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FINITE JET DETERMINA TION OF

HOLOMORPHIC MAPPINGS A T THE BOUND AR Y

�

PETER EBENFEL T

y

0. In tro duction. A classical theorem of H. Cartan ([HCa]) states that an au-

tomorphism f of a b ounded domain D � C

N

is completely determined b y its 1-jet,

i.e. its v alue and deriv ativ es of order one, at an y p oin t Z

0

2 D . If D , in addition,

is assumed to b e smo othly ( C

1

) b ounded and strictly pseudo con v ex, then b y F e�er-

man's theorem [F e] an y suc h automorphism extends smo othly to the b oundary @ D as

an automorphism @ D ! @ D . It is then natural to ask: is f completely determined b y

a �nite jet at a b oundary p oin t p 2 @ D ? An a�rmativ e answ er to this question, when

D is strictly pseudo con v ex, follo ws from the w ork of Chern and Moser [CM] (see also

E. Cartan [ECa1{2] for the case N = 2, and T anak a [T1{2]). Indeed, the follo wing

lo cal v ersion of Cartan's theorem is a consequence of their w ork. A ny holomorphic

mapping which is de�ne d lo c al ly on one side of a smo oth, L evi nonde gener ate r e al

hyp ersurfac e M � C

N

and extends smo othly to M , sending M di�e omorphic al ly into

another smo oth r e al hyp ersurfac e M

0

� C

N

, is c ompletely determine d by its 2 -jet at

a p oint p 2 M . Observ e that the conclusion is non trivial ev en in the strictly pseu-

do conca v e case when the mapping extends holomorphically to a full neigh b orho o d of

p .

The main ob jectiv e of the presen t pap er is to extend the ab o v e men tioned lo cal

result to a more general class of real h yp ersurfaces (Theorem 1 b elo w). W e should

p oin t out that the result for Levi nondegenerate h yp ersurfaces follo ws from the con-

struction of a unique Cartan connection on a certain principal G -bundle o v er suc h a

h yp ersurface. There is no analogue of this construction in the more general situation

considered in this pap er.

Let M � C

N

b e a smo oth real h yp ersurface and assume that M is de�ned lo cally

near a p oin t p

0

2 M b y the equation � ( z ; �z ) = 0, where � is a smo oth function with

� ( p

0

; �p

0

) = 0 and d� ( p

0

; �p

0

) 6= 0. Let L

�

1

; : : : ; L

�n

, with n = N � 1, b e a basis for the

CR v ector �elds on M . W e shall sa y that M is k

0

-nonde gener ate at p

0

if

(0.1) Span

�

L

��

�

z

( p

0

; �p

0

) : j � j � k

0

	

= C

N

;

where �

z

:= ( @

z

j

� )

1 � j � N

, @

z

j

:= @ =@ z

j

, and standard m ulti-index notation for di�er-

en tial op erators is used i.e. L

��

:= L

��

1

�

1

: : : L

��

n

�n

. This nondegeneracy condition will b e

giv en in a di�eren t, but equiv alen t, form in terms of the in trinsic geometry of M in

the next section. The reader is referred to the b o ok [BER3] for basic material on real

submanifolds in complex space and CR structures, and further discussion of v arious

nondegeneracy conditions (see also x 1 of the presen t pap er). W e men tion here only

that Levi nondegeneracy at a p oin t p

0

2 M is equiv alen t to 1-nondegeneracy . Our

main result is the follo wing.

�
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Theorem 1. L et M ; M

0

� C

N

b e smo oth ( C

1

) r e al hyp ersurfac es. L et f ; g : U !

C

N

, wher e U � C

N

is an op en c onne cte d subset with M in its b oundary, b e holomor-

phic mappings which extend smo othly to M and send M di�e omorphic al ly into M

0

. If

M is k

0

-nonde gener ate at a p oint p

0

2 M and

(0.2) ( @

�

z

f )( p

0

) = ( @

�

z

g )( p

0

) ; 8 � 2 Z

N

+

: j � j � 2 k

0

;

then f � g in U .

Finite jet determination of holomorphic mappings sending one real submanifold

in to another has attracted m uc h atten tion in recen t y ears. W e men tion here the pap ers

[BER1{2, 4{5], [L], [Han1{2], [Ha y], [Z]. The reader is also referred to the surv ey article

[BER6] for a more detailed history . Ho w ev er, in all the ab o v e men tioned pap ers, it is

either assumed that M and M

0

are real-analytic (whic h will imply that all mappings

f extend holomorphically to some neigh b orho o d of M ), or the conclusion is that

the formal p o w er series of the mapping f is determined b y a �nite jet (see [BER4],

[L]). Theorem 1 app ears to b e, to the b est of the author's kno wledge, the �rst �nite

determination result, since the w ork of Chern and Moser men tioned ab o v e, whic h

applies to merely smo oth h yp ersurfaces and smo oth mappings. W e should men tion

that if M and M

0

are real-analytic, then the conclusion of Theorem 1 w as pro v ed in

[BER2] (cf. also [Han1] and [Z]). A related notion is that of unique con tin uation at the

b oundary for holomorphic mappings. A unique con tin uation principle is said to hold

for a class of mappings at a p oin t p if an y mapping from this class whic h agrees with

the constan t mapping to in�nite order at p is necessarily constan t. (Observ e that,

due to the nonlinear nature of mapping problems, a unique con tin uation principle for

a class of mappings in to a manifold do es not imply that t w o mappings, in this class,

whic h agree to in�nite order are necessarily the same.) W e shall not address this

problem further here. W e men tion the pap ers [ABR], [BR], [BL], [CR], [E1], [HK],

and refer the in terested reader to these pap ers for further information.

The pro of of Theorem 1 is based on Theorem 2 b elo w, and a result from [BER4],

alluded to ab o v e, whic h asserts that, under the assumptions of Theorem 1, the jet of

f at p

0

of an y order is completely determined b y its 2 k

0

-jet. The pro of of Theorem 1

is giv en at the end of x 3.

Our second result, whic h is the basis for Theorem 1 ab o v e, states, lo osely sp eak-

ing, that giv en t w o suitably nondegenerate real h yp ersurfaces, there is a system of

di�eren tial equations, whic h is complete in a certain sense, suc h that an y CR di�eo-

morphism f : M ! M

0

m ust satisfy this system. The idea to lo ok for suc h a di�eren tial

system go es bac k to the w ork of E. Cartan and Chern{Moser men tioned ab o v e. The

approac h w as further dev elop ed in the w ork of Han. T o form ulate the result more

precisely , w e need to �x some notation. Let us denote b y J

k

( M ; M

0

)

( p;p

0

)

the space of

k -jets at p 2 M of smo oth mappings f : M ! M

0

with f ( p ) = p

0

2 M

0

. Giv en co ordi-

nate systems x = ( x

1

; : : : ; x

2 N � 1

) and x

0

= ( x

0

1

; : : : ; x

0

2 N � 1

) on M and M

0

near p and

p

0

, resp ectiv ely , there are natural co ordinates �

k

:= ( �

�

i

), where 1 � i � 2 N � 1 and

� 2 Z

2 N � 1

+

with 1 � j � j � k , on J

k

( M ; M

0

)

( p;p

0

)

in whic h the k -jet at p of a smo oth

mapping f : M ! M

0

is giv en b y �

�

i

= ( @

�

x

f

i

)( p ), 1 � j � j � k and 1 � i � 2 N � 1.

Theorem 2. L et M ; M

0

� C

N

b e smo oth ( C

1

) r e al hyp ersurfac es. Assume

that M is k

0

-nonde gener ate at a p oint p

0

. L et f

0

: M ! M

0

b e a smo oth CR dif-

fe omorphism. Then, for any multi-index � 2 Z

2 N � 1

+

with j � j = k

3

0

+ k

2

0

+ k

0

+ 2

and any j = 1 ; : : : ; 2 N � 1 , ther e ar e smo oth functions r

�

j

( �

k

; x

0

)( x ) on U , wher e
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k := k

3

0

+ k

2

0

+ k

0

+ 1 and U � J

k

( M ; M

0

)

( p

0

;p

0

0

)

� M � M

0

is an op en neighb orho o d

of (( @

�

x

f

0

)(0) ; f

0

( p

0

) ; p

0

) , such that

(0.3) @

�

x

f

j

= r

�

j

( @

�

x

f ; f ) ; 8j � j = k

3

0

+ k

2

0

+ k

0

+ 2 ; j = 1 : : : ; 2 N � 1 ;

wher e 1 � j � j � k , for every smo oth CR di�e omorphism f : V ! M

0

, wher e V �

M is some op en neighb orho o d of p

0

, with (( @

�

x

f )(0) ; f ( p

0

) ; p

0

) 2 U . Mor e over, the

functions r

�

j

ar e r ational in �

k

2 J

k

( M ; M

0

)

( p

0

;p

0

0

)

; her e, x = ( x

1

; : : : ; x

2 N � 1

) and

x

0

= ( x

0

1

; : : : ; x

0

2 N � 1

) ar e any lo c al c o or dinate systems on M and M

0

ne ar p

0

and

f

0

( p

0

) , r esp e ctively, and f

i

:= f � x

0

i

.

Similar results for real-analytic h yp ersurfaces can also b e found in [Han1{2] and

[Ha y]. The idea b ehind the pro of of Theorem 2 is to consider the tangen t mapping

d f : C T M ! C T M

0

and deriv e di�eren tial equations for d f using prop erties of a

sequence of in v arian t tensors (generalized Levi forms) whic h w ere dev elop ed in the

author's pap er [E3]. The pro of of Theorem 2 is giv en in x 3.

W e conclude this in tro duction b y giving t w o applications of Theorems 1 and 2.

F or this, w e need some more notation. A smo oth real v ector �eld X on M is called

an in�nitesimal CR automorphism if the lo cal 1-parameter group of di�eomorphisms,

exp tX , generated b y X is a lo cal group of CR di�eomorphisms (see e.g. [BER2] or

[S1{2]). The set of in�nitesimal CR automorphisms, de�ned near p 2 M , forms a

v ector space o v er R denoted b y aut( M ; p ). W e shall giv e a su�cien t condition on M

at a p oin t p for dim

R

aut( M ; p ) < 1 . A smo oth real h yp ersurface M � C

N

is called

(formally) holomorphic al ly de gener ate at p 2 M , if there exists a formal holomorphic

v ector �eld

(0.4) Y =

N

X

j =1

a

j

( z ) @

z

j

;

where the a

j

( z ) are formal p o w er series in z � p , whic h is tangen t to M , i.e. suc h that

the T a ylor series at p of a de�ning function � ( z ; �z ) for M divides ( Y � )( z ; �z ) in the

ring of formal p o w er series in ( z � p; �z � �p ). Being holomorphically nondegenerate (i.e.

the opp osite of b eing degenerate) at a p oin t is a strictly w eak er condition than that

of b eing k -nondegenerate for some in teger k . (See [BER3, Chapter XI] for a more

detailed description of the relationship b et w een the t w o notions). Also, recall that M

is said to b e minimal at p 2 M (in the sense of T umano v and T repreau) if M do es

not con tain a complex h yp ersurface through p .

Theorem 3. L et M � C

N

b e a smo oth ( C

1

) r e al hyp ersurfac e which is holo-

morphic al ly nonde gener ate and minimal at p

0

. Then,

(0.5) dim

R

aut( M ; p

0

) � (2 N � 1)

�

4 N � 3

2 N � 2

�

A real-analytic h yp ersurface M is said to b e holomorphically degenerate at p 2 M

if there exists a holomorphic v ector �eld, i.e. a v ector �eld of the form (0.4) with the

a

j

( z ) holomorphic, tangen t to M near p . This de�nition turns out to b e equiv alen t

to the one giv en in the smo oth category ab o v e (i.e. using formal v ector �elds) for a

real-analytic h yp ersurface (see [BER3, Prop osition 11.7.4]). Stan ton [S2] pro v ed that

dim

R

hol( M ; p ) < 1 for a real-analytic h yp ersurface M , where hol ( M ; p ) denotes the

subspace of aut( M ; p ) consisting of those in�nitesimal CR automorphisms whic h are
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real-analytic, if and only if M is holomorphically nondegenerate at p . The corresp ond-

ing statemen t (as w ell as results for higher co dimensional real-analytic submanifolds)

for aut( M ; p ), with M real-analytic, w as pro v ed in [BER2]. In con trast to the real-

analytic case, the condition of (formal) holomorphic nondegeneracy is not necessary in

Theorem 3. A real smo oth h yp ersurface M in C

2

whic h is holomorphically degenerate

and minimal at 0, but ev erywhere Levi nondegenerate outside 0 is giv en in [BER3,

Example 11.7.29]. The fact that M is Levi nondegenerate outside 0 can b e seen to

imply (see the concluding remarks in x 4.2) that dim

R

aut( M ; 0) satis�es the b ound in

(0.5). Ho w ev er, if there exists a v ector �eld

(0.6) Y =

N

X

j =1

a

j

( z ; �z ) @

z

j

;

where the a

j

( z ; �z ) are smo oth functions whose restrictions to M are CR, tangen t to

M near p , then the argumen ts in [S2] easily sho w that dim

R

aut ( M ; 0) = 1 . This

discrepancy is addressed further in x 4.2. The pro of of Theorem 3 is giv en in x 3.

F or our �nal result, w e shall denote b y Aut( M ; p ) the stabilit y group of M at

p 2 M , i.e. the group of germs at p of lo cal CR di�eomorphisms f : V ! M , where

V � M is some op en neigh b orho o d of p , with f ( p ) = p . If M is k

0

-nondegenerate

at p

0

, then, b y Theorem 1, the jet mapping j

2 k

0

p

sends Aut ( M ; p

0

) injectiv ely in to

the jet group G

2 k

0

( C

N

)

p

0

� J

2 k

0

( C

N

; C

N

)

( p

0

;p

0

)

, whic h consists of those jets that are

in v ertible at p

0

. W e shall sho w that the elemen ts of Aut ( M ; p

0

) dep end smo othly on

their 2 k

0

-jets at p

0

. More precisely , w e ha v e the follo wing result.

Theorem 4. L et M � C

N

b e a smo oth ( C

1

) r e al hyp ersurfac e which is k

0

-

nonde gener ate at p

0

2 M . Then, the jet mapping

j

2 k

0

: Aut( M ; p

0

) ! G

2 k

0

( C

N

)

p

0

is inje ctive and, for every f

0

2 Aut( M ; p

0

) , ther e exist an op en neighb orho o d U

0

of

j

2 k

0

p

0

( f

0

) in G

2 k

0

( C

N

)

p

0

, an op en neighb orho o d V

0

of p

0

in M , and a smo oth ( C

1

)

mapping F : U

0

� V

0

! M such that

(0.7) F ( j

2 k

0

p

0

( f ) ; � ) = f ;

for every f 2 Aut ( M ; p

0

) with j

2 k

0

p

0

( f ) 2 U

0

.

F or real-analytic h yp ersurfaces, the result in Theorem 4 (with real-analytic de-

p endence) w as pro v ed in [BER1]. (See [BER4] for the higher co dimensional case; cf.

also [Z].).

A cknow le dgement. The author w ould lik e to thank B. Lamel and D. Zaitsev for

man y helpful commen ts and discussions on a preliminary v ersion of this pap er.

1. Preliminaries. A real h yp ersurface M � C

N

inherits a CR structure V :=

T

0 ; 1

C

N

\ C T M from the am bien t complex space C

N

. (Here, T

0 ; 1

C

N

denotes the

usual bundle of (0 ; 1) v ectors in C

N

.) In this section, w e shall consider abstract, not

necessarily em b edded (or in tegrable), CR structures. A t the end of this section, w e

shall again sp ecialize to em b edded h yp ersurfaces, whic h substan tially simpli�es some

of the computations in subsequen t sections. The reader is referred to the concluding

remarks in x 4 for a brief discussion of the abstract case.

Let M b e a smo oth ( C

1

) manifold with a CR structure V � C T M . Recall that

this means that V is a formally in tegrable subbundle (the comm utator of t w o sections



finite jet determina tion of holomorphic mappings 641

of V is again a section of V ) suc h that V

p

\

�

V

p

= f 0 g for ev ery p 2 M . Sections of the

CR bundle are called CR ve ctor �elds . W e shall denote b y n � 1 the CR dimension of

the CR manifold M , whic h b y de�nition is the complex �b er dimension of V , and w e

shall assume that the CR structure is of h yp ersurface t yp e, i.e. that dim

R

M = 2 n + 1.

The reader is referred to [BER3] for an in tro duction to CR structures.

W e de�ne t w o subbundles T

0

M � T

0

M � C T

�

M as follo ws

(1.1) T

0

M := ( V �

�

V )

?

; T

0

M = V

?

;

where A

?

� C T

�

M , for a subset A � C T M , denotes the union o v er p 2 M of the

set of co v ectors at p annihilating ev ery v ector in A

p

. Real non v anishing sections of

T

0

M are called char acteristic forms and sections of T

0

M are called holomorphic forms .

Th us, c haracteristic forms are in particular holomorphic forms.

W e shall giv e an alternativ e de�nition of k

0

-nondegeneracy , as de�ned in the

in tro duction, in terms of the in trinsic geometry of M . This de�nition app eared in

[E2]. F or a holomorphic form ! , the Lie deriv ativ e with resp ect to a CR v ector �eld

X is giv en b y

(1.2) L

X

! = X y d! ;

where y denotes the in terior pro duct, or con traction, and d denotes exterior di�eren-

tiation. F or p 2 M , de�ne the subspaces

(1.3) T

0

p

M := E

0

( p ) � E

1

( p ) � : : : � E

k

( p ) � : : : � T

0

p

M

b y letting E

k

( p ) b e the linear span (o v er C ) of the holomorphic co v ectors

(1.4) ( L

X

k

: : : L

X

1

� )( p ) ;

where X

1

; : : : ; X

k

range o v er all CR v ector �elds and � o v er all c haracteristic forms

near p . M is called �nitely nonde gener ate at p 2 M if E

k

( p ) = T

0

p

M for some k . More

precisely , w e sa y that M is k

0

-nondegenerate at p if

(1.5) E

k

0

� 1

( p ) $ E

k

0

( p ) = T

0

p

M :

F or an argumen t sho wing that this de�nition coincides with that giv en for em b edded

h yp ersurfaces in the in tro duction, the reader is referred to [BER3] (see also [E2]). F or

eac h k , set

(1.6) F

k

( p ) =

�

V

p

\ E

k

( p )

?

:

It w as sho wn in [E3] that the mapping

(1.7) ( X

1

; : : : ; X

k

; Y ; � ) 7! h ( L

X

k

: : : L

X

1

� )( p ) ; Y ( p ) i ;

de�nes a m ulti-linear mapping

(1.8) V

p

� : : : V

p

� F

k � 1

( p ) � T

0

p

M ! C :

whic h is symmetric in the �rst k p ositions. The tensor so de�ned for k = 1 coincides

with the classical Levi form, and the space F

1

(0) is the Levi n ullspace.

Let us �x a distinguished p oin t on M denoted b y 0 2 M . W e c ho ose a basis

L

1

; : : : ; L

n

of the sections C

1

( U;

�

V ), where U � M is some su�cien tly small neigh-

b orho o d of 0, adapted to the �ltration

(1.9)

�

V

0

= F

0

(0) � F

1

(0) � : : : � F

k

(0) � : : : � f 0 g
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in the follo wing w a y . Observ e that the sequence of subspaces F

k

(0) stabilizes at a

smallest subspace F

k

0

(0), whic h equals f 0 g if and only if M is k

0

-nondegenerate at

0. Let r

k

= n � dim

C

F

k

(0) and c ho ose L

1

; : : : ; L

n

so that L

r

k

+1

(0) ; : : : L

n

(0) spans

F

k

(0) for k = 0 ; 1 ; : : : ; k

0

. W e shall use the follo wing con v en tions for indices. F or

j = 1 ; 2 ; : : : , Greek indices �

( j )

; �

( j )

, etc., will run o v er the set f 1 ; : : : ; r

j � 1

g and

small Roman indices a

( j )

; b

( j )

, etc., o v er f r

j � 1

+ 1 ; : : : ; n g . Capital Roman indices

A; B , etc., will run o v er f 1 ; : : : ; n g .

No w, c ho ose also a c haracteristic form � on M near 0. W e write

(1.10) h

�

A

1

:::

�

A

k

B

:=




L

�

A

k

: : : L

�

A

1

� ; L

B

�

;

where L

�

A

:= L

L

�

A

and L

�

A

:= L

A

. Note that ( h

�

A

1

:::

�

A

k

a

( k )

(0)) represen ts the tensor

de�ned b y (1.7) relativ e to the bases L

�

A

(0), L

a

( k )

(0), and � (0) of V

0

, F

k

(0), and T

0

0

M ,

resp ectiv ely .

Let T b e a v ector �eld near 0 suc h that T ; L

A

; L

�

A

form a basis for C

1

( U; C T M ).

Let � ; �

A

; �

�

A

b e the dual basis for C

1

( U; C T

�

M ). Note that, for eac h k = 1 ; : : : ; k

0

,

the co v ectors � (0) ; �

�

( k )

(0) form a basis for E

k

(0). F or brevit y , w e in tro duce the

functions

(1.11) h

�

A

1

:::

�

A

k

:=




L

�

A

k

: : : L

�

A

1

� ; T

�

;

and also

R

C

�

AB

:=




d�

C

; L

�

A

^ L

B

�

; R

C

D B

:=




d�

C

; L

D

^ L

B

�

R

C

�

A

:=




d�

C

; L

�

A

^ T

�

; R

C

B

:=




d�

C

; T ^ L

B

�

:(1.12)

The follo wing iden tit y is useful.

Lemma 1.13. F or any nonne gative inte ger k , and indic es A

1

; : : : ; A

k

; C , D 2

f 1 ; : : : ; n g , the fol lowing identity holds

(1.14) h

�

A

1

:::

�

A

k

�

C D

= L

�

C

h

�

A

1

:::

�

A

k

D

+ h

�

A

1

:::

�

A

k

B

R

B

�

C D

+ h

�

A

1

:::

�

A

k

h

�

C D

:

Pr o of. Recall that L

�

A

k

: : : L

�

A

1

� is a holomorphic 1-form and, b y the de�nitions

(1.10{11) ,

(1.15) L

�

A

k

: : : L

�

A

1

� = h

�

A

1

:::

�

A

k

D

�

D

+ h

�

A

1

:::

�

A

k

� :

Here, and for the remainder of this pap er, w e use the summation con v en tion whic h

states that an index app earing in b oth a sub- and sup erscript is summed o v er; e.g.

h

D

�

D

=

P

D

h

D

�

D

. W e also ha v e, b y the de�nition of the in terior pro duct,

(1.16) h

�

A

1

:::

�

A

k

�

C
D

=




d L

�

A

k

: : : L

�

A

1

� ; L

�

C

^ L

D

�

:

The iden tit y (1.14) follo ws b y applying the exterior deriv ativ e d to (1.15) and substi-

tuting in (1.16) .

De�ne `

0

to b e the smallest in teger ` for whic h

(1.17)

(

h

�

A

1

:::

�

A

r

D

(0) = 0 ; 8 A

1

; : : : A

r

; D 2 f 1 ; : : : ; n g ; r < `

h

�

A

0

1

:::

�

A

0

`

D

0

(0) 6= 0 ; for some A

0

1

; : : : A

0

r

; D

0

2 f 1 ; : : : ; n g :

If no suc h ` exists then w e set `

0

= 1 . Observ e that if M is k -nondegenerate at 0

for some k , then `

0

� k , but `

0

< 1 do es not imply �nite nondegeneracy . Also, note
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that, for an y r � `

0

, the subspace F

r � 1

(0) =

�

V

0

and, hence, the indices a

r

, b

r

, etc.,

in tro duced ab o v e run o v er the whole index set f 1 ; : : : ; n g .

(Also note, b y the fact that L

A

is adapted to the �ltration (1.9), that if `

0

< 1

then w e can tak e D

0

= 1 in (1.17) .)

Lemma 1.18. F or any inte ger r � 2 and any inte ger j � 0 such that j + r � `

0

and indic es A

1

; : : : ; A

r

; C

1

: : : ; C

j

; D 2 f 1 ; : : : ; n g , the fol lowing holds

(1.19)

h

�

A

1

:::

�

A

r � 1

�

A

r

D

(0) =

�

L

�

A

r

h

�

A

1

:::

�

A

r � 1

D

�

(0)

.

.

.

�

L

�

C

1

: : : L

�

C

j

h

�

A

1

:::

�

A

r � 1

�

A

r

D

�

(0) =

�

L

�

C

1

: : : L

�

C

j

L

�

A

r

h

�

A

1

:::

�

A

r � 1

D

�

(0) :

In p articular,

(1.20) h

�

A

1

�

A

2

:::

�

A

`

0

D

(0) =

�

L

�

A

`

0

: : : L

�

A

2

h

�

A

1

D

�

(0) :

Pr o of. The �rst iden tit y in (1.19) follo ws immediately b y ev aluating (1.14) at 0

and using the de�nition of `

0

. In particular, it follo ws that

(1.21)

�

L

�

A

r

h

�

A

1

:::

�

A

r � 1

D

�

(0) = 0

for an y 2 � r � `

0

. No w, the second iden tit y in (1.19) follo ws b y applying L

�

C

1

to

(1.14) and using (1.21). The conclusion of Lemma 1.18 follo ws b y induction.

Recall that M is said to b e of �nite t yp e at 0 2 M if L

A

; L

�

A

and all their rep eated

comm utators

(1.22) [ X

m

; [ X

m � 1

; : : : [ X

2

; X

1

] : : : ]] ; X

1

; : : : ; X

m

2 f L

1

; : : : ; L

n

; L

�

1

; : : : ; L

�n

g ;

ev aluated at 0 span C T

0

M . The comm utator in (1.22) is said to ha v e length m . (A

comm utator of length one is simply one of the v ector �elds L

A

, L

�

A

.) If M is of �nite

t yp e at 0, then it is said to b e of t yp e m

0

if m

0

is the smallest in teger for whic h all

comm utators of the form (1.22) of lengths � m

0

span C T

0

M . De�ne `

1

to b e the

smallest in teger ` for whic h

(1.23)

8

<

:




� ; [ L

�

A

r

; : : : [ L

�

A

1

; L

D

] : : : ]

�

(0) = 0 ; 8 A

1

; : : : A

r

; D 2 f 1 ; : : : ; n g ; r < `

D

� ; [ L

�

A

0

`

; : : : [ L

�

A

0

1

; L

D

0

] : : : ]

E

(0) 6= 0 ; for some A

0

1

; : : : A

0

r

; D

0

2 f 1 ; : : : ; n g :

If no suc h ` exists then w e set `

1

= 1 . Observ e that `

1

< 1 implies that M is of

�nite t yp e m

0

� `

1

+ 1 at 0, but the con v erse is not true, i.e. M can b e of �nite t yp e

at 0 while `

1

= 1 .

Pr oposition 1.24. If either of the two inte gers `

0

; `

1

is �nite, then they ar e

e qual. Inde e d, for any r � `

0

, it holds that

(1.25)




� ; [ L

�

A

r

; : : : [ L

�

A

1

; L

D

] : : : ]

�

(0) = � h

�

A

1

:::

�

A

r

D

(0) ;

for al l A

1

; : : : A

r

; D 2 f 1 ; : : : ; n g . In p articular, if M is k -nonde gener ate at 0 , then it

is also of �nite typ e � k + 1 .

Pr o of. Note that the �rst part of Prop osition 1.24 clearly follo ws from (1.25) .

Hence, w e shall only pro v e (1.25) . F or an y 1-form � and v ector �elds X , Y , w e ha v e
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the follo wing w ell kno wn iden tit y (see e.g. [He])

(1.26) h d� ; X ^ Y i = X h � ; Y i � Y h � ; X i � h � ; [ X ; Y ] i :

Th us, for a holomorphic 1-form ! on M , w e obtain

(1.27) h ! ; [ L

�

A

; L

d

] i = L

�

A

h ! ; L

D

i � hL

�

A

! ; L

D

i :

By applying (1.27) with ! = � , w e deduce that




� ; [ L

�

A

1

; L

D

]

�

= � h

�

A

1

D

:

By Lemma 1.18 and the symmetry of the tensors h

�

A

1

:::

�

A

r

D

(0), w e then deduce that

(1.28)

�

L

�

C

1

: : : L

�

C

s




� ; [ L

�

A

1

; L

D

]

� �

(0) = � h

�

C

1

:::

�

C

s

�

A

1

D

(0) ; 8 0 � s � `

0

� 1 ;

where s = 0 in (1.28) means




� ; [ L

�

A

1

; L

D

]

� �

0) = � h

�

A

1

D

(0). By applying (1.27) with

! = L

�

B

j

: : : L

�

B

1

� , w e obtain

(1.29)

D

L

�

B

j

: : : L

�

B

1

� ; [ L

�

A

1

; L

D

]

E

= L

�

A

1

h

�

B

1

:::

�

B

j

D

� h

�

A

1

�

B

1

:::

�

B

j

D

:

Hence, it follo ws from Lemma 1.18 and the symmetry of the h

�

A

1

:::

�

A

r

D

(0) that

(1.30)

�

L

�

C

1

: : : L

�

C

s

D

L

�

B

j

: : : L

�

B

1

� ; [ L

�

A

1

; L

D

]

E�

(0) = 0 ; 8 1 � j + s � `

0

� 1 :

No w, assume that

(1.31)

�

L

�

C

1

: : : L

�

C

s




� ; [ L

�

A

r

; : : : [ L

�

A

1

; L

D

]

� �

(0) =

� h

�

C

1

:::

�

C

s

�

A

1

:::

�

A

r

D

(0) ; 8 1 � s + r � `

0

;

where s � 0 and the meaning for s = 0 is analogous to (1.28), and

(1.32)

�

L

�

C

1

: : : L

�

C

s

D

L

�

B

j

: : : L

�

B

1

� ; [ L

�

A

r

; : : : [ L

�

A

1

; L

D

] : : : ]

E�

(0) = 0 ;

8 1 � j + s + r � `

0

;

where j; s � 0, for r = 1 ; : : : R . Observ e that w e ha v e pro v ed this for R = 1. No w,

if R < `

0

, then the (1.31) and (1.32) follo ws for all r = 1 ; : : : ; R + 1 b y applying

(1.27) and Lemma 1.18. The v eri�cation of this is straigh tforw ard and left to the

reader. By induction, w e deduce that (1.31) and (1.32) hold for r = 1 ; : : : ; `

0

. In

particular, (1.25) holds for an y r = 1 ; : : : ; `

0

. This completes the pro of of Prop osition

1.24.

So far, ev erything has b een done with an arbitrary c hoice of basis T ; L

A

; L

�

A

,

except that w e c hose the L

A

to b e adapted to the �ltration in (1.9) as explained

ab o v e. W e shall no w use the fact that M is em b edded in C

N

and c ho ose a particular

basis.

Lemma 1.33. L et M � C

N

b e a smo oth r e al hyp ersurfac e. Then, ther e is a b asis

T ; L

A

; L

�

A

such that T is r e al, the L

A

adapte d to the �ltr ation (1.9) as explaine d ab ove,

and

(1.34) R

C

�

AB

� R

C

D B

� R

C

�

A

� R

C

B

� 0 ;
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for al l indic es A; B ; C ; D 2 f 1 ; : : : ; n g .

Remark. Clearly , the conditions (1.34) are equiv alen t to d�

C

= 0. Based on this

observ ation, an alternativ e pro of of Lemma 1.33 can b e giv en b y pulling bac k suitable

co ordinate functions from the am bien t space.

Pr o of. By making use of the iden tit y (1.27) , w e conclude that

(1.35)

R

C

�

AB

= �




�

C

; [ L

�

A

; L

B

]

�

; R

C

AB

= �




�

C

; [ L

A

; L

B

]

�

;

R

C

�

A

= �




�

C

; [ L

�

A

; T ]

�

; R

C

A

= �




�

C

; [ T ; L

A

]

�

:

Hence, to pro v e the lemma, it is equiv alen t to sho w that there is a basis T ; L

A

; L

�

A

with T real and L

A

adapted to the �ltration (1.9) suc h that the L

A

comm ute, and

[ L

�

A

; L

B

] and [ L

A

; T ] are m ultiples of T . The existence of suc h a basis, disregarding the

adaption of the L

A

to the �ltration, is w ell kno wn (see e.g. [BER3, Prop osition 1.6.9]).

Since the adaption of the L

A

is a condition only at the p oin t 0, w e ma y ac hiev e this

b y applying a linear transformation with constan t co e�cien ts to an y basis L

A

. Suc h

a transformation do es not a�ect an y comm utator relations and, hence, the lemma

follo ws.

In what follo ws, w e shall assume that (1.34) holds.

2. A Re
ection Iden tit y for CR Di�eomorphisms. Let M b e a smo oth

CR manifold as in the preceeding section, and let

^

M b e another smo oth CR manifold

of the same dimension and CR dimension, with distinguished p oin t

^

0 2

^

M . W e

shall denote corresp onding ob jects on

^

M b y using ^ ; e.g.

^

V � C T

^

M denotes the CR

bundle on

^

M ,

^

T ;

^

L

A

;

^

L

�

A

is a basis for C

1

(

^

U ; C T

^

M ), where

^

U is some su�cien tly

small neigh b orho o d of

^

0 2

^

M . W e shall assume that b oth M and

^

M are em b eddable,

lo cally near 0 2 M and

^

0 2

^

M , as real h yp ersurfaces in C

N

. Hence, (1.35) holds on

M and analogous iden tities on

^

M .

Assume that f : M !

^

M is a smo oth CR di�eomorphism de�ned near 0 in

M suc h that f (0) =

^

0. Recall that a smo oth mapping f : M !

^

M is called CR

if f

�

( V

p

) �

^

V

f ( p )

, where f

�

: C T M ! C T

^

M denotes the tangen t mapping or push

forw ard, for ev ery p 2 M ; a CR di�eomorphism is a di�eomorphism whic h is CR and

whose in v erse is also CR. In particular, if f is a CR di�eomorphism then, for ev ery

p 2 M near 0, f

�

( V

p

) =

^

V

f ( p )

. W e in tro duce the smo oth GL ( C

n

)-v alued function

( 


A

B

), and real-v alued functions � ; �

A

so that

(2.1) f

�

( L

B

) = 


A

B

^

L

A

; f

�

( L

�

B

) = 


A

B

^

L

�

A

; f

�

( T ) = �

^

T + �

A

^

L

A

+ �

A

^

L

�

A

:

W e can write (2.1) using matrix notation as

(2.2) f

�

( T ; L

B

; L

�

B

) = (

^

T ;

^

L

A

;

^

L

�

A

)

0

@

� 0 0

�

A




A

B

0

�

A

0 


A

B

1

A

:

By dualit y , w e then ha v e

(2.3) f

�

0

@

^

�

^

�

A

^

�

�

A

1

A

=

0

@

� 0 0

�

A




A

B

0

�

A

0 


A

B

1

A

0

@

�

�

B

�

�

B

1

A

:

The main tec hnical result in this section is the follo wing, whic h can b e view ed as

re
ection iden tities for 


D

E

and �

D

.
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Theorem 2.4. If

^

M is k

0

-nonde gener ate at

^

0 2

^

M , then the fol lowing identities

holds for any indic es D ; E 2 f 1 ; : : : ; n g ,




D

E

= r

D

E

�

L

J




C

A

; L

I

� ; f

�

;(2.5)

�

D

= s

D

�

L

J




C

A

; L

I

� ; f

�

(2.6)

wher e

(2.7)

r

D

E

�

L

J




C

A

;
L

I

�
; q

�

( p ) ; s

D

�

L

J




C

A

;
L

I

�
; q

�

( p )

ar e smo oth functions which ar e r ational in L

J




C

A

and p olynomial in L

I

� , the indic es

A , C run over the set f 1 ; : : : ; n g , and J , I over al l multi-indic es with j J j � k

0

� 1

and j I j � k

0

; her e, ( p; q ) 2 M �

^

M . Mor e over, the functions in (2.7) dep end only on

M and

^

M (and not on the mapping f ).

F or the pro of of Theorem 2.4, w e shall mak e use of the follo wing iden tit y

(2.8) h d f

�

^! ; X ^ Y i = h d ^! ; f

�

X ^ f

�

Y i ;

whic h holds for an y 1-form ^! on

^

M and v ector �elds X , Y on M . First, letting ^! =

^

� ,

X = L

�

A

, and Y = L

B

, w e obtain

(2.9) � h

�

A
B

= 


D

B




C

A

^

h

�

C
D

:

Here, and in what follo ws, w e abuse the notation in the follo wing w a y . F or a function

^c de�ned on

^

M , w e use the notation ^c to denote b oth the function ^c � f on M and

the function ^c on

^

M . It should b e clear from the con text whic h of the t w o functions

is mean t. F or instance, in (2.9), w e m ust ha v e

^

h

�

C
D

=

^

h

�

C
D

� f . By letting ^! =

^

�

E

,

X = L

�

A

, and Y = L

B

in (3.1), w e obtain

(2.10) L

�

A




E

B

+ �

E

h

�

AB

= 0 :

Applying (2.8) with X = L

�

A

, Y = T , and ^! =

^

� , w e obtain

(2.11) L

�

A

� + � h

�

A

= � 


C

A

^

h

�

C

+ 


C

A

�

D

^

h

�

C D

;

and with ^! =

^

�

C

, w e obtain

(2.12) L

�

A

�

C

+ �

C

h

�

A

= 0 :

T o obtain (2.11) and (2.12) , w e ha v e used the fact

D

d ^! ;

^

L

�

C

^

^

L

�

D

E

=

^

L

�

C

D

^! ;

^

L

�

D

E

� L

�

D

D

^! ;

^

L

�

C

E

�

D

^! ; [

^

L

�

C

;

^

L

�

D

]

E

= 0 ;

whic h holds for an y holomorphic 1-form ^! on

^

M b y the formal in tegrabilit y of the CR

bundle

^

V . W e apply (2.8) one last time, with ^! =

^

�

C

, X = T , and Y = L

A

, to obtain

(2.13) T 


C

A

� L

A

�

C

� �

C

h

�

A

= 0 :
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Lemma 2.14. F or any nonne gative inte ger k , and indic es A

1

; : : : ; A

k

; B ; C 2

f 1 ; : : : ; n g , the fol lowing identities hold

(2.15) L

�

C

�




D

B

^

h

�

A

1

:::

�

A

k

D

�

= 


H

B




I

C

^

h

�

A

1

:::

�

A

k

�

I
H

� 


H

B




I

C

^

h

�

A

1

:::

�

A

k

^

h

�

I
H

� �

H

^

h

�

A

1

:::

�

A

k

H

h

�

C
B

and

(2.16) L

�

C

�

�

D

^

h

�

A

1

:::

�

A

k

D

�

= �

H




I

C

^

h

�

A

1

:::

�

A

k

�

I H

� �

H




I

C

^

h

�

A

1

:::

�

A

k

^

h

�

I H

� �

H

^

h

�

A

1

:::

�

A

k

H

h

�

C

:

Pr o of. W e shall pro v e (2.15) . Recall that

^

h

�

A

1

:::

�

A

k

D

in (2.15) denotes

^

h

�

A

1

:::

�

A

k

D

� f

b y the con v en tion in tro duced in x 1. Hence,

(2.17) L

�

C

(

^

h

�

A

1

:::

�

A

k

D

) = 


I

C

(

^

L

�

I

^

h

�

A

1

:::

�

A

k

D

) ;

where according to our con v en tion

^

L

�

I

^

h

�

A

1

:::

�

A

k

D

= (

^

L

�

I

^

h

�

A

1

:::

�

A

k

D

) � f , and w e obtain

(2.18) L

�

C

�




D

B

^

h

�

A

1

:::

�

A

k

D

�

= ( L

�

C




D

B

)

^

h

�

A

1

:::

�

A

k

D

+ 


D

B




I

C

(

^

L

�

I

^

h

�

A

1

:::

�

A

k

D

) :

Let us rewrite (2.10) as

(2.19) L

�

A




E

B

= � �

E

h

�

A
B

:

The iden tit y (2.15) follo ws b y substituting (2.19) in (2.18) and then applying Lemma

1.13.

The pro of of the iden tit y (2.16) is completely analogous. Expand the left hand

side b y the c hain rule, and then substitute for the deriv ativ es of �

D

b y using (2.12) ,

and for the deriv ativ es of

^

h

�

A

1

:::

�

A

k

D

b y using Lemma 1.13. The details are left to the

reader.

The follo wing t w o lemmas will b e imp ortan t in establishing Theorem 2.4.

Lemma 2.20. F or any inte ger k � 0 , and indic es A

1

; : : : ; A

k

; B 2 f 1 ; : : : ; n g ,

the fol lowing identity holds

(2.21) 


D

B




C

1

A

1

: : : 


C

k

A

k

^

h

�

C

1

:::

�

C

k

D

= r

�

A

1

:::

�

A

k

B

�

L

J




C

A

; f ) + � s

�

A

1

:::

�

A

k

B

�

L

J




C

A

; f )

+

k � 1

X

l =1




D

E

^

h

�

C

1

:::

�

C

l

D

t

�

C

1

:::

�

C

l

E

�

A

1

:::

�

A

k

B

�

L

J




C

A

; f ) +

k � 1

X

l =1

�

D

^

h

�

C

1

:::

�

C

l

D

u

�

C

1

:::

�

C

l

�

A

1

:::

�

A

k

B

�

L

J




C

A

; f ) ;

wher e

(2.22)

r

�

A

1

:::

�

A

k

B

�

L

J




C

A

; q )( p ) ; s

�

A

1

:::

�

A

k

B

�

L

J




C

A

; q )( p ) ;

t

�

C

1

:::

�

C

l

E

�

A

1

:::

�

A

k

B

�

L

J




C

A

; q )( p ) ; u

�

C

1

:::

�

C

l

E

�

A

1

:::

�

A

k

B

�

L

J




C

A

; q )( p )

ar e p olynomials in L

J




C

A

, wher e A , C run over the indic es f 1 ; : : : ; n g and J =

( J

1

; : : : ; J

t

) 2 f 1 ; : : : n g

t

for t � k � 1 , whose c o e�cients ar e smo oth functions of

( p; q ) 2 M �

^

M ; her e, we have use d the notation L

J

= L

J

1

: : : L

J

t

. Mor e over, the

functions in (2.22) dep end only on M and

^

M (and not on the mapping f ).

Pr o of. W e observ e that (2.9) satis�es the conclusion of Lemma 2.20 for k = 1.

Assume that the conclusion of Lemma 2.20 holds for all in tegers k = 1 ; : : : j � 1. Fix

indices A

1

; : : : ; A

j � 1

; B 2 f 1 ; : : : ; n g , c ho ose an index A

j

2 f 1 ; : : : ; n g , and apply L

�

A

j

to (2.21) with k = j � 1 . The statemen t of the prop osition for k = j no w follo ws b y

applying Lemma 2.14 and substituting for L

�

A

j

� using (2.11). The pro of is completed

b y induction on k .
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Remark. In what follo ws, w e shall use the notation r , s , t , and u with v arying

sets of sub- and sup erscripts for \generic" functions whic h ma y b e di�eren t from time

to time.

Lemma 2.23. F or any inte ger k � 0 , and indic es A

1

; : : : ; A

k

2 f 1 ; : : : ; n g , the

fol lowing identity holds

(2.24) �

D




C

1

A

1

: : : 


C

k

A

k

^

h

�

C

1

:::

�

C

k

D

= r

�

A

1

:::

�

A

k

�

L

J




C

A

; L

�

I

� ; f )

+

k � 1

X

l =1




D

E

^

h

�

C

1

:::

�

C

l

D

t

�

C

1

:::

�

C

l

E

�

A

1

:::

�

A

k

�

L

J




C

A

; f ) +

k � 1

X

l =1

�

D

^

h

�

C

1

:::

�

C

l

D

u

�

C

1

:::

�

C

l

�

A

1

:::

�

A

k

�

L

J




C

A

; f ) ;

wher e

(2.25)
r

�

A

1

:::

�

A

k

�

L

J




C

A

; L

�

I

� ; q )( p ) ; u

�

C

1

:::

�

C

l

E

�

A

1

:::

�

A

k

�

L

J




C

A

; q )( p )

ar e p olynomials in L

J




C

A

and L

�

I

� in the former c ase and in L

J




C

A

in the latter, wher e

A , C run over the indic es f 1 ; : : : ; n g and J = ( J

1

; : : : ; J

t

) , I = ( I

1

; : : : ; I

t +1

) , with

I

i

; J

j

2 f 1 ; : : : n g , for t � k � 1 , whose c o e�cients ar e smo oth functions of ( p; q ) 2

M �

^

M ; her e, we have use d the notation L

J

= L

J

1

: : : ; L

J

t

and L

�

J

= L

�

J

1

: : : ; L

�

J

t

.

Mor e over, the functions in (3.18) dep end only on M and

^

M (and not on the mapping

f ).

Pr o of. W e start with equation (2.11) and pro ceed as in the pro of of Lemma 2.20.

W e lea v e the details to the reader.

W e are ready to pro v e Theorem 2.4.

Pr o of of The or em 2 : 4 . Using the fact that the matrices

�




C

A

�

are in v ertible, w e

rewrite (2.21) and (2.24) as follo ws

(2.26) 


D

B

^

h

�

A

1

:::

�

A

k

D

+

k � 1

X

l =1




D

E

^

h

�

C

1

:::

�

C

l

D

0

t

�

C

1

:::

�

C

l

E

�

A

1

:::

�

A

k

B

�

L

J




C

A

; f )+

k � 1

X

l =1

�

D

^

h

�

C

1

:::

�

C

l

D

0

u

�

C

1

:::

�

C

l

�

A

1

:::

�

A

k

B

�

L

J




C

A

; f ) =

0

r

�

A

1

:::

�

A

k

B

�

L

J




C

A

; f )+

0

s

�

A

1

:::

�

A

k

B

�

L

J




C

A

; f ) � ;

and

(2.27) �

D

 

^

h

�

A

1

:::

�

A

k

D

+

k � 1

X

l =1

^

h

�

C

1

:::

�

C

l

D

0

u

�

C

1

:::

�

C

l

�

A

1

:::

�

A

k

�

L

J




C

A

; f )

!

+

k � 1

X

l =1




D

F

^

h

�

C

1

:::

�

C

l

D

0

t

�

C

1

:::

�

C

l

F

�

A

1

:::

�

A

k

�

L

J




C

A

; f ) =

0

r

�

A

1

:::

�

A

k

�

L

J




C

A

; L

I

� ; f

�

:

T o pro v e the theorem, w e m ust sho w that there are n c hoices A

j

, where A

j

= A

j

1

: : : A

j

l

j

with l

j

� k

0

, suc h that the linear equations (2.26{2.27) , with A = A

j

for j = 1 ; : : : ; n

and B = 1 ; : : : n , can b e solv ed uniquely for 


D

B

and �

D

near 0. F or this it su�ces to
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sho w that if, for some ( v

D

B

; v

D

) 2 C

n

2

+ n

,

(2.28) v

D

B

^

h

�

A

1

:::

�

A

k

D

(0) +

k � 1

X

l =1

v

D

E

^

h

�

C

1

:::

�

C

l

D

(0)

0

t

�

C

1

:::

�

C

l

E

�

A

1

:::

�

A

k

B

�

L

J




C

A

; f )(0)+

k � 1

X

l =1

v

D

^

h

�

C

1

:::

�

C

l

D

(0)

0

u

�

C

1

:::

�

C

l

�

A

1

:::

�

A

k

B

�

L

J




C

A

; f )(0) = 0

and

(2.29) v

D

 

^

h

�

A

1

:::

�

A

k

D

(0) +

k � 1

X

l =1

^

h

�

C

1

:::

�

C

l

D

(0)

0

u

�

C

1

:::

�

C

l

�

A

1

:::

�

A

k

�

L

J




C

A

; f )(0)

!

+

k � 1

X

l =1

v

D

F

^

h

�

C

1

:::

�

C

l

D

(0)

0

t

�

C

1

:::

�

C

l

F

�

A

1

:::

�

A

k

�

L

J




C

A

; f )(0) = 0 ;

for all A

1

; : : : A

k

; B 2 f 1 ; : : : ; n g and all k � k

0

, then v

D

B

= v

D

= 0. T o see this, note

that (2.28{2.29) , for k = 1, implies directly that v

�

(2)

= v

�

(2)

B

= 0; recall the con v en tion

in tro duced in x 1 that the indices �

( k +1)

run o v er f 1 ; : : : ; r

k

g , where r

k

= n � dim F

k

(0)

as in tro duced in x 1, and the indices a

( k +1

) run o v er the set f r

k

+ 1 ; : : : n g . Th us, since

^

h

Aa

(2)

(0) = 0, the equations (2.28{2.29) for k = 2 reduce to

(2.30) v

a

(2)

B

^

h

�

A

1

�

A

2

a

(2)

(0) = 0 ; v

a

(2)

^

h

�

A

1

�

A

2

a

(2)

(0) = 0 ;

whic h in turn implies v

�

(3)

= v

�

(3)

B

= 0. Pro ceeding inductiv ely , using at eac h step

the fact that for an y in tegers 1 � j < k � k

0

,

(2.31)

^

h

�

A

1

:::

�

A

j

a

( k )

(0) = 0 ;

w e conclude that the equations (2.28{2.29) , for k � k

0

, imply v

�

( k

0

+1)

= v

�

( k

0

+1)

B

= 0,

whic h is equiv alen t to v

D

= v

D

B

= 0 since r

k

0

+1

= n for a k

0

-nondegenerate CR

manifold. This completes the pro of of Theorem 2.4.

3. Pro ofs of Theorems 1, 2, and 3. W e b egin with the pro of of Theorem 2.

F or this pro of, w e shall need the follo wing t w o lemmas. W e shall k eep the notation

in tro duced in previous sections.

Lemma 3.1. F or any indic es D ; E ; F 2 f 1 ; : : : ; n g , multi-index J , and nonne ga-

tive inte ger k , we have the fol lowing

L

E

L

J




D

F

= r

�

D

�

J

�

F E

�

L

I

�

C

�

;(3.2)

L

E

L

J

T

k

�

D

= s

�

D

�

J k

E

�

L

I

T

m

�

C

; L

K

T

m +1

�

C

�

;(3.3)

wher e the functions in (3.2{3) ar e smo oth functions which ar e r ational in the ar guments

app e aring inside the p ar entheses. The indic es A , C run over the set f 1 ; : : : ; n g , and

I , K , over al l multi-indic es with j I j � j J j , j K j � j J j � 1 ; the inte ger m runs fr om 0

to k . Mor e over, the functions in (3.2{3) dep end only on M and

^

M (and not on the

mapping f ).

Pr o of. W e shall use the follo wing fact, whic h is an easy consequence of the

comm utator relations established in the pro of of Lemma 1.32. F or an y v ector �eld
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X 2 f L

A

; L

�

A

; T g and an y m ulti-index J = ( J

1

; : : : J

j J j

), w e ha v e

(3.4) X L

J

= L

J

X +

X

j K j�j J j� 1

c

K

L

K

T ;

where the c

K

are smo oth functions on M (whic h dep end on X and J ). T o pro v e (3.2) ,

w e observ e that, in view of (3.4) , w e ha v e

(3.5)

L

E

L

J




D

F

= L

�

E

L

J




D

F

= L

J

L

�

E




D

F

+

X

j K j�j J j� 1

c

K

L

K

T 


D

F

:

The iden tit y (3.2) follo ws from (2.10) and (2.13) . The pro of of (3.3) is similar, and

left to the reader.

Lemma 3.6. F or any index E 2 f 1 ; : : : ; n g , multi-indic es J and any nonne gative

inte ger k , we have the fol lowing

(3.7) L

E

L

J

T

k

� = s

�

J k

E

�

L

K




C

A

; L

I

T

m

�

C

; L

I

T

m

� ; L

K

T

m +1

� ; T

m




C

A

; T

m

�

C

; f

�

wher e the function in (3.7) is a smo oth functions which ar e r ational in the ar guments

pr e c e ding the ; . The indic es A , C run over the set f 1 ; : : : ; n g , and I , K over al l

multi-indic es with j I j � j J j , j K j � j J j � 1 ; the inte ger m runs fr om 0 to k . Mor e over,

the function in (3.7) dep ends only on M and

^

M (and not on the mapping f ).

Pr o of. W e apply (3.4) as in the pro of of Lemma 3.1 to deduce that that L

E

L

J

T

k

�

is linear in L

I

T

m

� , L

K

T

m +1

� , and L

I

T

m

L

�

E

� . T o ev aluate the latter term, w e mak e

use of (2.11) and (2.13) to deduce that L

J

T

k

L

�

E

� is p olynomial in L

I

T

m

� , L

I

T

m

�

C

,

L

K




C

A

, and L

�

I

T

m




C

A

. Finally , w e comm ute L

�

I

and T

m

using (3.4), and then use

(2.10) to conclude that L

�

I

T

m




C

A

is a linear function of T

m




C

A

and T

m

�

C

. Summing

up, w e obtain (3.7). This completes the pro of of Lemma 3.6.

The follo wing argumen t is inspired b y the pap er [Han2]. W e shall sa y , for a

function u on M , that u 2 C

a

p

if

(3.8) u = r ( L

I




C

A

; L

I

T

m

�

C

; L

I

T

m

� ; L

N

T

n




C

A

; L

N

T

n

�

C

; f ) ;

where the function in (3.8) is a smo oth functions whic h is rational in the argumen ts

preceeding the ;. The indices A , C run o v er the set f 1 ; : : : ; n g . The m ulti-indices

I , N and the nonnegativ e in tegers m , n run o v er all m ulti-indices with j I j + m � p ,

j N j + n � a . Moreo v er, the function in (3.8) should dep end only on M and

^

M (and

not on the mapping f ). Similarly , w e shall sa y that u 2 C

a;b

p;q

if (3.8) holds with the

additional condition that m � q , n � b . Observ e that b y Lemma 2.30 (and the realit y

of � ), w e ha v e

(3.9) 


D

F

; �

C

; � 2 C

� 1 ; � 1

k

0

; 0

;

where the negativ e ones in the sup erscript signify that no terms in v olving L

N




C

A

or

L

N

�

C

app ear. Recall that k

0

is the order of nondegeneracy of

^

M . By (2.10{12) , w e

obtain

(3.10) L

�

J




D

F

; L

�

J

�

C

2 C

� 1 ; � 1

k

0

; 0
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for an y m ulti-index J . By applying L

E

to e.g. the equations for L

�

J




D

F

and using

Lemmas 3.1 and 3.6, w e conclude that

(3.11) L

E

L

�

J




D

F

= r

�

S

E

( L

K




C

A

; L

I

T

m

�

C

; L

I

T

m

� ; 


C

A

; �

C

; f ) ;

where j K j � k

0

� 1, j I j + m � k

0

, and m � 1. By substituting for 


C

A

and �

C

in (3.11)

using the equations pro vided b y (3.10) , w e conclude that L

E




D

F

2 C

� 1 ; � 1

k

0

; 1

. W e obtain

a similar equation for L

E

L

�

J

�

C

. Hence, w e obtain

(3.12) L

E

L

�

J




D

F

; L

E

L

�

J

�

C

2 C

� 1 ; � 1

k

0

; 1

:

Next, b y applying L

�

F

to the equations for L

E

L

�

J




D

F

and L

E

L

�

J

�

C

, pro vided b y (3.12) ,

w e obtain

(3.13) L

�

F

L

E

L

�

J




D

F

; L

�

F

L

E

L

�

J

�

C

2 C

� 1 ; � 1

k

0

+1 ; 1

:

Similarly , rep eated application of L

�

F

1

, L

�

F

2

, : : : ; L

�

F

k

yields

(3.14) L

�

F

k

: : : L

�

F

1

L

E

L

�

J




D

G

; L

�

F

k

: : : L

�

F

1

L

E

L

�

J

�

C

2 C

� 1 ; � 1

k

0

+ k ; 1

:

Hence, b y taking linear com binations of L

�

F

k

: : : L

�

F

i

L

E

L

�

F

i +1

: : : L

�

F

k

L

�

J

, w e deduce that

(3.15) [ : : : [ L

E

; L

�

F

1

] ; : : : ; L

�

F

k

] L

�

J




D

G

; [ : : : [ L

E

; L

�

F

1

] ; : : : ; L

�

F

k

] L

�

J

�

C

2 C

� 1 ; � 1

k

0

+ k ; 1

:

Let `

0

� k

0

b e the in teger pro vided b y Lemma 1.24 for whic h

(3.16) [ : : : [ L

E

; L

�

F

1

] ; : : : ; L

�

F

k

] = aT ;

for some function a with a (0) 6= 0. Then, (3.15) implies, in particular, that

(3.17) T 


C

G

; T �

C

2 C

� 1 ; � 1

k

0

+ `

0

; 1

:

Before pro ceeding, w e shall need the follo wing result on comm utators of di�eren-

tial op erators, whic h seems to b e of indep enden t in terest.

Pr oposition 3.18. L et `

0

b e the smal lest inte ger for which (1.23) holds. Then,

for any multi-index J , inte ger k � 1 , and index F 2 f 1 ; : : : ; n g ther e exist smo oth

functions a

E

1

::: E

m

�

F

1

:::

�

F

s

, b

E

1

:::E

m

s

such that

(3.19)

j J j + k

X

m =1

m`

0

X

s =0

a

E

1

:::E

m

�

F

1

:::

�

F

s

[ : : : [ L

E

1

: : : L

E

m

; L

�

F

1

] ; L

�

F

2

] : : : ; L

�

F

s

] = L

J

T

k

:

and

(3.20)

j J j + k

X

m =1

k

X

s =0

b

E

1

::: E

m

s

[ : : : [ L

E

1

: : : L

E

m

; L

�

F

] ; L

�

F

] : : : ; L

�

F

]

| {z }

length s

= ( h

�

F
1

)

p

L

J

T

k

;

wher e p = k + j J j � j J j

1

+ 1 and j J j

1

denotes the numb er of o c cur enc es of the index 1

in the multi-index J ; her e, the length of the c ommutator [ : : : [ X ; Y

1

] ; Y

2

] : : : ; Y

s

] is s .

Pr o of. In this pro of, w e shall use the follo wing notation to simplify the notation,

C

E

1

::: E

m

;

�

F

1

:::

�

F

s

:= [ : : : [[ L

E

1

: : : L

E

m

; L

�

F

1

] ; L

�

F

2

] : : : ; L

�

F

s

] ;
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where C

E

1

:::E

m

is understo o d to mean L

E

1

: : : L

E

m

. Using bilinearit y of the comm u-

tator and the iden tit y

(3.21) [ AB ; C ] = A [ B ; C ] + [ A; C ] B ;

a straigh tforw ard induction sho ws that

(3.22) [ : : : [[ L

E

1

L

E

2

: : : L

E

m

; L

�

F

1

] ; L

�

F

2

] : : : ; L

�

F

s

] =

X

( i ;j ) 2 P

2

( s )

C

E

1

;

�

F

i

1

:::

�

F

i

s � l

C

E

2

:::E

m

;

�

F

j

1

:::

�

F

j

l

;

where P

2

( s ) denotes the set of all partitions of f 1 ; : : : ; s g in to t w o disjoin t increasing

sequences i = ( i

1

; : : : ; i

s � l

), 1 � i

1

< : : : i

s � l

� s , and j = ( j

1

; : : : ; j

l

), 1 � j

1

<

: : : < j

l

� s for l = 0 ; : : : s . (Of course, for e.g. l = 0 the partition is understo o d to

b e the trivial one i = (1 ; : : : ; s ) and j = ; .) Similarly , if w e denote b y P

m

( s ) the set

of all partitions of f 1 ; : : : ; s g in to m disjoin t increasing sequences i

t

= ( i

t

1

; : : : ; i

t

s

t

),

1 � i

t

1

< : : : i

t

s

t

� s , t = 1 ; : : : m , and

P

s

t

= s (allo wing empt y sequences), then w e

ha v e

(3.23) [ : : : [[ L

E

1

L

E

2

: : : L

E

m

; L

�

F

1

] ; L

�

F

2

] : : : ; L

�

F

s

] =

X

( i

1

;::: ;i

m

) 2 P

m

( s )

C

E

1

;

�

F

i

1

1

:::

�

F

i

1

s

1

: : : C

E

m

;

�

F

i

m

1

:::

�

F

i

m

s

m

;

Observ e that C

E ;

�

F

1

:::

�

F

s

= a

E ;

�

F

1

:::

�

F

s

T , for some function a

E ;

�

F

1

:::

�

F

s

suc h that

a

E ;

�

F

1

:::

�

F

s

(0) = 0 ; 8 s < `

0

; and a

E ;

�

F

1

:::

�

F

`

0

(0) = h

�

F

1

:::

�

F

`

0

E

(0) 6= 0 ;

for some c hoice of F

1

; : : : ; F

`

0

. Hence, with s = `

0

w e obtain, b y (3.23) and Lemma

1.24,

(3.24)

[ : : : [ L

E

1

: : : L

E

m

; L

�

F

1

] ; L

�

F

2

] : : : ; L

�

F

`

0

] =

m

X

l =1

( h

�

F

1

:::

�

F

`

0

E

l

+ o (1)) L

E

1

: : :

d

L

E

l

: : : L

E

m

T

+

X

j K j + p = m

j K j� m � 2

b

K p

L

K

T

p

+

X

j K j� m � 2

c

K

L

K

T ;

where b

k p

(0) = 0,

d

L

E

l

means that factor is omitted, and o (1) denotes a function

v anishing at 0; the last sum in (3.24) arises from arranging (b y comm uting) so that

the v ector �eld T comes last in the �rst sum. Recall, from x 1, that for eac h index

�

( `

0

)

2 f 1 ; : : : ; r

`

0

g there exist F

1

; : : : ; F

`

0

so that h

�

F

1

:::

�

F

`

0

�

( `

0

)

(0) 6= 0. F or this

argumen t, w e only need the fact that there exist F

1

; : : : ; F

`

0

so that h

�

F

1

:::

�

F

`

0

1

(0) 6= 0.

W e c ho ose F

1

; : : : ; F

`

0

to b e minimal, in the lexicographical ordering ( A

1

: : : A

s

<

B

1

: : : B

s

if, for some r � s , A

i

� B

i

for i < r , and A

r

< B

r

), with this prop ert y .

Setting E

1

= : : : E

m

= 1, w e observ e that w e can solv e for L

m � 1

1

T in (3.24) . Setting

E

1

= : : : E

m � 1

= 1 and L

E

m

= L

E

with E � 2, w e can then solv e for L

m � 1

1

L

E

T .

Pro ceeding inductiv ely , w e see that w e can solv e for an y L

J

T , with j J j = m � 1, in

terms of

[ : : : [ L

E

1

: : : L

E

m

; L

�

F

1

] ; L

�

F

2

] : : : ; L

�

F

`

0

] ; b

K p

L

K

T

p

; L

K

T ;
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where K runs o v er m ulti-indices with j K j � m � 2, and p o v er p ositiv e in tegers suc h

that j K j + p = m , and eac h b

k p

(0) = 0. Next, letting s = 2 `

0

and F

`

0

+ l

= F

l

for

l = 1 ; : : : `

0

, w e obtain (b y also using that h

�

F

1

:::

�

F

s

E

is symmetric in the �rst s indices

F

1

; : : : F

s

)

(3.25) [ : : : [ L

E

1

: : : L

E

m

; L

�

F

1

] ; L

�

F

2

] : : : ; L

�

F

2 `

0

] =

m

X

l =1

a

E

j

�

F

1

:::

�

F

2 `

0

L

E

1

: : :

d

L

E

l

: : : L

E

m

T

+ c

�

F

X

1 � l

1

<l

2

� m

( h

�

F

1

:::

�

F

`

0

E

l

1

h

�

F

1

:::

�

F

`

0

E

l

2

+ o (1)) L

E

1

: : :

d

L

E

l

1

: : :

d

L

E

l

2

: : : L

E

m

T

2

+

X

j K j + p = m

j K j� m � 3

o (1) L

K

T

p

+

X

j K j + p � m � 1

p =1 ; 2

c

K p

L

K

T

p

;

where c

�

F

is some com binatorial factor ( > 0) whic h dep ends on the minimal set of

indices F

1

; : : : ; F

`

0

. Using the fact that w e ha v e already solv ed for the L

J

T , j J j =

m � 1, in terms of b

K 2

L

K

T

2

where b

K 2

(0) = 0, a similar argumen t to the one used

ab o v e sho ws that w e can solv e for eac h L

J

T

2

, j J j = m � 2, in terms of

[ : : : [ L

E

1

: : : L

E

m

; L

�

F

1

] ; L

�

F

2

] : : : ; L

�

F

2 `

0

] ; o (1) L

K

T

p

; L

Q

T ; L

K

T

2

where K , Q , runs o v er m ulti-indices with j K j � m � 3, j Q j � m � 2, and p o v er p ositiv e

in tegers suc h that j K j + p = m . Pro ceeding b y induction o v er k (with the total order

m �xed), w e ev en tually �nd that w e can solv e completely for T

m

in terms of

[ : : : [ L

E

1

: : : L

E

m

; L

�

F

1

] ; L

�

F

2

] : : : ; L

�

F

m`

0

] ; L

K

T

p

;

with j K j + p � m � 1. Substituting bac k, w e obtain

k `

0

X

n =0

a

E

1

::: E

m

�

F

1

:::

�

F

n

[ : : : [ L

E

1

: : : L

E

m

; L

�

F

1

] ; L

�

F

2

] : : : ; L

�

F

n

] = L

J

T

k

+

X

j K j + p � m � 1

c

K p

L

K

T

p

;

where m = j J j + k . The pro of of (3.19) is completed b y a simple induction on the

total degree m .

F or the pro of of (3.20) , w e pro ceed analogously b y �rst setting s = 1 and E

1

=

: : : = E

m

= 1 in (3.23) . W e �nd that

(3.26) mh

�

F 1

L

m � 1

1

T = C

E

1

::: E

m

;

�

F

+

X

j K j� m � 2

c

K

L

K

T :

Next, with E

1

= : : : = E

m � 1

= 1 and E

m

= E , w e obtain

(3.27) ( m � 1) h

�

F
1

L

m � 2

1

L

E

T + h

�

F
E

L

m � 1

1

T = C

E

1

::: E

m

;

�

F

+

X

j K j� m � 2

c

0

K

L

K

T :

Th us, m ultiplying b y h

�

F
1

and using (3.26) , w e obtain (3.20) for a m ulti-index J =

(1 ; : : : ; 1 ; E ) 2 f 1 ; : : : ; n g

m � 1

and k = 1. Similarly , w e obtain (3.20) for arbitrary

m ulti-indices J and k = 1. Pro ceeding inductiv ely , setting s = 2 ; 3 ; : : : k , using (3.23) ,

and m ultiplying through b y a suitable p o w er of h

�

F
1

to apply the results obtained in
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previous steps, w e arriv e at (3.20) . The details are left to the reader. This completes

the pro of of Prop osition 3.18.

T o complete the pro of of Theorem 2, let us observ e the follo wing sc hematic dia-

gram whic h describ es the action of applying the op erators L

E

to elemen ts in C

� 1 ; � 1

q + k ;q

(3.28) C

� 1 ; � 1

q + k ;q

L

E

1

� � ! C

q ;q

q + k ;q +1

L

E

2

� � ! C

q +1 ;q +1

q + k ;q +2

L

E

3

� � ! : : :

L

E

k

� � !

L

E

k

� � ! C

q + k � 1 ;q + k � 1

q + k ;q + k

L

E

k +1

� � � � ! C

q + k ;q + k

q + k ;q + k

L

E

k +2

� � � � ! C

q + k +1 ;q + k

q + k ;q + k

L

E

k +3

� � � � ! : : :

The v eri�cation of the diagram is straigh tforw ard using Lemmas 3.1 and 3.6, and the

details are left to the reader. Similarly , w e ha v e

(3.29) C

a + k ;a

p;q

L

�

F

1

� � ! C

a + k ;a +1

p +1 ;q

L

�

F

2

� � ! : : :

L

�

F

k

� � ! C

a + k ;a + k

p + k ;q

L

�

F

k +1

� � � � ! C

a + k ;a + k

p + k +1 ;q

L

�

F

k +2

� � � � ! : : :

W e claim that the follo wing holds for an y m ulti-index J and nonnegativ e in teger k ,

(3.30) L

J

T

k




D

F

; L

J

T

k

�

D

2 C

� 1 ; � 1

k

0

+ m`

0

; min ( k

0

;m )

;

where m = j J j + k . Observ e that (3.30) holds for m = 1 b y (3.12) and (3.17) .

W e shall pro v e (3.30) b y induction on m . Th us, assume that (3.30) holds for all

m � m

0

� 1. By Prop osition 3.18, w e can pro duce the di�eren tial op erator L

J

T

k

b y

taking linear com binations of op erators of the form L

�

P

L

Q

L

�

R

, where j P j + j R j � m

0

`

0

,

j Q j � m

0

, and m

0

= j J j + k . Applying �rst L

Q

L

�

R

to e.g. 


D

F

w e conclude, using

(3.10) and the diagram (3.28) , that L

Q

L

�

R




D

F

2 C

m

0

� 1 ; min ( k

0

;m

0

� 1)

k

0

; min ( k

0

;m

0

)

. By applying L

�

P

to the equation for L

Q

L

�

R




D

F

and using the diagram (3.29) , w e obtain L

J

T

k




D

F

2

C

m

0

� 1 ;m

0

� 1

k

0

+ m

0

`

0

; min ( k

0

;m

0

)

. The conclusion L

J

T

k




D

F

2 C

� 1 ; � 1

k

0

+ m

0

`

0

; min ( k

0

;m

0

)

follo ws b y using

the induction h yp othesis to substitute for the L

I

T

m




C

A

and L

I

T

m

�

C

, with j I j + m �

m

0

� 1, that app ear in the equation for L

J

T

k




D

F

. By applying the same argumen t

to �

D

, w e conclude that (3.30) holds for m = m

0

and, hence, for all m b y induction.

This pro v es the claim. In particular, w e then ha v e

(3.31) T

k




D

F

; T

k

�

D

2 C

� 1 ; � 1

k

0

+ k `

0

; min ( k

0

;k )

:

By applying L

J

to these equations and using (3.28) , w e deduce that

(3.32) L

J

T

k




D

F

; L

J

T

k

�

D

2 C

a ( J ;k ) ;q

0

( J ;k )

k

0

+ k `

0

;q ( J ;k )

;

where

a ( J ; k ) = min( k

0

; k ) + j J j � 1(3.33)

q ( J ; k ) = min( k

0

+ k `

0

; min( k

0

; k ) + j J j ) ;(3.34)

and

q

0

( J ; k ) = min( k

0

+ k `

0

; min( k

0

; k ) + j J j � 1) :

Observ e that (3.32) implies

(3.35) L

J

T

k




D

F

; L

J

T

k

�

D

2 C

j J j + k � 1 ;k

0

+ k

0

`

0

k

0

+ k

0

`

0

;k

0

+ k

0

`

0

; 8 k : 0 � k � k

0

:

No w, from (3.4) it follo ws that L

R

T

k

� = T

k

L

R

� mo dulo terms of the form T

k

L

S

�

with j S j < j R j . Hence, b y applying (2.11{13) , w e conclude that L

R

T

k

� is a p olynomial
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in T

m

� = T

m

� , T

m

�

C

, L

K




C

A

, and L

I

T

m � 1

�

C

, where m � k , j K j � j R j � 1, and

j I j � j R j . It follo ws that w e also ha v e

(3.36) L

J

T

k

� 2 C

j J j + k � 1 ;k

0

+ k

0

`

0

k

0

+ k

0

`

0

;k

0

+ k

0

`

0

; 8 k : 0 � k � k

0

:

Let us in tro duce the new class D

a;b

p;q

consisting of functions u for whic h there is an

equation

(3.37) u = r ( L

I




C

A

; L

I

T

m

�

C

; L

N

T

n

� ; L

N

T

n




C

A

; L

N

T

n

�

C

; f ) ;

where j I j + m � p , m � q , j N j + n � a , n � b , and the function r is rational in the

argumen ts preceeding the \;" and only dep ends on M and

^

M . By the ab o v e remarks

concerning L

R

T

k

� and (3.31) , w e ha v e

(3.38) T

k




D

F

; T

k

�

D

2 D

min ( k

0

;k ) ; min ( k

0

;k )

k

0

+ k `

0

; min ( k

0

;k )

:

Since equations of the form (3.37) do not in v olv e terms of the form L

I

T

m

� , w e obtain

a di�eren t diagram describing the action of L

E

on the classes D

a;b

p;q

, namely

(3.39) D

a;b

q + k ;q

L

E

1

� � ! D

a +1 ;b

q + k ;q +1

L

E

2

� � ! : : :

L

E

k

� � ! D

a + k � 1 ;b

q + k ;q + k

L

E

k +1

� � � � !

L

E

k +1

� � � � ! D

a + k ;b

q + k ;q + k

L

E

k +2

� � � � ! D

a + k +1 ;b

q + k ;q + k

L

E

k +3

� � � � ! : : :

By (3.38{39) , w e deduce

(3.40) L

J

T

k




D

F

; L

J

T

k

�

D

2 D

k

0

+ j J j ;k

0

k

0

+ k `

0

; min ( k

0

+ k `

0

;k

0

+ j J j )

; 8 k : k � k

0

+ 1 :

W e ha v e the follo wing tec hnical, but imp ortan t, lemma.

Lemma 3.41. F or any multi-index J , and nonne gative inte ger k � k

0

, we have

(3.42) L

J

T

k




D

F

; L

J

T

k

�

D

; L

J

T

k

� 2 C

� 1 ; � 1

k

0

+( k

0

+ k

0

`

0

) `

0

;k

0

+( k

0

+ k

0

`

0

) `

0

:

Pr o of. By (3.35{36) , w e ha v e

(3.43) L

J

T

k




D

F

; L

J

T

k

�

D

; L

J

T

k

� 2 C

j J j + k � 1 ;k

0

+ k

0

`

0

k

0

+ k

0

`

0

;k

0

+ k

0

`

0

:

Observ e that (3.43) reduces the total order of the unconjugated terms b y at least one.

No w, in the equations giv en b y (3.43), there ma y app ear terms of the form L

I

1

T

k

1




C

A

,

L

I

1

T

k

1

�

C

, where j I

1

j + k

1

� j J j + k � 1, and k

1

� k

0

+ k

0

`

0

. F or those term with

k

0

+ 1 � k

1

� k

0

+ k

0

`

0

, w e ma y apply (3.40) to deduce that

(3.44) L

I

1

T

k

1




C

A

; L

I

1

T

k

1

�

C

2 D

k

0

+ j I

1

j ;k

0

k

0

+( k

0

+ k

0

`

0

) `

0

; min ( k

0

+( k

0

+ k

0

`

0

) `

0

;k

0

+ j I

1

j )

:

Note that, since k

1

� k

0

+ 1 and j I

1

j + k

1

� j J j + k � 1, w e ha v e k

0

+ j I

1

j � j J j + k � 2.

F or those terms L

I

1

T

k

1




C

A

, L

I

1

T

k

1

�

C

with k

1

� k

0

, w e ma y apply (3.35) again. In

an y case, w e ha v e reduced the total order of the unconjugated terms b y t w o. In the

equations giv en b y (3.44) , there ma y app ear terms of the form L

I

2

T

k

2




C

A

, L

I

2

T

k

2

�

C

,

and also L

I

2

T

k

2

� , where j I

2

j + k

2

� k

0

+ j I

1

j � j J j + k � 2, and k

2

� k

0

. W e again

substitute for these terms, using the equations giv en b y (3.35{36) . This reduces the

total order of the unconjugated terms another step. Pro ceeding in this w a y , alternately

substituting using either (3.35{36) or (3.40) , w e eliminate all the unconjugated terms

(in a �nite n um b er of steps). A t eac h step w e in tro duce new conjugated terms, but in
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view of (3.35{36) and (3.40) , the total order of these nev er exceed k

0

+ ( k

0

+ k

0

`

0

) `

0

.

This completes the pro of of Lemma 3.41.

By substituting, using Lemma 3.41, for the conjugated terms that app ear in the

equations pro vided b y (3.30) , w e conclude that for an y m ulti-index J and nonnegativ e

in teger k , w e ha v e

(3.45) L

J

T

k




D

F

; L

J

T

k

�

D

2 D

k

0

+( k

0

+ k

0

`

0

) `

0

;k

0

+( k

0

+ k

0

`

0

) `

0

� 1 ; � 1

:

By using (2.10) and (2.12), w e conclude that for an y m ulti-indices R and S , an y

nonnegativ e in teger k , and an y indices D ; F 2 f 1 ; : : : n g , there are smo oth functions,

whic h are rational in their argumen ts preceeding the \;", suc h that

(3.46)

L

R

T

k

L

�

S




D

F

= r

R

�

S k

�

L

I

T

j




C

A

; L

I

T

j

�

C

; L

I

T

j

� ; f

�

;

L

R

T

k

L

�

S

�

D

F

= s

R

�

S k

�

L

I

T

j




C

A

; L

I

T

j

�

C

; L

I

T

j

� ; f

�

;

where j I j + j � k

0

+ ( k

0

+ k

0

`

0

) `

0

. Finally , b y using (2.11) , its complex conjugate, and

Prop osition 3.18, it is not di�cult to see that L

R

T

k

L

�

S

� can b e expressed in terms of

� and deriv ativ es of 


C

A

, 


C

A

, �

C

, and �

C

. Th us, in view of (3.46) , w e also ha v e, for

an y R , S , and k ,

(3.47) L

R

T

k

L

�

S

� = t

R

�

S k

�

L

I

T

j




C

A

; L

I

T

j

�

C

; L

I

T

j

� ; L

I

T

j




C

A

; L

I

T

j

�

C

; L

I

T

j

� ; f

�

;

where I and j run o v er the same indices as in (3.46). No w, recall that `

0

� k

0

. The

conclusion of Theorem 2 follo ws b y writing (3.46{47) , for all R , S , k suc h that

j R j + j S j + k = k

0

+ ( k

0

+ k

2

0

) k

0

+ 1

in an y co ordinate systems x = ( x

1

; : : : ; x

2 n +1

) and ^x = ( ^ x

1

; : : : ^x

2 n +1

) for M and

^

M

near the p oin ts 0 2 M and

^

0 2

^

M , resp ectiv ely , and observing that the same system

of di�eren tial equations holds for an y CR mapping f sending a neigh b orho o d of 0

in M in to

^

M with f (0) su�cien tly close to

^

0 . This completes the pro of of Theorem

2.

Remark. W e w ould lik e to p oin t out that a m uc h simpler conclusion of the pro of

of Theorem 2 can b e giv en in the case `

0

= 1, i.e. when the Levi form of M has at

least one nonzero eigen v alue at 0. W e can then use the comm utator iden tit y (3.20)

instead of (3.19) to conclude

(3.48) L

J

T

k




D

F

; L

J

T

k

�

D

2 C

� 1 ; � 1

k

0

+ k ; min ( k

0

;m )

;

instead of (3.30) . By substituting for conjugated terms, using only (3.48) , w e obtain

directly equations of the form (3.46) in whic h j I j + j � 2 k

0

. W e in vite the reader to

carry out the details in this case. Observ e that the system of di�eren tial equations

obtained for f using this argumen t is of order 2 k

0

+ 2 rather than k

3

0

+ k

2

0

+ 2 as giv en

b y Theorem 2 (or k

0

+ ( k

0

+ k

0

`

0

� 1) `

0

+ 2 = 3 k

0

+ 1 for `

0

= 1, whic h is the order

that actually follo ws from the pro of of Theorem 2 presen ted ab o v e).

A similar simpi�cation of the pro of in the general case w ould b e p ossible if one

could pro v e that it su�ces to tak e the sum o v er s in (3.19) to run from s = 0 to

s = k `

0

instead of all the w a y up to s = m`

0

.

Pr o of of The or em 1 . The system of di�eren tial equations (0.3) is a so-called com-

plete system of order k

3

0

+ k

2

0

+ k

0

+ 2. In particular, an y solution is completely

determined b y its ( k

3

0

+ k

2

0

+ k

0

+ 1)-jet at 0 2 M (see e.g. [BCG

3

]. cf. also [Han2,
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Prop osition 2.2]). On the other hand, if x ! Z ( x ) is an em b edding of M in to C

N

sending p

0

2 M to 0 2 C

N

and x

0

! Z

0

( x ) is an em b edding of M

0

sending p

0

0

to

0 2 C

N

, then for an y smo oth CR mapping f : M !

^

M , with f ( p

0

) = p

0

0

, there exists

(see e.g. [BER3, Prop osition 1.7.14]) a formal p o w er series mapping Z

0

= F ( Z ), with

F (0) = 0, sending M in to M

0

(i.e. � ( Z ;

�

Z ) divides �

0

( F ( Z ) ; F ( Z ) ) in the ring of formal

p o w er series in Z ;

�

Z ; cf. e.g. [BER4]) suc h that

(3.49) Z

0

( f ( x )) � F ( Z ( x )) ;

where � denotes equalit y as formal p o w er series. Also, b y [BER4, Theorem 2.1.1], the

2 k

0

-jet at 0 of an y in v ertible formal mapping Z

0

= F ( Z ), with F (0) = (0), sending

M in to M

0

determines the series F ( Z ) completely . In particular, it follo ws from

(3.49) that the 2 k

0

-jet at p

0

of a CR di�eomorphism f : M ! M

0

, with f ( p

0

) = p

0

0

,

determines its ( k

3

0

+ k

2

0

+ k

0

+ 1)-jet at p

0

. Hence, the conclusion of Theorem 1 follo ws

from Theorem 2.

Pr o of of The or em 3 . W e shall need the follo wing prop osition.

Pr oposition 3.50. If a smo oth r e al hyp ersurfac e M � C

N

is holomorphic al ly

nonde gener ate at p

0

2 M , then ther e exists an op en neighb orho o d U of p

0

2 M and a

dense op en subset U

0

� U such that M is ( N � 1) -nonde gener ate at every p 2 U

0

.

Pr o of. The statemen t that, under the h yp otheses in the prop osition, there exists

an op en neigh b orho o d U of p

0

suc h that M is �nitely nondegenerate on a dense op en

subset U

00

� U is a consequence of [BER3, Theorem 11.7.5 (iii)]. T o pro v e Prop osition

3.50, it su�ces to sho w that if M is not k -nondegenerate, for an y k � N � 1, on an

op en set V , then M is in fact not �nitely nondegenerate at an y p 2 V . Recall the

subspaces E

j

( p ) � T

0

p

M de�ned for j = 0 ; 1 ; : : : in x 1. Assume that E

N � 1

( p ) is a

prop er subspace of T

0

p

M for ev ery p 2 V , i.e. M is not k -nondegenerate, for an y

k � N � 1, in V . Since dim

C

T

0

p

M = N , w e conclude, b y (1.3), that there m ust b e an

op en subset V

0

� V and an in teger 1 � ` � N � 1 suc h that

(3.51) E

` � 1

( q ) = E

`

( q ) ; 8 q 2 V

0

:

W e claim that if E

` � 1

( q ) = E

`

( q ) for all q in some op en su�cien tly small set V

0

� M ,

then in fact E

` � 1

( q ) = E

k

( q ) for all k � ` and all q 2 V

0

. T o see this, observ e that

(3.51) implies that, for ev ery A

1

; : : : ; A

`

2 f 1 ; : : : ; N g , there are smo oth functions

a

�

C

1

:::

�

C

j

�

A

1

:::

�

A

`

suc h that

(3.52) L

�

A

`

: : : L

�

A

1

� =

` � 1

X

j =0

a

�

C

1

:::

�

C

j

�

A

1

:::

�

A

`

L

�

C

j

: : : L

�

C

1

�

in V

0

. (3.52) implies that E

` +1

( q ) = E

`

( q ) for q 2 V

0

, and the claim follo ws b y

induction. W e conclude that M is not �nitely nondegenerate in V

0

. A simple connect-

edness argumen t applied to eac h comp onen t of V pro v es that M cannot b e �nitely

nondegenerate at an y p oin t in V . This completes the pro of of Prop osition 3.50.

W e return to the pro of of Theorem 3. The fact that M is minimal at p

0

implies, b y

a theorem of T repreau (see e.g. [BER3, Theorem 8.1.1]; the analogous result in higher

co dimensions w as pro v ed b y T umano v), that for an y op en neigh b orho o d U of p

0

in

M , there exists an op en connected set 
 � C

N

(on \one side of M ") suc h that U

0

:=


 \ M � U is an op en neigh b orho o d of p

0

and ev ery smo oth CR function in U is the

smo oth b oundary v alue of a holomorphic function in 
. W e deduce b y the uniqueness
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of b oundary v alues of holomorphic functions, Prop osition 3.50, and Theorem 1 that

there exists p

1

2 U

0

suc h that if f

1

; f

2

: U ! M

0

are smo oth CR di�eomorphisms

in to some smo oth real h yp ersurface M

0

� C

N

and @

�

f

1

( p

1

) = @

�

f

2

( p

1

), for all j � j �

2( N � 1), then f

1

= f

2

in U

0

. Using this fact, the pro of of Theorem 3 is completed

exactly as the pro of of [BER2, Theorem 2]. Cho ose Y

1

; : : : ; Y

m

2 aut( M ; p

0

) whic h

are linearly indep enden t o v er R , and denote b y F ( x; y ), where x = ( x

1

; : : : ; x

2 N � 1

) is

some lo cal co ordinate system on M near p

0

and y = ( y

1

; : : : ; y

m

) 2 R

m

, the time-one

map of the 
o w exp t ( y

1

Y

1

+ : : : + y

m

Y

m

), for y in some su�cien tly small neigh b orho o d

V of the origin R

m

. The argumen ts in [BER2] com bined with the uniqueness result

stated ab o v e, for a suitably c hosen op en neigh b orho o d of U of p

0

in M , sho ws that

the mapping V ! J

2( N � 1)

( M ; M

0

)

p

1

, giv en b y

(3.53) y 7! ( @

�

x

F ( p

1

; y ))

j � j� 2( N � 1)

;

is smo oth and injectiv e. Hence, m � dim

R

J

2( N � 1)

( M ; M

0

)

p

1

whic h pro v es Theorem

3.

Pr o of of The or em 4 . The conclusion of Theorem 4 is a direct consequence of

Theorem 2 and Prop osition 3.54 b elo w. W e shall use the notation J

k

( R

q

; R

m

)

0

for

the space of k -jets at 0 2 R

q

of smo oth mappings f : R

q

! R

m

, and �

k

= ( �

�

i

), j � j � k

and i = 1 ; : : : ; m , for the natural co ordinates on this space in whic h the k -jet of f is

giv en b y �

�

i

= @

�

x

f

i

(0).

Pr oposition 3.54. L et U � J

k

( R

q

; R

m

)

0

� R

q

b e an op en domain. L et

r

�

j

( �

k

)( x ) , for any multi-index � 2 Z

m

+

with j � j = k + 1 and any j = 1 ; : : : ; m , b e

smo oth ( C

1

) functions on U . Then, for any �

k

0

2 J

k

( R

q

; R

m

)

0

such that ( �

k

0

; 0) 2 U ,

ther e exists a uniquely determine d smo oth function F : U

0

� V

0

! R

m

, wher e U

0

is an

op en neighb orho o d of �

k

0

2 J

k

( R

q

; R

m

)

0

and V

0

is an op en neighb orho o d of 0 2 R

q

,

such that if f = ( f

1

; : : : ; f

m

) solves

(3.55) @

�

x

f

j

= r

�

j

( @

�

x

f ) ; 8j � j = k + 1 ; j = 1 ; : : : ; m;

ne ar 0 2 R

q

and j

k

0

( f ) 2 U

0

, then

(3.56) F ( j

k

0

( f ) ; � ) = f :

Remark 3 : 57 . Observ e that w e do not claim that F ( �

k

; � ) solv es (3.55) for an y

initial v alue �

k

, but only that if there is a solution with this initial condition then it

coincides with F ( �

k

; � ). The idea for Prop osition 3.54 w as suggested to the author b y

D. Zaitsev.

Pr o of of Pr op osition 3 : 54 . By a standard argumen t (considering the deriv ativ es

@

�

x

f , j � j � k , as new unkno wns), it su�ces to pro v e Prop osition 3.54 with k = 1.

Th us, w e ma y assume that the system (3.55) is of the form

(3.58) @

x

j

f

i

= r

ij

( f ) ; i = 1 ; : : : ; m ; j = 1 ; : : : ; q :

Fix �

1

0

as in the theorem. W rite x = ( t; x

0

) 2 R � R

q � 1

and consider the initial v alue

problem for a system of ordinary di�eren tial equations

(3.59) @

t

f

i

( t; 0) = r

i 1

( f ( t; 0))( t; 0) ; f (0 ; 0) = �

1

;

for �

1

in some su�cien tly small neigh b orho o d of �

1

0

. By a classical result (see [CL,

Chapter 1.7], Theorem 7.5 and the follo wing remarks), there is a smo oth function
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F

1

: U

1

� V

1

! R

m

, where U

1

is an op en neigh b orho o d of �

1

0

2 J

1

( R

q

; R

m

)

0

and V

1

is an op en neigh b orho o d of 0 2 R , suc h that t 7! F

1

( �

1

; t ) is the unique solution of

(3.59) . Next, write x = ( x

1

; t; x

0 0

) 2 R � R � R

q � 2

and consider for eac h x

1

2 U

1

the

initial v alue problem

(3.60) @

t

f

i

( x

1

; t; 0) = r

i 1

( f ( x

1

; t; 0))( x

1

; t; 0) ; f ( x

1

; 0 ; 0) = F

1

( �

1

; x

1

) :

Again b y [CL, Chapter 1.7] (Theorem 7.5), there is a smo oth function F

2

: U

2

� V

2

!

R

m

, where U

2

is an op en neigh b orho o d of �

1

0

2 J

1

( R

q

; R

m

)

0

and V

2

is an op en

neigh b orho o d of (0 ; 0) 2 R � R , suc h that t 7! F

2

( �

1

; x

1

; t ) is the unique solution of

(3.60) . Pro ceeding inductiv ely in this w a y , w e obtain the desired function F after the

q :th step. The straigh tforw ard details are left to the reader. W e emphasize ho w ev er

that the function so obtained need not b e a solution of the system (3.58) , but it satis�es

F ( j

1

0

( f ) ; � ) = f whenev er f is a solution. This completes the pro of of Prop osition

3.54.

The pro of of Theorem 4 follo ws b y applying Prop osition 3.54 to the system of

di�eren tial equations pro vided b y Theorem 2.

4. Concluding Remarks.

4.1. Abstract CR manifolds. In this pap er, w e ha v e considered em b edded real

h yp ersurfaces as abstract manifolds with a(n in tegrable) CR structure. W e ha v e used

the fact that the CR manifolds are em b eddable (i.e. the CR structure is in tegrable)

to c ho ose a basis for the sections of C T M that satisfy certain comm utation relations

(Lemma 1.33). The author felt that the resulting equations (1.34) simpli�ed the

computations in the pro ofs to an exten t whic h, b y far, out w eighed the loss of generalit y

in assuming that the manifolds are em b eddable. Without the use of the equations

(1.34) , the k ey equations (2.10-13) tak e the follo wing form

(4.1.1)

L

�

A




E

B

+ 


E

D

R

D

�

A B

+ �

E

h

�

AB

= 


D

B




C

A

^

R

E

�

C D

;

L

�

A

� + � h

�

A

= � 


C

A

^

h

�

C

+ 


C

A

�

D

^

h

�

C
D

;

L

�

A

�

C

+ �

C

h

�

A

+ 


C

D

R

D

�

A

= � 


E

A

^

R

C

�

E

+ 


E

A

�

F

^

R

C

�

E F

;

T 


C

A

� L

A

�

C

+ 


C

B

R

B

A

� �

C

h

�

A

= � 


B

A

^

R

C

B

+ 


B

A

�

D

^

R

C

D B

+ 


B

A

�

E

^

R

C

�

E B

:

Analogous re
ection form ulae to those in Theorem 2.4, as w ell as analogues of the

crucial Lemmas 3.1, 3.6, and Prop osition 3.18, can b e established (with considerably

more w ork than ab o v e). The author is con�den t that a pro of of Theorem 2 for abstract

CR manifolds (of h yp ersurface t yp e) M and M

0

of the same dimension can b e pro duced

from these ingredien ts, but he has not had the patience to c hec k the details.

4.2. In�nitesimal CR automorphisms. It is clear from the pro of of Theorem

3 ab o v e that in order for the estimate (0.5) to hold, it su�ces that M is minimal at p

0

and that there exists an op en subset U � M with p

0

in its b oundary suc h that M is

�nitely nondegenerate on U . The latter holds, in particular, if M is holomorphically

nondegenerate at p

0

(and, in the real-analytic case, only if ), but ma y hold, in the

case of merely smo oth manifolds, ev en if M is holomorphically degenerate at p

0

(see

[BER3, Example 11.7.29]). On the other hand, as is men tioned in the in tro duction, if

there exists a v ector �eld Y of the form (0.4), where the restrictions of the a

j

to M

are CR functions, whic h is tangen t to M near p

0

, then dim

R

aut( M ; p

0

) = 1 . Let us



660 p. ebenfel t

call the restriction to M of suc h a v ector �eld Y a CR holomorphic v ector �eld. Th us,

one is led to the follo wing question. Supp ose M is not �nitely nonde gener ate at any

p oint in an op en neighb o orho o d of p

0

. Do es ther e then exist a CR holomorphic ve ctor

�eld on M ne ar p

0

? The author do es not kno w the answ er to this question in general,

but it seems to b e related to the range of the tangen tial Cauc h y-Riemann op erator

�

@

b

(see e.g. [B] for the de�nition). W e conclude this pap er b y brie
y outlining this

connection.

First, observ e that a v ector �eld Y is CR holomorphic if and only if Y is a section

of

�

V and [

�

L; Y ] is a CR v ector �eld (i.e. a section of V ) for ev ery CR v ector �eld

�

L . No w,

supp ose that there is an op en set U � M in whic h M is not �nitely nondegenerate at

an y p oin t. W e claim that there exists a (non-v anishing) CR holomorphic v ector �eld

Y near p 2 U if (i) dim

C

E

N � 1

( q ) (whic h is < N for q in U b y assumption) is maximal

at q = p , and (ii)

�

@

b

u = f is solv able at p for ev ery (0 ; 1)-form f with

�

@

b

f = 0. F or

simplicit y , w e shall indicate the pro of of this only in the case dim

R

E

N � 1

( p ) = N � 1.

W e c ho ose a smo oth non v anishing section X of

�

V near p suc h that X ( q ) 2 E

k

( q )

?

for all k and all q in an op en neigh b orho o d of p . (This can b e done b y assumption

(i) ab o v e.) W e denote b y L

�

1

; : : : ; L

�n

a basis of the CR v ector �elds on M near p ,

where L

n

:= L

�n

= X . W e c ho ose a tran v ersal v ector �eld T , as in x 1, and denote

b y � ; �

A

;

�

�

�

A

, with notation and con v en tions as in x 1, a dual basis of T ; L

A

; L

�

A

. The

fact that L

n

is v alued in E

?

k

, for ev ery k , implies that [ L

�

A

; L

n

] = b

�

A

L

n

mo dulo the

CR v ector �elds. W e shall lo ok for a CR holomorphic v ector �eld Y of the form uL

n

,

where u is a function to b e determined. It is easy to see that [ L

�

A

; Y ] is a CR v ector

�eld if and only if

(4.2.1) L

�

A

u + ub

�

A

= 0

and, hence, Y is CR holomorphic if and only if (4.2.1) is satis�ed for ev ery A 2

f 1 ; : : : ; n g . If w e could solv e

(4.2.2)

�

@

b

v = f ;

where f = b

�

A

�

�

A

, then u = e

� v

w ould solv e (4.2.1) . The (0 ; 1)-form f coincides with

the form L

n

y

�

@

b

�

n

, as the reader can v erify . F rom this observ ation, one can c hec k that

f satis�es the necessary compatibilit y condition for solv abilit y ,

(4.2.3)

�

@

b

f =

�

@

b

( L

n

y

�

@

b

�

n

) = 0 :

Hence, if the tangen tial Cauc h y-Riemann complex is solv able at lev el (0 ; 1) at p , then

w e can solv e (4.2.2) and obtain a CR holomorphic v ector �eld Y = uL

n

near p .

Ho w ev er, the author kno ws of no results on solv abilit y whic h apply in this situation

(unless, of course, M is real-analytic).
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