtain a new complete set of invariant functions
which determine the complex Finsler metrics up to local biholomorphic isometries.
We also use these invariants to give a new characterization of Lempert manifolds.

Here are the contents of the paper. In §2 we recall and prove some preliminary
properties of complex Finsler metrics.

In §3 we introduce the concept of adapted unitary frames of a complex manifold
(M, J) with a strongly pseudoconvex Finsler metric F . The bundle UF (M) of all
adapted unitary frames turns out to be a subbundle of the complex linear frame
bundle LC(M), but in general it is not a principal subbundle; this is the case if and
only if there exists an Hermitian metric g so that F (v) =

√
g(v, v) for all 0 6= v ∈ TM .

We also use the following terminology: any distribution which is complementary
to the vertical distribution and of dimension equal to dimM is named a non-linear
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connection on UF (M). We say that a non-linear connection is of Hermitian type if it
is invariant w.r.t. the complex structure Ĵ of LC(M).

The main result of §3 is the following (Theorem 3.9).

Theorem 1.4. Let (M, J, F ) be a strongly pseudoconvex Finsler manifold. Then
the unitary frame bundle UF (M) has a unique non-linear connection of Hermitian
type. This connection is invariant under any biholomorphic isometry of (M, J, F ).

This non-linear Hermitian connection on UF (M) defines a non-linear covariant
derivation for vector fields of M which is invariant under any biholomorphic isometry.

In §4 we show that any fiber Vx = π−1(x) of UF (M) is identifiable with the
adapted frame bundle of a pseudo-hermitian structure on the Finsler sphere Sx. Us-
ing the Webster connection for pseudo-hermitian structures (see [We]), we define an
invariant absolute parallelism on each fiber Vx, i.e. a set of vertical vector fields on
Vx, which at all points span TuVx and which is invariant under the automorphism of
the pseudo-hermitian structure of Sx.

Using this absolute parallelism on the fibers and the non-linear Hermitian con-
nection H of UF (M), we obtain an absolute parallelism σ on UF (M) which verifies
the following crucial property: the (local) biholomorphic isometries of (M, J, F ) are
in 1-1 correspondence with the (local) diffeomorphisms of UF (M) which preserve σ.

By Kobayashi’s theorem on the automorphisms of absolute parallelisms ([Ko1]),
we immediately obtain the following result (Proposition 4.6):

Theorem 1.5. Let (M, J) be a complex manifold of complex dimension n and F
a strongly pseudoconvex Finsler metric on (M, J).

The group of biholomorphic isometries IsoF (M, J) is a Lie group of dimension
less or equal to n2 + 2n. Moreover dimR IsoF (M, J) = n2 + 2n if and only if F is
equal to F (v) =

√
g(v, v) for some Kähler metric g of constant holomorphic sectional

curvature and (M, J, g) is a simply connected complex space form, i.e. CPn, Cn or the
unit ball Bn ⊂ Cn, endowed with a Fubini-Study, flat or Poincarè-Bergmann metric,
respectively

In §5 we determine the Lie brackets of all possible pairs of vector fields of the
absolute parallelism σ of UF (M). By Cartan-Sternberg theorem the components of
these Lie brackets w.r.t. the vectors of the absolute parallelism generate a complete
set of invariant functions for the Finsler manifold (M, J, F ) (see Proposition 4.6 and
Theorem A1). At the end of §5, we also give the so-called structure equations of the
Finsler manifold of (M, J, F ), i.e. the equations that are verified by the 1-forms on
UF (M) which are dual to the vector fields of the absolute parallelism.

At last, in §6, we determine the Euler-Lagrange equations for the geodesics of a
complex Finsler manifold. We recall the definition of complex geodesics (see [Ve] and
[AP]) and we find necessary and sufficient conditions for a complex Finsler manifold to
be of constant holomorphic sectional curvature and with a complex geodesic through
any point and any direction. We call such manifolds E-manifolds. Notice that the
Lempert manifolds are complete E-manifolds with holomorphic sectional curvature
equal to -4.

For the E-manifold, we also prove that the torsion and the curvature can be
expressed in terms of the other structure functions of the absolute parallelism on
UF (M) and hence that these structure functions are the actual generators for the
invariants of E-manifolds (see Theorem 6.9).
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We have to mention that an alternative solution to the equivalence problem has
been given by J. J. Faran in [Fa]. He determines another set of invariant functions, by
pursuing the steps of a general algorithmic procedure: it is our personal opinion that,
by this reason, it is quite cumbersome to obtain simple geometric interpretations for
the invariant functions introduced by Faran.

As final remark, we want to point out that our non-linear covariant derivation
on complex Finsler manifolds is strictly related (but different) with the non-linear
covariant derivation invented by S. Kobayashi in [Ko2]. In a forthcoming paper, we
will discuss this relation and we will show how to use the components of the curvature
and torsion tensors in order to determine the set of invariant functions given in §5.

2. Preliminaries.

2.1. Notation and basic definitions. In all this paper, we use greek letters
α, β, etc. for indices related to holomorphic vectors, barred greek letters ᾱ, β̄, etc. for
indices related to the conjugated vectors and latin indices i, j, k, etc. to denote real
vectors.

We denote by {ε0, ε1, . . . , ε2n−1} the standard real basis of V = R2n = Cn; Jo is
the complex structure of Cn. The standard basis is ordered so that Jo(ε2i) = ε2i+1 for
any i = 0, . . . , n. We set εα = 1

2 (ε2α−
√−1ε2α+1), α = 0, . . . , n− 1, and εᾱ = εα. We

also use the notation {εi}, {εα} and {εᾱ} for the dual bases of {εi}, {εα} and {εᾱ},
respectively.

<,> is the standard Hermitian product of V = Cn.
W denotes the subspace

W = spanC{ε1, . . . , εn−1} = Cn−1.

(M, J) is always a complex manifold with complex structure J and complex dimension
n. We let T̃M = TM \ {zero section} and PTM = T̃M/C∗.

For any v ∈ TxM , ıv : TxM
∼−→ Tv(TxM) is the natural isomorphism between

TxM and Tv(TxM). Using the maps ıv, any vector w ∈ Tvo
(TxM) ⊂ T (TxM) extends

to a vector field X(w) on TxM by letting X(w)|v = ıv ◦ ı−1
vo

(w). We call X(w) the trivial
extension of w.

For any v ∈ TxM , J denotes both the complex structure on TxM and on Tv(TxM).
The vectors v10 and v01 are the holomorphic and anti-holomorphic components of v
w.r.t. J

v10 =
1
2
(v −√−1Jv), v01 =

1
2
(v +

√−1Jv).

The dilatation field D (also called Euler vector field) is the vector field on TM defined
as

D|v = ıv(v).

A linear frame at a point x of M is an R-linear isomorphism u : R2n → TxM . A
complex linear frame at a point x is a C-linear isomorphism u : Cn → TxM . We
always identify a linear frame u with the corresponding basis {fi} in TxM where

fi = u(εi) ∈ TxM.
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If u is complex, we denote by u10 the corresponding holomorphic basis, that is

u10 = {eα = u(εα) =
1
2
(f2α −

√−1f2α+1)}.

For any linear frame u on TxM , the point x = π(u) is called base point of u.
An absolute parallelism is a set of vector fields {X1, . . . , X2n} which are linearly

independent at all points and, hence, constitute a smooth field of frames on M .

The collection of all linear frames on M is denoted by L(M); recall that it is a
GL2n(R)-bundle w.r.t. the projection map π. The collection of all complex linear
frames is denoted by LC(M); it is a principal GLn(C)-subbundle of L(M).

It is well-known that LC(M) admits a unique complex structure Ĵ which verifies
the following two conditions:

a) the restriction of Ĵ to the vertical subspaces of LC(M) coincides with the
complex structure of GLn(C);

b) the projection π : LC(M) → M is holomorphic.
We call Ĵ the standard complex structure of LC(M).

For any subbundle P ⊂ L(M), we denote by θ its tautological 1-form, which is
defined as follows. For any frame u = {fi} ∈ P ⊂ L(M) and any vector X ∈ TuP , the
projected vector π∗(X) can be written as π∗(X) =

∑2n−1
i=0 θi

u(X)fi for some numbers
θi

u(X). The tautological 1-form θ is the R2n-valued 1-form

(2.1) θu(X) =
2n−1∑

i=0

θi
u(X) · εi.

If P is a subbundle of LC(M), any vector X ∈ TuP admits the decomposition X =
X10 + X01 = X10 + X10, where X10 is the holomorphic part of X w.r.t. Ĵ . We
denote by θα

u (X10) and θᾱ
u (X01) the components of π∗(X10) and π∗(X01) w.r.t. the

holomorphic and anti-holomorphic frame u10 and u01, respectively. In this way two
sets of C-valued 1-forms θα and θᾱ are defined at all points of P . They are called
holomorphic and antiholomorphic components of the tautological 1-form θ.

Finally, for any A ∈ gl2n(R), we denote by A∗ the associated fundamental vector
field , that is the vector field on L(M) whose flow is

ΦA∗
t (u) = u ◦ exp(tA).

Since GLn(C) acts freely and transitively on the fibers of LC(M), the fundamental
vector fields span any vertical subspace Vu ⊂ TuLC(M). Therefore if P is a subbundle
of LC(M) (not necessarily a principal subbundle), we may consider the subspace gu ⊂
gln(C)

(2.2) gu = { A ∈ gln(C), A∗u ∈ TuP}.
We call gu the algebraic vertical subspace of P at the point u. Notice that P is a
principal subbundle if and only if gu is a subalgebra of gln(C) independent on u ∈ P .
In this case gu = g = Lie(G), where G is the structure group of P .

2.2. First properties of complex Finsler manifolds.
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Definition 2.1. A complex Finsler metric on (M, J) is a continuous function

F : TM −→ R+

satisfying the following properties:
i) F is smooth on T̃M ;
ii) F (u) > 0, for all u ∈ T̃M ;
iii) F (λu) = |λ|F (u) for all u ∈ T̃M and any λ ∈ C.

A complex Finsler manifold is a complex manifold (M, J) endowed with a complex
Finsler metric F .

A (local) biholomorphism f : M → N between two complex Finsler manifolds
(M, J, F ) and (N, J ′, F ′) is called (local) biholomorphic isometry if F ′(f∗v) = F (v),
for any v ∈ TM .

Note that any complex Finsler metric F is in particular a real Finsler metric (see
e.g. [Ca], [Ch], [Ch1], [BC], [AP], [Sp]).

For any complex Finsler manifold (M, J, F ), the Finsler pseudo-sphere at a point
x is the hypersurface

(2.3) Sx = {v ∈ TxM : F (v) = 1} ⊂ TxM.

We say that F is associated with the Hermitian metric g if for any v ∈ TM

(2.4) F (v) =
√

g(v, v).

If this is the case, for any x ∈ M the hermitian metric gx is recovered from F by

(2.5) gx(v, w) =
1
2
hvo

(v, w),

where h is the quadratic form defined in the following formula (2.6) and vo is any non
zero vector of TxM . Note that if dimCM = 1, then any complex Finsler metric is
associated with a Kähler metric g.

The quadratic form h, the cubic form H and the quartic form H of a complex
Finsler metric F are the following multilinear forms on T (T̃M). Let X, Y, Z, W ∈
Tv(TxM) and X̂, Ŷ , Ẑ and Ŵ be their trivial extensions. Then we set

hv(X, Y ) = X̂
[
Ŷ

(
F 2

)]∣∣∣
v
; Hv(X, Y, Z) = X̂

[
Ŷ

[
Ẑ

(
F 2

)]]∣∣∣
v
;(2.6)

Hv(X, Y, Z, W ) = X̂
[
Ŷ

[
Ẑ

[
Ŵ

(
F 2

)]]]∣∣∣
v
.(2.7)

Since any set of trivial extensions commute, it is immediate to realize that h, H and
H are multilinear and totally symmetric in their arguments.

In all the following, for any v, w, z, t, y ∈ TxM , we will use the simplified no-
tation hv(w, z), Hv(w, z, t) and Hv(w, z, t, y) in place of hv(ıv(w), ıv(z)), Hv(ıv(w),
ıv(z), ıv(t)) and Hv(ıv(w), ıv(z), ıv(t), ıv(y)), respectively.

The quadratic form h̃, the cubic form H̃ and the quartic form H̃ of a Finsler
pseudo-sphere Sx ⊂ TxM are the the restrictions on T (Sx) of h, H and H. Note that,
since a Finsler pseudo-sphere is a level set of F 2, it follows that h̃v is equal to

(2.8) h̃v(X, Y ) = X̂ ′(Ŷ ′(F 2)),
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where X̂ ′, Ŷ ′ are two arbitrary vector fields, which are tangent to Sx and which
coincide with X and Y at v ∈ Sx. A similar result holds for H̃ and H̃.

Since ρx = (F 2 − 1)|TxM is a defining function for the Finsler pseudo-sphere Sx,
we have the following immediate Lemma .

Lemma 2.2. Let Dv ⊂ Tv(Sx) be the maximal J-invariant subspace of Tv(Sx) of a
Finsler pseudo-sphere Sx and let DCv = D10

v +D01
v the corresponding decomposition into

holomorphic and anti-holomorphic subspaces. Let also Lv the Levi form of Sx ⊂ TxM
given by ρx (for the definition, see e.g. (3.1) in §3). Then for any X10, Y 10 ∈ D10

v ,

(2.9) Lv(X10, Y 10) = h̃v(X10, Y 10).

Definition 2.3. A complex Finsler metric F is called strongly pseudoconvex
(resp. Levi non-degenerate) if for any x ∈ M the Levi form of the Finsler pseudo-
sphere Sx is positive definite (resp. non-degenerate) at all points.

Note that if a complex Finsler metric F is strictly convex as real Finsler metric
(for the definition, see f.i. [Ch], [AP] or [Sp]), then it is also strongly pseudoconvex.
The converse is obviously not true.

The following two Lemmata give some basic properties of h, H and H.

Lemma 2.4. Let (M, J, F ) be a complex Finsler manifold. For any 0 6= v ∈ TxM
consider the trivial extension v̂ of the vector Dv = ıv(v) and let X, Y , Z, Xi ∈
T (TxM), i = 1, . . . , k, some trivially extended vector fields. Then

a) D
(
F 2

)
v

= 2F 2
v and (JD)

(
F 2

)
v

= 0;
b) D

(
X1

(
X2

(
. . . Xk

(
F 2

)
. . .

)))∣∣
v

= (2− k) X1

(
X2

(
. . . Xk(F 2) . . .

))∣∣
v
;

c) JX1

(
X2

(
. . . Xk

(
F 2

)
. . .

))∣∣
v

+ X1

(
JX2

(
. . . Xk

(
F 2

)
. . .

))∣∣
v

+ . . .

· · ·+ X1

(
X2

(
. . . JXk

(
F 2

)
. . .

))∣∣
v

+ JD
(
X1

(
X2

(
. . . Xk

(
F 2

)
. . .

)))∣∣
v

= 0;

d) D10(F 2) = D01(F 2) = F 2 and

hv(X10, v̂10) = 0, hv(X10, v̂01) = X10(F 2)v;

e)

Hv(X10, Y 01, v10) = Hv(X10, Y 01, v01) = 0,(2.10)

Hv(X10, Y 10, v10) = −hv(X10, Y 10),Hv(X10, Y 10, v01) = hv(X10, Y 10),(2.11)

Hv(v̂01, X10, Y 10, Z01) = 0, Hv(v̂10, X10, Y 01, Z01) = 0,(2.12)

Hv(v̂10, X10, Y 10, Z01) = −Hv(X10, Y 10, Z01),(2.13)

Hv(v̂01, X10, Y 01, Z01) = −H(X10, Y 01, Z01).(2.14)

Proof. Consider on TxM the flows

(2.15) Φt,Ψt : TxM → TxM, Φt(v) = et · v, Ψt(v) = etJ · v.

Definition 2.1 (iii) is equivalent to

(2.16) (F 2 ◦ Φt)(v) = e2tF 2(v), (F 2 ◦Ψt)(v) = F 2(v)
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for any v ∈ T̃M and any t ∈ R. If we identify any vector X ∈ Tv(TxM) with the
corresponding element in TΦt(v)(TxM) and TΨt(v)(TxM), the differentials Φt∗ and Ψt∗
can be written as

(2.17) Φt∗|v(X) = et ·X, Ψt∗|v(X) = etJ ·X.

Therefore for any trivially extended vector fields Xi ∈ T (TxM), i = 1, . . . k,

ekt · [X1

(
X2

(
. . .

(
Xk

(
F 2

))
. . .

))∣∣
etv

]
(2.18)

=
[
Φt∗(X1)

[
Φt∗(X2)

[
. . .

[
Φt∗(Xk)

[
F 2

]]
. . .

]]]∣∣
Φt(v)

=e2t
(
X1

(
X2

(
. . . Xk

(
F 2

))))∣∣
v
,

etJ ·X1

(
etJ ·X2

(
. . .

(
etJ ·Xk

(
F 2

))
. . .

))∣∣
exp(tJ)v

(2.19)

= Ψt∗(X1)
[
Ψt∗(X2)

[
. . .

[
Ψt∗(Xk)

[
F 2

]]
. . .

]]∣∣
Ψt(v)

= X1

(
X2

(
. . .

(
Xk

(
F 2

))
. . .

))∣∣
v
.

Taking the derivative at t = 0 of (2.16), (2.18) and (2.19), one immediately obtains
a), b) and c).

d) follows from a), b).
To prove e), observe that b) and c) imply that

Hv(V, W, v) = v̂(V (W (F 2)))v = D(V (W (F 2)))v = (2− 2)V (W (F 2))v = 0,

v̂(V (W (Z(F 2))))v = (2− 3)Hv(V, W,Z) = −Hv(V, W,Z),

and
Hv(V, W, Jv) = JD(V (W (F 2)))v = −hv(JV, W )− hv(V, JW ),

JD(V (W (Z(F 2))))v = −Hv(JV, W,Z)−Hv(V, JW,Z)−Hv(V, W, JZ).

From these identities and some straightforward computations (2.10) - (2.14) follow.

Lemma 2.5. Let (M, J, F ) be a strongly pseudo-convex Finsler manifold. Then
F is associated with an Hermitian metric g if and only if one of the following two
equivalent conditions are satisfied:

i) the cubic form H vanishes identically;
ii) for any point x ∈ M , any vector 0 6= v ∈ TxM and any X, Y ∈ Tv(TxM)

hv(X10, Y 10) = 0.

Proof. If F is associated with an Hermitian metric, then (ii) is clearly satisfied.
Moreover, if (ii) holds, for any three vectors 0 6= X, Y, Z ∈ Tv(TxM), with trivial
extensions X̂, Ŷ and Ẑ, we get

Hv(X10, Y 10, Z10) = Ẑ10(h(X10, Y 10))|v = 0,

Hv(X10, Y 10, Z01) = Ẑ01(h(X10, Y 10))|v = 0,

and this implies (i). So, in order to conclude, we just need to show that (i) implies
that F is associated with an Hermitian metric.
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Note that if (i) holds, for any two trivially extended vector fields X̂ and Ŷ ,
the value of hv(X̂, Ŷ ) is independent of v. Moreover, from (2.11), hv(X̂10, Ŷ 10) =
Hv(X̂10, Ŷ 10, v̂01) = 0 and hence

hv(X̂, Ŷ ) = hv(X̂10, Ŷ 01) + hv(X̂01, Ŷ 10).

So the quadratic form gx defined by (2.5) is an Hermitian metric on TxM and, by
Lemma 2.4 d), gx(v, v) = hv(v10, v01) = D10(F 2)v = F 2

v .

From this point on, if the opposite is not stated, by complex Finsler metric and
complex Finsler manifold we will mean strongly pseudoconvex complex Finsler metric
and strongly pseudoconvex complex Finsler manifold , respectively.

3. The non-linear Hermitian connection of a complex Finsler mani-
fold.

3.1. The H-sphere bundle of a complex Finsler manifold.

Definition 3.1. An Hermitianized sphere bundle on (M, J) (or, more shortly,
H-sphere bundle) is a pair (SM, ρ) where:

a) SM ⊂ TM is a smooth subbundle;
b) each fiber Sx ⊂ TxM is a star shaped strongly pseudoconvex hypersurface of

(TxM, J), diffeomorphic to a sphere;
c) ρ is a smooth real function on T̃M such that SM = { v ∈ T̃M : ρ(v) = 0}.

An H-sphere bundle (SM, ρ) is called circular if SM is invariant with respect to the
linear group of transformations T 1 = {etJ , t ∈ R} and ρ is T 1-invariant.

Two H-spheres bundles (SM, ρ), (SM ′, ρ′) over (M, J) and (M ′, J ′), respectively,
are biholomorphically isometric if there exists a biholomorphism f : M → M ′, such
that ρ = ρ′ ◦ f∗|T̃M .

The main examples of H-sphere bundles are the Finsler sphere bundles.

Definition 3.2. The H-sphere bundle of a complex Finsler manifold (M, J, F )
is the pair (SF M, ρF ), where SF M is the bundle of the Finsler spheres in T̃M and
ρF = F 2 − 1.

Notice that (SF M, ρF ) is always circular. Moreover it is clear that two Finsler
manifolds are biholomorphically isometric if and only if the corresponding H-sphere
bundles are biholomorphically isometric.

Remark 3.3. Let Sx ⊂ TxM be a sphere of a circular H-sphere bundle (SM, ρ)
and ρx the restriction ρx = ρ|TxM , so that Sx = {ρx(v) = 0}. Let also Dx ⊂ TSx

be the family of the maximal J-invariant tangent spaces of Sx and Lx the Levi form
of Sx, i.e. the collection of the Hermitian forms on the spaces Dx|v ⊂ TvSx, v ∈ Sx,
defined by

(3.1) Lx(X, Y )|v = X̂(JŶ (ρx))|v,

where in the right hand side X̂ and Ŷ denote the trivial extensions of the vectors
X, Y ∈ Dx|v.

By definitions, Dx and Lx are T 1-invariant and each space Dx|v, v ∈ Sx, projects
isomorphically onto the tangent space at [v] of

Px = TxM/C∗ = Sx/T 1.
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Hence the Levi form Lx induces an Hermitian metric L̂x on each tangent projective
space Px. It is not difficult to see that L̂x is indeed a Kähler metric and that it depends
smoothly on the point x of M .

3.2. Adapted unitary frames of an H-sphere bundle. In the next definition
we introduce the concept of adapted unitary frames of an H-sphere bundle. In all
formulas, for any frame u = {f0, . . . , f2n−1} we use the symbols f1, . . . , f2n−1 also to
denote the vectors in Tf0(TxM) which correspond to the vectors of u via the natural
identification map ıf0 : TxM → Tf0(TxM).

Definition 3.4. We say that a complex linear frame u = {f0, . . . , f2n−1} at
x = π(u) is adapted to the H-sphere bundle (SM, ρ) if

a) f0 ∈ Sx and f1 = Jf0;
b) the vectors f2, . . . , f2n−1 span the maximal J-invariant subspace Df0 of

Tf0Sx;
c) the holomorphic vectors e1, . . . , en−1 constitute a unitary basis for Df0 with

respect to the Levi form Lx defined by (3.1).
The subbundle Uρ(SM) ⊂ LC(M) of all adapted unitary frames of (SM, ρ) is

called the unitary frame bundle of (SM, ρ).
If (SM, ρ) is the H-sphere bundle of the complex Finsler manifold (M, J, F ), its

unitary frame bundle is denoted by UF (M).

It is immediate that π : Uρ(SM) → M is a subbundle of LC(M) on which Un−1

acts freely and fiber preserving.
Moreover, if (SM, ρ) is circular, then for any fiber Vx = π−1(x) ⊂ Uρ(SM),

the quotient Vx/T 1 is equivalent to the unitary frame bundle UL̂x
(Px), where L̂x is

the Kähler metric defined in Remark 3.3. This implies Uρ(SM) is a principal bundle
only if all compact Kähler manifolds (Px, L̂x) are homogeneous spaces of a complex
subgroup G ⊂ GLn(C) which properly contains Un−1×T 1. Since this condition is very
strong, it is natural to expect that generically Uρ(SM) is not a principal subbundle
of LC(M).

In fact:

Proposition 3.5. The unitary frame bundle Uρ(SM) ⊂ LC(M) of an H-sphere
bundle (SM, ρ) is a principal subbundle if and only if it is the unitary frame bundle
of an Hermitian metric g on (M, J).

Proof. If Uρ(SM) is a principal subbundle of LC(M) with structure group G ⊂
GLn(C), then the group G verifies the following conditions:

i) it is compact;
ii) it acts transitively on each sphere Sx = Vx/Un−1;
iii) the isotropy subgroup of the G-action on each sphere Sx = Vx/Un−1 is Un−1.

From the list of the compact Lie groups acting transitively on a sphere ([MS], [Bo1],
[Bo2]), it follows that the only group which verifies i), ii) and iii) is G = Un. By
standard arguments this implies that Uρ(SM) = Ug(M) for some Hermitian metric.

The following Lemma gives an alternative way to define the adapted unitary
frames of a complex Finsler manifold.
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Lemma 3.6. A frame u = {fi} ∈ LC(M) belongs to UF (M) if and only if the
corresponding holomorphic frame u10 = {eα} verifies

(3.2) hf0(eα, eβ̄) = δαβ

for any 0 ≤ α, β ≤ n− 1.

Proof. By definition of adapted frame, u ∈ UF (M) if and only if it verifies the
follow three conditions for 1 ≤ λ, µ ≤ n− 1:

a) F 2(f0) = 1; b) eλ(F 2)|f0 = 0; c) Lx|f0(eλ, eµ) = h̃f0(eλ, eµ̄) = δλµ.

Since e0(F 2)
∣∣
f0

= D10(F 2)
∣∣
f0

, by Lemma 2.4 d) and the identity between h and h̃ on
the tangent spaces of the Finsler spheres, the conditions a), b) and c) can be rewritten
in the form

a′) hf0(e0, e0̄) = 1; b′) hf0(eλ, e0̄) = 0; c′) hf0(eλ, eµ̄) = δλµ,

which is simply (3.2).

From Lemma 3.6 and Proposition 3.5, it follows that UF (M) is a principal bundle
if and only if F is associated with an Hermitian metric g and that in this case UF (M) =
Ug(M).

3.3. Linear and non-linear connections of Hermitian type.

Definition 3.7. Let P ⊂ LC(M) be a subbundle of LC(M), ı : P → LC(M) be
the immersion map and Ĵ the standard complex structure of LC(M). Then:

(1) a (non-linear) connection on P ⊆ LC(M) is a distribution H, of real dimen-
sion 2n = dim M , complementary to the vertical distribution;

(2) if P is a principal G-bundle, the connection H is called linear if it is G-
invariant; if P is the unitary frame bundle Uρ(SM) of a circular H-sphere bundle
(SM, ρ), H is called nice if it is Un−1 × T 1-invariant;

(3) a nice (non-linear) connection H on Uρ(SM) is called isometrically invariant
if for any biholomorphic isometry f of (SM, ρ), the lift f̂ on LC(M) leaves H invariant;

(4) a (non-linear) connection H is called of Hermitian type if it is Ĵ-invariant,
i.e. for any u ∈ P

(3.3) Ĵ(ı∗(Hu)) = ı∗(Hu);

(5) the connection form of a (non-linear) connection H is the unique gln(C)-
valued 1-form ω on P , which vanishes on H and verifies

(3.4) ω(A∗u) = A

for any u ∈ P and any A in the algebraic vertical subspace gu ⊂ gln(C).

Remark 3.8. If H is a nice (non-linear) connection on Uρ(SM), for any curve

γ : [a, b] → PTM = Uρ(SM)/Un−1 × T 1,

which projects on a given curve γo in M , and any frame u ∈ π−1(γa) ⊂ Uρ(SM), there
exists a unique horizontal curve γ̂ : [a, b] → Uρ(SM), which is tangent to H, projecting
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onto γ and with γ̂a = u. Since H is Un−1×T 1-invariant, if γ̂10
a = u10 = {e0, . . . , en−1}

and γ̂10
b = {e′0, . . . , e′n−1}, the linear map

(3.5) Tγ : TxM → Tx′M, X = Xiei
Tγ7→ Xie′i

does not depend on the frame u, but only on the curve γ. We call it the parallel
transport along γ.

Furthermore, if Uρ(SM) is a principal subbundle of LC(M) and H is a linear
connection, the parallel transport (3.5) depends just on the curve γo : [a, b] → M
which is obtained by projecting on M the curve γ of PTM . In particular, (3.5) is
the classical parallel transport associated to a linear connection and it defines a linear
covariant derivation on M .

If H is non-linear, the parallel transport (3.5) defines the following non-linear
covariant derivation ∇ on M : let Y be a local vector field on M , X̂ a vector in
T[v]PTM and γ : [a, b] → PTM a curve such that γ̇0 = X̂ ; then

(3.6) ∇X̂Y = lim
h→0

1
h

[
T−1

γ|[0,h]
(Yxh

)− Yx

]
,

where x and xh are the base points of γ0 = [v] and γh, respectively. If we denote by

π̂ : Uρ(SM) → PTM = Uρ(SM)/Un−1 × T 1

the standard projection map, then ∇X̂Y |v is equal to

(3.7) ∇X̂Y |v = u (Xuθ(Y) + ωu(X ) · θu(Y)) ,

where ω is the connection form of H, u is any frame in π̂−1(v) ⊂ Uρ(SM) and X and
Y are two vector fields on Uρ(SM) such that π̂∗(X )v = X̂ and π∗(Y) = Y .

The derivation (3.7) is a linear function of the vector X̂, not of just its projection
to TM : this is in clear contrast with the properties of linear connections.

3.4. The non-linear Hermitian connection of a complex Finsler mani-
fold.

Theorem 3.9. For any complex Finsler manifold (M, J, F ), the unitary frame
bundle UF (M) admits a unique non-linear connection of Hermitian type.

This non-linear connection of Hermitian type is nice and isometrically invariant.

We call the connection of Theorem 3.9 the non-linear Hermitian connection of
(M, J, F ).

Proof. 1 First of all, notice that if f : M → M is a local biholomorphism and
f̂ : L(M) → L(M) is the lifted map on the linear frame bundle, than clearly f̂ maps
LC(M) into itself and it is a local biholomorphism w.r.t. to the standard complex
structure Ĵ . Therefore any local biholomorphic isometry f of (M, J, F ) is so that
f̂(UF (M)) ⊂ UF (M) and f̂∗ transforms any Ĵ-invariant non-linear connection into
another Ĵ-invariant non-linear connection. Hence, if there exists a unique non-linear
connection of Hermitian type, this connection is isometrically invariant.

1 For the following short and elegant way for proving Theorem 3.1, we are indebted to a kind

suggestion of an anonymous referee
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Consider now the distributionH ⊂ TUF (M) of all maximal Ĵ-invariant subspaces,
i.e. such that for any u ∈ UF (M)

Hu = TuUF (M) ∩ Ĵ(TuUF (M)).

We want to prove that such distribution constitutes a non-linear connection, i.e. it is
transversal to the vertical distribution and with dimHu = 2n at any frame u. Since
any Ĵ-invariant distribution H′ is included in H, it follows immediately that H is
a unique such non-linear connection. Furthermore, since Un−1 × T 1 ⊂ GLn(C) acts
holomorphically on LC(M), it follows also that H is Un−1×T 1-invariant and therefore
is a nice non-linear connection.

To prove the claim we need the following Lemma.

Lemma 3.10. Let x ∈ M and let Lx = π−1(x) ⊂ LC(M) and Vx = π−1(x) ⊂
UF (M) be the fibers of LC(M) and UF (M) over x, respectively.

Then Vx is a maximally totally real submanifold of Lx, i.e. for any u ∈ Vx,

TuVx ∩ Ĵ(TuVx) = {0} and TuVx ∪ Ĵ(TuVx) = TuLx.

Proof. Let us identify the space of holomorphic vectors T 10
x M ⊂ TCx M with Cn

and let Grn−1(Cn) be the Grassmanian of (n− 1)-dimensional complex subspaces in
T 10

x M = Cn. Let also denote by Jo the standard complex structure of Cn×Grn−1(Cn).
Consider now the holomorphic surjective map

σ : Lx → Cn ×Grn−1(Cn), σ(u) = (e0, span{e1, . . . , en−1})
where we denote by u10 = {e0, . . . , en−1} the holomorphic basis determined by the
frame u. It is clear that σ : Lx → Cn×Grn−1(Cn) is a principle bundle with structure
group GLn(C) and base Cn ×Grn−1(Cn).

Let Sx ⊂ TxM be the Finsler sphere at x and let Q ⊂ Cn × Grn−1(Cn) be the
submanifold

Q = { (v10, p) ∈ Cn ×Grn−1(Cn) : v ∈ Sx, p ⊂ T 10
x M ∩ TCv Sx }.

By definition, σ(Vx) = Q and the projection

σ|Vx : Vx → Q

makes Vx a principle bundle over Q with structure group Un−1.
Since Sx is strongly pseudo-convex, by a result of Webster (see [We1]), Q is a

maximally totally real submanifold of Cn×Grn−1(Cn). Since also Un−1 is a maximally
totally real submanifold of GLn(C) and σ is holomorphic, it follows that Vx is a
maximally totally real submanifold as well.

Let us now prove the claim. From Lemma 3.10, it follows immediately that H is
transversal to the vertical distribution, that is for any u ∈ UF (M)

Hu ∩ TuVπ(x) = {0}.
Furthermore, dimLx = 2dimVx and hence dimLC(M) = dimM + dimLx = 2n +
2dimVx. Since dimUF (M) = dimM + dimVx = 2n + dimVx it follows that at any
u ∈ UF (M)

2n + 2dimVπ(u) ≥ TuUF (M) + Ĵ(TuUF (M))− dimHu = 4n + 2dimVx − dimHu
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that is dimHu ≥ 2n. SinceHu is transversal with TuVπ(v), we conclude that dimHu =
2n for any u and hence that H is a non-linear connection.

Since the unitary frame bundle Ug(M) of an Hermitian metric g on (M, J) coin-
cides with the unitary frame bundle UF (M) of the Finsler metric F (v) =

√
g(v, v),

Theorem 3.9 gives the following classical result as an immediately corollary (see e.g.
[KN], vol. II): an Hermitian manifold (M, J, g) has a unique Hermitian linear con-
nection.

4. The absolute parallelism on UF (M) and Kobayashi’s theorem.

4.1. Pseudo-hermitian structures on a real hypersurface. In this subsec-
tion, we recall the definition of pseudo-hermitian structure on CR manifold of codi-
mension one and Webster’s theorem on the existence and uniqueness of an invariant
linear connection for any pseudo-hermitian structures. This result is essential for the
construction of an invariant absolute parallelism on the unitary frame bundle UF (M)
of a complex Finsler manifold.

Let S be a (2n− 1)-dimensional manifold. A CR structure on S is a pair (D, J),
where D ⊂ TS is a distribution and J is a smooth family of complex structures Jp

on the subspaces Dp ⊂ TpM . It is called integrable if the holomorphic distribution
D10 ⊂ DC defined by J is closed under Lie brackets. It is called of codimension p if
the distribution D is of codimension p.

An CR structure (D, J) of codimension one is called Levi non-degenerate if D is
a contact distribution, i.e. if for any local 1-form θ such that ker θ = D, then dθp is
non degenerate on Dp at any point p where θ is defined.

Definition 4.1. [We] A pseudo-hermitian structure on S is a pair ((S,D, J); θ)
where (S,D, J) is a codimension one Levi non-degenerate CR structure and θ is a
1-form on S such that ker θp = Dp for any p ∈ S.

A pseudo-hermitian transformation of ((S,D, J); θ) is a diffeomorphism f : S → S
such that f∗(D) ⊂ D, f∗ ◦ J |D = J ◦ f∗|D and f∗θ = θ.

In the following, we denote a pseudo-hermitian structure only by a pair (S, θ).

A standard example of pseudo-hermitian structure is the following. Let S be
a smooth real hypersurface in Cn and (D, J) the codimension one CR structure de-
termined by the maximal Jo-invariant subspaces in TS and the complex structures
determined by the complex structure Jo of Cn. Assume also that ρ is a smooth defining
function for S, i.e. S = {p ∈ Cn : ρ(p) = 0}. The 1-form θρ

(4.1) θρ
p(v) = dρp(Jov)

vanishes exactly on the vectors on D. Hence if (S,D, J) is Levi non-degenerate, then
(S, θρ) is a pseudo-hermitian structure.

Definition 4.2. Let (S, θ) be a pseudo-hermitian structure and let u = {f1,
. . . , f2n−1} a linear frame at a point p ∈ S. The frame u is called adapted to (S, θ) if

a) θ(f1) = 1 and θ(fi) = 0 for 2 ≤ i ≤ 2n− 1;
b) dθ(fi, fj) = δij for 2 ≤ i, j ≤ 2n− 1;
c) Jf2i = f2i+1 for 1 ≤ i ≤ n− 1.

The collection Uθ(S) of all adapted frames of frames of a pseudo-hermitian structure
(S, θ) is called unitary frame bundle of (S, θ).
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Conditions b) and c) can be restated claiming that the vectors eα = f2α− if2α+1,
with α = 1, . . . , n− 1, constitute a holomorphic basis for D10

p ⊂ DCp , which is unitary
w.r.t. the Levi form L(X, Y ) = dθp(X, Ȳ ). It can be checked that Uθ(S) is a principal
subbundle of L(S) with structure group Uq,q′ , where (q, q′) is the signature of the Levi
form L (see also [We]).

For any linear connectionH on Uθ(S) and any frame u = {f1, . . . , f2n−1} ∈ Uθ(S),
let us denote by pu = π∗|Hu

: Hu → Tπ(u)S the restriction of π∗ on H. We also denote
by {f̃i = p−1

u (fi)} the basis of Hu which projects onto the vectors of u.
Since pu is a linear isomorphism between Hu and Tπ(u)S, we may always consider

the subspace D̃u = p−1
u (Dπ(u)) ⊂ Hu and the complex structure J̃ on D̃u, defined by

(4.2) J̃ · v = (p−1
u ◦ J ◦ pu)(v).

(D̃, J̃) are called the horizontal lifts of the CR structure (D, J).

Definition 4.3. Let H be a linear connection on Uθ(S) and let (D̃, J̃) the corre-
sponding horizontal lift of the CR structure of S. Let also ẽα the holomorphic vector
fields in D̃10 defined by

ẽα|u = f̃2α|u − if̃2α+1|u ∈ D̃10
u , 1 ≤ α ≤ n− 1.

We say that H is of Webster type if:
a) any Lie bracket between two vector fields of the holomorphic distribution

D̃10 ⊂ D̃C is 0;
b) π∗([ẽα, ẽβ ]) = −√−1δαβπ∗(f̃1) for any 1 ≤ α, β ≤ n− 1;
c) for any 1 ≤ α ≤ n−1 the complex vector field Tα = [ẽα, f̃1] is so that π∗(Tα)

takes values in D01 = D10 at all points.
We call the vector field Tα = [ẽα, f̃1] the α-th component of the torsion of H.

We conclude with the following important result by S. Webster.

Theorem 4.4. [We] If (S, θ) is a pseudo-hermitian structure, there exists exactly
one linear connection of Webster type on Uθ(S). This connection is invariant under
the group Aut(S, θ) of pseudo-hermitian transformations of (S, θ).

Moreover, the α-th components of the torsion Tα = [ẽα, f̃1] of the connection of
Webster type vanish identically if and only if the vector field f1, given by the first
vectors of all adapted frames, is an infinitesimal CR transformations of S.

We call such unique linear connection the Webster connection of (S, θ).

4.2. The generalized fundamental vector fields on the unitary frame
bundle of an H-sphere bundle. Consider a circular H-sphere bundle (SM, ρ). For
any x ∈ M , let ρx be the restriction ρx = ρ|TxM and θx = θρ

x the 1-form on Sx defined
by (4.1). Each pair (Sx, θx) is a pseudo-hermitian structure.

If u = {f0, f1, . . . , f2n} ⊂ TxM is an adapted unitary frame of Uρ(SM) and
if we identify the vectors {f1, . . . , f2n} with the corresponding vectors at Tf0Sx, we
immediately see that u is also an adapted frame for the pseudo-hermitian structure
(Sx, θx). In other words, the fiber Vx = π−1(x) ∈ Uρ(SM) can be identified with the
unitary frame bundle Uθx

(Sx).
Let Wx be the Webster connection on Vx ' Uθx(Sx). Notice that the flow of the

vector field f1 on Sx coincides with 1-parameter group of transformations given by T 1.
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Therefore by Theorem 4.4 each component of the torsion of the Webster connection
Wx vanishes identically.

Using the Webster connection Wx and the fundamental vector fields associated
to the Lie algebra un−1 ⊕ R = Lie(Un−1 × T 1) we define an absolute parallelism on
any fiber Vx ⊂ Uρ(SM) as follows.

Definition 4.5. Let Uρ(SM) be the unitary frame bundle of a circular H-sphere
bundle (SM, ρ). For any x ∈ M , let also Wx be the Webster connection on the fiber
Vx = π−1(x) ' Uθx(Sx) = Uθ(Sx) and π̂ : Vx → Sx = Vx/Un−1 the standard
projection map.

For any element X ∈ W ⊕ (un−1 ⊕ R) we associate a vertical vector field X̃ of
Uρ(SM) associated as follows:

(1) if X ∈ un−1 ⊕ R, we set X̃ = X∗;
(2) if X ∈ W (= Cn−1), we set X̃ to be the vector field so that, for any frame u,

X̃u is the unique vector in (Wπ(u))u, such that π̂∗(X̃u) = u(X) ∈ Tf0Sx;

(3) for any two vectors X, X ′ ∈ W ⊕ (un−1 ⊕ R), we set X̃ + X ′ = X̃ + X̃ ′.
Any vertical vector field X̃ is called generalized fundamental vector field .

If {εi, Ej} is a basis for W ⊕ (un−1⊕R), the generalized fundamental vector fields
{ε̃i, Ẽi} are linearly independent at all points and they give an absolute parallelism on
each fiber Vx. By construction, the vector fields {ε̃i, Ẽi} are mapped into themselves
by any biholomorphic isometry of (SM, ρ).

One may also check that if Uρ(SM) is a principal subbundle (and hence with
structure group Un; see Proposition 3.5), the generalized fundamental vector fields
coincide with the fundamental vector fields of the elements in un.

4.3. The absolute parallelism on UF (M) and the isometry group of
(M, J, F ). Let UF (M) be the unitary frame bundle of a complex Finsler manifold
(M, J, F ) and H the non-linear Hermitian connection on UF (M).

At any frame u = {f0, . . . , f2n−1} ∈ UF (M) we denote by f̂i|u the unique vectors
in Hu which project onto fi ∈ Tπ(u)M . Let also {εi} the standard basis of W = Cn−1,
t be a generator of R = Lie(T 1) and {Ej} a basis for un−1. Let also ε̃i, t̃ and Ẽj the
corresponding generalized fundamental vector fields on UF (M).

Then the set of vector fields

(4.3) σH = {f̂i, ε̃j , t̃, Ẽk}
is an absolute parallelism on UF (M). It is unique, up to a change of the generator
t and of the basis {Ej} for un−1 and it is invariant under all local biholomorphic
isometries of (M, J, F ).

We call σH the absolute parallelism associated to the Hermitian connection H.
As a consequence of Kobayashi’s theorem on the automorphism group of an ab-

solute parallelism ([Ko]), the following result is easily obtained.

Proposition 4.6. Let (M, J, F ) be a complex Finsler manifold of complex di-
mension n and let H the non-linear Hermitian connection of (M, J, F ).

(1) The local holomorphic isometries of (M, J, F ) are in 1-1 correspondence with
the local diffeomorphisms of UF (M), defined on open saturated subsets π−1(U), which
preserve the absolute parallelism σH. For any local biholomorphic isometry f the
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corresponding local diffeomorphism is the restriction on UF (M) ⊂ LC(M) of the dif-
feomorphism

f̂ : L(M) → L(M), f̂(u) = f∗ ◦ u.

(2) The group IsoF (M) of all biholomorphic isometries of (M, J, F ) is a Lie
group of dimension less or equal to

dimR UF (M) = dimR V + dimRW + dimR(un−1 ⊕ R) = n2 + 2n.

(3) dimR IsoF (M) = n2 + 2n if and only if F is associated with a Kähler metric
g and (M, J, g) is (CPn, gc2), (Cn, g0) or (Bn, g−c2), where gc2 , g0 and g−c2 denote
the Kähler metrics with constant holomorphic sectional curvature c2, 0 and −c2, re-
spectively.

Proof. (1) It is proved with the same arguments of Proposition 3.3 in [Sp]; they
are very similar to the arguments of the proof of Proposition VI. 3.1 in [KN] Vol. I.

(2) It is an immediate corollary of (1) and of Theorem I.3.2 in [Ko1].
(3) If dimR IsoF (M) = n2 + 2n, then UF (M) is a principal subbundle of LC(M)

and any isotropy subgroup IsoF (M)x acts transitively on any fiber Vx of UF (M). By
Proposition 3.5 and Lemma 3.6 it follows that IsoF (M)x ' Un for any x ∈ M and
that F is associated with an Hermitian metric g. Since for any x ∈ M we have that
IsoF (M)x = Isog(M)x ' Un , we also have that (M, J, g) is an Hermitian symmetric
space, g is Kähler and the holomorphic sectional curvature is constant.

We claim now that M is simply connected. Suppose not and let π : M̃ → M be
its universal covering map and g̃ = π∗g. For any x ∈ M and any y ∈ π−1(x), the
isotropy subgroup Isog(M)x ' Un is embedded into Isog̃(M̃)y and hence Isog̃(M)y =
Isog(M)x ' Un. This implies that any deck transformation Γ belongs to the normal-
izer NIsog̃(M̃)(Isog̃(M̃)y) of the subgroup Isog̃(M)y in Isog̃(M̃). Suppose now that g̃

has positive holomorphic sectional curvature. By the classification of simply connected
complex space forms, M̃ is CPn, Isog̃(M̃) = SUn+1 and NIsog̃(M̃)(Isog̃(M̃)y) =
NSUn+1(Un) = Un. This means that any deck transformation Γ belongs to Isog̃(M)y,
and this cannot be because Γ fixes no point. Suppose then that g̃ has non-positive
holomorphic sectional curvature. In this case for any non-trivial deck transformation
and any h ∈ Isog̃(M)y, there exists some h′ ∈ Isog̃(M)y so that h ◦ Γ = Γ ◦ h′ and
hence h(Γ(y)) = Γ(h′(y)) = Γ(y). Since h fixes y and Γ(y), it fixes point by point the
unique length minimizing geodesic between y and Γ(y). But this cannot be because
Isog̃(M̃)y = Un and it fixes no vector in TyM̃ .

Since M is simply connected, the claim follows from the classification of simply
connected complex space forms.

5. The invariants of a complex Finsler manifolds.

5.1. Notation. In all the following sections, the greek indices α, β, γ, δ, ε
always run between 0, . . . , n− 1; the indices λ, µ, ν, ρ, σ run between 1 and n− 1.

We denote by Eα
β = εβ ⊗ εα the elements of the standard basis of gln(C). An

element A = Aα
βEβ

α ∈ gln(C) can be also expressed using just the complex matrix Aα
β .

For any adapted unitary frame u = {fi} and corresponding holomorphic frame
u10 = {eα}, we set

hαβ(u) = hf0(eα, eβ), Hαβγ(u) = Hf0(eα, eβ , eγ), Hαβγδ(u) = Hf0(eα, eβ , eγ , eδ).
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The symbols hᾱβ̄(u), Hαβγ̄(u), Hαβ̄γ̄(u), etc. have analogous meanings.

On UF (M) we have the following distributions and CR structures:
- H is the non-linear Hermitian connection;
- W =

⋃
x∈M Wx is the distribution obtained as union of the Webster connec-

tions Wx of the fibers Vx = π−1(x) = Uθx
(Sx);

- (D̃, J̃) is the CR structure given by D̃ =
⋃

x∈M D̃x and J̃ =
⋃

x∈M J̃x, where
each (D̃x, J̃x) is the horizontal lift in Wx of the CR structure of the Finsler sphere Sx

(see Definition 4.3).
Notice that (H, Ĵ) and (D̃, J̃) are both integrable CR structures on UF (M) (see §4.1).

ω is the connection form of H (see Def. 3.7) and we define ωα
β as the C-valued

1-forms on UF (M) which verify

ω =
∑

α,β

Eα
β ⊗ ωβ

α.

We also set ωᾱ
β̄

= ωα
β . We call ωα

β and ωᾱ
β̄

the holomorphic and anti-holomorphic
components of the connection form ω.

We denote by Eα
β and by E ᾱ

β̄
the complex vector fields on LC(M) defined by

Eα
β =

1
2

[
(Eα

β )∗ −√−1(JoE
α
β )∗

]
, E ᾱ

β̄ = Eα
β .

Note that, if we extend C-linearly the 1-forms ωα
β and ωᾱ

β̄
, we have that

ωα
β (Eε

γ) = δα
γ δε

β , ωᾱ
β̄ (Eδ

γ) = 0.

Moreover, we recall that by the properties of fundamental vector fields (see [KN])

L(Eα
β )∗θ = −

∑
γ

[Eα
β , εγ ]⊗ θγ −

∑
γ

[Eα
β , εγ̄ ]⊗ θγ̄ ,

L(JoEα
β )∗θ = −

∑
γ

√−1[Eα
β , εγ ]⊗ θγ +

√−1
∑

γ

[Eα
β , εγ̄ ]⊗ θγ̄ .

This implies that

LEα
β
θ =

1
2

[
L(Eα

β )∗θ −
√−1L(JoEα

β )∗θ
]

= −εβ ⊗ θα, LEᾱ
β̄
θ = LEα

β
θ = −εβ̄ ⊗ θᾱ.

For any fiber Vx = π−1(x) ⊂ Vx, we denote by

π̂x : Vx = Uθx(Sx) → Sx = Vx/Un−1

the standard projection map of Vx = Uθx
(Sx) onto Sx = Vx/Un−1.

For any i = 0, . . . , 2n− 1, f̂i is the vector field in H such that at all u ∈ UF (M)

π∗(f̂i)|u = fi = u(εi) ∈ Tπ(u)M.

For any a = 2, . . . , 2n − 1, ε̃a is the generalized fundamental vector fields which cor-
responds to elements of the real basis {ε2, . . . , ε2n−1} of W = Cn−1 (see §2.1). By
construction, any vector field ε̃a is vertical, it takes values in D̃ ⊂ W and J̃ ε̃2i = ε̃2i+1.
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Finally, we denote by êα and ẽλ the holomorphic vector fields

êα =
1
2

(
f̂2α −

√−1f̂2α+1

)
, ẽλ =

1
2

(
ε̃2λ −

√−1ε̃2λ+1

)
.

They coincide with the complex vector fields in HC and D̃C ⊂ WC, which are mapped
by π∗ and π̂x∗ onto the holomorphic vectors of the corresponding adapted frames of
TxM and of Tπ̂x(u)S, respectively.

5.2. The algebraic vertical subspaces of UF (M) and the distribution
W. We want to determine the algebraic vertical subspaces of gu (see definition in
§2.1). For this we give the following technical lemma, which follows directly from
definitions and Lemma 2.4 e).

Lemma 5.1. For any choice of the indices A,B, C, the functions HABC are totally
symmetric w.r.t. to A, B and C. Furthermore, for any u = {f0, . . . , f2n−1},
(5.1) Hαβ̄0(u) = Hᾱβ0̄(u) = 0, Hαβ0(u) = −hαβ(u), Hαβ0̄(u) = hαβ(u).

Now recall that for any A ∈ gln(C) and any u ∈ LC(M), the corresponding
fundamental vector field A∗u at u is equal to the tangent vector at t = 0 of the curve
a(t) = u ◦ etA. Therefore, by Lemma 3.6, the element A belongs to the algebraic
vertical subspace gu if and only if

(5.2)
d

dt

[
hetA·f0(e

tA · eα, etA · eβ̄)
]∣∣∣∣

t=0

= 0.

Representing A with the associated matrix Aα
β , condition (5.2) can be written as:

(5.3) Aγ
αδγβ + δαγAγ̄

β̄
+ Aγ

0Hαβ̄γ(u) + Aγ̄
0̄
Hαβ̄γ̄(u) = 0.

Using Lemma 5.1, we immediately obtain the following.

Proposition 5.2. For any u ∈ UF (M), the algebraic vertical subspace gu ⊂
gln(C) is defined by the following equations:

(5.4)
A0

0 + A0̄
0̄ = 0, A0

λ + Aλ̄
0̄ + Aν

0hλν(u) = 0,

Aµ
λ + Aλ̄

µ̄ + Aν
0Hλµ̄ν(u) + Aν̄

0̄Hλµ̄ν̄(u) = 0.

Equations (5.4) are called the defining equations of the algebraic vertical subspace
gu.

For any u ∈ UF (M), consider the following basis for gu (λ ≥ µ):

t =Jo · E0
0 ,(5.5)

ER
λ,µ =Eλ

µ − Eµ
λ , EI

λ,µ = Jo · (Eλ
µ + Eµ

λ ),(5.6)

E2λ(u) =E0
λ − [Re{hλµ(u)}+ δλµ]Eµ

0 − Im{hλµ(u)}Jo · Eµ
0(5.7)

− Re{Hν̄µλ(u)}Eµ
ν − Im{Hν̄µλ(u)}Jo · Eµ

ν ,

E2λ+1(u) =Jo · E0
λ − [Re{hλµ(u)} − δλµ]Jo · Eµ

0 + Im{hλµ(u)}Eµ
0(5.8)

− Re{Hν̄µλ(u)}Jo · Eµ
ν + Im{Hν̄µλ(u)}Eµ

ν .
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Consider also the complex valued vector fields ẽ′λ, ẽ′̄
λ

defined as

(5.9) ẽ′λ|u =
1
2

{
E2λ(u)∗|u −

√−1E2λ+1(u)∗|u
}

, ẽ′̄λ|u = ẽ′λ|u.

If we consider the vector fields ẽ′λ and the generalized fundamental vector fields ẼR
λ,µ,

ẼI
λ,µ, t̃ as vector fields of TCLC(M), we may write them as linear combinations of the

vector fields Eα
β and E ᾱ

β̄
. In this way, we obtain the following expressions:

ẼR
λ,µ = (Eλ

µ − Eµ
λ ) + (E λ̄

µ̄ − E µ̄

λ̄
), ẼI

λ,µ =
√−1(Eλ

µ + Eµ
λ )−√−1(E λ̄

µ̄ + E µ̄

λ̄
)(5.10)

t̃ =
√−1E0

0 −
√−1E 0̄

0̄ , ẽ′λ = E0
λ|u − E λ̄

0̄ |u − hµλ(u)Eµ
0 |u −Hν̄µλ(u)Eµ

ν |u.(5.11)

Notice that the vectors ER
λ,µ, EI

λ,µ constitute a basis for un−1; hence any complex
vector X ∈ TCu Vx, which is vertical w.r.t. the projection π̂π(x) : Vπ(x) → Sπ(x) =
Vπ(x)/Un−1, is linear combination of the vectors ẼR

λ,µ(u), ẼI
λ,µ(u) and hence, by (5.10),

it is of the form

(5.12) X = Cµ
ν

(Eν
µ |u − E µ̄

ν̄ |u
)

for some uniquely determined Cµ
ν ∈ C.

At the same time, for any u ∈ UF (M), the generalized fundamental vector fields t̃

and Ẽi(u), i = 2, . . . , 2n−1, span a subspace of TuVπ(u), which is of dimension 2n−1
and which is complementary to the vertical distribution. More precisely we have the
following:

Lemma 5.3. For any u ∈ UF (M)

ε̃1|u = t̃|u mod spanR{A∗u, A ∈ un−1},
ε̃2λ|u = (E2λ(u))∗|u mod spanR{A∗u, A ∈ un−1},
ε̃2λ+1|u = (E2λ+1(u))∗|u mod spanR{A∗u, A ∈ un−1}.(5.13)

Moreover, there exist some complex valued functions Sρ
σ and Sρ

σλ such that

ε̃1|u = t̃|u − Sρ
σ(u)(Eσ

ρ |u − E ρ̄
σ̄ |u),(5.14)

ẽλ|u = E0
λ|u−E λ̄

0̄ |u−hσλ(u)Eσ
0 |u−Hρ̄σλ(u)Eσ

ρ |u−Sρ
σλ(u)

(Eσ
ρ |u−E ρ̄

σ̄ |u
)
.(5.15)

Proof. In order to prove the claim, observe that, for any fiber Vx and any frame
u = {f0, . . . , f2n−1} ∈ Vx, the element y = [u] = π̂x(u) ∈ Vx/Un−1 = S2n−1 may be
identified with the first element f0 = u(ε0) of the frame. Therefore the vector t∗|u is
projected by π̂x onto the vector of T[u]=f0Sx given by

π̂x∗(t∗|u) =
d

ds
(π̂x(u ◦ esJoE0

0 ))
∣∣∣∣
s=0

=
d

ds
(u ◦ esJoE0

0 (ε0))
∣∣∣∣
s=0

= u ◦ JoE
0
0(ε0) = u ◦ JoE

0
0(ε0 + ε0̄) = u(iε0 − iε0̄) = f1.

By a similar argument one can check that (E2λ(u))∗|u and (E2λ+1(u))∗u are mapped
by π̂x onto the vectors f2λ, f2λ+1 = Jf2λ, respectively. This proves (5.13).

From (5.13) and (5.12), the formulae (5.14) and (5.15) follow.
In the following, in order to have more symmetry in some formulas, we will often

write H0̄σλ(u) in place of hσλ(u), since they coincide by Lemma 5.1.
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5.3. The structure functions of the absolute parallelism of UF (M).
Cartan-Sternberg theorem (see [St]; we recall the complete statement - which is indeed
quite long - in the Appendix) implies that a complete set of invariant functions for an
absolute parallelism {X1, . . . , Xm} is given by the structure functions ci

jk, defined by
[Xj , Xk] = ci

jkXi, and by their derivatives Xi1(. . . Xip
(ci

jk) . . . ), with p less or equal to
some finite order r. The order r in general depends on the absolute parallelism, but,
in case of real analytic data, there exists an upper bound for r which depends only on
the dimension of the manifold (this is a consequence of Cartan-Kähler theorem; see
[BCG]).

From this remarks and Proposition 4.6 (1), we conclude that the structure func-
tions ci

jk and the derivatives Xi1(. . . Xip
(ci

jk) . . . ) of the absolute parallelism (4.3) are
a complete system of invariant functions for the complex Finsler manifold (M, J, F ).

In this section we want to describe these structure functions.

The structure functions ci
jk corresponding to Lie brackets of two generalized fun-

damental vector fields X̃, Ỹ , with X and Y in {t, ER
λ,µ, EI

λ,µ}, are computed by the
Lie brackets in un−1 ⊕ R. In fact, X̃ and Ỹ are the fundamental vector fields in
the usual sense and hence [X̃, Ỹ ] = [̃X, Y ]. In particular, for those Lie brackets, the
corresponding structure functions ci

jk are the structure constants of the Lie algebra
un−1 ⊕ R.

The structure functions ci
jk corresponding to Lie brackets between a fundamental

vector fields X̃, with X ∈ {ER
λ,µ, EI

λ,µ} and a vector field Y in the set {ε̂i, ε̃j} can be
evaluated recalling that X̃ is a fundamental vector field associated to an element in
un−1 and that Y belongs either to H or to W, which are both invariant under the
action of Un−1. This implies that the action of X̃ on the set {ε̂i, ε̃j} is equal to the
standard action of X ∈ un−1 on the basis {εi, εj} of V ⊕ W = Cn ⊕ Cn−1 (see e.g.
Prop. 2.3 in [KN], vol. I). Therefore, also for these Lie brackets, the corresponding
structure functions are constant .

The structure functions corresponding to the Lie brackets of two vector fields in
the set {ε̂i, ε̃j , t̃} are given by the real and imaginary parts of the Lie brackets described
in the following Propositions 5.4, 5.5 and 5.6.

Proposition 5.4. A Lie bracket of a pair of vector fields in the set {êβ , êγ̄ , t̃} or
of a pair in the set {ẽλ, ẽλ̄, t̃} has one of the following forms:

[êβ , êγ ] = −Tα
βγ êα,(5.16)

[êβ , êγ̄ ] = −Rλ
0βγ̄ ẽλ + R0

λβγ̄ ẽλ̄ +
√−1R0

0βγ̄ t̃−Rρ
σβγ̄(Eσ

ρ − E σ̄
ρ̄ ),(5.17)

[t̃, êβ ] =
√−1δβ0ê0, [t̃, êβ̄ ] = −√−1δβ0ê0̄,(5.18)

[ẽµ, ẽν ] = 0, [ẽµ, ẽν̄ ] = −√−1δµν t̃− (δρ
µδσν −Qρ

σµν̄)(Eσ
ρ − E ρ̄

σ̄),(5.19)

[t̃, ẽν ]u = −√−1ẽν −
√−1Qρ

σ0ν(Eσ
ρ − E ρ̄

σ̄),(5.20)

[t̃, ẽν̄ ] =
√−1ẽν̄ −

√−1Qσ
ρ0ν(Eσ

ρ − E ρ̄
σ̄),(5.21)

where Tα
βγ , Rα

βγδ̄
, Qρ

σµν̄ , Qρ
σ0ν and Qρ̄

σ̄0ν are some uniquely determined C-valued func-
tions.
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Proof. Recall that the vector fields êα are holomorphic vector fields in H10 ⊂ HC.
Since the CR structure (H, Ĵ) is integrable, [êβ , êγ ] takes values in H10. From this
(5.16) follows.

To prove (5.17), we first claim that it is a complex vertical vector. In fact, for
a given u ∈ UF (M), consider a local holomorphic embedding σ : U ⊂ M → UF (M)
with u ∈ σ(U). Since π : LC(M) → M is holomorphic, ê′β = (σ ◦ π)∗(êβ |σ(U))
and ê′γ̄ = (σ ◦ π)∗(êγ̄ |σ(U)) are holomorphic and antiholomorphic vector fields on
σ(U), respectively, and hence [ê′β , ê′γ̄ ] = 0. Since at any u′ = A · σ(x) ∈ UF (M)|U
we may write êβ and êγ̄ in the form êβ(u′) = Aδ

β · ê′δ|σ(x) + Γδ
εβ(u′)(Eε

δ )∗|u′ and
êγ̄ = Aδ̄

γ̄ · ê′̄δ|σ(u) +Γδ̄
ε̄γ̄(u′)(E ε̄

δ̄
)∗|u′ , a simple computation shows that π∗([eβ , eγ̄ ]u) = 0,

i.e. that it is a complex vertical vector. Since at any u, the vectors ẽλ|u, ẽλ̄|u,
√−1t̃u

and Eσ
ρ |u−E ρ̄

σ̄ |u are linearly independent over C and the complexified vertical subspace
VCu ⊂ TCu UF (M) is equal to their span, (5.17) follows.

To check (5.18), recall that t̃ is the fundamental vector field in LC(M) associated
to Jo ·E0

0 ; then the formula follows from definitions and the fact that H is Un−1×T 1-
invariant.

(5.19) is a consequence of the properties of the distribution W (see Definition
4.3), of (5.14) and (5.15).

The proof of (5.20) is the following. Pick a frame uo ∈ UF (M) and let Xν the
complex vector field in TCLC(M) defined by

Xν = E0
ν − E ν̄

0̄ −Hᾱσν(uo)Eσ
α − Sρ

σλ(uo)(Eσ
ρ − E ρ̄

σ̄).

From definitions and Lemma 5.3, one can check that

[t̃, ẽν ]uo
= [t̃, Xν ]uo

mod spanC{Eσ
0 |uo

, Eσ
ρ |uo

, E σ̄
ρ̄ |uo

}.

By the properties of the Lie brackets between fundamental vector fields in LC(M), it
follows that there exists some complex functions QA

BCD such that

[t̃, ẽν ] = −√−1ẽν −
√−1Q0

σ0νEσ
0 −

√−1Qρ
σ0νEσ

ρ −
√−1Qρ̄

σ̄0νE σ̄
ρ̄ .

Notice that by (5.10) and (5.11) the vector

[t̃, ẽν ]u +
√−1ẽν |u = −√−1Q0

σ0ν(u)Eσ
0 |u −

√−1Qρ
σ0ν(u)Eσ

ρ −
√−1|uQρ̄

σ̄0ν(u)E σ̄
ρ̄ |u

belongs to spanC{ẽλ|u, ẽλ̄|u, t̃|u, Eσ
ρ |u − E ρ̄

σ̄ |u} only if Q0
σ0ν(u) = 0 and Qρ̄

σ̄0ν(u) =
Qσ

ρ0ν(u). This concludes the proof of (5.20). (5.21) is obtained from (5.20) by conju-

gation and taking into account the fact that t̃ = t̃.

Proposition 5.5. At any frame u ∈ UF (M) and for any ρ, σ, λ, µ = 1, . . . , n−
1,

(1) Sρ
σλ(u) = 0; in particular ẽ′λ ≡ ẽλ;

(2) Qρ
σ0µ(u) = 0 and

Qρ
σλµ̄(u) = ẽµ̄(Hσλρ̄)|u = Hµ̄ρ̄σλ(u)− hµ̄ρ̄(u)hσλ(u)−Hνµ̄ρ̄(u)Hσλν̄(u);
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(3) the Lie brackets [ẽλ, ê0], [ẽλ̄, ê0], [ẽλ, êµ], [ẽλ̄, êµ] have the following forms:

[ẽλ, ê0] = êλ +
√−1P 0

0λ0t̃− Pµ
0λ0ẽµ + P 0

µλ0ẽµ̄ − Pσ
ρλ0(Eρ

σ − E σ̄
ρ̄ ),(5.22)

[ẽλ, êµ] = −Hᾱµλêα +
√−1P 0

0λµt̃− P ν
0λµẽν + P 0

νλµẽν̄ − Pσ
ρλµ(Eρ

σ − E σ̄
ρ̄ ),(5.23)

[ẽλ̄, ê0] = −√−1P 0
0λ̄0t̃ + Pµ

0λ̄0
ẽµ − P 0

µλ̄0ẽµ̄ + Pσ
ρλ̄0(Eρ

σ − E σ̄
ρ̄ ),(5.24)

[ẽλ̄, êµ] = −δλµê0 −
√−1P 0

0λ̄µt̃ + P ν
0λ̄µẽν − P 0

νλ̄µẽν̄ + Pσ
ρλ̄µ(Eρ

σ − E σ̄
ρ̄ ),(5.25)

where PA
BCD are some uniquely determined complex valued functions.

Proof. (1) For any frame u, let us denote the vertical subspace of UF (M) by Vu.
We claim that

[ẽλ, ê0]u = êλ mod VCu , [ẽλ, êµ]u = −(Hᾱµλ + Sα
µλ)êα mod VCu ,(5.26)

[ẽλ̄, ê0]u = 0 mod VCu , [ẽλ̄, êµ] = −δλµê0 + Sµ
νλêν mod VCu ,(5.27)

where Sσ
ρλ and Sσ̄

ρ̄λ are the complex functions defined in Lemma 5.3 and we let S0
ρλ = 0.

To prove (5.26), let us fix a frame uo and consider the complex vector field Xλ in
TCLC(M) defined by

Xλ = E0
λ − E λ̄

0̄ − (Hᾱσλ(uo) + Sα
σλ(uo))Eσ

α + Sσ
ρλ(uo)E σ̄

ρ̄ .

Let us also extend ê0 to a vector field on a neighborhood U ⊂ LC(M) of uo.
From (5.15) and from definitions we get

[ẽλ, ê0]uo = [Xλ, ê0]uo mod spanC{Eσ
α |uo , E σ̄

ρ̄ |uo}.
In particular, θuo

([ẽλ, ê0]) = θuo
([Xλ, ê0]). Moreover, Xλ(θ(ê0))|uo

= 0: in fact
Xλ|uo = ẽλ|uo and hence it is tangent to UF (M); on the other hand θ(ê0) = e0

at all points of UF (M).
Therefore

θuo
([Xλ, ê0]) = −(LXλ

θ)uo
(ê0) = −(LE0

λ−Eλ̄
0̄
θ)uo

(ê0)(5.28)

+ (Hᾱρλ(uo) + Sα
ρλ(uo))

(LEρ
α
θ
)
uo

(ê0)− Sρ
σλ(uo)(LE ρ̄

σ̄
θ)uo

(ê0) = eλ.

This implies that at all points the vectors [ẽλ, ê0] and êλ differ by a complex vertical
vector. This implies the first identity in (5.26). The second identity in (5.26) and the
two identities of (5.27) are proved with the same arguments.

Now, we can prove that Sλ
µν = 0. Indeed from the Jacobi identities, Proposition

5.4, (5.26) and (5.27)

0 = θµ([ẽλ, [ẽν̄ , ê0]]) + θµ([ẽν̄ , [ê0, ẽλ]]) + θµ([ê0, [ẽλ, ẽν̄ ]]) = θµ([ẽν̄ , [ê0, ẽλ]]) = −Sλ
µν .

(2) is a consequence of (1), (5.26), (5.27), the Jacobi identities and Lemma 2.4.
In fact,

0 = θρ([ẽλ, [ẽµ̄, êσ]]) + θρ([ẽµ̄, [êσ, ẽλ]]) + θρ([êσ, [ẽλ, ẽµ̄]])

= θρ([ẽλ, [ẽµ̄, êσ]]) + θρ([ẽµ̄, [êσ, ẽλ]]) + δρ
λδσµ −Qρ

σλµ̄

= −δµσδρ
λ + ẽµ̄(Hρ̄σλ) + δρ

λδσµ −Qρ
σλµ̄
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and
0 = θρ([t̃, [ẽµ̄, êσ]]) + θρ([ẽµ̄, [êσ, t̃]]) + θρ([êσ, [t̃, ẽµ̄]]) =

√−1 Qσ
ρ0µ.

Now, using Lemma 2.4, (5.15) and the fact that Sρ
σλ = 0, a straightforward computa-

tion shows that
ẽµ̄(Hρ̄σλ) = −hµ̄ρ̄hσλ −Hνµ̄ρ̄Hσλν̄ + Hµ̄ρ̄σλ

and this concludes the proof.

(3) is an immediate consequence of (5.26), (5.27) and of claim (1).

Proposition 5.6. The structure functions PA
BCD defined in Proposition 5.5 are

the following:
(1) P 0

0ργ = P 0
0ρ̄γ = P 0

λργ = P 0
λρ̄γ = Pλ

0ργ = Pλ
µργ = 0;

(2) Pλ
0ρ̄γ = −êγ(hλ̄ρ̄), Pλ

µρ̄γ = −êγ(Hλ̄µρ̄).

Proof. It suffices to use the Jacobi identities, Proposition 5.4 and Proposition 5.5.
In fact

0 = θ0̄([ẽρ, [ê0̄, êγ ]]) + θ0̄([êγ , [ẽρ, ê0̄]]) + θ0̄([ê0̄, [êγ , ẽρ]]) = P 0
0ργ ,

0 = θ0̄([ẽρ̄, [ê0̄, êγ ]]) + θ0̄([êγ , [ẽρ̄, ê0̄]]) + θ0̄([ê0̄, [êγ , ẽρ̄]]) = −P 0
0ρ̄γ ,

0 = θλ̄([ẽρ, [ê0̄, êγ ]]) + θλ̄([êγ , [ẽρ, ê0̄]]) + θλ̄([ê0̄, [êγ , ẽρ]]) = P 0
λργ ,

0 = θλ̄([ẽρ̄, [ê0̄, êγ ]]) + θλ̄([êγ , [ẽρ̄, ê0̄]]) + θλ̄([ê0̄, [êγ , ẽρ̄]]) = −P 0
λρ̄γ ,

0 = θ0̄([ẽρ, [êλ̄, êγ ]]) + θ0̄([êγ , [ẽρ, êλ̄]]) + θ0̄([êλ̄, [êγ , ẽρ]])

= Pλ
0ργ −H0̄λσP 0

σργ = Pλ
0ργ ,

0 = θµ̄([ẽρ, [êλ̄, êγ ]]) + θµ̄([êγ , [ẽρ, êλ̄]]) + θµ̄([êλ̄, [êγ , ẽρ]]) = −Pλ
µργ ,

0 = θ0̄([ẽρ̄, [êλ̄, êγ ]]) + θ0̄([êγ , [ẽρ̄, êλ̄]]) + θ0̄([êλ̄, [êγ , ẽρ̄]])

= −êγ

(
H0̄λρ

)− Pλ
0ρ̄γ = −êγ(hλ̄ρ̄)− Pλ

0ρ̄γ ,

0 = θµ̄([ẽρ̄, [êλ̄, êγ ]]) + θµ̄([êγ , [ẽρ̄, êλ̄]]) + θµ̄([êλ̄, [êγ , ẽρ̄]])

= −êγ

(
Hµ̄λρ

)− Pλ
µρ̄γ = −êγ(Hµλ̄ρ̄)− Pλ

µρ̄γ .

By the previous remarks and Propositions 5.4, 5.5 and 5.6, we now have the
complete list for the structure functions of σH and they generate a complete system
of invariant functions. We summarize the results in the next corollary. For notation
and indexing conventions, see §5.1.

Corollary 5.7. The structure functions ci
jk of the absolute parallelism

σH, associated to the non-linear Hermitian connection of a complex Finsler manifold
(M, J, F ), are the following:

i) the structure constants of (un−1 + R) n Cn, where the action of (un−1 + R)
on Cn is the one induced by the standard action of un on Cn;

ii) the real and the imaginary parts of the functions hλµ and Hλµν̄ ;
iii) the real and the imaginary parts of the functions

Pλ
0ρ̄γ = −êγ(hλ̄ρ̄), Pλ

µρ̄γ = −êγ(Hλ̄µρ̄), Qρ
σλµ̄ = Hµ̄ρ̄σλ − hµ̄ρ̄hσλ −Hνµ̄ρ̄Hσλν̄ ;
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iv) the real and the imaginary parts of the functions Tα
βγ and Rα

βγδ̄
defined by

(5.16) and (5.17).

5.4. The structure equations of a complex Finsler manifold. The struc-
ture equations of UF (M) consist in the identities verified by the tautological 1-form θ,
the connection form ω and the differentials of their components. They are direct conse-
quences of the defining equations of the algebraic vertical subspaces and the structure
functions of the absolute parallelism. The results are in the following theorem.

For notation and indexing conventions, see §5.1 and §5.2.

Theorem 5.8. Let (M, J, F ) be a complex Finsler space and let ω the connec-
tion 1-form on UF (M) associated with the non-linear Hermitian connection H of
(M, J, F ).

i) The holomorphic and anti-holomorphic components of ω verify:

(5.29) ω0
0 + ω0̄

0̄ = 0, ω0
λ + ωλ̄

0̄ + hλνων
0 = 0, ωλ

µ + ωµ̄

λ̄
+ Hλ̄µνων

0 + Hλ̄µν̄ων̄
0̄ = 0.

ii) Let $α
β be the C-valued 1-forms on UF (M) given by

$0
0 = ω0

0 , $λ
0 = ωλ

0 , $0
λ = −ωλ̄

0̄ , $µ
ν = ωµ

ν + Hµ̄νλωλ
0 , $ᾱ

β̄ = $α
β .

Then $α
β verify:

$ᾱ
β̄ = −$β

α,(5.30)

$λ
0 (ẽµ) = δλµ, $λ

0 (ẽµ̄) = 0, $0
λ(ẽµ) = 0, $0

λ(ẽµ̄) = −δλµ,(5.31)

$0
λ(t̃) = $0

λ(ẼR
µ,ν) = $0

λ(ẼI
µ,ν) = 0, $λ

0 (t̃) = $λ
0 (ẼR

µ,ν) = $λ
0 (ẼI

µ,ν) = 0;(5.32)

iii) The differentials of the tautological 1-form θ and of the C-valued 1-forms $β
γ

are given by the following identities:

dθα + $α
β ∧ θβ = Θα + Σα;(5.33)

d$0
0 + $0

β ∧$β
0 = Ω0

0;(5.34)

d$λ
0 + $λ

β ∧$β
0 = Ωλ

0 + Πλ
0 , d$0

λ + $0
β ∧$β

λ = Ω0
λ + Π0

λ;(5.35)

d$λ
µ + $λ

β ∧$β
µ = Ωλ

µ + Πλ
µ + Φλ

µ;(5.36)

where Θα, Σα, Ωα
β , Πλ

0 , Π0
µ, Πλ

µ and Φλ
µ are the the following C-valued 2-forms:

Θα =
1
2
Tα

βγθβ ∧ θγ , Σα = Hᾱµλ$λ
0 ∧ θµ, Ωα

β = Rα
βγδ̄θ

γ ∧ θδ̄,(5.37)

Π0
λ = −êγ̄(hλρ)$

ρ
0 ∧ θγ̄ , Πλ

0 = −êγ(hλ̄ρ̄)$
0
ρ ∧ θγ ,(5.38)

Πλ
µ = −êγ(Hλ̄µρ̄)$

0
ρ ∧ θγ − êγ̄(Hλ̄µρ)$

ρ
0 ∧ θγ̄ ,(5.39)

Φλ
µ =

(
Hλ̄σ̄µρ − hλ̄σ̄hµρ −Hνλ̄σ̄Hν̄µρ

)
$ρ

0 ∧$0
σ.(5.40)

where Tα
βγ and Rα

βγδ̄
are the complex functions defined in (5.12) and (5.13).

We call the equations (5.29) and (5.33) - (5.36) the structure equations of the
non-linear Hermitian connection of (M, J, F ).

Proof. (5.29) follows from the defining equations of the algebraic vector subspaces.
To check (5.30) - (5.32), one has only to use the definitions, Lemma 5.3 and Proposition
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5.5 (1). The structure equations (5.33) - (5.36) are proved by evaluating both sides
on all possible pairs of vector fields of the absolute parallelism (4.3) and checking that
both sides give the same result. This can done directly by using Propositions 5.4, 5.5,
5.6 and formulae (5.31) and (5.32).

Consider the following 2-forms on UF (M) with values in gln(C)⊕ Cn:

Θ =
n−1∑
α=0

eα ⊗Θα, Σ =
n−1∑
α=0

eα ⊗ Σα, Ω =
n−1∑

α,β=0

Eβ
α ⊗ Ωα

β ,

Π =
n−1∑

λ=1

E0
λ ⊗Πλ

0 +
n−1∑
µ=1

Eµ
0 ⊗Π0

µ +
n−1∑

λ,µ=1

Eµ
λ ⊗Πλ

µ, Φ =
n−1∑

λ,µ=1

Eµ
λ ⊗ Φλ

µ.

We call Θ the (pure) torsion form and Σ the Finsler torsion form. The 2-form Ω is
called the (pure) curvature form; finally we name Π and Φ oblique Finsler curvature
and vertical Finsler curvature, respectively.

The Finsler curvature and torsion forms are 0 if the Finsler metric is associated
with an Hermitian metric. The following Proposition gives an important criterion to
see when this occurs.

Proposition 5.9. A complex Finsler metric F is associated with an Hermit-
ian metric g if and only if the component Σ0 of the Finsler torsion form vanishes
identically.

In this case, Σ = 0, Π = 0 and Φ = 0 and Θ and Ω coincide with the torsion form
and the curvature forms of the linear Hermitian connection of (M, J, g), respectively.

Proof. From definitions, Σ0 vanishes if and only if for any x ∈ M , any 0 6= v ∈
TxM and any two trivially extended vector fields X, Y ∈ T (TxM), h(X10, Y 10) = 0.
By Lemma 2.5, this occurs if and only if F 2 is associated to an Hermitian metric h.
The other part of the claim follows immediately from the identity between UF (M)
and the unitary frame bundle corresponding to the Hermitian metric associated with
F .

Taking the exterior differential of both sides of the structure equations, one can
obtain several identities that must be satisfied by the structural functions and by the
torsion and curvature forms. Some of them are given in the following Proposition.
When F is associated with an Hermitian metric, they reduce to the usual symme-
try identities and to the Bianchi identities of the torsion and curvature of a linear
Hermitian connection.

Proposition 5.10. Let Θ and Ω the pure curvature forms of a complex Finsler
manifold (M, J, F ). Then the components Θα = Tα

βγθβ ∧ θγ and Ωα
β = Rα

βγδ̄
θγ ∧ θδ̄

verify the following identities:

(5.40) Ωα
β = −Ωβ

α;

(First Bianchi Identities)

êβ(Tα
γδ) + êγ(Tα

δβ) + êδ(Tα
βγ) + Tα

εβT ε
γδ + Tα

εδT
ε
βγ + Tα

εγT ε
δβ = 0,(5.41)

Rα
βγδ̄ −Rα

γβδ̄ − êδ̄(T
α
βγ)−HᾱλβRλ

0γδ̄ + HᾱλγRλ
0βδ̄ = 0,(5.42)
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(Second Bianchi Identities)

êγ(Rα
βδε̄)− êδ(Rα

βγε̄) + Rα
βζε̄T

ζ
γδ + êγ(Hᾱβλ̄)R0

λδε̄ − êδ(Hᾱβλ̄)R0
λγε̄ = 0,(5.43)

êδ̄(R
α
βγε̄)− êε̄(Rα

βγδ̄)−Rα
βγζ̄T

ζ
δε − êε̄(Hᾱβλ)Rλ

0γδ̄ + êδ̄(Hᾱβλ)Rλ
0γε̄ = 0.(5.44)

Proof. (1) The identity (5.30) implies that d$α
β = −d$β

α. Then (5.40) follows
directly from this and the structure equations.

Now, consider the exterior differential of both sides of the structure equations
(5.33) - (5.36). It can be easily checked that the 3-form

(Ωα
β −HᾱλβΩλ

0 ) ∧ θβ − dΘα, dΩ0
0, dΩλ

0 + dΠλ
0 , dΩ0

λ + dΠ0
λ, dΩλ

µ + dΠλ
µ

vanish identically on any three vectors of horizontal distribution H. This implies that
the components of these 3-forms with respect to the forms

θβ ∧ θγ ∧ θδ, θβ ∧ θγ ∧ θδ̄, θβ ∧ θγ̄ ∧ θδ̄, θβ̄ ∧ θγ̄ ∧ θδ̄

have to vanish identically. Such components are exactly the left hand sides of (5.41)
- (5.44).

Remark 5.11. The exterior differentiation of the structure equations give several
other identities for the torsion and the curvature, which are not listed in Proposition
5.10.

When the Finsler metric is associated with an Hermitian metric, those identities
express only the property that Tα

βγ(u) and Rα
βγδ̄

(u) depend on the frame u = {ei} as
the components of some suitable tensor fields on M . But when the Finsler metric F
is not associated with an Hermitian metric, these identities give new (and somehow
unexpected) relations between Θ, Ω and the Finsler torsion and curvatures Σ, Π and
Φ.

One can obtain a complete list of these identities (and avoid several tedious com-
putations) using some symbolic manipulation computer program.

6. The structure equations of Lempert manifolds.

6.1. Geodesics of a complex Finsler manifold. We continue to use all
conventions given in §5.1, §5.2 and §5.4.

Let γ : [a, b] ⊂ R → M be a smooth regular curve, that is a smooth curve such
that the tangent vector γ̇t is different from 0 for any t ∈ [a, b]. A smooth curve
γ̃ : [a, b] → UF (M) is called lift of γ if it satisfies:

a) π ◦ γ̃ = γ;
b) for any t ∈ [a, b], the frame γ̃t = {f0(t), . . . , f2n−1(t)} ⊂ T 10

γt
M is so that

f0(t) ∈ C∗γ̇t.
Notice that a curve γ̃ : [a, b] → UF (M) is a lift of γ if and only if it projects onto γ
and there exists a smooth map ϕ : [a, b] → R such that for any frame γ̃t = {fi(t)}
(6.1) γ̇t = F (γ̇t)eϕtJ · (f0(t)) = F (γ̇t)

(
eiϕte0(t) + e−iϕte0̄(t)

)
.

We call length of γ and energy of γ the integrals L(γ) and E(γ) defined by

(6.2) L(γ) =
∫ b

a

F (γ̇t)dt, E(γ) =
∫ b

a

F 2(γ̇t)dt.
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Note that if γ̃ is any lift of γ on UF (M), then

(6.3) L(γ) =
∫ b

a

√
θ0( ˙̃γt)θ0̄( ˙̃γt)dt, E(γ) =

∫ b

a

θ0( ˙̃γt)θ
0̄( ˙̃γt)dt.

We recall that a variation with fixed endpoints of γ is a smooth map V : (−δ, δ) ×
[a, b] → M such that

(1) V (0, t) = γt for all t ∈ [a, b];
(2) for any s ∈ (−δ, δ), the curve γ(s) = V (s, ∗) is a regular curve such that

γ
(s)
a = γa and γ

(s)
b = γb.

Definition 6.1. A regular curve γ : [a, b] → M is called geodesic of the complex
Finsler manifold (M, J, F ) if for any variation V with fixed endpoints, the family of
curves γ(s) = V (s, ∗) is so that

(6.4)
dE(γ(s))

dt

∣∣∣∣
s=0

= 0.

The equations of Euler-Lagrange for a geodesic of a complex Finsler manifold are
given in the following Theorem.

Theorem 6.2. Let γ : [a, b] → M be a regular curve.
(1) For any lift γ̃ : [a, b] → UF (M) of γ consider the complex functions A(γ̃)t,

B(γ̃)t and C(γ̃)t defined by

A(γ̃)t = $0
0( ˙̃γt)θ

0̄( ˙̃γt)−
dθ0̄( ˙̃γs)

ds

∣∣∣∣∣
t

,

B(γ̃)t = $0
λ( ˙̃γt) + T 0

λ0|γ̃tθ
0( ˙̃γt), C(γ̃)t = $0̄

λ̄( ˙̃γt) + T 0
λ0|γ̃tθ

0̄( ˙̃γ).

They vanish identically for one lift of γ if and only if they vanish for any lift of γ.
(2) γ is a geodesic if and only if for any lift γ̃ and any t ∈ [a, b]

dF (γ̇)
dt

= 0, $0
0( ˙̃γt)θ0̄( ˙̃γt)−

dθ0̄( ˙̃γs)
ds

∣∣∣∣∣
t

= 0,(6.5)

$0
λ( ˙̃γt) + T 0

λ0|γ̃t
θ0( ˙̃γt) = 0, $0̄

λ̄( ˙̃γt) + T 0
λ0|γ̃t

θ0̄( ˙̃γt) = 0.(6.6)

Proof. (1) Let γ̃ and γ̃′ be two lifts of γ. Let also ϕt and ϕ′t two real functions
so that (6.1) holds for γ̃ and γ̃′, respectively. This means that γ̃′t = γ̃t ◦

(
e(ϕt−ϕ′t)J

)

and that ˙̃γ′t =
(
R

e(ϕt−ϕ′
t
)J

)
∗

( ˙̃γt

)
for any t. From the invariance properties of θ, ω

and of the torsion 2-forms Θα under the action of T 1, it follows immediately that
A(γ̃′) = e

√−1(ϕ′t−ϕt)A(γ̃), B(γ̃′) = e
√−1(ϕt−ϕ′t)B(γ̃) and C(γ̃′) = e

√−1(ϕ′t−ϕt)C(γ̃).
(2) Consider a variation V : (−δ, δ) × [a, b] → M of γ with fixed endpoints and

let Ṽ : (−δ, δ) × [a, b] → UF (M) be a smooth map such that for any s ∈ (−δ, δ), the
curve γ̃(s) = Ṽ (s, ∗) is a lift of the curve γ(s) = V (s, ∗).

Let also X and Y the vector fields, which are tangent to Ṽ ((−δ, δ) × [a, b]) ⊂
UF (M), defined by

X = Ṽ∗

(
∂

∂t

)
, Y = Ṽ∗

(
∂

∂t

)
.
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Note that [X, Y ] = Ṽ∗
([

∂
∂t ,

∂
∂s

])
= 0.

From definitions and the commuting property of X and Y we get that

dE(γ(s))
ds

∣∣∣∣
s=0

=
∫ b

a

Y
(
θ0(X)θ0̄(X)

)∣∣∣
γ̃t

dt =
∫ b

a

[
dθ0(Y, X)θ0̄(X)(6.7)

+ θ0(X)dθ0̄(Y, X) +X
(
θ0(Y )

)
θ0̄(X) + θ0(X)X

(
θ0̄(Y )

)]∣∣∣
γ̃t

dt

=
∫ b

a

[
dθ0(Y, X)θ0̄(X) + θ0(X)dθ0̄(Y, X)− θ0(Y )X

(
θ0̄(X)

)
−

−θ0̄(Y )X
(
θ0(X)

)]∣∣∣
γ̃t

dt +
∫ b

a

X
(
θ0(Y )θ0̄(X) + θ0(X)θ0̄(Y )

)∣∣∣
γ̃t

dt.

Now,
(6.8)∫ b

a

X
(
θ0(Y )θ0̄(X) + θ0(X)θ0̄(Y )

)∣∣∣
γ̃t

dt =
(
θ0(Y )θ0̄(X) + θ0(X)θ0̄(Y )

)∣∣∣
γ̃b

γ̃a

= 0

because θ0(Y )γ̃a = θ0(Y )γ̃b
= 0 since V is a variation with fixed endpoints.

Using (6.8), the fact that θα(X) = δα
0 θ0(X) and the structure equations (5.29)

and (5.33), we get

dE(γ(s))
ds

∣∣∣∣
s=0

=
∫ b

a

{
[−($0

α ∧ θα)(Y, X) + Θ0(Y, X) + Σ0(Y, X)]θ0̄(X)(6.9)

+ θ0(X)[−(ω0̄
ᾱ ∧ θᾱ)(Y, X) + Θ0̄(Y, X) + Σ0̄(Y, X)]

− θ0(Y )X(θ0̄(X)) −θ0̄(Y )X(θ0(X))
}

γ̃t

dt

=
∫ b

a

{
θ0(X)θ0̄(X)

}
γ̃t

{
θ0(Y )

[
$0

0(X)
θ0(X)

− X(θ0̄(X))
θ0(X)θ0̄(X)

]

+ θ0̄(Y )

[
$0̄

0̄(X)
θ0̄(X)

− X(θ0(X))
θ0(X)θ0̄(X)

]
+ θλ(Y )

[
$0

λ(X)
θ0(X)

+ T 0
λ0

]

+θλ̄(Y )

[
$0̄

λ̄
(X)

θ0̄(X)
+ T 0̄

λ̄0̄

]}

γ̃t

dt.

Hence γ is a geodesic if and only if equation (6.6) and the following equations (6.10)
are identically satisfied:

(6.10) $0
0(X)θ0̄(X)−X(θ0̄(X))

∣∣∣
γ̃t

= 0, $0̄
0̄(X)θ0(X)−X(θ0(X))

∣∣∣
γ̃t

= 0.

Since $0
0 +$0̄

0̄ = 0, multiplying the first and the second equation by θ0(X) and θ0̄(X),
respectively, and then adding them together we get:

(6.11)
d(θ0(X)θ0̄(X))

dt
=

dF 2(γ̇)
dt

= 0.

This shows that the equations (6.10) are equivalent to the equations (6.5) and it
concludes the proof.
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In analogy with what happens in Riemannian geometry, it is not hard to realize
that a regular curve is critical w.r.t. the length functional if and only if, up to a
parameterization, it is a geodesic.

6.2. Complex geodesics, E-manifolds and Lempert manifolds. Let
(N, JN ) be a complex manifold of dimension dimCN ≤ dimM = n and let ı : N → M
be a holomorphic embedding. In analogy with the Riemannian and Hermitian settings,
an holomorphic embedding is said to be totally geodesic whenever any geodesic γ :
[a, b] → N of the induced Finsler metric FN = F ◦ ı∗ is embedded as a geodesic
γ′ = ı ◦ γ of M .

We give here the concepts of complex geodesics and complex pre-geodesics. Note
that our definition of complex geodesics coincides with that of segments of complex
geodesics given in [AP]. They are strongly related (but different) with the complex
geodesics as defined by Vesentini in [Ve] (see remarks in [AP], p. 129).

Definition 6.3. A complex pre-geodesic of a complex Finsler manifold (M, J, F )
is a totally geodesic holomorphic embedding ı : Γ → M of a simply connected complex
curve (Γ, Jo).

A complex geodesic is a complex pre-geodesic ı : Γ → M such that the Kähler
metric induced on Γ by M has constant holomorphic sectional curvature.

A complex Finsler manifold (M, J, F ) is called E-manifold if
i) for any x ∈ M and any vector v ∈ TxM there exists a complex geodesic

ı : Γ → M passing through x and tangent to v;
ii) all complex geodesics have the same holomorphic sectional curvature.

As we mentioned in the Introduction, the examples of E-manifolds we are mainly
interested in are the Lempert manifolds (see Definition 1.1): they are E-manifolds with
complex geodesics of holomorphic sectional curvature −4. Other interesting examples
of complete E-manifolds, with complex geodesics with non-negative holomorphic sec-
tional curvature, are given by the classification of non-negatively curved Kahler-Finsler
manifolds given by Abate and Patrizio in [AP1].

The goal of this subsection is to give some properties on the torsion and the
curvature, which gives a complete characterization of the E-manifolds. In the follow-
ing Theorem 6.7, we will show that the E-manifolds are exactly the complex Finsler
manifolds, which are geodetically torsion-free and with constant holomorphic sectional
curvature (see Definition 6.4 below).

Notice that what we call geodetically torsion-free Finsler manifolds coincide with
the manifolds that Abate and Patrizio christened weakly-Kähler Finsler manifolds (see
[AP]).

We begin with the equations of complex pre-geodesics and the complex geodesics
of a complex Finsler manifold.

Let ı : Γ → M be a holomorphic embedding of a complex curve Γ and let
FΓ = F ◦ ı∗ the induced Finsler metric on Γ. We call adapted unitary frame of
(Γ, ı) any frame u = {f0, . . . , f2n−1} ∈ π−1(ı(Γ)) ⊂ UF (M) with f0 tangent to ı(Γ).
We denote by Uı(Γ) the bundle of adapted unitary frames. It is immediate to realize
that Uı(Γ)/Un−1 = UFΓ(Γ).

Let us denote by ı̃ : Uı(Γ) → UF (M) the natural immersion map. Then we have
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the following commutative diagram.

(6.14)

Uı(Γ) ı̃−−−−→ UF (M)

π̂

y
yπ̂

UFΓ(Γ) = Uı(Γ)/Un−1 −−−−→ SM = UF (M)/Un−1

π′
y

yπ′

Γ ı−−−−→ M

Let us also define on Uı(Γ) the following 1-forms

(6.15) ϑα = ı̃∗θα, πα
β = ı̃∗$α

β .

If we denote by θ0
Γ and θ0̄

Γ the holomorphic components of the tautological 1-form of
UFΓ(Γ), then

(6.16) ϑ0 ≡ π̂∗θ0
Γ, ϑλ ≡ 0.

Lemma 6.4. Let ı : Γ → M be an holomorphic embedding of a complex curve Γ
in (M, J, F ) and let $

Γ

α
β the components of the Hermitian connection of the induced

metric FΓ = F ◦ ı∗ on Γ. The embedding is totally geodesic if and only if for any
λ = 1, . . . , n− 1:

(1) π0
0 = π̂∗$

Γ

0
0;

(2) πλ
0 ≡ 0 and π0

λ ≡ 0;
(3) T 0

λ0 ◦ ı̃ ≡ 0.
In particular if ı is a totally geodesic holomorphic embedding, then for any u ∈ UFΓ(Γ)
and any ũ of π̂−1(u) ∈ Uı(Γ), R0

λ00̄|ı̃(u) = 0 and the holomorphic sectional curvature
c|u of FΓ is equal to

c|u = R0
000̄|ı̃(u).

Proof. Let γ : [a, b] → Γ be a regular curve in Γ and let γ̃ : [a, b] → Uı(Γ) ⊂
UF (M) be a lift of the curve γı = ı ◦ γ. By (6.16) and Theorem 6.2, γ is a geodesic
for the induced metric if and only if

(6.17)
dFΓ(γ̇)

dt
=

dF (γ̇ı)
dt

= 0, ϑ0̄( ˙̃γ)
(
π̂∗$

Γ

0
0

)
( ˙̃γt)− dϑ0̄( ˙̃γs)

ds

∣∣∣∣∣
t

= 0.

Using again Theorem 6.2, γı is a geodesic for the Finsler metric of M if and only if γ̃
verifies also

ϑ0̄( ˙̃γt)π
0
0( ˙̃γt)− dϑ0̄( ˙̃γs)

ds

∣∣∣∣∣
t

= 0,(6.18)

π0
λ( ˙̃γt) + T 0

λ0|γ̃t
ϑ0( ˙̃γ) = 0, π0̄

λ̄( ˙̃γt) + T 0
λ0|γ̃tϑ

0̄( ˙̃γ) = 0.(6.19)

Therefore the embedding is totally geodesic if and only if (1) holds and

(6.20) π0
λ|u = −T 0

λ0|uϑ0
u, π0̄

λ̄|u = −T 0
λ0|uϑ0̄

u
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for any u ∈ Uı(Γ). On the other hand, by the structure equations (5.29) and (5.30)
and by (6.16)

(6.21) 0 = dϑλ = −πλ
0 ∧ ϑ0 + ı∗Θλ = π0̄

λ̄ ∧ ϑ0.

From (6.20) and (6.21) it follows that

(T 0
λ0 ◦ ı̃)ϑ0̄ ∧ ϑ0 ≡ 0

which implies that T 0
λ0 ◦ ı̃ ≡ 0 since ϑ0 ∧ ϑ0̄ = π̂∗(θ0

Γ ∧ θ0̄
Γ) 6= 0. From this, (2) and (3)

are immediate.
The last claims follows from (1), (2) and the structure equations of UFΓ(Γ).

We can now give the characterization of E-manifolds. Let us first introduce some
terminology.

Definition 6.5. We say that a complex Finsler manifold (M, J, F ) is called
geodetically torsion-free if the 2-form Θ0 is of the following form

(6.22) Θ0 =
1
2
T 0

λµθλ ∧ θµ

(i.e. the complex functions T 0
λ0 vanish identically).

(M, J, F ) is called with constant holomorphic sectional curvature if there exists a
constant c so that the 2-forms Ω0

0 and Ω0
λ are of the form

Ω0
0 = cθ0 ∧ θ0̄ + R0

0ρσ̄θρ ∧ θσ̄ + R0
0ρ0̄θ

ρ ∧ θ0̄ + R0
00σ̄θ0 ∧ θσ̄,(6.23)

Ωλ
0 = Rλ

0ρσ̄θρ ∧ θσ̄ + Rλ
0ρ0̄θ

ρ ∧ θ0̄ + Rλ
00σ̄θ0 ∧ θσ̄,

Ω0
λ = R0

λρσ̄θρ ∧ θσ̄ + R0
λρ0̄θ

ρ ∧ θ0̄ + R0
λ0σ̄θ0 ∧ θσ̄

(i.e. R0
000̄ ≡ c and Rλ

000̄ ≡ R0
λ00̄ ≡ 0).

If M has constant holomorphic sectional curvature, the constant c is called the
holomorphic sectional curvature of M .

Remark 6.6. Assume that F is associated with an Hermitian metric g. In this
case, using the fact that the functions Tα

βγ(u) depends on the frame u as the compo-
nents of a tensor of type (1, 2), it can be inferred that F is geodetically torsion-free
if and only if g is torsion free and hence Kähler. With the same arguments, it can
be shown that F is of constant holomorphic sectional curvature if and only if the
Hermitian metric g is of constant holomorphic sectional curvature.

Notice that the notion of manifold with constant holomorphic sectional curva-
ture is not the same as manifold with constant holomorphic curvature as defined by
Abate and Patrizio in [AP], although the two notions turn out to be equivalent in
the Hermitian case. In [AP], the conditions Rλ

000̄ ≡ R0
λ00̄ ≡ 0 are not included in the

definition of manifolds with constant holomorphic curvature.

Here is the characterization we were looking for.
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Theorem 6.7. Let (M, J, F ) be a complex Finsler manifold.
i) There exists a complex pre-geodesic through any point x ∈ M and tangent to

any vector v ∈ TxM if and only M is geodetically torsion-free.
ii) (M, J, F ) is an E-manifold if and only if it is geodetically torsion-free and

with constant holomorphic sectional curvature.

Proof. (i) The necessity follows immediately from Lemma 6.5. Suppose now that
(M, J, F ) is geodetically torsion-free and consider the distribution C on UF (M) given
by all vectors X ∈ TUF (M) such that

(6.24) θλ(X) = 0, θλ̄(X) = 0, $λ
0 (X) = 0, $0

λ(X) = 0

for λ = 1, . . . , n− 1. Using the structure equations, one can check that the equations
(6.24) define an integrable distribution whose integral leaves of maximal dimension
project onto holomorphic curves in (M, J). Moreover, if S ⊂ UF (M) is an integral
leaf of C with corresponding holomorphic curve Γ = π(S) ⊂ M and if ı : Γ → M is
the standard immersion of Γ, then S is equal to the adapted frame bundle Uı(Γ) and
the immersion ı : Γ → M is a totally geodesic isometric embedding. Since there exists
an integral leaf of C for any frame u ∈ UF (M), this concludes the proof of (i).

The proof of (ii) is analogous.

Remark 6.8. Equivalent characterizations of the E-manifolds can be also found
in [Fa], [Pa] and [AP].

6.3. The torsion and curvature of an E-manifold. In the following last
Theorem 6.7, we prove that the torsion and the curvature of an E-manifold are uniquely
determined by the Finsler torsion and the Finsler curvatures. This implies that in
order to have a complete set of invariants for an E-manifold, it suffices to consider the
structure functions described in Corollary 5.7 i), ii) and iii). We also give the explicit
formulae for some components of the torsion and the curvature and an application
of these formulae, which gives a short proof of an Abate and Patrizio’s result on
Kähler-Finsler manifolds with positive sectional curvature (Theorem 1.1 in [AP1]).

For the notation and the indexing conventions, see §5.1 and §5.2.

Theorem 6.9. Let (M, J, F ) be an E-manifold with constant holomorphic sec-
tional curvature c. Then:

(1) the torsion and the curvature of the non-linear Hermitian connection of M
are uniquely determined by the structure functions hλµ, Hλµν̄ , Pλ

0µ̄γ = êγ(hλ̄µ̄) and
Qρ

σλµ̄ = Hµ̄ρ̄σλ − hµ̄ρ̄hσλ −Hνµ̄ρ̄Hσλν̄ and their first order derivatives; in particular,

R0
000̄ = c, R0

λ00̄ = Rλ
000̄ = R0

0λ0̄ = R0
00λ̄ = 0, R0

λµ0̄ = chλµ, Rλ
00µ̄ = chλ̄µ̄,

R0
λ0µ̄ =

c

2
(δλµ + hλρhρ̄µ̄), Rλ

0µ0̄ =
c

2
(δλµ + hλ̄ρ̄hρµ), R0

0λµ̄ =
c

2
(δλµ − hµρhρ̄λ̄),

Rλ
µ00̄ =

c

2
(δλµ − hνµhν̄λ̄)− ê0̄(hµν)ê0(hλ̄ν̄).

(2) if c 6= 0, the 0-th component of the torsion Θ0 = T 0
βγθβ ∧ θγ vanishes identi-

cally and the whole set of components of the torsion is given by the following expres-
sions:

T 0
βγ = 0, T β

0γ = −ê0(hβ̄ν̄)hνγ , Tα
βγ = êγ(hᾱν̄)hνβ − êβ(hᾱν̄)hνγ .
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(3) if c > 0 and the functions ê0(Tλ
0λ) vanish identically for any λ = 1, . . . , n−1,

then F is associated with a Kähler metric of constant holomorphic sectional curvature;
in particular, if (M, J, F ) is also simply connected and complete, then it is biholomor-
phic to CPn.

Proof. (1) The proof is based on iterated use of the identities (5.36), the Bianchi
identities and the Jacobi identities applied to three vector fields v1, v2 and v3 on
UF (M), where v1 and v2 are of the form êα or êᾱ and v3 is a vector field of the form
ẽλ or ẽλ̄. The arguments are simple and straightforward and we are going to show only
how to determine the expressions for the components Rα

βγδ̄
were at least two indices

are equal to 0 or 0̄. The way to determine all other components of the curvature and
of the components of the torsion are analogous.

By hypotheses, for any λ = 1, . . . n− 1, R0
000̄ = c, R0

λ00̄ = Rλ
000̄ = 0 and T 0

0λ = 0.
Then, from the Bianchi identities (5.42) we get

(6.25) R0
0λ0̄ −R0

λ00̄ − ê0̄(T
0
0λ)−H0̄µ0R

µ
0λ0̄

+ H0̄µλRµ
000̄

= R0
0λ0̄ −R0

λ00̄ = 0.

On the other hand, by (5.36)

(6.26) Rα
βγδ̄ = Rβ

αδγ̄

From (6.25) and (6.26), we conclude that R0
00λ̄

= R0
0λ0̄ = 0.

Now, using the notation of §5, by the Jacobi identities we have

ω0
0([ẽλ, [êµ, ê0̄]]) + ω0

0([êµ, [ê0̄, ẽλ]]) + ω0
0([ê0̄, [ẽλ, êµ]])(6.27)

=R0
λµ0̄ − ẽλ(R0

0µ0̄)−HαλµR0
0α0̄ = R0

λµ0̄ − chλµ = 0.

From (6.27) and (6.26), it follows also that Rλ
00µ̄ = R0

λµ0̄
= chλ̄µ̄.

Let us use again the first Bianchi identities and the Jacobi identities:

R0
λ0µ̄ −R0

0λµ̄ − êµ̄(T 0
λ0)−H0̄νλRν

00µ̄ + H0̄ν0R
ν
0λµ̄(6.28)

=R0
λ0µ̄ −R0

0λµ̄ − chνλhν̄µ̄ = 0

ω0
0([ẽλ, [ê0, êµ̄]]) + ω0

0([ê0, [êµ̄, ẽλ]]) + ω0
0([êµ̄, [ẽλ, ê0]])(6.29)

=− ẽλ(R0
00µ̄) + R0

λ0µ̄ −R0
000̄δλµ + R0

00λµ̄ = R0
λ0µ̄ + R0

0λµ̄ − cδλµ = 0.

From (6.28), (6.29) and (6.26), it follows that

R0
λ0µ̄ = Rλ

0µ0̄
=

c

2
(δλµ + hνλhν̄µ̄), R0

0λµ̄ =
c

2
(δλµ − hνλhν̄µ̄).

Using again the Jacobi identities,

ωµ̄
0̄
([ẽλ̄, [ê0, ê0̄]]) + ωµ̄

0̄
([ê0, [ê0̄, ẽλ̄]]) + ωµ̄

0̄
([ê0̄, [ẽλ̄, ê0]])

=Rλ
µ00̄ − cδλµ +

c

2
(δλµ + hνµhν̄λ̄) + ê0̄(hµν)ê0(hλ̄ν̄) = 0.

(2) Assume c 6= 0. From the Bianchi identity (5.43) and (1),

êβ(R0
0γ0̄)− êγ(R0

0β0̄) + R0
0δ0̄T

δ
βγ = cT 0

βγ = 0,
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and this implies T 0
βγ = 0. Then using again the Jacobi identities, by the vanishing of∑

cyclic perm. θ
0([vi, [vj , vk]]) = 0 when v1 = êα, v2 = êν and v3 = ẽλ̄, one obtains the

remaining expressions for Tλ
0ν and for Tλ

µν .

(3) From the Bianchi identity (5.36), we have that

Rλ
0λ0̄ −Rλ

λ00̄ − ê0̄(T
λ
0λ) = 0.

By the expressions for the curvature components given in (1), this becomes

c

2
(1 +

n−1∑
ρ=1

|hλρ|2)− c

2
(1−

n−1∑
ρ=1

|hλρ|2) +
n−1∑
ρ=1

|ê0̄(hλρ)|2 − ê0̄(T
λ
0λ)

=
n−1∑
ρ=1

(
c|hλρ|2 + |ê0̄(hλρ)|2

)− ê0̄(T
λ
0λ) = 0.

This implies that, if c > 0 and ê0̄(Tλ
0λ) = 0 for any λ, then ê0̄(hλρ) = hλρ = 0 for

any λ and ρ. Therefore, by Lemma 2.5, F is associated with an Hermitian metric g,
which is geodetically torsion free and with constant holomorphic sectional curvature.
By Remark 6.6, we obtain that (M, J, g) is Kähler and locally isometric to CPn. The
conclusion follows from standard facts on complex space forms.

Appendix. We recall here the Cartan-Sternberg theorem on the local automor-
phisms of an absolute parallelism. The theorem was first proved for real analytic
vector fields by E. Cartan and in this case it is a corollary of Cartan-Kähler theorem
(see e.g. [BCG]). Later it was proved by S. Sternberg for smooth vector fields ([St]).

Before stating the theorem we need some preliminaries.
Let σ = {X1, . . . , Xn} be an absolute parallelism on a manifold N . The structure

functions of σ are the smooth functions ci
jk defined by

[Xj , Xk] =
n∑

i=1

ci
jkXi.

Let us also denote by ci
jk,m1...mr

the smooth functions defined inductively on r as

ci
jk,m1

= Xm1(c
i
jk), ci

jk,m1...mr
= Xmr

(ci
jk,m1...mr−1

).

Finally, for any integer α > 0 let F (α) be the family of smooth functions

F (α) = {ci
jk, ci

jk,m1
, . . . , ci

jk,m1...mα
}

and call Qα the number of functions in the set F (α). We consider F (α) as the set of
components of a smooth map from M into RQα . A point p ∈ M is called a regular
point for σ if there exists two integers s and r such that rankF (s) = rankF (s+1) = r
at all points of a neighborhood Up of p.

If s is the smallest integer such that this occurs, then s and r are called order
and rank of the regular point p, respectively.

It can be shown that rankF (α) = r for all α ≥ s and that there exists a system
of coordinates {x1, . . . , xn} : Up → Rn such that all maps F (α)|Up

, α > 0, depend
only on the first r coordinates {x1, . . . , xr} (see [St]). Such a system of coordinates is
called adapted to the absolute parallelism.
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For any the adapted system of coordinates {x1, . . . , xn} on a neighborhood Up,
we call slice of Up any set of the form

S(c1,...,cr) = {q ∈ U : x1(q) = c1, . . . , xr(q) = cr },

for some (c1, . . . , cr) ∈ Rr.

Theorem A.1. (Cartan -Sternberg) Let σ = {X1, . . . , Xn} be an absolute paral-
lelism on M and let p, p′ ∈ M be two regular point of ranks rp and rp′ and orders sp

and sp′ , respectively. Let also U and U ′ be two neighborhoods of p and p′, respectively,
which admit two adapted systems of coordinates {xi} and {x′i}.

If q is a point of the slice S(c1,...,cr) ⊂ U and q′ is a point of the slice S(c′1,...,c′r) ⊂
U ′, there exists a local diffeomorphism f : U → U ′ such that f(q) = q′ and f∗(Xi) = Xi

for all i = 1, . . . , n, if and only if rp = rp′ = r, sp = sp′ = s and F (s)|S(c1,...,cr) ≡
F (s)|S(c′1,...,c′r)

, and the functional dependence of F (s+1)|U on the functions F (s)|U is

the same of the functional dependence of F (s+1)|U ′ on the functions F (s)|U ′ .
In particular, if U = U ′, there exists a local diffeomorphism f : U → U such that

f(q) = q′ and f∗(Xi) = Xi for all i = 1, . . . , n if and only if q and q′ belong to the
same slice S(c1,...,cr) for some (c1, . . . , cr) ∈ Rr.
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