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Abstract. On a compact complex manifold ( M ; J ) of K• ahler t yp e, consider the functional

de�ned b y the square of the L

2

-norm of the scalar curv ature with domain the space of K• ahler

metrics of �xed total v olume. The in�m um of this functional o v er metrics that represen t a giv en

class de�nes the energy of the class. W e �nd the Euler-Lagrange equation for critical classes of this

energy , and compute its Hessian at a critical class. W e use these results to conclude that there exist

a unique critical class for an y del P ezzo surface as w ell as for an y manifold with negativ e �rst Chern

class. It follo ws that if the �rst Chern class is p ositiv e and not a critical class of the energy , it

cannot b e represen ted b y an Einstein metric. W e also dra w some conclusions on the generic case of

a manifold without holomorphic v ector �elds.

1. In tro duction. Let ( M ; J ) b e a compact complex manifold of K• ahler t yp e.

W e denote b y M the set of K• ahler forms on ( M ; J ), an op en cone in the in�nite-

dimensional a�ne space of closed (1 ; 1)-forms. W e will iden tify the K• ahler form ! in

M with the corresp onding K• ahler metric g . Then, if the complex dimension of ( M ; J )

is n and ! 2 M , the asso ciated v olume form is d�

!

:= !

n

=n !.

It this con text, it is quite natural to analyze the functional giv en b y the square

of the L

2

-norm of the scalar curv ature of a metric,

!

�

!

Z

M

s

2

!

d�

!

;

taking M as its domain. Ho w ev er, this functional is homogeneous of degree n � 2

and, in general, will not admit critical p oin ts without the sp eci�cation of a suitable

normalization for its domain. Calabi [2 , 3 ] solv ed this problem b y �xing a class


 2 H

1 ; 1

( M ; C ) � H

2

( M ; R ) in the K• ahler cone, and searc hing for critical metrics of

the restriction of � to M




= f ! 2 M : [ ! ] = 
 g :

M




�




! R

! 7!

Z

M

s

2

!

d�

!

:

(1.1)

All metrics in M




ha v e �xed v olume 


n

=n !. Those whic h are critical p oin ts of �




are called extr emal , and their mere existence is far from b eing a settled issue to this

date.

On the other hand, w e ma y also consider the set M

v

of K• ahler metrics of �xed

total v olume v , and de�ne the functional

M

v

�

! R

! 7!

Z

M

s

2

!

d�

!

:

(1.2)
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The v alue of the constan t v is inessen tial to our considerations, and can b e tak en to

b e 1 if so desired. Critical p oin ts of (1.2) are a particular t yp e of extremal metrics,

that w e termed str ongly extr emal in [12 ].

The energy �




( ! ) of an extremal K• ahler metric ! that represen ts 
 is a con tin-

uous function of 
, and ma y b e calculated from a priori data. Its v alue, whic h w e

shall call the p otential ener gy E (
) of 
, is an optimal lo w er b ound for the functional

� among metrics in M




. In other w ords, w e ha v e �




( ! ) � E (
) for an y K• ahler

metric ! , and the equalit y is ac hiev ed only for those metrics in M




that are extremal.

As a function of the K• ahler class, the p oten tial energy in v olv es only �nitely man y

parameters, and is also homogeneous of degree n � 2. In terestingly enough, b oth �




and E are scale-in v arian t on complex surfaces.

In this pap er w e study the cohomology classes that are critical p oin ts of the

p oten tial energy E . The connection b et w een these classes and the problem of �nding

extremal metrics is rather clear: the critical classes for E are the only ones that ma y

b e represen ted b y strongly extremal metrics, critical p oin ts of the functional (1.2).

The analysis of these classes is a delicate issue, as w e cannot assume that the

K• ahler classes are extremal. In fact, w e cannot ev en assume that an y K• ahler class is

extremal, and that imp oses some di�culties on the problem. W e ma y easily unco v er

a relationship b et w een E (
) and a suitable function in the space of holomorph y

p oten tials, the space of functions that giv e rise to holomorphic v ector �elds when

raising the indices of their

�

@ -deriv ativ es. This suitable function is the L

2

-pro jection

on to the space of holomorph y p oten tials of the scalar curv ature of an y K• ahler metric

that represen ts g . Therefore, the analysis of the Euler-Lagrange equations for E m ust

b e done through a careful study of the relationship b et w een this pro jection and the

Ricci curv ature, and ho w these t w o quan tities v ary when deforming the cohomology

class while in�nitesimally preserving the v olume.

The classes represen ted b y K• ahler-Einstein metrics are all critical. Hence, for

those manifolds where one could �nd a K• ahler Einstein metric, the functional E has a

critical class that is, up to a m ultiple, the �rst Chern class. But in terestingly enough,

there are cases where E do es ha v e critical classes that are not equal to the canonical

one. In particular, b y deriving the Hessian of E at a critical class, w e pro v e that for

an y del P ezzo surface there exists a unique suc h class. This singles out cohomology

classes in the manifolds C P

2

# C P

2

and C P

2

#2 C P

2

, resp ectiv ely , whic h are not equal

to the �rst Chern class and that minimize the functional E . The class in the �rst of

these manifolds w as pro v en to exist and to b e unique in [6 ], using a direct approac h

based up on our kno wledge that in this case ev ery K• ahler class is extremal. On the

other hand, for the latter manifold the existence of that class w as sho wn in [8 ], and

our w ork giv es the �rst pro of of its uniqueness. Strong evidence of this uniqueness

w as giv en earlier in [9, 12 ].

Our Euler-Lagrange equation sho ws that if the �rst Chern class is not a critical

class of E , it cannot b e represen ted b y an Einstein metric. Th us, for a K• ahler manifold

to carry Einstein metrics, its �rst Chern class m ust b e a critical p oin t of E , and so

this condition represen ts an obstruction to the existence of Einstein metrics. W e do

not kno w ho w this obstruction relates to others. But it b ecomes rather clear that

critical classes of E pla y a signi�can t r^ ole in those cases where the manifold ( M ; J )

has a p ositiv e �rst Chern class and carries no K• ahler Einstein metrics.
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2. Extremal Metrics. The K• ahler condition mak es a metric quite sp ecial. Its

scalar curv ature ma y b e calculated b y the form ula

s !

^ n

= 2 n � ^ !

^ ( n � 1)

;(2.1)

where � is the Ricci form of ! , and since �= 2 � represen ts the First Chern class c

1

,

assuming that M is compact, w e get the relation

Z

M

s d�

g

=

4 �

( n � 1)!

c

1

[ [ ! ]

[ ( n � 1)

:

Therefore, the a v erage scalar curv ature

s

0

=

Z

M

s d�

g

1

n !

[ ! ]

[ n

= 4 � n

c

1

[ [ ! ]

[ ( n � 1)

[ ! ]

[ n

(2.2)

is a top ological in v arian t.

Acting on functions, the Laplace-Beltrami op erator of g will b e

� = d

�

d = 2 @

�

@ = � 2 g

| k

@

2

@ z

|

@ z

k

;(2.3)

so w e also ha v e

s = � 2 g

| k

@

2

@ z

|

@ z

k

log det( g

p
q

) :(2.4)

Giv en a complex v alued function f , w e de�ne the v ector �eld @

#

g

f b y the iden-

tit y g ( @

#

g

f ; � ) = @ f . This is a v ector �eld of t yp e (1 ; 0), and as suc h, it is rarely

holomorphic . F or that, w e need to require that f b e in the k ernel of the op erator

( @ @

#

)

�

@ @

#

f =

1

4

�

2

f +

1

2

r

��

r

�

r

�

f +

1

2

( r

`

s ) r

`

f ;(2.5)

where the adjoin t, Ricci tensor r , scalar curv ature s and other relev an t quan tities are

those of the metric g . Ev ery complex v alued function f in the k ernel of this op erator

is th us asso ciated with a holomorphic v ector �eld � = @

#

f , and since the op erator is

elliptic, the space of suc h functions is �nite dimensional. The function f , determined

up to a constan t, is called the holomorphy p otential of �. A holomorphic v ector �eld

� is de�ned b y a holomorph y p oten tial f i� � v anishes at some p oin t.

The Ricci form of g ma y b e written as

� = �

H

+ i@ @  

!

;(2.6)

where �

H

is harmonic and  

!

is L

2

-p erp endicular to the constan ts. The function  

!

so obtained is called the R ic ci p otential of the metric, and in terms of the Green's

op erator G and the pro jection s

0

of s on to the constan ts, it can b e written as  

!

=

� 2 G ( s � s

0

) = � 2 G s .

Let h ( M ) b e the complex Lie algebra of holomorphic v ector �elds of the complex

manifold ( M ; J ); b y compactness of M , this is precisely the Lie algebra of the group

of biholomorphism of ( M ; J ). The F utaki char acter is de�ned to b e the map

F : h ( M ) � H

1 ; 1

( M ; R )

+

� ! C

F (� ; [ ! ]) =

Z

M

�(  

!

) d� = � 2

Z

M

�( G s ) d� :

(2.7)
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It is indep enden t of the particular metric in the class [ ! ] c hosen to calculate it [5],

and it is suc h that when applied to a holomorphic v ector �eld of the form � = @

#

f ,

it pro duces

F (� ; [ ! ]) = �

Z

M

f ( s � s

0

) d� :(2.8)

W e no w summarize some kno wn facts ab out extremal metrics. A K• ahler metric

g is a critical p oin t of �




if, and only if, the gradien t of its scalar curv ature is a real-

holomorphic v ector �eld. If M supp orts no non-trivial holomorphic v ector �elds, ev ery

extremal K• ahler metric m ust ha v e constan t scalar curv ature; in fact, in the presence

of holomorphic v ector �elds, the F utaki c haracter F measures the exten t to whic h an y

suc h metric fails to b e of constan t scalar curv ature. In that case, b y (2.8) w e ha v e

that F ( @

#

s; [ ! ]) = �k s � s

0

k

2

. After Calabi's initial examples [2 ], man y compact

K• ahler manifolds are no w kno wn whic h carry extremal metrics of non-constan t scalar

curv ature [10 , 11 ].

Giv en a K• ahler class 
, there exists a holomorphic v ector �eld X




[4 ] obtained

as the v ector �eld de�ned b y the holomorph y p oten tial �

g

s , the L

2

-pro jection of the

scalar curv ature s on to the space of holomorph y p oten tials. This v ector �eld w ould

coincide with @

#

g

s

g

if there w ere an extremal metric g represen ting 
. It is alw a ys

indep enden t of the metric g 2 M




used to calculate it.

Theorem 1. L et ( M ; J ; 
) b e a p olarize d K• ahler manifold. A K• ahler metric g 2

M




is extr emal if, and only if, the gr adient of its sc alar curvatur e s is a holomorphic

ve ctor �eld :

Ls = ( @ @

#

)

�

@ @

#

s =

1

4

�

2

s +

1

2

r

��

r

�

r

�

s +

1

2

( r

`

s ) r

`

s = 0 :

F urthermor e, the Calabi ener gy has a lower b ound {the p otential ener gy of the class{

which is a c ontinuous function of 
 ,

�




( ! ) � E (
) := s

2

0




n

n !

� F ( X




; 
) ;(2.9)

and this lower b ound is achieve d if, and only if, the metric is extr emal.

3. Critical Classes. If a class 
 is represen ted b y an extremal metric ! , then

	




( ! ) = E (
). It is quite natural to attempt to iden tify the cohomology classes

for whic h this o ccurs, but w e are going to con ten t ourselv es with the study of those

classes whic h are critical p oin ts of E . These are de�ned to b e critical p oin ts of the

restriction of E to the base of the K• ahler cone.

The p oten tial energy function is giv en b y

E (
) = s

2

0




n

n !

� F ( X




; 
) ;

and can b e computed for an y class in the en tire K• ahler cone. In order to ensure

that E has critical p oin ts, w e normalize d this domain and restric our atten tion to the

classes that represen t K• ahler metrics of �xed v olume.

Under the assumption that a critical class is represen ted b y an extremal metric,

one can easily write do wn the equation that the class m ust satisfy [12 ]. Ho w ev er,

though the set of extremal classes is op en [11 ] in the K• ahler cone, little else is kno wn

ab out its complemen t, and w e cannot at this p oin t in time exp ect to sa y v ery m uc h

ab out critical classes presuming that they can b e represen ted b y extremal metrics.
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3.1. Holomorphic �elds with holomorph y p oten tials. The isometry group

of an y extremal metric is a maximal compact subgroup of the iden tit y comp onen t A

of the biholomorphism group [3]. An y t w o suc h groups are conjugate [7]. Th us, up

to biholomorphism, the searc h for extremal metrics can b e carried out among those

metrics whic h are in v arian t under the action of a maximal compact subgroup G of

A . W e ma y also searc h for critical classes of E among those that are represen ted b y

G -in v arian t K• ahler metrics.

Let ( M ; J ) b e an y compact complex manifold of K• ahler t yp e. W e assume it has

complex dimension n . Let G b e a maximal compact subgroup of the biholomorphism

group of ( M ; J ), and g b e a K• ahler metric on M , represen ting some K• ahler class 
.

Without loss of generalit y , w e assume that g is G -in v arian t and consider the Hilb ert

space space L

2

k ;G

of G -in v arian t real-v alued functions of class L

2

k

. The space H

1 ; 1

( M )

of g -harmonic (1,1)-forms is G -in v arian t, and if the form � 2 H

1 ; 1

( M ) is su�cien tly

small, the K• ahler form

~! = ! + �

is G -in v arian t, and so will b e its scalar curv ature ~s . Let z � g denote the cen ter of g ,

the Lie algebra of G , and let z

0

= z \ g

0

, where g

0

� g is the ideal of Killing �elds

whic h ha v e zero es. F or an y G -in v arian t K• ahler metric ~g on ( M ; J ), eac h elemen t of

z

0

is of the form J r

~g

f for a real-v alued solution of ( @ @

#

~g

)

�

@ @

~g

f = 0, and z

0

precisely

corresp onds to the set of real solutions f whic h are invariant under G .

The restriction of k er ( @ @

#

~g

)

�

@ @

~g

to L

2

k +4 ;G

dep ends smo othly on the G -in v arian t

metric ~g . Indeed, c ho ose a basis f X

1

; : : : ; X

m

g for z

0

, and, for eac h (1 ; 1)-form � on

( M ; J ), consider the set of functions

p

0

( � ) = 1

p

j

( � ) = 2 i G

g

@

�

g

(( J X

|

+ iX

|

) � ) ; j = 1 ; : : : ; m

where G

g

is the Green's op erator of the metric g .

If ~! is the K• ahler form of a G -in v arian t metric ~g , then the p

j

( ~ ! )'s are real-v alued

and constitute a basis of k er ( @ @

#

~g

)

�

@ @

~g

. The map � 7! p

j

( ! + � ) is, for eac h j , a

b ounded linear map H

1 ; 1

( M ) ! L

2

k +3 ;G

. With resp ect to the bac kground L

2

inner

pro duct, let

f f

0

~!

; : : : ; f

m

~!

g(3.1)

b e the orthonormal set extracted from f p

j

( ~ ! ) g b y the Gram-Sc hmidt pro cedure. The

set f f

|

~!

g

m

| =0

is a basis of the v ector space of real holomorph y p oten tials. W e then let

�

~!

: L

2

k ;G

! L

2

k ;G

u 7!

m

X

j =0

h f

j

~!

; u i

L

2

f

j

~!

(3.2)

denote the asso ciated pro jector. By the regularit y of the functions f p

1

; : : : ; p

m

g ,

this pro jection can b e de�ned on L

2

k + j;G

for j = 0 ; 1 ; 2 ; 3, and the map � 7! �

~!

2

End( L

2

k + j;G

)

�

=

N

2

L

2

k + j;G

is smo oth on a suitable neigh b orho o d of the origin in

H

1 ; 1

( M ).
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This pro jection can b e de�ned at the lev el of (1 ; 1)-forms. Indeed, let us denote

b y ^

1 ; 1

k ;G

the space of real forms of t yp e (1 ; 1), in v arian t under G and of class L

2

k

. Then,

giv en an y G -in v arian t metric ~g , there exists a unique con tin uous linear map

�

~!

: ^

1 ; 1

k +2 ;G

7! ^

1 ; 1

k +2 ;G

;(3.3)

whic h in tert wines the trace and the pro jection map �

~!

in (3.2), and suc h that � � �

~!

�

is cohomologous to zero for all � 2 ^

1 ; 1

k +2 ;G

. Once again, where de�ned, the map

� 7! �

! + �

from L

2

k +4 ;G

to End( ^

1 ; 1

k +2 ;G

) is smo oth.

The op erators � and � can also b e de�ned when v arying the metric ! while

preserving its K• ahler class, that is to sa y , when considering deformations of the form

~! = ! + i@ @ ' , ' 2 L

2

k +4

, k > n . In this case, a metric ~! is extremal if and only if

~s = �

~!

~s , or equiv alen tly , if and only if ~� = �

~!

~� . F or arbitrary G -in v arian t metrics

one only has

� = � � + i@ @  ;

where

 = � G

g

( s

g

� �

g

s

g

) ;

G

g

the Green's op erator of g . The extremalit y condition implies that  is a constan t.

Notice that w e ha v e the iden tit y

� s !

n

= 2 n � � ^ !

n � 1

;(3.4)

and since � � represen ts the same cohomology class as that represen ted b y � , w e obtain

that

Z

� s d� =

4 �

( n � 1)!

c

1

� [ ! ]

n � 1

:(3.5)

3.2. The equation for critical classes. Giv en an y K• ahler metric ! repre-

sen ting the class 
, w e ha v e that X




= @

#

g

�

g

s , where �

g

is the L

2

-inner pro duct

pro jection on to the space of holomorph y p oten tials. The dimension of this space is

indep enden t of g , and the constan ts are alw a ys part of it. By (2.9), it follo ws that

E (
) =

Z

( �

g

s

g

)

2

d�

g

:

W e pro ceed to compute the v ariation of this functional along a curv e 


t

represen ted

b y a one-parameter family of K• ahler metrics !

t

whose tangen t v ector �

t

at !

t

is a

!

t

-harmonic (1,1)-form. This curv e is assumed to start at ! when t = 0. Using the

sub-index t to denote the corresp onding geometric quan tit y asso ciated to the metric

!

t

, w e obtain that

d

dt

E ([ !

t

]) = 2

Z

( �

t

s

t

)(

d

dt

( �

t

s

t

)) d�

t

+

Z

( �

t

s

t

)

2

( !

t

; �

t

)

t

d�

t

:

Let us assume �rst that �

t

s

t

is a constan t (that ma y dep end up on t ). Since

d�

t

= (1 + t ( ! ; � ) + O ( t

2

)) d� = (1 + O ( t

2

)) d� ;
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b y (3.5) w e w ould then conclude that

�

t

s

t

�

!

( M ) =

4 �

( n � 1)!

c

1

� [ !

t

]

n � 1

+ O ( t

2

) ;

where �

!

( M ) is the ! -v olume of M . T aking the deriv ativ e and setting t = 0, w e

obtain that

Z

( �

t

s

t

)(

d

dt

( �

t

s

t

)) d�

t

j

t =0

= � 2 � s

Z

(� �; � ) d� = � 2

Z

� s (� �; � ) d� ;

and so

d

dt

E ([ !

t

]) j

t =0

= � 4

Z

� s (� �; � ) d� +

Z

( � s )

2

( ! ; � ) d� ;(3.6)

where the geometric quan tities in the righ t side are those of the metric ! = !

0

.

W e w ould lik e to pro v e a similar result ev en when �

t

s

t

is not constan t. Observ e

that

d

dt

E ([ !

t

]) = 2

Z

( �

t

s

t

)(

d

dt

( �

t

s

t

)) d�

t

+

Z

( �

t

s

t

)

2

( !

t

; �

t

)

t

d�

t

= 2

Z

( �

t

s

t

)( �

t

_s

t

+ _�

t

s

t

) d�

t

+

Z

( �

t

s

t

)

2

( !

t

; �

t

)

t

d�

= 2

Z

( �

t

s

t

)(�

t

( !

t

; �

t

)

t

� 2( �

t

; �

t

)

t

) d�

t

+ 2

Z

( �

t

s

t

)( _ �

t

s

t

) d�

t

+

Z

( �

t

s

t

)

2

( !

t

; �

t

)

t

d�

t

:

Here w e ha v e made use of the fact that � is a pro jection op erator, and of a fairly w ell

kno wn form ula for the v ariation of s

t

.

Since the form �

t

is !

t

harmonic, the inner-pro duct ( !

t

; �

t

)

t

is a constan t (whic h

ma y dep end up on t ) and its Laplacian is therefore zero. Th us,

d

dt

E ([ !

t

]) = � 4

Z

( �

t

s

t

)( �

t

; �

t

)

t

d�

t

+ 2

Z

( �

t

s

t

)( _ �

t

s

t

) d�

t

+

Z

( �

t

s

t

)

2

( !

t

; �

t

)

t

d�

t

;

and so, when t = 0, w e obtain

d

dt

E ([ !

t

]) j

t =0

= � 4

Z

( � s )( �; � ) d� + 2

Z

( � s )( _ � s ) d� +

Z

( � s )

2

( ! ; � ) d� :(3.7)

W e pro ceed to compute the term in v olving _� in further detail. And for this, w e mak e

a rather judicious c hoice of basis for the space of holomorph y p oten tials. Something

similar had b een done in [11].

Recall that �

t

s

t

is assumed not to b e a constan t. Let us tak e a basis f X

1

; : : : ; X

m

g

for z

0

suc h that J X

1

+ iX

1

= @

#

� s , where � and s are the pro jection op erator and

scalar curv ature of ! . Applying the pro cedure of x 3.1 to the metric !

t

= ! + t� , w e

obtain a family of t -dep enden t p oten tials p

j

( !

t

) = 2 i G

g

@

�

g

(( J X

j

+ iX

j

) !

t

), from

whic h w e obtain an ! -orthonormal set of functions f f

0

!

t

; : : : ; f

m

!

t

g . With this c hoice,

f

0

!

t

= ( �

!

( M ))

� 1 = 2

, while

f

1

!

t

=

p

1

( !

t

)

k p

1

( !

t

) k

;
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where p

1

( !

t

) = 2 i G

g

@

�

g

(( J X

1

+ iX

1

) !

t

). Notice that p

1

( !

0

) = � s � s

0

, where s

0

is

the ! -a v erage of s , and that

d

dt

p

1

( ~ !

t

) j

t =0

= 2 i G

g

@

�

g

( @

#

� s � ) . Since f

j

!

t

b elongs to

the range of �

t

and is p erp endicular to s for j > 1, w e see that

�

t

s = s

0

+ h f

1

!

t

; s i f

1

!

t

;

and, therefore,

d�

t

dt

j

t =0

s = h

_

f

1

!

t

j

t =0

; s i f

1

!

0

+ h f

1

!

0

; s i

_

f

1

!

t

;(3.8)

so, b y (3.2), w e obtain

Z

( � s ) _ � s d� = h

_

f

1

~!

t

j

t =0

; s ih f

1

~!

0

; � s i + h f

1

~!

0

; s ih

_

f

1

~!

t

j

t =0

; � s i :

An elemen tary calculation sho ws that this is equal to h _p

1

; s � � s + 2 s

0

i . W e then

conclude that

Z

( � s ) _ � s d� =

Z

( s � � s )2 i G

g

@

�

g

( @

#

� s � ) d� :(3.9)

If ! w ere an extremal metric, s = � s and the in tegrand of this expression will b e

zero iden tically . As there are K• ahler manifolds with classes that cannot b e represen ted

b y extremal metrics, this is to o stringen t a condition to assume. Plugging (3.9) in to

(3.7), w e obtain

d

dt

E ([ ! + t� ]) j

t =0

= � 4

Z

( � s )( �; � ) d� + 4 i

Z

( s � � s ) G

g

@

�

( @

#

� s � ) d�

+

Z

( � s )

2

( ! ; � ) d� ;

for an y g harmonic (1 ; 1)-form � . Using this prop ert y of � , in tegration b y parts, the

self-adjoin tness of G

g

, and dualizing @

�

, w e rewrite the second in tegral to obtain

d

dt

E ([ ! + t� ]) j

t =0

= � 4

Z

( � s )( �; � ) d� � 4

Z

� s ( i@ @ G

g

( s � � s ) ; � ) d�

+

Z

( � s )

2

( ! ; � ) d� :

But

� + i@ @ G

g

( s � � s ) = �

g

� :(3.10)

Therefore,

d

dt

E ([ ! + t� ]) j

t =0

= � 4

Z

( � s )(� �; � ) d� +

Z

( � s )

2

( ! ; � ) d� :(3.11)

that coincides with the earlier expression (3.6), obtained under the assumption that

� s w as a constan t.

Theorem 2. L et 
 b e a c ohomolo gy class that is r epr esente d by a K• ahler metric g ,

assume d to b e invariant under the maximal c omp act sub gr oup G of the biholomorphism

gr oup of ( M ; J ) . Then 
 is critic al class if and only if

Z

M

( �

g

s

g

)(�

g

�; � ) d�

g

= 0
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for any tr ac e-fr e e harmonic (1 ; 1) -form � . In this expr ession, � is the R ic ci form of

the metric g , � is the L

2

pr oje ction (3.2) onto the sp ac e of holomorphy p otentials, and

� is its version (3.3) at the level of (1,1) -forms.

Pr o of . By (3.11), if w e further assume that � is a trace-free form, w e ha v e that

d

dt

E ([ ! + t� ]) j

t =0

= � 4

Z

( � s )(� �; � ) d� ;

pro ving the desired critical class equation.

The follo wing result is no w ob vious. Its signi�cance mak es it w orth while to state

it separately .

Cor ollar y 3. F or the �rst Chern class to b e r epr esente d by an Einstein metric,

it must b e a critic al class of E .

Before con tin uing an y further, let us compute the Ho dge star of the (1 ; 1)-form

� � . W e kno w that

� � =

s

2

!

n � 1

( n � 1)!

� � ^

!

n � 2

( n � 2)!

:

On the other hand, since for an y primitiv e (1 ; 1)-form 
 w e ha v e that [14 ]

� 
 = � 
 ^

!

n � 2

( n � 2)!

;

then w e �nd that

� i@ @ f = �

� f

2

!

n � 1

( n � 1)!

� i@ @ f ^

!

n � 2

( n � 2)!

:

Therefore, b y (3.10), w e obtain that

� � � = � � + � i@ @ G

g

( s � � s ) =

� s

2

!

n � 1

( n � 1)!

� � � ^

!

n � 2

( n � 2)!

:

The expression ab o v e ma y b e used to re-write the �rst v ariational form ula (3.11)

in a more con v enien t manner. W e get

d

dt

E ([ ! + t� ]) j

t =0

= �

Z

( � s )

2

!

n � 1

( n � 1)!

^ � + 4

Z

( � s )� � ^

!

n � 2

( n � 2)!

^ � :

W e no w use this result to calculate the Hessian of the p oten tial energy E at

a critical class 
. W e do so b y represen ting the class b y a K• ahler metric ! , and

considering deformations of the class of the form [ !

t

] = [ ! + t� ] where � is a trace-

free ! -harmonic (1,1)-form. W e insert this curv e in to the �rst v ariational form ula,

and compute the t deriv ativ e of the result at t = 0. Since ( ! ; � ) = 0, w e obtain:

D

2

E

[ ! ]

([ � ] ; [ � ])

=

d

dt

�

4

Z

( �

t

s

t

)�

t

�

t

^

!

n � 2

t

( n � 2)!

^ � �

Z

( �

t

s

t

)

2

!

n � 1

t

( n � 1)!

^ �

�

t =0

= � 4

Z

d ( �

t

s

t

)

dt

(� �; � ) d� + 4

Z

( � s )

d (�

t

�

t

)

dt

^

!

n � 2

( n � 2)!

^ �

+4

Z

( � s ) � � ^

!

n � 3

( n � 3)!

^ � ^ � �

Z

( � s )

2

^

!

n � 2

( n � 2)!

^ � ^ � :
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By (3.10) w e ma y obtain the T a ylor series expansion of �

t

�

t

. Indeed, w e kno w

that �

t

= � + O ( t

2

) and, since (1 � � )

2

= 1 � � , w e ha v e that

�

t

�

t

= � � + ti@ @

�

_

G (1 � � ) s � 2 G (1 � � ) _ � s + G (1 � � ) _ s

�

+ O ( t

2

) :

By (3.8) w e ha v e

_� s = h

_

f

1

; s i f

1

+ h f

1

; s i

_

f

1

;

where

d f

1

dt

=

_p

1

k p

1

k

�

p

1

k p

1

k

3

Z

p

1

_p

1

:

This implies that

_� s = _p

1

+

p

1

k p

1

k

2

Z

_p

1

( s � 2 � s + 2 s

0

) d� ;

and, therefore, (1 � � ) _ � s = 0 b ecause b oth p

1

and _p

1

are holomorph y p oten tials.

Since � has zero trace, w e also ha v e that

_

G = � G

_

� G . Therefore, after a small

simpli�cation, w e obtain that

�

t

�

t

= � � + ti@ @ G ( � 2(� �; � ) + 2 � ( �; � )) + O ( t

2

) :(3.12)

By (3.4), w e see that

d ( �

t

s

t

)

dt

= 2

�

d (�

t

�

t

)

dt

; !

�

� 2(� �; � ) :

Hence, using (3.12), w e obtain

d ( �

t

s

t

)

dt

= � 2 � ( �; � ) ;

and that allo ws us to w ork out the �rst in tegral in the righ t side of the expression for

D

2

E

[ ! ]

([ � ] ; [ � ]). Indeed, b y computing the inner pro duct with holomorph y p oten tials,

w e can easily sho w that � ( �; � ) = � (� �; � ), and, therefore, the in tegral in question is

nothing but 8 h � (� �; � ) ; � (� �; � ) i .

In order to study the second in tegral in the expression de�ning D

2

E

[ ! ]

([ � ] ; [ � ]),

w e use (3.12) to see that

d (�

t

�

t

)

dt

= i@ @ G ( � 2(� �; � ) + 2 � ( �; � ))

= i@ @ G

�

� 2(1 � � )( �; � ) � 2( � ; i@ @ G (1 � � ) s )

�

:

Since G

�

@

�

@

�

( � s� ) is a holomorph y p oten tial, w e ha v e that

4

Z

( � s )

d (�

t

�

t

)

dt

^

!

n � 2

( n � 2)!

^ � = 8

Z

( � ; i@ @ G (1 � � ) s ) G

�

@

�

@

�

( � s� ) d� ;

and this is zero b ecause G

�

@

�

@

�

( � G

�

@

�

@

�

( � s� )) is also a holomorph y p oten tial.

Theorem 4. L et 
 b e a critic al c ohomolo gy class of the ener gy functional E ,

r epr esente d by a K• ahler metric g that is invariant under a maximal c omp act sub gr oup
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G of the biholomorphism gr oup of ( M ; J ) . Then the Hessian of E at 
 in the dir e ction

of tr ac e-fr e e harmonic (1,1) -forms � and � , is given by

D

2

E

[ ! ]

([ � ] ; [ � ]) = 8

Z

� (� �; � ) � (� �; � ) d� +

4 � n

n

Z

( � s )

2

( �; � ) d�

� 4( n � 2)( n � 3)!

Z

( � s ) ((� � )

0

; �( � ^ � )) d� :

Her e � is the L

2

pr oje ction (3.2) onto the sp ac e of holomorphy p otentials, � is its

version (3.3) at the level of (1,1) -forms, � is the R ic ci form of the metric, (� � )

0

is

the tr ac e-fr e e c omp onent of � � , and �( � ^ � ) is the c ontr action of � ^ � by the K• ahler

form.

Pr o of . W e ha v e seen that

D

2

E

[ ! ]

([ � ] ; [ � ]) = 8

Z

� (� �; � ) � (� �; � ) d� + 4

Z

( � s ) � � ^

!

n � 3

( n � 3)!

^ � ^ �

�

Z

( � s )

2

^

!

n � 2

( n � 2)!

^ � ^ � ;

and so the result follo ws if w e sho w that

Z

( � s ) � � ^

!

n � 3

( n � 3)!

^ � ^ � = �

n � 2

2 n

Z

( � s )

2

( �; � ) d�

� ( n � 2)( n � 3)!

Z

( � s ) ((� � )

0

; �( � ^ � )) d� :

W e ma y easily sho w that

�

�

� ^ � ^

!

n � 3

( n � 3)!

�

= �

n � 2

n

( �; � ) ! + 
 ;

where 
 is a trace-free (1,1)-form. Therefore,

� ^ � ^

!

n � 3

( n � 3)!

= �

n � 2

n

( �; � )

!

n � 1

( n � 1)!

� 


!

n � 2

( n � 2)!

:

Let L b e the op erator dual to �. W e kno w that [� ; L

r

] =

P

n

q

r ( n � q � r + 1) L

r � 1

P

q

,

P

q

the pro jection on to the q -comp onen t of a co v ector. Rep eated application of this

iden tit y in the expression ab o v e leads to the conclusion that


 = � ( n � 2)( n � 3)!�( � ^ � ) + c! ;

for some scalar c . Consequen tly ,

Z

( � s ) � � ^

!

n � 3

( n � 3)!

^ � ^ � =

Z

( � s )

�

� �; �

�

� ^ � ^

!

n � 3

( n � 3)!

��

d�

= �

n � 2

2 n

Z

( � s )

2

( �; � ) d� +

Z

( � s )((� � )

0

; 
 ) d� ;

and the desired result follo ws from the expression ab o v e for 
 b ecause its ! -comp onen t

do es not con tribute to the last in tegral on the righ t.
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4. Existence and Uniqueness of Critical Classes. Let us observ e that for

an y K• ahler metric g , the holomorphic v ector �eld X = @

#

g

�

g

s only dep ends up on the

cohomology class of the metric and not up on its particular represen tativ e. Since the

pro jection on to the constan ts of � s and s coincide, if ~g is an y other metric represen ting

the same class as that represen ted b y g , then X = @

#

~g

�

~g

s

~g

and, b y the in v ariance of

the F utaki c haracter (2.7), w e then ha v e that

F ( X ; [ ~ ! ]) = �k �

~g

s

~g

� s

0

k

2

= �

Z

M

�

~g

s

~g

( s

~g

� s

0

) d�

~g

= �

Z

M

�

g

s

g

( s

g

� s

0

) d�

g

= �

Z

M

�

g

s

g

( �

g

s

g

� s

0

) d�

g

= �k �

g

s

g

� s

0

k

2

= F ( X ; [ ! ]) :

Therefore, if for some K• ahler metric g w e ha v e �

g

s

g

a constan t, the same will b e

true of an y other metric ~g represen ting the same cohomology class as that of g , and

�

~g

s

~g

= �

g

s

g

. This observ ation leads to some sp ecial prop erties exhibited b y critical

classes of E .

Pr oposition 5. L et 
 b e a critic al class for E , and assume that g is a K• ahler

r epr esentative such that � s is a non-zer o c onstant. Then, this also holds for any

K• ahler r epr esentative of 
 , and furthermor e,

� � =

� s

2 n

!

so ! is in the c anonic al class, which ther efor e must have a sign. If � s is the c onstant

zer o, the same r esult is true if we assume that the c anonic al class is zer o.

Pr o of . By the critical condition of Theorem 2, w e m ust ha v e that h �; � i = 0 for

an y g -trace-free harmonic (1,1)-form � . The form � � is harmonic, and its Lefsc hetz

decomp osition will b e

� � =

� s

2 n

! + �

0

;

with �

0

a harmonic trace-free form. Hence, h � �; �

0

i = h �

0

; �

0

i = 0, pro ving that

�

0

= 0. Consequen tly ,

� � =

� s

2 n

! ;

and since the cohomology class of � � is that of c

1

, the results follo ws for g .

If ~g is another metric represen ting the same cohomology class as that represen ted

b y g , the desired result for �

~g

�

~g

follo ws from the remark preceding the statemen t of

the Prop osition.

Finally , if �

g

s

g

= 0, since � � represen ts the �rst Chern class, the assumption

implies that � � = 0. This completes the pro of.

Generically , a complex manifold carries no holomorphic v ector �eld other than

the trivial one. Therefore, if suc h a manifold is of K• ahler t yp e, an y represen tativ e g of

a critical class of the energy functional E will necessarily ha v e �

g

s

g

constan t. If this

constan t is not zero, the prop osition ab o v e implies that the critical class is the �rst

Chern class, whic h therefore m ust ha v e a sign, either p ositiv e or negativ e dep ending
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up on the sign of �

g

s

g

. This imp oses a top ological condition on the complex manifold

( M ; J ).

Cor ollar y 6. L et ( M ; J ) b e a c omplex manifold of K• ahler typ e without non-

trivial holomorphic ve ctor �elds. Assume that the �rst Chern class c

1

= c

1

( M ; J ) do es

not have a sign. Then, the only critic al classes of the ener gy functional E , if any, ar e

those r epr esente d by metrics whose R ic ci tensors have harmonic c omp onents that ar e

tr ac e-fr e e.

Theorem 7. L et ( M ; J ) b e a c omp act manifold of K• ahler typ e. Supp ose that

c

1

= c

1

( M ; J ) < 0 . Then the ener gy functional E has only one critic al class, and that

class is the �rst Chern class c

1

.

Pr o of . When c

1

< 0, the manifold do es not carry holomorphic v ector �elds other

than the trivial one. Therefore, for an y K• ahler metric g , w e m ust ha v e � s a constan t,

and b y (3.5), this constan t is not zero. The cohomology class of an Einstein metric is

a critical class of E , and b y Aubin-Y au result [1 , 15 ], the canonical class of ( M ; J ) can

b e represen ted b y a unique Einstein metric. So E has critical p oin ts. The uniqueness

follo ws from Prop osition 5.

Theorem 8. L et ( M ; J ) b e any del Pezzo surfac e. Then the ener gy functional E

admits one an only one critic al class, that c oincides with the c anonic al class exc ept

for the c ases C P

2

# C P

2

and C P

2

#2 C P

2

.

Pr o of . By the Hessian form ula for E , all critical classes are lo cal minima. If there

w ere more than one critical class, there w ould ha v e to b e a critical class that is either

degenerate or a lo cal maxim um, con tradicting this fact.

No w, b y Tian's w ork [13 ], eac h del P ezzo surface of the form C P

2

# k C P

2

, 3 �

k � 8, admits an Einstein metric. Hence, in those cases E has the canonical class as

its only critical p oin t. On the other hand, b oth C P

2

and C P

1

� C P

1

are Einstein. So

the statemen t is also true for these t w o del P ezzo surfaces as w ell.

On C P

2

# C P

2

ev ery K• ahler class is extremal. Using this fact, w e ha v e v eri�ed

earlier [6] b y an explicit calculation that the energy functional E admits a unique

critical class.

F or C P

2

#2 C P

2

, LeBrun [8] has pro v en that E admits a critical class.

This result pro vides the �rst pro of of the uniqueness of the critical class on

C P

2

#2 C P

2

found b y LeBrun [8]. Numerical evidence for that w as giv en in [9], and

the result pro v en in [12 ] under the strong assumption that all critical classes w ere ex-

tremal. The fact that this prop ert y holds remains an op en problem, and w e strongly

b eliev e that to b e the case for this particular manifold.

Notice that the one p oin t and t w o p oin ts blo w up of C P

2

are exceptional in that

the critical class is not c

1

. In the �rst case, w e ha v e pro v en [6] directly that the

extremal metric represen ting the critical class is conformally equiv alen t to the P age

metric. As for the LeBrun's class on the t w o p oin ts blo w up, if it w ere represen ted b y

an extremal metric, suc h a metric will necessarily ha v e p ositiv e scalar curv ature. The

main theorem in [12 ] |on complex surfaces, a critical p oin t of (1.2) is, a w a y from the

lo cus of its scalar curv ature, conformally equiv alen t to an Einstein metric| w ould

then imply that it can b e conformally deformed to an Einstein metric of constan t

p ositiv e curv ature. W e conjecture this to b e the case, fact that will follo w if w e

merely v erify that the critical class of the functional E in C P

2

#2 C P

2

is extremal.
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