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ember 2001 003FINITE JET DETERMINATION OFHOLOMORPHIC MAPPINGS AT THE BOUNDARY�PETER EBENFELTy0. Introdu
tion. A 
lassi
al theorem of H. Cartan ([HCa℄) states that an au-tomorphism f of a bounded domain D � CN is 
ompletely determined by its 1-jet,i.e. its value and derivatives of order one, at any point Z0 2 D. If D, in addition,is assumed to be smoothly (C1) bounded and stri
tly pseudo
onvex, then by Fe�er-man's theorem [Fe℄ any su
h automorphism extends smoothly to the boundary �D asan automorphism �D ! �D. It is then natural to ask: is f 
ompletely determined bya �nite jet at a boundary point p 2 �D? An aÆrmative answer to this question, whenD is stri
tly pseudo
onvex, follows from the work of Chern and Moser [CM℄ (see alsoE. Cartan [ECa1{2℄ for the 
ase N = 2, and Tanaka [T1{2℄). Indeed, the followinglo
al version of Cartan's theorem is a 
onsequen
e of their work. Any holomorphi
mapping whi
h is de�ned lo
ally on one side of a smooth, Levi nondegenerate realhypersurfa
e M � CN and extends smoothly to M , sending M di�eomorphi
ally intoanother smooth real hypersurfa
e M 0 � CN , is 
ompletely determined by its 2-jet ata point p 2 M . Observe that the 
on
lusion is nontrivial even in the stri
tly pseu-do
on
ave 
ase when the mapping extends holomorphi
ally to a full neighborhood ofp. The main obje
tive of the present paper is to extend the above mentioned lo
alresult to a more general 
lass of real hypersurfa
es (Theorem 1 below). We shouldpoint out that the result for Levi nondegenerate hypersurfa
es follows from the 
on-stru
tion of a unique Cartan 
onne
tion on a 
ertain prin
ipal G-bundle over su
h ahypersurfa
e. There is no analogue of this 
onstru
tion in the more general situation
onsidered in this paper.Let M � CN be a smooth real hypersurfa
e and assume that M is de�ned lo
allynear a point p0 2 M by the equation �(z; �z) = 0, where � is a smooth fun
tion with�(p0; �p0) = 0 and d�(p0; �p0) 6= 0. Let L�1; : : : ; L�n, with n = N � 1, be a basis for theCR ve
tor �elds on M . We shall say that M is k0-nondegenerate at p0 if(0.1) Span�L���z(p0; �p0) : j�j � k0	 = CN ;where �z := (�zj�)1�j�N , �zj := �=�zj, and standard multi-index notation for di�er-ential operators is used i.e. L�� := L��1�1 : : : L��n�n . This nondegenera
y 
ondition will begiven in a di�erent, but equivalent, form in terms of the intrinsi
 geometry of M inthe next se
tion. The reader is referred to the book [BER3℄ for basi
 material on realsubmanifolds in 
omplex spa
e and CR stru
tures, and further dis
ussion of variousnondegenera
y 
onditions (see also x1 of the present paper). We mention here onlythat Levi nondegenera
y at a point p0 2 M is equivalent to 1-nondegenera
y. Ourmain result is the following.� Re
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638 p. ebenfeltTheorem 1. LetM;M 0 � CN be smooth (C1) real hypersurfa
es. Let f; g : U !CN , where U � CN is an open 
onne
ted subset with M in its boundary, be holomor-phi
 mappings whi
h extend smoothly to M and send M di�eomorphi
ally into M 0. IfM is k0-nondegenerate at a point p0 2M and(0.2) (��z f)(p0) = (��z g)(p0); 8� 2 ZN+ : j�j � 2k0;then f � g in U .Finite jet determination of holomorphi
 mappings sending one real submanifoldinto another has attra
ted mu
h attention in re
ent years. We mention here the papers[BER1{2, 4{5℄, [L℄, [Han1{2℄, [Hay℄, [Z℄. The reader is also referred to the survey arti
le[BER6℄ for a more detailed history. However, in all the above mentioned papers, it iseither assumed that M and M 0 are real-analyti
 (whi
h will imply that all mappingsf extend holomorphi
ally to some neighborhood of M), or the 
on
lusion is thatthe formal power series of the mapping f is determined by a �nite jet (see [BER4℄,[L℄). Theorem 1 appears to be, to the best of the author's knowledge, the �rst �nitedetermination result, sin
e the work of Chern and Moser mentioned above, whi
happlies to merely smooth hypersurfa
es and smooth mappings. We should mentionthat if M and M 0 are real-analyti
, then the 
on
lusion of Theorem 1 was proved in[BER2℄ (
f. also [Han1℄ and [Z℄). A related notion is that of unique 
ontinuation at theboundary for holomorphi
 mappings. A unique 
ontinuation prin
iple is said to holdfor a 
lass of mappings at a point p if any mapping from this 
lass whi
h agrees withthe 
onstant mapping to in�nite order at p is ne
essarily 
onstant. (Observe that,due to the nonlinear nature of mapping problems, a unique 
ontinuation prin
iple fora 
lass of mappings into a manifold does not imply that two mappings, in this 
lass,whi
h agree to in�nite order are ne
essarily the same.) We shall not address thisproblem further here. We mention the papers [ABR℄, [BR℄, [BL℄, [CR℄, [E1℄, [HK℄,and refer the interested reader to these papers for further information.The proof of Theorem 1 is based on Theorem 2 below, and a result from [BER4℄,alluded to above, whi
h asserts that, under the assumptions of Theorem 1, the jet off at p0 of any order is 
ompletely determined by its 2k0-jet. The proof of Theorem 1is given at the end of x3.Our se
ond result, whi
h is the basis for Theorem 1 above, states, loosely speak-ing, that given two suitably nondegenerate real hypersurfa
es, there is a system ofdi�erential equations, whi
h is 
omplete in a 
ertain sense, su
h that any CR di�eo-morphism f : M !M 0 must satisfy this system. The idea to look for su
h a di�erentialsystem goes ba
k to the work of E. Cartan and Chern{Moser mentioned above. Theapproa
h was further developed in the work of Han. To formulate the result morepre
isely, we need to �x some notation. Let us denote by Jk(M;M 0)(p;p0) the spa
e ofk-jets at p 2M of smooth mappings f : M !M 0 with f(p) = p0 2M 0. Given 
oordi-nate systems x = (x1; : : : ; x2N�1) and x0 = (x01; : : : ; x02N�1) on M and M 0 near p andp0, respe
tively, there are natural 
oordinates �k := (��i ), where 1 � i � 2N � 1 and� 2 Z2N�1+ with 1 � j�j � k, on Jk(M;M 0)(p;p0) in whi
h the k-jet at p of a smoothmapping f : M !M 0 is given by ��i = (��xfi)(p), 1 � j�j � k and 1 � i � 2N � 1.Theorem 2. Let M;M 0 � CN be smooth (C1) real hypersurfa
es. Assumethat M is k0-nondegenerate at a point p0. Let f0 : M ! M 0 be a smooth CR dif-feomorphism. Then, for any multi-index � 2 Z2N�1+ with j�j = k30 + k20 + k0 + 2and any j = 1; : : : ; 2N � 1, there are smooth fun
tions r�j (�k;x0)(x) on U , where



finite jet determination of holomorphi
 mappings 639k := k30 + k20 + k0 + 1 and U � Jk(M;M 0)(p0;p00) �M �M 0 is an open neighborhoodof ((��x f0)(0); f0(p0); p0), su
h that(0.3) ��x fj = r�j (��xf ; f); 8j�j = k30 + k20 + k0 + 2; j = 1 : : : ; 2N � 1;where 1 � j�j � k, for every smooth CR di�eomorphism f : V ! M 0, where V �M is some open neighborhood of p0, with ((��xf)(0); f(p0); p0) 2 U . Moreover, thefun
tions r�j are rational in �k 2 Jk(M;M 0)(p0;p00); here, x = (x1; : : : ; x2N�1) andx0 = (x01; : : : ; x02N�1) are any lo
al 
oordinate systems on M and M 0 near p0 andf0(p0), respe
tively, and fi := f Æ x0i.Similar results for real-analyti
 hypersurfa
es 
an also be found in [Han1{2℄ and[Hay℄. The idea behind the proof of Theorem 2 is to 
onsider the tangent mappingdf : C TM ! C TM 0 and derive di�erential equations for df using properties of asequen
e of invariant tensors (generalized Levi forms) whi
h were developed in theauthor's paper [E3℄. The proof of Theorem 2 is given in x3.We 
on
lude this introdu
tion by giving two appli
ations of Theorems 1 and 2.For this, we need some more notation. A smooth real ve
tor �eld X on M is 
alledan in�nitesimal CR automorphism if the lo
al 1-parameter group of di�eomorphisms,exp tX , generated by X is a lo
al group of CR di�eomorphisms (see e.g. [BER2℄ or[S1{2℄). The set of in�nitesimal CR automorphisms, de�ned near p 2 M , forms ave
tor spa
e over R denoted by aut(M;p). We shall give a suÆ
ient 
ondition on Mat a point p for dimRaut(M;p) < 1. A smooth real hypersurfa
e M � CN is 
alled(formally) holomorphi
ally degenerate at p 2 M , if there exists a formal holomorphi
ve
tor �eld(0.4) Y = NXj=1 aj(z)�zj ;where the aj(z) are formal power series in z� p, whi
h is tangent to M , i.e. su
h thatthe Taylor series at p of a de�ning fun
tion �(z; �z) for M divides (Y �)(z; �z) in thering of formal power series in (z�p; �z� �p). Being holomorphi
ally nondegenerate (i.e.the opposite of being degenerate) at a point is a stri
tly weaker 
ondition than thatof being k-nondegenerate for some integer k. (See [BER3, Chapter XI℄ for a moredetailed des
ription of the relationship between the two notions). Also, re
all that Mis said to be minimal at p 2 M (in the sense of Tumanov and Trepreau) if M doesnot 
ontain a 
omplex hypersurfa
e through p.Theorem 3. Let M � CN be a smooth (C1) real hypersurfa
e whi
h is holo-morphi
ally nondegenerate and minimal at p0. Then,(0.5) dimRaut(M;p0) � (2N � 1)�4N � 32N � 2�A real-analyti
 hypersurfa
eM is said to be holomorphi
ally degenerate at p 2Mif there exists a holomorphi
 ve
tor �eld, i.e. a ve
tor �eld of the form (0.4) with theaj(z) holomorphi
, tangent to M near p. This de�nition turns out to be equivalentto the one given in the smooth 
ategory above (i.e. using formal ve
tor �elds) for areal-analyti
 hypersurfa
e (see [BER3, Proposition 11.7.4℄). Stanton [S2℄ proved thatdimRhol(M;p) < 1 for a real-analyti
 hypersurfa
e M , where hol(M;p) denotes thesubspa
e of aut(M;p) 
onsisting of those in�nitesimal CR automorphisms whi
h are



640 p. ebenfeltreal-analyti
, if and only ifM is holomorphi
ally nondegenerate at p. The 
orrespond-ing statement (as well as results for higher 
odimensional real-analyti
 submanifolds)for aut(M;p), with M real-analyti
, was proved in [BER2℄. In 
ontrast to the real-analyti
 
ase, the 
ondition of (formal) holomorphi
 nondegenera
y is not ne
essary inTheorem 3. A real smooth hypersurfa
eM in C 2 whi
h is holomorphi
ally degenerateand minimal at 0, but everywhere Levi nondegenerate outside 0 is given in [BER3,Example 11.7.29℄. The fa
t that M is Levi nondegenerate outside 0 
an be seen toimply (see the 
on
luding remarks in x4.2) that dimRaut(M; 0) satis�es the bound in(0.5). However, if there exists a ve
tor �eld(0.6) Y = NXj=1 aj(z; �z)�zj ;where the aj(z; �z) are smooth fun
tions whose restri
tions to M are CR, tangent toM near p, then the arguments in [S2℄ easily show that dimRaut(M; 0) = 1. Thisdis
repan
y is addressed further in x4.2. The proof of Theorem 3 is given in x3.For our �nal result, we shall denote by Aut(M;p) the stability group of M atp 2 M , i.e. the group of germs at p of lo
al CR di�eomorphisms f : V ! M , whereV � M is some open neighborhood of p, with f(p) = p. If M is k0-nondegenerateat p0, then, by Theorem 1, the jet mapping j2k0p sends Aut(M;p0) inje
tively intothe jet group G2k0(CN )p0 � J2k0(CN ; CN )(p0;p0), whi
h 
onsists of those jets that areinvertible at p0. We shall show that the elements of Aut(M;p0) depend smoothly ontheir 2k0-jets at p0. More pre
isely, we have the following result.Theorem 4. Let M � CN be a smooth (C1) real hypersurfa
e whi
h is k0-nondegenerate at p0 2M . Then, the jet mappingj2k0 : Aut(M;p0)! G2k0(CN )p0is inje
tive and, for every f0 2 Aut(M;p0), there exist an open neighborhood U0 ofj2k0p0 (f0) in G2k0(C N )p0 , an open neighborhood V0 of p0 in M , and a smooth (C1)mapping F : U0 � V0 !M su
h that(0.7) F (j2k0p0 (f); �) = f;for every f 2 Aut(M;p0) with j2k0p0 (f) 2 U0.For real-analyti
 hypersurfa
es, the result in Theorem 4 (with real-analyti
 de-penden
e) was proved in [BER1℄. (See [BER4℄ for the higher 
odimensional 
ase; 
f.also [Z℄.).A
knowledgement. The author would like to thank B. Lamel and D. Zaitsev formany helpful 
omments and dis
ussions on a preliminary version of this paper.1. Preliminaries. A real hypersurfa
e M � CN inherits a CR stru
ture V :=T 0;1CN \ C TM from the ambient 
omplex spa
e CN . (Here, T 0;1CN denotes theusual bundle of (0; 1) ve
tors in CN .) In this se
tion, we shall 
onsider abstra
t, notne
essarily embedded (or integrable), CR stru
tures. At the end of this se
tion, weshall again spe
ialize to embedded hypersurfa
es, whi
h substantially simpli�es someof the 
omputations in subsequent se
tions. The reader is referred to the 
on
ludingremarks in x4 for a brief dis
ussion of the abstra
t 
ase.Let M be a smooth (C1) manifold with a CR stru
ture V � C TM . Re
all thatthis means that V is a formally integrable subbundle (the 
ommutator of two se
tions



finite jet determination of holomorphi
 mappings 641of V is again a se
tion of V) su
h that Vp \ �Vp = f0g for every p 2M . Se
tions of theCR bundle are 
alled CR ve
tor �elds. We shall denote by n � 1 the CR dimension ofthe CR manifold M , whi
h by de�nition is the 
omplex �ber dimension of V , and weshall assume that the CR stru
ture is of hypersurfa
e type, i.e. that dimRM = 2n+1.The reader is referred to [BER3℄ for an introdu
tion to CR stru
tures.We de�ne two subbundles T 0M � T 0M � C T �M as follows(1.1) T 0M := (V � �V)?; T 0M = V?;where A? � C T �M , for a subset A � C TM , denotes the union over p 2 M of theset of 
ove
tors at p annihilating every ve
tor in Ap. Real nonvanishing se
tions ofT 0M are 
alled 
hara
teristi
 forms and se
tions of T 0M are 
alled holomorphi
 forms.Thus, 
hara
teristi
 forms are in parti
ular holomorphi
 forms.We shall give an alternative de�nition of k0-nondegenera
y, as de�ned in theintrodu
tion, in terms of the intrinsi
 geometry of M . This de�nition appeared in[E2℄. For a holomorphi
 form !, the Lie derivative with respe
t to a CR ve
tor �eldX is given by(1.2) LX! = Xyd!;where y denotes the interior produ
t, or 
ontra
tion, and d denotes exterior di�eren-tiation. For p 2M , de�ne the subspa
es(1.3) T 0pM := E0(p) � E1(p) � : : : � Ek(p) � : : : � T 0pMby letting Ek(p) be the linear span (over C ) of the holomorphi
 
ove
tors(1.4) (LXk : : :LX1�)(p);where X1; : : : ; Xk range over all CR ve
tor �elds and � over all 
hara
teristi
 formsnear p. M is 
alled �nitely nondegenerate at p 2M if Ek(p) = T 0pM for some k. Morepre
isely, we say that M is k0-nondegenerate at p if(1.5) Ek0�1(p) $ Ek0(p) = T 0pM:For an argument showing that this de�nition 
oin
ides with that given for embeddedhypersurfa
es in the introdu
tion, the reader is referred to [BER3℄ (see also [E2℄). Forea
h k, set(1.6) Fk(p) = �Vp \ Ek(p)?:It was shown in [E3℄ that the mapping(1.7) (X1; : : : ; Xk; Y; �) 7! h(LXk : : :LX1�)(p); Y (p)i ;de�nes a multi-linear mapping(1.8) Vp � : : :Vp � Fk�1(p)� T 0pM ! C :whi
h is symmetri
 in the �rst k positions. The tensor so de�ned for k = 1 
oin
ideswith the 
lassi
al Levi form, and the spa
e F1(0) is the Levi nullspa
e.Let us �x a distinguished point on M denoted by 0 2 M . We 
hoose a basisL1; : : : ; Ln of the se
tions C1(U; �V), where U � M is some suÆ
iently small neigh-borhood of 0, adapted to the �ltration(1.9) �V0 = F0(0) � F1(0) � : : : � Fk(0) � : : : � f0g



642 p. ebenfeltin the following way. Observe that the sequen
e of subspa
es Fk(0) stabilizes at asmallest subspa
e Fk0(0), whi
h equals f0g if and only if M is k0-nondegenerate at0. Let rk = n � dimCFk(0) and 
hoose L1; : : : ; Ln so that Lrk+1(0); : : : Ln(0) spansFk(0) for k = 0; 1; : : : ; k0. We shall use the following 
onventions for indi
es. Forj = 1; 2; : : : , Greek indi
es �(j); �(j), et
., will run over the set f1; : : : ; rj�1g andsmall Roman indi
es a(j); b(j), et
., over frj�1 + 1; : : : ; ng. Capital Roman indi
esA;B, et
., will run over f1; : : : ; ng.Now, 
hoose also a 
hara
teristi
 form � on M near 0. We write(1.10) h �A1::: �AkB := 
L �Ak : : :L �A1�; LB� ;where L �A := LL �A and L �A := LA. Note that (h �A1::: �Aka(k) (0)) represents the tensorde�ned by (1.7) relative to the bases L �A(0), La(k)(0), and �(0) of V0, Fk(0), and T 00M ,respe
tively.Let T be a ve
tor �eld near 0 su
h that T; LA; L �A form a basis for C1(U; CTM).Let �; �A; � �A be the dual basis for C1(U; CT �M). Note that, for ea
h k = 1; : : : ; k0,the 
ove
tors �(0); ��(k) (0) form a basis for Ek(0). For brevity, we introdu
e thefun
tions(1.11) h �A1::: �Ak := 
L �Ak : : :L �A1�; T � ;and also RC�AB := 
d�C ; L �A ^ LB� ; RCDB := 
d�C ; LD ^ LB�RC�A := 
d�C ; L �A ^ T � ; RCB := 
d�C ; T ^ LB� :(1.12)The following identity is useful.Lemma 1.13. For any nonnegative integer k, and indi
es A1; : : : ; Ak; C, D 2f1; : : : ; ng, the following identity holds(1.14) h �A1::: �Ak �CD = L �Ch �A1::: �AkD + h �A1::: �AkBRB�CD + h �A1::: �Akh �CD :Proof. Re
all that L �Ak : : :L �A1� is a holomorphi
 1-form and, by the de�nitions(1.10{11),(1.15) L �Ak : : :L �A1� = h �A1::: �AkD�D + h �A1::: �Ak�:Here, and for the remainder of this paper, we use the summation 
onvention whi
hstates that an index appearing in both a sub- and supers
ript is summed over; e.g.hD�D =PD hD�D. We also have, by the de�nition of the interior produ
t,(1.16) h �A1::: �Ak �CD = 
dL �Ak : : :L �A1�; L �C ^ LD� :The identity (1.14) follows by applying the exterior derivative d to (1.15) and substi-tuting in (1.16).De�ne `0 to be the smallest integer ` for whi
h(1.17) (h �A1::: �ArD(0) = 0; 8A1; : : : Ar; D 2 f1; : : : ; ng; r < `h �A01::: �A0̀D0(0) 6= 0; for some A01; : : : A0r; D0 2 f1; : : : ; ng:If no su
h ` exists then we set `0 = 1. Observe that if M is k-nondegenerate at 0for some k, then `0 � k, but `0 <1 does not imply �nite nondegenera
y. Also, note



finite jet determination of holomorphi
 mappings 643that, for any r � `0, the subspa
e Fr�1(0) = �V0 and, hen
e, the indi
es ar, br, et
.,introdu
ed above run over the whole index set f1; : : : ; ng.(Also note, by the fa
t that LA is adapted to the �ltration (1.9), that if `0 <1then we 
an take D0 = 1 in (1.17).)Lemma 1.18. For any integer r � 2 and any integer j � 0 su
h that j + r � `0and indi
es A1; : : : ; Ar; C1 : : : ; Cj ; D 2 f1; : : : ; ng, the following holds(1.19) h �A1::: �Ar�1 �ArD(0) = �L �Arh �A1::: �Ar�1D�(0)...�L �C1 : : : L �Cjh �A1::: �Ar�1 �ArD�(0) = �L �C1 : : : L �CjL �Arh �A1::: �Ar�1D�(0):In parti
ular,(1.20) h �A1 �A2::: �A`0D(0) = �L �A`0 : : : L �A2h �A1D�(0):Proof. The �rst identity in (1.19) follows immediately by evaluating (1.14) at 0and using the de�nition of `0. In parti
ular, it follows that(1.21) �L �Arh �A1::: �Ar�1D�(0) = 0for any 2 � r � `0. Now, the se
ond identity in (1.19) follows by applying L �C1 to(1.14) and using (1.21). The 
on
lusion of Lemma 1.18 follows by indu
tion.Re
all thatM is said to be of �nite type at 0 2M if LA; L �A and all their repeated
ommutators(1.22) [Xm; [Xm�1; : : : [X2; X1℄ : : : ℄℄; X1; : : : ; Xm 2 fL1; : : : ; Ln; L�1; : : : ; L�ng;evaluated at 0 span C T0M . The 
ommutator in (1.22) is said to have length m. (A
ommutator of length one is simply one of the ve
tor �elds LA, L �A.) If M is of �nitetype at 0, then it is said to be of type m0 if m0 is the smallest integer for whi
h all
ommutators of the form (1.22) of lengths � m0 span C T0M . De�ne `1 to be thesmallest integer ` for whi
h(1.23)8<: 
�; [L �Ar ; : : : [L �A1 ; LD℄ : : : ℄� (0) = 0; 8A1; : : : Ar; D 2 f1; : : : ; ng; r < `D�; [L �A0̀ ; : : : [L �A01 ; LD0 ℄ : : : ℄E (0) 6= 0; for some A01; : : : A0r ; D0 2 f1; : : : ; ng:If no su
h ` exists then we set `1 = 1. Observe that `1 < 1 implies that M is of�nite type m0 � `1 + 1 at 0, but the 
onverse is not true, i.e. M 
an be of �nite typeat 0 while `1 =1 .Proposition 1.24. If either of the two integers `0; `1 is �nite, then they areequal. Indeed, for any r � `0, it holds that(1.25) 
�; [L �Ar ; : : : [L �A1 ; LD℄ : : : ℄� (0) = �h �A1::: �ArD(0);for all A1; : : : Ar; D 2 f1; : : : ; ng. In parti
ular, if M is k-nondegenerate at 0, then itis also of �nite type � k + 1.Proof. Note that the �rst part of Proposition 1.24 
learly follows from (1.25).Hen
e, we shall only prove (1.25). For any 1-form � and ve
tor �elds X , Y , we have



644 p. ebenfeltthe following well known identity (see e.g. [He℄)(1.26) hd�;X ^ Y i = X h�; Y i � Y h�;Xi � h�; [X;Y ℄i :Thus, for a holomorphi
 1-form ! on M , we obtain(1.27) h!; [L �A; Ld℄i = L �A h!;LDi � hL �A!;LDi :By applying (1.27) with ! = �, we dedu
e that
�; [L �A1 ; LD℄� = �h �A1D:By Lemma 1.18 and the symmetry of the tensors h �A1::: �ArD(0), we then dedu
e that(1.28) �L �C1 : : : L �Cs 
�; [L �A1 ; LD℄� �(0) = �h �C1::: �Cs �A1D(0); 8 0 � s � `0 � 1;where s = 0 in (1.28) means 
�; [L �A1 ; LD℄� �0) = �h �A1D(0). By applying (1.27) with! = L �Bj : : :L �B1�, we obtain(1.29) DL �Bj : : :L �B1�; [L �A1 ; LD℄E = L �A1h �B1::: �BjD � h �A1 �B1::: �BjD:Hen
e, it follows from Lemma 1.18 and the symmetry of the h �A1::: �ArD(0) that(1.30) �L �C1 : : : L �Cs DL �Bj : : :L �B1�; [L �A1 ; LD℄E� (0) = 0; 8 1 � j + s � `0 � 1:Now, assume that(1.31) �L �C1 : : : L �Cs 
�; [L �Ar ; : : : [L �A1 ; LD℄� �(0) =� h �C1::: �Cs �A1::: �ArD(0); 8 1 � s+ r � `0;where s � 0 and the meaning for s = 0 is analogous to (1.28), and(1.32) �L �C1 : : : L �Cs DL �Bj : : :L �B1�; [L �Ar ; : : : [L �A1 ; LD℄ : : : ℄E� (0) = 0;8 1 � j + s+ r � `0;where j; s � 0, for r = 1; : : : R. Observe that we have proved this for R = 1. Now,if R < `0, then the (1.31) and (1.32) follows for all r = 1; : : : ; R + 1 by applying(1.27) and Lemma 1.18. The veri�
ation of this is straightforward and left to thereader. By indu
tion, we dedu
e that (1.31) and (1.32) hold for r = 1; : : : ; `0. Inparti
ular, (1.25) holds for any r = 1; : : : ; `0. This 
ompletes the proof of Proposition1.24.So far, everything has been done with an arbitrary 
hoi
e of basis T; LA; L �A,ex
ept that we 
hose the LA to be adapted to the �ltration in (1.9) as explainedabove. We shall now use the fa
t that M is embedded in CN and 
hoose a parti
ularbasis.Lemma 1.33. Let M � CN be a smooth real hypersurfa
e. Then, there is a basisT; LA; L �A su
h that T is real, the LA adapted to the �ltration (1.9) as explained above,and(1.34) RC�AB � RCDB � RC�A � RCB � 0;
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es A;B;C;D 2 f1; : : : ; ng.Remark. Clearly, the 
onditions (1.34) are equivalent to d�C = 0. Based on thisobservation, an alternative proof of Lemma 1.33 
an be given by pulling ba
k suitable
oordinate fun
tions from the ambient spa
e.Proof. By making use of the identity (1.27), we 
on
lude that(1.35) RC�AB = � 
�C ; [L �A; LB℄� ; RCAB = � 
�C ; [LA; LB℄� ;RC�A = � 
�C ; [L �A; T ℄� ; RCA = � 
�C ; [T; LA℄� :Hen
e, to prove the lemma, it is equivalent to show that there is a basis T; LA; L �Awith T real and LA adapted to the �ltration (1.9) su
h that the LA 
ommute, and[L �A; LB℄ and [LA; T ℄ are multiples of T . The existen
e of su
h a basis, disregarding theadaption of the LA to the �ltration, is well known (see e.g. [BER3, Proposition 1.6.9℄).Sin
e the adaption of the LA is a 
ondition only at the point 0, we may a
hieve thisby applying a linear transformation with 
onstant 
oeÆ
ients to any basis LA. Su
ha transformation does not a�e
t any 
ommutator relations and, hen
e, the lemmafollows.In what follows, we shall assume that (1.34) holds.2. A Re
e
tion Identity for CR Di�eomorphisms. Let M be a smoothCR manifold as in the pre
eeding se
tion, and let M̂ be another smooth CR manifoldof the same dimension and CR dimension, with distinguished point 0̂ 2 M̂ . Weshall denote 
orresponding obje
ts on M̂ by using^; e.g. V̂ � C TM̂ denotes the CRbundle on M̂ , T̂ ; L̂A; L̂ �A is a basis for C1(Û ; C TM̂ ), where Û is some suÆ
ientlysmall neighborhood of 0̂ 2 M̂ . We shall assume that both M and M̂ are embeddable,lo
ally near 0 2 M and 0̂ 2 M̂ , as real hypersurfa
es in CN . Hen
e, (1.35) holds onM and analogous identities on M̂ .Assume that f : M ! M̂ is a smooth CR di�eomorphism de�ned near 0 inM su
h that f(0) = 0̂. Re
all that a smooth mapping f : M ! M̂ is 
alled CRif f�(Vp) � V̂f(p), where f� : C TM ! C TM̂ denotes the tangent mapping or pushforward, for every p 2M ; a CR di�eomorphism is a di�eomorphism whi
h is CR andwhose inverse is also CR. In parti
ular, if f is a CR di�eomorphism then, for everyp 2 M near 0, f�(Vp) = V̂f(p). We introdu
e the smooth GL(C n )-valued fun
tion(
AB), and real-valued fun
tions �; �A so that(2.1) f�(LB) = 
AB L̂A; f�(L �B) = 
AB L̂ �A; f�(T ) = �T̂ + �AL̂A + �AL̂ �A:We 
an write (2.1) using matrix notation as(2.2) f�(T; LB; L �B) = (T̂ ; L̂A; L̂ �A)0� � 0 0�A 
AB 0�A 0 
AB 1A :By duality, we then have(2.3) f�0� �̂̂�Â� �A1A = 0� � 0 0�A 
AB 0�A 0 
AB 1A0� ��B� �B1A :The main te
hni
al result in this se
tion is the following, whi
h 
an be viewed asre
e
tion identities for 
DE and �D.



646 p. ebenfeltTheorem 2.4. If M̂ is k0-nondegenerate at 0̂ 2 M̂ , then the following identitiesholds for any indi
es D;E 2 f1; : : : ; ng,
DE = rDE �LJ
CA ; LI�; f�;(2.5) �D = sD�LJ
CA ; LI�; f�(2.6)where(2.7) rDE �LJ
CA ; LI�; q�(p); sD�LJ
CA ; LI�; q�(p)are smooth fun
tions whi
h are rational in LJ
CA and polynomial in LI�, the indi
esA, C run over the set f1; : : : ; ng, and J , I over all multi-indi
es with jJ j � k0 � 1and jI j � k0; here, (p; q) 2 M � M̂ . Moreover, the fun
tions in (2.7) depend only onM and M̂ (and not on the mapping f).For the proof of Theorem 2.4, we shall make use of the following identity(2.8) hdf�!̂;X ^ Y i = hd!̂; f�X ^ f�Y i ;whi
h holds for any 1-form !̂ on M̂ and ve
tor �elds X , Y onM . First, letting !̂ = �̂,X = L �A, and Y = LB , we obtain(2.9) �h �AB = 
DB 
CA ĥ �CD:Here, and in what follows, we abuse the notation in the following way. For a fun
tion
̂ de�ned on M̂ , we use the notation 
̂ to denote both the fun
tion 
̂ Æ f on M andthe fun
tion 
̂ on M̂ . It should be 
lear from the 
ontext whi
h of the two fun
tionsis meant. For instan
e, in (2.9), we must have ĥ �CD = ĥ �CD Æ f . By letting !̂ = �̂E ,X = L �A, and Y = LB in (3.1), we obtain(2.10) L �A
EB + �Eh �AB = 0:Applying (2.8) with X = L �A, Y = T , and !̂ = �̂, we obtain(2.11) L �A� + �h �A = �
CA ĥ �C + 
CA�Dĥ �CD;and with !̂ = �̂C , we obtain(2.12) L �A�C + �Ch �A = 0:To obtain (2.11) and (2.12), we have used the fa
tDd!̂; L̂ �C ^ L̂ �DE = L̂ �C D!̂; L̂ �DE� L �D D!̂; L̂ �CE� D!̂; [L̂ �C ; L̂ �D℄E=0;whi
h holds for any holomorphi
 1-form !̂ on M̂ by the formal integrability of the CRbundle V̂ . We apply (2.8) one last time, with !̂ = �̂C , X = T , and Y = LA, to obtain(2.13) T
CA � LA�C � �Ch �A = 0:
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 mappings 647Lemma 2.14. For any nonnegative integer k, and indi
es A1; : : : ; Ak; B; C 2f1; : : : ; ng, the following identities hold(2.15) L �C�
DB ĥ �A1::: �AkD� = 
HB 
ICĥ �A1::: �Ak �IH � 
HB 
IC ĥ �A1::: �Ak ĥ�IH � �H ĥ �A1::: �AkHh �CBand(2.16) L �C��Dĥ �A1::: �AkD� = �H
IC ĥ �A1::: �Ak �IH � �H
IC ĥ �A1::: �Ak ĥ�IH � �H ĥ �A1::: �AkHh �C :Proof. We shall prove (2.15). Re
all that ĥ �A1::: �AkD in (2.15) denotes ĥ �A1::: �AkD Æfby the 
onvention introdu
ed in x1. Hen
e,(2.17) L �C(ĥ �A1::: �AkD) = 
IC(L̂�I ĥ �A1::: �AkD);where a

ording to our 
onvention L̂�I ĥ �A1::: �AkD = (L̂�I ĥ �A1::: �AkD) Æ f , and we obtain(2.18) L �C�
DB ĥ �A1::: �AkD� = (L �C
DB )ĥ �A1::: �AkD + 
DB 
IC(L̂�I ĥ �A1::: �AkD):Let us rewrite (2.10) as(2.19) L �A
EB = ��Eh �AB :The identity (2.15) follows by substituting (2.19) in (2.18) and then applying Lemma1.13.The proof of the identity (2.16) is 
ompletely analogous. Expand the left handside by the 
hain rule, and then substitute for the derivatives of �D by using (2.12),and for the derivatives of ĥ �A1::: �AkD by using Lemma 1.13. The details are left to thereader.The following two lemmas will be important in establishing Theorem 2.4.Lemma 2.20. For any integer k � 0, and indi
es A1; : : : ; Ak; B 2 f1; : : : ; ng,the following identity holds(2.21) 
DB 
C1A1 : : : 
CkAk ĥ �C1::: �CkD = r �A1::: �AkB�LJ
CA ; f) + � s �A1::: �AkB�LJ
CA ; f)+ k�1Xl=1 
DE ĥ �C1::: �ClD t �C1::: �ClE�A1::: �AkB�LJ
CA ; f) + k�1Xl=1 �Dĥ �C1::: �ClD u �C1::: �Cl�A1::: �AkB�LJ
CA ; f);where(2.22) r �A1::: �AkB�LJ
CA ; q)(p); s �A1::: �AkB�LJ
CA ; q)(p);t �C1::: �ClE�A1::: �AkB�LJ
CA ; q)(p); u �C1::: �ClE�A1::: �AkB�LJ
CA ; q)(p)are polynomials in LJ
CA , where A, C run over the indi
es f1; : : : ; ng and J =(J1; : : : ; Jt) 2 f1; : : : ngt for t � k � 1, whose 
oeÆ
ients are smooth fun
tions of(p; q) 2 M � M̂ ; here, we have used the notation LJ = LJ1 : : : LJt . Moreover, thefun
tions in (2.22) depend only on M and M̂ (and not on the mapping f).Proof. We observe that (2.9) satis�es the 
on
lusion of Lemma 2.20 for k = 1.Assume that the 
on
lusion of Lemma 2.20 holds for all integers k = 1; : : : j � 1. Fixindi
es A1; : : : ; Aj�1; B 2 f1; : : : ; ng, 
hoose an index Aj 2 f1; : : : ; ng, and apply L �Ajto (2.21) with k = j � 1. The statement of the proposition for k = j now follows byapplying Lemma 2.14 and substituting for L �Aj � using (2.11). The proof is 
ompletedby indu
tion on k.



648 p. ebenfeltRemark. In what follows, we shall use the notation r, s, t, and u with varyingsets of sub- and supers
ripts for \generi
" fun
tions whi
h may be di�erent from timeto time.Lemma 2.23. For any integer k � 0, and indi
es A1; : : : ; Ak 2 f1; : : : ; ng, thefollowing identity holds(2.24) �D
C1A1 : : : 
CkAk ĥ �C1::: �CkD = r �A1::: �Ak�LJ
CA ; L�I�; f)+ k�1Xl=1 
DE ĥ �C1::: �ClD t �C1::: �ClE�A1::: �Ak �LJ
CA ; f) + k�1Xl=1 �Dĥ �C1::: �ClD u �C1::: �Cl�A1::: �Ak�LJ
CA ; f);where(2.25) r �A1::: �Ak�LJ
CA ; L�I�; q)(p); u �C1::: �ClE�A1::: �Ak �LJ
CA ; q)(p)are polynomials in LJ
CA and L�I� in the former 
ase and in LJ
CA in the latter, whereA, C run over the indi
es f1; : : : ; ng and J = (J1; : : : ; Jt), I = (I1; : : : ; It+1), withIi; Jj 2 f1; : : : ng, for t � k � 1, whose 
oeÆ
ients are smooth fun
tions of (p; q) 2M � M̂ ; here, we have used the notation LJ = LJ1 : : : ; LJt and L �J = L �J1 : : : ; L �Jt .Moreover, the fun
tions in (3.18) depend only on M and M̂ (and not on the mappingf). Proof. We start with equation (2.11) and pro
eed as in the proof of Lemma 2.20.We leave the details to the reader.We are ready to prove Theorem 2.4.Proof of Theorem 2:4. Using the fa
t that the matri
es �
CA� are invertible, werewrite (2.21) and (2.24) as follows(2.26) 
DB ĥ �A1::: �AkD + k�1Xl=1 
DE ĥ �C1::: �ClD 0t �C1::: �ClE�A1::: �AkB�LJ
CA ; f)+k�1Xl=1 �Dĥ �C1::: �ClD 0u �C1::: �Cl�A1::: �AkB�LJ
CA ; f) = 0r �A1::: �AkB�LJ
CA ; f)+0s �A1::: �AkB�LJ
CA ; f) �;and(2.27) �D  ĥ �A1::: �AkD + k�1Xl=1 ĥ �C1::: �ClD 0u �C1::: �Cl�A1::: �Ak�LJ
CA ; f)!+k�1Xl=1 
DF ĥ �C1::: �ClD 0t �C1::: �ClF�A1::: �Ak �LJ
CA ; f) = 0r �A1::: �Ak�LJ
CA ; LI�; f�:To prove the theorem, we must show that there are n 
hoi
es Aj , where Aj = Aj1 : : : Ajljwith lj � k0, su
h that the linear equations (2.26{2.27), with A = Aj for j = 1; : : : ; nand B = 1; : : : n, 
an be solved uniquely for 
DB and �D near 0. For this it suÆ
es to
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 mappings 649show that if, for some (vDB ; vD) 2 C n2+n,(2.28) vDB ĥ �A1::: �AkD(0) + k�1Xl=1 vDE ĥ �C1::: �ClD(0) 0t �C1::: �ClE�A1::: �AkB�LJ
CA ; f)(0)+k�1Xl=1 vDĥ �C1::: �ClD(0) 0u �C1::: �Cl�A1::: �AkB�LJ
CA ; f)(0) = 0and(2.29) vD  ĥ �A1::: �AkD(0) + k�1Xl=1 ĥ �C1::: �ClD(0) 0u �C1::: �Cl�A1::: �Ak�LJ
CA ; f)(0)!+k�1Xl=1 vDF ĥ �C1::: �ClD(0) 0t �C1::: �ClF�A1::: �Ak �LJ
CA ; f)(0) = 0;for all A1; : : : Ak; B 2 f1; : : : ; ng and all k � k0, then vDB = vD = 0. To see this, notethat (2.28{2.29), for k = 1, implies dire
tly that v�(2) = v�(2)B = 0; re
all the 
onventionintrodu
ed in x1 that the indi
es �(k+1) run over f1; : : : ; rkg, where rk = n�dimFk(0)as introdu
ed in x1, and the indi
es a(k+1) run over the set frk+1; : : : ng. Thus, sin
eĥAa(2)(0) = 0, the equations (2.28{2.29) for k = 2 redu
e to(2.30) va(2)B ĥ �A1 �A2a(2)(0) = 0; va(2) ĥ �A1 �A2a(2)(0) = 0;whi
h in turn implies v�(3) = v�(3)B = 0. Pro
eeding indu
tively, using at ea
h stepthe fa
t that for any integers 1 � j < k � k0,(2.31) ĥ �A1::: �Aja(k)(0) = 0;we 
on
lude that the equations (2.28{2.29), for k � k0, imply v�(k0+1) = v�(k0+1)B = 0,whi
h is equivalent to vD = vDB = 0 sin
e rk0+1 = n for a k0-nondegenerate CRmanifold. This 
ompletes the proof of Theorem 2.4.3. Proofs of Theorems 1, 2, and 3. We begin with the proof of Theorem 2.For this proof, we shall need the following two lemmas. We shall keep the notationintrodu
ed in previous se
tions.Lemma 3.1. For any indi
es D;E; F 2 f1; : : : ; ng, multi-index J , and nonnega-tive integer k, we have the followingLELJ
DF = r �D �J�FE�LI�C�;(3.2) LELJT k�D =s �D �JkE �LITm�C ; LKTm+1�C�;(3.3)where the fun
tions in (3.2{3) are smooth fun
tions whi
h are rational in the argumentsappearing inside the parentheses. The indi
es A, C run over the set f1; : : : ; ng, andI, K, over all multi-indi
es with jI j � jJ j, jKj � jJ j � 1; the integer m runs from 0to k. Moreover, the fun
tions in (3.2{3) depend only on M and M̂ (and not on themapping f).Proof. We shall use the following fa
t, whi
h is an easy 
onsequen
e of the
ommutator relations established in the proof of Lemma 1.32. For any ve
tor �eld



650 p. ebenfeltX 2 fLA; L �A; Tg and any multi-index J = (J1; : : : JjJj), we have(3.4) XLJ = LJX + XjKj�jJj�1 
KLKT;where the 
K are smooth fun
tions onM (whi
h depend on X and J). To prove (3.2),we observe that, in view of (3.4), we have(3.5) LELJ
DF =L �ELJ
DF=LJL �E
DF + XjKj�jJj�1 
KLKT
DF :The identity (3.2) follows from (2.10) and (2.13). The proof of (3.3) is similar, andleft to the reader.Lemma 3.6. For any index E 2 f1; : : : ; ng, multi-indi
es J and any nonnegativeinteger k, we have the following(3.7) LELJT k� = s �JkE �LK
CA ; LITm�C ; LITm�; LKTm+1�; Tm
CA ; Tm�C ; f�where the fun
tion in (3.7) is a smooth fun
tions whi
h are rational in the argumentspre
eding the ;. The indi
es A, C run over the set f1; : : : ; ng, and I, K over allmulti-indi
es with jI j � jJ j, jKj � jJ j � 1; the integer m runs from 0 to k. Moreover,the fun
tion in (3.7) depends only on M and M̂ (and not on the mapping f).Proof. We apply (3.4) as in the proof of Lemma 3.1 to dedu
e that that LELJT k�is linear in LITm�, LKTm+1�, and LITmL �E�. To evaluate the latter term, we makeuse of (2.11) and (2.13) to dedu
e that LJT kL �E� is polynomial in LITm�, LITm�C ,LK
CA , and L�ITm
CA . Finally, we 
ommute L�I and Tm using (3.4), and then use(2.10) to 
on
lude that L�ITm
CA is a linear fun
tion of Tm
CA and Tm�C . Summingup, we obtain (3.7). This 
ompletes the proof of Lemma 3.6.The following argument is inspired by the paper [Han2℄. We shall say, for afun
tion u on M , that u 2 Cap if(3.8) u = r(LI
CA ; LITm�C ; LITm�; LNTn
CA ; LNTn�C ; f);where the fun
tion in (3.8) is a smooth fun
tions whi
h is rational in the argumentspre
eeding the ;. The indi
es A, C run over the set f1; : : : ; ng. The multi-indi
esI , N and the nonnegative integers m, n run over all multi-indi
es with jI j +m � p,jN j+ n � a. Moreover, the fun
tion in (3.8) should depend only on M and M̂ (andnot on the mapping f). Similarly, we shall say that u 2 Ca;bp;q if (3.8) holds with theadditional 
ondition that m � q, n � b. Observe that by Lemma 2.30 (and the realityof �), we have(3.9) 
DF ; �C ; � 2 C�1;�1k0;0 ;where the negative ones in the supers
ript signify that no terms involving LN
CA orLN�C appear. Re
all that k0 is the order of nondegenera
y of M̂ . By (2.10{12), weobtain(3.10) L �J
DF ; L �J�C 2 C�1;�1k0;0
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DF and usingLemmas 3.1 and 3.6, we 
on
lude that(3.11) LEL �J
DF = r �SE(LK
CA ; LITm�C ; LITm�; 
CA ; �C ; f);where jKj � k0�1, jI j+m � k0, and m � 1. By substituting for 
CA and �C in (3.11)using the equations provided by (3.10), we 
on
lude that LE
DF 2 C�1;�1k0;1 . We obtaina similar equation for LEL �J�C . Hen
e, we obtain(3.12) LEL �J
DF ; LEL �J�C 2 C�1;�1k0;1 :Next, by applying L �F to the equations for LEL �J
DF and LEL �J�C , provided by (3.12),we obtain(3.13) L �FLEL �J
DF ; L �FLEL �J�C 2 C�1;�1k0+1;1:Similarly, repeated appli
ation of L �F1 , L �F2 , : : : ; L �Fk yields(3.14) L �Fk : : : L �F1LEL �J
DG ; L �Fk : : : L �F1LEL �J�C 2 C�1;�1k0+k;1:Hen
e, by taking linear 
ombinations of L �Fk : : : L �FiLEL �Fi+1 : : : L �FkL �J , we dedu
e that(3.15) [: : : [LE; L �F1 ℄; : : : ; L �Fk ℄L �J
DG ; [: : : [LE ; L �F1 ℄; : : : ; L �Fk ℄L �J�C 2 C�1;�1k0+k;1:Let `0 � k0 be the integer provided by Lemma 1.24 for whi
h(3.16) [: : : [LE; L �F1 ℄; : : : ; L �Fk ℄ = aT;for some fun
tion a with a(0) 6= 0. Then, (3.15) implies, in parti
ular, that(3.17) T
CG ; T �C 2 C�1;�1k0+`0;1:Before pro
eeding, we shall need the following result on 
ommutators of di�eren-tial operators, whi
h seems to be of independent interest.Proposition 3.18. Let `0 be the smallest integer for whi
h (1.23) holds. Then,for any multi-index J , integer k � 1, and index F 2 f1; : : : ; ng there exist smoothfun
tions aE1:::Em �F1::: �Fs , bE1:::Ems su
h that(3.19) jJj+kXm=1 m`0Xs=0 aE1:::Em �F1::: �Fs [: : : [LE1 : : : LEm ; L �F1 ℄; L �F2 ℄ : : : ; L �Fs ℄ = LJT k:and(3.20) jJj+kXm=1 kXs=0 bE1:::Ems [: : : [LE1 : : : LEm ; L �F ℄; L �F ℄ : : : ; L �F ℄| {z }length s = (h �F 1)pLJT k;where p = k+ jJ j � jJ j1 +1 and jJ j1 denotes the number of o

uren
es of the index 1in the multi-index J ; here, the length of the 
ommutator [: : : [X;Y1℄; Y2℄ : : : ; Ys℄ is s.Proof. In this proof, we shall use the following notation to simplify the notation,CE1:::Em; �F1::: �Fs := [: : : [[LE1 : : : LEm ; L �F1 ℄; L �F2 ℄ : : : ; L �Fs ℄;



652 p. ebenfeltwhere CE1:::Em is understood to mean LE1 : : : LEm . Using bilinearity of the 
ommu-tator and the identity(3.21) [AB;C℄ = A[B;C℄ + [A;C℄B;a straightforward indu
tion shows that(3.22) [: : : [[LE1LE2 : : : LEm ; L �F1 ℄; L �F2 ℄ : : : ; L �Fs ℄ =X(i;j)2P2(s)CE1; �Fi1 ::: �Fis�lCE2:::Em; �Fj1 ::: �Fjl ;where P2(s) denotes the set of all partitions of f1; : : : ; sg into two disjoint in
reasingsequen
es i = (i1; : : : ; is�l), 1 � i1 < : : : is�l � s, and j = (j1; : : : ; jl), 1 � j1 <: : : < jl � s for l = 0; : : : s. (Of 
ourse, for e.g. l = 0 the partition is understood tobe the trivial one i = (1; : : : ; s) and j = ;.) Similarly, if we denote by Pm(s) the setof all partitions of f1; : : : ; sg into m disjoint in
reasing sequen
es it = (it1; : : : ; itst),1 � it1 < : : : itst � s, t = 1; : : :m, and P st = s (allowing empty sequen
es), then wehave(3.23) [: : : [[LE1LE2 : : : LEm ; L �F1 ℄; L �F2 ℄ : : : ; L �Fs ℄ =X(i1;::: ;im)2Pm(s)CE1; �Fi11 ::: �Fi1s1 : : : CEm; �Fim1 ::: �Fimsm ;Observe that CE; �F1::: �Fs = aE; �F1::: �FsT , for some fun
tion aE; �F1::: �Fs su
h thataE; �F1::: �Fs(0) = 0; 8s < `0; and aE; �F1::: �F`0 (0) = h �F1::: �F`0E(0) 6= 0;for some 
hoi
e of F1; : : : ; F`0 . Hen
e, with s = `0 we obtain, by (3.23) and Lemma1.24,(3.24)[: : : [LE1 : : : LEm ; L �F1 ℄; L �F2 ℄ : : : ; L �F`0 ℄ = mXl=1(h �F1::: �F`0El + o(1))LE1 : : :dLEl : : : LEmT+ XjKj+p=mjKj�m�2 bKpLKT p + XjKj�m�2 
KLKT;where bkp(0) = 0, dLEl means that fa
tor is omitted, and o(1) denotes a fun
tionvanishing at 0; the last sum in (3.24) arises from arranging (by 
ommuting) so thatthe ve
tor �eld T 
omes last in the �rst sum. Re
all, from x1, that for ea
h index�(`0) 2 f1; : : : ; r`0g there exist F1; : : : ; F`0 so that h �F1::: �F`0�(`0)(0) 6= 0. For thisargument, we only need the fa
t that there exist F1; : : : ; F`0 so that h �F1::: �F`01(0) 6= 0.We 
hoose F1; : : : ; F`0 to be minimal, in the lexi
ographi
al ordering (A1 : : : As <B1 : : : Bs if, for some r � s, Ai � Bi for i < r, and Ar < Br), with this property.Setting E1 = : : : Em = 1, we observe that we 
an solve for Lm�11 T in (3.24). SettingE1 = : : : Em�1 = 1 and LEm = LE with E � 2, we 
an then solve for Lm�11 LET .Pro
eeding indu
tively, we see that we 
an solve for any LJT , with jJ j = m � 1, interms of [: : : [LE1 : : : LEm ; L �F1 ℄; L �F2 ℄ : : : ; L �F`0 ℄; bKpLKT p; LKT;
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es with jKj � m� 2, and p over positive integers su
hthat jKj + p = m, and ea
h bkp(0) = 0. Next, letting s = 2`0 and F`0+l = Fl forl = 1; : : : `0, we obtain (by also using that h �F1::: �FsE is symmetri
 in the �rst s indi
esF1; : : : Fs)(3.25) [: : : [LE1 : : : LEm ; L �F1 ℄; L �F2 ℄ : : : ; L �F2`0 ℄ = mXl=1 aEj �F1::: �F2`0LE1 : : :dLEl : : : LEmT+ 
 �F X1�l1<l2�m(h �F1::: �F`0El1h �F1::: �F`0El2 + o(1))LE1 : : : dLEl1 : : : dLEl2 : : : LEmT 2+ XjKj+p=mjKj�m�3 o(1)LKT p + XjKj+p�m�1p=1;2 
KpLKT p;where 
 �F is some 
ombinatorial fa
tor (> 0) whi
h depends on the minimal set ofindi
es F1; : : : ; F`0 . Using the fa
t that we have already solved for the LJT , jJ j =m � 1, in terms of bK2LKT 2 where bK2(0) = 0, a similar argument to the one usedabove shows that we 
an solve for ea
h LJT 2, jJ j = m� 2, in terms of[: : : [LE1 : : : LEm ; L �F1 ℄; L �F2 ℄ : : : ; L �F2`0 ℄; o(1)LKT p; LQT; LKT 2whereK, Q, runs over multi-indi
es with jKj � m�3, jQj � m�2, and p over positiveintegers su
h that jKj+ p = m. Pro
eeding by indu
tion over k (with the total orderm �xed), we eventually �nd that we 
an solve 
ompletely for Tm in terms of[: : : [LE1 : : : LEm ; L �F1 ℄; L �F2 ℄ : : : ; L �Fm`0 ℄; LKT p;with jKj+ p � m� 1. Substituting ba
k, we obtaink`0Xn=0 aE1:::Em �F1::: �Fn [: : : [LE1 : : : LEm ; L �F1 ℄; L �F2 ℄ : : : ; L �Fn ℄ = LJT k+ XjKj+p�m�1 
KpLKT p;where m = jJ j + k. The proof of (3.19) is 
ompleted by a simple indu
tion on thetotal degree m.For the proof of (3.20), we pro
eed analogously by �rst setting s = 1 and E1 =: : : = Em = 1 in (3.23). We �nd that(3.26) mh �F1Lm�11 T = CE1:::Em; �F + XjKj�m�2 
KLKT:Next, with E1 = : : : = Em�1 = 1 and Em = E, we obtain(3.27) (m� 1)h �F1Lm�21 LET + h �FELm�11 T = CE1:::Em; �F + XjKj�m�2 
0KLKT:Thus, multiplying by h �F1 and using (3.26), we obtain (3.20) for a multi-index J =(1; : : : ; 1; E) 2 f1; : : : ; ngm�1 and k = 1. Similarly, we obtain (3.20) for arbitrarymulti-indi
es J and k = 1. Pro
eeding indu
tively, setting s = 2; 3; : : : k, using (3.23),and multiplying through by a suitable power of h �F1 to apply the results obtained in



654 p. ebenfeltprevious steps, we arrive at (3.20). The details are left to the reader. This 
ompletesthe proof of Proposition 3.18.To 
omplete the proof of Theorem 2, let us observe the following s
hemati
 dia-gram whi
h des
ribes the a
tion of applying the operators LE to elements in C�1;�1q+k;q(3.28) C�1;�1q+k;q LE1��! Cq;qq+k;q+1 LE2��! Cq+1;q+1q+k;q+2 LE3��! : : : LEk��!LEk��! Cq+k�1;q+k�1q+k;q+k LEk+1����! Cq+k;q+kq+k;q+k LEk+2����! Cq+k+1;q+kq+k;q+k LEk+3����! : : :The veri�
ation of the diagram is straightforward using Lemmas 3.1 and 3.6, and thedetails are left to the reader. Similarly, we have(3.29) Ca+k;ap;q L �F1��! Ca+k;a+1p+1;q L �F2��! : : : L �Fk��! Ca+k;a+kp+k;q L �Fk+1����! Ca+k;a+kp+k+1;q L �Fk+2����! : : :We 
laim that the following holds for any multi-index J and nonnegative integer k,(3.30) LJT k
DF ; LJT k�D 2 C�1;�1k0+m`0;min(k0;m);where m = jJ j + k. Observe that (3.30) holds for m = 1 by (3.12) and (3.17).We shall prove (3.30) by indu
tion on m. Thus, assume that (3.30) holds for allm � m0 � 1. By Proposition 3.18, we 
an produ
e the di�erential operator LJT k bytaking linear 
ombinations of operators of the form L �PLQL �R, where jP j+ jRj � m0`0,jQj � m0, and m0 = jJ j + k. Applying �rst LQL �R to e.g. 
DF we 
on
lude, using(3.10) and the diagram (3.28), that LQL �R
DF 2 Cm0�1;min(k0;m0�1)k0;min(k0;m0) . By applying L �Pto the equation for LQL �R
DF and using the diagram (3.29), we obtain LJT k
DF 2Cm0�1;m0�1k0+m0`0;min(k0;m0). The 
on
lusion LJT k
DF 2 C�1;�1k0+m0`0;min(k0;m0) follows by usingthe indu
tion hypothesis to substitute for the LITm
CA and LITm�C , with jI j+m �m0 � 1, that appear in the equation for LJT k
DF . By applying the same argumentto �D, we 
on
lude that (3.30) holds for m = m0 and, hen
e, for all m by indu
tion.This proves the 
laim. In parti
ular, we then have(3.31) T k
DF ; T k�D 2 C�1;�1k0+k`0;min(k0;k):By applying LJ to these equations and using (3.28), we dedu
e that(3.32) LJT k
DF ; LJT k�D 2 Ca(J;k);q0(J;k)k0+k`0;q(J;k);where a(J; k) = min(k0; k) + jJ j � 1(3.33) q(J; k) = min(k0 + k`0;min(k0; k) + jJ j);(3.34)and q0(J; k) = min(k0 + k`0;min(k0; k) + jJ j � 1):Observe that (3.32) implies(3.35) LJT k
DF ; LJT k�D 2 CjJj+k�1;k0+k0`0k0+k0`0;k0+k0`0 ; 8k : 0 � k � k0:Now, from (3.4) it follows that LRT k� = T kLR� modulo terms of the form T kLS�with jSj < jRj. Hen
e, by applying (2.11{13), we 
on
lude that LRT k� is a polynomial
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CA , and LITm�1�C , where m � k, jKj � jRj � 1, andjI j � jRj. It follows that we also have(3.36) LJT k� 2 CjJj+k�1;k0+k0`0k0+k0`0;k0+k0`0 ; 8k : 0 � k � k0:Let us introdu
e the new 
lass Da;bp;q 
onsisting of fun
tions u for whi
h there is anequation(3.37) u = r(LI
CA ; LITm�C ; LNTn�; LNTn
CA ; LNTn�C ; f);where jI j +m � p, m � q, jN j + n � a, n � b, and the fun
tion r is rational in thearguments pre
eeding the \;" and only depends on M and M̂ . By the above remarks
on
erning LRT k� and (3.31), we have(3.38) T k
DF ; T k�D 2 Dmin(k0;k);min(k0;k)k0+k`0;min(k0;k) :Sin
e equations of the form (3.37) do not involve terms of the form LITm�, we obtaina di�erent diagram des
ribing the a
tion of LE on the 
lasses Da;bp;q , namely(3.39) Da;bq+k;q LE1��! Da+1;bq+k;q+1 LE2��! : : : LEk��! Da+k�1;bq+k;q+k LEk+1����!LEk+1����! Da+k;bq+k;q+k LEk+2����! Da+k+1;bq+k;q+k LEk+3����! : : :By (3.38{39), we dedu
e(3.40) LJT k
DF ; LJT k�D 2 Dk0+jJj;k0k0+k`0;min(k0+k`0;k0+jJj); 8k : k � k0 + 1:We have the following te
hni
al, but important, lemma.Lemma 3.41. For any multi-index J , and nonnegative integer k � k0, we have(3.42) LJT k
DF ; LJT k�D ; LJT k� 2 C�1;�1k0+(k0+k0`0)`0;k0+(k0+k0`0)`0 :Proof. By (3.35{36), we have(3.43) LJT k
DF ; LJT k�D ; LJT k� 2 CjJj+k�1;k0+k0`0k0+k0`0;k0+k0`0 :Observe that (3.43) redu
es the total order of the un
onjugated terms by at least one.Now, in the equations given by (3.43), there may appear terms of the form LI1T k1
CA ,LI1T k1�C , where jI1j + k1 � jJ j + k � 1, and k1 � k0 + k0`0. For those term withk0 + 1 � k1 � k0 + k0`0, we may apply (3.40) to dedu
e that(3.44) LI1T k1
CA ; LI1T k1�C 2 Dk0+jI1j;k0k0+(k0+k0`0)`0;min(k0+(k0+k0`0)`0;k0+jI1j):Note that, sin
e k1 � k0+1 and jI1j+k1 � jJ j+k�1, we have k0+ jI1j � jJ j+k�2.For those terms LI1T k1
CA , LI1T k1�C with k1 � k0, we may apply (3.35) again. Inany 
ase, we have redu
ed the total order of the un
onjugated terms by two. In theequations given by (3.44), there may appear terms of the form LI2T k2
CA , LI2T k2�C ,and also LI2T k2�, where jI2j + k2 � k0 + jI1j � jJ j + k � 2, and k2 � k0. We againsubstitute for these terms, using the equations given by (3.35{36). This redu
es thetotal order of the un
onjugated terms another step. Pro
eeding in this way, alternatelysubstituting using either (3.35{36) or (3.40), we eliminate all the un
onjugated terms(in a �nite number of steps). At ea
h step we introdu
e new 
onjugated terms, but in
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eed k0 + (k0 + k0`0)`0.This 
ompletes the proof of Lemma 3.41.By substituting, using Lemma 3.41, for the 
onjugated terms that appear in theequations provided by (3.30), we 
on
lude that for any multi-index J and nonnegativeinteger k, we have(3.45) LJT k
DF ; LJT k�D 2 Dk0+(k0+k0`0)`0;k0+(k0+k0`0)`0�1;�1 :By using (2.10) and (2.12), we 
on
lude that for any multi-indi
es R and S, anynonnegative integer k, and any indi
es D;F 2 f1; : : : ng, there are smooth fun
tions,whi
h are rational in their arguments pre
eeding the \;", su
h that(3.46) LRT kL �S
DF = rR �Sk�LIT j
CA ; LIT j�C ; LIT j�; f�;LRT kL �S�DF = sR �Sk�LIT j
CA ; LIT j�C ; LIT j�; f�;where jI j+ j � k0+(k0+k0`0)`0. Finally, by using (2.11), its 
omplex 
onjugate, andProposition 3.18, it is not diÆ
ult to see that LRT kL �S� 
an be expressed in terms of� and derivatives of 
CA , 
CA , �C , and �C . Thus, in view of (3.46), we also have, forany R, S, and k,(3.47) LRT kL �S� = tR �Sk�LIT j
CA ; LIT j�C ; LIT j�; LIT j
CA ; LIT j�C ; LIT j�; f�;where I and j run over the same indi
es as in (3.46). Now, re
all that `0 � k0. The
on
lusion of Theorem 2 follows by writing (3.46{47), for all R, S, k su
h thatjRj+ jSj+ k = k0 + (k0 + k20)k0 + 1in any 
oordinate systems x = (x1; : : : ; x2n+1) and x̂ = (x̂1; : : : x̂2n+1) for M and M̂near the points 0 2 M and 0̂ 2 M̂ , respe
tively, and observing that the same systemof di�erential equations holds for any CR mapping f sending a neighborhood of 0in M into M̂ with f(0) suÆ
iently 
lose to 0̂. This 
ompletes the proof of Theorem2. Remark. We would like to point out that a mu
h simpler 
on
lusion of the proofof Theorem 2 
an be given in the 
ase `0 = 1, i.e. when the Levi form of M has atleast one nonzero eigenvalue at 0. We 
an then use the 
ommutator identity (3.20)instead of (3.19) to 
on
lude(3.48) LJT k
DF ; LJT k�D 2 C�1;�1k0+k;min(k0;m);instead of (3.30). By substituting for 
onjugated terms, using only (3.48), we obtaindire
tly equations of the form (3.46) in whi
h jI j + j � 2k0. We invite the reader to
arry out the details in this 
ase. Observe that the system of di�erential equationsobtained for f using this argument is of order 2k0+2 rather than k30 + k20 +2 as givenby Theorem 2 (or k0 + (k0 + k0`0 � 1)`0 + 2 = 3k0 + 1 for `0 = 1, whi
h is the orderthat a
tually follows from the proof of Theorem 2 presented above).A similar simpi�
ation of the proof in the general 
ase would be possible if one
ould prove that it suÆ
es to take the sum over s in (3.19) to run from s = 0 tos = k`0 instead of all the way up to s = m`0.Proof of Theorem 1. The system of di�erential equations (0.3) is a so-
alled 
om-plete system of order k30 + k20 + k0 + 2. In parti
ular, any solution is 
ompletelydetermined by its (k30 + k20 + k0 + 1)-jet at 0 2 M (see e.g. [BCG3℄. 
f. also [Han2,
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 mappings 657Proposition 2.2℄). On the other hand, if x ! Z(x) is an embedding of M into CNsending p0 2 M to 0 2 CN and x0 ! Z 0(x) is an embedding of M 0 sending p00 to0 2 CN , then for any smooth CR mapping f : M ! M̂ , with f(p0) = p00, there exists(see e.g. [BER3, Proposition 1.7.14℄) a formal power series mapping Z 0 = F (Z), withF (0) = 0, sendingM intoM 0 (i.e. �(Z; �Z) divides �0(F (Z); F (Z)) in the ring of formalpower series in Z; �Z; 
f. e.g. [BER4℄) su
h that(3.49) Z 0(f(x)) � F (Z(x));where � denotes equality as formal power series. Also, by [BER4, Theorem 2.1.1℄, the2k0-jet at 0 of any invertible formal mapping Z 0 = F (Z), with F (0) = (0), sendingM into M 0 determines the series F (Z) 
ompletely. In parti
ular, it follows from(3.49) that the 2k0-jet at p0 of a CR di�eomorphism f : M ! M 0, with f(p0) = p00,determines its (k30+k20+k0+1)-jet at p0. Hen
e, the 
on
lusion of Theorem 1 followsfrom Theorem 2.Proof of Theorem 3. We shall need the following proposition.Proposition 3.50. If a smooth real hypersurfa
e M � CN is holomorphi
allynondegenerate at p0 2M , then there exists an open neighborhood U of p0 2M and adense open subset U 0 � U su
h that M is (N � 1)-nondegenerate at every p 2 U 0.Proof. The statement that, under the hypotheses in the proposition, there existsan open neighborhood U of p0 su
h that M is �nitely nondegenerate on a dense opensubset U 00 � U is a 
onsequen
e of [BER3, Theorem 11.7.5 (iii)℄. To prove Proposition3.50, it suÆ
es to show that if M is not k-nondegenerate, for any k � N � 1, on anopen set V , then M is in fa
t not �nitely nondegenerate at any p 2 V . Re
all thesubspa
es Ej(p) � T 0pM de�ned for j = 0; 1; : : : in x1. Assume that EN�1(p) is aproper subspa
e of T 0pM for every p 2 V , i.e. M is not k-nondegenerate, for anyk � N � 1, in V . Sin
e dimCT 0pM = N , we 
on
lude, by (1.3), that there must be anopen subset V 0 � V and an integer 1 � ` � N � 1 su
h that(3.51) E`�1(q) = E`(q); 8q 2 V 0:We 
laim that if E`�1(q) = E`(q) for all q in some open suÆ
iently small set V 0 �M ,then in fa
t E`�1(q) = Ek(q) for all k � ` and all q 2 V 0. To see this, observe that(3.51) implies that, for every A1; : : : ; A` 2 f1; : : : ; Ng, there are smooth fun
tionsa �C1::: �Cj�A1::: �A` su
h that(3.52) L �A` : : :L �A1� = `�1Xj=0 a �C1::: �Cj�A1::: �A`L �Cj : : :L �C1�in V 0. (3.52) implies that E`+1(q) = E`(q) for q 2 V 0, and the 
laim follows byindu
tion. We 
on
lude thatM is not �nitely nondegenerate in V 0. A simple 
onne
t-edness argument applied to ea
h 
omponent of V proves that M 
annot be �nitelynondegenerate at any point in V . This 
ompletes the proof of Proposition 3.50.We return to the proof of Theorem 3. The fa
t thatM is minimal at p0 implies, bya theorem of Trepreau (see e.g. [BER3, Theorem 8.1.1℄; the analogous result in higher
odimensions was proved by Tumanov), that for any open neighborhood U of p0 inM , there exists an open 
onne
ted set 
 � CN (on \one side of M") su
h that U 0 :=
 \M � U is an open neighborhood of p0 and every smooth CR fun
tion in U is thesmooth boundary value of a holomorphi
 fun
tion in 
. We dedu
e by the uniqueness
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 fun
tions, Proposition 3.50, and Theorem 1 thatthere exists p1 2 U 0 su
h that if f1; f2 : U ! M 0 are smooth CR di�eomorphismsinto some smooth real hypersurfa
e M 0 � CN and ��f1(p1) = ��f2(p1), for all j�j �2(N � 1), then f1 = f2 in U 0. Using this fa
t, the proof of Theorem 3 is 
ompletedexa
tly as the proof of [BER2, Theorem 2℄. Choose Y1; : : : ; Ym 2 aut(M;p0) whi
hare linearly independent over R, and denote by F (x; y), where x = (x1; : : : ; x2N�1) issome lo
al 
oordinate system on M near p0 and y = (y1; : : : ; ym) 2 Rm , the time-onemap of the 
ow exp t(y1Y1+ : : :+ymYm), for y in some suÆ
iently small neighborhoodV of the origin Rm . The arguments in [BER2℄ 
ombined with the uniqueness resultstated above, for a suitably 
hosen open neighborhood of U of p0 in M , shows thatthe mapping V ! J2(N�1)(M;M 0)p1 , given by(3.53) y 7! (��xF (p1; y))j�j�2(N�1);is smooth and inje
tive. Hen
e, m � dimRJ2(N�1)(M;M 0)p1 whi
h proves Theorem3. Proof of Theorem 4. The 
on
lusion of Theorem 4 is a dire
t 
onsequen
e ofTheorem 2 and Proposition 3.54 below. We shall use the notation Jk(Rq ;Rm )0 forthe spa
e of k-jets at 0 2 Rq of smooth mappings f : Rq ! Rm , and �k = (��i ), j�j � kand i = 1; : : : ;m, for the natural 
oordinates on this spa
e in whi
h the k-jet of f isgiven by ��i = ��xfi(0).Proposition 3.54. Let U � Jk(Rq ;Rm )0 � Rq be an open domain. Letr�j (�k)(x), for any multi-index � 2 Zm+ with j�j = k + 1 and any j = 1; : : : ;m, besmooth (C1) fun
tions on U . Then, for any �k0 2 Jk(Rq ;Rm)0 su
h that (�k0 ; 0) 2 U ,there exists a uniquely determined smooth fun
tion F : U0�V0 ! Rm , where U0 is anopen neighborhood of �k0 2 Jk(Rq ;Rm )0 and V0 is an open neighborhood of 0 2 Rq ,su
h that if f = (f1; : : : ; fm) solves(3.55) ��x fj = r�j (��xf); 8j�j = k + 1; j = 1; : : : ;m;near 0 2 Rq and jk0 (f) 2 U0, then(3.56) F (jk0 (f); �) = f:Remark 3:57. Observe that we do not 
laim that F (�k ; �) solves (3.55) for anyinitial value �k, but only that if there is a solution with this initial 
ondition then it
oin
ides with F (�k; �). The idea for Proposition 3.54 was suggested to the author byD. Zaitsev.Proof of Proposition 3:54. By a standard argument (
onsidering the derivatives��xf , j�j � k, as new unknowns), it suÆ
es to prove Proposition 3.54 with k = 1.Thus, we may assume that the system (3.55) is of the form(3.58) �xjfi = rij(f); i = 1; : : : ;m; j = 1; : : : ; q:Fix �10 as in the theorem. Write x = (t; x0) 2 R � Rq�1 and 
onsider the initial valueproblem for a system of ordinary di�erential equations(3.59) �tfi(t; 0) = ri1(f(t; 0))(t; 0); f(0; 0) = �1;for �1 in some suÆ
iently small neighborhood of �10. By a 
lassi
al result (see [CL,Chapter 1.7℄, Theorem 7.5 and the following remarks), there is a smooth fun
tion
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 mappings 659F 1 : U1 � V1 ! Rm , where U1 is an open neighborhood of �10 2 J1(Rq ;Rm )0 and V1is an open neighborhood of 0 2 R, su
h that t 7! F 1(�1; t) is the unique solution of(3.59). Next, write x = (x1; t; x00) 2 R � R � Rq�2 and 
onsider for ea
h x1 2 U1 theinitial value problem(3.60) �tfi(x1; t; 0) = ri1(f(x1; t; 0))(x1; t; 0); f(x1; 0; 0) = F 1(�1; x1):Again by [CL, Chapter 1.7℄ (Theorem 7.5), there is a smooth fun
tion F 2 : U2�V2 !Rm , where U2 is an open neighborhood of �10 2 J1(Rq ;Rm )0 and V2 is an openneighborhood of (0; 0) 2 R � R, su
h that t 7! F 2(�1; x1; t) is the unique solution of(3.60). Pro
eeding indu
tively in this way, we obtain the desired fun
tion F after theq:th step. The straightforward details are left to the reader. We emphasize howeverthat the fun
tion so obtained need not be a solution of the system (3.58), but it satis�esF (j10(f); �) = f whenever f is a solution. This 
ompletes the proof of Proposition3.54.The proof of Theorem 4 follows by applying Proposition 3.54 to the system ofdi�erential equations provided by Theorem 2.4. Con
luding Remarks.4.1. Abstra
t CR manifolds. In this paper, we have 
onsidered embedded realhypersurfa
es as abstra
t manifolds with a(n integrable) CR stru
ture. We have usedthe fa
t that the CR manifolds are embeddable (i.e. the CR stru
ture is integrable)to 
hoose a basis for the se
tions of C TM that satisfy 
ertain 
ommutation relations(Lemma 1.33). The author felt that the resulting equations (1.34) simpli�ed the
omputations in the proofs to an extent whi
h, by far, outweighed the loss of generalityin assuming that the manifolds are embeddable. Without the use of the equations(1.34), the key equations (2.10-13) take the following form(4.1.1) L �A
EB + 
EDRD�AB + �Eh �AB = 
DB 
CA R̂E�CD;L �A� + �h �A = �
CA ĥ �C + 
CA�Dĥ �CD;L �A�C + �Ch �A + 
CDRD�A = �
EA R̂C�E + 
EA�F R̂C�EF ;T 
CA � LA�C + 
CBRBA � �Ch �A = �
BA R̂CB + 
BA�DR̂CDB + 
BA�ER̂C�EB :Analogous re
e
tion formulae to those in Theorem 2.4, as well as analogues of the
ru
ial Lemmas 3.1, 3.6, and Proposition 3.18, 
an be established (with 
onsiderablymore work than above). The author is 
on�dent that a proof of Theorem 2 for abstra
tCR manifolds (of hypersurfa
e type)M andM 0 of the same dimension 
an be produ
edfrom these ingredients, but he has not had the patien
e to 
he
k the details.4.2. In�nitesimal CR automorphisms. It is 
lear from the proof of Theorem3 above that in order for the estimate (0.5) to hold, it suÆ
es that M is minimal at p0and that there exists an open subset U �M with p0 in its boundary su
h that M is�nitely nondegenerate on U . The latter holds, in parti
ular, if M is holomorphi
allynondegenerate at p0 (and, in the real-analyti
 
ase, only if), but may hold, in the
ase of merely smooth manifolds, even if M is holomorphi
ally degenerate at p0 (see[BER3, Example 11.7.29℄). On the other hand, as is mentioned in the introdu
tion, ifthere exists a ve
tor �eld Y of the form (0.4), where the restri
tions of the aj to Mare CR fun
tions, whi
h is tangent to M near p0, then dimRaut(M;p0) = 1. Let us
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all the restri
tion to M of su
h a ve
tor �eld Y a CR holomorphi
 ve
tor �eld. Thus,one is led to the following question. Suppose M is not �nitely nondegenerate at anypoint in an open neighboorhood of p0. Does there then exist a CR holomorphi
 ve
tor�eld on M near p0? The author does not know the answer to this question in general,but it seems to be related to the range of the tangential Cau
hy-Riemann operator��b (see e.g. [B℄ for the de�nition). We 
on
lude this paper by brie
y outlining this
onne
tion.First, observe that a ve
tor �eld Y is CR holomorphi
 if and only if Y is a se
tionof �V and [�L; Y ℄ is a CR ve
tor �eld (i.e. a se
tion of V) for every CR ve
tor �eld �L. Now,suppose that there is an open set U �M in whi
h M is not �nitely nondegenerate atany point. We 
laim that there exists a (non-vanishing) CR holomorphi
 ve
tor �eldY near p 2 U if (i) dimCEN�1(q) (whi
h is < N for q in U by assumption) is maximalat q = p, and (ii) ��bu = f is solvable at p for every (0; 1)-form f with ��bf = 0. Forsimpli
ity, we shall indi
ate the proof of this only in the 
ase dimREN�1(p) = N � 1.We 
hoose a smooth nonvanishing se
tion X of �V near p su
h that X(q) 2 Ek(q)?for all k and all q in an open neighborhood of p. (This 
an be done by assumption(i) above.) We denote by L�1; : : : ; L�n a basis of the CR ve
tor �elds on M near p,where Ln := L�n = X . We 
hoose a tranversal ve
tor �eld T , as in x1, and denoteby �; �A; �� �A, with notation and 
onventions as in x1, a dual basis of T; LA; L �A. Thefa
t that Ln is valued in E?k , for every k, implies that [L �A; Ln℄ = b �ALn modulo theCR ve
tor �elds. We shall look for a CR holomorphi
 ve
tor �eld Y of the form uLn,where u is a fun
tion to be determined. It is easy to see that [L �A; Y ℄ is a CR ve
tor�eld if and only if(4.2.1) L �Au+ ub �A = 0and, hen
e, Y is CR holomorphi
 if and only if (4.2.1) is satis�ed for every A 2f1; : : : ; ng. If we 
ould solve(4.2.2) ��bv = f;where f = b �A� �A, then u = e�v would solve (4.2.1). The (0; 1)-form f 
oin
ides withthe form Lny��b�n, as the reader 
an verify. From this observation, one 
an 
he
k thatf satis�es the ne
essary 
ompatibility 
ondition for solvability,(4.2.3) ��bf = ��b(Lny��b�n) = 0:Hen
e, if the tangential Cau
hy-Riemann 
omplex is solvable at level (0; 1) at p, thenwe 
an solve (4.2.2) and obtain a CR holomorphi
 ve
tor �eld Y = uLn near p.However, the author knows of no results on solvability whi
h apply in this situation(unless, of 
ourse, M is real-analyti
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