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ember 2001 001CANONICAL K�AHLER CLASSES�SANTIAGO R. SIMANCAy AND LUISA D. STELLINGzAbstra
t. On a 
ompa
t 
omplex manifold (M;J) of K�ahler type, 
onsider the fun
tionalde�ned by the square of the L2-norm of the s
alar 
urvature with domain the spa
e of K�ahlermetri
s of �xed total volume. The in�mum of this fun
tional over metri
s that represent a given
lass de�nes the energy of the 
lass. We �nd the Euler-Lagrange equation for 
riti
al 
lasses of thisenergy, and 
ompute its Hessian at a 
riti
al 
lass. We use these results to 
on
lude that there exista unique 
riti
al 
lass for any del Pezzo surfa
e as well as for any manifold with negative �rst Chern
lass. It follows that if the �rst Chern 
lass is positive and not a 
riti
al 
lass of the energy, it
annot be represented by an Einstein metri
. We also draw some 
on
lusions on the generi
 
ase ofa manifold without holomorphi
 ve
tor �elds.1. Introdu
tion. Let (M;J) be a 
ompa
t 
omplex manifold of K�ahler type.We denote by M the set of K�ahler forms on (M;J), an open 
one in the in�nite-dimensional aÆne spa
e of 
losed (1; 1)-forms. We will identify the K�ahler form ! inM with the 
orresponding K�ahler metri
 g. Then, if the 
omplex dimension of (M;J)is n and ! 2M, the asso
iated volume form is d�! := !n=n!.It this 
ontext, it is quite natural to analyze the fun
tional given by the squareof the L2-norm of the s
alar 
urvature of a metri
,! �! ZM s2!d�! ;taking M as its domain. However, this fun
tional is homogeneous of degree n � 2and, in general, will not admit 
riti
al points without the spe
i�
ation of a suitablenormalization for its domain. Calabi [2, 3℄ solved this problem by �xing a 
lass
 2 H1;1(M; C ) � H2(M;R) in the K�ahler 
one, and sear
hing for 
riti
al metri
s ofthe restri
tion of � to M
 = f! 2M : [!℄ = 
g:M
 �
! R! 7! ZM s2!d�! :(1.1)All metri
s in M
 have �xed volume 
n=n!. Those whi
h are 
riti
al points of �
are 
alled extremal, and their mere existen
e is far from being a settled issue to thisdate.On the other hand, we may also 
onsider the set Mv of K�ahler metri
s of �xedtotal volume v, and de�ne the fun
tionalMv �! R! 7! ZM s2!d�! :(1.2)�Re
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586 S. R. SIMANCA AND L. D. STELLINGThe value of the 
onstant v is inessential to our 
onsiderations, and 
an be taken tobe 1 if so desired. Criti
al points of (1.2) are a parti
ular type of extremal metri
s,that we termed strongly extremal in [12℄.The energy �
(!) of an extremal K�ahler metri
 ! that represents 
 is a 
ontin-uous fun
tion of 
, and may be 
al
ulated from a priori data. Its value, whi
h weshall 
all the potential energy E(
) of 
, is an optimal lower bound for the fun
tional� among metri
s in M
. In other words, we have �
(!) � E(
) for any K�ahlermetri
 !, and the equality is a
hieved only for those metri
s inM
 that are extremal.As a fun
tion of the K�ahler 
lass, the potential energy involves only �nitely manyparameters, and is also homogeneous of degree n� 2. Interestingly enough, both �
and E are s
ale-invariant on 
omplex surfa
es.In this paper we study the 
ohomology 
lasses that are 
riti
al points of thepotential energy E. The 
onne
tion between these 
lasses and the problem of �ndingextremal metri
s is rather 
lear: the 
riti
al 
lasses for E are the only ones that maybe represented by strongly extremal metri
s, 
riti
al points of the fun
tional (1.2).The analysis of these 
lasses is a deli
ate issue, as we 
annot assume that theK�ahler 
lasses are extremal. In fa
t, we 
annot even assume that any K�ahler 
lass isextremal, and that imposes some diÆ
ulties on the problem. We may easily un
overa relationship between E(
) and a suitable fun
tion in the spa
e of holomorphypotentials, the spa
e of fun
tions that give rise to holomorphi
 ve
tor �elds whenraising the indi
es of their ��-derivatives. This suitable fun
tion is the L2-proje
tiononto the spa
e of holomorphy potentials of the s
alar 
urvature of any K�ahler metri
that represents g. Therefore, the analysis of the Euler-Lagrange equations for E mustbe done through a 
areful study of the relationship between this proje
tion and theRi

i 
urvature, and how these two quantities vary when deforming the 
ohomology
lass while in�nitesimally preserving the volume.The 
lasses represented by K�ahler-Einstein metri
s are all 
riti
al. Hen
e, forthose manifolds where one 
ould �nd a K�ahler Einstein metri
, the fun
tional E has a
riti
al 
lass that is, up to a multiple, the �rst Chern 
lass. But interestingly enough,there are 
ases where E does have 
riti
al 
lasses that are not equal to the 
anoni
alone. In parti
ular, by deriving the Hessian of E at a 
riti
al 
lass, we prove that forany del Pezzo surfa
e there exists a unique su
h 
lass. This singles out 
ohomology
lasses in the manifolds C P2#C P2 and C P2#2C P2, respe
tively, whi
h are not equalto the �rst Chern 
lass and that minimize the fun
tional E. The 
lass in the �rst ofthese manifolds was proven to exist and to be unique in [6℄, using a dire
t approa
hbased upon our knowledge that in this 
ase every K�ahler 
lass is extremal. On theother hand, for the latter manifold the existen
e of that 
lass was shown in [8℄, andour work gives the �rst proof of its uniqueness. Strong eviden
e of this uniquenesswas given earlier in [9, 12℄.Our Euler-Lagrange equation shows that if the �rst Chern 
lass is not a 
riti
al
lass of E, it 
annot be represented by an Einstein metri
. Thus, for a K�ahler manifoldto 
arry Einstein metri
s, its �rst Chern 
lass must be a 
riti
al point of E, and sothis 
ondition represents an obstru
tion to the existen
e of Einstein metri
s. We donot know how this obstru
tion relates to others. But it be
omes rather 
lear that
riti
al 
lasses of E play a signi�
ant rôle in those 
ases where the manifold (M;J)has a positive �rst Chern 
lass and 
arries no K�ahler Einstein metri
s.



CANONICAL K�AHLER CLASSES 5872. Extremal Metri
s. The K�ahler 
ondition makes a metri
 quite spe
ial. Itss
alar 
urvature may be 
al
ulated by the formulas !^n = 2n � ^ !^(n�1) ;(2.1)where � is the Ri

i form of !, and sin
e �=2� represents the First Chern 
lass 
1,assuming that M is 
ompa
t, we get the relationZM s d�g = 4�(n� 1)!
1 [ [!℄[(n�1) :Therefore, the average s
alar 
urvatures0 = ZM s d�g1n! [!℄[n = 4�n
1 [ [!℄[(n�1)[!℄[n(2.2)is a topologi
al invariant.A
ting on fun
tions, the Lapla
e-Beltrami operator of g will be� = d�d = 2��� = �2g|k �2�z|�zk ;(2.3)so we also have s = �2g|k �2�z|�zk log det(gpq) :(2.4)Given a 
omplex valued fun
tion f , we de�ne the ve
tor �eld �#g f by the iden-tity g(�#g f; � ) = �f . This is a ve
tor �eld of type (1; 0), and as su
h, it is rarelyholomorphi
. For that, we need to require that f be in the kernel of the operator(��#)���#f = 14�2f + 12r��r�r�f + 12(r`s)r`f ;(2.5)where the adjoint, Ri

i tensor r, s
alar 
urvature s and other relevant quantities arethose of the metri
 g. Every 
omplex valued fun
tion f in the kernel of this operatoris thus asso
iated with a holomorphi
 ve
tor �eld � = �#f , and sin
e the operator isellipti
, the spa
e of su
h fun
tions is �nite dimensional. The fun
tion f , determinedup to a 
onstant, is 
alled the holomorphy potential of �. A holomorphi
 ve
tor �eld� is de�ned by a holomorphy potential f i� � vanishes at some point.The Ri

i form of g may be written as� = �H + i�� ! ;(2.6)where �H is harmoni
 and  ! is L2-perpendi
ular to the 
onstants. The fun
tion  !so obtained is 
alled the Ri

i potential of the metri
, and in terms of the Green'soperator G and the proje
tion s0 of s onto the 
onstants, it 
an be written as  ! =�2G (s � s0) = �2G s.Let h(M) be the 
omplex Lie algebra of holomorphi
 ve
tor �elds of the 
omplexmanifold (M;J); by 
ompa
tness of M , this is pre
isely the Lie algebra of the groupof biholomorphism of (M;J). The Futaki 
hara
ter is de�ned to be the mapF : h(M)�H1;1(M;R)+ �! CF(�; [!℄) = ZM �( !)d� = �2 ZM �(G s)d� :(2.7)



588 S. R. SIMANCA AND L. D. STELLINGIt is independent of the parti
ular metri
 in the 
lass [!℄ 
hosen to 
al
ulate it [5℄,and it is su
h that when applied to a holomorphi
 ve
tor �eld of the form � = �#f ,it produ
es F(�; [!℄) = � ZM f(s� s0) d� :(2.8)We now summarize some known fa
ts about extremal metri
s. A K�ahler metri
g is a 
riti
al point of �
 if, and only if, the gradient of its s
alar 
urvature is a real-holomorphi
 ve
tor �eld. IfM supports no non-trivial holomorphi
 ve
tor �elds, everyextremal K�ahler metri
 must have 
onstant s
alar 
urvature; in fa
t, in the presen
eof holomorphi
 ve
tor �elds, the Futaki 
hara
ter F measures the extent to whi
h anysu
h metri
 fails to be of 
onstant s
alar 
urvature. In that 
ase, by (2.8) we havethat F(�#s; [!℄) = �ks � s0k2. After Calabi's initial examples [2℄, many 
ompa
tK�ahler manifolds are now known whi
h 
arry extremal metri
s of non-
onstant s
alar
urvature [10, 11℄.Given a K�ahler 
lass 
, there exists a holomorphi
 ve
tor �eld X
 [4℄ obtainedas the ve
tor �eld de�ned by the holomorphy potential �gs, the L2-proje
tion of thes
alar 
urvature s onto the spa
e of holomorphy potentials. This ve
tor �eld would
oin
ide with �#g sg if there were an extremal metri
 g representing 
. It is alwaysindependent of the metri
 g 2M
 used to 
al
ulate it.Theorem 1. Let (M;J;
) be a polarized K�ahler manifold. A K�ahler metri
 g 2M
 is extremal if, and only if, the gradient of its s
alar 
urvature s is a holomorphi
ve
tor �eld:Ls = (��#)���#s = 14�2s+ 12r��r�r�s+ 12(r`s)r`s = 0 :Furthermore, the Calabi energy has a lower bound {the potential energy of the 
lass{whi
h is a 
ontinuous fun
tion of 
,�
(!) � E(
) := s20
nn! � F(X
;
) ;(2.9)and this lower bound is a
hieved if, and only if, the metri
 is extremal.3. Criti
al Classes. If a 
lass 
 is represented by an extremal metri
 !, then	
(!) = E(
). It is quite natural to attempt to identify the 
ohomology 
lassesfor whi
h this o

urs, but we are going to 
ontent ourselves with the study of those
lasses whi
h are 
riti
al points of E. These are de�ned to be 
riti
al points of therestri
tion of E to the base of the K�ahler 
one.The potential energy fun
tion is given byE(
) = s20
nn! � F(X
;
) ;and 
an be 
omputed for any 
lass in the entire K�ahler 
one. In order to ensurethat E has 
riti
al points, we normalized this domain and restri
 our attention to the
lasses that represent K�ahler metri
s of �xed volume.Under the assumption that a 
riti
al 
lass is represented by an extremal metri
,one 
an easily write down the equation that the 
lass must satisfy [12℄. However,though the set of extremal 
lasses is open [11℄ in the K�ahler 
one, little else is knownabout its 
omplement, and we 
annot at this point in time expe
t to say very mu
habout 
riti
al 
lasses presuming that they 
an be represented by extremal metri
s.



CANONICAL K�AHLER CLASSES 5893.1. Holomorphi
 �elds with holomorphy potentials. The isometry groupof any extremal metri
 is a maximal 
ompa
t subgroup of the identity 
omponent Aof the biholomorphism group [3℄. Any two su
h groups are 
onjugate [7℄. Thus, upto biholomorphism, the sear
h for extremal metri
s 
an be 
arried out among thosemetri
s whi
h are invariant under the a
tion of a maximal 
ompa
t subgroup G ofA. We may also sear
h for 
riti
al 
lasses of E among those that are represented byG-invariant K�ahler metri
s.Let (M;J) be any 
ompa
t 
omplex manifold of K�ahler type. We assume it has
omplex dimension n. Let G be a maximal 
ompa
t subgroup of the biholomorphismgroup of (M;J), and g be a K�ahler metri
 on M , representing some K�ahler 
lass 
.Without loss of generality, we assume that g is G-invariant and 
onsider the Hilbertspa
e spa
e L2k;G of G-invariant real-valued fun
tions of 
lass L2k. The spa
e H1;1(M)of g-harmoni
 (1,1)-forms is G-invariant, and if the form � 2 H1;1(M) is suÆ
ientlysmall, the K�ahler form ~! = ! + �is G-invariant, and so will be its s
alar 
urvature ~s. Let z � g denote the 
enter of g,the Lie algebra of G, and let z0 = z \ g0, where g0 � g is the ideal of Killing �eldswhi
h have zeroes. For any G-invariant K�ahler metri
 ~g on (M;J), ea
h element ofz0 is of the form Jr~gf for a real-valued solution of (��#~g )���~gf = 0, and z0 pre
isely
orresponds to the set of real solutions f whi
h are invariant under G.The restri
tion of ker(��#~g )���~g to L2k+4;G depends smoothly on the G-invariantmetri
 ~g. Indeed, 
hoose a basis fX1; : : : ; Xmg for z0, and, for ea
h (1; 1)-form � on(M;J), 
onsider the set of fun
tionsp0(�) = 1pj(�) = 2iG g��g((JX| + iX|) �) ; j = 1; : : : ;mwhere G g is the Green's operator of the metri
 g.If ~! is the K�ahler form of a G-invariant metri
 ~g, then the pj(~!)'s are real-valuedand 
onstitute a basis of ker(��#~g )���~g . The map � 7! pj(! + �) is, for ea
h j, abounded linear map H1;1(M) ! L2k+3;G. With respe
t to the ba
kground L2 innerprodu
t, let ff0~!; : : : ; fm~! g(3.1)be the orthonormal set extra
ted from fpj(~!)g by the Gram-S
hmidt pro
edure. Theset ff |~!gm|=0 is a basis of the ve
tor spa
e of real holomorphy potentials. We then let�~! : L2k;G ! L2k;Gu 7! mXj=0hf j~!; uiL2f j~!(3.2)denote the asso
iated proje
tor. By the regularity of the fun
tions fp1; : : : ; pmg,this proje
tion 
an be de�ned on L2k+j;G for j = 0; 1; 2; 3, and the map � 7! �~! 2End(L2k+j;G) �= N2 L2k+j;G is smooth on a suitable neighborhood of the origin inH1;1(M).



590 S. R. SIMANCA AND L. D. STELLINGThis proje
tion 
an be de�ned at the level of (1; 1)-forms. Indeed, let us denoteby ^1;1k;G the spa
e of real forms of type (1; 1), invariant under G and of 
lass L2k. Then,given any G-invariant metri
 ~g, there exists a unique 
ontinuous linear map�~! : ^1;1k+2;G 7! ^1;1k+2;G ;(3.3)whi
h intertwines the tra
e and the proje
tion map �~! in (3.2), and su
h that ���~!�is 
ohomologous to zero for all � 2 ^1;1k+2;G. On
e again, where de�ned, the map� 7! �!+� from L2k+4;G to End(^1;1k+2;G) is smooth.The operators � and � 
an also be de�ned when varying the metri
 ! whilepreserving its K�ahler 
lass, that is to say, when 
onsidering deformations of the form~! = ! + i��', ' 2 L2k+4, k > n. In this 
ase, a metri
 ~! is extremal if and only if~s = �~!~s, or equivalently, if and only if ~� = �~! ~�. For arbitrary G-invariant metri
sone only has � = ��+ i�� ;where  = �G g (sg � �gsg) ;G g the Green's operator of g. The extremality 
ondition implies that  is a 
onstant.Noti
e that we have the identity�s!n = 2n�� ^ !n�1 ;(3.4)and sin
e �� represents the same 
ohomology 
lass as that represented by �, we obtainthat Z �s d� = 4�(n� 1)!
1 � [!℄n�1 :(3.5)3.2. The equation for 
riti
al 
lasses. Given any K�ahler metri
 ! repre-senting the 
lass 
, we have that X
 = �#g �gs, where �g is the L2-inner produ
tproje
tion onto the spa
e of holomorphy potentials. The dimension of this spa
e isindependent of g, and the 
onstants are always part of it. By (2.9), it follows thatE(
) = Z (�gsg)2d�g :We pro
eed to 
ompute the variation of this fun
tional along a 
urve 
t representedby a one-parameter family of K�ahler metri
s !t whose tangent ve
tor �t at !t is a!t-harmoni
 (1,1)-form. This 
urve is assumed to start at ! when t = 0. Using thesub-index t to denote the 
orresponding geometri
 quantity asso
iated to the metri
!t, we obtain thatddtE([!t℄) = 2 Z (�tst)( ddt (�tst))d�t + Z (�tst)2(!t; �t)td�t :Let us assume �rst that �tst is a 
onstant (that may depend upon t). Sin
ed�t = (1 + t(!; �) +O(t2))d� = (1 +O(t2))d� ;



CANONICAL K�AHLER CLASSES 591by (3.5) we would then 
on
lude that�tst�!(M) = 4�(n� 1)!
1 � [!t℄n�1 +O(t2) ;where �!(M) is the !-volume of M . Taking the derivative and setting t = 0, weobtain thatZ (�tst)( ddt (�tst))d�t jt=0= �2�s Z (��; �)d� = �2 Z �s(��; �)d� ;and so ddtE([!t℄) jt=0= �4 Z �s (��; �) d� + Z (�s)2(!; �) d� ;(3.6)where the geometri
 quantities in the right side are those of the metri
 ! = !0.We would like to prove a similar result even when �tst is not 
onstant. Observethat ddtE([!t℄) = 2 Z (�tst)( ddt (�tst))d�t + Z (�tst)2(!t; �t)td�t= 2 Z (�tst)(�t _st + _�tst)d�t + Z (�tst)2(!t; �t)td�= 2 Z (�tst)(�t(!t; �t)t � 2(�t; �t)t)d�t + 2 Z (�tst)( _�tst)d�t+ Z (�tst)2(!t; �t)td�t :Here we have made use of the fa
t that � is a proje
tion operator, and of a fairly wellknown formula for the variation of st.Sin
e the form �t is !t harmoni
, the inner-produ
t (!t; �t)t is a 
onstant (whi
hmay depend upon t) and its Lapla
ian is therefore zero. Thus,ddtE([!t℄) = �4 Z (�tst)(�t; �t)td�t + 2 Z (�tst)( _�tst)d�t + Z (�tst)2(!t; �t)td�t ;and so, when t = 0, we obtainddtE([!t℄) jt=0= �4 Z (�s)(�; �)d� + 2 Z (�s)( _�s)d�+ Z (�s)2(!; �)d� :(3.7)We pro
eed to 
ompute the term involving _� in further detail. And for this, we makea rather judi
ious 
hoi
e of basis for the spa
e of holomorphy potentials. Somethingsimilar had been done in [11℄.Re
all that �tst is assumed not to be a 
onstant. Let us take a basis fX1; : : : ; Xmgfor z0 su
h that JX1 + iX1 = �#�s, where � and s are the proje
tion operator ands
alar 
urvature of !. Applying the pro
edure of x3.1 to the metri
 !t = ! + t�, weobtain a family of t-dependent potentials pj(!t) = 2iG g��g((JXj + iXj) !t), fromwhi
h we obtain an !-orthonormal set of fun
tions ff0!t ; : : : ; fm!tg. With this 
hoi
e,f0!t = (�!(M))�1=2, while f1!t = p1(!t)kp1(!t)k ;



592 S. R. SIMANCA AND L. D. STELLINGwhere p1(!t) = 2iG g��g((JX1 + iX1) !t). Noti
e that p1(!0) = �s� s0, where s0 isthe !-average of s, and that ddtp1(~!t) jt=0= 2iG g��g(�#�s �). Sin
e f j!t belongs tothe range of �t and is perpendi
ular to s for j > 1, we see that�ts = s0 + hf1!t ; sif1!t ;and, therefore, d�tdt jt=0 s = h _f1!t jt=0; sif1!0 + hf1!0 ; si _f1!t ;(3.8)so, by (3.2), we obtainZ (�s) _�s d� = h _f1~!t jt=0; sihf1~!0 ; �si+ hf1~!0 ; sih _f1~!t jt=0; �si :An elementary 
al
ulation shows that this is equal to h _p1; s � �s + 2s0i. We then
on
lude that Z (�s) _�s d� = Z (s� �s)2iG g��g(�#�s �)d� :(3.9)If ! were an extremal metri
, s = �s and the integrand of this expression will bezero identi
ally. As there are K�ahler manifolds with 
lasses that 
annot be representedby extremal metri
s, this is too stringent a 
ondition to assume. Plugging (3.9) into(3.7), we obtainddtE([! + t�℄) jt=0 = �4 Z (�s)(�; �)d� + 4i Z (s� �s)G g��(�#�s �)d�+ Z (�s)2(!; �)d� ;for any g harmoni
 (1; 1)-form �. Using this property of �, integration by parts, theself-adjointness of G g , and dualizing ��, we rewrite the se
ond integral to obtainddtE([! + t�℄) jt=0 = �4 Z (�s)(�; �)d� � 4 Z �s(i��G g (s� �s); �)d�+ Z (�s)2(!; �)d� :But �+ i��G g (s� �s) = �g� :(3.10)Therefore, ddtE([! + t�℄) jt=0= �4 Z (�s)(��; �)d� + Z (�s)2(!; �)d� :(3.11)that 
oin
ides with the earlier expression (3.6), obtained under the assumption that�s was a 
onstant.Theorem 2. Let 
 be a 
ohomology 
lass that is represented by a K�ahler metri
 g,assumed to be invariant under the maximal 
ompa
t subgroup G of the biholomorphismgroup of (M;J). Then 
 is 
riti
al 
lass if and only ifZM (�gsg)(�g�; �)d�g = 0



CANONICAL K�AHLER CLASSES 593for any tra
e-free harmoni
 (1; 1)-form �. In this expression, � is the Ri

i form ofthe metri
 g, � is the L2 proje
tion (3.2) onto the spa
e of holomorphy potentials, and� is its version (3.3) at the level of (1,1)-forms.Proof. By (3.11), if we further assume that � is a tra
e-free form, we have thatddtE([! + t�℄) jt=0= �4 Z (�s)(��; �)d� ;proving the desired 
riti
al 
lass equation.The following result is now obvious. Its signi�
an
e makes it worthwhile to stateit separately.Corollary 3. For the �rst Chern 
lass to be represented by an Einstein metri
,it must be a 
riti
al 
lass of E.Before 
ontinuing any further, let us 
ompute the Hodge star of the (1; 1)-form��. We know that �� = s2 !n�1(n� 1)! � � ^ !n�2(n� 2)! :On the other hand, sin
e for any primitive (1; 1)-form 
 we have that [14℄�
 = �
 ^ !n�2(n� 2)! ;then we �nd that �i��f = ��f2 !n�1(n� 1)! � i��f ^ !n�2(n� 2)! :Therefore, by (3.10), we obtain that��� = ��+ �i��Gg(s� �s) = �s2 !n�1(n� 1)! ��� ^ !n�2(n� 2)! :The expression above may be used to re-write the �rst variational formula (3.11)in a more 
onvenient manner. We getddtE([! + t�℄) jt=0= � Z (�s)2 !n�1(n� 1)! ^ �+ 4 Z (�s)�� ^ !n�2(n� 2)! ^ � :We now use this result to 
al
ulate the Hessian of the potential energy E ata 
riti
al 
lass 
. We do so by representing the 
lass by a K�ahler metri
 !, and
onsidering deformations of the 
lass of the form [!t℄ = [! + t�℄ where � is a tra
e-free !-harmoni
 (1,1)-form. We insert this 
urve into the �rst variational formula,and 
ompute the t derivative of the result at t = 0. Sin
e (!; �) = 0, we obtain:D2E[!℄([�℄; [�℄)= ddt �4 Z (�tst)�t�t ^ !n�2t(n� 2)! ^ �� Z (�tst)2 !n�1t(n� 1)! ^ ��t=0= �4 Z d(�tst)dt (��; �)d� + 4 Z (�s)d(�t�t)dt ^ !n�2(n� 2)! ^ �+4 Z (�s)�� ^ !n�3(n� 3)! ^ � ^ �� Z (�s)2 ^ !n�2(n� 2)! ^ � ^ � :



594 S. R. SIMANCA AND L. D. STELLINGBy (3.10) we may obtain the Taylor series expansion of �t�t. Indeed, we knowthat �t = �+O(t2) and, sin
e (1� �)2 = 1� �, we have that�t�t = ��+ ti�� � _G (1� �)s� 2G (1 � �) _�s+ G (1 � �) _s�+O(t2) :By (3.8) we have _�s = h _f1; sif1 + hf1; si _f1 ;where df1dt = _p1kp1k � p1kp1k3 Z p1 _p1 :This implies that _�s = _p1 + p1kp1k2 Z _p1(s� 2�s+ 2s0)d� ;and, therefore, (1 � �) _�s = 0 be
ause both p1 and _p1 are holomorphy potentials.Sin
e � has zero tra
e, we also have that _G = �G _�G . Therefore, after a smallsimpli�
ation, we obtain that�t�t = ��+ ti��G (�2(��; �) + 2�(�; �)) +O(t2) :(3.12)By (3.4), we see thatd(�tst)dt = 2�d(�t�t)dt ; !�� 2(��; �) :Hen
e, using (3.12), we obtain d(�tst)dt = �2�(�; �) ;and that allows us to work out the �rst integral in the right side of the expression forD2E[!℄([�℄; [�℄). Indeed, by 
omputing the inner produ
t with holomorphy potentials,we 
an easily show that �(�; �) = �(��; �), and, therefore, the integral in question isnothing but 8h�(��; �); �(��; �)i.In order to study the se
ond integral in the expression de�ning D2E[!℄([�℄; [�℄),we use (3.12) to see thatd(�t�t)dt = i��G (�2(��; �) + 2�(�; �))= i��G ��2(1� �)(�; �) � 2(�; i��G (1 � �)s)� :Sin
e G �����(�s�) is a holomorphy potential, we have that4 Z (�s)d(�t�t)dt ^ !n�2(n� 2)! ^ � = 8 Z (�; i��G (1 � �)s)G �����(�s�)d� ;and this is zero be
ause G �����(�G �����(�s�)) is also a holomorphy potential.Theorem 4. Let 
 be a 
riti
al 
ohomology 
lass of the energy fun
tional E,represented by a K�ahler metri
 g that is invariant under a maximal 
ompa
t subgroup
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 in the dire
tionof tra
e-free harmoni
 (1,1)-forms � and �, is given byD2E[!℄([�℄; [�℄) = 8 Z �(��; �)�(��; �)d� + 4� nn Z (�s)2(�; �)d��4(n� 2)(n� 3)! Z (�s) ((��)0;�(� ^ �))d� :Here � is the L2 proje
tion (3.2) onto the spa
e of holomorphy potentials, � is itsversion (3.3) at the level of (1,1)-forms, � is the Ri

i form of the metri
, (��)0 isthe tra
e-free 
omponent of ��, and �(�^�) is the 
ontra
tion of �^� by the K�ahlerform.Proof. We have seen thatD2E[!℄([�℄; [�℄) = 8 Z �(��; �)�(��; �)d� + 4 Z (�s)�� ^ !n�3(n� 3)! ^ � ^ �� Z (�s)2 ^ !n�2(n� 2)! ^ � ^ � ;and so the result follows if we show thatZ (�s)�� ^ !n�3(n� 3)! ^ � ^ � = �n� 22n Z (�s)2(�; �)d��(n� 2)(n� 3)! Z (�s) ((��)0;�(� ^ �))d� :We may easily show that��� ^ � ^ !n�3(n� 3)!� = �n� 2n (�; �)! + 
 ;where 
 is a tra
e-free (1,1)-form. Therefore,� ^ � ^ !n�3(n� 3)! = �n� 2n (�; �) !n�1(n� 1)! � 
 !n�2(n� 2)! :Let L be the operator dual to �. We know that [�; Lr℄ =Pnq r(n� q� r+1)Lr�1Pq ,Pq the proje
tion onto the q-
omponent of a 
ove
tor. Repeated appli
ation of thisidentity in the expression above leads to the 
on
lusion that
 = �(n� 2)(n� 3)!�(� ^ �) + 
! ;for some s
alar 
. Consequently,Z (�s)�� ^ !n�3(n� 3)! ^ � ^ � = Z (�s)���; ��� ^ � ^ !n�3(n� 3)!�� d�= �n� 22n Z (�s)2(�; �)d� + Z (�s)((��)0; 
)d� ;and the desired result follows from the expression above for 
 be
ause its !-
omponentdoes not 
ontribute to the last integral on the right.
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e and Uniqueness of Criti
al Classes. Let us observe that forany K�ahler metri
 g, the holomorphi
 ve
tor �eld X = �#g �gs only depends upon the
ohomology 
lass of the metri
 and not upon its parti
ular representative. Sin
e theproje
tion onto the 
onstants of �s and s 
oin
ide, if ~g is any other metri
 representingthe same 
lass as that represented by g, then X = �#~g �~gs~g and, by the invarian
e ofthe Futaki 
hara
ter (2.7), we then have thatF(X; [~!℄) = �k�~gs~g � s0k2 = � ZM �~gs~g(s~g � s0) d�~g= � ZM �gsg(sg � s0) d�g= � ZM �gsg(�gsg � s0) d�g= �k�gsg � s0k2 = F(X; [!℄) :Therefore, if for some K�ahler metri
 g we have �gsg a 
onstant, the same will betrue of any other metri
 ~g representing the same 
ohomology 
lass as that of g, and�~gs~g = �gsg . This observation leads to some spe
ial properties exhibited by 
riti
al
lasses of E.Proposition 5. Let 
 be a 
riti
al 
lass for E, and assume that g is a K�ahlerrepresentative su
h that �s is a non-zero 
onstant. Then, this also holds for anyK�ahler representative of 
, and furthermore,�� = �s2n!so ! is in the 
anoni
al 
lass, whi
h therefore must have a sign. If �s is the 
onstantzero, the same result is true if we assume that the 
anoni
al 
lass is zero.Proof. By the 
riti
al 
ondition of Theorem 2, we must have that h�; �i = 0 forany g-tra
e-free harmoni
 (1,1)-form �. The form �� is harmoni
, and its Lefs
hetzde
omposition will be �� = �s2n! + �0 ;with �0 a harmoni
 tra
e-free form. Hen
e, h��; �0i = h�0; �0i = 0, proving that�0 = 0. Consequently, �� = �s2n! ;and sin
e the 
ohomology 
lass of �� is that of 
1, the results follows for g.If ~g is another metri
 representing the same 
ohomology 
lass as that representedby g, the desired result for �~g�~g follows from the remark pre
eding the statement ofthe Proposition.Finally, if �gsg = 0, sin
e �� represents the �rst Chern 
lass, the assumptionimplies that �� = 0. This 
ompletes the proof.Generi
ally, a 
omplex manifold 
arries no holomorphi
 ve
tor �eld other thanthe trivial one. Therefore, if su
h a manifold is of K�ahler type, any representative g ofa 
riti
al 
lass of the energy fun
tional E will ne
essarily have �gsg 
onstant. If this
onstant is not zero, the proposition above implies that the 
riti
al 
lass is the �rstChern 
lass, whi
h therefore must have a sign, either positive or negative depending
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al 
ondition on the 
omplex manifold(M;J).Corollary 6. Let (M;J) be a 
omplex manifold of K�ahler type without non-trivial holomorphi
 ve
tor �elds. Assume that the �rst Chern 
lass 
1 = 
1(M;J) doesnot have a sign. Then, the only 
riti
al 
lasses of the energy fun
tional E, if any, arethose represented by metri
s whose Ri

i tensors have harmoni
 
omponents that aretra
e-free.Theorem 7. Let (M;J) be a 
ompa
t manifold of K�ahler type. Suppose that
1 = 
1(M;J) < 0. Then the energy fun
tional E has only one 
riti
al 
lass, and that
lass is the �rst Chern 
lass 
1.Proof. When 
1 < 0, the manifold does not 
arry holomorphi
 ve
tor �elds otherthan the trivial one. Therefore, for any K�ahler metri
 g, we must have �s a 
onstant,and by (3.5), this 
onstant is not zero. The 
ohomology 
lass of an Einstein metri
 isa 
riti
al 
lass of E, and by Aubin-Yau result [1, 15℄, the 
anoni
al 
lass of (M;J) 
anbe represented by a unique Einstein metri
. So E has 
riti
al points. The uniquenessfollows from Proposition 5.Theorem 8. Let (M;J) be any del Pezzo surfa
e. Then the energy fun
tional Eadmits one an only one 
riti
al 
lass, that 
oin
ides with the 
anoni
al 
lass ex
eptfor the 
ases C P2#C P2 and C P2#2C P2.Proof. By the Hessian formula for E, all 
riti
al 
lasses are lo
al minima. If therewere more than one 
riti
al 
lass, there would have to be a 
riti
al 
lass that is eitherdegenerate or a lo
al maximum, 
ontradi
ting this fa
t.Now, by Tian's work [13℄, ea
h del Pezzo surfa
e of the form C P2#kC P2, 3 �k � 8, admits an Einstein metri
. Hen
e, in those 
ases E has the 
anoni
al 
lass asits only 
riti
al point. On the other hand, both C P2 and C P1 � C P1 are Einstein. Sothe statement is also true for these two del Pezzo surfa
es as well.On C P2#C P2 every K�ahler 
lass is extremal. Using this fa
t, we have veri�edearlier [6℄ by an expli
it 
al
ulation that the energy fun
tional E admits a unique
riti
al 
lass.For C P2#2C P2, LeBrun [8℄ has proven that E admits a 
riti
al 
lass.This result provides the �rst proof of the uniqueness of the 
riti
al 
lass onC P2#2C P2 found by LeBrun [8℄. Numeri
al eviden
e for that was given in [9℄, andthe result proven in [12℄ under the strong assumption that all 
riti
al 
lasses were ex-tremal. The fa
t that this property holds remains an open problem, and we stronglybelieve that to be the 
ase for this parti
ular manifold.Noti
e that the one point and two points blow up of C P2 are ex
eptional in thatthe 
riti
al 
lass is not 
1. In the �rst 
ase, we have proven [6℄ dire
tly that theextremal metri
 representing the 
riti
al 
lass is 
onformally equivalent to the Pagemetri
. As for the LeBrun's 
lass on the two points blow up, if it were represented byan extremal metri
, su
h a metri
 will ne
essarily have positive s
alar 
urvature. Themain theorem in [12℄ |on 
omplex surfa
es, a 
riti
al point of (1.2) is, away from thelo
us of its s
alar 
urvature, 
onformally equivalent to an Einstein metri
| wouldthen imply that it 
an be 
onformally deformed to an Einstein metri
 of 
onstantpositive 
urvature. We 
onje
ture this to be the 
ase, fa
t that will follow if wemerely verify that the 
riti
al 
lass of the fun
tional E in C P2#2C P2 is extremal.
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