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tion. A deformation quantization of a smooth manifold M is byde�nition a formal multipli
ation law on the spa
e C1(M)[[~℄℄f � g = fg +Xk�1(i~)kPk(f; g);where � is an asso
iative ~-linear produ
t satisfying1i~ (f � g � g � f) = ff; gg+O(~):One usually requires Pk to be lo
al, i.e. bidi�erential, expressions in f and g. It isalso 
onvenient to assume that 1 � f = f � 1 = f:[2℄. A powerful theorem of Kontsevi
h [24℄ states that there is a bije
tion betweenthe set of isomorphism 
lasses of deformations of C1(M) and the set of equivalen
e
lasses of formal Poisson stru
tures (i.e., of formal series $ =Pk�0 ~k$k satisfying[$;$℄ = 0 where f; g is the S
houten-Nijenhuis bra
ket). In this paper, we 
lassifydeformations for a 
lass of Poisson stru
tures for whi
h expli
it methods of Fedosovwork. Using those methods, we prove an index theorem for this 
lass of deformations.In the 
ase when M is a symple
ti
 manifold it is known that deformation quan-tizations always exist [9℄ and are 
lassi�ed by the points of the homogeneous spa
e1i~! + H2(M; C [[~℄℄) [31℄, [8℄, [9℄. A simple geometri
 
onstru
tion of deformationquantization of a symple
ti
 manifold was given in [13℄ by Fedosov.Fedosov's methods are well suited for study of a more general 
lass of Poissonmanifolds. In this paper we generalize both them and the 
lassi�
ation results of [31℄to the Poisson stru
tures asso
iated with symple
ti
 Lie algebroids (this generality wassuggested to us by A. Weinstein who also independently 
arried out the 
onstru
tionof Fedosov 
onne
tions in [40℄).A Lie algebroid is a ve
tor bundle E over M whose sheaf of se
tions is a sheaf ofLie algebras and a morphism of bundles� : E ! TMsatisfying �[�; �℄ = [�(�); �(�)℄�Re
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600 R. NEST AND B. TSYGANand [f�; �℄ = f [�; �℄� L�(�)(f)�for f in C1(M) and �; � in �(M;E).Given a Lie algebroid, one 
an de�ne the E-di�erential formsE
�(M) = �(M;�E�)and the de Rham di�erential d : E
�(M)! E
�+1(M)(using the 
lassi
al Cartan formula). A symple
ti
 Lie algebroid is a Lie algebroid(E; [ ; ℄; �) together with a non-degenerate 
losed element of E
2(M). One 
ande�ne an E-
onne
tion on a ve
tor bundle F as an operator �(M;F ) ! E
1(M;F )satisfying standard properties. The typi
al examples of symple
ti
 Lie algebroids areas follows� Symple
ti
 manifoldsThe Lie algebroid in question is just the sheaf of ve
tor �elds onM and the de-formation theory is determined by the se
ond 
ohomology groupH2(M; C [[~℄℄).� Constant rank Poisson stru
turesThe Lie algebroid is given by the sheaf of ve
tor �elds tangent to the leavesof a Poisson foliation and the deformation theory is determined by the se
ond
ohomology group H2(M;Ohor[[~℄℄) (with 
oeÆ
ients in the sheaf of leafwise
onstant fun
tions).� Symple
ti
 stru
tures with logarithmi
 singularities along submanifolds of 
o-dimension oneThe Lie algebroid is given by the sheaf of ve
tor �elds whose restri
tion tothe submanifold is tangent to this submanifold, and the deformation theoryis determined by the se
ond 
ohomology group bH2(M; C [[~℄℄), the de Rham
ohomology of di�erential forms with logarithmi
 singularities.� Manifolds with 
ornersThe Lie algebroid is given by a subsheaf of the sheaf of ve
tor �elds whose re-stri
tions to the boundary are tangent to the strata at the boundary. The de-formation theory is determined by the se
ond 
ohomology groupbH2(M; C [[~℄℄), the de Rham 
ohomology of di�erential forms with logarith-mi
 singularities along the boundary.� Compa
ti�ed 
otangent bundlesFor a manifold X , one 
an 
ompa
tify its 
otangent bundle T �X by addingthe 
osphere bundle S�X to get the 
losed ball bundle B�X . Let E be theLie algebroid of �elds on B�X whose restri
tion to S�X is tangent to the�bres S�x, x 2 X . One 
an show that the standard symple
ti
 form on T �Xextends to an E-symple
ti
 form on B�X .� Complex symple
ti
 manifoldsThe Lie algebroid is given by the sheaf of ve
tor �elds of type (1,0), and thedeformation theory involves both deformation of the holomorphi
 stru
tureand deformation of the produ
t. In this 
ase, there are natural obstru
tionsto 
onstru
tion of deformations. These obstru
tions are related to the Hodgespe
tral sequen
e. When they vanish, the deformations are again 
lassi�ed
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hara
teristi
 
lass, but the spa
e of 
hara
teristi
 
lasses allowed isa proper (non linear) submanifold of H2DR(M)[[~℄℄.In the 
ontext of a symple
ti
 Lie algebroid one has to be 
areful as to what is aformal deformation. One 
an de�ne the algebra of E-di�erential operators EOp(M) asthe abstra
t algebra generated by C1(M) and �(M;E) subje
t to obvious relations.This is in itself a deformation of the 
ommutative algebra �(M;S�E). The morphism� de�nes a (not ne
essarily inje
tive) homomorphism of EOp(M) to the algebra ofall di�erential operators on M . It is therefore more natural to 
all a deformation aformal power series $ =Xk�0(i~)kPkwhere Pk are E-bidi�erential operators, P0(f; g) = fg and P1(f; g)�P1(g; f) = ff; gg.One imposes a natural asso
iativity 
ondition on $. Isomorphisms of deformationsare de�ned similarly, as well as derivations.The main 
lassi�
ation results of this paper 
an be summarized as follows.Theorem 1.1. Let (E; [ ; ℄; �; !) be a symple
ti
 Lie algebroid on M . Theset of isomorphism 
lasses of E-deformations A ~(M) of (E; [ ; ℄; �; !) is in bije
tive
orresponden
e with the spa
e 1i~! + EH2(M; C [[~℄℄);where EH2(M; C [[~℄℄) is the se
ond 
ohomology group of the E-de Rham 
omplex.The 
ohomology 
lass � asso
iated to the deformation by the above theorem is 
alledits 
hara
teristi
 
lass.Theorem 1.2. Let A ~ (M) = (C1(M)[[~℄℄); �) be an E-deformation of M . Thereexists a Lie algebra extension0! Ad(A ~ (M))! EDer(A ~ (M))! EH1(M; C [[~℄℄) ! 0:In 
ase of 
omplex manifolds (
f. se
tion 5 whi
h 
an be read independentlyof the rest of the paper), a question related to the 
lassi�
ation problem above isto 
lassify all deformations of the sheaf of algebras of holomorphi
 fun
tions on a
omplex manifold M with a holomorphi
 
omplex stru
ture. By de�nition, su
h adeformation is a stru
tre of a sheaf of algebras on OM [[~℄℄ whi
h is equal to OMmodulo ~ and su
h that the lo
al multipli
ation law and the transition isomorphismsare given by the power series in ~ with 
oeÆ
ients in (bi)di�erential operators. Forany deformation, one 
an de�ne its 
hara
teristi
 
lass � as in the smooth 
ase. Givena 
omplex manifold M , let F �
(�;�) denote the de
reasing �ltration of the de Rham
omplex of M given by F i
(�;�)(M) = Xk�i;l�0
(k;l)(M):(1.1)Theorem 1.3. Let (M;!) be a 
omplex manifold with a holomorphi
 symple
ti
stru
ture !, su
h that the mapsH i(M; C ) ! H i(M;OM ); i = 1; 2(1.2)
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tive. The set of isomorphism 
lasses of formal deformations of (M;!) is inbije
tive 
orresponden
e with H2(F 1
�;�(M); d)[[~℄℄. Moreover there exists a familyof smooth (nonlinear) maps:�n : fH2(F 1
�;�(M); d)gn ! H2(M;OM ))(1.3)su
h that the 
hara
teristi
 
lass of the deformation asso
iated to �0 + ~�1 + : : : isgiven by the sum 1i~! +Xn ~n(�n + �n(�0; : : : ; �n�1)):(1.4)The asso
iated formal deformation of the sheaf of algebras of holomorphi
 fun
tionsis lo
ally isomorphi
 to the Weyl deformation of holomorphi
 fun
tions on an openpolydis
 in C dimM .The maps �n are related to Rozanski-Witten invariants and to the homotopyLie algebra stru
ture of Kapranov [37℄, [22℄. This relation will be dis
ussed in asubsequent paper.The basi
 tool used below is a notion of E-jets, a generalization of the notion ofin�nite jets of smooth fun
tions to the 
ase when the Lie algebroid in question is notidenti
al with the sheaf of ve
tor �elds onM (
omp. [10℄, [11℄, [36℄). In the 
ase whenthe stru
tural morphism � is inje
tive at the level of se
tions of E, the bundle EJetsis the bundle of algebras of formal Taylor 
oeÆ
ients in the dire
tions given by ve
tor�elds from �(E).For example, in the 
ase whenM = fx 2 Rn jx1 � 0; : : : ; xk � 0g;E-jets at the points of the stratumfxjxi = 0 () i 2 fi1; : : : ilg gare formal power series inxi; i 6 2fi1; : : : ; ilg; and log(xi1); : : : ; log(xil):The bundle EJets 
arries a natural 
at E-
onne
tion whi
h we 
all Grothen-die
k 
onne
tion ([20℄,[23℄), and the algebra of horizontal se
tions 
an be identi�edwith the algebra of smooth fun
tions on M . Moreover, the symple
ti
 stru
ture onthe Lie algebroid indu
es on EJets a stru
ture of a bundle of Poisson algebras.A formal deformation of M in our general sense 
an be also de�ned as a �berwiseformal deformation of this bundle of (lo
al, 
omplete) Poisson algebras 
ompatiblewith the Grothendie
k 
onne
tion.On the other hand, given a symple
ti
 stru
ture ! on E, one 
an 
onstru
t theasso
iated Weyl bundle EW whose �bre at a point is linearly isomorphi
 to the
ompleted symmetri
 algebra Ŝ�(E�)[[~℄℄. This is naturally a bundle of algebras withthe �bers endowed with the algebra stru
ture given by the Weyl produ
t.Now, given a formal deformation �, EJets be
omes a bundle of algebras and one
an show that EJets �! EW
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anoni
ally) as bundles of algebras. The image of the Grothendie
k 
onne
tionunder this isomorphism provides a 
at 
onne
tion on EW preserving the multipli-
ation and having some additional properties (a Fedosov 
onne
tion). Thus anyformal deformation gives a Fedosov 
onne
tion on the Weyl bundle. On the otherhand, given a Fedosov 
onne
tion on the Weyl bundle, the algebra of 
at se
tions islinearly isomorphi
 to C1(M)[[~℄℄ and one 
an de�ne the deformed produ
t � on thebundle of E-jets.Note that a Fedosov 
onne
tion r is a 
at 
onne
tion with values in the Liealgebra g = Der(A ~ ), where A ~ denotes the Weyl algebra of the standard linearsymple
ti
 spa
e. There is the natural 
entral extension0! C [[~℄℄ ! ~g! g! 0The 
hara
teristi
 
lass of the deformation 
an be 
omputed as the 
urvature12 [ ~r; ~r℄ for any ~g-lifting ~r of r.As one of the appli
ations of the results of this paper, let us mention the indextheorems for ellipti
 operators in various 
ontexts. The main point is that symbol
al
ulus of pseudodi�erential operators is a formal deformation in a disguise (see[33℄). Moreover, the standard tra
e on the tra
e 
lass pseudodi�erential operators
orresponds to the unique tra
e on a formal deformation of any symple
ti
 manifold.As the result, the pre
ise information about formal deformations of a 
onstant rankPoisson stru
ture asso
iated to a foliation allows one to prove higher index theoremsfor foliation algebras (see [31℄).More generally, let E be a symple
ti
 Lie algebroid on a manifold M . Given itsdeformation, we de�ne a tra
e density map�~ : CCper� (A ~ (M))! (E
2n��(M)((~))[u�1; u℄℄; d)where the left hand side is the periodi
 
y
li
 
omplex of the deformed algebra offun
tions. We 
ompute (theorem 6.1) the a
tion of this map on 
ohomology in termsof redu
tion modulo ~ (the prin
ipal symbol map)CCper� (A ~ (M))! CCper� (C1(M));of Connes' morphism CCper� (C1(M))! 
�(M)[u�1; u℄℄; of the 
hara
teristi
 
lass �of the deformation, and of the Â 
lass of the bundle E. This theorem generalizes theindex theorems from [14℄, [30℄, [31℄. It allows to give a new proof of a re
ent theoremof Epstein and Melrose [12℄. An analogous theorem for 
omplex manifolds, proven in[3℄, implies a Riemann-Ro
h theorem for ellipti
 pairs 
onje
tured by S
hapira andS
hneiders [38℄.Note that, 
onje
turally, theorem 6.1 holds for any Poisson stru
ture. This 
on-je
ture relies on a general formality 
onje
ture for 
hains [39℄ whi
h is an analog of theformality theorem of Kontsevi
h [24℄ for the 
omplexes of 
y
li
 
hains. If true, thegeneralized theorem 6.1 allows to generalize the Â 
lass of the tangent bundle of thefoliation of symple
ti
 leaves to the 
ase when a Poisson stru
ture is not ne
essarilyregular.Remark 1.4. The whole idea of applying formal methods to geometry stemsfrom the papers of I.M. Gelfand and his 
ollaborators ([18℄,[19℄), and espe
ially oneof the aims of developing the theory of formal deformations and asso
iated 
hara
-teristi
 
lasses as in [31℄ is to apply the ma
hinery of index theorems in the 
ase of
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orners to 
ombinatorial study of 
hara
teristi
 
lasses. The se
ond autor is gratefulto B.L.Feigin and to I.M. Gelfand for many fruitful insights of this subje
t and itsappli
ations to index theory.2. Generalized Jet Spa
es.2.1. Lie algebroids. We will re
all below some of the standard notions 
on-ne
ted with Lie algebroids [26℄, [35℄, [1℄.Definition 2.1. Let M be a smooth manifold. A Lie algebroid on M is atriple (E; �; [ ; ℄), where E is a ve
tor bundle E on M , [ ; ℄ is a Lie algebra stru
tureon the sheaf of se
tions of E, and � is a map of ve
tor bundles� : E ! TMsu
h that the indu
ed map �(�) : �(M;E)! V e
t(M)is a Lie algebra homomorphism and, for any se
tions � and � of E and a smoothfun
tion f on M , the following identity holds:[�; f� ℄ = �(�)(f) � � + f [�; � ℄:As a matter of notation, we will use gE to denote the Lie algebra (�(M;E); [ ; ℄), andwill regard C1(M) as a left gE-module with the a
tion given by �(�) and, for � 2 gEand f 2 C1(M), �f def= (�(�)(�))fNote also that gE is a left C1(M)-module. From now on we will abbreviate �(�) by�. The following 
onstru
tion gives a natural generalization of the de Rham 
omplexfor a Lie algebroid.Definition 2.2. Let (E; �; [ ; ℄) be a Lie algebroid on M . The E-de Rham
omplex (E
�(M);Ed) is given byE
�(M) = �(M;��(E�));Ed!(�1; : : : ; �k+1) == ( Pi (�1)i�i!(�1; : : : ; �̂i; : : : ; �k+1)+ Pi<j (�1)i+j�1!([�i; �j ℄; �1; : : : ; �̂i; : : : ; ; �̂j ; : : : ; �k+1): ) :(2.1)The 
ohomology of this 
omplex will be denoted by EH�(M) and 
alled the E-de Rham
ohomology of M .A E-
onne
tion on a ve
tor bundle F on M is a linear mapr : �(F 
 ��(E�))! �(F 
 ��+1(E�))satisfying the Leibnitz identity:r(f�) = Edf� + fr(�):Note that the above de�nition makes sense be
ause lo
al se
tions of E are 
losedunder Lie bra
ket. However, in distin
tion to the standard de Rham 
omplex,(E
�(M);Ed) is not lo
ally a
y
li
 and hen
e does not give an a
y
li
 resolutionof C1(M).



DEFORMATIONS OF LIE ALGEBROIDS AND INDEX THEOREMS 6052.2. E-Di�erential operators and E-jets.Definition 2.3. Let (E; �; [ ; ℄) be a Lie algebroid on M . The sheaf of E-di�erential operators EOp on M is given byU 7! EOp(U) = T= � �� � �� � [�; � ℄�(f�) � (f�)� � �(f)� � :Here T is the free graded algebra generated by ve
tor spa
es C1(M) (of degree 0) andgE (of degree 1). The sheaf of algebras EOp is equipped with the left a
tion of the sheafOM of smooth fun
tions on M . Moreover, the grading of the algebra T des
ends to a�ltration EOpn of EOp. The se
tions of EOpn will be 
alled E-di�erential operatorson M of degree � n.The subsheaf of E-di�erential operators without zero order term, EOp+(M) isde�ned as the left ideal generated by the image of the mapE ! EOp(M):Let us re
ord the following resultLemma 2.4 (Poin
ar�e-Birkho�-Witt).GrEOp(M) ' �(M;S(E))We will refer for the proof to [29℄.Remark 2.5. Note that in the degenerate 
ase, when � vanishes, this is thestandard Poin
ar�e-Birkho�-Witt theorem applied �berwise to a bundle of Lie alge-bras.Definition 2.6. Let (E; �; [ ; ℄) be a Lie algebroid on M . The spa
e of E-jetson M is the linear spa
eEJets(M) = HomC1(M)(EOp(M); C1(M)):We set EJets+(M) = HomC1(M)(EOp+(M); C1(M)):Proposition 2.7. In the above notation, EJets(M) is the spa
e of global se
tionsof a pro�nite-dimensional ve
tor bundle EJets. The equation8 D 2 EOp(M); � 2 gE; rG(�)l(D) = �l(D)� l(�D) :de�nes on the bundle EJets a 
at E-
onne
tion whi
h we will 
all the Grothendie
k
onne
tion.Proof. Let U be a lo
al 
oordinate system on M su
h that EjU ' U � Rn . Wedenote by (e1; : : : ; en) the asso
iated basis for �(U ;E). By Poin
ar�e-Birkho�-Witttheorem, e� = Yi=1;::: ;n e�ii�i! ; � = (�1; : : : ; �n) 2 (N [ 0)n(2.2)



606 R. NEST AND B. TSYGANform a basis of E-di�erential operators over C1(U). Let l� denote the family of E-jetsgiven by l�(e�) = Æ�;�:The C1(U)-linear map C1(U)
 ŜRn ' EJets(U)given by sending the symmetri
 tensorÆ�11 : : : Æ�nn ; fÆigi=1;::: ;n the standard basis of Rnto l� de�nes lo
al trivializations and hen
e a bundle stru
ture on the E-jets with the�ber ŜRn .Sin
e the transition fun
tions are given by symmetri
 powers of matri
es withsmooth 
oeÆ
ients, this gives the required pro�nite-dimensional ve
tor bundle stru
-ture. The fa
t that rG is a 
at E-
onne
tion is a dire
t reformulation of the de�nitionof a Lie algebroid.Example 2.8. Suppose that M is just a single point. Then the Lie alge-broid is given by a Lie algebra ~g, the E-jet bundle 
oin
ides with the 
ompletedsymmetri
 power Ŝ~g� and the E-de Rham 
omplex with 
oeÆ
ients in EJets with theGrothendie
k 
onne
tion gives (��~g� 
 Ŝ�~g�; �)where � denotes the Koszul di�erential.Proposition 2.9. The mapC1(M) EJ! EJets(M)f 7! fD 7! �(D)fgis an isomorphism onto the kernel of the Grothendie
k 
onne
tion rG.Proof. Given an element l of EJets(M), rGl = 0 is, by 
atness of rG, equivalentto l(D) = �(D)l(1):This implies the 
laim of the proposition.Let �0 be the 
oprodu
t on the universal enveloping algebra U(gE) of the Liealgebra gE . It is a homomorphism of algebrasU(gE) ! U(gE)
 U(gE);8� 2 gE : � �07! � 
 1 + 1
 �:(2.3)Proposition 2.10. The dual of the 
oprodu
t �0 indu
es on both EJets andEJets+ the stru
ture of bundles of 
ommutative algebras with �bers at a point m givenby Ŝ(E�m) (respe
tively the augmentation ideal Ŝ+(E�m)). The Grothendie
k 
onne
-tion is a derivation with respe
t to this algebra stru
ture. The bundles of algebrasEJets and Ŝ(E�) are (non-
anoni
ally) isomorphi
.



DEFORMATIONS OF LIE ALGEBROIDS AND INDEX THEOREMS 607Proof. To begin with, note that an E-jet is a linear mapl 2 Hom(U(gE); C1(M))su
h that 8� 2 gE : l(f� : : : ) = fl(� : : : );8�; � 2 gE : l(: : : �(f�) : : : ) = l(: : : (f�)� : : : ) + l(: : : �(�)(f)� : : : )From this it is easy to 
he
k that the transpose of �0, given by(l1l2)(D) = (l1 
 l2)(�0(D));is in fa
t well de�ned and, sin
e �0 is symmetri
, de�nes a 
ommutative algebrastru
ture on E-jets. Sin
e all the other statements are lo
al, it suÆ
es to work withina trivializing neighbourhood U of a point ofM and we will use the representation (2.2)for the elements of EOp(U). The �ltration by order on EOp(U) indu
es a 
ompletede
reasing �ltration EJets(U) = F0 � F1 � F2 � : : :on EJets(U) and the Poin
ar�e-Birkho�-Witt theorem implies thatGr(EJets(U)) = C1(U)
 Ŝ(Rn�):Sin
e the 
omplete lo
al algebra Ŝ(Rn�) has no deformations in the 
lass of 
ommu-tative algebras, this implies in parti
ular thatEJets(U) ' C1(U)
 Ŝ(Rn�):An expli
it isomorphism 
an be 
onstru
ted as follows. Let (l1; : : : ; ln) be the E-jetsde�ned by li(ej) = Æij ; li(ek1ek2 : : : ekl) = 0 for l > 0:It is easy to see that the mapEJets(U) 3 l 7!X� l(e�)e�gives the required isomorphism (fe�g being the dual basis to fe�g).To prove the last statement of the proposition, note that for a good 
over fUig onehas the isomorphisms �i : EJetsjUi ' Ŝ(E�)jUi. The transition isomorphisms gij =�i��1j take values in the pronilpotent group of those automorphisms of Ŝ(E�) whosederivative at zero is equal to the identity. Therefore the 
o
y
le fgijg is 
ohomologousto the trivial 
o
y
le.2.3. Symple
ti
 Lie algebroids.Definition 2.11. A symple
ti
 Lie algebroid stru
ture on M is a pair((E; �; [ ; ℄); !), where (E; �; [ ; ℄) is a Lie algebroid stru
ture on M and ! is a 
losedE-two-form on M su
h that the asso
iated linear map:gE � gE 3 (X;Y ) 7! !(X;Y ) 2 C1(M)



608 R. NEST AND B. TSYGANis a symple
ti
 stru
ture on E. Whenever possible, we will abreviate the notation forthe symple
ti
 Lie algebroid to (E;!).A symple
ti
 Lie algebroid stru
ture (E;!) on M leads to an asso
iated Poissonbra
ket whi
h we will 
onstru
t and study below. To begin with, the de�nition abovegives us an isomorphism: I! : Em ! E�m:Given a smooth fun
tion f onM , we de�ne the asso
iated Hamiltonian ve
tor�eld Hf as the image of f under the 
omposition:H : C1(M) d! 
1(M) �t! �(M;E�) I�1!! �(M;E) �! V e
t(M):(2.4)Lemma 2.12. Let (E;!) be a symple
ti
 Lie algebroid stru
ture on M . Theequation ff; gg = Hfg(2.5)de�nes a Poisson stru
ture on M . Moreover the following identity holds[Hf ; Hg ℄ = Hff;gg:(2.6)Proof. It is obvious from the 
onstru
tion that Hf is a ve
tor �eld in �(gE). Alsofrom the 
onstru
tion we get the equality:ff; gg = !(I�1! �tdf; I�1! �tdg):This gives the skew symmetry of ff; gg, while the (Ja
obi) identity:ff; fg; hgg+ fg; fh; fgg+ fh; ff; ggg = 0is equivalent to Ed!(I�1! �tdf; I�1! �tdg; I�1! �tdh) = 0(re
all that ! is a 
losed E-form).Definition 2.13 (Poisson bra
ket on jets). Let, as above, (E;!) be a symple
ti
Lie algebroid stru
ture on M . Let $ =Xi ei 
 fibe the antisymmetri
 tensor in �(M;E
2) whi
h is the image of ! under the isomor-phism I! 
 I!. The f ; g is the skew-symmetri
 C1(M)-bilinear map given byEJets(M)� EJets(M) f ; g�! EJets(M)(l1; l2) 7! fD 7! (l1 
 l2)(�0(D) �Pi ei 
 fi)g:(2.7)In the 
ase of � = 0 this is known as the bra
ket of Berezin-Kirillov-Kostant-Souriau.Theorem 2.14. (EJets; f ; g) is a bundle of Poisson algebras over M , with �berisomorphi
 to the Poisson algebra(R[[x1 ; : : : ; xn; �1; : : : ; �n℄℄; f ; gst)



DEFORMATIONS OF LIE ALGEBROIDS AND INDEX THEOREMS 609where n= 12rankE and ff; ggst = nXi=1 (�xif��ig � ��if�xig)Proof. To begin with, let us prove that (EJets; f ; g) is a bundle of Poissonalgebras. Sin
e this is a lo
al statement and sin
e ! is nondegenerate, we 
an assumethat (e1; : : : ; en; f1; : : : ; fn) form a basis for the spa
e of se
tions of E. We set$ =Xi ei 
 fi:From the de�nition it follows immediately that the following equivalen
es hold:0) � 8l1;l2;l3 fl1; l2g = �fl2; l1g 	() f$ is antisymetri
 g1) � 8l1;l2;l3 fl1; l2l3g =l2fl1; l3g+ l3fl1; l2g �() � �
�0(�0(D) �$) =(id+ �23)((�0 
 �(�0(D)) �$ 
 1) �2) � 8l1;l2;l3 fl1; fl2; l3gg+ 
y
li
 permutations = 0 �() � Pij eiej 
 fi 
 fj + ei 
 fiej 
 fj+ 
y
li
 permutations = 0 �But 0) holds by 
onstru
tion, 1) is a straightforward 
onsequen
e of the 
oasso
iativityof �0 and the way it a
ts on gE , while 2) is easily seen to be equivalent to[$;$℄ = 0 in (�(M;�3E); S
houten bra
ket);whi
h is in turn equivalent to the fa
t that ! is a 
losed E-form.To prove the rest of the theorem, it is usefull to get a more expli
it representationof the Poisson stru
ture. So still working lo
ally, let us re
all thatEJets(U) ' C1(U)
 Ŝ(R2n�);with l 2 �(U ;E�) giving a generating set of �rst order E-jets (in the grading of Ŝ).Sin
e ! is non degenerate, we 
an 
hoose as �rst order se
tionse� = !(e; �); for e 2 �(U ;E):Now fe�; f�g(1) = !(e; f)by the de�nition of the bra
ket, and hen
efe�; f�g = !(e; f)1 + higher order terms :In other words, f ; g gives a Poisson stru
ture on R[[x1 ; : : : ; xn; �1; : : : ; �n℄℄ asso
iatedto a symple
ti
 stru
ture. An appli
ation of the formal Darboux theorem �nishes theproof.



610 R. NEST AND B. TSYGAN3. Formal Deformations.3.1. Basi
 de�nitions.Definition 3.1. Let A be an asso
iative unital algebra over a unital ring k. Aformal deformation of A is a stru
ture of an asso
iative algebra over k[[~℄℄ on A[[~℄℄given by a produ
t � of the formf � g = fg + 1Xi=1 ~i$i(f; g)(3.1)and 1 � f = f � 1 = fAn isomorphism of two deformations � and �0 is a formal seriesT (a) = 1+Pk�1 ~kTk(a) su
h that T (a) � T (b) = T (a �0 b). A deformation quantiza-tion of a smooth manifoldM is a deformatin of C1(M) for whi
h $k are bidi�erentialoperators. An isomorphism of su
h deformation quantizations is an isomorphism of
orresponding deformations for whi
h Tk are di�erential operators.Notation 3.2. Given a formal deformation of a Poisson manifold (M; f; g), thealgebra (C1(M)[[~℄℄; �) will be denoted by A ~ (M).A general 
onstru
tion of deformations of Poisson stru
tures is given in [24℄3.2. Weyl deformation.Definition 3.3. Let (V; !) be a symple
ti
 ve
tor spa
e over a �eld k 
ontainingthe square root of �1. Let TV denote the tensor algebra of V . The Weyl algebra of(V; !) is the asso
iative algebra over the ring of formal power series k[[~℄℄ given byW (V ) = TV=(v 
 w � w 
 v � i~!(v; w));(3.2)
ompleted in (~; V )-adi
 topology.Note that V ; W (V )is a fun
tor from the 
ategory of �nite dimensional symple
ti
 ve
tor spa
es to the
ategory of �nitely generated 
omplete graded algebras over k[[~℄℄. The grading onW (V ) is j~j = 2 and, for any v 2 V , jvj = 1:(3.3)A parti
ular 
ase of this de�nition will deserve a separate name. LetV = R2nwith 
oordinates x = (x1; : : : ; xn); � = (�1; : : : ; �n):Let !st be the symple
ti
 form on V given by!st(xi; xj) = !st(�i; �j) = 0; !st(�i; xj) = Æi;j :



DEFORMATIONS OF LIE ALGEBROIDS AND INDEX THEOREMS 611The algebra A ~ (C 2n ; !st 
R 1) will be 
alled the Weyl algebra and will be denotedby Â ~ . Its generators, image of the above basis for R2n in Â ~ , will be denoted byx̂1; �̂1; : : : ; x̂n; �̂n:(3.4)Notation. Denote by ~g the Lie algebraf~�1�j� 2 Â ~ ; i� real mod ~g;and by g the quotient:f~�1�j� 2 Â ~ ; i� real mod ~g=fi~�1R + C [[~℄℄g;both with the bra
ket given by [f; g℄ = f � g � g � f:We give ~g the grading ~g = Yn��2 ~gn;with the grading indu
ed by the grading of Â ~ and set~g0 = Yn�0 ~gn:We will use the same notation for the indu
ed grading on g, so thatg = Yn��1 gnNote that the group G0 of 
ontinuous automorphisms of Â ~ is a pro�nite di-mensional Lie group with the Lie algebra g0. It 
ontains as a subgroup the groupG0 = Sp(2n) of linear automorphisms of Â ~ and the quotientG0= Sp (2n)is 
ontra
tible (�= R1 ). We set Gn = exp(g�n):Definition 3.4. The Weyl deformation of R2n is the formal deformation ofthe Poisson manifold (R2n ; !st) given by the (Moyal) produ
t(f � g)(x; �) = exp i~2 nXk=1 (�xk��k � ��k�yk)! f(x; �)g(y; �) j(x=y;�=�) :(3.5)



612 R. NEST AND B. TSYGANWe denote by A ~
 (R2n ) the ideal of (A ~ (R2n ); �) 
onsisting of formal power series in~ with 
oeÆ
ients of 
ompa
t support. (A ~ (R2n ); �) will be always 
onsidered as atopologi
al algebra, with the ~-adi
 topology (and C1-topology in 
oeÆ
ients)Sin
e the Moyal produ
t is lo
al, it de�nes a sheaf of asso
iative algebras on R2n :U ! (A ~(U); �);where A ~ (U) is the linear spa
e C1(U)[[~℄℄.Theorem 3.5. Let U be an open 
onne
ted subset of R2n . The 
enter of A ~ (U)is C [[~℄℄ � 1 and A ~
 (U) has a unique (up to a s
alar multiple), 
ontinuous, C [~�1 ; ~℄℄-valued tra
e Tr given by Trf = 1(i~)nn! ZU f!nst(3.6)Proof: 
f. [14℄The Weyl deformation is a spe
ial 
ase of the following 
onstru
tion. Let the
oordinates on R2n be given byx = (z1; : : : ; z2k; y1; : : : ; yl; �1; : : : ; �l; x1; : : : ; xm; �1; : : : ; �m)and set f ; g =Xi�k zizi+k�zi ^ �zi+k +Xi�l yi�yi ^ ��i +Xi�m �xi ^ ��i :(3.7)Definition 3.6. The Weyl deformation of R2n asso
iated to the Poisson stru
-ture (3.7) is given byf � g = exp i~2 nXi=1 Di 
Ei �Ei 
Di! f(x)g(�x) jx=�x;where Di = 8<: zi�zi for i = 1; : : : ; kyi�yi for i = 2k + 1; : : : ; 2k + l�xi for i = 2k + 2l+ 1; : : : ; 2k + 2l+m ;and Ei =8<: zi+k�zi+k for i = 1; : : : ; k��i for i = k + 1; : : : ; k + l��i for i = k + l + 1; : : : ; k + l +m
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iated to symple
ti
 Lie algebroids, Fe-dosov 
onstru
tion . Let (E; [; ℄; �; !) be a symple
ti
 Lie algebroid over a smoothmanifold M . Re
all that we have asso
iated to E the following stru
tures.� A Poisson stru
ture f ; gE on M given by a skew-symmetri
 tensor$1 2 gE 
C1(M) gE :� A left OM -module EOp (the sheaf of E-di�erential operators).� The bundle EJets of Poisson algebras isomorphi
 (not 
anoni
ally) as a pro�-nite ve
tor bundle to Ŝ(E�).We set n = 12 rankE and will �x this notation throughout this se
tion.Definition 3.7. An E-deformation ofM is a formal deformation of the Poissonmanifold (M; f ; gE) with a �-produ
t of the formf � g = f � g + Xl;k�1 �(i~)k�(Dl;k)(f) � �(El;k)(g)� ;(3.8)where Dk and Ek are E-di�erential operators on M , the tensor$E = 1
 1 + i~$1 + Xl;k�2 �(i~)k(Dl;k)
 (El;k)� 2 EOp(M)
C1(M) EOp(M)satis�es the equation(�0 
 id)($E) � 1
$E = (id
�0)($E) �$E 
 1;(3.9)and 1i~(f � g � g � f) = ff; ggE +O(~)The 
orresponding asso
iative algebra (C1(M)[[~℄℄; �) will be denoted by A ~ (M).This de�nition has as a 
orollary the following lemma, whi
h will allow us to thinkof the 
ategory of E-deformations.Lemma 3.8. Let (E; [; ℄; �; !) be a symple
ti
 Lie algebroid on M . Given an E-deformation, the asso
iated tensor $E indu
es a stru
ture of a pro�nite dimensionalbundle of asso
iative algebras on EJets
R C [[~℄℄:We will denote this bundle of algebras by (EJets; �). The Grothendie
k 
onne
tionextends to a 
at 
onne
tion rG 
C id satisfying the Leibnitz identity:rG(l1 � l2) = rG(l1) � l2 + l1 � rG(l2):Proof. The de�nition of a E-deformation the gives a tensor of the form$E =Xik;k �(i~)kDikk 
C1(M) Eikk )� ;(3.10)where Dikk and Dikk are E-di�erential operators on M . We set, for a pair of se
tions(l1; l2) of EJets
R C [[~℄℄,(l1 � l2)(D) = (l1 
 l2)(�0(D) �$E):(3.11)



614 R. NEST AND B. TSYGANLet X 2 �(M;E) and E;F be E-di�erential operators on M . The identity�0(X)(fE 
 F �E 
 fF ) = (Xf 
 1� 1
Xf)E 
 Fshows that l1 � l2 depends only on the 
lass of $E inEOp(M)
C1(M) EOp(M):The asso
iativity of the �-produ
t on EJets is equivalent to (3.9).Definition 3.9. A morphism of two E-deformations �1 and �2 of M is analgebra homomorphism of spa
es of se
tions of the asso
iated E-jet bundles� : (�(M;EJets); �1)! (�(M;EJets); �2)whi
h preserves the subspa
e of rG-
at se
tions in �(M;EJets). A derivation of anE-deformation � is a derivation of the algebra (�(M;EJets); �) whi
h preserves thesubalgebra of rG-
at se
tions.Remark 3.10. The main point of the above 
hoi
e of de�nitions is the fa
tthat in our general 
ontext the algebra (A ~ (M); �) does not 
arry enough informationabout the Lie algebroid E to determine the produ
t on E-jets. As a typi
al example,in the 
ase when the stru
ture map� : E ! T (M)is zero, an E-deformation is a nontrivial deformation of a bundle of symple
ti
 Liealgebras preserving the bundle stru
ture, while (A ~ (M); �) is just the undeformedalgebra of C [[~℄℄-valued smooth fun
tions onM . However, in the 
ase of most interestfor us � will be inje
tive on gE and in this 
ase the deformation of the algebra ofsmooth fun
tions for whi
h the *-produ
t is given by E-bidi�erential operators hasa unique extension to a deformation of the bundle EJets and hen
e de�nes an E-deformation. As it turns out, the repla
ement of the algebra of smooth fun
tions bythe spa
e of jets makes most of the theory more transparent.3.4. E-di�erential forms with 
oeÆ
ients. Let L be a pro�nite dimensionalU(n)-module. De�ne the spa
e of L-valued E-di�erential formsE
(M;L)(3.12)as follows. An element of E
(M;L) is a 
olle
tion sU of elements of E
(U;�E�)
 Lsubje
t to sU = gUV sV ; gUV : U \ V ! U(n)where gUV are the transition fun
tions of the bundle E (we redu
e the stru
ture groupof E to the maximal 
ompa
t subgroup U(n)).Definition 3.11. Let $ be the symple
ti
 form on E� given by$(I!(v); I!(w)) = !(v; w):(3.13)Then A�1 is the element of E
1(M; ~g) given byA�1 : Em ~�1I!m! E�m ,! A ~ (E�m; $m):(3.14)



DEFORMATIONS OF LIE ALGEBROIDS AND INDEX THEOREMS 615Lemma 3.12. A�1 satis�es the identity[A�1; A�1℄ = (i~)�1!(3.15)as elements of E
(M; 
entre(~g)) � E
(M; A ~). In parti
ular [A�1; A�1℄ vanishes inE
2(M; g). The asso
iated 
omplex(E
(M; Â ~ ); adA�1)is a
y
li
 in positive dimension and its zeroth 
ohomology group 
oin
ides withC1(M)[[~℄℄.Proof. The �rst identity is straightforward. The rest of the statement follows fromthe fa
t that ad A�1 
an be identi�ed with the Koszul di�erential on �(M;^E� 
Ŝ(E�)[[~℄℄).3.5. Fedosov 
onstru
tion. Let P 0 be the bundle of symple
ti
 frames in E.Let P be a redu
tion of this prin
ipal Sp(2n)-bundle to the maximal 
ompa
t sub-group U(n):Definition 3.13 (Weyl bundle, Fedosov 
onne
tion). The bundleEW = P �U(n) Â ~is 
alled the Weyl bundle of E. A linear mapr : E
0(M; Â ~ )! E
1(M; Â ~ )is 
alled a 
at 
onne
tion on the Weyl bundle if it satis�es the equationsr(vw) = vr(w) +r(v)wr2 = 0:It is 
alled a Fedosov 
onne
tion if it is 
at and if there exists a g0-
onne
tion r0in E su
h that r = r0 +A�1 +Xi�1 Ai; Ai 2 
1(M; ~gi);(re
all that g0 = sp(2n)).Theorem 3.14 (Fedosov 
onstru
tion). Let � be an element of(i~)�1! + E
2(M; C [[~℄℄)su
h that d� = 0 and let r0 be any g0-
onne
tion in E There exists a ~g-valued E-formA� on M su
h that r� = r0 +A�;satisfying r�A� + 12[A�; A�℄ = �



616 R. NEST AND B. TSYGANand de�ning a Fedosov 
onne
tion on EW. We will 
all � the 
urvature of r�. The
omplexes (E
(M; Â ~ );r�)and (E
(M;EJets
 EW );rG +r�)are a
y
li
 in positive dimension,A ~E (M) �! Ker �r�jE
0(M;Â~ )�is an E-deformation of the Poisson manifold (M; f ; gE) with the asso
iated defor-mation of the jet bundle given by(EJets(M); �) �! Ker �(rG +r�)jE
0(M;EJets
EW)� :Proof.1. Constru
tion of Fedosov 
onne
tion.The 
onstru
tion of r� is via re
ursion in the grading of ~g. Letr�1 = r0 +A�1:Then r�1(A�1) 2 ~g�1;and hen
e [A�1;r�1(A�1)℄ = 0:By the lemma 3.12 above, there exists a ~g0-valued one-form A0 su
h thatr�1(A�1) = [A�1; A0℄:Set r00 = r�1 +A0:We have [r00;r00℄� � = 0 mod ~g�0Now suppose that we have 
onstru
tedrn = r�1 +A0 + : : :+An; Ap 2 E
1(M; ; ~gp);su
h that [rn;rn℄� � = 0 mod ~g�n:
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3(M; ~gn�1)-
omponent of the identity[rn; [rn;rn℄� �℄ = 0gives [A�1; ([rn;rn℄� �)n℄ = 0:Again by the lemma 3.12 we 
an �nd a An+1 in E
1(M; ~gn+1) su
h that2[A�1; An+1℄ + ([rn;rn℄� �)n = 0:But this means that, for rn+1 = rn +An+1,[rn+1;rn+1℄� � = 0 mod ~g�n+1:Sin
e the �ltration on ~g is 
omplete, the above pro
edure gives r� whi
h obviously isa Fedosov 
onne
tion with 
urvature �.2. A
y
li
ity of (E
(M; A ~ );r�).Let us write E
(M; Â ~ ) = �k�0Ckwhere Ck 
onsists of (Â ~ )k-valued E-di�erential forms on M . fCkg is a 
omplete�ltration of our 
omplex, and the di�erential r� on Ck=Ck�1 redu
es to Ad(A�1).By the lemma 3.12 the 
orresponding spe
tral sequen
e degenerates and hen
e the
ohomology in positive dimensions is zero, while the kernel ofr� is linearly isomorphi
to C1(M)[[~℄℄.3. Constru
tion of the tensor $E .Given a Fedosov 
onne
tion r� as 
onstru
ted above, we get a 
at 
onne
tion onthe bundle of Â ~ -valued E-jets:r : �(EJets
 EW ) ! E
1(M;EJets
 EW )(3.16)by setting r = rG 
 1 + 1
r�:(3.17)Consider the embedding(E
�(M;EJets);rG)! (E
�(M;EJets
 EW );rG 
 1 + 1
r�)(3.18)Note that this is a morphism of �ltered 
omplexes: the �ltration on EJets is by powersof the maximal ideal at any point, the �ltrations on Â ~ and on ^E� are indu
ed bytheir gradings, and the �ltration on the 
omplexes in (3.18) are tensor produ
ts ofthose �ltrations. Note that (3.18) is a quasi-isomorphism be
ause it indu
es a quasi-isomorphism of asso
iated graded spa
es of the above �ltrations.The �berwise produ
t gives us now an asso
iative produ
t � on the spa
e of E-jetsidenti�ed with the spa
e of r-
at se
tions:l1 � l2(D) = l1 
 l2(�(D));



618 R. NEST AND B. TSYGANand hen
e by duality a map � of left C1(M) modules (with C [[~℄℄ as the �eld ofs
alars) � : EOp(M)! EOp(M)
C1(M) EOp(M):Sin
e r 
ommutes with rG, the Grothendie
k 
onne
tion a
ts on the spa
e of r-
atse
tions as a derivation with respe
t to the �-produ
t, i.e.�(XD) = (X 
 1 + 1
X)�(D):But this means that the tensor$E = �(1) 2 EOp(M)
C1(M) EOp(M)satis�es l1 � l2(D) = l1 
 l2(�0(D) �$E):It is now straightforward to see that the asso
iativity of the �-produ
t implies that$E satis�es the equation (3.9).An immediate 
orollary of the proof above is the fa
t that any E-jet l has a unique
ontinuation ~l to a r-
at se
tion of the bundle of W (E� )-valued jets.4. End of the proof.To show that A ~E (M) is an E deformation of f ; gE, it is now suÆ
ient to provethat, for two C -valued E-jets l1 and l2l1 � l2 = l1 � l2mod(~) and ( 1~ [l1; l2℄) = fl1; l2gEmod(~);where \�" is, as usual, the undeformed produ
t and the 
ommutator is taken withrespe
t to the deformed produ
t. By the last senten
e of the part three of the proof,it is suÆ
ient to show that, if ~l1 and ~l2 are the extensions to 
at r se
tions, then~l1~l2 = (l1 � l2) mod((Â ~ )�1)and (i~)�1[~l1; ~l2℄ = ~fl1; l2gE mod((Â ~ )�1):The �rst equation follows from the 
omputation:~l1~l2 = (l1 + (Â ~ )�1)(l2 + (Â ~ )�1) = (l1 � l2) + (Â ~ )�1:To prove the se
ond equation, we need a bit of notation. Lete1; : : : en; f1; : : : ; fnbe a lo
al symple
ti
 basis of se
tions of E and set, for any se
tion v of E,v(m)� = I!m(v(m)) 2 Â ~ (Em):and J : Em ! Em with J(ei) = fi; J(fi) = �ei



DEFORMATIONS OF LIE ALGEBROIDS AND INDEX THEOREMS 619We will write v̂ for v 
onsidered as a formal linear 
oordinate fun
tion on E�m and �v̂as the �berwise derivative on the jet bundle. Modulo (Â ~ )�1 we haverv = v + �J(v)̂ + �v�and hen
e any r-
at se
tion ~l satis�es~l = l + Xi=1;::: ;n(�êi l � f�i + �f̂i l � e�i ) mod((Â ~ )�2):Sin
e [e�i ; f�j ℄ = Æij , we get, modulo (Â ~ )�1,1i~ [~l1; ~l2℄ =Xi (�êi l1 �f̂i l2 � �f̂i l1 �êi l2) = fl1; l2gEThis 
ompletes the proof of the theorem.4. Formal Deformations Asso
iated to Symple
ti
 Lie Algebroids, Clas-si�
ation . We will 
ontinue using notation from the previous se
tion.4.1. Global stru
ture of E-deformations. Our next obje
tive is to show thatany E-deformation is in fa
t one of the type 
onstru
ted above and that the 
urvatureform of the asso
iated Fedosov 
onne
tion is a 
omplete invariant of the deformationin our 
lass.Theorem 4.1. Let A ~ (M) be an E-deformation for a symple
ti
 Lie algebroid(E; [; ℄; �; !) on M , and (EJets; �) the asso
iated deformed bundle of algebras. Thereexists an isomorphism of bundles of algebras� : (EJets; �)! EWwhi
h maps the Grothendie
k 
onne
tion rG to a Fedosov 
onne
tion (��1)�(rG) onthe Weyl bundle EW. The asso
iated deformation of the algebra of smooth fun
tionsKer�(��1)�(rG)j�(M;EW)�is isomorphi
 to (A ~ (M); �).Proof.We will begin by 
onstru
ting the required isomorphism of bundles lo
ally. So letU be an open subset of M on whi
h E admits a symple
ti
 basis(e1; f1; : : : ; en; fn):In this basis EjU be
omes identi�ed withU � R2nand we denote by R2n the linear subspa
e of se
tions of E of the formm 7! (m; v); v �xed in R2n :



620 R. NEST AND B. TSYGANFor a se
tion v of E over M we will denote by lv the E-jet given bylv(1) = 0; lv(w) = !(v; w);lv(Dw) = 0 whenever D 2 EOp+ :Clearly the set flv j v 2 R2n ggenerates the algebra of E-jets modulo ~.Note that [lv; lw℄(1) = i~!(v; w)� i~2B2(v; w) + : : :where B2 is a skew-symmetri
 bilinear 
omplex-valued form on R2n . Sin
e ! is non-degenerate, there exists a linear transformation A of R2n 
R C su
h that�B2(v; w) = !(Av;w) + !(v;Aw):Denoting by ~v the se
tion ~v = v + ~A(v) +O(~2)we get [l~v; l ~w℄(1) = i~!(v; w)� i~3B3(v; w) + : : :An obvious indu
tion gives now an invertible mapR2n 
R C [[~℄℄ ! R2n 
R C [[~℄℄v 
 1 7! ~v = v 
 1 +O(~)(4.1)su
h that [l~v; l ~w℄(1) = ~!(v; w):(4.2)Thus we get isomorphisms �i : EJetsjUi �! EW jUifor a good 
over. The transition isomorphismsgij = ��1i �j 2 �C1(M;Aut1(EW))take values in the pronilpotent group G�1 of automorphisms of W whi
h preservethe �ltration and are equal to 1 on the asso
iated graded spa
e. Therefore there is aglobal isomorphism of �ltered algebrasEJets �! EWThe image of rG under this isomorphism is a Fedosov 
onne
tion.The 
hara
teristi
 
lassConsider the Lie algebra 
entral extension:0! (i~)�1R + C [[~℄℄ ! ~g! g! 0:(4.3)
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onne
tion r, let ~r be any lifting of r to a ~g-valued 
onne
tion. Then� = 12[ ~r; ~r℄is an element of E
2(M; (i~)�1R + C [[~℄℄) su
h that d� = 0.Definition 4.2. The 
hara
teristi
 
lass of the deformation A ~ (M) is the
ohomology 
lass of � from the above formula.� = gf(�Lie) 2 EH2(M; (i~)�1R + C [[~℄℄):4.2. Classi�
ation of E-deformations.Theorem 4.3. Let (E; [ ; ℄; �; !) be a symple
ti
 Lie algebroid on M .The 
hara
teristi
 
lass of an E-deformation is well de�ned. Two E-deformationsA ~1 (M) and A ~2 (M) are isomorphi
 if and only if their 
hara
teristi
 
lasses �1 and�2 are equal. Thus, the aÆne spa
e1i~! + EH2(M; C [[~℄℄)
ompletely 
lassi�es E-deformations of M up to isomorphism.Proof.By the theorem 4.1 we 
an assume that both deformations are given by Fedosov
onstru
tion with 
onne
tions r1 and r2 on the Weyl bundle EW. Let ~r1 and ~r2be their liftings. Note that the 
hara
teristi
 
lasses are given by the 
urvatures�i = 12[ ~ri; ~ri℄; i = 1; 2;1. We assume that these 
hara
teristi
 
lasses are 
ohomologous.Let �1 � �2 = Ed�; � 2 C1(M)[[~℄℄):But then, repla
ing r2 by r2 + �, we get two 
onne
tions with the same 
urvatureand un
hanged deformations. So we 
an also assume that �1 = �2 at the level of forms.We will 
onstru
t an element of Aut1(EW) whi
h 
onjugates the two 
onne
tions.So, let ~r1 = A�1 +r0 +A1 + : : :where Ai are ~gi-valued one-forms on M and r0 is indu
ed by a unitary 
onne
tionin E (note that ~g0 = g0 � C 
anoni
ally). Let~r1 � ~r2 = R0 +R1 + : : : ; Ri 2 E
1(M; ~gi):The equality of the 
urvatures of the two 
onne
tions gives[A�1;r0 +R0℄ = 0:Sin
e the adA�1-
omlex is 
ontra
tible by Lemma 3.12, we 
an �nd Æ1 in E
0(M; ~g1)su
h that R0 = [Æ1; A�1℄:



622 R. NEST AND B. TSYGANRepla
ing r2 by Ad(expÆ1)(r2), we getr1 �r2 = 0 mod~g�0:Continuing in this vein, the indu
tion on the grading of ~g gives us a sequen
eÆi 2 E
0(M; ~gi); i = 1; 2; : : : ;su
h that : : :Ad(expÆ3 )Ad(expÆ2)Ad(expÆ1)(r2) = r1:Hausdor�-Campbell formula implies now that there exists an element of Aut1(EW)
onjugating the two 
onne
tions, and hen
e the two E-deformations are isomorphi
.2. Suppose now that the two deformations are isomorphi
.This means that there exists an isomorphism of the deformed jet bundles:(EJets; �1) �! (EJets; �2):su
h that � = id+O(~):But this implies that the 
urvature forms of the two 
orresponding 
onne
tions are
ohomologous and we 
an apply the result above.This �nishes the proof of the theorem.The following is an immediate 
orollary of the previous two se
tions.Stru
ture of derivationsTheorem 4.4. Let A ~(M) be an E-deformation of M given by a Fedosov 
onne
-tion r on the Weyl bundle EW. Any E-derivation of A ~ (M) extends to a derivationof the Weyl bundle whi
h maps r-
at se
tions to r-
at se
tions. In parti
ular, thespa
e EDer(A ~ (M)) of E-derivations of A ~ (M) is in bije
tive 
orresponden
e withf l 2 �(M;EW) j r(l) is 
enter valued g:There exists a Lie algebra extension0! Ad(A ~ (M))! EDer(A ~ (M))! EH1(M; C [[~℄℄) ! 0:Proof. All the statements above follow immediately from the fa
t that any E-derivation of the E-deformation A ~ (M) extends by de�nition to a derivation of theasso
iated deformed E-jet bundle.4.3. Gelfand-Fuks 
onstru
tion. Suppose that (E; [ ; ℄; �; ! is a symple
ti
Lie algebroid and that (A ~ (M); �) is an E-deformation of M . Let EW be a Weylbundle and r a Fedosov 
onne
tion asso
iated to this deformation. Choose any lo
altrivialization of the bundle E on any open subset U ofM . Let the Fedosov 
onne
tionbe of the form Ed+AU in this trivialization. The 
atness of r translates intoEdAU + 12[AU ; AU ℄ = 0(4.4)
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ular implies that (E
(M;L);r)(4.5)is a 
omplex. In the future we will use rL to denote r a
ting on this 
omplex.Re
all that for any Lie algebra g, a Lie subalgebra h, and any g module L the
omplex (C�(g; h;L) of relative Lie algebra 
o
hains is de�ned.Definition 4.5. Let L be a 
ontinuous (g;U(n))-module. The Gelfand-Fu
hsmap is the map of 
omplexes:gf : (C�(g; u(n);L); �Lie )! (E
(M;L);rL)whi
h is de�ned as follows. Let l be a k-
o
hain of the relative Lie algebra 
omplex,and let e1; : : : ; ek be se
tions of E. We setgf(l)(e1; : : : ; ek) = l(AU (e1); : : : ; AU (ek)):Note that sin
e l is a relative 
o
hain, the result is independent of the 
hoi
e of thetrivialization and that the equation (4.4) implies thatgf Æ �Lie = rL Æ gf:4.4. Example: symple
ti
 manifolds. Let (M;!) be a symple
ti
 manifold,and f ; g the asso
iated Poisson bra
ket onM . For simpli
ity we will assume throughthe rest of this se
tion that M is 
onne
ted. As the symple
ti
 Lie algebroid we willtake the sheaf of all ve
tor �elds on M . The results of the previous se
tions 
an beformulated as follows (
f. [9℄, [14℄, [8℄, [31℄).Theorem 4.6. The set of isomorphism 
lasses of formal deformations of C1(M)with f � g = fg +O(~); f; g 2 C1(M)and [f; g℄ = i~ff; gg+O(~2); f; g 2 C1(M)is in bije
tive 
orresponden
e with the elements � of the spa
e(i~)�1! +H2(M; C [[~℄℄):Every su
h deformation algebra is isomorphi
 toKerr�jWfor a Fedosov 
onne
tion on the Weyl bundle W.The stru
tural results from the previous se
tion give us the following 
orollaries.Corollary 4.7. Let A ~ (M) be a formal deformation of a symple
ti
 mani-fold (M;!). There exists a unique up to a s
alar multiple C [~�1 ; ~℄℄-valued tra
e onA ~
 (M). Up to normalization fa
tor this tra
e has the formTr(f) = 1( 12dimM)!(i~) 12dimM ZM f! 12 dimM +O(~� 12 dimM+1)



624 R. NEST AND B. TSYGANProof. Re
all that a deformation of a symple
ti
 manifold is lo
ally unique (the
hara
teristi
 
lass lies in H2(U) whi
h vanishes for ea
h open 
ontra
tible subset U).Let fUigi2I be a lo
ally �nite 
overing of M by open 
ontra
tible subsets and f�igan asso
iated partition of unity. By the theorem 3.5, we get the family of tra
es Trion A ~
 (Ui). Set Tr(f) =Xi Tri(�if):This is a well-de�ned tra
e (
f. [14℄, [30℄ for the proof).For 
ompleteness let us re
ord the following result whi
h is a stronger version of[25℄: here by isomorphism we mean an isomorphism of unital algebras.Theorem 4.8. Given a formal deformation A ~(M) of a 
ompa
t symple
ti
manifold (M;!), there exists within the isomorphism 
lass of A ~ (M) a �-produ
t onC1(M)[[~℄℄ su
h that the above tra
e has the formTr(f) = 
onst � 1( 12dimM)!(i~) 12 dimM ZM f! 12dimM :In the terminology of [5℄ this is a 
losed deformation.Proof. The 
anoni
al tra
e 
onstru
ted above has the formf ! 
(~) ZM T (f)!n;where n is half the dimension of M and T is a linear transformation a
ting on thespa
e of smooth fun
tions and of the formT (f) = fT (1); T (1) = 1 +O(~) 2 C1(M)[[~℄℄:What we need to �nd is a linear transformation S of smooth fun
tions on M su
hthat � f ! RM (T + ~S)(f)!n is a tra
e with respe
t to the original �-produ
t� ~S(1) = 1� T (1)On
e this is done, the new produ
t will be given byf �new g = (T + ~S)((T + ~S)�1(f) � (T + ~S)�1(g)):By the uniqueness of the tra
e, the �rst 
ondition above is equivalent toZM (T + ~S)(f)!n = k ZM (T )(f)!n; k = 1 +O(~)i.e. (T � + ~S�)!n = kT �!nwhere the adjoint � is taken with respe
t to the duality between smooth fun
tionsand 2n-forms given by integration:C1(M)�
2n(M) 3 (f; �) 7! ZM f�:
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ular, we need to solve the equationsS�!n = k � 1~ T �!n = k � 1~ T (1);subje
t to the 
ondition S(1) = 1� T (1)~ :We will ask for S of the formS = 1� T (1)~ +X; X 2 �(M;TM):Sin
e X�!n = LX!n;the above equation for S� redu
es toLX!n = kT (1)� 1~ !n:Sin
e the map V e
t(M) 3 X ! iX!n 2 
2n�1(M)is an isomorphism, a 2n-form on M is exa
t pre
isely when it is of the form LX forsome ve
tor �eld X on M . In parti
ular our equation has a solution for the 
onstantk given by k�1[!n℄ = [T (1)!n℄ 2 H2n(M; C [[~℄℄);whi
h is in 1 + ~C [[~℄℄ sin
e T (1) is a formal power series with leading 
oeÆ
ient 1.The �new asso
iated to this solution satis�es the 
laim of the theorem.5. Complex Symple
ti
 Manifolds. Let M be a 
omplex manifold. We willdenote by OM the stru
ture sheaf of holomorphi
 fun
tions on M and by O1 thesheaf of smooth fun
tions on M .Definition 5.1. A deformation quantization of a manifold M is a formal oneparameter deformation of the stru
ture sheaf OM , i.e. a sheaf of algebras A ~M 
at overC [[~℄℄ together with an isomorphism of sheaves of algebras  : A ~M 
C[[~℄℄ C ! OM .The formula ff; gg = 1~ [ ~f; ~g℄ + ~ � A ~M ;where f and g are two lo
al se
tions of OM and ~f , ~g are their respe
tive lifts toA ~M , de�nes a Poisson stru
ture on M 
alled the Poisson stru
ture asso
iated to thedeformation quantization A ~M .The deformation quantization A ~M is 
alled symple
ti
 if the asso
iated Poissonstru
ture is nondegenerate. In this 
ase M is symple
ti
, i.e., has a holomorphi
symple
ti
 form. In what follows we will only 
onsider symple
ti
 deformation quan-tizations, so assume that A ~M is symple
ti
, and ! denotes the asso
iated symple
ti
stru
ture on M .



626 R. NEST AND B. TSYGANLet us note �rst that, given a deformation A ~M as above,  indu
es lo
ally anisomorphism of sheaves of C -ve
tor spa
es:~ :Y(~n+1A ~U )=~nA ~U ' OU [[~℄℄:Sin
e lo
ally there is no 
ohomology, this implies that there exist lo
al isomorphisms�U : A ~U ! (OU [[~℄℄; �U )of C [[~℄℄-algebras with transition isomorphisms GUV = �U��1V of the formGUV = id+ ~DUV1 + ~2DUV2 + : : : :(5.1)In the rest of this se
tion we will work under following 
ontinuity 
ondition.Assumption 5.2. Both the lo
al produ
ts �U and the linear transformations DUViabove are given by holomorphi
 (bi-)di�erential operators.5.1. Weyl bundle, Fedosov 
onne
tion, et
.. Let us start with a few 
on-stru
tions asso
iated with 
omplex symple
ti
 manifolds whi
h are analogous to thesmooth 
ase.Let A ~ denote the Weyl algebra over C [[~℄℄ of the standard symple
ti
 stru
ture(C 2n ; !st), and set, just for this se
tion,~g = f~�1f jf 2 A ~g(5.2)with the Lie bra
ket given by the 
ommutator in A ~ . We will denote by g the quotientLie algebraDerA ~ . Note that sp(2n; C ) is a subalgebra of ~g and that its adjoint a
tionintegrates to the a
tion of G=Sp(2n, C ) on ~g.Let P denote the prin
ipal Sp(2n,C )-bundle of symple
ti
 frames in the holomor-phi
 tangent bundle T = T 1;0(M), with the 
omplex stru
ture indu
ed in the obviousway from the 
omplex stru
ture on the 
omplex Lie group G. We de�ne Â ~ -valueddi�erential forms by 
p;q(M; Â ~ ) = (
p;q(P)
 Â ~ )basi
:(5.3)Note that � extends automati
ally to give an analogue of the Dolbeault 
omplex(
p;�(M; Â ~ ); �)for all p.We denote by W the (holomorphi
) P �Sp(2n;C) Â ~ and by G the gauge group of�berwise inner automorphisms of W.Let r0 be any Sp(2n,C )-
onne
tion of type (1,0) in W; lo
allyr0 = � + ad� : 
p;q ! 
p+1;qwith � a sp(2n; C )-valued form of type (1,0) on M .Let A�1 denote the 
anoni
al W�1-valued holomorphi
 one-form on M :A�1 : T !! T � �!W�1Definition 5.3. A Fedosov 
onne
tion is a 
onne
tion on W of the formr = � +r0 + adA+ adB;
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onne
tion on TM preserving both the 
omplex and symple
ti
 stru
-ture, hen
e in a lo
al symple
ti
 frame of the form� + � + �U(5.4)with �U 2 
1(U; sp(n)),A = A�1 +A0 + : : : ; Ai 2 
1;0(M; ~gi)and B = B1 +B2 + : : : ; Bi 2 
0;1(M; ~gi);whi
h satis�es the 
atness 
ondition r2 = 0Note that the 
urvature r2 of a Fedosov 
onne
tion splits into the 
omponents1. r0A+ 12 [A;A℄ = � 2 
2;0(M; C [[~℄℄);2. �A+r0B + [A;B℄ = � 2 
1;1(M ; C [[~℄℄);3. �B + 12 [B;B℄ = � 2 
0;2(M; C [[~℄℄);and it satis�es the Bian
hi identityd(� + �+ �) = [r;r2℄ = 0:Theorem 5.4 (Classi�
ation of Fedosov 
onne
tions). Let (M;!) be a 
omplexsymple
ti
 manifold su
h that the in
lusion of sheaves CM ! OM indu
es a surje
tionH1(M; C ) ! H1(M;O):Let r and r0 be two ~g-valued Fedosov 
onne
tions on the asso
iated Weyl bundleW. Then r and r0 have the same 
urvature 
lass in H2(M; C ) if and only if thereexists a C [[~℄℄-valued one-form � su
h that r and r0 + � are 
onjugate by a gaugetransformation by an element of �(M; exp g�1).Proof. Suppose �rst that r2 = (r0)2. We will work by indu
tion on n, wherern = A�1 +r0 +A1 + : : :+An+� +B1 + : : :+Bn +Bn+1So suppose that rn = r0n+Pi�n �i, where �n is the 
omponent of � in 
10(M; A ~n )�
01(M; A ~n+1 ). The fa
t that the 
urvature forms 
oin
ide implies the identities� [A�1; An+1℄ = [A�1; A0n+1℄ + ��10n ,� [A�1; Bn+2℄� �(An+1) = [A�1; B0n+2℄� �(A0n+1) + ��01n ,� �(Bn+2 �B0n+2) = 0.Suppose �rst that n is even. Sin
e adA�1 is a
y
li
, we 
an �nd an xn+2 2�(M; A ~n+2 ) su
h that An+1 � A0n+1 = [A�1; xn+2℄. But then gauge transformationAdexn+2 allows us to set An+1 = A0n+1. Now the se
ond equation implies that Bn+2and B0n+2 di�er by a s
alar-valued form � whi
h satis�es �� = 0. By our assump-tion, there exists a ~n+22 C -valued se
tion yn+2 and a d-
losed s
alar-valued one-form
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h that �n+2 = �yn+2 + �01n+1. In parti
ular, using gauge transformationAd(exp(�yn+2)) we 
an assure that(r0)n+1 = rn+1 + �01n+1:Suppose now that n is odd.Sin
e adA�1 is a
y
li
 on 
10(M; A ~ ), the �rst identity implies that there existsa A ~n+2 -valued se
tion xn+1 su
h thatAn+1 + �10n+1 �A0n+1 = [A�1; xn+2℄Using gauge transformation Ad(exp(xn+2)) we 
an repla
e r0 by a 
onne
tion forwhi
h the A-
omponents agree up to the order n+1 up to the appropriate 
omponentof �. But then the se
ond identity implies that that Bn+2 and B0n+2 di�er by a s
alar-valued one-form of odd degree and hen
e 
oin
ide.Sin
e in the 
urvature of a Fedosov 
onne
tion is gauge invariant, we proved thatwhen the 
urvature forms 
oin
ide, the two 
onne
tions are gauge equivalent up to a
losed s
alar-valued one-form. Sin
e 
hanging the 
onne
tion by a s
alar 
hanges thetotal 
urvature by the 
orresponding exa
t two-form, the result follows.Remark 5.5. Amore pre
ise statement given by the above proof is the following.Let �(n) = Xi�n�1 �i +Xi�n �i + Xi�n+1 �iSuppose that we are given two Fedosov 
onne
tions r and r0 . If their 
urvatures�, �0 satisfy �(n) = �0(n) then there exists a Fedosov 
onne
tion r00 whi
h is gaugeequivalent to r0 su
h that r0(n) = r00(n).5.2. The stru
ture of formal deformations.Theorem 5.6. Given a symple
ti
 deformation of M there exists a Fedosov
onne
tion r on the Weyl bundle W su
h that the sheaf A ~M is isomorphi
 to thesheaf U ! Kerrj
0(U;A~ )Proof. As a dire
t 
onsequen
e of our assumption, the lo
al produ
t �U extendsto give a graded algebra stru
ture to the Dolbault 
omplexOU [[~℄℄ ,! (
0;�(U)[[~℄℄; �; �U );where fun
tions of z only (i.e. antiholomorphi
) and the di�erentials dz are 
entraland the � operator a
ts as an odd derivation with square zero. Moreover both produ
tand � 
ommute with the a
tion of the transition fun
tions GUV and so these lo
al
omplexes glue together to give a resolution of the sheaf of algebras A ~M of the formA ~M ,! (P�; �):(5.5)The sheaves P i are lo
ally isomorphi
 and hen
e isomorphi
 to the �ne sheaf
0;i(M; C [[~℄℄). Using this isomorphism we get on 
0;�(M; C [[~℄℄) the following stru
-tures.
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ture of a graded algebra with an asso
iative produ
t � given by bid-i�erential operators 
onstru
ted out of the ve
tor �elds of type (1,0) (i.e. aT 10-deformation).2. An odd derivation (with respe
t to the deformed produ
t �) �~ satisfying�~ = � + 0(~) and (�~)2 = 0:On
e we have the T 1;0-deformation of the sheaf (
0;�(M)[[~℄℄; �~), the 
onstru
-tion of the jet-bundle, the asso
iated Grothendie
k 
onne
tion rG and the identi�
a-tion of the jet bundle with the Weyl bundle 
��(M;W) asso
iated to ! goes throughword for word as in the smooth 
ase. Sin
e �~ a
ts as a derivation, it lifts to a deriva-tion r01 of the jet bundle whi
h 
ommutes with the Grothendie
k 
onne
tion andhas square zero. In parti
ular, the image of rG +r01 under the isomorphism of thejet bundle with the Weyl bundle de�nes a Fedosov 
onne
tion on 
��(M;W) withrequired properties.For the ease of the reader we will sket
h a more expli
it 
onstru
tion of theFedosov 
onne
tion below.(i) Lo
al jet bundles.For a lo
al 
oordinate neighbourhood (U; z1; : : : ; z2n) we setJetsU = U � C [[~℄℄[[ẑ1 ; : : : ; ẑ2n℄℄:We will denote (holomorphi
) se
tions of the jet bundle by fun
tions f(z; ẑ), i.e. a for-mal power series in the (
ommuting) formal variables ẑi with 
oeÆ
ients holomorphi
fun
tions in zi. For any holomorphi
 fun
tion F we putF (z + ẑ) =X ẑ��! ��z F (z):For any holomorphi
 di�erential operator D =PP�(z)��z , putbD =XP�(z + ẑ)��̂zThe se
tion ẑi 
orresponds to the fun
tional on holomorphi
 di�erential operatorsgiven by Ophol(U) 3 D 7! bDẑijẑ=0 2 OU :The �U produ
t is a

ording to our assumption given by an expression of the formf �U g =XF�;�(z; ~)��z f��z gand we set, for the jets �;  on U,� �U  =XF�;�(z + ẑ; ~)��̂z ���̂z  :The Grothendie
k 
onne
tion is in our lo
al 
oordinates given by the expressionrGf =Xi dzi(�zi � �ẑi)f:(ii) Global jet bundle



630 R. NEST AND B. TSYGANGiven a transformation G : OU [[~℄℄! OU [[~℄℄ of the form(Gf)(z) =XT�(z; ~)��z f(z);we de�ne its jet by jet(G) =XT�(z + ẑ; ~)��̂zLet now, for a point m in U , �U : C [[~℄℄[[ẑ ℄℄! Jetsmbe the isomorphism provided by the 
oordinates fzUi g in U . Then we glue the lo
aljet bundles using the transition fun
tions��1U jet(GUV )�V : JetsU jU\V ! JetsV jU\V :It is immediate from the 
onstru
tion that we get a bundle Jets(A ) of algebras onM (i.e. the lo
al produ
ts �U de�ne a global produ
t), 
arrying a 
at 
onne
tion rGof the form �+derivation. Sin
e both the transition fun
tions and the produ
t aregiven lo
ally by holomorphi
 di�erential operators, we get the asso
iated 
omplex ofsheaves of algebras. (
�;�(M;JetsA );rG + �)(iii) The Fedosov 
onne
tionLo
ally the de�nition of Weyl bundle gives isomorphismsJetsU �!WUwith � 2 �hol(U; expg�1). Using 
ompleteness of W in the �ltration of ~g, these lo
alisomorphisms give rise to an isomorphism of the asso
iated smooth ve
tor bundles
�;�(�; Jets(A )) ! 
�;�(�; Â ~ ):Under this isomorphism rG + � gives a Fedosov 
onne
tion rF su
h thatAM ' KerrF j
0;0 :As a 
orollary we get the following result.Theorem 5.7. Let (M;!) be a 
omplex symple
ti
 manifold for whi
h the mapH1(M; C ) ! H1(M ;OM ) is surje
tive. Two formal deformations of (M;!) withthe same 
ohomology 
lass of the 
urvature of the asso
iated Fedosov 
onne
tion areisomorphi
.Proof. Sin
e by above a formal deformation of (M;!) is automati
ally of the formU ! Kerrj
0(U;A~ )for some Fedosov 
onne
tion, the result follows from theorem 5.4Corollary 5.8 (lo
al stru
ture of deformations). Any formal deformation of a
omplex symple
ti
 stru
ture is lo
ally isomorphi
 to the sheaf of holomorphi
 fun
-tions on an open subset of C 2n endowed with the Weyl produ
t.
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e any formal deformation 
omes from a Fedosov 
onne
tion and isuniquely determined by its 
urvature 
lass, it is lo
ally isomorphi
 to the deforma-tion of C 2n with its standard symple
ti
 stru
ture and with respe
t to any Fedosov
onne
tion. Let 
omplex 
oordinates in C 2n , (z1; �1; : : : ; zn; �n) be su
h that! =X dzi ^ d�iThe expression r = d� (i~)�1Xi (�̂idzi � ẑid�i)gives a Fedosov 
onne
tion, and 
at se
tions of the Weyl bundle are given byF (z + ẑ; � + b�)where f is a holomorphi
 fun
tion in a small polydis
. But this is pre
isely the Weyldeformation of C 2n .5.3. Constru
tion of Fedosov 
onne
tions. Let (M;!) be a 
omplex mani-fold with a holomorphi
 symple
ti
 stru
ture su
h that the mapsH i(M; C ) ! H i(M;OM ); i = 1; 2(5.6)are surje
tive. Fix a splittingH2(M) �! H2(F 1
�;�(M))�H0;2(M)(5.7)where F p
�;�(M) = 
�p;� is the Hodge �ltration.Theorem 5.9. Under the assumption above, let � 2 1i~! +H2(F 1
�;�(M))[[~℄℄.There exists unique element � 2 ~H0;2(M)[[~℄℄ su
h that �+� is a 
hara
teristi
 
lassof a Fedosov 
onne
tion.Proof.Lemma 5.10. The embedding(
�;�(M; C [[~℄℄); � ! (
�;�(M; ~g); � + adA�1)is a quasi-isomorphism. In parti
ular, the sub
omplexPp+q odd(
p;�(M; ~gq) is a
y
li
with respe
t to � + adA�1.Proof. The lemma is implied by the fa
t that the di�erential adA�1 is a
y
li
 inpositive degrees, and its 
ohomology in degree zero is 
0;�(M)[[~℄℄.Now suppose we are given an element (i~)�1! + � + � of((i~)�1!+
20(M; C [[~℄℄))�
11 (M; C [[~℄℄) representing a 
lass inH2(F 1
2(M; C [[~℄℄).The 
onstru
tion of the Fedosov 
onne
tion pro
edes by indu
tion over the grad-ing of the Lie algebra ~g just as in the smooth 
ase.1. The 
atness of r gives the following equations for the pair (A0; B1):r0A�1 + [A�1; A0℄ = 0(5.8) �A0 + [A�1; B1℄ = �0(5.9) �B1 = 0(5.10)
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ause of lemma 5.10, this system of equations has a solution (A0; B1).2. Given (A0; B1), we want to �nd (A1; B2) satisfying the equations[A�1; A1℄ + 12[r0 +A0;r0 +A0℄ = �0;(5.11) [�;A1℄ + [r0 +A0; B1℄ + [A�1; B2℄ = 0;(5.12) �B2 + 12[B1; B1℄ = �2(5.13)The Bian
hi identity for r0 + adA�1 + adA0 implies that ( 12 [r0 + A0;r0 + A0℄ ��0; [r0 + A0; B1℄; 12 [B1; B1℄) is a � + adA�1-
o
y
le. By lemma 5.10, the Dolbeault
ohomology 
lass of �2 for whi
h (5.11-5.13) has a solution (A1; B2) exists and isunique.Now, assume that we have already 
onstru
ted the terms A�2n�1, B�2n, and��2n. One has [A�1; A2n℄ + [r0 +A0; A2n�1℄ + : : : = 0;(5.14) [�;A2n℄ + [A�1; B2n+1℄ + [r0 +A0; B2n℄ + : : : = �2n;(5.15) �B2n+1 + [B1; B2n℄ + : : : = 0(5.16)By Bian
hi identity for the 
onne
tion r0+A�2n�1+B�2n, and by lemma 5.10, thissystem has a solution (A2n; B2n+1. Now one has[A�1; A2n+1℄ + [r0 +A0; A2n℄ + : : : = �2n;(5.17) [�;A2n+1℄ + [A�1; B2n+2℄ + [r0 +A0; B2n+1℄ + : : : = 0;(5.18) �B2n+1 + [B1; B2n℄ + : : : = �2n+2(5.19)By Bian
hi identity for the 
onne
tion r0+A�2n+B�2n+1, and by lemma 5.10, thereexists unique Dolbeault 
lass �2n+2 for whi
h the system (5.17-5.19) has a solution(A2n; B2n+1).It remains to show that the 
ohomology 
lasses �2n+2 depend only on the 
oho-mology 
lasses of ��2n�2 and �2n (and not on the 
hoi
es of Ai; B�). But this followsimmediately from remark 5.5.Theorem 5.11. Let (M;!) be a 
omplex symple
ti
 manifold su
h that the mapsH i(M; C ) ! H i(M;OM ); i = 1; 2(5.20)are surje
tive. The set of isomorphism 
lasses of formal deformations of (M;!) is inbije
tive 
orresponden
e with H2(F 1
�;�(M); d)[[~℄℄. Moreover there exists a familyof smooth (nonlinear) maps:�n : fH2(F 1
�;�(M); d)gn ! H2(M;OM ))(5.21)su
h that the 
hara
teristi
 
lass of the deformation asso
iated to �0 + ~�1 + : : : isgiven by the sum 1i~ +Xn ~n(�n + �n(�0; : : : ; �n�1)):(5.22)The asso
iated formal deformation of the sheaf of algebras of holomorphi
 fun
tionsis lo
ally isomorphi
 to the Weyl deformation of holomorphi
 fun
tions on an openpolydis
 in C dimM .Proof. Follows immediately from 
ombining theorems 5.6, 5.9, and 5.4.
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e density. Let A ~M be a deformation of a symple
ti
 Lie alge-broid E with 
hara
teristi
 
lass �. Re
all that for any unital algebra A over Cthe Ho
hs
hild 
omplex (C�(A;A); b) is de�ned, along with the negative 
y
li
 
om-plex CC�� (A) = (C�(A;A)[[u℄℄; b+ uB) and the periodi
 
y
li
 
omplex CCper� (A) =(C�(A;A)[u�1; u℄℄; b+ uB) where u is a formal parameter of degree �2; Cn(A;A) =A 
 (A=C 1)
n ; b : Cn(A;A) ! Cn�1(A;A) is the Ho
hs
hild di�erential, and B :Cn(A;A)! Cn+1(A;A) is the 
y
li
 di�erential (
f. [25℄).Let n = 12dimE. In this subse
tion, we 
onstru
t the tra
e density maps�~ : C�(A ~ (M))! (E
2n��(M)((~)); 0)(6.1) �~ : CC�� (A ~ (M))! (E
2n��(M)((~))[[u℄℄; d)(6.2) �~ : CCper� (A ~ (M))! (E
2n��(M)((~))[u�1; u℄℄; d)(6.3)The 
onstru
tion is as follows. Let 
̂� be the 
ompletion of the spa
e of di�erentialforms on Rn at 0. This is a module over g = DerÂ ~ whose a
tion is indu
ed by thehomomorphism of redu
tion modulo ~g! Ham(Rn )where Ham(Rn ) is the algebra of formal Hamiltonian ve
tor �elds. ThereforeL� = Hom(CC�� (Â ~ ); 
̂2n��)(6.4)is a 
omplex of g-modules.In [3℄, we 
onstru
ted the 
anoni
al element �~ of degree zero in L� . The imageof �~ under the Gelfand-Fuks map (de�nition 4.5) indu
es a map of sheavesE
�M (CC�� (Â ~ ))! E
�M (
̂2n��)((~))(6.5)Sin
e the sheaves E
�M (CC�� (Â ~ )) and CC�� (A ~M ), resp. E
�M (
̂2n��)((~)) and
2n��M ((~)), are quasi-isomorphi
, one gets the map (6.2). To get the map (6.1),one puts u = 0, and to get the map (6.3), one lo
alizes with respe
t to u. Cf. [3℄ fordetails, in
luding the expli
it de�nition of the module L� .6.2. Index theorem for symple
ti
 Lie algebroids. De�ne the C [[u℄℄-linear
ontinuous morphism � : CCper� (A ~M )! (E
�M [[u℄℄; ud)as the proje
tion CCper� (A ~M )! CCper� (C1M )followed by the Connes' quasi-isomorphisma0 
 : : :
 ap 7! 1p!a0da1 : : : dapLet j : (E
2n��M [[u℄℄; d)! (E
�M [[u℄℄; ud)



634 R. NEST AND B. TSYGANbe the morphism of 
omplexes given byj(up�) = up+k�n�for � 2 E
pM . Let Â(E) be the Â 
lass of a U(n)-bundle obtained by redu
ing thestru
ture group to its maximal 
ompa
t subgroup. Finally, byi : 
�M ! E
�M ((~))we denote the 
omposition of the map i : 
�M ! E
�M 
onjugate to the an
hor map� with the embedding E
�M ,! E
�M ((~))Theorem 6.1. j Æ �~ =Xp�0 up(Â(E)e�)2p(i Æ �)Proof. Follows immediately from the Riemann-Ro
h for periodi
 
y
li
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