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ember 2001 004CLASSIFICATION OF INDEFINITE HYPER-K�AHLER SYMMETRICSPACES�DMITRI V. ALEKSEEVSKYy AND VICENTE CORT�ESzAbstra
t. We 
lassify inde�nite simply 
onne
ted hyper-K�ahler symmetri
 spa
es. Any su
hspa
e without 
at fa
tor has 
ommutative holonomy group and signature (4m; 4m). We establish anatural 1-1 
orresponden
e between simply 
onne
ted hyper-K�ahler symmetri
 spa
es of dimension8m and orbits of the group GL(m; H) on the spa
e (S4Cn )� of homogeneous quarti
 polynomials Sin n = 2m 
omplex variables satisfying the reality 
ondition S = �S, where � is the real stru
tureindu
ed by the quaternioni
 stru
ture of C2m = Hm . We de�ne and 
lassify also 
omplex hyper-K�ahler symmetri
 spa
es. Su
h spa
es without 
at fa
tor exist in any (
omplex) dimension divisibleby 4.1. Introdu
tion. We re
all that a pseudo-Riemannian manifold (M; g) is 
alleda symmetri
 spa
e if any point x 2 M is an isolated �xed point of an involutiveisometry sx (
alled 
entral symmetry with 
entre x). Sin
e the produ
t of two 
entralsymmetries sx and sy with suÆ
iently 
lose 
entres is a shift along the geodesi
 (xy),the group generated by 
entral symmetries a
ts transitively onM and one 
an identifyM with the quotientM = G=K, where G is the 
onne
ted 
omponent of the isometrygroup Isom(M; g) and K is the stabilizer of a point o 2M .A symmetri
 spa
e (M = G=K; g) is 
alled K�ahler (respe
tively, hyper-K�ahler)if its holonomy group Hol(M; g) is a subgroup of the pseudo-unitary group U(p; q)(respe
tively, of the pseudo-symple
ti
 group Sp(p; q) � SU(2p; 2q)). Any hyper-K�ahler symmetri
 spa
e is in parti
ular a homogeneous hyper
omplex manifold. Ho-mogeneous hyper
omplex manifolds of 
ompa
t Lie groups were 
onstru
ted by Ph.Spindel, A. Sevrin, W. Troost, A. Van Proeyen [SSTVP℄ and by D. Joy
e [J℄ andhomogeneous hyper
omplex stru
tures on solvable Lie groups by M.L. Barberis andI. Dotti-Miatello [BD℄.The 
lassi�
ation of simply 
onne
ted symmetri
 spa
es redu
es to the 
lassi�
a-tion of involutive automorphisms � of a Lie algebra g, su
h that the adjoint repre-sentation adkjm preserves a pseudo-Eu
lidean s
alar produ
t g, whereg = k+m ; �jk = 1; �jm = �1;is the eigenspa
e de
omposition of the involution �. Note that the eigenspa
e de
om-position of an involutive automorphism is 
hara
terized by the 
onditions[k; k℄ � k; [k;m℄ � m; [m;m℄ � k :Su
h a de
omposition is 
alled a symmetri
 de
omposition.In fa
t, for any pseudo-Riemannian symmetri
 spa
e M = G=K the 
onjuga-tion with respe
t to the 
entral symmetry so with 
entre o = eK is an involutiveautomorphism of the Lie group G, whi
h indu
es an involutive automorphism � ofits Lie algebra g. The pseudo-Riemannian metri
 of M indu
es a k-invariant s
alarprodu
t on m �= ToM , where g = k+m is the symmetri
 de
omposition de�ned by�Re
eived January 27, 2001; a

epted for publi
ation February 8, 2001.ySophus Lie Center, Gen. Antonova 2 - 99, 117279 Mos
ow, and Department of Mathemati
s,University of Hull, Cottingham Road, Hull, HU6 7RX, UK (D.V.Alekseevsky�maths.hull.a
.uk).zMathematis
hes Institut der Universit�at Bonn, Beringstr. 1, D-53115 Bonn, Germany(vi
ente�math.uni-bonn.de). 663



664 D. V. ALEKSEEVSKY AND V. CORT�ES�. Conversely, a symmetri
 de
omposition g = k + m together with a k-invariants
alar produ
t on m determines a pseudo-Riemannian symmetri
 spa
e M = G=K,where G is the simply 
onne
ted Lie group with the Lie algebra g, K is the 
onne
ted(and 
losed) subgroup of G generated by k, the pseudo-Riemannian metri
 on M isde�ned by g and the 
entral symmetry is de�ned by the involutive automorphism �asso
iated to the symmetri
 de
omposition.Naturally identifying the spa
e m with the tangent spa
e ToM , the isotropygroup is identi�ed with AdK jm and the holonomy algebra is identi�ed with adh,where h = [m;m℄. If one assumes that the holonomy algebra is irredu
ible then one
an prove that the Lie algebra g is semisimple. Hen
e the 
lassi�
ation of pseudo-Riemannian symmetri
 spa
es with irredu
ible holonomy redu
es to the 
lassi�
ationof involutive authomorphisms of semisimple Lie algebras. Su
h a 
lassi�
ation wasobtained by M. Berger [B1, B2℄ and A. Fedenko [F℄. It in
ludes the 
lassi�
ationof Riemannian symmetri
 spa
es (obtained earlier by E. Cartan), sin
e a

ording tode Rham's theorem any simply 
onne
ted 
omplete Riemannian manifold is a dire
tprodu
t of Riemannian manifolds with irredu
ible holonomy algebra and a Eu
lideanspa
e.A 
lassi�
ation of pseudo-Riemannian symmetri
 spa
es with non 
ompletely re-du
ible holonomy is known only for signature (1; n) (Cahen-Walla
h [CW℄) and for sig-nature (2; n) under the assumption that the holonomy group is solvable (Cahen-Parker[CP℄). The 
lassi�
ation problem for arbitrary signature looks very 
ompli
ated andin
ludes, for example, the 
lassi�
ation of Lie algebras whi
h admit a nondegener-ate ad-invariant symmetri
 bilinear form. An indu
tive 
onstru
tion of solvable Liealgebras with su
h a form was given by V. Ka
 [K℄, see also [MR1℄, [Bo℄ and [MR2℄.In this paper we give a 
lassi�
ation of pseudo-Riemannian hyper-K�ahler symmet-ri
 spa
es. In parti
ular, we prove that any simply 
onne
ted hyper-K�ahler symmetri
spa
e M has signature (4m,4m) and its holonomy group is 
ommutative. The mainresult is the following, see Theorem 6.Let (E;!; j) be a 
omplex symple
ti
 ve
tor spa
e of dimension 4m with a quater-nioni
 stru
ture j su
h that !(jx; jy) = !(x; y) for all x; y 2 E and E = E+ � E�a j-invariant Lagrangian de
omposition. Su
h a de
omposition exists if and only ifthe Hermitian form 
 = !(�; j�) has real signature (4m; 4m). We denote by � the realstru
ture in S2rE de�ned by �(e1e2 : : : e2r) := j(e1)j(e2) : : : j(e2r), ei 2 E. Then anyelement S 2 (S4E+)� de�nes a hyper-K�ahler symmetri
 spa
eMS whi
h is asso
iatedwith the symmetri
 de
omposition g = h+m ;where m = (C 2 
E)� is the �xed point set of the real stru
ture � on C 2 
E given by�(h
 e) = jHh
 je, where jH is the standard quaternioni
 stru
ture on C 2 = H , h =spanfSe;e0 j e; e0 2 Eg� � sp(E)� �= sp(m;m) with the natural a
tion on m � C 2 
 Eand the Lie bra
ket m ^m! h is given by[h
 e; h0 
 e0℄ = !H(h; h0)Se;e0 ;where !H is the standard 
omplex symple
ti
 form on C 2 .Moreover, we establish a natural 1-1 
orresponden
e between simply 
onne
tedhyper-K�ahler symmetri
 spa
es (up to isomorphism) and orbits of the groupGL(m; H )in (S4E+)� .We de�ne also the notion of 
omplex hyper-K�ahler symmetri
 spa
e as a 
omplexmanifold (M; g) of 
omplex dimension 4n with holomorphi
 metri
 g su
h that for any



CLASSIFICATION OF INDEFINITE HYPER-K�AHLER SYMMETRIC SPACES 665point x 2M there is a holomorphi
 
entral symmetry sx with 
entre x and whi
h hasholonomy group Hol(M; g) � Sp(n; C ) (Sp(n; C ) ,! Sp(n; C ) � Sp(n; C ) � O(4n; C )is diagonally embedded) and give a 
lassi�
ation of su
h spa
es. We establish a nat-ural 1-1 
orresponden
e between simply 
onne
ted 
omplex hyper-K�ahler symmetri
spa
es and homogeneous polynomials of degree 4 in the ve
tor spa
e C n 
onsideredup to linear transformations from GL(n; C ).2. Symmetri
 Spa
es.2.1. Basi
 fa
ts about pseudo-Riemannian symmetri
 spa
es. Apseudo-Riemannian symmetri
 spa
e is a pseudo-Riemannian manifold (M; g)su
h that any point is an isolated �xed point of an isometri
 involution. Su
h apseudo-Riemannian manifold admits a transitive Lie group of isometries L and 
anbe identi�ed with L=Lo, where Lo is the stabilizer of a point o. More pre
isely, anysimply 
onne
ted pseudo-Riemannian symmetri
 spa
e M = G=K is asso
iated witha symmetri
 de
ompositiong = k+m ; [k; k℄ � k ; [k;m℄ � m ; [m;m℄ � k(2.1)of the Lie algebra g = LieG together with an AdK-invariant pseudo-Eu
lidean s
alarprodu
t on m. We will assume that G a
ts almost e�e
tively on M , i.e. k does not
ontain any nontrivial ideal of g, that M and G are simply 
onne
ted and that K is
onne
ted. Then, under the natural identi�
ation of the tangent spa
e ToM at the
anoni
al base point o = eK with m, the holonomy group Hol � AdK jm. We willdenote by h the holonomy Lie algebra. Sin
e the isotropy representation is faithful itis identi�ed with the subalgebra h = [m;m℄ := spanf[x; y℄jx; y 2 mg � k. Re
all thatthe 
urvature tensor R of a symmetri
 spa
e M at o is h-invariant and determinesthe Lie bra
ket in the ideal h+m � g as follows:h = R(m;m) := spanfR(x; y)jx; y 2 mg and [x; y℄ = �R(x; y) ; x; y 2 m :The following result is well known:Proposition 1. The full Lie algebra of Killing �elds of a symmetri
 spa
e hasthe form isom(M) = ~h+m ;where the full isotropy subalgebra is given by~h = aut(R) = fA 2 so(m)jA �R = [A;R(�; �)℄�R(A�; �)�R(�; A�) = 0g :(2.2)2.2. Symmetri
 spa
es of semisimple Lie groups. We will prove that in the
ase when (M = G=K; g) is a pseudo-Riemannian symmetri
 spa
e of a (
onne
ted)semisimple Lie group G then G is the maximal 
onne
ted Lie group of isometries ofM . Proposition 2. Let (M = G=K; g) be a pseudo-Riemannian symmetri
 spa
easso
iated with a symmetri
 de
omposition g = k+m. If G is semisimple and almoste�e
tive then(i) the restri
tion of the Cartan-Killing form B of g to k is nondegenerate andhen
e k is a redu
tive subalgebra of g and g = k + m is a B-orthogonalde
omposition,



666 D. V. ALEKSEEVSKY AND V. CORT�ES(ii) k = [m;m℄ and(iii) g = isom(M; g) is the Lie algebra of the full isometry group of M .Proof: For (i) see [O-V℄ Ch. 3 Proposition 3.6.(ii) It is 
lear that �g = [m;m℄ +m is an ideal of g. The B-orthogonal 
omplementa := �g? � k is a 
omplementary ideal of g. Sin
e [a;m℄ = 0 the Lie algebra a a
tstrivially on M . From the e�e
tivity of g we 
on
lude that a = 0.(iii) By Proposition 1, ~g = isom(M; g) = ~h +m, where ~h = aut(R) = fA 2 so(m)jA�R = 0g. Now ~h preservesm and by the identityA�R = [A;R(�; �)℄�R(A�; �)�R(�; A�)it also normalizes k. This shows that ~h normalizes g and hen
e g � ~g is an ideal.Sin
e g is semisimple there exists a g-invariant 
omplement b in ~g. Note that [g;b℄ �g \ b = 0. We 
an de
ompose any X 2 b as X = Y + Z, where Y 2 ~h and Z 2 m.From [g;b℄ = 0 it follows that [g; Y ℄ = [g; Z℄ = 0 and in parti
ular [m; Y ℄ = 0. Thisimplies that Y = 0 and X = Z 2 b \m = 0. This shows that b = 0 proving (iii).We re
all that a pseudo-Riemannian Hermitian symmetri
 spa
e is pseudo-Riemannian symmetri
 spa
e (M = G=K; g) together with an invariant (and hen
eparallel) g-orthogonal 
omplex stru
ture J .Proposition 3. Let (M = G=K; g; J) be a pseudo-Riemannian Hermitian sym-metri
 spa
e of a semisimple and almost e�e
tive Lie group G. Then the Ri

i 
ur-vature of M is not zero.Proof: From Proposition 2 it follows that g = isom(M; g) = ~h+m, where ~h = k =[m;m℄. It is well known that the 
urvature tensor R of any pseudo-K�ahler manifold(and in parti
ular of any pseudo-Riemannian Hermitian symmetri
 spa
e) is invariantunder the operator J . This shows that J 2 ~h = aut(R) = [m;m℄ = h (holonomyLie algebra), whi
h implies that the holonomy Lie algebra is not a subalgebra ofsu(m) �= su(p; q). Hen
e M is not Ri

i-
at. In fa
t, we 
an write J =P ad[Xi; Yi℄,for Xi; Yi 2 m. Then using the formulas �2Ri
(X; JY ) = trJR(X;Y ) for the Ri

i
urvature of a pseudo-K�ahler manifold and R(X;Y ) = �ad[X;Y ℄jm for the 
urvatureof a symmetri
 spa
e we 
al
ulate:�2XRi
(Xi; JYi) =X trJR(Xi; Yi) = �X trJad[Xi; Yi℄ = �trJ2 6= 0 :3. Stru
ture of Hyper-K�ahler Symmetri
 Spa
es.3.1. De�nitions. A (possibly inde�nite) hyper-K�ahler manifold is a pseudo-Riemannian manifold (M4n; g) of signature (4k; 4l) together with a 
ompatible hy-per
omplex stru
ture, i.e. three g-orthogonal parallel 
omplex stru
tures (J1; J2; J3 =J1J2). This means that the holonomy group Hol � Sp(k; l). Two hyper-K�ahler man-ifolds (M; g; J�) (� = 1; 2; 3) and (M 0; g0; J 0�) are 
alled isomorphi
 if there exists atriholomorphi
 isometry ' :M !M 0, i.e. '�J 0� = J� and '�g0 = g.A hyper-K�ahler symmetri
 spa
e is a pseudo-Riemannian symmetri
 spa
e(M = G=K; g) together with an invariant 
ompatible hyper
omplex stru
ture. Con-sider now a simply 
onne
ted hyper-K�ahler symmetri
 spa
e (M = G=K; g; J�).Without restri
tion of generality we will assume that G a
ts almost e�e
tively. Mbeing hyper-K�ahler is equivalent to AdK jm � Sp(k; l), or, sin
e K is 
onne
ted,to adkjm � sp(k; l). This 
ondition means that k 
ommutes with the Lie algebraQ = sp(1) � so(m) = so(4k; 4l) spanned by three anti
ommuting 
omplex stru
turesJ1; J2; J3.



CLASSIFICATION OF INDEFINITE HYPER-K�AHLER SYMMETRIC SPACES 6673.2. Existen
e of a transitive solvable group of isometries and solv-ability of the holonomy. In this subse
tion we prove that any simply 
onne
tedhyper-K�ahler symmetri
 spa
e (M; g; J�) admits a transitive solvable Lie groupG � Aut(g; J�) of automorphisms and has solvable holonomy group.Proposition 4. Let (M = G=K; g; J�) be a simply 
onne
ted hyper-K�ahlersymmetri
 spa
e and A = Aut0(g;Q) � Aut0(g; J�) � G the 
onne
ted group ofisometries whi
h preserve the quaternioni
 stru
ture Q = spanfJ�g. Then(i) the stabilizer Ao of a point o 2 M 
ontains a maximal semisimple subgroupof A,(ii) the radi
al R of A a
ts transitively and triholomorphi
ally on M and(iii) the holonomy group of M is solvable.Proof: We 
onsider the quaternioni
 K�ahler symmetri
 spa
e (M = A=Ao; g; Q).The Lie algebra ao of the stabilizer is given byao = aut(R;Q) = fA 2 so(ToM)jA � R = 0; [A;Q℄ � Qg :Sin
e the 
urvature tensor of a quaternioni
 K�ahler manifold is invariant under thequaternioni
 stru
ture Q we 
on
lude that Q � ao and ao = Q � Za(Q), whereZa(Q) denotes the 
entralizer of Q in a. Sin
e Q �= sp(1) is simple, we may 
hoose aLevi-Mal
ev de
omposition a = s+ r su
h that the Levi subalgebra s � Q. We putmr := [Q; r℄ and denote by ms a Q�Zs(Q)-invariant 
omplement of Q in [Q; s℄. Thestabilizer has the de
omposition ao = Q� (Zs(Q) + Zr(Q)).Lemma 1. The 
omplement m = ms +mr to ao in a is ao-invariant and thede
omposition a = ao +mis a symmetri
 de
omposition.Proof: It is 
lear that mr is ao-invariant and ms is invariant under Q � Zs(Q)by 
onstru
tion. It remains to 
he
k that [Zr(Q);ms℄ � m. Sin
e ms = [Q;ms℄, wehave [Zr(Q);ms℄ = [Zr(Q); [Q;ms℄℄ = [Q; [Zr(Q);ms℄℄ � [Q; r℄ = mr � m :This shows that a = ao+m is an ao-invariant de
omposition. We denote by a = ao+pa symmetri
 de
omposition. Any other ao-invariant de
omposition is of the forma = ao+p', where ' : p! ao is an ao-equivariant map and p' = fX+'(X)jX 2 pg.If su
h non-zero equivariant map ' exists then p and ao 
ontain non-trivial isomorphi
Q-submodules. Sin
e p is a sum of 4-dimensional irredu
ible Q-modules and ao isthe sum of the 3-dimensional irredu
ible Q-module Q and the trivial 
omplementaryQ-module Zao(Q), we infer that there exists a unique ao-invariant de
omposition,whi
h 
oin
ides with the symmetri
 de
omposition a = ao + p.To prove (i) we have to 
he
k that ms = 0. We note that by the previous lemmas = (Q�Zs(Q))+ms is a symmetri
 de
omposition of the semisimple Lie algebra s.Sin
e [ms;ms℄ � Zs(Q) it de�nes a hyper-K�ahler symmetri
 spa
e N = L=Lo, whereL is the simply 
onne
ted semisimple Lie group with Lie algebra l = Zs(Q)+ms andLo is the Lie subgroup generated by the subalgebra Zs(Q) � l. Sin
eN is in parti
ulara Ri

i-
at pseudo-Riemannian Hermitian symmetri
 spa
e, from Proposition 3 weobtain that N is redu
ed to point. Thereforems = 0. This proves (i) and (ii). Finally,sin
e the holonomy Lie algebra h is identi�ed with h = [m;m℄ = [mr;mr℄ � r it issolvable as subalgebra of the solvable Lie algebra r.



668 D. V. ALEKSEEVSKY AND V. CORT�ES3.3. Hyper-K�ahler symmetri
 spa
es and se
ond prolongation of sym-ple
ti
 Lie algebras. Let (M = G=K; g; J�) be a simply 
onne
ted hyper-K�ahlersymmetri
 spa
e asso
iated with a symmetri
 de
omposition (2.1). Without restri
-tion of generality we will assume that G a
ts almost e�e
tively and that k = [m;m℄ =h (holonomy Lie algebra). The 
omplexi�
ation mC as hC -module 
an be writ-ten as mC = H 
 E, su
h that hC � Id 
 sp(E) �= sp(E), where H = C 2 andE = C 2n are 
omplex symple
ti
 ve
tor spa
es with symple
ti
 form !H and !E ,respe
tively, su
h that gC = !H 
 !E is the 
omplex bilinear metri
 on mC indu
edby g. Note that the symple
ti
 forms are unique up to the transformation !H 7! �!H ,!E 7! ��1!E , � 2 C � . We have also quaternioni
 stru
tures jH and jE on H andE, su
h that !H(jHx; jHy) = !H(x; y) for all x; y 2 H and !E(jEx; jEy) = !E(x; y)for all x; y 2 E, where the bar denotes 
omplex 
onjugation. This implies that
H := !H(�; jH �) and 
E := !E(�; jE �) are Hermitian forms on H and E. For �xed!H and !E the quaternioni
 stru
tures jH and jE are uniquely determined if we re-quire that 
H is positive de�nite and that � = jH 
 jE is the real stru
ture on mC ,i.e. the 
omplex 
onjugation with respe
t to m. The metri
 gC and the Hermitianform gC (�; ��) = 
H 
 
E restri
t to a real valued s
alar produ
t g of some signature(4k; 4l) on m = (H
E)�, where (2k; 2l) is the (real) signature of the Hermitian form
E = !E(�; jE �). Note that for the holonomy algebra we have the in
lusionh = Id
 (hC )jE ,! sp(E)jE = fA 2 sp(E)j[A; jE ℄ = 0g= aut(E;!E ; jE) �= aut(m; g; J�) �= sp(k; l) :Using the symple
ti
 forms we identify H = H� and E = E�. Then the symple
ti
Lie algebras are identi�ed with symmetri
 tensors as follows:sp(H) = S2H ; sp(E) = S2E :Sin
e the 
urvature tensor R of any hyper-K�ahler manifoldM4n at a point p 2M
an be identi�ed with an element R 2 S2sp(k; l) it is invariant under the Lie algebrasp(1) = spanfJ1; J2; J3g. Let M = G=K be a hyper-K�ahler symmetri
 spa
e asabove. By Proposition 1 we 
an extend the Lie algebra g = k+m = h+m to a Liealgebra ~g = sp(1) + h+mof Killing ve
tor �elds su
h that [sp(1);h℄ = 0. In the H
E-formalism the Lie algebrasp(1) is identi�ed with sp(H)jH 
 Id � so(m).Lemma 2. Denote by ~gC = sp(1; C ) + hC +mC the 
omplexi�
ation of the Liealgebra ~g. Then the Lie bra
ket [�; �℄ : ^2mC ! hC 
an be written as[h
 e; h0 
 e0℄ = !H(h; h0)Se;e0 ;(3.1)where S 2 (hC )(2) := hC
S2E�\E
S3E� = hC
hC \S4E. Moreover S is sp(1; C )�hC -invariant and satis�es the following reality 
ondition: [SjEe;e0 � Se;jEe0 ; jE ℄ = 0.Proof: The Lie bra
ket [�; �℄ : ^2mC ! hC is an sp(1; C ) � hC -equivariant map,due to the Ja
obi identity. We de
ompose the sp(H)� sp(E)-module ^2mC :^2mC = ^2(H 
E) = ^2H 
 S2E � S2H 
^2E = !H 
 S2E � S2H 
^2E :
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e hC � S2E the Lie bra
ket de�nes an sp(1; C )�hC -invariant element of the spa
e!H
S2E
S2E�S2H
^2E
S2E. The se
ond summand has no nontrivial sp(1; C )-invariant elements. Hen
e the bra
ket is of the form (3.1), where S 2 S2E� 
 hC �S2E 
 S2E. The Ja
obi identity reads:0 = [h
 e; [h0 
 e0; h00 
 e00℄℄� [[h
 e; h0 
 e0℄; h00 
 e00℄� [h0 
 e0; [h
 e; h00 
 e00℄℄= �!H(h0; h00)h
 Se0;e00e� !H(h; h0)h00 
 Se;e0e00 + !H(h; h00)h0 
 Se;e00e0 :Sin
e dimH = 2 we may assume that h; h0 = h00 is a symple
ti
 basis, i.e. !H(h; h0) =1, and the equation implies: Se;e00e0 = Se;e0e00, i.e. S 2 (hC )(2). The Lie bra
ket oftwo real elements h
 e+ jHh
 jEe and h
 e0+ jHh
 jEe0 2 m � mC is an elementof h. This gives:[h
 e+ jHh
 jEe; h
 e0 + jHh
 jEe0℄ = !H(h; jHh)(Se;jEe0 � SjEe;e0) 2 h :From the fa
t that the Hermitian form 
H = !H(�; jH �) is positive de�nite it fol-lows that !H(h; jHh) 6= 0. This establishes the reality 
ondition sin
e h = fA 2hC j[A; jE ℄ = 0g.In fa
t any tensor S 2 S4E satisfying the 
onditions of the above lemma 
anbe used to de�ne a hyper-K�ahler symmetri
 spa
e as the following theorem shows.We 
an identify S4E with the spa
e C [E℄(4) of homogeneous quarti
 polynomials onE �= E�.Theorem 1. Let S 2 S4E, E = C 2n , be a quarti
 polynomial invariant underall endomorphisms Se;e0 2 S2E = sp(E) and satisfying the reality 
ondition[SjEe;e0 � Se;jEe0 ; jE ℄ = 0 :(3.2)Then it de�nes a hyper-K�ahler symmetri
 spa
e, whi
h is asso
iated with the following
omplex symmetri
 de
ompositiongC = hC +H 
E ; hC = spanfSe;e0 je; e0 2 Eg � sp(E) :(3.3)The bra
ket ^2(H 
E)! hC is given by (3.1). The real symmetri
 de
omposition isde�ned as �-real form g = h+m of (3.3), wherek = h = fA 2 hC j[A; jE ℄ = 0g = spanfSjEe;e0 � Se;jEe0 je; e0 2 Eg ; m = (H 
E)�:The hyper-K�ahler symmetri
 spa
e M asso
iated to this symmetri
 de
omposition isthe quotient M = MS = G=K, where G is the simply 
onne
ted Lie group with Liealgebra g and K � G is the 
onne
ted (and 
losed) subgroup with Lie algebra k = h.Moreover any simply 
onne
ted hyper-K�ahler symmetri
 spa
e 
an be obtainedby this 
onstru
tion. Two hyper-K�ahler symmetri
 spa
es MS and MS0 de�ned byquarti
s S and S0 are isomorphi
 if and only if S and S0 are in the same orbit of thegroup Aut(E;!E ; jE) = fA 2 Sp(E)j[A; jE ℄ = 0g �= Sp(k; l).Proof: First of all we note that hC = SE;E := spanfSe;e0 je; e0 2 Eg is a subalgebraof sp(E) be
ause[Se;e0 ; Sf;f 0 ℄ = (Se;e0 � S)f;f 0 � SSe;e0f;f 0 � Sf;Se;e0f 0 = �SSe;e0f;f 0 � Sf;Se;e0f 0 2 hC :
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e S is hC -invariant and 
ompletely symmetri
 we 
an 
he
k, as in Lemma 2, thatthe Ja
obi identity is satis�ed and that (3.3) de�nes a 
omplex symmetri
 de
ompo-sition. We prove that h := spanfSjEe;e0 � Se;jEe0 je; e0 2 Eg � fA 2 hC j[A; jE ℄ = 0gde�nes a real form of hC . Indeed for e; e0 2 E we haveSe;e0 = 12(Se;e0 + SjEe;jEe0)� p�12 (p�1Se;e0 �p�1SjEe;jEe0)= 12(SjEe00;e0 � Se00;jEe0)� p�12 (SjEe00;p�1e0 � Se00;jEp�1e0) ;where e00 = �jEe. Due to the reality 
ondition the restri
tion of the Lie bra
ket[�; �℄ : ^2mC ! hC to ^2m has values in h and g = h+m is a symmetri
 de
ompositionwith [m;m℄ = h. The metri
 gC = !H 
 !E de�nes a real valued s
alar produ
t gof some signature (p; q) on m = (H 
 E)�, whi
h is invariant under the Lie algebrah. Sin
e [h; jE ℄ = 0 the holonomy algebra h � sp(k; l), p = 4k, q = 4l. Hen
e thissymmetri
 de
omposition de�nes a hyper-K�ahler symmetri
 spa
e.By Lemma 2 any hyper-K�ahler symmetri
 spa
e 
an be obtained by this 
on-stru
tion. It is well known that a simply 
onne
ted symmetri
 spa
e M of signature(p; q) is determined by its abstra
t 
urvature tensor R 2 S2(^2V ), V = Rp;q , andtwo tensors R and R0 de�ne isometri
 symmetri
 spa
es if and only if they belongto the same O(V ) orbit. Similarly a simply 
onne
ted hyper-K�ahler symmetri
 spa
eis determined up to isometry by its abstra
t 
urvature tensor R 2 S2(^2V ), whereV = R4k;4l is the pseudo-Eu
lidean ve
tor spa
e with �xed hyper
omplex stru
tureJ� 2 O(V ). For a hyper-K�ahler symmetri
 spa
e the 
omplexi�ed 
urvature tensorhas the form R(h
 e; h0 
 e0) = �!H(h; h0)Se;e0 ;where S 2 S4E is the quarti
 form of Lemma 2. Two su
h 
urvature tensors de�neisomorphi
 hyper-K�ahler symmetri
 spa
es if and only if they belong to the sameorbit of Aut(R4k;4l ; J�) = Sp(k; l). The group Sp(k; l) a
ts on V C = H 
 E asId
 Sp(E)jE = Id
Aut(E;!E ; jE). Hen
e two 
urvature tensors R = �!H 
S andR0 = �!H 
 S0 are in the same Sp(k; l)-orbit if and only if S and S0 are in the sameSp(k; l)-orbit on S4E.4. Complex Hyper-K�ahler Symmetri
 Spa
es.4.1. Complex hyper-K�ahler manifolds. A 
omplex Riemannian mani-fold is a 
omplex manifold M equipped with a 
omplex metri
 g, i.e. a holomorphi
se
tion g 2 �(S2T �M) whi
h de�nes a nondegenerate 
omplex quadrati
 form. Asin the real 
ase any su
h manifold has a unique holomorphi
 torsionfree and met-ri
 
onne
tion (Levi-Civita 
onne
tion). A 
omplex hyper-K�ahler manifold isa 
omplex Riemannian manifold (M4n; g) of 
omplex dimension 4n together with a
ompatible hyper
omplex stru
ture, i.e. three g-orthogonal parallel 
omplex linearendomorphisms (J1; J2; J3 = J1J2) with J2� = �1. This means that the holonomygroup Hol � Sp(n; C ) = ZO(4n;C) (Sp(1; C )). The linear group Sp(n; C ) is diagonallyembedded into Sp(n; C ) � Sp(n; C ) � GL(4n; C ). Two 
omplex hyper-K�ahler mani-folds (M; g; J�) (� = 1; 2; 3) and (M 0; g0; J 0�) are 
alled isomorphi
 if there exists aholomorphi
 isometry ' :M !M 0 su
h that '�J 0� = J� and '�g0 = g.



CLASSIFICATION OF INDEFINITE HYPER-K�AHLER SYMMETRIC SPACES 671We will show that the 
omplex hyper-K�ahler stru
ture 
an be des
ribed as a half-
at Grassmann stru
ture of a 
ertain type. A Grassmann stru
ture on a 
omplexRiemannian manifold (M; g) is a de
omposition of the (holomorphi
) tangent bundleTM �= H 
 E into the tensor produ
t of two holomorphi
 ve
tor bundles H and Eof rank 2m and 2n with holomorphi
 nondegenerate 2-forms !H and !E su
h thatg = !H 
 !E . The Grassmann stru
ture will be 
alled parallel if the Levi-Civita
onne
tion r = rTM 
an be de
omposed as:r = rH 
 Id + Id
rE ;where rH and rE are (uniquely de�ned) symple
ti
 
onne
tions in the bundles Hand E. A parallel Grassmann stru
ture will be 
alled half-
at if rH is 
at. Note thata parallel Grassmann stru
ture on a simply 
onne
ted manifold is half-
at if and onlyif the holonomy group of the Levi-Civita 
onne
tion is 
ontained in Id 
 Sp(n; C ) �Sp(m; C ) 
 Sp(n; C ) � O(C 2m 
 C 2n ).Proposition 5. A 
omplex hyper-K�ahler stru
ture (g; J�) on a simply 
onne
ted
omplex manifold M is equivalent to the following geometri
 data:(i) a half-
at Grassmann stru
ture (TM; g;r) �= (H;!H ;rH)
(E;!E ;rE) and(ii) an isomorphism of 
at symple
ti
 ve
tor bundles H �= M � C 2 . Under thisisomorphism !H = h�1 ^h�2, where (h1; h2) is the standard basis of C 2 
onsid-ered as parallel frame of the trivial bundle H =M � C 2 .More pre
isely, J1 = Ri 
 Id ; J2 = Rj 
 Id ; and J3 = Rk 
 Id ;(4.1)where we have identi�ed C 2 = C h1 � C h2 with H = spanRf1; i; j; kg = spanC f1; jg =C 1 � C j with the 
omplex stru
ture de�ned by left-multipli
ation by i and Rx denotesthe right-multipli
ation by the quaternion x 2 H .Proof: It is easy to 
he
k that the geometri
 data (i) and (ii) de�ne a 
omplexhyper-K�ahler stru
ture on M . Conversely let (g; J�) be a 
omplex hyper-K�ahlerstru
ture on M . The endomorphism J1 has eigenvalues �i and the tangent spa
e 
anbe de
omposed into a sum of eigenspa
esTM = E+ �E� :From the J1-invarian
e of the metri
 g it follows that g(E�; E�) = 0 and we 
anidentify E� = E� with the dual spa
e of E = E+. Sin
e J2 anti
ommutes with J1it inter
hanges E and E� and hen
e de�nes an isomorphism E �! E�. Now g(�; J2�)de�nes a symple
ti
 form !E on E. Let H = M � C 2 = M � (C h1 � C h2 ) be thetrivial bundle with 2-form !H = h�1 ^ h�2. Then we 
an identifyTM = E �E� = E �E = h1 
E � h2 
E = H 
E :We 
he
k that under this identi�
ation we have g = !H 
 !E . Note that both sidesvanish on h1 
E and h2 
E and !H(h1; h2) = 1. We 
al
ulate for e; e0 2 E = E+ =h1 
E:g(e; J2e0) = !E(e; e0) = !H(h1; h2)!E(e; e0) = (!H 
 !E)(h1 
 e; h2 
 e0) :Hen
e we have a Grassmann stru
ture. The eigenspa
es E� of the parallel endomor-phism J1 are invariant under parallel transport. Therefore the Levi-Civita 
onne
tion
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es a 
onne
tion rE in the bundle E. Sin
e rg = 0 and rJ2 = 0 we haverE!E = 0. We de�ne a 
at 
onne
tion rH on the trivial bundle H = M � C 2 bythe 
ondition rHh1 = rHh2 = 0. Then r = rH 
 Id + Id
rE . So the Grassmannstru
ture is half-
at.Finally, using the standard identi�
ation C 2 = H , one 
an easily 
he
k that theJ� are given by (4.1).4.2. Complexi�
ation of real hyper-K�ahler manifolds. Let (M; g; J�) bea (real) hyper-K�ahler manifold. We will assume that it is real analyti
. This isautomati
ally true if the metri
 g is positive de�nite sin
e it is Ri

i-
at and a fortioriEinstein. Using analyti
 
ontinuation we 
an extend (M; g; J�) to a 
omplex hyper-K�ahler manifold (MC ; gC ; JC� ) equipped with an antiholomorphi
 involution T . In
omplex lo
al 
oordinates zj = xj+iyj whi
h are extension of real analyti
 
oordinatesxj ; yj the involution is given by the 
omplex 
onjugation zj ! �zj = xj � iyj . We
an re
onstru
t the (real) hyper-K�ahler manifold as the �xed point set of T . We will
all (M; g; J�) a real form of (MC ; gC ; JC� ) and (MC ; gC ; JC� ) the 
omplexi�
ation of(M; g; J�).In general a 
omplex hyper-K�ahler manifold has no real form. A ne
essary 
on-dition is that the holonomy group of rE is 
ontained in Sp(k; l), n = k+ l, and hen
epreserves a quaternioni
 stru
ture. Then we 
an de�ne a parallel antilinear endo-morphism �eld jE : E ! E su
h that j2E = �1 and !E(jEx; jEy) = !E(x; y) for allx; y 2 E, where the bar denotes 
omplex 
onjugation. We de�ne a parallel antilinearendomorphism �eld jH : H ! H as the left-multipli
ation by the quaternion j onH = M � H . Then � = jH 
 jE de�nes a �eld of real stru
tures in TM = H 
 E.We denote by D � TM the real eigenspa
e distribution of � with eigenvalue 1. HereTM is 
onsidered as real tangent bundle of the real manifold M . If M� �M is a leafof D of real dimension 4n then the data (g; J�) indu
e on M� a (real) hyper-K�ahlerstru
ture.4.3. Complex hyper-K�ahler symmetri
 spa
es. A 
omplex Riemanniansymmetri
 spa
e is a 
omplex Riemannian manifold (M; g) su
h that any point isan isolated �xed point of an isometri
 holomorphi
 involution. Like in the real 
aseone 
an prove that it admits a transitive 
omplex Lie group of holomorphi
 isometriesand that any simply 
onne
ted 
omplex Riemannian symmetri
 M is asso
iated to a
omplex symmetri
 de
ompositiong = k+m ; [k; k℄ � k ; [k;m℄ � m ; [m;m℄ = k(4.2)of a 
omplex Lie algebra g together with an adk-invariant 
omplex s
alar produ
t onm. More pre
isely M = G=K, where G is the simply 
onne
ted 
omplex Lie groupwith the Lie algebra g and K is the (
losed) 
onne
ted subgroup asso
iated withk. The holonomy group of su
h manifold is H = AdK jm. Any pseudo-Riemanniansymmetri
 spa
e M = G=K asso
iated with a symmetri
 de
omposition g = k +mhas a 
anoni
al 
omplexi�
ation MC = GC =KC de�ned by the 
omplexi�
ation gC =kC + mC of the symmetri
 de
omposition. Proposition 1 remains true for 
omplexRiemannian symmetri
 spa
es. Ignoring the reality 
ondition we obtain the following
omplex version of Theorem 1.Theorem 2. Let S 2 S4E, E = C 2n , be a quarti
 polynomial invariant under allendomorphisms Se;e0 2 S2E = sp(E). Then it de�nes a 
omplex hyper-K�ahler sym-metri
 spa
e, whi
h is asso
iated with the following 
omplex symmetri
 de
ompositiong = h+H 
E ; h = SE;E = spanfSe;e0 je; e0 2 Eg � sp(E) :(4.3)
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ket ^2(H 
E)! h is given by (3.1). The 
omplex hyper-K�ahler symmetri
spa
e M asso
iated to this symmetri
 de
omposition is the quotient M =MS = G=K,where G is the (
omplex) simply 
onne
ted Lie group with Lie algebra g and K � Gis the 
onne
ted (and 
losed) subgroup with Lie algebra k = h.Moreover any simply 
onne
ted 
omplex hyper-K�ahler symmetri
 spa
e 
an beobtained by this 
onstru
tion. Two 
omplex hyper-K�ahler symmetri
 spa
es MS andMS0 de�ned by quarti
s S and S0 are isomorphi
 if and only if S and S0 are in thesame orbit of Aut(E;!E) = Sp(E) �= Sp(n; C ).Corollary 1. There is a natural bije
tion between simply 
onne
ted 
omplexhyper-K�ahler symmetri
 spa
es of dimension 4n up to isomorphism and Sp(n; C )-orbits on the spa
e of quarti
 polynomials S 2 S4E in the symple
ti
 ve
tor spa
eE = C 2n su
h that Se;e0 � S = 0 for all e; e0 2 E :(4.4)4.4. Classi�
ation of 
omplex hyper-K�ahler symmetri
 spa
es. The fol-lowing 
omplex version of Proposition 4 (with similar proof) will be a 
ru
ial step inthe 
lassi�
ation of 
omplex hyper-K�ahler symmetri
 spa
es.Proposition 6. Let (M = G=K; g; J�) be a simply 
onne
ted 
omplex hyper-K�ahler symmetri
 spa
e. Then the holonomy group of M is solvable and M admits atransitive solvable Lie group of automorphisms.Due to Corollary 1 the 
lassi�
ation of simply 
onne
ted 
omplex hyper-K�ahlersymmetri
 spa
es redu
es to the determination of quarti
 polynomials S satisfying(4.4). Below we will determine all su
h polynomials. We will prove that the followingexample gives all su
h polynomials.Example 1: Let E = E+�E� be a Lagrangian de
omposition, i.e. !(E�; E�) =0, of the symple
ti
 ve
tor spa
e E = C 2n . Then any polynomial S 2 S4E+ � S4Esatis�es the 
ondition (4.4) and de�nes a simply 
onne
ted 
omplex hyper-K�ahlersymmetri
 spa
e MS with Abelian holonomy algebra h = SE+;E+ � S2E+ � S2E =sp(E).In fa
t, sin
e E+ is Lagrangian the endomorphisms from S2E+ form an Abeliansubalgebra of sp(E), whi
h a
ts trivially on E+ and hen
e on S4E+.Theorem 3. Let S 2 S4E be a quarti
 polynomial satisfying (4.4). Then thereexists a Lagrangian de
omposition E = E+ �E� su
h that S 2 S4E+.Proof: A

ording to Theorem 2 the quarti
 S de�nes a hyper-K�ahler symmetri
spa
e with holonomy Lie algebra h = SE;E . Sin
e, by Proposition 6, h is solv-able, Lie's theorem implies the existen
e of a one-dimensional h-invariant subspa
eP = C p � E. There exists an !-nondegenerate subspa
e W � E su
h that the !-orthogonal 
omplement of P is P? = P �W . We 
hoose a ve
tor q 2 E su
h that!(p; q) = 1 and !(W; q) = 0 and put Q := C q. Then we haveE = P �W �Q :Sin
e h preserves P we have the following in
lusionh � PE +W 2 = P 2 + PW + PQ+W 2 ;where we use the notation XY = X _ Y for the symmetri
 produ
t of subspa
esX;Y � E. Then the se
ond prolongation h(2) = fT 2 S4EjTe;e0 2 h for all e; e0 2 Eg



674 D. V. ALEKSEEVSKY AND V. CORT�EShas the following in
lusionh(2) � P 3E + P 2W 2 + PW 3 +W 4= P 4 + P 3Q+ P 3W + P 2W 2 + PW 3 +W 4 :(4.5)Indeed h(2) � h2 = P 4+P 3Q+P 3W+P 2Q2+P 2WQ+P 2W 2+PQW 2+PW 3+W 4.The proje
tion h(2) ! P 2Q2+P 2WQ+PQW 2 is zero be
ause otherwise Sq;q 2 h �PE +W 2 would have a nonzero proje
tion to Q2 +WQ or Sw;q 2 h would have anonzero proje
tion to QW for appropriate 
hoi
e of w 2 W . By (4.5) we 
an writethe quarti
 S as S = p3(�p+ �q + w0) + p2B + pC +D ;where �; � 2 C , w0 2 W , B 2 S2W , C 2 S3W and D 2 S4W . From now on we willidentify SdE with the spa
e C [E� ℄(d) of homogeneous polynomials on E� of degree d.Then the !-
ontra
tion Tx = �!xT = T (!x; : : :) of a tensor T 2 SdE with a ve
torx 2 E is identi�ed with the following homogeneous polynomial of degree d� 1:Tx = 1d�!xT ;where �!xT is the derivative of the polynomial T 2 C [E� ℄(d) in the dire
tion of!x = !(x; �) 2 E�. For example pq = hp; !qi = !(q; p) = �!qp = ��p�p = �1 = �qp.From Sp;q = � 14�p2 and the 
ondition Sp;q � S = 0 we obtain � = 0, sin
ep2 � S = �p4. This implies Sp;� = 0. Next we 
ompute:Sq;q = 16(6�p2 + 3pw0 +B)Sq;w = � 112(�3p2!(w0; w) + 2p�!wB + �!wC)= � 112(�3p2!(w0; w) + 4pBw + 3Cw)Sw;w0 = 16(p2Bw;w0 + 3pCw;w0 + 6Dw;w0)for any w;w0 2 W .Now the 
ondition (4.4) 
an be written as follows:0 = 6Sq;q � S = (3pw0 +B) � S = (32(p
 w0 + w0 
 p) +B) � S= 32(2p3Bw0 + 3p2Cw0 + 4pDw0) + p3Bw0 + p2B �B + pB � C +B �D= �2p3Bw0 + 92p2Cw0 + p(6Dw0 +B � C) +B �D :Note that Bw0 = �Bw0 and B �B = [B;B℄ = 0.0 = �12Sq;w � S = (4pBw + 3Cw) � S= 2(p4!(Bw; w0) + 2p3B2w � 3p2CBw � 4pDBw)+3(p3Cww0 + p2Cw � B + pCw � C + Cw �D)= 2p4!(Bw; w0) + p3(4B2w + 3Cww0) + p2(�6CBw + 3Cw �B)



CLASSIFICATION OF INDEFINITE HYPER-K�AHLER SYMMETRIC SPACES 675+p(�8DBw + 3Cw � C) + 3Cw �D0 = 2Sw;w0 � S = 12(p
 Cw;w0 + Cw;w0 
 p) � S + 2Dw;w0 � S= 12(p4!(Cw;w0 ; w0)� 2p3BCw;w0 + 3p2CCw;w0 + 4pDCw;w0 ) +2(p3Dw;w0w0 + p2Dw;w0 �B + pDw;w0 � C +Dw;w0 �D)= 12p4!(Cw;w0 ; w0) + p3(�BCw;w0 + 2Dw;w0w0) +p2(32CCw;w0 + 2Dw;w0 � B) + p(2DCw;w0 + 2Dw;w0 � C) + 2Dw;w0 �D:This gives the following system of equations:(1) Bw0 = 0(2) Cw0 = 0(3) 6Dw0 +B � C = 0(4) B �D = 0(5) !(Bw; w0) = 0(6) 4B2w + 3Cww0 = 0(7) �2CBw + Cw �B = 0(8) �8DBw + 3Cw � C = 0(9) Cw �D = 0(10)!(Cww0; w0) = 0(11)�BCww0 + 2Dw;w0w0 = 0(12)32CCww0 + 2Dw;w0 �B = 0(13)DCww0 +Dw;w0 � C = 0(14)Dw;w0 �D = 0:Note that (5) and (10) follow from (1) and (2) and that using (2) equation (6) saysthat the endomorphism B has zero square:(60) B2 = 0 :Eliminating Dw0 in equations (3) and (11) we obtain:(15) 0 = (B � C)ww0 + 3BCww0 = BCww0 � CBww0 � CwBw0 + 3BCww0= 4BCww0 � CBww0 � CwBw0 :We 
an rewrite (7) as:(70) � 2CBww0 + CwBw0 �BCww0 = 0 :Eliminating CBww0 in (70) and (15) we obtain:(16) � 3BCww0 + CwBw0 = 0 :Sin
e the �rst summand is symmetri
 in w and w0 we get(17) CwBw0 = Cw0Bw = CBww0 :Now using (17) we 
an rewrite (15) as:(150) 2BCww0 � CwBw0 = 0 :



676 D. V. ALEKSEEVSKY AND V. CORT�ESThe equations (150) and (16) show that BCww0 = CwBw0 = CBww0 = 0 andhen
e also B � C = 0. This implies Dw0 = 0, by (3). Now we 
an rewrite (1-14) as:Bw0 = Cw0 = Dw0 = 0(4.6) B � C = B �D = 0(4.7) B2 = 0(4.8) CBw = CwB = BCw = 0(4.9) �8DBw + 3Cw � C = 0(4.10) Cw �D = 0(4.11) 32CCww0 + 2Dw;w0 �B = 0(4.12) DCww0 +Dw;w0 � C = 0(4.13) Dw;w0 �D = 0:(4.14)Now to pro
eed further we de
ompose K := ker B =W0 �W 0, where W0 = ker !jKandW 0 is a (nondegenerate) 
omplement. Let us denote byW1 a 
omplement to K inW su
h that !(W 0;W1) = 0. Then W0 +W1 is the !-orthogonal 
omplement to theB-invariant nondegenerate subspa
e W 0. This shows that BW1 � (W0 +W1) \K =W0. Moreover sin
e W1 \ K = 0 the map B : W1 ! W0 is inje
tive and hen
edimW1 � dimW0. On the other hand dimW1 � dimW0, sin
e W0 is an isotropi
subspa
e of the symple
ti
 ve
tor spa
e W0 +W1. This shows that B : W1 ! W0 isan isomorphism.Lemma 3. C 2 S3K and D 2 S4K.Proof: Sin
e W0 = BW the equation (4.9) shows that CW0 = 0, whi
h proves the�rst statement. From (4.10) and the identity(Cx � C)y = [Cx; Cy℄� CCxy(4.15)we obtain DBx;y +DBy;x = 38((Cx � C)y + (Cy � C)x) = �34CCxy :(4.16)The equation B �D = 0 (4.7) reads:0 = (B �D)x;y = [B;Dx;y℄�DBx;y �Dx;By :Using this (4.12) yields:DBx;y +DBy;x = [B;Dx;y℄ = �Dx;y �B = 34CCxy :(4.17)



CLASSIFICATION OF INDEFINITE HYPER-K�AHLER SYMMETRIC SPACES 677Now from (4.16) and (4.17) we obtain that0 = CCxyz = CzCxyfor all x; y; z 2W . This implies [Cx; Cy℄ = 0 for all x; y 2W and hen
eCx � C = 0(4.18)for all x 2 W , by (4.15). Finally this shows that DW0 = 0 by (4.10). This proves these
ond statement.Lemma 4. Dx;yCz = CzDx;y = 0 for all x; y; z 2 W .Proof: Using (4.13) we 
ompute:Dx;yCzw = DCzw;xy = �(Dz;w � C)xy = �([Dz;w; Cx℄y � CDz;wxy) :(4.19)From (4.11) we get:0 = (Cx �D)z;wy = [Cx; Dz;w℄y �DCxz;wy �Dz;Cxwy= CxDz;wy �Dz;wCxy �Dy;wCxz �Dz;yCxw ;and hen
e: [Dz;w; Cx℄y = �Dy;wCxz �Dz;yCxw ;and CDz;wxy = CyDz;wx = Dz;wCxy +Dx;wCyz +Dz;xCyw :Now we eliminate the CD-terms from (4.19) arriving at:Dx;yCzw = (Dy;wCxz +Dz;yCxw +Dz;wCxy +Dx;wCyz +Dz;xCyw) :(4.20)Considering all the permutations of (x; y; z; w) we get 6 homogeneous linear equationsfor the 6 terms of equation (4.20) with the matrix:0BBBBBB� �1 1 1 1 1 11 �1 1 1 1 11 1 �1 1 1 11 1 1 �1 1 11 1 1 1 �1 11 1 1 1 1 �1
1CCCCCCAThis is the matrix of the endomorphism �2 Id+e
e in the arithmeti
 spa
e R6 , wheree = e1 + : : :+ e6; (ei) the standard basis. It has eigenvalues (4;�2;�2;�2;�2;�2).This shows that the matrix is nondegenerate and proves the lemma.For a symmetri
 tensor T 2 SdW we denote by�T := spanfTx1;x2;:::;xd�2xd�1jx1; x2; : : : xd�1 2Wg �Wthe support of T .



678 D. V. ALEKSEEVSKY AND V. CORT�ESLemma 5. The supports of the tensors B 2 S2W , C 2 S3W and D 2 S4Wadmit the following in
lusions�B +�C � kerB \ kerC \ kerD ; �D � kerB \ kerC :Moreover �B +�C is isotropi
 and !(�D;�B +�C) = 0.Proof: The �rst statement follows from B2 = BCx = BDx;y = CxB = CxCy =CxDy;z = Dx;yB = Dx;yCz = 0 for all x; y; z 2W . The se
ond statement follows fromthe �rst and the de�nition of support, e.g. if z = Cxy 2 �C and w 2 �B+�C+�D �kerC we 
ompute: !(z; w) = !(Cxy; w) = �!(y; Cxw) = 0 :Lemma 6. The Lie algebra DW;W � S2W �= sp(W ) is solvable.Proof: This follows from Proposition 6, sin
e D 2 S4W satis�es (4.4) and hen
ede�nes a 
omplex hyper-K�ahler symmetri
 spa
e with holonomy Lie algebraDW;W . Italso follows from the solvability of SE;E as we show now. In terms of the de
ompositionE = P +W +Q an endomorphismSx;y = (�p4+p3w0+p2B+pC+D)x;y = (p2B+pC+D)x;y = B(x; y)p2�pCxy+Dx;y ;where x; y 2 W , is represented by0� 0 �(Cxy)t B(x; y)0 Dx;y �Cxy0 0 0 1A :Sin
e the Lie algebra SE;E is solvable this implies that the Lie algebra DW;W , whi
h
orresponds to the indu
ed representation of SE;E on P?=P �=W , is also solvable.Lemma 7. !(w0;�B +�C +�D) = 0 :Proof: Note that w0 2 kerB\kerC \kerD, due to equations (1-3) and (4.7). Thisimplies the lemma. In fa
t, if e.g. y = Bx 2 �B then!(w0; y) = !(w0; Bx) = �!(Bw0; x) = 0 ;whi
h shows that !(w0;�B) = 0Now to �nish the proof of Theorem 3 we will use indu
tion on the dimensiondimE = 2n. If n = 1 the (solvable) holonomy algebra h is a proper subalgebra ofS2E �= sl(2; C ). Without loss of generality we may assume that eithera) h = C p2 orb) h = C pq or
) h = C p2 + C pq,where (p; q) is a symple
ti
 basis of E. In the all three 
ases the Lie algebra SE;E =h � C p2 + C pq and hen
e S = �p4 + �p3q :
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ases b) and 
) we have that pq 2 h and sin
epq � S = 12(p
 q + q 
 p) � S = �2�p4 � �p3q = 0it follows that S = 0. In the 
ase a) from SE;E = h = C p2 we have that S = �p4. Thistensor is invariant under h = C p2 and belongs to the fourth symmetri
 power of theLagrangian subspa
e C p � E. This establishes the �rst step of the indu
tion. Nowby indu
tion using equation (4.14) and Lemma 6 we may assume that �D is isotropi
.Now Lemma 5 and Lemma 7 show that Cw0 +�B +�C +�D is isotropi
 and hen
eis 
ontained in some Lagrangian subspa
e E+ � E. This implies that S 2 S4E+.Now we give a ne
essary and suÆ
ient 
ondition for a symmetri
 manifold M =MS , S 2 S4E+, to have no 
at de Rham fa
tor.Proposition 7. The 
omplex hyper-K�ahler symmetri
 spa
e MS, S 2 S4E+,has no 
at de Rham fa
tor if and only if the support �S = E+.Proof: IfM =MS = G=K has a 
at fa
torM0, su
h thatM =M1�M0, then thisindu
es a de
omposition E = E1 � E0 and S 2 S4E1; hen
e �S � E1 \ E+ 6= E+.Conversely let S 2 S4E+, assume that E1+ = �S � E+ is a proper subspa
e and
hoose a 
omplementary subspa
e E0+. We denote by E1� and E0� the annihilator of!E0+ and !E1+ respe
tively. Let us denote E1 = E1+ � E1�, E0 = E0+ � E0�, m1 =H 
 E1 and m0 = H 
 E0. Then E0; E1 � E are !-nondegenerate 
omplementarysubspa
es and m0;m1 � m = ToM are g-nondegenerate 
omplementary subspa
es.Sin
e S 2 S4E1+ the Lie algebra g = h+m = (h+m1)�m0 has the Abelian dire
tsummand m0, see (3.1), whi
h gives rise to a 
at fa
tor M0 �MS =M1 �M0.Theorem 4. Any simply 
onne
ted 
omplex hyper-K�ahler symmetri
 spa
e with-out 
at de Rham fa
tor is isomorphi
 to a 
omplex hyper-K�ahler symmetri
 spa
e ofthe form MS, where S 2 S4E+ and E+ � E is a Lagrangian subspa
e of the 
omplexsymple
ti
 ve
tor spa
e E = C 2n . Moreover there is a natural 1-1 
orresponden
e be-tween simply 
onne
ted 
omplex hyper-K�ahler symmetri
 spa
es without 
at fa
tor upto isomorphism and orbits O of the group Aut(E;!;E+)jE+ = fA 2 Sp(E)jAE+ =E+gjE+ �= GL(E+) �= GL(n; C ) on the spa
e S4E+ su
h that �S = E+ for all S 2 O.Proof: This is a 
orollary of Theorem 2, Theorem 3 and Proposition 7.Let M = G=K be a simply 
onne
ted 
omplex hyper-K�ahler symmetri
 spa
ewithout 
at fa
tor. By Theorem 3 and Proposition 7 it is asso
iated to quarti
 poly-nomial S 2 S4E+ with support �S = E+. Now we des
ribe the Lie algebra aut(MS)of the full group of automorphisms, i.e. isometries whi
h preserve the hyper
omplexstru
ture, of MS.Theorem 5. Let MS = G=K be as above. Then the full automorphism algebrais given by aut(MS) = aut(S) + g ;where A 2 aut(S) = fB 2 gl(E+)jB � S = 0g a
ts on g = h + m as follows. Itpreserves the de
omposition and a
ts on h = SE;E by[A;Sx;y℄ = SAx;y + Sx;Ayfor all x; y 2 E and on m = H 
E by[A; h
 e℄ = h
Ae ;



680 D. V. ALEKSEEVSKY AND V. CORT�ESwhere gl(E+) is 
anoni
ally embedded into sp(E).Proof: By (the 
omplex version of) Proposition 1 it is suÆ
ient to determinethe 
entralizer 
 of sp(1; C ) in the full isotropy algebra ~h = aut(R) � sp(1; C ) � h.Equation (2.2) shows that
 = fId
AjA 2 sp(E) ; A � S = [A;S(�; �)℄� S(A�; �)� S(�; A�) = 0g :From A � S = 0 we obtain that the 
ommutator [A;Sx;y℄ = SAx;y + Sx;Ay for allx; y 2 E and A�S = AE+ � E+. This implies 
 = aut(S).5. Classi�
ation of Hyper-K�ahler Symmetri
 Spa
es. Using the des
rip-tion of 
omplex hyper-K�ahler symmetri
 spa
es given in Theorem 4 we will now 
las-sify (real) hyper-K�ahler symmetri
 spa
es. Re
all that a simply 
onne
ted pseudo-Riemannian manifold is 
alled inde
omposable if it is not a Riemannian prod-u
t of two pseudo-Riemannian manifolds. Any simply 
onne
ted pseudo-Riemannianmanifold 
an be de
omposed into the Riemannian produ
t of inde
omposable pseudo-Riemannian manifolds. By Wu's theorem [W℄ a simply 
onne
ted pseudo-Riemannianmanifold is inde
omposable if and only if its holonomy group is weakly irredu
ible,i.e. has no invariant proper nondegenerate subspa
es. Therefore it is suÆ
ient to
lassify (real) hyper-K�ahler symmetri
 spa
es with inde
omposable holonomy.Let (M = G=K; g; J�) be a hyper-K�ahler symmetri
 spa
e asso
iated to a sym-metri
 de
omposition (2.1). The 
omplexi�ed tangent spa
e of M is identi�ed withmC = H 
E, the tensor produ
t of to 
omplex symple
ti
 ve
tor spa
es with quater-nioni
 stru
ture jH and jE su
h that � = jH 
 jE is the 
omplex 
onjugation of mCwith respe
t to m. By Theorem 1 it is de�ned by a quarti
 polynomial S 2 S4E sat-isfying the 
onditions of the theorem. Moreover the holonomy algebra h a
ts triviallyon H and is identi�ed with the real form of the 
omplex Lie algebra SE;E � sp(E)given by h = spanfSje;e0 � Se;je0 je; e0 2 Eg = fA 2 SE;E j[A; jE ℄ = 0g � sp(E)jE .The quarti
 polynomial S de�nes also a 
omplex hyper-K�ahler symmetri
 spa
eMC = GC =KC , whi
h is the 
omplexi�
ation of M = G=K. By Theorem 3, S 2 S4Lfor some Lagrangian subspa
e L � E. Re
all that the symple
ti
 form ! = !Etogether with the quaternioni
 stru
ture j = jE de�ne a Hermitian metri
 
 = 
E =!E(�; jE �) of (real) signature (4k; 4l), n = k + l, whi
h 
oin
ides with the signatureof the pseudo-Riemannian metri
 g (we normalize 
H = !H(�; jH �) to be positivede�nite). We may de
ompose 
-orthogonally L = L0�L+�L�, su
h that 
 vanisheson L0 is positive de�nite on L+ and negative de�nite on L�.Lemma 8.(i) jL0 = L0 and(ii) L+ + L� + jL+ + jL� � E is an !-nondegenerate and 
-nondegenerate h-invariant subspa
e (with trivial a
tion of h).Proof: We show �rst that L+ jL0 is !-isotropi
 and hen
e L+ jL0 = L sin
e Lis Lagrangian. Indeed L � L0 is !-isotropi
 and also jL0 be
ause ! is j-invariant. Soit suÆ
es to remark that !(L; jL0) = 0:!(L; jL0) = 
(L;L0) = 0 :This implies that jL0 � L. Sin
e 
(L; jL0) = �!(L;L0) = 0, we 
on
lude thatjL0 � ker
jL = L0. This proves (i).To prove (ii) it is suÆ
ient to 
he
k that the subspa
e L++L�+ jL++ jL� � Eis nondegenerate with respe
t to 
, sin
e it is j-invariant. First we remark that 
 is



CLASSIFICATION OF INDEFINITE HYPER-K�AHLER SYMMETRIC SPACES 681positive de�nite on L+ and jL+ and negative de�nite on L� and jL�, due to thej-invarian
e of 
: 
(jx; jx) = 
(x; x), x 2 E. So to prove (ii) it is suÆ
ient to 
he
kthat jL+ � jL� is 
-orthogonal to the 
-nondegenerate ve
tor spa
e L+ + L�:
(L+ + L�; jL+ + jL�) = !(L+ + L�; L+ + L�) = 0 :By Theorem 1 the quarti
 polynomial S must satisfy the reality 
ondition[Sje;e0 � Se;je0 ; j℄ = 0. Now we des
ribe all su
h polynomials.The quaternioni
 stru
ture j on E is 
ompatible with !, i.e. !(jx; jy) = !(x; y)for all x; y 2 E and it indu
es a real stru
ture (i.e. an antilinear involution) � :=j 
 j 
 � � � 
 j on all even powers S2rE � E 
 E 
 � � � 
 E. For S 2 S2rE andx1; � � � ; x2r 2 E we have(�S)(x1; � � � ; x2r) = S(jx1; � � � ; jx2r) :Note that the �xed point set sp(E)� = fA 2 sp(E)j[A; j℄ = 0g �= sp(k; l).Proposition 8. Let (E;!; j) be a 
omplex symple
ti
 ve
tor spa
e with a quater-nioni
 stru
ture j su
h that !(jx; jy) = !(x; y) for all x; y 2 E. Then a quarti
polynomial S 2 S4E satis�es the reality 
ondition [Sje;e0 � Se;je0 ; j℄ = 0 if and only ifS 2 (S4E)� = spanfT + �T jT 2 S4Eg.Proof: The reality 
ondition for S 2 S4E 
an be written as[Sjx;jy + Sx;y; j℄z = 0for all x; y; z 2 E. Contra
ting this ve
tor equation with jw 2 E by means of ! andusing the 
ompatibility between j and ! we obtain the equivalent 
ondition0 = �!(jw; [Sjx;jy + Sx;y; j℄z)= S(jx; jy; jz; jw)� S(jx; jy; z; w) + S(x; y; jz; jw)� S(x; y; z; w) :(5.1)Now putting x = y = z = w = u we obtain:0 = S(ju; ju; ju; ju)� S(ju; ju; u; u) + S(u; u; ju; ju)� S(u; u; u; u)and putting x = iu and y = z = w = u we obtain:0 = �iS(ju; ju; ju; ju)� iS(ju; ju; u; u) + iS(u; u; ju; ju) + iS(u; u; u; u) :Comparing these two equations we get S(ju; ju; juj; u) = S(u; u; u; u), i.e. S = �S.This shows that the reality 
ondition implies that S 2 (S4E)� . Conversely the 
on-dition S = �S 
an be written asS(jx; jy; jz; jw) = S(x; y; z; w) for all x; y; z; w 2 E :Changing z ! jz and w ! jw in this equation we obtainS(jx; jy; z; w) = S(x; y; jz; jw) for all x; y; z; w 2 E :These two equations imply (5.1) and hen
e the reality 
ondition.Now we are ready to 
lassify simply 
onne
ted hyper-K�ahler symmetri
 spa
es.We will show that the following 
onstru
tion gives all su
h symmetri
 spa
es.



682 D. V. ALEKSEEVSKY AND V. CORT�ESLet (E;!; j) be a 
omplex symple
ti
 ve
tor spa
e of dimension 2n with a quater-nioni
 stru
ture j su
h that !(jx; jy) = !(x; y) for all x; y 2 E and E = E+ � E� aj-invariant Lagrangian de
omposition. Su
h a de
omposition exists if and only if theHermitian form 
 = !(�; j�) has real signature (4m; 4m), where dimC E = 2n = 4m.Then any polynomial S 2 (S4E+)� = S4E+\ (S4E)� satis�es the 
ondition (4.4) andthe reality 
ondition, by Proposition 8. Hen
e by Theorem 1 it de�nes a (real) simply
onne
ted hyper-K�ahler symmetri
 spa
e MS with Abelian holonomy algebra h =(SE+;E+)� = SE+;E+ \ (S2E)� = spanfSje;e0 �Se;je0 je; e0 2 Eg � sp(E)� �= sp(m;m).Theorem 6. Any simply 
onne
ted hyper-K�ahler symmetri
 spa
e without 
atde Rham fa
tor is isomorphi
 to a hyper-K�ahler symmetri
 spa
e of the form MS,where S = T + �T , T 2 S4E+ and E+ � E is a j-invariant Lagrangian subspa
eof the 
omplex symple
ti
 ve
tor spa
e E with 
ompatible quaternioni
 stru
ture j.A hyper-K�ahler symmetri
 spa
e of the form MS has no 
at fa
tor if and only if it
omplexi�
ation has no 
at fa
tor, whi
h happens if and only if the support �S = E+.Moreover there is a natural 1-1 
orresponden
e between simply 
onne
ted hyper-K�ahlersymmetri
 spa
es without 
at fa
tor up to isomorphism and orbits O of the groupAut(E;!; j; E+)jE+ = fA 2 Sp(E)j[A; j℄ = 0; AE+ = E+gjE+ �= GL(m; H ) on thespa
e (S4E+)� su
h that �S = E+ for all S 2 O.Proof: Let M be a simply 
onne
ted hyper-K�ahler symmetri
 spa
e. We �rstassume that it is inde
omposable. Then the holonomy algebra h is weakly irredu
ible.By Theorem 1,M =MS for some quarti
 polynomial S 2 S4E satisfying (4.4) and thereality 
ondition (3.2). By Proposition 8 the reality 
ondition means that S 2 (S4E)� .On the other hand, by Theorem 3 S 2 S4L for some Lagrangian subspa
e L of E.Now the weak irredu
ibility of h and Lemma 8 imply that L = L0 is j-invariant. Thisproves that S 2 (S4E+)� , where E+ = L = L0 is a j-invariant Lagrangian subspa
eof E. This shows that M is obtained from the above 
onstru
tion. Any simply
onne
ted hyper-K�ahler symmetri
 spa
e M without 
at fa
tor is the Riemannianprodu
t of inde
omposable ones, say M =M1 �M2 � � � � �Mr, and we may assumethat Mi = MSi , Si 2 S4Ei. Therefore M is asso
iated to the quarti
 polynomialS = S1 � S2 � � � � � Sr 2 S4E, E = E1 � E2 � � � � � Er. Moreover S satis�es (4.4)and (3.2) if the Si satisfy (4.4) and (3.2). This shows that any simply 
onne
tedhyper-K�ahler symmetri
 spa
e is obtained from the above 
onstru
tion.It is 
lear that the 
omplexi�
ation MCS has a 
at fa
tor if MS has a 
at fa
tor.Conversely let us assume that MCS has a 
at fa
tor, hen
e �S � E+ is a propersubspa
e. Sin
e j�S = jSE;EE = SE;EjE = SE;EE = �S there exists a j-invariant
omplementary subspa
e E0+ in E+. Denote by E0� the annihilator of �S in E� thenE0 = E0+ � E0� is an !-nondegenerate and j-invariant subspa
e of E on whi
h theholonomy hC = SE;E � S2�S a
ts trivially. Then the 
orresponding real subspa
e(H 
E0)� � m = (H 
E)� is a g-nondegenerate subspa
e on whi
h the holonomy ha
ts trivially. By Wu's theorem [W℄ it de�nes a 
at de Rham fa
tor.Now the last statement follows from the 
orresponding statement in Theorem 1.Corollary 2. Any hyper-K�ahler symmetri
 spa
e without 
at fa
tor has signa-ture (4m; 4m). In parti
ular its dimension is divisible by 8.Corollary 3. LetM =MS be a 
omplex hyper-K�ahler symmetri
 spa
e without
at fa
tor asso
iated with a quarti
 S 2 S4E+, where E+ � E is a Lagrangiansubspa
e. It admits a real form if and only if there exists a quaternioni
 stru
ture j
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ompatible with ! preserving E+ su
h that �S = S, where � is the real stru
tureon S4E indu
ed by j. In parti
ular dimC M has to be divisible by 8.Let M = G=K be a simply 
onne
ted hyper-K�ahler symmetri
 spa
e without 
atfa
tor. By Theorem 6 it is asso
iated to a quarti
 polynomial S 2 (S4E+)� withsupport �S = E+. Now we des
ribe the Lie algebra aut(MS) of the full group ofautomorphisms, i.e. isometries whi
h preserve the hyper
omplex stru
ture of MS .Theorem 7. Let MS = G=K be as above. Then the full automorphism algebrais given by aut(MS) = aut(S) + g ;where aut(S) = fA 2 gl(E+)j [A; j℄ = 0 ; A � S = 0g a
ts ong = h+m ;h = fA 2 SE;E j[A; j℄ = 0g = spanfSjx;y�Sx;jyjx; y 2 Eg ;m = (H
E)�as in Theorem 5.Proof: The proof is similar to that of Theorem 5.6. Low Dimensional Hyper-K�ahler Symmetri
 Spa
es.6.1 Complex hyper-K�ahler symmetri
 spa
es of dimension � 8.Dimension 4Assume that M is a simply 
onne
ted 
omplex hyper-K�ahler symmetri
 spa
e ofdimension 4. Applying Theorem 4 we 
on
lude that M = MS for some S 2 S4E+,where E+ � E is a one-dimensional subspa
e E+ = C e. This proves:Theorem 8. There exists up to isomorphism only one non-
at simply 
onne
ted
omplex hyper-K�ahler symmetri
 spa
e of dimension 4: M = MS asso
iated with thequarti
 S = e4.Dimension 8Any eight-dimensional simply 
onne
ted 
omplex hyper-K�ahler symmetri
 spa
e isasso
iated with a quarti
 S 2 S4E+, where E+ � E is a Lagrangian subspa
e ofE = C 4 . We denote by (e; e0) a basis of E+.Theorem 9. Eight-dimensional simply 
onne
ted 
omplex hyper-K�ahler symmet-ri
 spa
e are in natural 1-1 
orresponden
e with the orbits of the group CO(3; C ) =C � � SO(3; C ) on the spa
e S20C 3 of tra
eless symmetri
 matri
es. The 
omplex hyper-K�ahler symmetri
 spa
e asso
iated with a tra
eless symmetri
 matrix A is the manifoldMS(A), where S(A) 2 S4C 2 is the quarti
 polynomial whi
h 
orresponds to A underthe SO(3; C )-equivariant isomorphism S20C 3 �= S20 ^2 C 3 �= S20S2C 2 = S4C 2 .The 
lassi�
ation of SO(3; C )-orbits on S20C 3 was given by Petrov [P℄ in his 
las-si�
ation of Weyl tensors of Lorentzian 4-manifolds.Proof: By Theorem 4 the 
lassi�
ation of eight-dimensional simply 
onne
ted
omplex hyper-K�ahler symmetri
 spa
es redu
es to the des
ription of orbits of thegroup GL(E+) = GL(2; C ) on S4C 2 � S2S2C 2 . Fixing a volume form � on C 2 we
an identify S2C 2 with sp(1; C ) �= so(3; C ). Then the Killing form B is an SL(2; C )-invariant and we have the GL(2; C )-invariant de
omposition: S2S2C 2 = S20S2C 2 �CB. The a
tion of SL(2; C ) on S2C 2 is e�e
tively equivalent to the adjoint a
tion ofSO(3; C ). The problem thus redu
es essentially to the determination of the orbits ofSO(3; C ) on S20C 3 .
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at hyper-K�ahler symmetri
 spa
es is 8.Theorem 10. Eight-dimensional simply 
onne
ted hyper-K�ahler symmetri
 spa
eare in natural 1-1 
orresponden
e with the orbits of the group R+ �SO(3) on the spa
eS20R3 of tra
eless symmetri
 matri
es. The hyper-K�ahler symmetri
 spa
e asso
iatedwith a tra
eless symmetri
 matrix A is the manifold MS(A), where S(A) 2 (S4C 2 )� isthe quarti
 polynomial whi
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