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Abstract. W e classify inde�nite simply connected h yp er-K• ahler symmetric spaces. An y suc h

space without 
at factor has comm utativ e holonom y group and signature (4 m; 4 m ). W e establish a

natural 1-1 corresp ondence b et w een simply connected h yp er-K• ahler symmetric spaces of dimension

8 m and orbits of the group GL( m; H ) on the space ( S

4

C

n

)

�

of homogeneous quartic p olynomials S

in n = 2 m complex v ariables satisfying the realit y condition S = � S , where � is the real structure

induced b y the quaternionic structure of C

2 m

= H

m

. W e de�ne and classify also complex h yp er-

K• ahler symmetric spaces. Suc h spaces without 
at factor exist in an y (complex) dimension divisible

b y 4.

1. In tro duction. W e recall that a pseudo-Riemannian manifold ( M ; g ) is called

a symmetric space if an y p oin t x 2 M is an isolated �xed p oin t of an in v olutiv e

isometry s

x

(called cen tral symmetry with cen tre x ). Since the pro duct of t w o cen tral

symmetries s

x

and s

y

with su�cien tly close cen tres is a shift along the geo desic ( xy ),

the group generated b y cen tral symmetries acts transitiv ely on M and one can iden tify

M with the quotien t M = G=K , where G is the connected comp onen t of the isometry

group Isom( M ; g ) and K is the stabilizer of a p oin t o 2 M .

A symmetric space ( M = G=K ; g ) is called K• ahler (resp ectiv ely , h yp er-K• ahler)

if its holonom y group Hol( M ; g ) is a subgroup of the pseudo-unitary group U( p; q )

(resp ectiv ely , of the pseudo-symplectic group Sp( p; q ) � SU (2 p; 2 q )). An y h yp er-

K• ahler symmetric space is in particular a homogeneous h yp ercomplex manifold. Ho-

mogeneous h yp ercomplex manifolds of compact Lie groups w ere constructed b y Ph.

Spindel, A. Sevrin, W. T ro ost, A. V an Pro ey en [SSTVP] and b y D. Jo yce [J] and

homogeneous h yp ercomplex structures on solv able Lie groups b y M.L. Barb eris and

I. Dotti-Miatello [BD].

The classi�cation of simply connected symmetric spaces reduces to the classi�ca-

tion of in v olutiv e automorphisms � of a Lie algebra g , suc h that the adjoin t repre-

sen tation ad

k

j m preserv es a pseudo-Euclidean scalar pro duct g , where

g = k + m ; � j k = 1 ; � j m = � 1 ;

is the eigenspace decomp osition of the in v olution � . Note that the eigenspace decom-

p osition of an in v olutiv e automorphism is c haracterized b y the conditions

[ k ; k ] � k ; [ k ; m ] � m ; [ m ; m ] � k :

Suc h a decomp osition is called a symmetric decomp osition.

In fact, for an y pseudo-Riemannian symmetric space M = G=K the conjuga-

tion with resp ect to the cen tral symmetry s

o

with cen tre o = eK is an in v olutiv e

automorphism of the Lie group G , whic h induces an in v olutiv e automorphism � of

its Lie algebra g . The pseudo-Riemannian metric of M induces a k -in v arian t scalar

pro duct on m

�

=

T

o

M , where g = k + m is the symmetric decomp osition de�ned b y

�
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� . Con v ersely , a symmetric decomp osition g = k + m together with a k -in v arian t

scalar pro duct on m determines a pseudo-Riemannian symmetric space M = G=K ,

where G is the simply connected Lie group with the Lie algebra g , K is the connected

(and closed) subgroup of G generated b y k , the pseudo-Riemannian metric on M is

de�ned b y g and the cen tral symmetry is de�ned b y the in v olutiv e automorphism �

asso ciated to the symmetric decomp osition.

Naturally iden tifying the space m with the tangen t space T

o

M , the isotrop y

group is iden ti�ed with Ad

K

j m and the holonom y algebra is iden ti�ed with ad

h

,

where h = [ m ; m ]. If one assumes that the holonom y algebra is irreducible then one

can pro v e that the Lie algebra g is semisimple. Hence the classi�cation of pseudo-

Riemannian symmetric spaces with irreducible holonom y reduces to the classi�cation

of in v olutiv e authomorphisms of semisimple Lie algebras. Suc h a classi�cation w as

obtained b y M. Berger [B1, B2] and A. F edenk o [F]. It includes the classi�cation

of Riemannian symmetric spaces (obtained earlier b y E. Cartan), since according to

de Rham's theorem an y simply connected complete Riemannian manifold is a direct

pro duct of Riemannian manifolds with irreducible holonom y algebra and a Euclidean

space.

A classi�cation of pseudo-Riemannian symmetric spaces with non completely re-

ducible holonom y is kno wn only for signature (1 ; n ) (Cahen-W allac h [CW ]) and for sig-

nature (2 ; n ) under the assumption that the holonom y group is solv able (Cahen-P ark er

[CP]). The classi�cation problem for arbitrary signature lo oks v ery complicated and

includes, for example, the classi�cation of Lie algebras whic h admit a nondegener-

ate ad-in v arian t symmetric bilinear form. An inductiv e construction of solv able Lie

algebras with suc h a form w as giv en b y V. Kac [K ], see also [MR1], [Bo] and [MR2].

In this pap er w e giv e a classi�cation of pseudo-Riemannian h yp er-K• ahler symmet-

ric spaces. In particular, w e pro v e that an y simply connected h yp er-K• ahler symmetric

space M has signature (4m,4m) and its holonom y group is comm utativ e. The main

result is the follo wing, see Theorem 6.

Let ( E ; ! ; j ) b e a complex symplectic v ector space of dimension 4 m with a quater-

nionic structure j suc h that ! ( j x; j y ) = ! ( x; y ) for all x; y 2 E and E = E

+

� E

�

a j -in v arian t Lagrangian decomp osition. Suc h a decomp osition exists if and only if

the Hermitian form 
 = ! ( � ; j � ) has real signature (4 m; 4 m ). W e denote b y � the real

structure in S

2 r

E de�ned b y � ( e

1

e

2

: : : e

2 r

) := j ( e

1

) j ( e

2

) : : : j ( e

2 r

), e

i

2 E . Then an y

elemen t S 2 ( S

4

E

+

)

�

de�nes a h yp er-K• ahler symmetric space M

S

whic h is asso ciated

with the symmetric decomp osition

g = h + m ;

where m = ( C

2


 E )

�

is the �xed p oin t set of the real structure � on C

2


 E giv en b y

� ( h 
 e ) = j

H

h 
 j e , where j

H

is the standard quaternionic structure on C

2

= H , h =

span f S

e;e

0

j e; e

0

2 E g

�

� sp ( E )

�

�

=

sp ( m; m ) with the natural action on m � C

2


 E

and the Lie brac k et m ^ m ! h is giv en b y

[ h 
 e; h

0


 e

0

] = !

H

( h; h

0

) S

e;e

0

;

where !

H

is the standard complex symplectic form on C

2

.

Moreo v er, w e establish a natural 1-1 corresp ondence b et w een simply connected

h yp er-K• ahler symmetric spaces (up to isomorphism) and orbits of the group GL ( m; H )

in ( S

4

E

+

)

�

.

W e de�ne also the notion of complex h yp er-K• ahler symmetric space as a complex

manifold ( M ; g ) of complex dimension 4 n with holomorphic metric g suc h that for an y
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p oin t x 2 M there is a holomorphic cen tral symmetry s

x

with cen tre x and whic h has

holonom y group Hol( M ; g ) � Sp( n; C ) (Sp( n; C ) , ! Sp( n; C ) � Sp( n; C ) � O(4 n; C )

is diagonally em b edded) and giv e a classi�cation of suc h spaces. W e establish a nat-

ural 1-1 corresp ondence b et w een simply connected complex h yp er-K• ahler symmetric

spaces and homogeneous p olynomials of degree 4 in the v ector space C

n

considered

up to linear transformations from GL ( n; C ).

2. Symmetric Spaces.

2.1. Basic facts ab out pseudo-Riemannian symmetric spaces. A

pseudo-Riemannian symmetric space is a pseudo-Riemannian manifold ( M ; g )

suc h that an y p oin t is an isolated �xed p oin t of an isometric in v olution. Suc h a

pseudo-Riemannian manifold admits a transitiv e Lie group of isometries L and can

b e iden ti�ed with L=L

o

, where L

o

is the stabilizer of a p oin t o . More precisely , an y

simply connected pseudo-Riemannian symmetric space M = G=K is asso ciated with

a symmetric decomp osition

g = k + m ; [ k ; k ] � k ; [ k ; m ] � m ; [ m ; m ] � k(2.1)

of the Lie algebra g = Lie G together with an Ad

K

-in v arian t pseudo-Euclidean scalar

pro duct on m . W e will assume that G acts almost e�ectiv ely on M , i.e. k do es not

con tain an y non trivial ideal of g , that M and G are simply connected and that K is

connected. Then, under the natural iden ti�cation of the tangen t space T

o

M at the

canonical base p oin t o = eK with m , the holonom y group Hol � Ad

K

j m . W e will

denote b y h the holonom y Lie algebra. Since the isotrop y represen tation is faithful it

is iden ti�ed with the subalgebra h = [ m ; m ] := span f [ x; y ] j x; y 2 m g � k . Recall that

the curv ature tensor R of a symmetric space M at o is h -in v arian t and determines

the Lie brac k et in the ideal h + m � g as follo ws:

h = R ( m ; m ) := span f R ( x; y ) j x; y 2 m g and [ x; y ] = � R ( x; y ) ; x; y 2 m :

The follo wing result is w ell kno wn:

Pr oposition 1. The ful l Lie algebr a of Kil ling �elds of a symmetric sp ac e has

the form

isom( M ) =

~

h + m ;

wher e the ful l isotr opy sub algebr a is given by

~

h = aut( R ) = f A 2 so ( m ) j A � R = [ A; R ( � ; � )] � R ( A � ; � ) � R ( � ; A � ) = 0 g :(2.2)

2.2. Symmetric spaces of semisimple Lie groups. W e will pro v e that in the

case when ( M = G=K ; g ) is a pseudo-Riemannian symmetric space of a (connected)

semisimple Lie group G then G is the maximal connected Lie group of isometries of

M .

Pr oposition 2. L et ( M = G=K ; g ) b e a pseudo-R iemannian symmetric sp ac e

asso ciate d with a symmetric de c omp osition g = k + m . If G is semisimple and almost

e�e ctive then

(i) the r estriction of the Cartan-Kil ling form B of g to k is nonde gener ate and

henc e k is a r e ductive sub algebr a of g and g = k + m is a B -ortho gonal

de c omp osition,
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(ii) k = [ m ; m ] and

(iii) g = isom ( M ; g ) is the Lie algebr a of the ful l isometry gr oup of M .

Pr o of: F or (i) see [O-V ] Ch. 3 Prop osition 3.6.

(ii) It is clear that

�

g = [ m ; m ] + m is an ideal of g . The B -orthogonal complemen t

a :=

�

g

?

� k is a complemen tary ideal of g . Since [ a ; m ] = 0 the Lie algebra a acts

trivially on M . F rom the e�ectivit y of g w e conclude that a = 0.

(iii) By Prop osition 1,

~

g = isom( M ; g ) =

~

h + m , where

~

h = aut( R ) = f A 2 so ( m ) j

A � R = 0 g . No w

~

h preserv es m and b y the iden tit y A � R = [ A; R ( � ; � )] � R ( A � ; � ) � R ( � ; A � )

it also normalizes k . This sho ws that

~

h normalizes g and hence g �

~

g is an ideal.

Since g is semisimple there exists a g -in v arian t complemen t b in

~

g . Note that [ g ; b ] �

g \ b = 0. W e can decomp ose an y X 2 b as X = Y + Z , where Y 2

~

h and Z 2 m .

F rom [ g ; b ] = 0 it follo ws that [ g ; Y ] = [ g ; Z ] = 0 and in particular [ m ; Y ] = 0. This

implies that Y = 0 and X = Z 2 b \ m = 0. This sho ws that b = 0 pro ving (iii).

W e recall that a pseudo-Riemannian Hermitian symmetric space is pseudo-

Riemannian symmetric space ( M = G=K ; g ) together with an in v arian t (and hence

parallel) g -orthogonal complex structure J .

Pr oposition 3. L et ( M = G=K ; g ; J ) b e a pseudo-R iemannian Hermitian sym-

metric sp ac e of a semisimple and almost e�e ctive Lie gr oup G . Then the R ic ci cur-

vatur e of M is not zer o.

Pr o of: F rom Prop osition 2 it follo ws that g = isom ( M ; g ) =

~

h + m , where

~

h = k =

[ m ; m ]. It is w ell kno wn that the curv ature tensor R of an y pseudo-K• ahler manifold

(and in particular of an y pseudo-Riemannian Hermitian symmetric space) is in v arian t

under the op erator J . This sho ws that J 2

~

h = aut( R ) = [ m ; m ] = h (holonom y

Lie algebra), whic h implies that the holonom y Lie algebra is not a subalgebra of

su( m )

�

=

su( p; q ). Hence M is not Ricci-
at. In fact, w e can write J =

P

ad[ X

i

; Y

i

],

for X

i

; Y

i

2 m . Then using the form ulas � 2Ric ( X ; J Y ) = tr J R ( X ; Y ) for the Ricci

curv ature of a pseudo-K• ahler manifold and R ( X ; Y ) = � ad

[ X ;Y ]

j m for the curv ature

of a symmetric space w e calculate:

� 2

X

Ric( X

i

; J Y

i

) =

X

tr J R ( X

i

; Y

i

) = �

X

tr J ad[ X

i

; Y

i

] = � tr J

2

6= 0 :

3. Structure of Hyp er-K • ahler Symmetric Spaces.

3.1. De�nitions. A (p ossibly inde�nite) h yp er-K • ahler manifold is a pseudo-

Riemannian manifold ( M

4 n

; g ) of signature (4 k ; 4 l ) together with a compatible h y-

p ercomplex structure, i.e. three g -orthogonal parallel complex structures ( J

1

; J

2

; J

3

=

J

1

J

2

). This means that the holonom y group Hol � Sp( k ; l ). Tw o h yp er-K• ahler man-

ifolds ( M ; g ; J

�

) ( � = 1 ; 2 ; 3) and ( M

0

; g

0

; J

0

�

) are called isomorphic if there exists a

triholomorphic isometry ' : M ! M

0

, i.e. '

�

J

0

�

= J

�

and '

�

g

0

= g .

A h yp er-K • ahler symmetric space is a pseudo-Riemannian symmetric space

( M = G=K ; g ) together with an in v arian t compatible h yp ercomplex structure. Con-

sider no w a simply connected h yp er-K• ahler symmetric space ( M = G=K ; g ; J

�

).

Without restriction of generalit y w e will assume that G acts almost e�ectiv ely . M

b eing h yp er-K• ahler is equiv alen t to Ad

K

j m � Sp( k ; l ), or, since K is connected,

to ad

k

j m � sp ( k ; l ). This condition means that k comm utes with the Lie algebra

Q = sp(1) � so ( m ) = so (4 k ; 4 l ) spanned b y three an ticomm uting complex structures

J

1

; J

2

; J

3

.



CLASSIFICA TION OF INDEFINITE HYPER-K

•

AHLER SYMMETRIC SP A CES 667

3.2. Existence of a transitiv e solv able group of isometries and solv-

abilit y of the holonom y . In this subsection w e pro v e that an y simply connected

h yp er-K• ahler symmetric space ( M ; g ; J

�

) admits a transitiv e solv able Lie group

G � Aut ( g ; J

�

) of automorphisms and has solv able holonom y group.

Pr oposition 4. L et ( M = G=K ; g ; J

�

) b e a simply c onne cte d hyp er-K• ahler

symmetric sp ac e and A = Aut

0

( g ; Q ) � Aut

0

( g ; J

�

) � G the c onne cte d gr oup of

isometries which pr eserve the quaternionic structur e Q = span f J

�

g . Then

(i) the stabilizer A

o

of a p oint o 2 M c ontains a maximal semisimple sub gr oup

of A ,

(ii) the r adic al R of A acts tr ansitively and triholomorphic al ly on M and

(iii) the holonomy gr oup of M is solvable.

Pr o of: W e consider the quaternionic K• ahler symmetric space ( M = A= A

o

; g ; Q ).

The Lie algebra a

o

of the stabilizer is giv en b y

a

o

= aut( R ; Q ) = f A 2 so ( T

o

M ) j A � R = 0 ; [ A; Q ] � Q g :

Since the curv ature tensor of a quaternionic K• ahler manifold is in v arian t under the

quaternionic structure Q w e conclude that Q � a

o

and a

o

= Q � Z

a

( Q ), where

Z

a

( Q ) denotes the cen tralizer of Q in a . Since Q

�

=

sp (1) is simple, w e ma y c ho ose a

Levi-Malcev decomp osition a = s + r suc h that the Levi subalgebra s � Q . W e put

m

r

:= [ Q; r ] and denote b y m

s

a Q � Z

s

( Q )-in v arian t complemen t of Q in [ Q; s ]. The

stabilizer has the decomp osition a

o

= Q � ( Z

s

( Q ) + Z

r

( Q )).

Lemma 1. The c omplement m = m

s

+ m

r

to a

o

in a is a

o

-invariant and the

de c omp osition

a = a

o

+ m

is a symmetric de c omp osition.

Pr o of: It is clear that m

r

is a

o

-in v arian t and m

s

is in v arian t under Q � Z

s

( Q )

b y construction. It remains to c hec k that [ Z

r

( Q ) ; m

s

] � m . Since m

s

= [ Q; m

s

], w e

ha v e

[ Z

r

( Q ) ; m

s

] = [ Z

r

( Q ) ; [ Q; m

s

]] = [ Q; [ Z

r

( Q ) ; m

s

]] � [ Q; r ] = m

r

� m :

This sho ws that a = a

o

+ m is an a

o

-in v arian t decomp osition. W e denote b y a = a

o

+ p

a symmetric decomp osition. An y other a

o

-in v arian t decomp osition is of the form

a = a

o

+ p

'

, where ' : p ! a

o

is an a

o

-equiv arian t map and p

'

= f X + ' ( X ) j X 2 p g .

If suc h non-zero equiv arian t map ' exists then p and a

o

con tain non-trivial isomorphic

Q -submo dules. Since p is a sum of 4-dimensional irreducible Q -mo dules and a

o

is

the sum of the 3-dimensional irreducible Q -mo dule Q and the trivial complemen tary

Q -mo dule Z

a

o

( Q ), w e infer that there exists a unique a

o

-in v arian t decomp osition,

whic h coincides with the symmetric decomp osition a = a

o

+ p .

T o pro v e (i) w e ha v e to c hec k that m

s

= 0. W e note that b y the previous lemma

s = ( Q � Z

s

( Q )) + m

s

is a symmetric decomp osition of the semisimple Lie algebra s .

Since [ m

s

; m

s

] � Z

s

( Q ) it de�nes a h yp er-K• ahler symmetric space N = L=L

o

, where

L is the simply connected semisimple Lie group with Lie algebra l = Z

s

( Q ) + m

s

and

L

o

is the Lie subgroup generated b y the subalgebra Z

s

( Q ) � l . Since N is in particular

a Ricci-
at pseudo-Riemannian Hermitian symmetric space, from Prop osition 3 w e

obtain that N is reduced to p oin t. Therefore m

s

= 0. This pro v es (i) and (ii). Finally ,

since the holonom y Lie algebra h is iden ti�ed with h = [ m ; m ] = [ m

r

; m

r

] � r it is

solv able as subalgebra of the solv able Lie algebra r .
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3.3. Hyp er-K • ahler symmetric spaces and second prolongation of sym-

plectic Lie algebras. Let ( M = G=K ; g ; J

�

) b e a simply connected h yp er-K• ahler

symmetric space asso ciated with a symmetric decomp osition (2.1). Without restric-

tion of generalit y w e will assume that G acts almost e�ectiv ely and that k = [ m ; m ] =

h (holonom y Lie algebra). The complexi�cation m

C

as h

C

-mo dule can b e writ-

ten as m

C

= H 
 E , suc h that h

C

� Id 
 sp ( E )

�

=

sp( E ), where H = C

2

and

E = C

2 n

are complex symplectic v ector spaces with symplectic form !

H

and !

E

,

resp ectiv ely , suc h that g

C

= !

H


 !

E

is the complex bilinear metric on m

C

induced

b y g . Note that the symplectic forms are unique up to the transformation !

H

7! �!

H

,

!

E

7! �

� 1

!

E

, � 2 C

�

. W e ha v e also quaternionic structures j

H

and j

E

on H and

E , suc h that !

H

( j

H

x; j

H

y ) = !

H

( x; y ) for all x; y 2 H and !

E

( j

E

x; j

E

y ) = !

E

( x; y )

for all x; y 2 E , where the bar denotes complex conjugation. This implies that




H

:= !

H

( � ; j

H

� ) and 


E

:= !

E

( � ; j

E

� ) are Hermitian forms on H and E . F or �xed

!

H

and !

E

the quaternionic structures j

H

and j

E

are uniquely determined if w e re-

quire that 


H

is p ositiv e de�nite and that � = j

H


 j

E

is the real structure on m

C

,

i.e. the complex conjugation with resp ect to m . The metric g

C

and the Hermitian

form g

C

( � ; � � ) = 


H


 


E

restrict to a real v alued scalar pro duct g of some signature

(4 k ; 4 l ) on m = ( H 
 E )

�

, where (2 k ; 2 l ) is the (real) signature of the Hermitian form




E

= !

E

( � ; j

E

� ). Note that for the holonom y algebra w e ha v e the inclusion

h = Id 
 ( h

C

)

j

E

, ! sp( E )

j

E

= f A 2 sp ( E ) j [ A; j

E

] = 0 g

= aut( E ; !

E

; j

E

)

�

=

aut( m ; g ; J

�

)

�

=

sp( k ; l ) :

Using the symplectic forms w e iden tify H = H

�

and E = E

�

. Then the symplectic

Lie algebras are iden ti�ed with symmetric tensors as follo ws:

sp( H ) = S

2

H ; sp ( E ) = S

2

E :

Since the curv ature tensor R of an y h yp er-K• ahler manifold M

4 n

at a p oin t p 2 M

can b e iden ti�ed with an elemen t R 2 S

2

sp( k ; l ) it is in v arian t under the Lie algebra

sp(1) = span f J

1

; J

2

; J

3

g . Let M = G=K b e a h yp er-K• ahler symmetric space as

ab o v e. By Prop osition 1 w e can extend the Lie algebra g = k + m = h + m to a Lie

algebra

~

g = sp(1) + h + m

of Killing v ector �elds suc h that [sp(1) ; h ] = 0. In the H 
 E -formalism the Lie algebra

sp(1) is iden ti�ed with sp( H )

j

H


 Id � so ( m ).

Lemma 2. Denote by

~

g

C

= sp(1 ; C ) + h

C

+ m

C

the c omplexi�c ation of the Lie

algebr a

~

g . Then the Lie br acket [ � ; � ] : ^

2

m

C

! h

C

c an b e written as

[ h 
 e; h

0


 e

0

] = !

H

( h; h

0

) S

e;e

0

;(3.1)

wher e S 2 ( h

C

)

(2)

:= h

C


 S

2

E

�

\ E 
 S

3

E

�

= h

C


 h

C

\ S

4

E . Mor e over S is sp(1 ; C ) �

h

C

-invariant and satis�es the fol lowing r e ality c ondition: [ S

j

E

e;e

0

� S

e;j

E

e

0

; j

E

] = 0 .

Pr o of: The Lie brac k et [ � ; � ] : ^

2

m

C

! h

C

is an sp(1 ; C ) � h

C

-equiv arian t map,

due to the Jacobi iden tit y . W e decomp ose the sp( H ) � sp( E )-mo dule ^

2

m

C

:

^

2

m

C

= ^

2

( H 
 E ) = ^

2

H 
 S

2

E � S

2

H 
 ^

2

E = !

H


 S

2

E � S

2

H 
 ^

2

E :
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Since h

C

� S

2

E the Lie brac k et de�nes an sp(1 ; C ) � h

C

-in v arian t elemen t of the space

!

H


 S

2

E 
 S

2

E � S

2

H 
 ^

2

E 
 S

2

E . The second summand has no non trivial sp (1 ; C )-

in v arian t elemen ts. Hence the brac k et is of the form (3.1), where S 2 S

2

E

�


 h

C

�

S

2

E 
 S

2

E . The Jacobi iden tit y reads:

0 = [ h 
 e; [ h

0


 e

0

; h

00


 e

00

]] � [[ h 
 e; h

0


 e

0

] ; h

00


 e

00

] � [ h

0


 e

0

; [ h 
 e; h

00


 e

00

]]

= � !

H

( h

0

; h

00

) h 
 S

e

0

;e

00

e � !

H

( h; h

0

) h

00


 S

e;e

0

e

00

+ !

H

( h; h

00

) h

0


 S

e;e

00

e

0

:

Since dim H = 2 w e ma y assume that h; h

0

= h

00

is a symplectic basis, i.e. !

H

( h; h

0

) =

1, and the equation implies: S

e;e

00

e

0

= S

e;e

0

e

00

, i.e. S 2 ( h

C

)

(2)

. The Lie brac k et of

t w o real elemen ts h 
 e + j

H

h 
 j

E

e and h 
 e

0

+ j

H

h 
 j

E

e

0

2 m � m

C

is an elemen t

of h . This giv es:

[ h 
 e + j

H

h 
 j

E

e; h 
 e

0

+ j

H

h 
 j

E

e

0

] = !

H

( h; j

H

h )( S

e;j

E

e

0

� S

j

E

e;e

0

) 2 h :

F rom the fact that the Hermitian form 


H

= !

H

( � ; j

H

� ) is p ositiv e de�nite it fol-

lo ws that !

H

( h; j

H

h ) 6= 0. This establishes the realit y condition since h = f A 2

h

C

j [ A; j

E

] = 0 g .

In fact an y tensor S 2 S

4

E satisfying the conditions of the ab o v e lemma can

b e used to de�ne a h yp er-K• ahler symmetric space as the follo wing theorem sho ws.

W e can iden tify S

4

E with the space C [ E ]

(4)

of homogeneous quartic p olynomials on

E

�

=

E

�

.

Theorem 1. L et S 2 S

4

E , E = C

2 n

, b e a quartic p olynomial invariant under

al l endomorphisms S

e;e

0

2 S

2

E = sp( E ) and satisfying the r e ality c ondition

[ S

j

E

e;e

0

� S

e;j

E

e

0

; j

E

] = 0 :(3.2)

Then it de�nes a hyp er-K• ahler symmetric sp ac e, which is asso ciate d with the fol lowing

c omplex symmetric de c omp osition

g

C

= h

C

+ H 
 E ; h

C

= span f S

e;e

0

j e; e

0

2 E g � sp( E ) :(3.3)

The br acket ^

2

( H 
 E ) ! h

C

is given by (3.1). The r e al symmetric de c omp osition is

de�ne d as � -r e al form g = h + m of (3.3), wher e

k = h = f A 2 h

C

j [ A; j

E

] = 0 g = span f S

j

E

e;e

0

� S

e;j

E

e

0

j e; e

0

2 E g ; m = ( H 
 E )

�

:

The hyp er-K• ahler symmetric sp ac e M asso ciate d to this symmetric de c omp osition is

the quotient M = M

S

= G=K , wher e G is the simply c onne cte d Lie gr oup with Lie

algebr a g and K � G is the c onne cte d (and close d) sub gr oup with Lie algebr a k = h .

Mor e over any simply c onne cte d hyp er-K• ahler symmetric sp ac e c an b e obtaine d

by this c onstruction. Two hyp er-K• ahler symmetric sp ac es M

S

and M

S

0

de�ne d by

quartics S and S

0

ar e isomorphic if and only if S and S

0

ar e in the same orbit of the

gr oup Aut ( E ; !

E

; j

E

) = f A 2 Sp( E ) j [ A; j

E

] = 0 g

�

=

Sp( k ; l ) .

Pr o of: First of all w e note that h

C

= S

E ;E

:= span f S

e;e

0

j e; e

0

2 E g is a subalgebra

of sp ( E ) b ecause

[ S

e;e

0

; S

f ;f

0

] = ( S

e;e

0

� S )

f ;f

0

� S

S

e;e

0

f ;f

0

� S

f ;S

e;e

0

f

0

= � S

S

e;e

0

f ;f

0

� S

f ;S

e;e

0

f

0

2 h

C

:
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Since S is h

C

-in v arian t and completely symmetric w e can c hec k, as in Lemma 2, that

the Jacobi iden tit y is satis�ed and that (3.3) de�nes a complex symmetric decomp o-

sition. W e pro v e that h := span f S

j

E

e;e

0

� S

e;j

E

e

0

j e; e

0

2 E g � f A 2 h

C

j [ A; j

E

] = 0 g

de�nes a real form of h

C

. Indeed for e; e

0

2 E w e ha v e

S

e;e

0

=

1

2

( S

e;e

0

+ S

j

E

e;j

E

e

0

) �

p

� 1

2

(

p

� 1 S

e;e

0

�

p

� 1 S

j

E

e;j

E

e

0

)

=

1

2

( S

j

E

e

00

;e

0

� S

e

00

;j

E

e

0

) �

p

� 1

2

( S

j

E

e

00

;

p

� 1 e

0

� S

e

00

;j

E

p

� 1 e

0

) ;

where e

00

= � j

E

e . Due to the realit y condition the restriction of the Lie brac k et

[ � ; � ] : ^

2

m

C

! h

C

to ^

2

m has v alues in h and g = h + m is a symmetric decomp osition

with [ m ; m ] = h . The metric g

C

= !

H


 !

E

de�nes a real v alued scalar pro duct g

of some signature ( p; q ) on m = ( H 
 E )

�

, whic h is in v arian t under the Lie algebra

h . Since [ h ; j

E

] = 0 the holonom y algebra h � sp( k ; l ), p = 4 k , q = 4 l . Hence this

symmetric decomp osition de�nes a h yp er-K• ahler symmetric space.

By Lemma 2 an y h yp er-K• ahler symmetric space can b e obtained b y this con-

struction. It is w ell kno wn that a simply connected symmetric space M of signature

( p; q ) is determined b y its abstract curv ature tensor R 2 S

2

( ^

2

V ), V = R

p;q

, and

t w o tensors R and R

0

de�ne isometric symmetric spaces if and only if they b elong

to the same O( V ) orbit. Similarly a simply connected h yp er-K• ahler symmetric space

is determined up to isometry b y its abstract curv ature tensor R 2 S

2

( ^

2

V ), where

V = R

4 k ; 4 l

is the pseudo-Euclidean v ector space with �xed h yp ercomplex structure

J

�

2 O ( V ). F or a h yp er-K• ahler symmetric space the complexi�ed curv ature tensor

has the form

R ( h 
 e; h

0


 e

0

) = � !

H

( h; h

0

) S

e;e

0

;

where S 2 S

4

E is the quartic form of Lemma 2. Tw o suc h curv ature tensors de�ne

isomorphic h yp er-K• ahler symmetric spaces if and only if they b elong to the same

orbit of Aut ( R

4 k ; 4 l

; J

�

) = Sp( k ; l ). The group Sp( k ; l ) acts on V

C

= H 
 E as

Id 
 Sp ( E )

j

E

= Id 
 Aut ( E ; !

E

; j

E

). Hence t w o curv ature tensors R = � !

H


 S and

R

0

= � !

H


 S

0

are in the same Sp( k ; l )-orbit if and only if S and S

0

are in the same

Sp( k ; l )-orbit on S

4

E .

4. Complex Hyp er-K • ahler Symmetric Spaces.

4.1. Complex h yp er-K • ahler manifolds. A complex Riemannian mani-

fold is a complex manifold M equipp ed with a complex metric g , i.e. a holomorphic

section g 2 �( S

2

T

�

M ) whic h de�nes a nondegenerate complex quadratic form. As

in the real case an y suc h manifold has a unique holomorphic torsionfree and met-

ric connection (Levi-Civita connection). A complex h yp er-K • ahler manifold is

a complex Riemannian manifold ( M

4 n

; g ) of complex dimension 4 n together with a

compatible h yp ercomplex structure, i.e. three g -orthogonal parallel complex linear

endomorphisms ( J

1

; J

2

; J

3

= J

1

J

2

) with J

2

�

= � 1. This means that the holonom y

group Hol � Sp( n; C ) = Z

O (4 n; C )

(Sp(1 ; C ) ). The linear group Sp ( n; C ) is diagonally

em b edded in to Sp( n; C ) � Sp ( n; C ) � GL(4 n; C ). Tw o complex h yp er-K• ahler mani-

folds ( M ; g ; J

�

) ( � = 1 ; 2 ; 3) and ( M

0

; g

0

; J

0

�

) are called isomorphic if there exists a

holomorphic isometry ' : M ! M

0

suc h that '

�

J

0

�

= J

�

and '

�

g

0

= g .
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W e will sho w that the complex h yp er-K• ahler structure can b e describ ed as a half-


at Grassmann structure of a certain t yp e. A Grassmann structure on a complex

Riemannian manifold ( M ; g ) is a decomp osition of the (holomorphic) tangen t bundle

T M

�

=

H 
 E in to the tensor pro duct of t w o holomorphic v ector bundles H and E

of rank 2 m and 2 n with holomorphic nondegenerate 2-forms !

H

and !

E

suc h that

g = !

H


 !

E

. The Grassmann structure will b e called parallel if the Levi-Civita

connection r = r

T M

can b e decomp osed as:

r = r

H


 Id + Id 
 r

E

;

where r

H

and r

E

are (uniquely de�ned) symplectic connections in the bundles H

and E . A parallel Grassmann structure will b e called half-
at if r

H

is 
at. Note that

a parallel Grassmann structure on a simply connected manifold is half-
at if and only

if the holonom y group of the Levi-Civita connection is con tained in Id 
 Sp ( n; C ) �

Sp( m; C ) 
 Sp( n; C ) � O( C

2 m


 C

2 n

).

Pr oposition 5. A c omplex hyp er-K• ahler structur e ( g ; J

�

) on a simply c onne cte d

c omplex manifold M is e quivalent to the fol lowing ge ometric data:

(i) a half-
at Gr assmann structur e ( T M ; g ; r )

�

=

( H ; !

H

; r

H

) 
 ( E ; !

E

; r

E

) and

(ii) an isomorphism of 
at symple ctic ve ctor bund les H

�

=

M � C

2

. Under this

isomorphism !

H

= h

�

1

^ h

�

2

, wher e ( h

1

; h

2

) is the standar d b asis of C

2

c onsid-

er e d as p ar al lel fr ame of the trivial bund le H = M � C

2

.

Mor e pr e cisely,

J

1

= R

i


 Id ; J

2

= R

j


 Id ; and J

3

= R

k


 Id ;(4.1)

wher e we have identi�e d C

2

= C h

1

� C h

2

with H = span

R

f 1 ; i; j; k g = span

C

f 1 ; j g =

C 1 � C j with the c omplex structur e de�ne d by left-multiplic ation by i and R

x

denotes

the right-multiplic ation by the quaternion x 2 H .

Pr o of: It is easy to c hec k that the geometric data (i) and (ii) de�ne a complex

h yp er-K• ahler structure on M . Con v ersely let ( g ; J

�

) b e a complex h yp er-K• ahler

structure on M . The endomorphism J

1

has eigen v alues � i and the tangen t space can

b e decomp osed in to a sum of eigenspaces

T M = E

+

� E

�

:

F rom the J

1

-in v ariance of the metric g it follo ws that g ( E

�

; E

�

) = 0 and w e can

iden tify E

�

= E

�

with the dual space of E = E

+

. Since J

2

an ticomm utes with J

1

it in terc hanges E and E

�

and hence de�nes an isomorphism E

�

! E

�

. No w g ( � ; J

2

� )

de�nes a symplectic form !

E

on E . Let H = M � C

2

= M � ( C h

1

� C h

2

) b e the

trivial bundle with 2-form !

H

= h

�

1

^ h

�

2

. Then w e can iden tify

T M = E � E

�

= E � E = h

1


 E � h

2


 E = H 
 E :

W e c hec k that under this iden ti�cation w e ha v e g = !

H


 !

E

. Note that b oth sides

v anish on h

1


 E and h

2


 E and !

H

( h

1

; h

2

) = 1. W e calculate for e; e

0

2 E = E

+

=

h

1


 E :

g ( e; J

2

e

0

) = !

E

( e; e

0

) = !

H

( h

1

; h

2

) !

E

( e; e

0

) = ( !

H


 !

E

)( h

1


 e; h

2


 e

0

) :

Hence w e ha v e a Grassmann structure. The eigenspaces E

�

of the parallel endomor-

phism J

1

are in v arian t under parallel transp ort. Therefore the Levi-Civita connection
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r induces a connection r

E

in the bundle E . Since r g = 0 and r J

2

= 0 w e ha v e

r

E

!

E

= 0. W e de�ne a 
at connection r

H

on the trivial bundle H = M � C

2

b y

the condition r

H

h

1

= r

H

h

2

= 0. Then r = r

H


 Id + Id 
 r

E

. So the Grassmann

structure is half-
at.

Finally , using the standard iden ti�cation C

2

= H , one can easily c hec k that the

J

�

are giv en b y (4.1).

4.2. Complexi�cation of real h yp er-K • ahler manifolds. Let ( M ; g ; J

�

) b e

a (real) h yp er-K• ahler manifold. W e will assume that it is real analytic. This is

automatically true if the metric g is p ositiv e de�nite since it is Ricci-
at and a fortiori

Einstein. Using analytic con tin uation w e can extend ( M ; g ; J

�

) to a complex h yp er-

K• ahler manifold ( M

C

; g

C

; J

C

�

) equipp ed with an an tiholomorphic in v olution T . In

complex lo cal co ordinates z

j

= x

j

+ iy

j

whic h are extension of real analytic co ordinates

x

j

; y

j

the in v olution is giv en b y the complex conjugation z

j

! �z

j

= x

j

� iy

j

. W e

can reconstruct the (real) h yp er-K• ahler manifold as the �xed p oin t set of T . W e will

call ( M ; g ; J

�

) a real form of ( M

C

; g

C

; J

C

�

) and ( M

C

; g

C

; J

C

�

) the complexi�cation of

( M ; g ; J

�

).

In general a complex h yp er-K• ahler manifold has no real form. A necessary con-

dition is that the holonom y group of r

E

is con tained in Sp ( k ; l ), n = k + l , and hence

preserv es a quaternionic structure. Then w e can de�ne a parallel an tilinear endo-

morphism �eld j

E

: E ! E suc h that j

2

E

= � 1 and !

E

( j

E

x; j

E

y ) = !

E

( x; y ) for all

x; y 2 E , where the bar denotes complex conjugation. W e de�ne a parallel an tilinear

endomorphism �eld j

H

: H ! H as the left-m ultiplication b y the quaternion j on

H = M � H . Then � = j

H


 j

E

de�nes a �eld of real structures in T M = H 
 E .

W e denote b y D � T M the real eigenspace distribution of � with eigen v alue 1. Here

T M is considered as real tangen t bundle of the real manifold M . If M

�

� M is a leaf

of D of real dimension 4 n then the data ( g ; J

�

) induce on M

�

a (real) h yp er-K• ahler

structure.

4.3. Complex h yp er-K • ahler symmetric spaces. A complex Riemannian

symmetric space is a complex Riemannian manifold ( M ; g ) suc h that an y p oin t is

an isolated �xed p oin t of an isometric holomorphic in v olution. Lik e in the real case

one can pro v e that it admits a transitiv e complex Lie group of holomorphic isometries

and that an y simply connected complex Riemannian symmetric M is asso ciated to a

complex symmetric decomp osition

g = k + m ; [ k ; k ] � k ; [ k ; m ] � m ; [ m ; m ] = k(4.2)

of a complex Lie algebra g together with an ad

k

-in v arian t complex scalar pro duct on

m . More precisely M = G=K , where G is the simply connected complex Lie group

with the Lie algebra g and K is the (closed) connected subgroup asso ciated with

k . The holonom y group of suc h manifold is H = Ad

K

j m . An y pseudo-Riemannian

symmetric space M = G=K asso ciated with a symmetric decomp osition g = k + m

has a canonical complexi�cation M

C

= G

C

=K

C

de�ned b y the complexi�cation g

C

=

k

C

+ m

C

of the symmetric decomp osition. Prop osition 1 remains true for complex

Riemannian symmetric spaces. Ignoring the realit y condition w e obtain the follo wing

complex v ersion of Theorem 1.

Theorem 2. L et S 2 S

4

E , E = C

2 n

, b e a quartic p olynomial invariant under al l

endomorphisms S

e;e

0

2 S

2

E = sp( E ) . Then it de�nes a c omplex hyp er-K• ahler sym-

metric sp ac e, which is asso ciate d with the fol lowing c omplex symmetric de c omp osition

g = h + H 
 E ; h = S

E ;E

= span f S

e;e

0

j e; e

0

2 E g � sp( E ) :(4.3)
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The br acket ^

2

( H 
 E ) ! h is given by (3.1). The c omplex hyp er-K• ahler symmetric

sp ac e M asso ciate d to this symmetric de c omp osition is the quotient M = M

S

= G=K ,

wher e G is the (c omplex) simply c onne cte d Lie gr oup with Lie algebr a g and K � G

is the c onne cte d (and close d) sub gr oup with Lie algebr a k = h .

Mor e over any simply c onne cte d c omplex hyp er-K• ahler symmetric sp ac e c an b e

obtaine d by this c onstruction. Two c omplex hyp er-K• ahler symmetric sp ac es M

S

and

M

S

0

de�ne d by quartics S and S

0

ar e isomorphic if and only if S and S

0

ar e in the

same orbit of Aut ( E ; !

E

) = Sp( E )

�

=

Sp ( n; C ) .

Cor ollar y 1. Ther e is a natur al bije ction b etwe en simply c onne cte d c omplex

hyp er-K• ahler symmetric sp ac es of dimension 4 n up to isomorphism and Sp( n; C ) -

orbits on the sp ac e of quartic p olynomials S 2 S

4

E in the symple ctic ve ctor sp ac e

E = C

2 n

such that

S

e;e

0

� S = 0 for al l e; e

0

2 E :(4.4)

4.4. Classi�cation of complex h yp er-K • ahler symmetric spaces. The fol-

lo wing complex v ersion of Prop osition 4 (with similar pro of ) will b e a crucial step in

the classi�cation of complex h yp er-K• ahler symmetric spaces.

Pr oposition 6. L et ( M = G=K ; g ; J

�

) b e a simply c onne cte d c omplex hyp er-

K• ahler symmetric sp ac e. Then the holonomy gr oup of M is solvable and M admits a

tr ansitive solvable Lie gr oup of automorphisms.

Due to Corollary 1 the classi�cation of simply connected complex h yp er-K• ahler

symmetric spaces reduces to the determination of quartic p olynomials S satisfying

(4.4). Belo w w e will determine all suc h p olynomials. W e will pro v e that the follo wing

example giv es all suc h p olynomials.

Example 1: Let E = E

+

� E

�

b e a Lagrangian decomp osition, i.e. ! ( E

�

; E

�

) =

0, of the symplectic v ector space E = C

2 n

. Then an y p olynomial S 2 S

4

E

+

� S

4

E

satis�es the condition (4.4) and de�nes a simply connected complex h yp er-K• ahler

symmetric space M

S

with Ab elian holonom y algebra h = S

E

+

;E

+

� S

2

E

+

� S

2

E =

sp( E ).

In fact, since E

+

is Lagrangian the endomorphisms from S

2

E

+

form an Ab elian

subalgebra of sp( E ), whic h acts trivially on E

+

and hence on S

4

E

+

.

Theorem 3. L et S 2 S

4

E b e a quartic p olynomial satisfying (4.4). Then ther e

exists a L agr angian de c omp osition E = E

+

� E

�

such that S 2 S

4

E

+

.

Pr o of: According to Theorem 2 the quartic S de�nes a h yp er-K• ahler symmetric

space with holonom y Lie algebra h = S

E ;E

. Since, b y Prop osition 6, h is solv-

able, Lie's theorem implies the existence of a one-dimensional h -in v arian t subspace

P = C p � E . There exists an ! -nondegenerate subspace W � E suc h that the ! -

orthogonal complemen t of P is P

?

= P � W . W e c ho ose a v ector q 2 E suc h that

! ( p; q ) = 1 and ! ( W ; q ) = 0 and put Q := C q . Then w e ha v e

E = P � W � Q :

Since h preserv es P w e ha v e the follo wing inclusion

h � P E + W

2

= P

2

+ P W + P Q + W

2

;

where w e use the notation X Y = X _ Y for the symmetric pro duct of subspaces

X ; Y � E . Then the second prolongation h

(2)

= f T 2 S

4

E j T

e;e

0

2 h for all e; e

0

2 E g
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has the follo wing inclusion

h

(2)

� P

3

E + P

2

W

2

+ P W

3

+ W

4

= P

4

+ P

3

Q + P

3

W + P

2

W

2

+ P W

3

+ W

4

:(4.5)

Indeed h

(2)

� h

2

= P

4

+ P

3

Q + P

3

W + P

2

Q

2

+ P

2

W Q + P

2

W

2

+ P QW

2

+ P W

3

+ W

4

.

The pro jection h

(2)

! P

2

Q

2

+ P

2

W Q + P QW

2

is zero b ecause otherwise S

q ;q

2 h �

P E + W

2

w ould ha v e a nonzero pro jection to Q

2

+ W Q or S

w ;q

2 h w ould ha v e a

nonzero pro jection to QW for appropriate c hoice of w 2 W . By (4.5) w e can write

the quartic S as

S = p

3

( �p + �q + w

0

) + p

2

B + pC + D ;

where �; � 2 C , w

0

2 W , B 2 S

2

W , C 2 S

3

W and D 2 S

4

W . F rom no w on w e will

iden tify S

d

E with the space C [ E

�

]

( d )

of homogeneous p olynomials on E

�

of degree d .

Then the ! -con traction T

x

= �

! x

T = T ( ! x; : : : ) of a tensor T 2 S

d

E with a v ector

x 2 E is iden ti�ed with the follo wing homogeneous p olynomial of degree d � 1:

T

x

=

1

d

@

! x

T ;

where @

! x

T is the deriv ativ e of the p olynomial T 2 C [ E

�

]

( d )

in the direction of

! x = ! ( x; � ) 2 E

�

. F or example p

q

= h p; ! q i = ! ( q ; p ) = @

! q

p = � @

p

�

p = � 1 = � q

p

.

F rom S

p;q

= �

1

4

�p

2

and the condition S

p;q

� S = 0 w e obtain � = 0, since

p

2

� S = �p

4

. This implies S

p; �

= 0. Next w e compute:

S

q ;q

=

1

6

(6 �p

2

+ 3 pw

0

+ B )

S

q ;w

= �

1

12

( � 3 p

2

! ( w

0

; w ) + 2 p@

! w

B + @

! w

C )

= �

1

12

( � 3 p

2

! ( w

0

; w ) + 4 pB

w

+ 3 C

w

)

S

w ;w

0

=

1

6

( p

2

B

w ;w

0

+ 3 pC

w ;w

0

+ 6 D

w ;w

0

)

for an y w ; w

0

2 W .

No w the condition (4.4) can b e written as follo ws:

0 = 6 S

q ;q

� S = (3 pw

0

+ B ) � S = (

3

2

( p 
 w

0

+ w

0


 p ) + B ) � S

=

3

2

(2 p

3

B

w

0

+ 3 p

2

C

w

0

+ 4 pD

w

0

) + p

3

B w

0

+ p

2

B � B + pB � C + B � D

= � 2 p

3

B w

0

+

9

2

p

2

C

w

0

+ p (6 D

w

0

+ B � C ) + B � D :

Note that B w

0

= � B

w

0

and B � B = [ B ; B ] = 0.

0 = � 12 S

q ;w

� S = (4 pB

w

+ 3 C

w

) � S

= 2( p

4

! ( B

w

; w

0

) + 2 p

3

B

2

w � 3 p

2

C

B w

� 4 pD

B w

)

+3( p

3

C

w

w

0

+ p

2

C

w

� B + pC

w

� C + C

w

� D )

= 2 p

4

! ( B

w

; w

0

) + p

3

(4 B

2

w + 3 C

w

w

0

) + p

2

( � 6 C

B w

+ 3 C

w

� B )
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+ p ( � 8 D

B w

+ 3 C

w

� C ) + 3 C

w

� D

0 = 2 S

w ;w

0

� S =

1

2

( p 
 C

w ;w

0

+ C

w ;w

0


 p ) � S + 2 D

w ;w

0

� S

=

1

2

( p

4

! ( C

w ;w

0

; w

0

) � 2 p

3

B C

w ;w

0

+ 3 p

2

C

C

w ;w

0

+ 4 pD

C

w ;w

0

) +

2( p

3

D

w ;w

0

w

0

+ p

2

D

w ;w

0

� B + pD

w ;w

0

� C + D

w ;w

0

� D )

=

1

2

p

4

! ( C

w ;w

0

; w

0

) + p

3

( � B C

w ;w

0

+ 2 D

w ;w

0

w

0

) +

p

2

(

3

2

C

C

w ;w

0

+ 2 D

w ;w

0

� B ) + p (2 D

C

w ;w

0

+ 2 D

w ;w

0

� C ) + 2 D

w ;w

0

� D :

This giv es the follo wing system of equations:

(1) B w

0

= 0

(2) C

w

0

= 0

(3) 6 D

w

0

+ B � C = 0

(4) B � D = 0

(5) ! ( B

w

; w

0

) = 0

(6) 4 B

2

w + 3 C

w

w

0

= 0

(7) � 2 C

B w

+ C

w

� B = 0

(8) � 8 D

B w

+ 3 C

w

� C = 0

(9) C

w

� D = 0

(10) ! ( C

w

w

0

; w

0

) = 0

(11) � B C

w

w

0

+ 2 D

w ;w

0

w

0

= 0

(12)

3

2

C

C

w

w

0

+ 2 D

w ;w

0

� B = 0

(13) D

C

w

w

0

+ D

w ;w

0

� C = 0

(14) D

w ;w

0

� D = 0 :

Note that (5) and (10) follo w from (1) and (2) and that using (2) equation (6) sa ys

that the endomorphism B has zero square:

(6

0

) B

2

= 0 :

Eliminating D

w

0

in equations (3) and (11) w e obtain:

(15) 0 = ( B � C )

w

w

0

+ 3 B C

w

w

0

= B C

w

w

0

� C

B w

w

0

� C

w

B w

0

+ 3 B C

w

w

0

= 4 B C

w

w

0

� C

B w

w

0

� C

w

B w

0

:

W e can rewrite (7) as:

(7

0

) � 2 C

B w

w

0

+ C

w

B w

0

� B C

w

w

0

= 0 :

Eliminating C

B w

w

0

in (7

0

) and (15) w e obtain:

(16) � 3 B C

w

w

0

+ C

w

B w

0

= 0 :

Since the �rst summand is symmetric in w and w

0

w e get

(17) C

w

B w

0

= C

w

0

B w = C

B w

w

0

:

No w using (17) w e can rewrite (15) as:

(15

0

) 2 B C

w

w

0

� C

w

B w

0

= 0 :
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The equations (15

0

) and (16) sho w that B C

w

w

0

= C

w

B w

0

= C

B w

w

0

= 0 and

hence also B � C = 0. This implies D

w

0

= 0, b y (3). No w w e can rewrite (1-14) as:

B w

0

= C

w

0

= D

w

0

= 0(4.6)

B � C = B � D = 0(4.7)

B

2

= 0(4.8)

C

B w

= C

w

B = B C

w

= 0(4.9)

� 8 D

B w

+ 3 C

w

� C = 0(4.10)

C

w

� D = 0(4.11)

3

2

C

C

w

w

0

+ 2 D

w ;w

0

� B = 0(4.12)

D

C

w

w

0

+ D

w ;w

0

� C = 0(4.13)

D

w ;w

0

� D = 0 :(4.14)

No w to pro ceed further w e decomp ose K := k er B = W

0

� W

0

, where W

0

= k er ! j K

and W

0

is a (nondegenerate) complemen t. Let us denote b y W

1

a complemen t to K in

W suc h that ! ( W

0

; W

1

) = 0. Then W

0

+ W

1

is the ! -orthogonal complemen t to the

B -in v arian t nondegenerate subspace W

0

. This sho ws that B W

1

� ( W

0

+ W

1

) \ K =

W

0

. Moreo v er since W

1

\ K = 0 the map B : W

1

! W

0

is injectiv e and hence

dim W

1

� dim W

0

. On the other hand dim W

1

� dim W

0

, since W

0

is an isotropic

subspace of the symplectic v ector space W

0

+ W

1

. This sho ws that B : W

1

! W

0

is

an isomorphism.

Lemma 3. C 2 S

3

K and D 2 S

4

K .

Pr o of: Since W

0

= B W the equation (4.9) sho ws that C

W

0

= 0, whic h pro v es the

�rst statemen t. F rom (4.10) and the iden tit y

( C

x

� C )

y

= [ C

x

; C

y

] � C

C

x

y

(4.15)

w e obtain

D

B x;y

+ D

B y ;x

=

3

8

(( C

x

� C )

y

+ ( C

y

� C )

x

) = �

3

4

C

C

x

y

:(4.16)

The equation B � D = 0 (4.7) reads:

0 = ( B � D )

x;y

= [ B ; D

x;y

] � D

B x;y

� D

x;B y

:

Using this (4.12) yields:

D

B x;y

+ D

B y ;x

= [ B ; D

x;y

] = � D

x;y

� B =

3

4

C

C

x

y

:(4.17)
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No w from (4.16) and (4.17) w e obtain that

0 = C

C

x

y

z = C

z

C

x

y

for all x; y ; z 2 W . This implies [ C

x

; C

y

] = 0 for all x; y 2 W and hence

C

x

� C = 0(4.18)

for all x 2 W , b y (4.15). Finally this sho ws that D

W

0

= 0 b y (4.10). This pro v es the

second statemen t.

Lemma 4. D

x;y

C

z

= C

z

D

x;y

= 0 for al l x; y ; z 2 W .

Pr o of: Using (4.13) w e compute:

D

x;y

C

z

w = D

C

z

w ;x

y = � ( D

z ;w

� C )

x

y = � ([ D

z ;w

; C

x

] y � C

D

z ;w

x

y ) :(4.19)

F rom (4.11) w e get:

0 = ( C

x

� D )

z ;w

y = [ C

x

; D

z ;w

] y � D

C

x

z ;w

y � D

z ;C

x

w

y

= C

x

D

z ;w

y � D

z ;w

C

x

y � D

y ;w

C

x

z � D

z ;y

C

x

w ;

and hence:

[ D

z ;w

; C

x

] y = � D

y ;w

C

x

z � D

z ;y

C

x

w ;

and

C

D

z ;w

x

y = C

y

D

z ;w

x = D

z ;w

C

x

y + D

x;w

C

y

z + D

z ;x

C

y

w :

No w w e eliminate the C D -terms from (4.19) arriving at:

D

x;y

C

z

w = ( D

y ;w

C

x

z + D

z ;y

C

x

w + D

z ;w

C

x

y + D

x;w

C

y

z + D

z ;x

C

y

w ) :(4.20)

Considering all the p erm utations of ( x; y ; z ; w ) w e get 6 homogeneous linear equations

for the 6 terms of equation (4.20) with the matrix:

0

B

B

B

B

B

B

@

� 1 1 1 1 1 1

1 � 1 1 1 1 1

1 1 � 1 1 1 1

1 1 1 � 1 1 1

1 1 1 1 � 1 1

1 1 1 1 1 � 1

1

C

C

C

C

C

C

A

This is the matrix of the endomorphism � 2 Id + e 
 e in the arithmetic space R

6

, where

e = e

1

+ : : : + e

6

; ( e

i

) the standard basis. It has eigen v alues (4 ; � 2 ; � 2 ; � 2 ; � 2 ; � 2).

This sho ws that the matrix is nondegenerate and pro v es the lemma.

F or a symmetric tensor T 2 S

d

W w e denote b y

�

T

:= span f T

x

1

;x

2

;::: ;x

d � 2

x

d � 1

j x

1

; x

2

; : : : x

d � 1

2 W g � W

the supp ort of T .
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Lemma 5. The supp orts of the tensors B 2 S

2

W , C 2 S

3

W and D 2 S

4

W

admit the fol lowing inclusions

�

B

+ �

C

� k er B \ k er C \ k er D ; �

D

� k er B \ k er C :

Mor e over �

B

+ �

C

is isotr opic and ! (�

D

; �

B

+ �

C

) = 0 .

Pr o of: The �rst statemen t follo ws from B

2

= B C

x

= B D

x;y

= C

x

B = C

x

C

y

=

C

x

D

y ;z

= D

x;y

B = D

x;y

C

z

= 0 for all x; y ; z 2 W . The second statemen t follo ws from

the �rst and the de�nition of supp ort, e.g. if z = C

x

y 2 �

C

and w 2 �

B

+ �

C

+ �

D

�

k er C w e compute:

! ( z ; w ) = ! ( C

x

y ; w ) = � ! ( y ; C

x

w ) = 0 :

Lemma 6. The Lie algebr a D

W ;W

� S

2

W

�

=

sp( W ) is solvable.

Pr o of: This follo ws from Prop osition 6, since D 2 S

4

W satis�es (4.4) and hence

de�nes a complex h yp er-K• ahler symmetric space with holonom y Lie algebra D

W ;W

. It

also follo ws from the solv abilit y of S

E ;E

as w e sho w no w. In terms of the decomp osition

E = P + W + Q an endomorphism

S

x;y

= ( �p

4

+ p

3

w

0

+ p

2

B + pC + D )

x;y

= ( p

2

B + pC + D )

x;y

= B ( x; y ) p

2

� pC

x

y + D

x;y

;

where x; y 2 W , is represen ted b y

0

@

0 � ( C

x

y )

t

B ( x; y )

0 D

x;y

� C

x

y

0 0 0

1

A

:

Since the Lie algebra S

E ;E

is solv able this implies that the Lie algebra D

W ;W

, whic h

corresp onds to the induced represen tation of S

E ;E

on P

?

=P

�

=

W , is also solv able.

Lemma 7.

! ( w

0

; �

B

+ �

C

+ �

D

) = 0 :

Pr o of: Note that w

0

2 k er B \ k er C \ k er D , due to equations (1-3) and (4.7). This

implies the lemma. In fact, if e.g. y = B x 2 �

B

then

! ( w

0

; y ) = ! ( w

0

; B x ) = � ! ( B w

0

; x ) = 0 ;

whic h sho ws that ! ( w

0

; �

B

) = 0

No w to �nish the pro of of Theorem 3 w e will use induction on the dimension

dim E = 2 n . If n = 1 the (solv able) holonom y algebra h is a prop er subalgebra of

S

2

E

�

=

sl(2 ; C ). Without loss of generalit y w e ma y assume that either

a) h = C p

2

or

b) h = C pq or

c) h = C p

2

+ C pq ,

where ( p; q ) is a symplectic basis of E . In the all three cases the Lie algebra S

E ;E

=

h � C p

2

+ C pq and hence

S = �p

4

+ �p

3

q :
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In the cases b) and c) w e ha v e that pq 2 h and since

pq � S =

1

2

( p 
 q + q 
 p ) � S = � 2 �p

4

� �p

3

q = 0

it follo ws that S = 0. In the case a) from S

E ;E

= h = C p

2

w e ha v e that S = �p

4

. This

tensor is in v arian t under h = C p

2

and b elongs to the fourth symmetric p o w er of the

Lagrangian subspace C p � E . This establishes the �rst step of the induction. No w

b y induction using equation (4.14) and Lemma 6 w e ma y assume that �

D

is isotropic.

No w Lemma 5 and Lemma 7 sho w that C w

0

+ �

B

+ �

C

+ �

D

is isotropic and hence

is con tained in some Lagrangian subspace E

+

� E . This implies that S 2 S

4

E

+

.

No w w e giv e a necessary and su�cien t condition for a symmetric manifold M =

M

S

, S 2 S

4

E

+

, to ha v e no 
at de Rham factor.

Pr oposition 7. The c omplex hyp er-K• ahler symmetric sp ac e M

S

, S 2 S

4

E

+

,

has no 
at de R ham factor if and only if the supp ort �

S

= E

+

.

Pr o of: If M = M

S

= G=K has a 
at factor M

0

, suc h that M = M

1

� M

0

, then this

induces a decomp osition E = E

1

� E

0

and S 2 S

4

E

1

; hence �

S

� E

1

\ E

+

6= E

+

.

Con v ersely let S 2 S

4

E

+

, assume that E

1

+

= �

S

� E

+

is a prop er subspace and

c ho ose a complemen tary subspace E

0

+

. W e denote b y E

1

�

and E

0

�

the annihilator of

! E

0

+

and ! E

1

+

resp ectiv ely . Let us denote E

1

= E

1

+

� E

1

�

, E

0

= E

0

+

� E

0

�

, m

1

=

H 
 E

1

and m

0

= H 
 E

0

. Then E

0

; E

1

� E are ! -nondegenerate complemen tary

subspaces and m

0

; m

1

� m = T

o

M are g -nondegenerate complemen tary subspaces.

Since S 2 S

4

E

1

+

the Lie algebra g = h + m = ( h + m

1

) � m

0

has the Ab elian direct

summand m

0

, see (3.1), whic h giv es rise to a 
at factor M

0

� M

S

= M

1

� M

0

.

Theorem 4. A ny simply c onne cte d c omplex hyp er-K• ahler symmetric sp ac e with-

out 
at de R ham factor is isomorphic to a c omplex hyp er-K• ahler symmetric sp ac e of

the form M

S

, wher e S 2 S

4

E

+

and E

+

� E is a L agr angian subsp ac e of the c omplex

symple ctic ve ctor sp ac e E = C

2 n

. Mor e over ther e is a natur al 1-1 c orr esp ondenc e b e-

twe en simply c onne cte d c omplex hyp er-K• ahler symmetric sp ac es without 
at factor up

to isomorphism and orbits O of the gr oup Aut( E ; ! ; E

+

) j E

+

= f A 2 S p ( E ) j AE

+

=

E

+

gj E

+

�

=

GL( E

+

)

�

=

GL( n; C ) on the sp ac e S

4

E

+

such that �

S

= E

+

for al l S 2 O .

Pr o of: This is a corollary of Theorem 2, Theorem 3 and Prop osition 7.

Let M = G=K b e a simply connected complex h yp er-K• ahler symmetric space

without 
at factor. By Theorem 3 and Prop osition 7 it is asso ciated to quartic p oly-

nomial S 2 S

4

E

+

with supp ort �

S

= E

+

. No w w e describ e the Lie algebra aut( M

S

)

of the full group of automorphisms, i.e. isometries whic h preserv e the h yp ercomplex

structure, of M

S

.

Theorem 5. L et M

S

= G=K b e as ab ove. Then the ful l automorphism algebr a

is given by

aut( M

S

) = aut( S ) + g ;

wher e A 2 aut( S ) = f B 2 gl ( E

+

) j B � S = 0 g acts on g = h + m as fol lows. It

pr eserves the de c omp osition and acts on h = S

E ;E

by

[ A; S

x;y

] = S

Ax;y

+ S

x;Ay

for al l x; y 2 E and on m = H 
 E by

[ A; h 
 e ] = h 
 Ae ;
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wher e gl( E

+

) is c anonic al ly emb e dde d into sp( E ) .

Pr o of: By (the complex v ersion of ) Prop osition 1 it is su�cien t to determine

the cen tralizer c of sp(1 ; C ) in the full isotrop y algebra

~

h = aut( R ) � sp (1 ; C ) � h .

Equation (2.2) sho ws that

c = f Id 
 A j A 2 sp( E ) ; A � S = [ A; S ( � ; � )] � S ( A � ; � ) � S ( � ; A � ) = 0 g :

F rom A � S = 0 w e obtain that the comm utator [ A; S

x;y

] = S

Ax;y

+ S

x;Ay

for all

x; y 2 E and A �

S

= AE

+

� E

+

. This implies c = aut( S ).

5. Classi�cation of Hyp er-K • ahler Symmetric Spaces. Using the descrip-

tion of complex h yp er-K• ahler symmetric spaces giv en in Theorem 4 w e will no w clas-

sify (real) h yp er-K• ahler symmetric spaces. Recall that a simply connected pseudo-

Riemannian manifold is called indecomp osable if it is not a Riemannian pro d-

uct of t w o pseudo-Riemannian manifolds. An y simply connected pseudo-Riemannian

manifold can b e decomp osed in to the Riemannian pro duct of indecomp osable pseudo-

Riemannian manifolds. By W u's theorem [W] a simply connected pseudo-Riemannian

manifold is indecomp osable if and only if its holonom y group is w eakly irreducible ,

i.e. has no in v arian t prop er nondegenerate subspaces. Therefore it is su�cien t to

classify (real) h yp er-K• ahler symmetric spaces with inde c omp osable holonom y .

Let ( M = G=K ; g ; J

�

) b e a h yp er-K• ahler symmetric space asso ciated to a sym-

metric decomp osition (2.1). The complexi�ed tangen t space of M is iden ti�ed with

m

C

= H 
 E , the tensor pro duct of to complex symplectic v ector spaces with quater-

nionic structure j

H

and j

E

suc h that � = j

H


 j

E

is the complex conjugation of m

C

with resp ect to m . By Theorem 1 it is de�ned b y a quartic p olynomial S 2 S

4

E sat-

isfying the conditions of the theorem. Moreo v er the holonom y algebra h acts trivially

on H and is iden ti�ed with the real form of the complex Lie algebra S

E ;E

� sp( E )

giv en b y h = span f S

j e;e

0

� S

e;j e

0

j e; e

0

2 E g = f A 2 S

E ;E

j [ A; j

E

] = 0 g � sp ( E )

j

E

.

The quartic p olynomial S de�nes also a complex h yp er-K• ahler symmetric space

M

C

= G

C

=K

C

, whic h is the complexi�cation of M = G=K . By Theorem 3, S 2 S

4

L

for some Lagrangian subspace L � E . Recall that the symplectic form ! = !

E

together with the quaternionic structure j = j

E

de�ne a Hermitian metric 
 = 


E

=

!

E

( � ; j

E

� ) of (real) signature (4 k ; 4 l ), n = k + l , whic h coincides with the signature

of the pseudo-Riemannian metric g (w e normalize 


H

= !

H

( � ; j

H

� ) to b e p ositiv e

de�nite). W e ma y decomp ose 
 -orthogonally L = L

0

� L

+

� L

�

, suc h that 
 v anishes

on L

0

is p ositiv e de�nite on L

+

and negativ e de�nite on L

�

.

Lemma 8.

(i) j L

0

= L

0

and

(ii) L

+

+ L

�

+ j L

+

+ j L

�

� E is an ! -nonde gener ate and 
 -nonde gener ate h -

invariant subsp ac e (with trivial action of h ).

Pr o of: W e sho w �rst that L + j L

0

is ! -isotropic and hence L + j L

0

= L since L

is Lagrangian. Indeed L � L

0

is ! -isotropic and also j L

0

b ecause ! is j -in v arian t. So

it su�ces to remark that ! ( L; j L

0

) = 0:

! ( L; j L

0

) = 
 ( L; L

0

) = 0 :

This implies that j L

0

� L . Since 
 ( L; j L

0

) = � ! ( L; L

0

) = 0, w e conclude that

j L

0

� k er 
 j L = L

0

. This pro v es (i).

T o pro v e (ii) it is su�cien t to c hec k that the subspace L

+

+ L

�

+ j L

+

+ j L

�

� E

is nondegenerate with resp ect to 
 , since it is j -in v arian t. First w e remark that 
 is
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p ositiv e de�nite on L

+

and j L

+

and negativ e de�nite on L

�

and j L

�

, due to the

j -in v ariance of 
 : 
 ( j x; j x ) = 
 ( x; x ), x 2 E . So to pro v e (ii) it is su�cien t to c hec k

that j L

+

� j L

�

is 
 -orthogonal to the 
 -nondegenerate v ector space L

+

+ L

�

:


 ( L

+

+ L

�

; j L

+

+ j L

�

) = ! ( L

+

+ L

�

; L

+

+ L

�

) = 0 :

By Theorem 1 the quartic p olynomial S m ust satisfy the realit y condition

[ S

j e;e

0

� S

e;j e

0

; j ] = 0. No w w e describ e all suc h p olynomials.

The quaternionic structure j on E is compatible with ! , i.e. ! ( j x; j y ) = ! ( x; y )

for all x; y 2 E and it induces a real structure (i.e. an an tilinear in v olution) � :=

j 
 j 
 � � � 
 j on all ev en p o w ers S

2 r

E � E 
 E 
 � � � 
 E . F or S 2 S

2 r

E and

x

1

; � � � ; x

2 r

2 E w e ha v e

( � S )( x

1

; � � � ; x

2 r

) = S ( j x

1

; � � � ; j x

2 r

) :

Note that the �xed p oin t set sp ( E )

�

= f A 2 sp( E ) j [ A; j ] = 0 g

�

=

sp( k ; l ).

Pr oposition 8. L et ( E ; ! ; j ) b e a c omplex symple ctic ve ctor sp ac e with a quater-

nionic structur e j such that ! ( j x; j y ) = ! ( x; y ) for al l x; y 2 E . Then a quartic

p olynomial S 2 S

4

E satis�es the r e ality c ondition [ S

j e;e

0

� S

e;j e

0

; j ] = 0 if and only if

S 2 ( S

4

E )

�

= span f T + � T j T 2 S

4

E g .

Pr o of: The realit y condition for S 2 S

4

E can b e written as

[ S

j x;j y

+ S

x;y

; j ] z = 0

for all x; y ; z 2 E . Con tracting this v ector equation with j w 2 E b y means of ! and

using the compatibilit y b et w een j and ! w e obtain the equiv alen t condition

0 = � ! ( j w ; [ S

j x;j y

+ S

x;y

; j ] z )

= S ( j x; j y ; j z ; j w ) � S ( j x; j y ; z ; w ) + S ( x; y ; j z ; j w ) � S ( x; y ; z ; w ) :(5.1)

No w putting x = y = z = w = u w e obtain:

0 = S ( j u; j u; j u; j u ) � S ( j u; j u; u; u ) + S ( u; u; j u; j u ) � S ( u; u; u; u )

and putting x = iu and y = z = w = u w e obtain:

0 = � iS ( j u; j u; j u; j u ) � i S ( j u; j u; u; u ) + iS ( u; u; j u; j u ) + i S ( u; u; u; u ) :

Comparing these t w o equations w e get S ( j u; j u; j uj; u ) = S ( u; u; u; u ) , i.e. S = � S .

This sho ws that the realit y condition implies that S 2 ( S

4

E )

�

. Con v ersely the con-

dition S = � S can b e written as

S ( j x; j y ; j z ; j w ) = S ( x; y ; z ; w ) for all x; y ; z ; w 2 E :

Changing z ! j z and w ! j w in this equation w e obtain

S ( j x; j y ; z ; w ) = S ( x; y ; j z ; j w ) for all x; y ; z ; w 2 E :

These t w o equations imply (5.1) and hence the realit y condition.

No w w e are ready to classify simply connected h yp er-K• ahler symmetric spaces.

W e will sho w that the follo wing construction giv es all suc h symmetric spaces.
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Let ( E ; ! ; j ) b e a complex symplectic v ector space of dimension 2 n with a quater-

nionic structure j suc h that ! ( j x; j y ) = ! ( x; y ) for all x; y 2 E and E = E

+

� E

�

a

j -in v arian t Lagrangian decomp osition. Suc h a decomp osition exists if and only if the

Hermitian form 
 = ! ( � ; j � ) has real signature (4 m; 4 m ), where dim

C

E = 2 n = 4 m .

Then an y p olynomial S 2 ( S

4

E

+

)

�

= S

4

E

+

\ ( S

4

E )

�

satis�es the condition (4.4) and

the realit y condition, b y Prop osition 8. Hence b y Theorem 1 it de�nes a (real) simply

connected h yp er-K• ahler symmetric space M

S

with Ab elian holonom y algebra h =

( S

E

+

;E

+

)

�

= S

E

+

;E

+

\ ( S

2

E )

�

= span f S

j e;e

0

� S

e;j e

0

j e; e

0

2 E g � sp( E )

�

�

=

sp( m; m ).

Theorem 6. A ny simply c onne cte d hyp er-K• ahler symmetric sp ac e without 
at

de R ham factor is isomorphic to a hyp er-K• ahler symmetric sp ac e of the form M

S

,

wher e S = T + � T , T 2 S

4

E

+

and E

+

� E is a j -invariant L agr angian subsp ac e

of the c omplex symple ctic ve ctor sp ac e E with c omp atible quaternionic structur e j .

A hyp er-K• ahler symmetric sp ac e of the form M

S

has no 
at factor if and only if it

c omplexi�c ation has no 
at factor, which happ ens if and only if the supp ort �

S

= E

+

.

Mor e over ther e is a natur al 1-1 c orr esp ondenc e b etwe en simply c onne cte d hyp er-K• ahler

symmetric sp ac es without 
at factor up to isomorphism and orbits O of the gr oup

Aut ( E ; ! ; j; E

+

) j E

+

= f A 2 S p ( E ) j [ A; j ] = 0 ; AE

+

= E

+

gj E

+

�

=

GL( m; H ) on the

sp ac e ( S

4

E

+

)

�

such that �

S

= E

+

for al l S 2 O .

Pr o of: Let M b e a simply connected h yp er-K• ahler symmetric space. W e �rst

assume that it is indecomp osable. Then the holonom y algebra h is w eakly irreducible.

By Theorem 1, M = M

S

for some quartic p olynomial S 2 S

4

E satisfying (4.4) and the

realit y condition (3.2). By Prop osition 8 the realit y condition means that S 2 ( S

4

E )

�

.

On the other hand, b y Theorem 3 S 2 S

4

L for some Lagrangian subspace L of E .

No w the w eak irreducibilit y of h and Lemma 8 imply that L = L

0

is j -in v arian t. This

pro v es that S 2 ( S

4

E

+

)

�

, where E

+

= L = L

0

is a j -in v arian t Lagrangian subspace

of E . This sho ws that M is obtained from the ab o v e construction. An y simply

connected h yp er-K• ahler symmetric space M without 
at factor is the Riemannian

pro duct of indecomp osable ones, sa y M = M

1

� M

2

� � � � � M

r

, and w e ma y assume

that M

i

= M

S

i

, S

i

2 S

4

E

i

. Therefore M is asso ciated to the quartic p olynomial

S = S

1

� S

2

� � � � � S

r

2 S

4

E , E = E

1

� E

2

� � � � � E

r

. Moreo v er S satis�es (4.4)

and (3.2) if the S

i

satisfy (4.4) and (3.2). This sho ws that an y simply connected

h yp er-K• ahler symmetric space is obtained from the ab o v e construction.

It is clear that the complexi�cation M

C

S

has a 
at factor if M

S

has a 
at factor.

Con v ersely let us assume that M

C

S

has a 
at factor, hence �

S

� E

+

is a prop er

subspace. Since j �

S

= j S

E ;E

E = S

E ;E

j E = S

E ;E

E = �

S

there exists a j -in v arian t

complemen tary subspace E

0

+

in E

+

. Denote b y E

0

�

the annihilator of �

S

in E

�

then

E

0

= E

0

+

� E

0

�

is an ! -nondegenerate and j -in v arian t subspace of E on whic h the

holonom y h

C

= S

E ;E

� S

2

�

S

acts trivially . Then the corresp onding real subspace

( H 
 E

0

)

�

� m = ( H 
 E )

�

is a g -nondegenerate subspace on whic h the holonom y h

acts trivially . By W u's theorem [W] it de�nes a 
at de Rham factor.

No w the last statemen t follo ws from the corresp onding statemen t in Theorem 1.

Cor ollar y 2. A ny hyp er-K• ahler symmetric sp ac e without 
at factor has signa-

tur e (4 m; 4 m ) . In p articular its dimension is divisible by 8 .

Cor ollar y 3. L et M = M

S

b e a c omplex hyp er-K• ahler symmetric sp ac e without


at factor asso ciate d with a quartic S 2 S

4

E

+

, wher e E

+

� E is a L agr angian

subsp ac e. It admits a r e al form if and only if ther e exists a quaternionic structur e j
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on E c omp atible with ! pr eserving E

+

such that � S = S , wher e � is the r e al structur e

on S

4

E induc e d by j . In p articular dim

C

M has to b e divisible by 8 .

Let M = G=K b e a simply connected h yp er-K• ahler symmetric space without 
at

factor. By Theorem 6 it is asso ciated to a quartic p olynomial S 2 ( S

4

E

+

)

�

with

supp ort �

S

= E

+

. No w w e describ e the Lie algebra aut( M

S

) of the full group of

automorphisms, i.e. isometries whic h preserv e the h yp ercomplex structure of M

S

.

Theorem 7. L et M

S

= G=K b e as ab ove. Then the ful l automorphism algebr a

is given by

aut( M

S

) = aut( S ) + g ;

wher e aut( S ) = f A 2 gl ( E

+

) j [ A; j ] = 0 ; A � S = 0 g acts on

g = h + m ; h = f A 2 S

E ;E

j [ A; j ] = 0 g = span f S

j x;y

� S

x;j y

j x; y 2 E g ; m = ( H 
 E )

�

as in The or em 5.

Pr o of: The pro of is similar to that of Theorem 5.

6. Lo w Dimensional Hyp er-K • ahler Symmetric Spaces.

6.1 Complex h yp er-K • ahler symmetric spaces of dimension � 8 .

Dimension 4

Assume that M is a simply connected complex h yp er-K• ahler symmetric space of

dimension 4. Applying Theorem 4 w e conclude that M = M

S

for some S 2 S

4

E

+

,

where E

+

� E is a one-dimensional subspace E

+

= C e . This pro v es:

Theorem 8. Ther e exists up to isomorphism only one non-
at simply c onne cte d

c omplex hyp er-K• ahler symmetric sp ac e of dimension 4: M = M

S

asso ciate d with the

quartic S = e

4

.

Dimension 8

An y eigh t-dimensional simply connected complex h yp er-K• ahler symmetric space is

asso ciated with a quartic S 2 S

4

E

+

, where E

+

� E is a Lagrangian subspace of

E = C

4

. W e denote b y ( e; e

0

) a basis of E

+

.

Theorem 9. Eight-dimensional simply c onne cte d c omplex hyp er-K• ahler symmet-

ric sp ac e ar e in natur al 1-1 c orr esp ondenc e with the orbits of the gr oup CO (3 ; C ) =

C

�

� SO(3 ; C ) on the sp ac e S

2

0

C

3

of tr ac eless symmetric matric es. The c omplex hyp er-

K• ahler symmetric sp ac e asso ciate d with a tr ac eless symmetric matrix A is the manifold

M

S ( A )

, wher e S ( A ) 2 S

4

C

2

is the quartic p olynomial which c orr esp onds to A under

the SO(3 ; C ) -e quivaria nt isomorphism S

2

0

C

3

�

=

S

2

0

^

2

C

3

�

=

S

2

0

S

2

C

2

= S

4

C

2

.

The classi�cation of SO(3 ; C )-orbits on S

2

0

C

3

w as giv en b y P etro v [P] in his clas-

si�cation of W eyl tensors of Loren tzian 4-manifolds.

Pr o of: By Theorem 4 the classi�cation of eigh t-dimensional simply connected

complex h yp er-K• ahler symmetric spaces reduces to the description of orbits of the

group GL( E

+

) = GL(2 ; C ) on S

4

C

2

� S

2

S

2

C

2

. Fixing a v olume form � on C

2

w e

can iden tify S

2

C

2

with sp(1 ; C )

�

=

so (3 ; C ). Then the Killing form B is an SL(2 ; C )-

in v arian t and w e ha v e the GL(2 ; C )-in v arian t decomp osition: S

2

S

2

C

2

= S

2

0

S

2

C

2

�

C B . The action of SL(2 ; C ) on S

2

C

2

is e�ectiv ely equiv alen t to the adjoin t action of

SO(3 ; C ) . The problem th us reduces essen tially to the determination of the orbits of

SO(3 ; C ) on S

2

0

C

3

.
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5.1. Hyp er-K • ahler symmetric spaces of dimension � 8 . By Corollary 3

the minimal dimension of non-
at h yp er-K• ahler symmetric spaces is 8.

Theorem 10. Eight-dimensional simply c onne cte d hyp er-K• ahler symmetric sp ac e

ar e in natur al 1-1 c orr esp ondenc e with the orbits of the gr oup R

+

� SO(3) on the sp ac e

S

2

0

R

3

of tr ac eless symmetric matric es. The hyp er-K• ahler symmetric sp ac e asso ciate d

with a tr ac eless symmetric matrix A is the manifold M

S ( A )

, wher e S ( A ) 2 ( S

4

C

2

)

�

is

the quartic p olynomial which c orr esp onds to A under the SO(3) -e quivariant isomor-

phism S

2

0

R

3

�

=

( S

4

C

2

)

�

.
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