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THE STRUCTURE EQUATIONS OF
A COMPLEX FINSLER MANIFOLD*

A. SPIROT

A mio padre

Abstract. For a strongly pseudo-convex complex Finsler manifold M, a bundle Up(M) of
adapted unitary frames is canonically defined. A non-linear Hermitian connection on Up (M), in-
variant under local biholomorphic isometries, is given and it proved to be unique. By means of such
connection, an absolute parallelism on Up(M) is determined and a new set of structure functions
which generate all the isometric invariants of a Finsler metric is obtained.

A pseudo-convex complex Finsler manifolds M, which admits a totally geodesic complex curve
with a given constant holomorphic sectional curvature through any point and any direction, is called
E-manifold. Main examples of E-manifolds are the smoothly bounded, strictly convex domains in
C™, endowed with the Kobayashi metric. A complete characterization of E-manifolds, using the
previously defined structure functions, is given and a smaller set of generating functions for the
isometric invariants of E-manifolds is determined.

1. Introduction. The main purpose of this paper is to give a complete set of
invariants, which characterize a strongly pseudoconvex complex Finsler metric up to
local biholomorphic isometries. Several properties of these invariants are immediately
related with the intrinsic geometry of the Kobayashi metric of the smoothly bounded,
strongly convex domains in C™.

Let M be a complex manifold and J its complex structure. The well-known
infinitesimal Kobayashi pseudo-distance ky; on TM = TM \ {zero section} can be
defined as follows ([Ko]): for any € M and any 0 # v € T,,M, let A, the set of all
r € R such that there exists a holomorphic map f : A, — M from A, = {|z| <r} C
C into M with f(0) = z and f*(a%) € Cv. Then

) 1
kEy(v) = inf -—.
reA(v) T
We consider the following class of complex manifolds.

DEFINITION 1.1. A complex manifold (M, J) is a Lempert manifold if

(1) the infinitesimal Kobayashi pseudo-distance kjs is a strongly pseudoconvex
Finsler metric, that is:

a) it is a smooth function on TM with values in R;

b) kar(\v) = [Akas(v) for any A € C* and v € TM;

¢) at any point @ € M the hypersurface S, = {v € T, M : kp(v) = 1} is strongly
pseudoconvex in T, M;

(2) for any non-vanishing complex vector w € TSM C TCM, there exists a
complex curve vy, : U C C — M, such that v,(0) = z, 7,,(0) = w and v(U) is a
totally geodesic submanifold of M;

(3) the metric, which is induced by kps on the totally geodesic complex curve
Yw(U), is K&hler and with constant holomorphic curvature equal to —4;
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(4) the (finite) Kobayashi distance dps, determined by kjs, is complete and the
exponential map exp : T, M — M is a diffeomorphism for any x € M.

An immediate interest for Lempert manifolds comes from the well-known results
of L. Lempert on the Kobayashi metric of strongly convex domains in C™ ([Le], [Lel]).
Some of his results can be stated as follows.

THEOREM 1.2. [Le] If M is a smoothly bounded, strongly convex domain in C",
then M is a Lempert manifold.

Since the convexity of a domain is not a biholomorphic invariant property, The-
orem 1.2 motivates the following question:

Are there some invariant properties of kys (to be added to (1) - (4) of Def.
1.1), which characterize the manifolds that are biholomorphic to a smoothly bounded,
strongly convex domain in C™?

Some encouraging results have been obtained by various authors (e.g. [Fal, [Pa],
[Le2], [BD], [AP], [AP1]). In particular, we would like to mention the following theorem
by J. J. Faran (see also [Pa]).

THEOREM 1.3. [Fa] (M,J) is a Lempert manifold if and only if it admits a
strongly pseudoconvex Finsler metric F', which verifies (2), (3) and (4) of Definition
1.1. In this case F coincides with the Kobayashi metric kpy.

Faran’s Theorem has been improved by M. Abate and G. Patrizio in [AP] in the
following sense: they proved that if (M, J) has a strongly pseudoconvex Finsler metric
F, then it admits a natural non-linear Finsler connection and if the corresponding
torsion and curvature verify pointwise a certain set of conditions, then (M, J) satisfies
(2), (3) and (4) of Def. 1.1 and hence it is a Lempert manifold.

By Faran’s theorem, our previous question has positive answer if and only if
there exist some conditions, which are necessary and sufficient for the existence of a
biholomorphism between a Finsler manifold M, verifying (2), (3) and (4) of Def. 2.1,
and a strongly convex domain D C C".

The general problem of determining necessary and sufficient conditions for the
existence of a (local) isomorphism between two geometric structures is usually called
the (local) equivalence problem for those structures. In this paper we give a new
solution to the local equivalence problem for strongly pseudoconvex Finsler metrics
and, by means of this solution, we obtain a new complete set of invariant functions
which determine the complex Finsler metrics up to local biholomorphic isometries.
We also use these invariants to give a new characterization of Lempert manifolds.

Here are the contents of the paper. In §2 we recall and prove some preliminary
properties of complex Finsler metrics.

In §3 we introduce the concept of adapted unitary frames of a complex manifold
(M, J) with a strongly pseudoconvex Finsler metric F. The bundle Up(M) of all
adapted unitary frames turns out to be a subbundle of the complex linear frame
bundle LE(M), but in general it is not a principal subbundle; this is the case if and
only if there exists an Hermitian metric g so that F(v) = \/g(v,v) for all 0 #£ v € TM.

We also use the following terminology: any distribution which is complementary
to the vertical distribution and of dimension equal to dim M is named a non-linear
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connection on Up(M). We say that a non-linear connection is of Hermitian type if it
is invariant w.r.t. the complex structure J of LE(M).
The main result of §3 is the following (Theorem 3.9).

THEOREM 1.4. Let (M, J, F) be a strongly pseudoconvex Finsler manifold. Then
the unitary frame bundle Up(M) has a unique non-linear connection of Hermitian
type. This connection is invariant under any biholomorphic isometry of (M, J, F).

This non-linear Hermitian connection on Up(M) defines a non-linear covariant
derivation for vector fields of M which is invariant under any biholomorphic isometry.

In §4 we show that any fiber V, = 7~ !(z) of Ur(M) is identifiable with the
adapted frame bundle of a pseudo-hermitian structure on the Finsler sphere S,. Us-
ing the Webster connection for pseudo-hermitian structures (see [We]), we define an
invariant absolute parallelism on each fiber V,, i.e. a set of vertical vector fields on
V., which at all points span T, V, and which is invariant under the automorphism of
the pseudo-hermitian structure of .S,.

Using this absolute parallelism on the fibers and the non-linear Hermitian con-
nection H of Up (M), we obtain an absolute parallelism ¢ on Up(M) which verifies
the following crucial property: the (local) biholomorphic isometries of (M, J, F) are
in 1-1 correspondence with the (local) diffeomorphisms of Up(M) which preserve o.

By Kobayashi’s theorem on the automorphisms of absolute parallelisms ([Kol]),
we immediately obtain the following result (Proposition 4.6):

THEOREM 1.5. Let (M, J) be a complex manifold of complex dimension n and F
a strongly pseudoconvex Finsler metric on (M, J).

The group of biholomorphic isometries Isop(M,J) is a Lie group of dimension
less or equal to n? + 2n. Moreover dimg Isop(M,J) = n? + 2n if and only if F is
equal to F(v) = \/g(v,v) for some Kdihler metric g of constant holomorphic sectional
curvature and (M, J, g) is a simply connected complex space form, i.e. CP™, C™ or the
unit ball B® C C", endowed with a Fubini-Study, flat or Poincaré-Bergmann metric,
respectively

In §5 we determine the Lie brackets of all possible pairs of vector fields of the
absolute parallelism o of Up(M). By Cartan-Sternberg theorem the components of
these Lie brackets w.r.t. the vectors of the absolute parallelism generate a complete
set of invariant functions for the Finsler manifold (M, J, F) (see Proposition 4.6 and
Theorem Al). At the end of §5, we also give the so-called structure equations of the
Finsler manifold of (M, J, F), i.e. the equations that are verified by the 1-forms on
Up(M) which are dual to the vector fields of the absolute parallelism.

At last, in §6, we determine the Euler-Lagrange equations for the geodesics of a
complex Finsler manifold. We recall the definition of complex geodesics (see [Ve] and
[AP]) and we find necessary and sufficient conditions for a complex Finsler manifold to
be of constant holomorphic sectional curvature and with a complex geodesic through
any point and any direction. We call such manifolds E-manifolds. Notice that the
Lempert manifolds are complete E-manifolds with holomorphic sectional curvature
equal to -4.

For the E-manifold, we also prove that the torsion and the curvature can be
expressed in terms of the other structure functions of the absolute parallelism on
Up(M) and hence that these structure functions are the actual generators for the
invariants of E-manifolds (see Theorem 6.9).
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We have to mention that an alternative solution to the equivalence problem has
been given by J. J. Faran in [Fa]. He determines another set of invariant functions, by
pursuing the steps of a general algorithmic procedure: it is our personal opinion that,
by this reason, it is quite cumbersome to obtain simple geometric interpretations for
the invariant functions introduced by Faran.

As final remark, we want to point out that our non-linear covariant derivation
on complex Finsler manifolds is strictly related (but different) with the non-linear
covariant derivation invented by S. Kobayashi in [Ko2]. In a forthcoming paper, we
will discuss this relation and we will show how to use the components of the curvature
and torsion tensors in order to determine the set of invariant functions given in §5.

2. Preliminaries.

2.1. Notation and basic definitions. In all this paper, we use greek letters
a, (3, ete. for indices related to holomorphic vectors, barred greek letters &, 3, etc. for
indices related to the conjugated vectors and latin indices 1, j, k, etc. to denote real
vectors.

We denote by {eg,€1,...,€2,_1} the standard real basis of V = R?*" = C"; J, is
the complex structure of C™. The standard basis is ordered so that J,(e3;) = €2;41 for
any i =0,...,n. Weset eq = 2 (€20 — V—lezaq1), @ =0,...,n—1, and g5 = &,. We
also use the notation {e'}, {*} and {e®} for the dual bases of {¢;}, {e,} and {ea},
respectively.

<, > is the standard Hermitian product of V = C™.

W denotes the subspace

W = spanc{er,...,en_1+ =C" L

(M, J) is always a complex manifold with complex structure J and complex dimension
n. We let TM = TM \ {zero section} and PTM = TM/C*.

For any v € T, M, 2, : T,M =~ T,(T,M) is the natural isomorphism between
T, M and T,(T,,M). Using the maps 1,, any vector w € T,, (T, M) C T(T, M) extends
to a vector field X () on T, M by letting X (*) lo = 0 oz;ul (w). We call X®) the trivial
extension of w.

For any v € T,,M, J denotes both the complex structure on 7, M and on T, (T, M).
The vectors v' and v°' are the holomorphic and anti-holomorphic components of v
w.r.t. J

1 1
vl = 5(1} —v—1Jv), O = 5(1} +Vv—-1Jv).

The dilatation field D (also called Euler vector field) is the vector field on TM defined
as

DJ, = 1,(v).

A linear frame at a point x of M is an R-linear isomorphism u: R?® — T,M. A
complex linear frame at a point x is a C-linear isomorphism u: C* — T,M. We
always identify a linear frame w with the corresponding basis {f;} in T,, M where

fi = ’LL(EZ) € TxM
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If v is complex, we denote by u!'? the corresponding holomorphic basis, that is
1
u'? = {ea = ulea) = §(f2a —V=1foat1)}-

For any linear frame u on T,, M, the point = m(u) is called base point of w.
An absolute parallelism is a set of vector fields {X7, ..., X2, } which are linearly
independent at all points and, hence, constitute a smooth field of frames on M.

The collection of all linear frames on M is denoted by L(M); recall that it is a
GLs,(R)-bundle w.r.t. the projection map m. The collection of all complex linear
frames is denoted by LE(M); it is a principal GL,,(C)-subbundle of L(M).

It is well-known that LE(M) admits a unique complex structure .J which verifies
the following two conditions:

a) the restriction of J to the vertical subspaces of LE(M) coincides with the
complex structure of GL,(C);

b) the projection 7: LY(M) — M is holomorphic.
We call J the standard complex structure of LE(M).

For any subbundle P C L(M), we denote by 6 its tautological 1-form, which is
defined as follows. For any frame u = {f;} € P C L(M) and any vector X € T, P, the
projected vector m,(X) can be written as m.(X) = 23251 0% (X) f; for some numbers

% (X). The tautological 1-form 6 is the R?>"-valued 1-form

2n—1

(2.1) 0u(X)= > 0,(X) €.
=0

If P is a subbundle of LE(M), any vector X € T, P admits the decomposition X =
X104 X0 = X104 X10 where X'9 is the holomorphic part of X w.r.t. J. We
denote by 6¢(X19) and 6%(X°') the components of 7, (X'°) and m,(X°') w.r.t. the
holomorphic and anti-holomorphic frame u'® and u°', respectively. In this way two
sets of C-valued 1-forms 6 and 6% are defined at all points of P. They are called
holomorphic and antiholomorphic components of the tautological 1-form 6.

Finally, for any A € gl,,(R), we denote by A* the associated fundamental vector
field, that is the vector field on L(M) whose flow is

A" (u) = u o exp(tA).

Since GL,(C) acts freely and transitively on the fibers of LE(M), the fundamental
vector fields span any vertical subspace V,, C T,,L¢(M). Therefore if P is a subbundle
of LE(M) (not necessarily a principal subbundle), we may consider the subspace g, C

gl (C)
(2.2) g ={ A€ glh(C), A, € T, P}.

We call g, the algebraic vertical subspace of P at the point u. Notice that P is a
principal subbundle if and only if g, is a subalgebra of gl,(C) independent on u € P.
In this case g, = g = Lie(G), where G is the structure group of P.

2.2. First properties of complex Finsler manifolds.
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DEFINITION 2.1. A complex Finsler metric on (M, J) is a continuous function
F: TM — R"

satisfying the following properties:
i) F is smooth on TM;
ii) F(u) >0, for all u e TM;

iil) F(A\u) = [\ F(u) for all u € TM and any A € C.

A complex Finsler manifold is a complex manifold (M, J) endowed with a complex
Finsler metric F'.

A (local) biholomorphism f: M — N between two complex Finsler manifolds
(M, J,F) and (N, J', F’) is called (local) biholomorphic isometry if F'(f.v) = F(v),
for any v € TM.

Note that any complex Finsler metric F is in particular a real Finsler metric (see
e.g. [Ca], [Ch], [Chl], [BC], [AP], [Sp]).

For any complex Finsler manifold (M, J, F'), the Finsler pseudo-sphere at a point
x is the hypersurface

(2.3) S,={veT,M :F(v)=1} C T, M.
We say that F' is associated with the Hermitian metric g if for any v € TM
(2.4) F(v) = (v, 0).

If this is the case, for any x € M the hermitian metric g, is recovered from F' by

1

ihvo (’U, U)),
where h is the quadratic form defined in the following formula (2.6) and v, is any non
zero vector of T, M. Note that if dim¢ M = 1, then any complex Finsler metric is
associated with a Kéahler metric g.

(2.5) g (v, w) =

The quadratic form h, the cubic form H and the quartic form H of a complex
Finsler metric F are the following multilinear forms on T'(TM). Let X,Y,Z, W €
T,(T,M) and X, Y, Z and W be their trivial extensions. Then we set

)
v

(26)  h(X,V)= X [V (F?)]

D H(XY2) = X |V [Z2(P?)]

v

27) H, (XY, 2,W) = X [V |2 |W (F)]]]

v

Since any set of trivial extensions commute, it is immediate to realize that h, H and
H are multilinear and totally symmetric in their arguments.

In all the following, for any v,w,z,t,y € T, M, we will use the simplified no-
tation h,(w,z), Hy(w, z,t) and H,(w, z,t,y) in place of h,(2,(w),2,(2)), Hy(2,(w),
1(2),2,(t)) and H, (2,(w), 2,(2), 2, (t), 2, (y)), respectively.

The quadratic form TL, the cubic form H and the quartic form H of a Finsler
pseudo-sphere S, C T, M are the the restrictions on T'(S;) of h, H and H. Note that,
since a Finsler pseudo-sphere is a level set of F2, it follows that Ev is equal to

(2.8) ho(X,Y) = X' (Y'(F?)),
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where X .Y are two arbitrary vector fields, which are tangent to S, and which
coincide w1th X and Y at v € S,. A similar result holds for H and H.

Since p, = (F? — 1)|7, as is a defining function for the Finsler pseudo-sphere S,
we have the following immediate Lemma .

LEMMA 2.2. Let D, C T,,(Sz) be the mazimal J-invariant subspace of T,,(Sz) of a
Finsler pseudo-sphere S, and let DS = DX°+DO the corresponding decomposition into
holomorphic and anti-holomorphic subspaces. Let also L, the Levi form of S, C T, M
given by p, (for the definition, see e.g. (3.1) in §3). Then for any X0, Y10 € DIO

v 7

(2.9) L,(X10,Y19) = h (X0, YT0),

DEFINITION 2.3. A complex Finsler metric F is called strongly pseudoconvex
(vesp. Levi non-degenerate) if for any x € M the Levi form of the Finsler pseudo-
sphere S, is positive definite (resp. non-degenerate) at all points.

Note that if a complex Finsler metric F' is strictly convex as real Finsler metric
(for the definition, see f.i. [Ch], [AP] or [Sp]), then it is also strongly pseudoconvex.
The converse is obviously not true.

The following two Lemmata give some basic properties of h, H and H.

LEMMA 2.4. Let (M, J, F) be a complex Finsler manifold. For any 0 # v € T,M
consider the trivial extension ¥ of the vector D, = 1,(v) and let X, Y, Z, X, €
T(T,M),i=1,...,k, some trivially extended vector fields. Then

a) D (F2) =2F? and (JD) (F?) = 0
b) D (X (X (- Xy (F?)...)))], = Xy (X (- Xk (F2). ),
) JX1 (Xo (... Xk (F2)...))|, + Xa (JXQ( Xk (F2) .|, +

o Xy (Xo (L JXe (F?) )|, + ID (X (X (- Xk (F2)0))|, =05
d) D'°(F?) = DY (F?) = F? and
hv(Xlo,,alO) _ 0’ hv(Xlo,?}Ol) _ XIO(FQ)U;

(2.10) H, (X' v »'0) = 1, (X1, v %) =0,

(2.11) [{v(Xlo’Yw’vlo) — —hU(Xlo,Ylo), Hq,(Xlo,Ylo,Um) — ],L/U()(lO?YlO)7
(2.12) H, (0%, X100 Z00) =0, H, (0, X0, Y, 70 =0,

(2.13) Hv(@107X107yl07Z01) — —HU(Xlo,Ylo,Z()l),

(2.14) H, (8%, X100, 70) = — g(x10, Y0 70,

Proof. Consider on T, M the flows
(2.15) O, U, Ty M — Ty M, di(v) =€t v, Ti(v) =€ v
Definition 2.1 (iii) is equivalent to

(2.16) (F% o ®,)(v) = e*F%(v), (F2oW,)(v) = F2(v)
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for any v € TM and any t € R. If we identify any vector X € T,(T,M) with the
corresponding element in T, () (T: M) and Ty, () (T M), the differentials ®;, and Wy,
can be written as

(2.17) Brlp(X) =€ - X, Uilo(X) =€ - X.
Therefore for any trivially extended vector fields X; € T(T,M),i=1,...k,
(2.18) [ Xy (X (- (X (F?) o))

= [0 (X0) [@0(X2) [ [0 (X) [F7]] - 1] g, 0
= (X0 (X2 (- Xk (£7))))]

v )

(2.19) e Xy (e Xa (o (e Xk (F2) - ) |espenye
= U (X1) [P (X2) [ [0 (X)) [F2]] -] [y,
=X (Xo (- (X% (F?) )], -
Taking the derivative at t = 0 of (2.16), (2.18) and (2.19), one immediately obtains
a), b) and c).
d) follows from a), b).
To prove e), observe that b) and c) imply that
Hy (V. W,0) = 6(V(W (F2)))y = DV(W(F?)))s = (2= 2)V(W(F?)), =0,
oV (W(Z(F)))w = (2= 3)Hy(V, W, Z) = —H,(V, W, Z),
and
H, (V. W, Jv) = JD(V(W(F?))), = ~h,(JV. W) = hy(V, JW),
JD(V(W(Z(F?))))y = —Hy(JV,W, Z) — Hy(V, JW, Z) — H,(V, W, J Z).

From these identities and some straightforward computations (2.10) - (2.14) follow.
O

LEMMA 2.5. Let (M, J, F) be a strongly pseudo-convex Finsler manifold. Then
F' is associated with an Hermitian metric g if and only if one of the following two
equivalent conditions are satisfied:
i) the cubic form H vanishes identically;
ii) for any point x € M, any vector 0 #v € T, M and any X,Y € T,(T. M)

ho (X1 Y1) = 0.
Proof. If F is associated with an Hermitian metric, then (ii) is clearly satisfied.

Moreover, if (i) holds, for any three vectors 0 # X,Y,Z € T,(T, M), with trivial
extensions X,Y and Z, we get

HU(X107Y107Z10) _ Zlo(h(X107Y10))|v _ 0’
HU(X107Y107Z01> _ ZOl(h(Xlo,Ylo))|v _ 0,

and this implies (i). So, in order to conclude, we just need to show that (i) implies
that F' is associated with an Hermitian metric.
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Note that if (i) holds, for any two trivially extended vector fields X and Y,
the value of hy(X,Y) is independent of v. Moreover, from (2.11), h, (X0, V10) =
H, (X110, v10 $%1) = 0 and hence

hy (X, V) = hy (X0, Y1) 4+ h, (X, V10).

So the quadratic form g, defined by (2.5) is an Hermitian metric on 7, M and, by
Lemma 2.4 d), g,(v,v) = h,(v'?,0%1) = D°(F?), = F2. O

From this point on, if the opposite is not stated, by complex Finsler metric and
complex Finsler manifold we will mean strongly pseudoconver complex Finsler metric
and strongly pseudoconvex complex Finsler manifold, respectively.

3. The non-linear Hermitian connection of a complex Finsler mani-
fold.

3.1. The H-sphere bundle of a complex Finsler manifold.

DEFINITION 3.1. An Hermitianized sphere bundle on (M,J) (or, more shortly,

H-sphere bundle) is a pair (SM, p) where:

a) SM C T'M is a smooth subbundle;

b) each fiber S, C T, M is a star shaped strongly pseudoconvex hypersurface of
(T M, J), diffeomorphic to a sphere;

¢) p is a smooth real function on TM such that SM = { v € TM : p(v) = 0}.
An H-sphere bundle (SM, p) is called circular if SM is invariant with respect to the
linear group of transformations T = {e*/, t € R} and p is T'-invariant.

Two H-spheres bundles (SM, p), (SM', p’) over (M, J) and (M’, J’), respectively,
are biholomorphically isometric if there exists a biholomorphism f: M — M’ such
that p = p’ o fulfp-

The main examples of H-sphere bundles are the Finsler sphere bundles.

DEFINITION 3.2. The H-sphere bundle of a complex Finsler manifold (M, J, F)
is the pair (ST M, pr), where SFM is the bundle of the Finsler spheres in 7'M and
PF = F2 —1.

Notice that (S¥' M, pr) is always circular. Moreover it is clear that two Finsler
manifolds are biholomorphically isometric if and only if the corresponding H-sphere
bundles are biholomorphically isometric.

Remark 8.3. Let S, C T, M be a sphere of a circular H-sphere bundle (SM, p)
and p, the restriction p, = p|r,a, so that S, = {p,(v) = 0}. Let also D, C T'S,
be the family of the maximal J-invariant tangent spaces of S, and L, the Levi form

of S;, i.e. the collection of the Hermitian forms on the spaces D.|, C TSz, v € Sy,
defined by

(3.1) Lo(X,Y)]o = X (JY (p2))lo,

where in the right hand side X and Y denote the trivial extensions of the vectors
X,Y € D,ls.

By definitions, D, and £, are T'-invariant and each space Dy|,, v € S, projects
isomorphically onto the tangent space at [v] of

P, =T,M/C* =S,/T".
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Hence the Levi form £, induces an Hermitian metric £, on each tangent projective
space IP,.. It is not difficult to see that £, is indeed a Kahler metric and that it depends
smoothly on the point x of M.

3.2. Adapted unitary frames of an H-sphere bundle. In the next definition
we introduce the concept of adapted unitary frames of an H-sphere bundle. In all
formulas, for any frame v = {fo,..., fon—1} we use the symbols fi,..., fon—1 also to
denote the vectors in T, (T, M) which correspond to the vectors of u via the natural
identification map 25, : T, M — Ty, (T, M).

DEFINITION 3.4. We say that a complex linear frame u = {fo,..., fon—1} at
x = w(u) is adapted to the H-sphere bundle (SM, p) if
a) fo € Sy and f1 = J fo;
b) the vectors fo,..., fon—1 span the maximal J-invariant subspace Dy, of
Ty Ses
c) the holomorphic vectors ey, ... , e,_1 constitute a unitary basis for Dy, with
respect to the Levi form £, defined by (3.1).
The subbundle U,(SM) C LE(M) of all adapted unitary frames of (SM,p) is
called the wnitary frame bundle of (SM, p).
If (SM, p) is the H-sphere bundle of the complex Finsler manifold (M, J, F'), its
unitary frame bundle is denoted by Up(M).

It is immediate that 7: U,(SM) — M is a subbundle of LE(M) on which U,,_;
acts freely and fiber preserving.

Moreover, if (SM,p) is circular, then for any fiber V, = 7~ !(z) C U,(SM),
the quotient V, /T is equivalent to the unitary frame bundle Uz, (P,), where Ly is
the Kéhler metric defined in Remark 3.3. This implies U,(SM) is a principal bundle
only if all compact Kéahler manifolds (P, ﬁx) are homogeneous spaces of a complex
subgroup G' C GL,,(C) which properly contains U,,_1 x T". Since this condition is very
strong, it is natural to expect that generically U,(SM) is not a principal subbundle
of LE(M).

In fact:

PROPOSITION 3.5. The unitary frame bundle U,(SM) C L(M) of an H-sphere
bundle (SM, p) is a principal subbundle if and only if it is the unitary frame bundle
of an Hermitian metric g on (M, J).

Proof. If U,(SM) is a principal subbundle of LE(M) with structure group G C

GL,(C), then the group G verifies the following conditions:
i) it is compact;

il) it acts transitively on each sphere S, =V, /U, _1;

iii) the isotropy subgroup of the G-action on each sphere S, =V, /U,,_1 is U,,_;.
From the list of the compact Lie groups acting transitively on a sphere ([MS], [Bol],
[Bo2)), it follows that the only group which verifies i), ii) and iii) is G = U,. By
standard arguments this implies that U,(SM) = Uy(M) for some Hermitian metric.
O

The following Lemma gives an alternative way to define the adapted unitary
frames of a complex Finsler manifold.
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LEMMA 3.6. A frame u = {f;} € LY(M) belongs to Up(M) if and only if the
corresponding holomorphic frame ul® = {e,} verifies

(3.2) hfo (ea, 63) = 6aﬁ
forany 0 <a,B<n-1.

Proof. By definition of adapted frame, v € Up(M) if and only if it verifies the
follow three conditions for 1 < A\, u <n —1:

a) FQ(fO) =1 b) EX(F2)|fo =0 C) Lwlfo(ekveﬂ) = Efo(e)ﬂeﬂ) = 6/\M'

Since 60(F2)’f0 = DlO(F2)‘fO, by Lemma 2.4 d) and the identity between h and h on

the tangent spaces of the Finsler spheres, the conditions a), b) and ¢) can be rewritten
in the form

a’) hy,(eo,e) = 1; V') hyy(ex,ep) =05 ) hyy(ex, eq) = dap,
which is simply (3.2). O

From Lemma 3.6 and Proposition 3.5, it follows that Uz (M) is a principal bundle
if and only if F is associated with an Hermitian metric g and that in this case Up(M) =
Uy (M).

3.3. Linear and non-linear connections of Hermitian type.

DEFINITION 3.7. Let P C L%(M) be a subbundle of LE(M), 2: P — LE(M) be
the immersion map and J the standard complex structure of LE(M). Then:

(1) a (non-linear) connection on P C LE(M) is a distribution H, of real dimen-
sion 2n = dim M, complementary to the vertical distribution;

(2) if P is a principal G-bundle, the connection H is called linear if it is G-
invariant; if P is the unitary frame bundle U,(SM) of a circular H-sphere bundle
(SM, p), H is called nice if it is U,_1 x T'-invariant;

(3) anice (non-linear) connection H on U,(SM) is called isometrically invariant
if for any biholomorphic isometry f of (SM, p), the lift f on LE(M) leaves ‘H invariant;

(4) a (non-linear) connection H is called of Hermitian type if it is J-invariant,
i.e. for any u € P

(33) J (1 (Hu)) = 12 (Hu);

(5) the connection form of a (non-linear) connection H is the unique gl,(C)-
valued 1-form w on P, which vanishes on H and verifies

(3.4) w(Al)=A
for any u € P and any A in the algebraic vertical subspace g, C gl,(C).
Remark 3.8. If 'H is a nice (non-linear) connection on U,(SM), for any curve
v :a,b] = PTM = U,(SM)/U,—1 x T",

which projects on a given curve v, in M, and any frame u € 77*(v,) C U,(SM), there
exists a unique horizontal curve 4 : [a, b] — U,(SM), which is tangent to H, projecting
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onto v and with 4, = u. Since H is U,,_1 x T -invariant, if 4}° = u!° = {eq,...,e,_1}
and 440 = {ef,...,e},_,}, the linear map

. T .
(3.5) T, T,M —TyM, X=X 2 Xie

does not depend on the frame u, but only on the curve v. We call it the parallel
transport along ~.

Furthermore, if U,(SM) is a principal subbundle of LE(M) and H is a linear
connection, the parallel transport (3.5) depends just on the curve 7, : [a,b] — M
which is obtained by projecting on M the curve vy of PTM. In particular, (3.5) is
the classical parallel transport associated to a linear connection and it defines a linear
covariant derivation on M.

If H is non-linear, the parallel transport (3.5) defines the following non-linear
covariant derivation ¥V on M: let Y be a local vector field on M, X a vector in
Ty/PTM and v : [a,b] — PT'M a curve such that §o = X : then

(3.6) Vv =lim 2 [1) (v, - Y]

where x and z;, are the base points of 79 = [v] and 7, respectively. If we denote by
Uy(SM) — PTM = U,(SM) /U1 x T*

the standard projection map, then V (Y, is equal to

3.7) VYo = u(Xu0(Y) + wu(X) - 0(Y))

where w is the connection form of H, u is any frame in #7!(v) C U,(SM) and X and
Y are two vector fields on U,(SM) such that 7, (X), = X and m.()) =Y.

The derivation (3.7) is a linear function of the vector X, not of just its projection
to TM: this is in clear contrast with the properties of linear connections.

3.4. The non-linear Hermitian connection of a complex Finsler mani-
fold.

THEOREM 3.9. For any complex Finsler manifold (M, J, F), the unitary frame
bundle Up(M) admits a unique non-linear connection of Hermitian type.
This non-linear connection of Hermitian type is nice and isometrically invariant.

We call the connection of Theorem 3.9 the non-linear Hermitian connection of
(M, J, F).

Proof. * First of all, notice that if f: M — M is a local biholomorphism and
f: L(M) — L(M) is the lifted map on the linear frame bundle, than clearly f maps
LE(M) into itself and it is a local biholomorphism w.r.t. to the standard complex
structure J. Therefore any local blholomorphlc isometry f of (M,J, F) is so that
f(Up(M)) € Up(M) and f, transforms any J-invariant non-linear connection into
another J-invariant non-linear connection. Hence, if there exists a unique non-linear
connection of Hermitian type, this connection is isometrically invariant.

1 For the following short and elegant way for proving Theorem 3.1, we are indebted to a kind
suggestion of an anonymous referee
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Consider now the distribution H C TUpr (M) of all maximal J-invariant subspaces,
i.e. such that for any u € Up(M)

Hy = T,Up(M) N J(T,Up(M)).

We want to prove that such distribution constitutes a non-linear connection, i.e. it is
transversal to the vertical distribution and with dimH,, = 2n at any frame wu. Since
any J-invariant distribution M’ is included in H, it follows immediately that M is
a unique such non-linear connection. Furthermore, since U, 1 x T* C GL,(C) acts
holomorphically on LE(M), it follows also that H is U, x T'-invariant and therefore
is a nice non-linear connection.

To prove the claim we need the following Lemma.

LEMMA 3.10. Let x € M and let L, = 7~ (z) ¢ LY(M) and V, = 7~ (x) C
Urp(M) be the fibers of L°(M) and Up(M) over x, respectively.
Then V, is a mazimally totally real submanifold of L, i.e. for any u € V,

TV, N J(T,V,) ={0} and T,V,UJ(T,V,)=T,L,.

Proof. Let us identify the space of holomorphic vectors Ti°M C TEM with C?
and let Gr,_1(C™) be the Grassmanian of (n — 1)-dimensional complex subspaces in
TI°M = C™. Let also denote by J, the standard complex structure of C" x Gr,,_1(C").

Consider now the holomorphic surjective map

o:L, = C" x Gr,—1(C"), o(u) = (eg,spanfey,...,en_1})

where we denote by u'® = {eg,...,e,_1} the holomorphic basis determined by the
frame w. It is clear that o : L, — C™ x Gr,,_1(C") is a principle bundle with structure
group GL,(C) and base C" x Gr,_1(C").

Let S, C T, M be the Finsler sphere at z and let Q C C" x Gr,_1(C™) be the
submanifold

Q={("%p) eC"xGr,_1(C") : veES,, pCcTOMNTES, }.
By definition, o(V,) = @ and the projection
oly, :V, = Q

makes V, a principle bundle over @) with structure group U, _1.

Since S, is strongly pseudo-convex, by a result of Webster (see [Wel]), Q is a
maximally totally real submanifold of C"™ x Gr,,_1 (C™). Since also U,,_; is a maximally
totally real submanifold of GL,(C) and ¢ is holomorphic, it follows that V, is a
maximally totally real submanifold as well. 0O

Let us now prove the claim. From Lemma 3.10, it follows immediately that H is
transversal to the vertical distribution, that is for any u € Up(M)

H, N Tuv‘n'(x) = {0}

Furthermore, dimL, = 2dimV, and hence dim L*(M) = dim M + dimL, = 2n +
2dimV,. Since dimUp(M) = dim M + dimV,, = 2n + dim'V,, it follows that at any
u e UF(M)

2n + 2dim V() > T,Up(M) + J(T,Up(M)) — dim H, = 4n + 2dim V,, — dim H,,
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that is dim H,, > 2n. Since H,, is transversal with T,V (), we conclude that dim H,, =
2n for any u and hence that H is a non-linear connection. 0O

Since the unitary frame bundle U, (M) of an Hermitian metric g on (M, J) coin-
cides with the unitary frame bundle Up(M) of the Finsler metric F\(v) = /g(v,v),
Theorem 3.9 gives the following classical result as an immediately corollary (see e.g.
[KN], vol. II): an Hermitian manifold (M, J,g) has a unique Hermitian linear con-
nection.

4. The absolute parallelism on Up(M) and Kobayashi’s theorem.

4.1. Pseudo-hermitian structures on a real hypersurface. In this subsec-
tion, we recall the definition of pseudo-hermitian structure on CR manifold of codi-
mension one and Webster’s theorem on the existence and uniqueness of an invariant
linear connection for any pseudo-hermitian structures. This result is essential for the
construction of an invariant absolute parallelism on the unitary frame bundle Up (M)
of a complex Finsler manifold.

Let S be a (2n — 1)-dimensional manifold. A CR structure on S is a pair (D, J),
where D C T'S is a distribution and J is a smooth family of complex structures J,
on the subspaces D, C T,M. It is called integrable if the holomorphic distribution
D0 < D€ defined by J is closed under Lie brackets. It is called of codimension p if
the distribution D is of codimension p.

An CR structure (D, J) of codimension one is called Levi non-degenerate if D is
a contact distribution, i.e. if for any local 1-form 6 such that ker§ = D, then df, is
non degenerate on D, at any point p where 6 is defined.

DEFINITION 4.1. [We] A pseudo-hermitian structure on S is a pair ((S, D, J); )
where (S,D,J) is a codimension one Levi non-degenerate CR structure and 6 is a
1-form on S such that ker 8, = D, for any p € S.

A pseudo-hermitian transformation of ((S, D, J);0) is a diffeomorphism f : S — S
such that f.(D) C D, faoJ|p =Jo fi|p and f*6 = 0.

In the following, we denote a pseudo-hermitian structure only by a pair (S, 6).

A standard example of pseudo-hermitian structure is the following. Let S be
a smooth real hypersurface in C" and (D, J) the codimension one CR structure de-
termined by the maximal J,-invariant subspaces in T'S and the complex structures
determined by the complex structure J, of C™. Assume also that p is a smooth defining
function for S, i.e. S={p e C"” : p(p) =0}. The 1-form 6?

(4.1) 0p(v) = dpp(Jov)

vanishes exactly on the vectors on D. Hence if (S, D, J) is Levi non-degenerate, then
(S,0°) is a pseudo-hermitian structure.

DEFINITION 4.2. Let (S,6) be a pseudo-hermitian structure and let v = {fi,
.+, fan—1} a linear frame at a point p € S. The frame u is called adapted to (S, 0) if
a) 6(fi) =1and 6(f;) =0for 2 <i<2n—1;
b) d9(f2, fj) = aij for 2 < i,j <2n-— 1;
C) Jfgi = f2i+1 for 1 < ) <n-— 1.
The collection Uy(S) of all adapted frames of frames of a pseudo-hermitian structure
(S,0) is called unitary frame bundle of (S, 0).
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Conditions b) and ¢) can be restated claiming that the vectors e, = foo — i foa+1,
with a = 1,...,n — 1, constitute a holomorphic basis for Dzl,o C Dg, which is unitary
w.r.t. the Levi form £(X,Y) = df,(X,Y). It can be checked that Uy(S) is a principal
subbundle of L(S) with structure group Uy o, where (g, ¢') is the signature of the Levi
form L (see also [We]).

For any linear connection H on Uy(S) and any frame v = {f1,..., fan—1} € Up(S5),
let us denote by py = m|n, : Hu — Tr(u)S the restriction of 7, on H. We also denote
by {ﬁ =p, 1 (f:)} the basis of H, which projects onto the vectors of .

Since p, is a linear isomorphism between ‘H,, and T5(,,)S, we may always consider
the subspace D, = Do 1(D,T(u)) C 'H, and the complex structure J on 75“7 defined by

(4.2) J-v=(p;" o Jop,)(v).
(D, J) are called the horizontal lifts of the CR structure (D, J).

DEFINITION 4.3. Let H be a linear connection on Up(S) and let (D, J) the corre-

sponding horizontal lift of the CR structure of S. Let also é, the holomorphic vector
fields in D'° defined by

éa|u:f2oz|u_if~2a+1‘u€f)qioa 1§a§n—1

We say that H is of Webster type if:

a) any Lie bracket between two vector fields of the holomorphic distribution
D0« DC s 0;

b) 7u([€a,&s]) = —vV=Tbagm.(f1) for any 1 < o, 8 <n —1;

¢) for any 1 < o < n—1 the complex vector field T,, = [é4, f1] is so that 7, (T,)
takes values in D' = D10 at all points.
We call the vector field T, = [€a, fl] the a-th component of the torsion of H.

We conclude with the following important result by S. Webster.

THEOREM 4.4. [We] If (S,0) is a pseudo-hermitian structure, there exists exactly
one linear connection of Webster type on Uy(S). This connection is invariant under
the group Aut(S,0) of pseudo-hermitian transformations of (S, 0).

Moreover, the a-th components of the torsion T, = [éa,fl} of the connection of
Webster type vanish identically if and only if the vector field fi, given by the first
vectors of all adapted frames, is an infinitesimal CR transformations of S.

We call such unique linear connection the Webster connection of (.S, 0).

4.2. The generalized fundamental vector fields on the unitary frame
bundle of an H-sphere bundle. Consider a circular H-sphere bundle (SM, p). For
any © € M, let p, be the restriction p, = p|7, s and 0, = 02 the 1-form on S, defined
by (4.1). Each pair (S, 6,) is a pseudo-hermitian structure.

If u= {fo,f1,..., fan} C TpM is an adapted unitary frame of U,(SM) and
if we identify the vectors {fi,..., fon} with the corresponding vectors at Ty, S, we
immediately see that u is also an adapted frame for the pseudo-hermitian structure
(Sz,05). In other words, the fiber V, = 7=!(x) € U,(SM) can be identified with the
unitary frame bundle Uy, (Sy).

Let W, be the Webster connection on V, ~ Uy, (S;). Notice that the flow of the
vector field f; on S, coincides with 1-parameter group of transformations given by 7.
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Therefore by Theorem 4.4 each component of the torsion of the Webster connection
W, vanishes identically.

Using the Webster connection W, and the fundamental vector fields associated
to the Lie algebra u,_; ® R = Lie(U,_1 x T') we define an absolute parallelism on
any fiber V, C U,(SM) as follows.

DEFINITION 4.5. Let U,(SM) be the unitary frame bundle of a circular H-sphere
bundle (SM, p). For any z € M, let also W, be the Webster connection on the fiber
V, = 77 4(2) ~ Uy, (S;) = Up(S;) and # : V, — S, = V,/U,_; the standard
projection map.

For any element X € W @ (u,_; ® R) we associate a vertical vector field X of
U,(SM) associated as follows:

(1) if X €u, 1 OR, we set X = X*;

(2) if X € W(=C" 1), we set X to be the vector field so that, for any frame u,

X, is the unique vector in (Wr(y))u, such that 7.(X,) = u(X) € Ty, Sq;

(3) for any two vectors X, X' € W & (un—1 ® R), we set X + X' = X+ X
Any vertical vector field X is called generalized fundamental vector field.

If {e;, E;} is a basis for W @ (u,—1 ®R), the generalized fundamental vector fields
{&, E~Z} are linearly independent at all points and they give an absolute parallelism on
each fiber V,. By construction, the vector fields {¢;, Ei} are mapped into themselves
by any biholomorphic isometry of (SM, p).

One may also check that if U,(SM) is a principal subbundle (and hence with
structure group U,; see Proposition 3.5), the generalized fundamental vector fields
coincide with the fundamental vector fields of the elements in u,,.

4.3. The absolute parallelism on Ur(M) and the isometry group of
(M, J,F). Let Up(M) be the unitary frame bundle of a complex Finsler manifold
(M, J, F) and H the non-linear Hermitian connection on U (M).

At any frame u = {fo,..., fon—1} € Ur(M) we denote by fz\u the unique vectors
in H,, which project onto f; € Tr(uyM. Let also {¢;} the standard basis of W = cr1,
t be a generator of R = Lie(T") and {E;} a basis for u, 1. Let also &,  and E; the
corresponding generalized fundamental vector fields on Up(M).

Then the set of vector fields

(4.3) o't = {fi,&,1, Ex}

is an absolute parallelism on Ug(M). It is unique, up to a change of the generator
t and of the basis {F;} for u,_; and it is invariant under all local biholomorphic
isometries of (M, J, F).
We call o™ the absolute parallelism associated to the Hermitian connection H.
As a consequence of Kobayashi’s theorem on the automorphism group of an ab-
solute parallelism ([Ko]), the following result is easily obtained.

PROPOSITION 4.6. Let (M, J, F) be a complex Finsler manifold of complex di-
mension n and let H the non-linear Hermitian connection of (M, J, F).

(1) The local holomorphic isometries of (M, J, F) are in 1-1 correspondence with
the local diffeomorphisms of Up(M), defined on open saturated subsets 7=1(U), which

preserve the absolute parallelism o’t. For any local biholomorphic isometry f the
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corresponding local diffeomorphism is the restriction on Up(M) C LE(M) of the dif-
feomorphism

foLM) = LM),  fu) = fiou.
(2) The group Isop(M) of all biholomorphic isometries of (M,J, F) is a Lie
group of dimension less or equal to

dimg Up(M) = dimg V + dimg W + dimg (4,1 @ R) = n® + 2n.

(3) dimg Isop(M) = n?+2n if and only if F' is associated with a Kdihler metric
g and (M, J, g) is (CP", g.2), (C", go) or (B",g_.2), where g.2, go and g_.2 denote
the Kdhler metrics with constant holomorphic sectional curvature ¢, 0 and —c?, re-
spectively.

Proof. (1) It is proved with the same arguments of Proposition 3.3 in [Sp]; they
are very similar to the arguments of the proof of Proposition VI. 3.1 in [KN] Vol. L

(2) It is an immediate corollary of (1) and of Theorem 1.3.2 in [Kol].

(3) If dimg I'sop(M) = n? + 2n, then Up(M) is a principal subbundle of LE(M)
and any isotropy subgroup Isor (M), acts transitively on any fiber V, of Urp(M). By
Proposition 3.5 and Lemma 3.6 it follows that Isop(M), ~ U, for any x € M and
that F' is associated with an Hermitian metric g. Since for any x € M we have that
Isop(M)g = Isog(M)g ~ U, , we also have that (M, J, g) is an Hermitian symmetric
space, g is Kahler and the holomorphic sectional curvature is constant.

We claim now that M is simply connected. Suppose not and let 7 : M — M be
its universal covering map and § = n*g. For any * € M and any y € 7 (), the
isotropy subgroup I'so,(M), =~ U, is embedded into I'soz(M), and hence Isoz(M), =
Isog(M)y ~ U,. This implies that any deck transformation I' belongs to the normal-
izer leog(M)(ISOQ(]\;I)y) of the subgroup Isoz(M), in Isoz(M). Suppose now that §
has positive holomorphic sectional curvature. By the classification of simply connected
complex space forms, M is CP", Isoz(M) = SU,,; and leog(M)(ISOg(M)y) =
Nsv,,,,(Un) = Uy. This means that any deck transformation I' belongs to Isoz(M),,
and this cannot be because I' fixes no point. Suppose then that g has non-positive
holomorphic sectional curvature. In this case for any non-trivial deck transformation
and any h € Isoz(M),, there exists some h' € Isoz(M), so that hoT' =T o h’ and
hence h(I'(y)) = T'(h'(y)) = T'(y). Since h fixes y and T'(y), it fixes point by point the
unique length minimizing geodesic between y and I'(y). But this cannot be because
Isoz(M), = U, and it fixes no vector in T, M.

Since M is simply connected, the claim follows from the classification of simply
connected complex space forms. [0

5. The invariants of a complex Finsler manifolds.

5.1. Notation. In all the following sections, the greek indices «, 3, 7, 9, €
always run between 0, ...,n — 1; the indices A, u, v, p, 0 run between 1 and n — 1.

We denote by Ef = 5 @ ¢* the elements of the standard basis of gly(C). An
element A = AgEg € gl (C) can be also expressed using just the complex matrix Ag.

For any adapted unitary frame v = {f;} and corresponding holomorphic frame
ul® = {e,}, we set

hap(u) = hy,(ea,ep), Hapy(u) =Hy,(€a,ep,ey), Hapys(u) =Hp,(easep, ey, €5)-
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The symbols h;5(u), Hapy(u), H,gs(u), etc. have analogous meanings.

On Up(M) we have the following distributions and CR structures:
- 'H is the non-linear Hermitian connection;
- W= U,ecm Wk is the distribution obtained as union of the Webster connec-
tions W, of the fibers V, = 7= 1(z) = Uy, (S;);

- (D, J) is the CR structure given by D = Usens D, and J = Usens J,, where
each (7595, jw) is the horizontal lift in W, of the CR structure of the Finsler sphere S,
(see Definition 4.3).
Notice that (H,.J) and (D, .J) are both integrable CR structures on Up (M) (see §4.1).

w is the connection form of H (see Def. 3.7) and we define w§ as the C-valued
1-forms on Up (M) which verify

w:ZEE‘@wg.
a,B

We also set wg‘ = @ We call wj and wg‘ the holomorphic and anti-holomorphic
components of the connection form w.

We denote by £F and by Sg‘ the complex vector fields on LE(M) defined by

£ =5 (B9 —VTLBgy], 85 =7

1
2
Note that, if we extend C-linearly the 1-forms wj and wg‘, we have that

wi(E5) = 0505,  w3(E) =0.
Moreover, we recall that by the properties of fundamental vector fields (see [KN])

Lipgy8 == [Ef,e) @07 = [Bf,e5] @67,
ol v

Ligpgy0=—> V=IE,e,] @07+ V-1 [Bf,e5] @67,
0l vy
This implies that

1 @ 7N a
Legd =3 [Limg)-0— V1L0,m5)0) = —c0© 0%, Les = Lez0 = —c500°.

For any fiber V, = 7~ !(z) C V,, we denote by

the standard projection map of V,, = Uy, (S,) onto S, =V, /U, _1.
For any i =0,...,2n — 1, f; is the vector field in H such that at all u € Up(M)

T ()l = fi = ules) € Trqu)M.

For any a = 2,...,2n — 1, €, is the generalized fundamental vector fields which cor-
responds to elements of the real basis {ea,...,€e2,-1} of W = C""! (see §2.1). By
construction, any vector field €, is vertical, it takes values in D C W and Jég; = €2;41.
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Finally, we denote by é, and é) the holomorphic vector fields
. 1/, - - 1, -
€a =35 (an - V*1f2a+1) ; =3 (Ean — V—1&x41) -

They coincide with the complex vector fields in HC and D€ ¢ WE, which are mapped
by 7, and 7,4 onto the holomorphic vectors of the corresponding adapted frames of
T, M and of T (.S, respectively.

5.2. The algebraic vertical subspaces of Up(M) and the distribution
W. We want to determine the algebraic vertical subspaces of g, (see definition in
§2.1). For this we give the following technical lemma, which follows directly from
definitions and Lemma 2.4 e).

LEMMA 5.1. For any choice of the indices A, B, C, the functions H agc are totally
symmetric w.r.t. to A, B and C. Furthermore, for any v = {fo,..., fon—1},

(5.1) H,go(u) = Hspo(u) =0, Hapo(u) = —hap(u), Hapgo(u) = hag(u).

Now recall that for any A € gl,(C) and any v € LE(M), the corresponding
fundamental vector field A} at u is equal to the tangent vector at ¢ = 0 of the curve
a(t) = uo et Therefore, by Lemma 3.6, the element A belongs to the algebraic
vertical subspace g, if and only if

d

a tA
i |

hem,fo(em cea, € - e5)] =0.
t=0

(5.2)

Representing A with the associated matrix A%, condition (5.2) can be written as:
(5.3) AL045 + 0an AT + AYHy o (u) + AT Ho s (u) = 0.
Using Lemma 5.1, we immediately obtain the following.

PROPOSITION 5.2. For any u € Up(M), the algebraic vertical subspace g, C
gl,,(C) is defined by the following equations:
AJ+ A8 =0, A+ A} + Al (u) =0,
(5.4) )
AR+ A} + Af Hyjy (u) + AZ H g (u) = 0.

Equations (5.4) are called the defining equations of the algebraic vertical subspace
Gu-

For any u € Up(M), consider the following basis for g, (A > p):

(5.5) t=J, Ej,
EY, =E),—-E\, Ei,=J,-(E,+EY),
(5.7) Eo(u) =E3 — [Re{hxu(w)} + 0xu] By — Im{hnu ()}, - EY

— Re{ Hopn(u)} BY — lin{ Hypn ()}, - B2
(5.8) Eaxyi(u) =J, - EY — Re{ i (u)} = 0xul Jo - Ef + Im{hy, (u) }EG
— Re{Hpux(u)}Jo - EYf + Im{Hppx (u) } B
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Consider also the complex valued vector fields &}, é’;\ defined as

. 1 . . . A
(5.9) ehlu = 5 {Boa(w)*|w — V=1E2xq1(u)*|u} &5 lu = €\ u-

If we consider the vector fields €}, and the generalized fundamental vector fields E’f\% W
E{ " t as vector fields of T®L¢(M), we may write them as linear combinations of the
vector fields £F and Eg. In this way, we obtain the following expressions:

(5.10) Bf, = (EX — )+ (&) —&D), EL, = V1N + &) — V1) + )

7
(5.11) £ = V=TI — V=1E, &\ = Eu — &l — Pya (W)L |u — Hipua (u)EL ..

Notice that the vectors Ef‘:u, Ei,u constitute a basis for u,_;; hence any complex
vector X € TEV,, which is vertical w.r.t. the projection @) ¢ Va(z) = Sx(e) =
Vi(2)/Un—1, is linear combination of the vectors Eﬁﬂ(u), E! (u)and hence, by (5.10),

A p
it is of the form
(5.12) X =Cl (&l — &)

for some uniquely determined C* € C. .
At the same time, for any u € Up(M), the generalized fundamental vector fields ¢

and F;(u), i = 2,...,2n— 1, span a subspace of T,V (), which is of dimension 2n —1
and which is complementary to the vertical distribution. More precisely we have the
following:

LEMMA 5.3. For any u € Up(M)

&l = 1l mod spang A%, A€y},
€orlu = (Bax(u))*|, mod spang{Al, A€ u,_1},
(5.13) €ort1lu = (Faxt1(u))*]w mod spang{A;, A€ u,_1}.

Moreover, there exist some complex valued functions S and S?, such that

(5'14) g1|u = ﬂu - Sﬁ(u)(€g|u - E§|u)’
(5.15)  érlu = ERlu—Eg lu—Por(WE lu—Hpox (w)E7 [ =505 (u) (€7 lu —E5u) -

Proof. In order to prove the claim, observe that, for any fiber V, and any frame
w={fo, -, fon_1} € Vg, the element y = [u] = 7, (u) € V,/U,_1 = S?"~! may be
identified with the first element f, = u(eg) of the frame. Therefore the vector t*|, is
projected by 7, onto the vector of Tj,j—y, Sz given by

d

A * N s o d s 0
Tax(t']u) = %(Wm(uoe JoFo)) = %(er ToFo (e9))
s=0 s=0

=wuo J,E)(ep) = uo J,EQ (0 + &5) = ulico —icg) = f1.

By a similar argument one can check that (Fay(u))*|, and (Faxt1(w))s are mapped

by 7, onto the vectors fax, fax+1 = Jfax, respectively. This proves (5.13).

From (5.13) and (5.12), the formulae (5.14) and (5.15) follow. 0O

In the following, in order to have more symmetry in some formulas, we will often
write Hg,y(u) in place of hex(u), since they coincide by Lemma 5.1.
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5.3. The structure functions of the absolute parallelism of Upr(M).
Cartan-Sternberg theorem (see [St]; we recall the complete statement - which is indeed
quite long - in the Appendix) implies that a complete set of invariant functions for an
absolute parallelism {Xy,..., X,,} is given by the structure functions cj-k, defined by
(X, Xi] = c;kXi, and by their derivatives Xj, (... X;, (cé-k) ...), with p less or equal to
some finite order r. The order r in general depends on the absolute parallelism, but,
in case of real analytic data, there exists an upper bound for r which depends only on
the dimension of the manifold (this is a consequence of Cartan-Kéhler theorem; see
[BCG]).

From this remarks and Proposition 4.6 (1), we conclude that the structure func-
tions c;k and the derivatives X; (... X, (c?k) ...) of the absolute parallelism (4.3) are
a complete system of invariant functions for the complex Finsler manifold (M, J, F).

In this section we want to describe these structure functions.

The structure functions cé- . corresponding to Lie brackets of two generalized fun-

damental vector fields X,Y, with X and Y in {t,Ef\%)M,E/I\,M}, are computed by the

Lie brackets in u,_1; @ R. In fact, X and Y are the fundamental vector fields in

—_~—

the usual sense and hence [X,Y] = [X,Y]. In particular, for those Lie brackets, the
corresponding structure functions c;'-k are the structure constants of the Lie algebra
u, 1 dR.

The structure functions c§- i corresponding to Lie brackets between a fundamental

vector fields X, with X e {EﬁwEi,u} and a vector field Y in the set {¢;,€;} can be

evaluated recalling that X is a fundamental vector field associated to an element in
u,_1 and that Y belongs either to H or to W, which are both invariant under the
action of U,_1. This implies that the action of X on the set {&, €j} is equal to the
standard action of X € u,_; on the basis {€;,€;} of VW = C" @ C" ! (see e.g.
Prop. 2.3 in [KN], vol. I). Therefore, also for these Lie brackets, the corresponding
structure functions are constant.

The structure functions corresponding to the Lie brackets of two vector fields in
the set {&;,€;,t} are given by the real and imaginary parts of the Lie brackets described
in the following Propositions 5.4, 5.5 and 5.6.

PROPOSITION 5.4. A Lie bracket of a pair of vector fields in the set {ég, és,t} or
of a pair in the set {éx,&x,t} has one of the following forms:

(5.16) és, 6] = —T§, éa,

(5.17) €5, é5] = —Rp,ex + R35565 + V—1R0s,t — RY 4 (E7 — £7),
(5.18) [t.é5] = V—100é0, [t,é5) = —V—18p0ég,

(5.19)  [Em@] =0, [648] = V=18l — (8050 — Q0,u0)(E] — &),
(5.20) [t,6.]u = —vV=1&, — V=1Q%, (£ — &F),

(5.21)  [,&5] = V—18, — V=-1Q%, (£ — £F),

where T, Rgﬁyg, le“;, Q" and ngy are some uniquely determined C-valued func-
tions.
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Proof. Recall that the vector fields é, are holomorphic vector fields in H'° ¢ HC.
Since the CR structure (H,.J) is integrable, [é3,é,] takes values in H'°. From this
(5.16) follows.

To prove (5.17), we first claim that it is a complex vertical vector. In fact, for
a given u € Up(M), consider a local holomorphic embedding o : Y C M — Up(M)
with u € o(U). Since 7 : LY(M) — M is holomorphic, ey = (0o m)u(eslowy)
and &5 = (0 o 7).(é5|sw)) are holomorphic and antiholomorphic vector fields on
o(U), respectively, and hence [€j;,€5] = 0. Since at any v’ = A - o(z) € Up(M)|y
we may write ég and é5 in the form ég(u’) = Ag 5o + Fgﬁ(u')(Eg)ﬂu/ and
ey = A2 -8 () + T2 (W) (ES)* |, a simple computation shows that . ([eg, e5]u) = 0,
i.e. that it is a complex vertical vector. Since at any u, the vectors €|, €5|u, V—1t,
and £7 |, —&° |, are linearly independent over C and the complexified vertical subspace
VE C TEUR(M) is equal to their span, (5.17) follows.

To check (5.18), recall that ¢ is the fundamental vector field in LE(M) associated
to J, - EJ; then the formula follows from definitions and the fact that H is U,,_1 x T"-
invariant.

(5.19) is a consequence of the properties of the distribution W (see Definition
4.3), of (5.14) and (5.15).

The proof of (5.20) is the following. Pick a frame u, € Up(M) and let X, the
complex vector field in TCLE(M) defined by

X, = &) — & — Haou(uo)E — S0, (o) (E — EF).

From definitions and Lemma 5.3, one can check that

t,ulu, = [tNa Xylu, mod Spanc{gﬂuoa5§|u0755\u0}-

By the properties of the Lie brackets between fundamental vector fields in LE(M), it
follows that there exists some complex functions Q4. such that

(£, 60] = —V=Té, = V=1Q50,E5 = V=1Q00, €7 = V=1Q50,£7 -
Notice that by (5.10) and (5.11) the vector
[t: Evlu+V—1E)]y = —v _1Q20u(u)‘€g‘u -V —1Q§ou(u)5§ -V _1|uQ§0u(u)€g|u

belongs to span(c{é,\|u,é;\|u,ﬂu,€g|u — &2} only if Q%,(u) = 0 and Q2 (u) =

oOv a0v

%0v (). This concludes the proof of (5.20). (5.21) is obtained from (5.20) by conju-
gation and taking into account the fact that £ =¢. O

PROPOSITION 5.5. At any frame u € Up(M) and for any p, o, A\, p=1,...,n—

(1) S?,(u) = 0; in particular &\, = é;
(2) Qo (u) =0 and

i (W) = €a(Hoxp)lu = Hpgor(u) — higp(w)hox(w) — Hypp(u) Hoxo (u);
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(3) the Lie brackets [€x, éo], [€x, 0], [Ex, €L, (€5, €] have the following forms:

(5.22) [éx,e0] = éx + V—1P)\ot — Piyofu + Poro€n — Piro(EL — E7),

(5.23) [ex, 4] = —Hauréa + V—1P\,t — Pi\,6 + P)\,65 — Py, (€0 — £7),
(5.24) [éx,¢é0) = —V—1P, oxot + PS‘AO~ — P;moeu + P;’AO(EF’ S‘f’)

(5.25) [ex,éu] = —0xuéo — FP(?AJ + PO”)\,U.~ o PuAueV + pm(gp 5;;7),

where Pjsf‘CD are some uniquely determined complex valued functions.
Proof. (1) For any frame u, let us denote the vertical subspace of Ur(M) by V,,.
We claim that
(5.26)  [x,é0lu =éx mod Vi, [Ex,éulu =—(Hapur+ Si)éa mod Vy,
(5.27)  [éx,é0lu =0 mod VE, [e5,é,] = —6ruéo + S e, mod VE,

where Sg/\ and Sg)\ are the complex functions defined in Lemma 5.3 and we let Sg)\ =0.

To prove (5.26), let us fix a frame u, and consider the complex vector field X in
TCLE(M) defined by

Xy =& — € — (Haox(uo) + 825 (w0)ES + STy (u0)ES.

Let us also extend éy to a vector field on a neighborhood U C LE(M) of u,.
From (5.15) and from definitions we get
[€x; €0lu, = [Xx; €0)u, mod SpanC{gﬂuo»gg‘uo}'

In particular, 0, ([éx,é0]) = 0Ou,([Xx,€0]). Moreover, Xx(0(ép))|n, = 0: in fact
Xxlu, = €xlu, and hence it is tangent to Up(M); on the other hand 6(éy) = eg
at all points of Up(M).

Therefore

(5:28)  Ou, ([Xx, €0]) = —(Lx,0)u,(€0) = —(Lgy _£30)u, (é0)

+ (Hapa (o) + Spy(uo)) (Lez0),,. (é0) = So(uo)(Lez0)u, (é0) = e
This implies that at all points the vectors [y, ép] and éy differ by a complex vertical
vector. This implies the first identity in (5.26). The second identity in (5.26) and the
two identities of (5.27) are proved with the same arguments.

Now, we can prove that Sl’)y = 0. Indeed from the Jacobi identities, Proposition
5.4, (5.26) and (5.27)

0 = 6"([ex, [é5, eol]) + 6" ([é5, [0, x]]) + 0 ([é0, [x, E5]]) = 0" ([é5, [0, EA]]) = —S),-

(2) is a consequence of (1), (5.26), (5.27), the Jacobi identities and Lemma 2.4.
In fact,
0= ep([éA? [él_h éd]]) + ep([éﬁa [éa'a éA]]) + ep([étﬂ [éx\a éﬁ]])
= 0°([ex [65, € 11) + 07 ([, [65, Ex]]) + 0800u — Q0

= _5u05§ + éﬂ(HﬁffA) + 5§50u - ng
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and

0= 0°([t, €. eo]]) + 07 (€ [Ea, T]]) + 07 (60 £, €al]) = V=1 QP

gOu'
Now, using Lemma 2.4, (5.15) and the fact that S?, = 0, a straightforward computa-
tion shows that
€a(Hpor) = —hpphor — HyppHorw + Hppor
and this concludes the proof.

(3) is an immediate consequence of (5.26), (5.27) and of claim (1). O

PROPOSITION 5.6. The structure functions Pjé‘CD defined in Proposition 5.5 are
the following:

0 _ p0 _ p0 _ po
(1) POPW*POM*PAM*PMW

(2) Po)\m = _év(hip): P[L\p'y = _év(HS\up)'

Proof. 1t suffices to use the Jacobi identities, Proposition 5.4 and Proposition 5.5.
In fact

=P, =P} =0;

wpy

0= 0°([é,, [0, &41]) + 0°([é+, [Ep, €6]]) + 0° (€0, (64, E]]) = Py
0 = 0°([é5, [0, &,)]) + 0°([€+, €5 é0])) + 0° (€0, [+, 1)) = — PS5,
0 = 0*([é,, [0, €511) + 07 ([e5, [6,, Eall) + 07 ([éq, [E4, Eoll) = PS,,,
0 = 0*([&5, €. 5]]) + 07 (65, [€5, €0]]) + 07 ([€g, [+, 5]) = — PRy
0= 97([%7 [3\7 év]]) + 96([(%% [épv éi”) + 96([é5\7 [éw ép“)

= Pé\m - HO)\UPzgp'y = Popr
0 = 07 ([Ep, [ex, &4])) + 07 ([65, 65, 63]1) + 07 ([E5, [4, E,)) = =P
0= 0°([é5, [ex. 4]]) + 0°([64, [, Ex]]) + 0° (€5, [+, €5])

= —éy H'Ap) PO)\ﬁ'y év(hf\ﬁ) - P())\pw
0 = 07([E5, [ex, &4]]) + 0™ ([65, 65, €3]1) + 07 ([E5, [4, E5])

= —éy (H’kp) - Pjﬁfy év(Huiﬁ) - P:ﬁ’v u

By the previous remarks and Propositions 5.4, 5.5 and 5.6, we now have the
complete list for the structure functions of ¢’* and they generate a complete system
of invariant functions. We summarize the results in the next corollary. For notation
and indexing conventions, see §5.1.

COROLLARY 5.7. The structure functions cﬁk of the absolute parallelism
oM, associated to the non-linear Hermitian connection of a complex Finsler manifold
(M, J, F), are the following:

i) the structure constants of (u,—1 + R) x C™, where the action of (u,—1 + R)
on C™ is the one induced by the standard action of u, on C";
ii) the real and the imaginary parts of the functions hy,, and Hy,p;
iil) the real and the imaginary parts of the functions

Py = —e4(hsy)s Pigy = =&y (Hsup)s Qbsp = Hipox — haphox — HuppHors;
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iv) the real and the imaginary parts of the functions Ty, and ngg defined by
(5.16) and (5.17).

5.4. The structure equations of a complex Finsler manifold. The struc-
ture equations of Up (M) consist in the identities verified by the tautological 1-form 6,
the connection form w and the differentials of their components. They are direct conse-
quences of the defining equations of the algebraic vertical subspaces and the structure
functions of the absolute parallelism. The results are in the following theorem.

For notation and indexing conventions, see §5.1 and §5.2.

THEOREM 5.8. Let (M, J, F) be a complex Finsler space and let w the connec-
tion 1-form on Up(M) associated with the non-linear Hermitian connection H of
(M, J, F).

i) The holomorphic and anti-holomorphic components of w verify:

(5.29)  w —i—wg =0, ol —l—w(—’;\ + hawg =0, wl’) +wf—\_‘ + Hy,,,wi + Hx,pwg = 0.
ii) Let w§ be the C-valued 1-forms on Ur(M) given by

0 0 A by 0 Y L A
Wy = Wp, Wy =Wy, W)= —Wp, wl =wh + Hpawy, @

—a
iR

o]l

Then wg verify:

(5.30) @§ = —wy,
(5:31) @ (€) = Oapr @ (€) = 0, @R(Eu) =0, @WR(Ep) = —Ous
(5.32) @} (f) = @R (E),) = @R (E),,) =0, wy(D) = wy(Ef,) = wy(E,) = 0;

iii) The differentials of the tautological 1-form 6 and of the C-valued 1-forms w,'[j
are given by the following identities:

5.33 df9* + w§ N7 = 0% + £%;
B
5.34 dwd + @) A wd = Q0;
( 0 5\ %o 0
(5.35) dwé‘—kwé/\wg:ﬁé‘—i—ﬂé‘, dwg—l—wg/\wfzﬂg—!—l_[?\;
(5.36) dw), + wj Al = Q) + 11, + &

where ©%, X, 3, 11}, Hg, Hf; and fbf; are the the following C-valued 2-forms:

(537)  ©% = %Tgweﬁ NOT, X% = Hgnwp A0, Qf =R 07 A0,
(5.38) IS = —é5(hap)wh A 07, TI) = —é,(hs,)@) A 07,

(5.39) I} = —é,(Hx,,) @) A7 — é5(Hy,,,)wh A 67,

(5.40) &% = (Hsopp — hsohyp — H,55Hopp) @b A .

where Tig and Rf_s are the complex functions defined in (5.12) and (5.15).

We call the equations (5.29) and (5.33) - (5.36) the structure equations of the
non-linear Hermitian connection of (M, J, F).

Proof. (5.29) follows from the defining equations of the algebraic vector subspaces.
To check (5.30) - (5.32), one has only to use the definitions, Lemma 5.3 and Proposition
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5.5 (1). The structure equations (5.33) - (5.36) are proved by evaluating both sides
on all possible pairs of vector fields of the absolute parallelism (4.3) and checking that
both sides give the same result. This can done directly by using Propositions 5.4, 5.5,
5.6 and formulae (5.31) and (5.32). O

Consider the following 2-forms on Ug (M) with values in gl,(C) @ C™:

n—1 n—1 n—1
0= ca®0% T=) @I, 0= ) Ele0j
a=0 a=0 a,8=0

n—1 n—1 n—1 n—1
M=) Eely+) Efell)+ Y Bl &= Y Eied).
A=1 p=1 A,p=1 Ap=1

We call © the (pure) torsion form and ¥ the Finsler torsion form. The 2-form  is
called the (pure) curvature form; finally we name II and ® oblique Finsler curvature
and wertical Finsler curvature, respectively.

The Finsler curvature and torsion forms are 0 if the Finsler metric is associated
with an Hermitian metric. The following Proposition gives an important criterion to
see when this occurs.

PrOPOSITION 5.9. A complex Finsler metric F is associated with an Hermit-
ian metric g if and only if the component X0 of the Finsler torsion form vanishes
identically.

In this case, X =0, [1 =0 and ® = 0 and © and 2 coincide with the torsion form
and the curvature forms of the linear Hermitian connection of (M, J,g), respectively.

Proof. From definitions, X° vanishes if and only if for any x € M, any 0 # v €
T, M and any two trivially extended vector fields X,Y € T(T, M), h(X' Y19) = 0.
By Lemma 2.5, this occurs if and only if F? is associated to an Hermitian metric h.
The other part of the claim follows immediately from the identity between Up(M)
and the unitary frame bundle corresponding to the Hermitian metric associated with
F. O

Taking the exterior differential of both sides of the structure equations, one can
obtain several identities that must be satisfied by the structural functions and by the
torsion and curvature forms. Some of them are given in the following Proposition.
When F' is associated with an Hermitian metric, they reduce to the usual symme-
try identities and to the Bianchi identities of the torsion and curvature of a linear
Hermitian connection.

PRrROPOSITION 5.10. Let © and Q the pure curvature forms of a complex Finsler

manifold (M, J, F). Then the components ©% = Tgﬁﬁﬁ A 607 and QO‘ Rgvsm A 68
verify the following identities:

5.40) 5= —Qig;
First Bianchi Identities)

1) ep(T5s) + e4(Tsp) + és(Th,) + TpTas + TesTh, + T2 Tsg = 0,

5.4 5
5.42) ngé R:ﬁs 7(Tﬁa'y) - H@)\ﬁROwS + Hé)\’vRoﬁS =0,

(
(
(
(



THE STRUCTURE EQUATIONS OF A COMPLEX FINSLER MANIFOLD 317
(Second Bianchi Identities)
(5-43) é“/ (Rgdé) - éd(ngs‘) + Rggs‘T»ga + éy(H&,@;)R%E— - éS(H&,BX)R?\ys‘ =0,

(5.44) é5(Rg,.) — é=(RG 5) — RS Ty, — é=(Hapa) Ry, 5 + é5(Hapa) Rp,z = 0.
Proof. (1) The identity (5.30) implies that dwj = —dwh. Then (5.40) follows
directly from this and the structure equations.

Now, consider the exterior differential of both sides of the structure equations
(5.33) - (5.36). It can be easily checked that the 3-form

(QF — HaxgQ)) A0° —dO™,  dQ, dQy +dITy, dQ3 +dIS, dQ) +dIl),

vanish identically on any three vectors of horizontal distribution H. This implies that
the components of these 3-forms with respect to the forms

PN NG, OB AT NG, 0P ANOT NG, 0P AOY A

have to vanish identically. Such components are exactly the left hand sides of (5.41)
-(544). 0O

Remark 5.11. The exterior differentiation of the structure equations give several
other identities for the torsion and the curvature, which are not listed in Proposition
5.10.

When the Finsler metric is associated with an Hermitian metric, those identities
express only the property that 7 (u) and ngg(u) depend on the frame u = {e;} as
the components of some suitable tensor fields on M. But when the Finsler metric F’
is not associated with an Hermitian metric, these identities give new (and somehow
unexpected) relations between 0O, Q and the Finsler torsion and curvatures ¥, IT and
.

One can obtain a complete list of these identities (and avoid several tedious com-
putations) using some symbolic manipulation computer program.

6. The structure equations of Lempert manifolds.

6.1. Geodesics of a complex Finsler manifold. We continue to use all
conventions given in §5.1, §5.2 and §5.4.

Let 7 : [a,b] C R — M be a smooth regular curve, that is a smooth curve such
that the tangent vector 4; is different from 0 for any ¢ € [a,b]. A smooth curve
7 i [a,b] — Up(M) is called lift of « if it satisfies:

a) Ty =;
b) for any t € [a,b], the frame 5 = {fo(t),..., fan—1(t)} C TI°M is so that

fo(t) € C*e.
Notice that a curve 74 : [a,b] — Up(M) is a lift of v if and only if it projects onto ~
and there exists a smooth map ¢ : [a,b] — R such that for any frame 5; = {f;(¢)}

(6.1) e = F()e? - (fo(t)) = F () (€™ eo(t) + e #reg(t)) -
We call length of v and energy of v the integrals L(vy) and E(v) defined by

b b
(6.2) Liy) = / F()dt, E(y) = / F2(3)dt.
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Note that if 4 is any lift of v on Up(M), then

b b .
(6.3) L(y) = / JOGIOGE )t By = / 6 (3)60 (3, ).

We recall that a variation with fized endpoints of « is a smooth map V : (—0,d) X
[a,b] — M such that

(1) V(0,t) =~ for all t € [a, b];

(2) for any s € (—4,6), the curve v(¥) = V(s,%) is a regular curve such that

7,55) =1y, and 'yés) =Y.

DEFINITION 6.1. A regular curve v : [a,b] — M is called geodesic of the complex
Finsler manifold (M, J, F) if for any variation V with fixed endpoints, the family of
curves v(*) = V(s, %) is so that

dE(y))

(6.4) 7

=0.
s=0
The equations of Euler-Lagrange for a geodesic of a complex Finsler manifold are

given in the following Theorem.

THEOREM 6.2. Let v : [a,b] — M be a reqular curve.
(1) For any lift 7 : [a,b] — Up(M) of v consider the complex functions A(7):,
B(#%): and C(¥): defined by

A (3y)
ds

AR)e = WS(’LH)GG(’LH)

)

t
BH)s = @3 (3) + TRol5.0"(h),  C(3)e = @3 (5e) + Tiol2.6° (7).

They vanish identically for one lift of v if and only if they vanish for any lift of ~.
(2) ~v is a geodesic if and only if for any lift 5 and any t € [a, b

dF (%) 0/ \ 0% ao®(y,)|
(6-5) dt =0, wo(%)a (’Yt)_ ds =0,
e
(6.6) @A) + TRol5,0° () = 0, @2 (Fe) + T15,6°(7,) = 0.

Proof. (1) Let 4 and 4’ be two lifts of 7. Let also ¢; and ¢} two real functions
so that (6.1) holds for 4 and 4', respectively. This means that 3, = 4; o (e(“’t_“"i)J)

and that '?’t = (Re(“’t*%”)* (ﬁt) for any t. From the invariance properties of 6, w

and of the torsion 2-forms © under the action of T, it follows immediately that
A(F) = eV 10i=9) A7), B(¥) = eV 1#t=9) B(3) and C(§') = eV~ H#i=2) (7).
(2) Consider a variation V' : (—6,9) x [a,b] — M of v with fixed endpoints and
let V : (=0,08) x [a,b] — Up(M) be a smooth map such that for any s € (-6, d), the
curve 7(8) = V (s, %) is a lift of the curve y(*) = V (s, %).
Let also X and Y the vector fields, which are tangent to V((—6,0) x [a,b]) C

Urp(M), defined by
x=7.(2), v=w(2
- f\ot)’ - t\ot)”
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Note that [X,Y] =V ([Z, Z]) =0.

From definitions and the commuting property of X and Y we get that

(6.7) ‘”3;’;(5))’ - /ab Y (GO(X)GG(X))

+0°(X)deO(Y, X) +X (0°(Y)) 0°(X) + 6°(X)X (aﬁ(y))]

Y

dt = / b [dao(Y, X)60(X)

dt

Yt

- /b [doo(y, X)00(X) + 6°(X)de*(Y, X) — 0°(Y) X (oﬁ(X)) -

dt.

Yt

(V)X (90(X))] Cdt+ / bX(eo(y)eﬁ(X)wO(X)eﬁ(y))

Vt

Now,
(6.8)

b
/ X (°00)6°(X) + 0 ()8 (v))

dt = (00(Y)06(X) + GO(X)HG(Y)>

e
because 0°(Y)s, = 0(Y )5, = 0 since V is a variation with fixed endpoints.

Using (6.8), the fact that 0%(X) = 650°(X) and the structure equations (5.29)
and (5.33), we get

dE(v*)

(6.9) =

= /b {[—(wg A ) (Y, X) +0°(Y, X) + X0V, X)]6°(X)
s=0 a

+6°(X)[= (W2 A6 (Y, X) +0°(Y, X) + 20, X))

— 0" (V)X (6°(X)) ~6°(V) X (6°(X)) | _ dt

,-'S/
Hence 7 is a geodesic if and only if equation (6.6) and the following equations (6.10)
are identically satisfied:

(6.10) @)(X)°(X) — X(°(X))| =0, @AX)(X)-X(6°(X))| =o.

Tt vt

Since @ —&-w% = 0, multiplying the first and the second equation by §°(X) and HG(X),

respectively, and then adding them together we get:

d(0°(X)6°(X)) _ dF*(4)
dt S dt

This shows that the equations (6.10) are equivalent to the equations (6.5) and it
concludes the proof. [

(6.11) = 0.
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In analogy with what happens in Riemannian geometry, it is not hard to realize
that a regular curve is critical w.r.t. the length functional if and only if, up to a
parameterization, it is a geodesic.

6.2. Complex geodesics, E-manifolds and Lempert manifolds. Let
(N, Jn) be a complex manifold of dimension dim¢ N < dimM =nandlets: N - M
be a holomorphic embedding. In analogy with the Riemannian and Hermitian settings,
an holomorphic embedding is said to be totally geodesic whenever any geodesic ~ :
[a,b] — N of the induced Finsler metric Fy = F o1, is embedded as a geodesic
v =107 of M.

We give here the concepts of complex geodesics and complex pre-geodesics. Note
that our definition of complex geodesics coincides with that of segments of complex
geodesics given in [AP]. They are strongly related (but different) with the complex
geodesics as defined by Vesentini in [Ve] (see remarks in [AP], p. 129).

DEFINITION 6.3. A complex pre-geodesic of a complex Finsler manifold (M, J, F)
is a totally geodesic holomorphic embedding 2 : I' — M of a simply connected complex
curve (T, J,).

A complex geodesic is a complex pre-geodesic 2 : I' — M such that the Kéahler
metric induced on I by M has constant holomorphic sectional curvature.

A complex Finsler manifold (M, J, F) is called E-manifold if

i) for any € M and any vector v € T, M there exists a complex geodesic
1: ' — M passing through = and tangent to v;
ii) all complex geodesics have the same holomorphic sectional curvature.

As we mentioned in the Introduction, the examples of E-manifolds we are mainly
interested in are the Lempert manifolds (see Definition 1.1): they are E-manifolds with
complex geodesics of holomorphic sectional curvature —4. Other interesting examples
of complete E-manifolds, with complex geodesics with non-negative holomorphic sec-
tional curvature, are given by the classification of non-negatively curved Kahler-Finsler
manifolds given by Abate and Patrizio in [AP1].

The goal of this subsection is to give some properties on the torsion and the
curvature, which gives a complete characterization of the E-manifolds. In the follow-
ing Theorem 6.7, we will show that the E-manifolds are exactly the complex Finsler
manifolds, which are geodetically torsion-free and with constant holomorphic sectional
curvature (see Definition 6.4 below).

Notice that what we call geodetically torsion-free Finsler manifolds coincide with
the manifolds that Abate and Patrizio christened weakly-Kdahler Finsler manifolds (see
[AP).

We begin with the equations of complex pre-geodesics and the complex geodesics
of a complex Finsler manifold.

Let + : ' — M be a holomorphic embedding of a complex curve I' and let
Fr = F o1, the induced Finsler metric on I'. " We call adapted unitary frame of
(T',2) any frame u = {fo,..., fon—1} € 71 (2(T)) C Up(M) with fo tangent to o(T).
We denote by U,(T") the bundle of adapted unitary frames. It is immediate to realize
that UZ(F)/Un_l = UFr (F)

Let us denote by 7 : U,(I') — Up(M) the natural immersion map. Then we have
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the following commutative diagram.

U,(I) AN Up(M)
(6.14) Up.(T) = U,(D)/Up_y —— SM = Up(M)/Upn_1
r — M

Let us also define on U,(I") the following 1-forms
(6.15) 9 =770% w5 =1"wj.

If we denote by 62 and 69 the holomorphic components of the tautological 1-form of
Up.(T), then

(6.16) 9P =770%, 9 =0.
LEMMA 6.4. Let 1 :T' — M be an holomorphic embedding of a complex curve I’

in (M,J, F) and let 7?‘5 the components of the Hermitian connection of the induced

metric Fr = F o, on I'. The embedding is totally geodesic if and only if for any

In particular if v is a totally geodesic holomorphic embedding, then for any u € Ug. (T)
and any @ of #~"(u) € U,(T), RS 5liw) = 0 and the holomorphic sectional curvature
clu of Fr is equal to

clu = Roosliu)-

Proof. Let 7 : [a,b] — T be a regular curve in I" and let 7 : [a,b] — U,(T") C
Up(M) be a lift of the curve 7, = 10~. By (6.16) and Theorem 6.2, v is a geodesic
for the induced metric if and only if

dFe(3) _ dF(3,) 49 (3:)

(6.17) = A2 =0, () (7 w8) G - 1] =0,

r

t

Using again Theorem 6.2, -, is a geodesic for the Finsler metric of M if and only if 5
verifies also

60z 0z 40°(%,
(6.18) PGmG) - 20 g
t — PR —
(6.19) w3 + Tl 99G) = 0, 79() + Tl #°3) = 0.

Therefore the embedding is totally geodesic if and only if (1) holds and

(6.20) 7r9\|u = *T)(\)0|u190 Wg\‘u = 7T7/90|u192

u?
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for any u € U,(T"). On the other hand, by the structure equations (5.29) and (5.30)
and by (6.16)

(6.21) 0=d9* = —m) AN9° +0°0* = 70 A 9.
From (6.20) and (6.21) it follows that
(T9 0 )° A9° =0

which implies that T2, 07 = 0 since ¥ A 90 = 7*(6% A 62) # 0. From this, (2) and (3)
are immediate.
The last claims follows from (1), (2) and the structure equations of Up.(I'). O

We can now give the characterization of E-manifolds. Let us first introduce some
terminology.

DEFINITION 6.5. We say that a complex Finsler manifold (M, J, F) is called
geodetically torsion-free if the 2-form @Y is of the following form

1 A
(6.22) e’ = §T§M9 N
(i.e. the complex functions 77, vanish identically).
(M, J, F) is called with constant holomorphic sectional curvature if there exists a
constant ¢ so that the 2-forms QY and QY are of the form

(6.23) Q) = 0 A6° + RO ;07 NO7 + RS 507 A 00+ R,,0° A 07,
Qo = RY,50° NO7 + R) 567 A O° + Ri,0° A 07,
08 = RY,507 A 07 + RS 507 A 0° + R3,0° A 07

(i.e. RY,; = cand R); = RS ;=0).
If M has constant holomorphic sectional curvature, the constant c is called the
holomorphic sectional curvature of M.

Remark 6.6. Assume that F' is associated with an Hermitian metric g. In this
case, using the fact that the functions Tg,y(u) depends on the frame u as the compo-
nents of a tensor of type (1,2), it can be inferred that F' is geodetically torsion-free
if and only if g is torsion free and hence Kéhler. With the same arguments, it can
be shown that F' is of constant holomorphic sectional curvature if and only if the
Hermitian metric g is of constant holomorphic sectional curvature.

Notice that the notion of manifold with constant holomorphic sectional curva-
ture is mot the same as manifold with constant holomorphic curvature as defined by
Abate and Patrizio in [AP], although the two notions turn out to be equivalent in
the Hermitian case. In [AP], the conditions R}),; = R9 5 = 0 are not included in the
definition of manifolds with constant holomorphic curvature.

Here is the characterization we were looking for.
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THEOREM 6.7. Let (M, J, F) be a complex Finsler manifold.
i) There exists a complex pre-geodesic through any point x € M and tangent to
any vector v € T, M if and only M is geodetically torsion-free.
i) (M, J,F) is an E-manifold if and only if it is geodetically torsion-free and
with constant holomorphic sectional curvature.

Proof. (i) The necessity follows immediately from Lemma 6.5. Suppose now that
(M, J, F) is geodetically torsion-free and consider the distribution C on Up (M) given
by all vectors X € TUp(M) such that

(6.24) (X)=0, M(X)=0, @ (X)=0, =UX)=0

for A=1,...,n — 1. Using the structure equations, one can check that the equations
(6.24) define an integrable distribution whose integral leaves of maximal dimension
project onto holomorphic curves in (M, .J). Moreover, if S C Up(M) is an integral
leaf of C with corresponding holomorphic curve I' = 7(S) C M and if ¢ : T' — M is
the standard immersion of I', then S is equal to the adapted frame bundle U,(I") and
the immersion ¢ : I' — M is a totally geodesic isometric embedding. Since there exists
an integral leaf of C for any frame u € Ur (M), this concludes the proof of (i).
The proof of (ii) is analogous. O

Remark 6.8. Equivalent characterizations of the E-manifolds can be also found
in [Fal, [Pa] and [AP].

6.3. The torsion and curvature of an E-manifold. In the following last
Theorem 6.7, we prove that the torsion and the curvature of an E-manifold are uniquely
determined by the Finsler torsion and the Finsler curvatures. This implies that in
order to have a complete set of invariants for an E-manifold, it suffices to consider the
structure functions described in Corollary 5.7 i), ii) and iii). We also give the explicit
formulae for some components of the torsion and the curvature and an application
of these formulae, which gives a short proof of an Abate and Patrizio’s result on
Kéhler-Finsler manifolds with positive sectional curvature (Theorem 1.1 in [AP1]).

For the notation and the indexing conventions, see §5.1 and §5.2.

THEOREM 6.9. Let (M, J, F) be an E-manifold with constant holomorphic sec-
tional curvature c. Then:

(1) the torsion and the curvature of the non-linear Hermitian connection of M

are uniquely determined by the structure functions hy,, Hyup, PO)\M = éy(h;\ﬂ) and

g/\u = Hppor — hpphor — HyppHoxp and their first order derivatives; in particular,

Rigg = ¢, R3gp = Rooo = Rono = Roox =0, B30 = ¢y, R = chag,
c c c

R?\Oﬂ = 5(5>\u + hAphﬁﬁ)v Rép.() = 5(5>\u + thhpu)» Rg)\ﬂ = 5(5>\u - huphpﬂ)a
c R R

R:)o() = 5(5)# — huphyx) — éo(huw)éo(hyy)-

(2) if c # 0, the 0-th component of the torsion OV = Tgﬁyﬂﬁ A 07 vanishes identi-
cally and the whole set of components of the torsion is given by the following expres-
s0ns:

19, =0, T§ =—éolhgp)huy, T, = éy(hap)hus — ép(has)hu.
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(3) if ¢ > 0 and the functions éo(Tyy,) vanish identically for any A =1,...,n—1,
then F' is associated with a Kdahler metric of constant holomorphic sectional curvature;

in particular, if (M, J, F) is also simply connected and complete, then it is biholomor-
phic to CP™.

Proof. (1) The proof is based on iterated use of the identities (5.36), the Bianchi
identities and the Jacobi identities applied to three vector fields vy, v9 and vz on
Up (M), where v; and ve are of the form é, or é5 and vs is a vector field of the form
€y or €5. The arguments are simple and straightforward and we are going to show only
how to determine the expressions for the components ngs were at least two indices

are equal to 0 or 0. The way to determine all other components of the curvature and
of the components of the torsion are analogous.

By hypotheses, for any A=1,...n—1, R(O)oﬁ =c, Rgoﬁ = R(’}O(—) =0 and TOO/\ = 0.

Then, from the Bianchi identities (5.42) we get

(6.25) Ry — Roo — €0(Tox) — Houo Risg + HouaRiygs = Roxo — Rago = 0-

On the other hand, by (5.36)

(6.26) S 5= R

From (6.25) and (6.26), we conclude that R) s = Rj,5 = 0.

Now, using the notation of §5, by the Jacobi identities we have

(6.27) wo ([Ex, [8u, &l1) + wo (€, (€6, €x]]) +wi([éo, [Ex, eull)
=R, — ex(R{,0) — HaanRup = B0 — chau = 0.
From (6.27) and (6.26), it follows also that Ré‘oﬁ = Rg)\#ﬁ = chyy-
Let us use again the first Bianchi identities and the Jacobi identities:

(6.28) Rgog - Rg,\,z —éa(Tyy) — HiuaRion + HovoRors

:Rg\og - R(()))\ﬁ —chyrhpp =0
(6.29)  wi([éx, [0, all) +wp (€0, [6a: €x]]) +wi([€m, [Exs €o]])

=- éA(Rgoﬁ) + R(/)\Oﬂ — R0 + Rgo/\;z = R?\og + Rg,\p — ey, = 0.

From (6.28), (6.29) and (6.26), it follows that

C &
RgOﬂ = R())\MG = 5(6>\u + hukhﬁﬁ% RSA;Z = 5(6>\u - hukhﬁﬂ)-

Using again the Jacobi identities,

w ([E5, [0, eoll) + w ([é0, [é9, €xll) +wj ([é0. €5, eoll)

0> €x
c A A
=Rig0 — O + 5 O+ huyhyz) + & (hyw)éo(hzy) = 0.
(2) Assume ¢ # 0. From the Bianchi identity (5.43) and (1),

éﬁ(ng(')) - év(Rgﬁ(')) + RgéﬁTgW = CTBW =0,
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and this implies Té)w = 0. Then using again the Jacobi identities, by the vanishing of
> eyelic perm. 0°([vs, [vj,vk]]) = 0 when v1 = é,, va = é, and v = €y, one obtains the
remaining expressions for 7, and for Tﬁ\y.

(3) From the Bianchi identity (5.36), we have that
R(/}/\G - Rioﬁ - é()(Té\)\) = 0.

By the expressions for the curvature components given in (1), this becomes

n—1 n—1 n—1
c c . .
0+ S gl = S= 3 )+ 3 et P — éo(T)
p=1 p=1 p=1
n—1
=D (clhaol® + léa(hap)?) — ea(Tgh) = 0.
p=1
This implies that, if ¢ > 0 and é5(7)) = 0 for any A, then é5(hy,) = hy, = 0 for
any A and p. Therefore, by Lemma 2.5, F' is associated with an Hermitian metric g,
which is geodetically torsion free and with constant holomorphic sectional curvature.

By Remark 6.6, we obtain that (M, J, g) is Kéhler and locally isometric to CP™. The
conclusion follows from standard facts on complex space forms. O

Appendix. We recall here the Cartan-Sternberg theorem on the local automor-
phisms of an absolute parallelism. The theorem was first proved for real analytic
vector fields by E. Cartan and in this case it is a corollary of Cartan-K&ahler theorem
(see e.g. [BCG]). Later it was proved by S. Sternberg for smooth vector fields ([St]).

Before stating the theorem we need some preliminaries.
Let 0 = {X,..., X, } be an absolute parallelism on a manifold N. The structure
functions of o are the smooth functions ¢}, defined by

(X5, Xe] =)y X
i=1

i

Let us also denote by ¢jy ...,

_ the smooth functions defined inductively on r as

C;k7m1 = Xml (c}k)’ C;k,ml...mr = er (C;'k:,ml...m,,w,l)'
Finally, for any integer a > 0 let F(®) be the family of smooth functions
f(a) = {C;‘kv c;’k,mlﬂ sy C_ij,ml...ma}

and call Q, the number of functions in the set F(®). We consider F(® as the set of
components of a smooth map from M into R?~. A point p € M is called a regular
point for o if there exists two integers s and r such that rank F) = rank Fs+t1) = p
at all points of a neighborhood U, of p.

If s is the smallest integer such that this occurs, then s and r are called order
and rank of the regular point p, respectively.

It can be shown that rank F(® = r for all a > s and that there exists a system
of coordinates {z1,...,2,} : U, — R™ such that all maps .7-"(0‘)|Up7 a > 0, depend
only on the first r coordinates {z1,...,z,} (see [St]). Such a system of coordinates is
called adapted to the absolute parallelism.
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For any the adapted system of coordinates {x1,...,2,} on a neighborhood U,
we call slice of U, any set of the form

Sterynery =10€U : 21(q) =c1,...,20(q) = ¢ },
for some (cy,...,c.) € R".

THEOREM A.l. (Cartan -Sternberg) Let o = {X1,...,X,} be an absolute paral-
lelism on M and let p,p’ € M be two regular point of ranks r, and r,y and orders s,
and s, , respectively. Let also U and U’ be two neighborhoods of p and p', respectively,
which admit two adapted systems of coordinates {x;} and {x}}.

If q is a point of the slice S, ...,y CU and ¢ is a point of the slice S .. 1) C
U’, there exists a local diffeomorphism f : U — U’ such that f(q) = ¢' and f«(X;) = X;
foralli=1,...,n, if and only if r, =rpy =1, 5, = 5y = 5 and .7-'(5)\5@1’_‘_&” =
‘7:(5)|S<c’1,.u,c;)’ and the functional dependence of FtD | on the functions F&)|y is

the same of the functional dependence of .7:(5+1)|U/ on the functions .7-'(5)|U/.

In particular, if U = U’, there exists a local diffeomorphism f:U — U such that
f(@) =¢ and f.(X;) = X; for alli=1,...,n if and only if ¢ and ¢’ belong to the
same slice S(c, ... c,) for some (c1,...,¢c.) €R".
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