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Abstract. W e pro v e that the univ ersal co v ering Y of a closed nonp ositiv ely curv ed 3-dimensional

Riemannian manifold p ossesses the follo wing Lipsc hitz extension prop ert y: there exists a constan t

c � 1 suc h that ev ery � -Lipsc hitz map f : S ! Y de�ned on a subset S of an arbitrary metric space

X has a c� -Lipsc hitz extension f : X ! Y .

1. In tro duction. W e sa y that a metric space Y has the Lipschitz extension

pr op erty (L) if there exists a constan t c � 1 suc h that ev ery � -Lipsc hitz map f :

S ! Y de�ned on an arbitrary subset S of some metric space X can b e extended to

a c� -Lipsc hitz map f : X ! Y .

Ob viously , to ha v e prop ert y (L) is a bilipsc hitz in v arian t of Y . One can pro v e

that the Lipsc hitz extension prop ert y implies that Y is con tactible. A space with

prop ert y (L) also satis�es a quadratic isop erimetric inequalit y for closed curv es, i.e.

a closed curv e of length l in Y can b e spanned b y a surface with area � c

0

l

2

. This

follo ws from the fact that the arclength parametrization of the curv e de�ned on the

circle S

1

r

� R

2

of radius r =

l

2 �

is Lipsc hitz and can b e extended to a Lipsc hitz map

de�ned on the disc.

A classical result of McShane [M] states that R has the prop ert y (L) with constan t

c ( R ) = 1. Applying this result to the co ordinate functions, R

n

has prop ert y (L) with

constan t c ( R

n

) =

p

n . Lang [L] sho w ed that the optimal constan t for R

n

has to

dep end on n and that (L) is not v alid for an in�nite-dimensional Hilb ert space.

In [LPS ] it is pro v ed that the follo wing three classes of Hadamard spaces ha v e the

prop ert y (L)

(1) the 2-dimensional Hadamard manifolds;

(2) the class of Gromo v-h yp erb olic Hadamard manifolds whose curv ature is

b ounded b y � b

2

� K � 0;

(3) the class of homogeneous Hadamard manifolds and euclidean Tits buildings.

In this pap er w e study the v alidit y of (L) for 3-dimensional spaces. Let us �rst

in v estigate the standard homogeneous 3-dimensional geometries:

S

3

, R

3

, H

3

, S

2

� R , H

2

� R , N I L , S O L ,

]

P S L

2

( R ).

Since S

3

and S

2

� R are homotopically non trivial, they do not satisfy the extension

prop ert y , while R

3

, H

3

and H

2

� R satis�es (L) b y McShane's result and the case (3)

ab o v e. Since

]

P S L

2

( R ) is bilipsc hitz to H

2

� R (this observ ation is due to Epstein,

Mess and Gersten according to [KLe ]) the prop ert y (L) is satis�ed. On the other

hand N I L and S O L do not share (L) since they do not allo w quadratic isop erimetric

inequalities (see [Eetal ]).

W e sho w that the prop ert y (L) holds for a large class of simply connected 3-

manifolds. Our results can b e summarized b y the follo wing t w o theorems.

Theorem A . Let Y b e the univ ersal co v ering of a nonp ositiv ely curv ed, closed

Riemannian 3-manifold. Then Y satis�es (L).
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Theorem B . Let M b e a metric space homeomorphic to a Hak en manifold (p os-

sibly with b oundary) with zero Euler c haracteristic whic h is not of t yp e N I L or S O L .

Then the univ ersal co v ering Y of M satis�es (L).

W e recall that a Hak en manifold is a compact irreducible 3-dimensional manifold

whic h con tains a closed em b edded 2-sided surface whose fundamen tal group is in�nite

and injects via the canonical inclusion homomorphism. Besides quotien ts of N I L and

S O L Theorem B includes other classes of manifolds whic h cannot carry metrics of

nonp ositiv e curv ature. By [BK ], [Le] there are graphmanifolds whic h cannot carry

metrics of nonp ositiv e sectional curv ature.

Actually Theorem A can b e reduced to Theorem B in the follo wing w a y: Let Y b e

the univ ersal co v ering of a closed nonp ositiv ely curv ed 3-manifold M . W e represen t

M as Y = � where � is the group of dec ktransformations on Y . By a result of Eb erlein

[Eb], Y is either Gromo v-h yp erb olic or con tains a t w o-dimensional totally geo desic


at plane F � Y . If Y is h yp erb olic, then Y is in the class (2) considered ab o v e

and the prop ert y (L) follo ws. If Y con tains a 
at plane, then b y [B], [S] there exists

also a closed 
at plane. Hence there exists a 
at plane F � Y suc h that the group

�

F

= f 
 2 � : 
 ( F ) = F g op erates with compact quotien t on F . The pro of of

this result also sho ws that there exists indeed a 
at F � Y whic h is em b edded in to

M , i.e. for all 
 2 � either 
 ( F ) = F or 
 ( F ) \ F = ; . Then the set of 
at

planes f 
 ( F ) : 
 2 � g divide Y in to con v ex subsets (blo c ks) and this decomp osition

is in v arian t under �. One can colour the blo c ks with t w o colours suc h that adjacen t

blo c ks ha v e di�eren t colours. Clearly a �nite index subgroup of � lea v es the colouring

in v arian t and hence M is �nitely co v ered b y a nonp ositiv ely curv ed manifold whic h

con tains an em b edded 2-sided torus whose fundamen tal group injects. Th us M is

�nitely co v ered b y a Hak en manifold (whic h is not of t yp e N I L or S O L ).

In order to pro v e Theorem B w e use results of [Le ] and [KLe ] to sho w that the

manifold Y is bilipsc hitz to a con v ex subset of a 3-dimensional Hadamard space whic h

is built out of v ery sp ecial blo c ks corresp onding to the geometric decomp osition of

M . Th us w e ha v e to pro v e prop ert y (L) only for this sp ecial class of Hadamard

spaces, whic h w e call Hadamard spaces with a S H -blo c k structure. F or details of this

structure and the existence of the bilipsc hitz map see section 4.

T o pro v e (L) for a Hadamard space Y with S H -blo c k structure, w e use the ap-

proac h from [LPS] whic h applies for all Hadamard spaces Y :

Let f : S ! Y b e a � -Lipsc hitz map. Then one can asso ciate to ev ery x 2 X

a b ounded closed con v ex subset A ( x ) :=

T

s 2 S

B ( f ( s ) ; 2 � dist( x; s )) � Y . Note that

A ( x ) = f f ( x ) g for x 2 S . In [LPS] it is sho wn that the map A : X ! C , where C is the

space of b ounded closed con v ex subsets of Y endo w ed with the Hausdor� metric Hd,

is Lipsc hitz with constan t 2

p

2 � . In order to obtain the required extension f : X ! Y

one has to comp ose A with a Lipsc hitz-retraction R : C ! Y , where w e iden tify Y

canonically with a subset of C . Note that the existence of the Lipsc hitz retraction R

is a sp ecial case of the general problem.

In general the existence of R is not clear for arbitrary Hadamard spaces, w e will

sho w ho w ev er:

Theorem C . Let Y b e a Hadamard space with a S H -blo c k structure and let C b e

the set of b ounded closed con v ex subsets of Y endo w ed with the Hausdor� distance.

Iden tify Y � C via the canonical inclusion y 7! f y g . Then there exists a Lipsc hitz

retraction R : C ! Y .

Indeed w e will pro v e only a w eak er statemen t, namely the existence of a quasi-

Lipsc hitz retraction:
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Theorem D . Let Y b e a Hadamard space with a S H -blo c k structure. Then

there are constan ts L and l and a map R : C ! Y suc h that dist ( R ( A ) ; R ( A

0

)) �

L Hd( A; A

0

) + l for ev ery A , A

0

2 C and dist ( y ; R ( y )) � l for eac h y 2 Y .

Using a main result of [LPS] w e can deduce Theorem C from the w eak er Theo-

rem D: �rst restrict the ( L; l )-Lipsc hitz map R to a set N , whic h is a maximal discrete

subset in C n Y with the prop ert y that Hd( A; A

0

) � l whenev er A 2 N , A

0

2 Y [ N .

Then w e de�ne R

0

: N [ Y ! Y b y R

0

j N = R j N , R

0

j Y = id

Y

. The map R

0

is

L

0

-Lipsc hitz and b y the lo cal extension result [LPS], Theorem 5.3, this map can b e

extended to a Lipsc hitz map on C . Note that Y is geo desically complete and satis�es

the lo cal doubling prop ert y required in the cited Theorem 5.3, since Y is easily seen

to b e bilipsc hitz to a Hadamard manifold with b ounded sectional curv ature.

The aim of the rest of the pap er is the pro of of Theorem D. In section 3 w e

discuss the geometry of the space C of b ounded closed con v ex subsets of an arbitrary

lo cally compact Hadamard space in more detail. In section 4 w e discuss Hadamard

spaces with a blo c k structure and more particular Hadamard spaces with a S H -blo c k

structure. In section 5 w e construct the ( L; l )-Lipsc hitz retraction of Theorem D.

W e w ould lik e to thank Thomas Sc hic k for the remark that prop ert y (L) implies

the con tractibilit y of the space.

2. Preliminaries. W e recall some general facts from the theory of Hadamard

spaces, see [BrH]. Let ( Y ; dist) b e a Hadamard space, i.e. a complete geo desic metric

space satisfying CA T(0) inequalit y whic h means that triangles are thinner than in

euclidian space. A Hadamard space is called CA T( � 1), if triangles are ev en thinner

than comparison triangles in h yp erb olic space. The unique geo desic arc b et w een t w o

p oin ts y and y

0

is denoted b y y y

0

. F or ev ery b ounded nonempt y subset A � Y there

is a uniquely determined smallest closed ball con taining A . Its cen ter is called the

cir cumc enter of A . With diam A w e denote the diameter of A . If A , A

0

are closed

b ounded subsets of Y let

Hd( A; A

0

) := inf f " > 0 : A � U

"

( A

0

) ; A

0

� U

"

( A ) g

b e the Hausdor� distance, where U

"

( A ) := f y 2 Y : dist ( y ; A ) � " g . A subset A � Y

is con v ex, if A con tains y y

0

for all p oin ts y , y

0

2 A . F or a closed con v ex subset A � Y

the distance function dist( � ; A ) is con v ex and for ev ery y 2 Y there is a unique p oin t

p

A

( y ) 2 A closest to y . p

A

: Y ! A is called the metric pr oje ction on to A .

3. The Space of Con v ex Subsets in a Hadamard Space.

3.1. Con v ex h ull and con v ex pro jection. Let Y b e a Hadamard space, B the

space of closed, b ounded subsets in Y equipp ed with the Hausdor� metric denoted

b y Hd, C � B consists of the con v ex subsets. There is the canonical pro jection

con v : B ! C whic h asso ciates to eac h B 2 B its closed con v ex h ull con v ( B ).

Lemma 3.1. The map con v : B ! C is 1-Lipschitz and do es not change the

diameter.

Pr o of . Connecting b , b

0

2 B 2 B b y the geo desic segmen t increases neither diam B

nor the Hausdor� distance to an y B

0

2 B b y con v exit y of the distance function. The

claim follo ws since con v ( B ) coincides with closure of [

n

B

n

, where B

0

= B and B

n +1

is obtained from B

n

b y connecting eac h pair of p oin ts b , b

0

2 B

n

b y the geo desic

segmen t.

Giv en a closed, con v ex C � Y , w e ha v e the metric pro jection p

C

: Y ! C whic h

is a 1-Lipsc hitz map. The map p

C

: C ! C , p

C

( A ) = con v � p

C

( A ) is called the c onvex

pr oje ction on C .
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Lemma 3.2. L et C b e a close d, c onvex subset in Y . Then the c onvex pr oje ction

p

C

: C ! C is 1-Lipschitz.

Pr o of . Since p

C

is 1-Lipsc hitz, the induced map bp

C

: B ! B is 1-Lipsc hitz to o.

Hence, p

C

is 1-Lipsc hitz b y Lemma 3.1.

Lemma 3.3. The diameter diam : C ! R is a 2-Lipschitz function.

Pr o of . Giv en A , A

0

2 C , w e tak e a

0

, a

1

2 A whic h appro ximate diam A up to

an arbirarily small error (w e do not supp ose that A is compact). Let a

0

0

, a

0

1

2 A

0

b e

closest p oin ts to a

0

, a

1

resp ectiv ely . Then

diam A

0

� dist ( a

0

0

; a

0

1

) � dist( a

0

; a

1

) � 2 Hd( A; A

0

) :

Hence, the claim.

3.2. Geo desics in C . Here w e study in more detail the space C = C ( Y ) assuming

that the Hadamard space Y is lo cally compact. The p oin ts of Y are elemen ts of C ,

and this giv es the canonical isometric em b edding Y � C . W e iden tify Y with its image

in C .

The space C is a geo desic space (see Prop osition 3.5), and one can sho w that the

Hausdor� metric is con v ex in some w eak sense. Giv en y , y

0

2 Y , there is a unique

midp oin t z 2 C b et w een y , y

0

, whic h coincides with the midp oin t of the segmen t

y y

0

� Y . This follo ws from the fact that the closed balls in Y of radius dist( y ; y

0

) = 2,

cen tered at y , y

0

resp ectiv ely , ha v e a unique p oin t in common, namely , z . This

argumen t sho ws that Y is a (closed) con v ex subset in C . Moreo v er, the canonical map

circ : C ! Y giv en b y the circumcen ter of a con v ex set has the prop ert y

Hd( A; circ( A )) = inf

y 2 Y

Hd ( A; y ) ;

i.e., circ is a metric pro jection. Ho w ev er, already for Y = R

2

examples sho w (see

[LPS]) that this map is not Lipsc hitz.

The follo wing lemma is a v ersion of Theorem 1.8.2 from [Sc h] where only the case

Y = R

n

is considered.

Lemma 3.4. The sp ac e C is c omplete.

Pr o of . Let f A

i

g � C b e a Cauc h y sequence. Then B

j

= [

i � j

A

i

2 B for eac h

j � 1. F urthermore, f B

j

g decreases, B

j +1

� B

j

. Since Y is lo cally compact and

hence prop er, the set B = \

j

B

j

is not empt y . W e sho w that Hd( A

i

; B ) � " for eac h

" > 0 and all su�cien tly large i . First, w e note that Hd( A

i

; A

j

) � " for all su�cien tly

large i , j . It follo ws that B

j

� U

"

( A

i

) and th us B � U

"

( A

i

). Similarly , A

i

� U

"

( B

j

),

and w e obtain A

i

� U

"

( B ). Then Hd ( A

i

;

b

B ) � " for

b

B = con v( B ) b y Lemma 3.1.

Th us

b

B = lim

i

A

i

.

Pr oposition 3.5. L et Y b e a lo c al ly c omp act Hadamar d sp ac e. Then C = C ( Y )

is a ge o desic sp ac e.

Pr o of . W e �rst pro v e the existence of a midp oin t b et w een an y t w o A , A

0

2 C . This

is true for an y Hadamard space Y without the requiremen t to b e lo cally compact.

Let B � Y b e the set of the midp oin ts of all geo desic segmen ts aa

0

� Y with

a 2 A , a

0

2 A

0

. W e put � =

1

2

Hd( A; A

0

) and assume that there exists b 2 B with

dist( b; A ) > � . This b is the midp oin t of a segmen t aa

0

with a 2 A , a

0

2 A

0

. Since

A is con v ex, the distance function to A is con v ex. Th us dist( a

0

; A ) � 2 dist( b; A )

b ecause dist( a; A ) = 0. Hence, dist( a

0

; A ) > Hd ( A; A

0

) con tradicting the de�nition of

Hd( A; A

0

). This sho ws that B lies in the closed � -neigh b ourho o d of A , U

�

( A ).
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On the other hand, for eac h a 2 A there is b 2 B with dist( b; a ) � � : let b b e the

midp oin t of aa

0

where a

0

2 A

0

is the closest p oin t to a , th us dist( a; a

0

) � 2 � . This

sho ws that A � U

�

( B ). Th us Hd ( B ; A ) � � and, similarly , Hd ( B ; A

0

) � � . By the

triangle inequalit y 2 � � Hd ( A; B ) + Hd ( B ; A

0

) � 2 � and hence

Hd ( B ; A ) = � = Hd ( B ; A

0

) :

F or the con v ex h ull

b

B = con v( B ) w e ha v e Hd (

b

B ; A ), Hd(

b

B ; A

0

) � � b y Lemma 3.1.

Hence, Hd(

b

B ; A ) = � = Hd(

b

B ; A

0

) b y the triangle inequalit y . Th us

b

B is a midp oin t

b et w een A and A

0

.

By Lemma 3.4, C is complete. It follo ws that C is geo desic.

Remark 3.6. Two sets A , A

0

2 C p ossess a unique midp oint in C only in

exc eptional c ases, se e [Sch ]. Y et, the pr o c e dur e describ e d ab ove gives the c anonic al

ge o desic se gment b etwe en any two p oints in C .

3.3. Geo desics in C asso ciated with a distance function. Let h : Y !

R b e the distance function to a closed, con v ex subset C � Y . Then h is con v ex

and 1-Lipsc hitz. F urthermore, the sets C

t

= f y 2 Y : h ( y ) � t g are con v ex and

Hd( C

t

; C

t

0

) = j t

0

� t j for eac h t , t

0

� 0.

Giv en A 2 C , w e let t

A

:= inf f t � 0 : A � C

t

g , p

t

:= p

C

t

: C ! C b e con v ex

pro jections.

Lemma 3.7. F or e ach A 2 C , 0 � t � t

A

we have

Hd ( A; p

t

( A )) = t

A

� t:

Pr o of . If t

A

= 0 then the claim is ob vious. Otherwise A \ @ C

t

A

6= ; b y the

de�nition of t

A

and p

t

( A ) � C

t

, w e ha v e Hd ( A; p

t

( A )) � t

A

� t . On the other hand,

Hd ( A; p

t

( A )) � t

A

� t b ecause A � C

t

A

and b y prop erties of the metric pro jection

p

t

: Y ! C

t

. Using Lemma 3.1, w e obtain Hd ( A; p

t

( A )) � t

A

� t .

Using the distance function h , w e construct geo desic paths in C as follo ws.

Pr oposition 3.8. F or e ach A 2 C ther e exists a unique p ath �

A

: [0 ; 1 ) ! C

with the pr op erties:

(1) �

A

( t ) = A for al l t � t

A

;

(2) �

A

( t ) is the minimal c onvex subset in C

t

c ontaining p

t

� �

A

( t

0

) for al l t

0

> t .

F urthermor e, the r estriction �

A

j [0 ; t

A

] is a ge o desic in C .

Pr o of . W e �rst sho w that �

A

exists. By (1), it is already de�ned for all t � t

A

.

F or dy adic n um b ers D

n

= f k 2

� n

: k = 0 ; 1 ; : : : ; 2

n

g � [0 ; 1] w e de�ne b y induction




n

(1) = A; 


n

�

k 2

� n

�

= p

st

A

� 


n

�

( k + 1)2

� n

�

;

where s = k 2

� n

, k = 2

n

� 1 ; : : : ; 1 ; 0. Clearly , 


n

( s ) 2 C is the minimal con v ex

subset in C

t

, t = st

A

, con taining p

t

� 


n

( s

0

) for all s

0

> s 2 D

n

. It also follo ws

from this de�nition and Lemma 3.7 that the map 


n

: D

n

! C is a homothet y with

co e�cien t t

A

. In particular, Hd ( A; 


n

( s )) � t

A

for eac h s 2 D

n

. On the other hand,

p

t

( A

0

) � p

t

� p

t

0

( A

0

) for eac h A

0

2 C , t

0

� t . Th us 


n +1

( s ) � 


n

( s ) for eac h s 2 D

n

.

In other w ords, the sequence of con v ex sets, 


n + p

( s ), p � 1 increases and all these

sets lie in the t

A

-neigh b ourho o d of A . Th us there exists a limit

�

A

( st

A

) = lim

p !1




n + p

( s ) 2 C



690 S. BUY ALO AND V. SCHR OEDER

for eac h s 2 D = [

n

D

n

. This de�nes �

A

on \dy adic" n um b ers in [0 ; t

A

]. Clearly , �

A

is isometric on this set and p ossesses prop ert y (2). No w, using Lemma 3.4, w e extend

�

A

to an isometric map [0 ; t

A

] ! C , whic h p ossesses prop ert y (2).

Assume that there is another map �

0

A

: [0 ; 1 ) ! C with prop erties (1), (2). Th us

�

0

A

coincides with �

A

on [ t

A

; 1 ), in particular, �

0

A

( t

A

) = A . It follo ws from the

construction of �

A

that �

A

( t ) � �

0

A

( t ) for eac h t � 0 since �

0

A

( t ) con tains p

t

� �

0

A

( t

0

)

for all t

0

> t according (2). Then b y minimalit y �

0

A

= �

A

.

Lemma 3.9. F or every A , A

0

2 C , the function

'

A;A

0

( t ) = Hd ( �

A

( t ) ; �

A

0

( t ))

incr e ases on [0 ; 1 ) .

Pr o of . This immediately follo ws from Lemma 3.2 and the construction of �

A

.

4. Hadamard Spaces with Blo c k Structure.

4.1. Blo c k decomp osition of Y and the asso ciated tree. W e sa y that a

3-dimensional Hadamard space Y has a blo ck-structur e , if it has a decomp osition

Y = [

v 2 V

Y

v

with the follo wing prop erties: eac h blo c k Y

v

is a closed, con v ex subset

with non empt y in terior and geo desic b oundary @ Y

v

, whic h is the coun table union of

disjoin t 2-
ats in Y . Ev ery t w o blo c ks Y

v

, Y

v

0

either are disjoin t or ha v e a common

b oundary comp onen t whic h separates them. W e assume in addition that the minimal

distance b et w een di�eren t b oundary comp onen ts of Y

v

is at least 10.

A b oundary comp onen t of a blo c k is called a wal l . Eac h w all is adjacen t to exactly

t w o blo c ks and is a con v ex subset of Y isometric to R

2

.

Let T = T ( Y ) b e the graph dual to the decomp osition Y = [

v 2 V

Y

v

. In other

w ords, the v ertex set of T coincides with V and v ertices v , v

0

2 V are connected b y

an edge if and only if Y

v

\ Y

v

0

6= ; , i.e., the edges of T are asso ciated with the w alls.

Clearly , T is a tree with v ertices of in�nite (coun table) degree. W e equip T with a

length metric dist

T

in whic h ev ery edge has length 1.

Lemma 4.1. If A � Y

v

, A

0

� Y

v

0

for some A , A

0

2 C and dist

T

( v ; v

0

) > 1 then

Hd( A; A

0

) � 10 .

Pr o of . The blo c ks Y

v

, Y

v

0

are not adjacen t b y the condition. Th us eac h geo desic

segmen t aa

0

� Y with a 2 A , a

0

2 A

0

m ust in tersect at least t w o w alls. Hence,

dist( a; a

0

) � 10.

4.2. Exhaustion of Y asso ciated with a Busemann function on T . Fix

� 2 @

1

T and a Busemann function B

�

: T ! R asso ciated with � . W e can assume

that B

�

( v ) 2 Z for eac h v 2 V . Giv en n 2 Z , w e de�ne

C

n

= [f Y

v

: B

�

( v ) � n g :

Then C

n

is a closed, con v ex subset in Y whose b oundary @ C

n

is the coun table union

of w alls. Clearly , w e ha v e C

n

� C

n +1

and Y = [

n 2 Z

C

n

.

F urthermore, for eac h blo c k Y

v

there is exactly one distinguished b oundary com-

p onen t of Y

v

, namely , the w all W

v

separating Y

v

from � . This w all corresp onds to the

�rst edge of the geo desic ra y in T from v to w ards � .

4.3. S H -blo c k structure on Y . W e sa y that Y has a S H - blo ck structur e , if

the set V can b e decomp osed as V = S [ H with the follo wing prop erties: ev ery blo c k

of t yp e S (Seifert t yp e, or S -blo c k for shortness) is isometric to the metric pro duct,
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Y

v

= F

v

� R , where F

v

� H

2

is a con v ex subset b ounded b y coun table man y disjoin t

geo desic lines. Clearly , ev ery S -blo c k is a CA T(0) space.

Ev ery blo c k Y

v

of t yp e H (h yp erb olic t yp e, or H -blo c k) is isometric to the comple-

men t of the union of coun table man y op en disjoin t horoballs in H

3

(with the induced

in trinsic metric). Suc h a blo c k is also only a CA T(0) space b ecause its b oundary

comp onen ts are con v ex and 
at.

F urthermore, w e require that if di�eren t S -blo c ks Y

v

, Y

v

0

are adjacen t along a

w all W , then the R -factors of the decomp ositions Y

v

= F

v

� R , Y

v

0

= F

v

0

� R are

orthogonal along W (w e refer to this as the � = 2-condition).

W e allo w that an y of the sets S , H but not b oth migh t b e empt y .

W e denote b y Core Y the union of all w alls and S -blo c ks in Y . W e do not exclude

that Core Y = Y , ho w ev er, w e alw a ys ha v e Core Y 6= ; b y the de�nition of the S H -

blo c k structure. Eac h connected comp onen t of Core Y is either a w all separating

t w o H -blo c ks or the union of S -blo c ks and hence closed and con v ex. F urthermore,

di�eren t comp onen ts of Core Y are separated b y the distance at least 10.

4.4. Existence of a S H -structure. In this section w e sho w that a manifold

satisfying the assumptions of Theorem B admits a S H -structure.

Decomp ose M b y the JSJ-decomp osition in to comp onen ts whic h are Seifert

�b ered or atoroidal. Eac h comp onen t of the decomp osition can b e equipp ed with

a structure mo delled b y the standard geometries, where the assumption rules out the

S

3

and S

2

� R geometry . If the decomp osition is non trivial, only R

3

, H

3

or H

2

� R can

o ccur, i.e. if one of the comp onen ts is mo delled b y one of the remaining geometries

N I L , S O L or

]

P S L

2

( R ), then M is a compact quotien t of theses geometries.

Th us w e can assume that the decomp osition is non trivial. Let us �rst assume

that there is no h yp erb olic piece in the decomp osition. Then b y a result of Kap o vic h

and Leeb [KLe ] the univ ersal co v ering Y of M is bilipsc hitz to a manifold with S H -

structure where all blo c ks are of t yp e S . Note that in our de�nition of a blo c k structure

w e ha v e the assumption that w alls are separated b y 10. This additional requiremen t

is easily obtained.

If the decomp osition con tains a h yp erb olic piece then b y a result of Leeb [Le] M

carries a complete metric of nonp ositiv e curv ature. This metric is a geometric one on

the Seifert pieces. On the h yp erb olic pieces the metric is of constan t curv ature a w a y

from the b oundary w alls whic h is smo othly mo di�ed near the b oundary tori and 
at

in a small neigh b ourho o d of these tori. Using a bilipsc hitz mo di�cation in the w a y

describ ed b y [KLe ] for the metric on the univ ersal co v ering Y of M one can assume

that adjacen t Seifert pieces satisfy the � = 2-condition and that di�eren t w alls ha v e

distance � 10. In addition w e assume that di�eren t w alls of a h yp erb olic piece ha v e

distance � 12, that the curv ature is constan t � 1 outside of the 1-neigh b ourho o d of

the w alls and � 1 � K � 0 on the whole blo c k. W e refer to this metric as the smo oth

metric on Y . Near the b oundary w alls of h yp erb olic pieces, the smo oth metric do es

not satisfy the requiremen t of our de�nition of H -blo c k. Th us w e ha v e to mo dify this

metric near a w all to obtain a S H -blo c k structure.

The 3-neigh b ourho o d of a w all of a h yp erb olic blo c k in the smo oth metric can b e

written as F � [0 ; 3] , where F � f 0 g is the b oundary 
at and the segmen ts t 7! f p g � f t g

are unit sp eed geo desics orthogonal to the b oundary . On the other hand let H � [0 ; 1 )

b e the canonical parametrization of the closure of the complemen t of a horoball in H

3

.

W e will cut o� F � [0 ; 3] from Y and glue bac k H � [0 ; 2 + t

0

] where t

0

and isometries

on b oth b oundary comp onen ts will b e constructed in the sequel. The new metric

will b e bilipsc hitz to the old one and after the corresp onding c hange at all w alls of
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h yp erb olic blo c ks w e obtain a S H -structure.

Note that Z

2

op erates on F � [0 ; 3]. W e c ho ose an isometry f

0

: H � f 0 g ! F � f 0 g

and obtain an isometric action of Z

2

on H � [0 ; 1 ). There exists a v alue t

0

suc h

that the v olumes of the tori H � f t

0

g = Z

2

and F � f 1 g = Z

2

are equal. Note that

t

0

� 1 since � 1 � K � 0 for the smo oth metric. Consider the Z

2

-equiv arian t map

f

1

: H � f t

0

g ! F � f 1 g , f

1

( p; t

0

) = ( f

0

( p ) ; 1). Let f

t

: H � f t � t

0

g ! F � f t g

de�ned b y f

t

( p; t � t

0

) = ( f

0

( p ) ; t ) for 0 � t � 1. No w w e deform f

1

in a Z

2

-in v arian t

w a y via maps f

t

: H � f t

0

� 1 + t g ! F � f t g , 1 � t � 2, suc h that f

2

induces an

a�ne map b et w een the corresp onding tori and suc h that all these maps preserv e the

v olume. This is p ossible, since the curv ature of the smo oth metric is constan t in this

region. Finally w e deform f

2

via maps f

t

: H � f t

0

� 1 + t g ! F � f t g , 2 � t � 3 to

an isometry f

3

: H � f t

0

+ 2 g ! F � f 3 g . In the last step w e do not require the map

to b e equiv arian t. Ho w ev er it is clearly p ossible to c ho ose this deformation in a w a y

that w e obtain a bilipsc hitz map f : H � [0 ; 2 + t

0

] ! F � [0 ; 3] whic h is an isometry

on b oth b oundary comp onen ts.

5. Pro of of Theorem D. If the space Y w ould b e a CA T( � 1) space, it w ould

b e easy to construct a Lipsc hitz map C ! C whic h asso ciates to ev ery A 2 C a set

with uniformly b ounded diameter. E.g. c ho ose a p oin t ! 2 @

1

Y and tak e the con v ex

pro jection of A on the horoball cen tered at ! whic h lies distance 1 from A . One can

then pic k a p oin t in this pro jected set to obtain a ( L; l )-Lipsc hitz retraction C ! Y .

In our situation w e do not ha v e this uniform h yp erb olicit y . Nev ertheless w e will

construct a map Stop � R

0

: C ! C whic h asso ciates to ev ery A 2 C a con v ex subset

with a v ery sp ecial shap e. The map R

0

: C ! C is a mo di�cation of the pro jection

in the CA T( � 1)-case and R

0

( A ) has either small diameter or is con tained in Core Y

(whic h w as de�ned in sect. 4.3). The map R

0

is de�ned in sect. 5.2, 5.3.

The stopping map Stop : C ! C is a general construction v alid for an y Hadamard

space with a blo c k structure. By the discussion in 4.2 a manifold Y with a blo c k

structure has the exhaustion Y = [

n 2 Z

C

n

. Giv en this exhaustion one can asso ciate

to ev ery A 2 C a sequence ( A

n

)

n 2 Z

in C suc h that A

k

= A if A � C

k

and A

k

� C

k

.

The construction of A

k

out of A

k +1

uses a geo desic in C asso ciated to the distance

function to C

k

as in sect. 3.2.

In this w a y w e asso ciate to ev ery A 2 C a piecewise geo desic �

A

and (in some

sense) �

A

dep ends Lipsc hitz on A (see Lemma 5.1). The stopping map c ho oses an

appropriate p oin t on this piecewise geo desic. The result of Stop � R

0

is either

(i) a set with small diameter, or

(ii) up to a small error an in terv al in R -direction of an S -blo c k, or

(iii) essen tially an arc on a circle in a b oundary w all of a h yp erb olic blo c k.

In a last step w e ha v e to c ho ose in eac h of these cases a p oin t R ( A ) 2 Y in a

consisten t w a y . This c hoice is describ ed in sect. 5.5.2.

The required quasi-Lipsc hitz retraction R will b e obtained as the comp osition

of sev eral admissible maps C ! C . A map f : C ! C is said to b e admissible if it

decreases the diameter,

diam � f ( A ) � diam A for ev ery A 2 C :

F or instance, ev ery con v ex pro jection is admissible b y Lemma 3.2.

5.1. Stopping map Stop . In this section w e assume that Y has a blo c k-

structure as de�ned in sect. 4.1, 4.2.
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5.1.1. Canonical piecewise geo desic paths in C . W e recall the exhaustion

Y = [

n 2 Z

C

n

. Giv en A 2 C , n 2 Z , there is a unique path �

A;n

: [0 ; 1 ) ! C

asso ciated with C = C

n

b y Prop osition 3.8. The restriction �

A;n

j [0 ; t

A;n

] is geo desic,

where t

A;n

:= inf f t � 0 : A � C

n;t

g . Note that t

A;k

> 0 for ev ery k < n ( A ), where

n ( A ) := min f n 2 Z : A � C

n

g .

F or eac h A 2 C w e de�ne the canonical piecewise geo desic path �

A

: [0 ; 1 ) ! C

using geo desics �

A;n

. A sequence of break p oin ts t

k

� 0, k 2 Z will b e de�ned in suc h

a w a y that t

k

� t

k � 1

, �

A

j [ t

k

; t

k � 1

] is a geo desic in C b et w een A

k

= �

A

( t

k

) and A

k � 1

,

A

k

� C

k

and t

k

is a minimal t � 0 for whic h �

A

( t ) � C

k

.

T o this end, w e put n = n ( A ), t

k

= 0, �

A

( t

k

) := A =: A

k

for all k � n . Assuming

that t

k

, �

A

j [0 ; t

k

] and A

k

= �

A

( t

k

) are already de�ned for k � n , w e put

t

k � 1

= t

k

+ t

A

k

;k � 1

; A

k � 1

= �

A

( t

k � 1

) ; �

A

( t ) = �

A

k

;k � 1

( t

k � 1

� t ) ;

where t

k

� t � t

k � 1

. This giv es a w ell de�ned v alue �

A

( t

k

) since �

A

k

;k � 1

( t

A

k

;k � 1

) =

A

k

b y de�nitions of �

A

and t

A

. F urthermore, �

k

j [ t

k

; t

k � 1

] is a unit sp eed geo desic

in C b et w een A

k

and A

k � 1

. F or ev ery t 2 ( t

k +1

; t

k

], the set �

A

( t ) � Y lies in

C

k ;t

k

� t

= f y 2 Y : dist( y ; C

k

) � t

k

� t g . Moreo v er, b y Prop osition 3.8, �

A

( t ) is the

minimal con v ex subset in C = C

k ;t

k

� t

con taining p

C

� �

A

( t

0

) for all t

k +1

� t

0

< t .

Finally , �

k

( A ) := t

k � 1

� t

k

= t

A

k

;k � 1

� 10 for ev ery k < n ( A ) b y the de�ning

prop erties of our blo c ks and the de�nition of t

A

. Hence, [

k 2 Z

[ t

k

; t

k � 1

] = [0 ; 1 ), and

�

A

is de�ned on [0 ; 1 ).

It immediately follo ws from the de�nition and Lemma 3.2 that the map A 7! �

A

( t )

is admissible for ev ery t � 0.

5.1.2. Monotonicit y of the Hausdor� distance b et w een canonical paths.

Giv en A , A

0

2 C , w e de�ne con tin uous piecewise a�ne functions s , s

0

: [0 ; 1 ) !

[0 ; 1 ), s (0) = 0 = s

0

(0) dep ending b oth on A , A

0

. W e put inductiv ely t

k � 1

=

t

k

+ max f �

k

( A ) ; �

k

( A

0

) g , k 2 Z , sub ject to the condition t

k

= t

k

( A; A

0

) = 0 for eac h

k � max f n ( A ) ; n ( A

0

) g . No w, if �

k

( A ) � �

k

( A

0

) then w e de�ne

s ( t

k

+ t ) = t

k

( A ) + t for 0 � t � �

k

( A ) :

If �

k

( A ) � �

k

( A

0

) then using �

2

k

:= �

k

( A

0

) � �

k

( A ) w e put

s ( t

k

+ t ) =

(

t

k

( A ) for 0 � t � �

2

k

;

t

k

( A ) + t � �

2

k

for �

2

k

� t � �

k

( A

0

) :

Similarly , w e de�ne s

0

using break p oin ts t

k

( A

0

) instead of t

k

( A ).

The meaning of this de�nition is that the length �

k

( A ) of the geo desic subsegmen t

A

k

A

k � 1

� �

A

migh t b e larger than the corresp onding length �

k

( A

0

) for A

0

. In that

case, w e mo v e along �

A

b y s from A

k

to A

k � 1

with unit sp eed sim ultaneously sta ying

for a while at A

0

k

till �

A

� s reac hes the same lev el and then mo v e along �

A

0

b y s

0

from

A

0

k

to A

0

k � 1

with unit sp eed.

Lemma 5.1. Given A , A

0

2 C , the function

 

A;A

0

( t ) = Hd ( �

A

� s ( t ) ; �

A

0

� s

0

( t ))

de cr e ases on [0 ; 1 ) , wher e s , s

0

ar e de�ne d as ab ove.

Pr o of . This follo ws from Lemma 3.9 b y un tangling de�nitions of canonical paths

�

A

, �

A

0

and sp eeds s , s

0

.
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Cor ollar y 5.2. F or every A , A

0

2 C , k 2 Z we have

Hd( A

k

; A

0

k

) � Hd( A; A

0

) ;

wher e A

k

= �

A

� t

k

( A ) .

Pr o of . This follo ws from Lemma 5.1 and the fact that t

k

( A ) = s ( t

k

), t

k

( A

0

) =

s

0

( t

k

), where t

k

= t

k

( A; A

0

) 2 [0 ; 1 ) is in v olv ed in the de�nition of the sp eeds s , s

0

.

5.1.3. Critical, touc hing and stopping p oin ts of a canonical path. W e

denote b y C

1

the subspace of C whic h consists of elemen ts sitting in one blo c k. Clearly ,

C

1

is closed in C and if a path �

A

reac hes C

1

then it nev er lea v es it. W e de�ne the

critic al p oin t of �

A

as the �rst p oin t at whic h �

A

hits C

1

,

t

cr

= t

cr

( A ) = inf f t � 0 : �

A

( t ) 2 C

1

g :

It follo ws from the de�nition of �

A

that if t 2 [ t

k +1

; t

k

] satis�es t < t

cr

then t

k

� t

cr

.

Th us t

cr

is alw a ys a break p oin t for �

A

, t

cr

= t

k

for some k 2 Z , or t

cr

= 1 .

Lemma 5.3. F or e ach A 2 C , the critic al p oint t

cr

( A ) is �nite.

Pr o of . Since A is b ounded and distances b et w een b oundary comp onen ts of all

blo c ks are uniformly separated from 0, there is only a �nite n um b er of blo c ks whose

in teriors in tersect A (if there is no suc h blo c k then A sits in a w all). If t

k

< t

cr

for

some k < n ( A ) then passing through t

k

decreases this n um b er for �

A

( t ) at least b y

1, whereas mo ving along �

A

do es not c hange this n um b er while t 2 ( t

k

; t

k � 1

). Hence,

the claim.

W e denote b y A

cr

= �

A

(t

cr

). One can easily predict the blo c k where A

cr

sits

only b y kno wing A 2 C . T o this end, consider the (�nite) subtree T

A

� T spanned

b y the set f v 2 V : A \ In t Y

v

6= ;g (if this set is empt y then A sits in a w all W

and T

A

is the edge of T corresp onding to W ). There is a unique v ertex v 2 T

A

with

B

�

( v ) = min B

�

j T

A

=: k . Then A

cr

� Y

v

and, moreo v er, A

cr

\ A 6= ; (ho w ev er, it

is not true in general that A

cr

� A ). Ev erything in teresting for us will tak e place

either in Y

v

or in the adjacen t blo c k Y

v

0

with B

�

( v

0

) = k � 1. Namely , ev ery p oin t

of the (brok en) segmen t �

A

([ t

k

; � ( A )]) with the stopping p oin t � ( A ) de�ned b elo w

corresp onds to an elemen t of C sitting in one of these t w o blo c ks. In particular, this

holds for Stop( A ) = �

A

� � ( A ).

The map crit : C ! C

1

, crit ( A ) = A

cr

is not con tin uous: ev ery A 2 C

1

whic h

touc hes C

n ( A ) � 1

is a p oin t of discon tin uit y , and jumps migh t b e arbitrarily large.

Ho w ev er, w e ha v e the follo wing

Lemma 5.4. If Hd ( A; A

0

) < 10 for some A , A

0

2 C then A

cr

, A

0

cr

ar e sitting in

one and the same blo ck or in adjac ent blo cks.

Pr o of . W e can assume that A

0

= A

0

cr

b y Corollary 5.2. Next w e note that

A \ A

cr

6= ; for eac h A 2 C . If the claim w ould not b e true then for eac h a 2 A \ A

cr

w e w ould ha v e dist( a; A

0

) = dist( a; A

0

cr

) � 10 since A

cr

, A

0

cr

w ould b e separated b y at

least one blo c k. But then Hd( A; A

0

) � 10. This is a con tradiction.

Assume that for A 2 C w e ha v e A

k

2 C

1

for some k � n ( A ). W e de�ne the k th

touching p oin t �

k

= �

k

( A ) b y �

k

:= t

k � 1

� �

k

, where

�

k

= �

k

( A ) = inf f � � 0 : A

k

\ C

k � 1 ;�

6= ; g :

Ob viously , �

k

( A ) � �

k

( A ), th us w e ha v e �

k

2 [ t

k

; t

k � 1

]. F urthermore, A

k

� C

k � 1 ; �

k

n

In t C

k � 1 ;�

k

b ecause A

k

sits in one blo c k. Hence, �

k

� t

k

= �

k

� �

k

� diam A

k

.
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Finally , w e de�ne the stopping p oin t � = � ( A ) 2 [0 ; 1 ) for �

A

as follo ws. Let

t

cr

= t

k

b e the critical p oin t of �

A

, k � n ( A ). W e tak e the k th touc hing p oin t

�

k

2 [ t

k

; t

k � 1

] and put � = �

k

+ 5 if �

k

+ 5 � t

k � 1

. Otherwise, w e let � = 5 � �

k

> 0

and put � = �

k � 1

+ � . So, w e ha v e � 2 [ t

k

; t

k � 1

] in the former case and w e sho w

that � 2 ( t

k � 1

; t

k � 2

� 5] in the last case (recall that t

k � 2

� t

k � 1

� 10). This is so

b ecause t

k � 1

� �

k � 1

< � and � � 5 < 10 � �

k � 1

. The inequalit y �

k � 1

� 10 holds

for the follo wing reason. Since A

k

2 C

1

, the set A

k � 1

sits in the w all W

v

of the blo c k

Y

v

con taining A

k

, B

�

( v ) = k . Then the lev el �

k � 1

is at least the minimal distance

b et w een di�eren t b oundary comp onen ts of the blo c ks, i.e., �

k � 1

� 10. Hence, the

claim.

W e de�ne a map Stop : C ! C b y Stop( A ) = �

A

� � ( A ). W e also put � ( A ) := �

k

( A ),

where t

k

= t

cr

is the critical p oin t of �

A

, k � n ( A ). Again, Stop p ossesses p oin ts of

discon tin uit y . Nev ertheless, w e ha v e the follo wing

Pr oposition 5.5. F or every A , A

0

2 C with H := Hd( A; A

0

) < 5 the sets

Stop( A ) , Stop( A

0

) sit in one and the same blo ck and

Hd ( Stop( A ) ; Stop( A

0

)) � 3 H

exc ept may b e the c ase when A

cr

, A

0

cr

sit in one and the same blo ck and � ( A ) � 5 >

� ( A

0

) . In this exc eptional c ase we have

Hd (Stop( A ) ; Stop ( A

0

)) � 4 H + diam � Stop ( A ) :

F urthermor e, Stop( y ) 2 Y for every y 2 Y � C and dist ( y ; Stop ( y )) � 5 .

Pr o of . W e consider sev eral cases.

(a) A

cr

, A

0

cr

sit in di�eren t blo c ks. Using Lemma 5.4, w e can assume W.L.G.

that A

cr

= A

k

, A

0

cr

= A

0

k � 1

. By Corollary 5.2, Hd ( A

0

k

; A

k

) � H . Next w e ha v e either

A

0

k

= A

0

k � 1

= A

0

or A

0

k

62 C

1

. In either case, A

0

k

meets C

k � 1

. Th us Hd ( A

0

k

; A

k

) � � ( A )

b ecause A

k

do es not in tersect In t C

k � 1 ;� ( A )

. Hence, � ( A ) � H < 5. This means that

b oth stopping p oin ts Stop( A ), Stop( A

0

) sit in one and the same blo c k Y

v

0

, B

�

( v

0

) =

k � 1 and � ( A ) = t

k � 2

� � , � ( A

0

) = t

0

k � 2

� �

0

, where � = �

k � 1

+ � ( A ) � 5, �

0

= �

0

k � 1

� 5.

Note that j �

k � 1

� �

0

k � 1

j � Hd ( A

k � 1

; A

0

k � 1

) � H and

j � � �

0

j � j �

k � 1

� �

0

k � 1

j + � ( A ) � 2 H :

By Lemma 5.1, w e ha v e

Hd

�

�

A

( t

k � 2

� s ) ; �

A

0

( t

0

k � 2

� s )

�

� H

for ev ery s , 0 � s � min f �

k � 1

( A ) ; �

k � 1

( A

0

) g . Since � � �

k � 1

( A ), �

0

� �

k � 1

( A

0

),

w e obtain

Hd (Stop( A ) ; Stop ( A

0

)) = Hd

�

�

A

( t

k � 2

� � ) ; �

A

0

( t

0

k � 2

� �

0

)

�

� Hd

�

�

A

( t

k � 2

� � ) ; �

A

0

( t

0

k � 2

� � )

�

+ j � � �

0

j

� 3 H :

(b) A

cr

, A

0

cr

sit in one and the same blo c k Y

v

and � ( A ), � ( A

0

) � 5 or � ( A ), � ( A

0

) <

5. W e ha v e A

cr

= A

k

, A

0

cr

= A

0

k

for k = B

�

( v ) and j � ( A ) � � ( A

0

) j � H . Supp ose �rst

that � ( A ), � ( A

0

) � 5. This means that b oth stopping p oin ts Stop ( A ), Stop( A

0

) sit in
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Y

v

and � ( A ) = t

k � 1

� � , � ( A

0

) = t

0

k � 1

� �

0

for � = � ( A ) � 5, �

0

= � ( A

0

) � 5. As ab o v e,

w e obtain

Hd (Stop( A ) ; Stop ( A

0

)) � Hd

�

�

A

( t

k � 2

� � ) ; �

A

0

( t

0

k � 2

� � )

�

+ j � � �

0

j � 2 H :

No w w e assume that � ( A ), � ( A

0

) < 5. As in the case (a), this means that b oth stopping

p oin ts Stop( A ), Stop( A

0

) sit in Y

v

0

adjacen t to Y

v

, B

�

( v

0

) = k � 1. In this case, w e

ha v e � ( A ) = t

k � 2

� � , � ( A

0

) = t

0

k � 2

� �

0

for � = �

k � 1

+ � ( A ) � 5, �

0

= �

0

k � 1

+ � ( A

0

) � 5

and j � � �

0

j � j �

k � 1

� �

0

k � 1

j + j � ( A ) � � ( A

0

) j � 2 H . As in the case (a), this implies

Hd (Stop( A ) ; Stop ( A

0

)) � 3 H :

(c) A

cr

, A

0

cr

sit in Y

v

and � ( A ) � 5 > � ( A

0

). W e ha v e 0 < � ( A ) � � ( A

0

) � H

and Hd

�

Stop( A ) ; �

A

0

( t

0

k � 1

� � )

�

= Hd

�

�

A

( t

k � 1

� � ) ; �

A

0

( t

0

k � 1

� � )

�

� H for � =

� ( A ) � 5 b y Lemma 5.1. The Hausdor� distance b et w een �

A

0

( t

0

k � 1

� � ) and Stop( A

0

) =

�

A

0

� � ( A

0

) can b e estimated from ab o v e as the sum of lengths of three geo desic

segmen ts in C obtained b y restricting �

A

0

on [ t

0

k � 1

� �; t

0

k � 1

], [ t

0

k � 1

; �

0

k � 1

], [ �

0

k � 1

; � ( A

0

)]

resp ectiv ely . The length of the �rst one is � , the second one at most diam A

0

k � 1

and

the last one 5 � � ( A

0

). All together they giv e at most � ( A ) � � ( A

0

) + diam A

0

k � 1

.

Since Hd( A

k � 1

; A

0

k � 1

) � H and diam A

k � 1

� diam � Stop( A ), w e ha v e diam A

0

k � 1

�

diam � Stop ( A ) + 2 H . Th us

Hd (Stop( A ) ; Stop ( A

0

)) � 4 H + diam � Stop ( A ) :

The last assertion of the Prop osition immediately follo ws from the de�nition of Stop.

F rom Prop osition 5.5 w e easily obtain

Cor ollar y 5.6. F or any choic e R ( A ) 2 Stop( A ) we have

dist ( R ( A ) ; R ( A

0

)) � 4 Hd( A; A

0

) + 2 D

for every A , A

0

2 C with diam � Stop ( A ) � D and diam � Stop ( A

0

) � D , and

dist ( y ; R ( y )) � 5 for every y 2 Y � C .

This Corollary sho ws that to pro v e Theorem D w e ha v e to mak e a go o d c hoice

R ( A ) 2 Stop( A ) for stopping sets with large diameter. T o this end, w e mak e a

preliminary step whic h is needed only in the case when there are h yp erb olic blo c ks in

our S H -blo c k structure on Y . This step is describ ed in the follo wing t w o sections.

5.2. Diameter pro jection asso ciated with Busemann function. In sec-

tion 5.2 and 5.3 w e construct the map R

0

: C ! C . Here w e consider an arbitrary

Hadamard space Y and the asso ciated C = C ( Y ).

Giv en ! 2 @

1

Y , w e consider a Busemann function b

!

: Y ! R asso ciated with

! . Its sublev el sets C

t

= f y 2 Y : b

!

( y ) � t g are con v ex, th us the metric pro jections

p

t

: Y ! C

t

, t 2 R are 1-Lipsc hitz. W e �x � > 0 and for A 2 C put

t ( A ) := min b

!

j A � � � diam A:

No w, w e de�ne p

! ; �

: C ! C b y p

! ; �

( A ) = con v � p

t ( A )

( A ). Ob viously , p

! ; �

( y ) = y for

ev ery y 2 Y � C .

Lemma 5.7. The map p

! ; �

is 2(� + 1) -Lipschitz.



EXTENSION OF LIPSCHITZ MAPS INTO 3-MANIF OLDS 697

Pr o of . Giv en A , A

0

2 C , w e denote

b

A = p

! ; �

( A ),

b

A

0

= p

! ; �

( A

0

), t = t ( A ),

t

0

= t ( A

0

) and W.L.G. assume that t

0

� t . Then

Hd (

b

A;

b

A

0

) � Hd ( p

t

( A ) ; p

t

0

( A

0

)) b y Lemma 3.1

� Hd ( p

t

( A ) ; p

t

( A

0

)) + t � t

0

;

b ecause p

t

0

( A

0

) = p

t

0

� p

t

( A

0

) and Hd ( p

t

( A

0

) ; p

t

0

( A

0

)) � t � t

0

. F urthermore,

Hd ( p

t

( A ) ; p

t

( A

0

)) � Hd ( A; A

0

) b ecause p

t

is 1-Lipsc hitz. Clearly , j d � d

0

j � Hd ( A; A

0

)

for d = min b

!

j A , d

0

= min b

!

j A

0

and

j t � t

0

j � j d � d

0

j + � j diam A � diam A

0

j :

Using Lemma 3.3, w e obtain j t � t

0

j � (2� + 1) Hd( A; A

0

) and hence

Hd(

b

A ;

b

A

0

) � 2(� + 1) Hd( A; A

0

) :

W e �x " > 0 and consider the set Y

� 1

( " ) consisting of all y 2 Y suc h that the

ball B

2 "

( y ) � Y is a CA T( � 1) space. Next, w e let aa

0

� H

2

b e a segmen t of length

" ; segmen ts ab , a

0

b

0

are orthogonal to aa

0

at a , a

0

resp ectiv ely , ha v e lengths " and lie

in one and the same half-plane w.r.t. the geo desic in H

2

extending aa

0

. No w, w e put

� = �

"

:= max f 1 ; 2 "= ( dist( b; b

0

) � " ) g :

Note that �

"

! 1 as " ! 0.

Pr oposition 5.8. F or e ach A 2 C , we have either diam � p

! ; �

( A ) < " or

p

t ( A )

( A ) \ Y

� 1

( " ) = ; :

Pr o of . Assume that diam � p

! ; �

( A ) � " and

e

A \ Y

� 1

( " ) 6= ; for some A 2 C , where

e

A = p

t ( A )

( A ). Note that diam

e

A � " b y Lemma 3.1,

e

A � @ C

t ( A )

b y the de�nition of

t ( A ), and

e

A is connected, b ecause A is connected.

By the assumption, there exists a 2

e

A \ Y

� 1

( " ). Hence, w e can �nd a

0

2

e

A with

dist( a; a

0

) = " and c , c

0

2 A with p

t ( A )

( c ) = a , p

t ( A )

( c

0

) = a

0

. F or t 2 [0 ; � diam A ], w e

de�ne a ( t ) 2 ac , a

0

( t ) 2 a

0

c

0

b y dist ( a ( t ) ; a ) = t = dist ( a

0

( t ) ; a

0

). Note that diam A �

diam

e

A � " , th us " 2 [0 ; � diam A ]. Then the function L ( t ) = dist ( a ( t ) ; a

0

( t )) is

con v ex and increasing, th us dist( c; c

0

) � L (� diam A ) � L ( " ) + L

0

( " ) (� diam A � " ),

where L

0

( " ) is the lo cal Lipsc hitz constan t for L at t = " . On the other hand, the

quadrangle a ( " ) aa

0

a

0

( " ) is con tained in the ball B

2 "

( a ) whic h is a CA T ( � 1) space.

Comparison with H

2

and the de�nition of � imply that L

0

( " ) � � � 2. Hence,

dist( c; c

0

) > 2 diam A � " � diam A;

since L ( " ) > L (0) = " and L

0

( " ) � 2. This is a con tradiction, b ecause c , c

0

2 A .

5.3. Pro jecting on Core Y . Here w e come bac k to a Hadamard space Y with

S H -blo c k structure. W e �x " 2 (0 ; 1] and consider the set Y

� 1

( " ) in tro duced in 5.2.

In S H -blo c k structure case w e, ob viously , ha v e

Y

� 1

( " ) = f y 2 Y : dist( y ; Core Y ) � 2 " g

=

[

v 2 H

f y 2 Y

v

: dist( y ; @ Y

v

) � 2 " g :
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Let C

0

� C b e the subset of all A 2 C suc h that either diam A � 1 or A � Core Y .

Lemma 5.9. Ther e exists an admissible ( L; l ) -Lipschitz map R

0

: C ! C

0

with

L = L ( " ) > 0 , l = 4 " such that R

0

( y ) = y for e ach y 2 Y . Her e L ( " ) ! 1 as " ! 0 .

Pr o of . W e �x ! 2 @

1

Y and de�ne � = �

"

as in Prop osition 5.8. Then for eac h

A 2 C w e ha v e either diam

e

A < " or

e

A := p

! ; �

( A ) lies in the 2 " -neigh b ourho o d of

a comp onen t of Core Y . The last conclusion follo ws from Prop osition 5.8 and the

fact that the 2 " -neigh b ourho o d of Core Y in Y is the union of con v ex sets pairwise

separated b y the distance at least 10 � 4 " � 6. Hence, if diam

e

A � 1 then the con v ex

pro jection

p

Core Y

(

e

A ) = con v � p

Core Y

(

e

A ) � Core Y

is w ell de�ned and Hd

�

e

A; p

Core Y

(

e

A )

�

� 2 " .

By Lemma 5.7, the admissible map p

! ; �

: C ! C is L -Lipsc hitz with L = 2(� + 1).

F urthermore, p

! ; �

( y ) = y for eac h y 2 Y (see sect. 5.2). No w, w e de�ne R

0

: C ! C

b y

R

0

( A ) = p

Core Y

� p

! ; �

( A ) if diam � p

! ; �

( A ) � 1

and R

0

( A ) = p

! ; �

( A ) otherwise. Then R

0

is admissible, R

0

( C ) � C

0

, R

0

( y ) = y for

eac h y 2 Y . F urthermore, for

e

A = p

! ; �

( A ),

e

A

0

= p

! ; �

( A

0

) w e ha v e Hd (

e

A;

e

A

0

) �

L � Hd ( A; A

0

); Hd

�

R

0

( A ) ;

e

A

�

, Hd

�

R

0

( A

0

) ;

e

A

0

�

� 2 " . Th us

Hd ( R

0

( A ) ; R

0

( A

0

)) � L � Hd ( A; A

0

) + 4 ";

i.e., R

0

is ( L; l )-Lipsc hitz with l = 4 " and L = 2(� + 1) ! 1 as " ! 0.

5.4. Stopping sets with large diameter. Here w e study the case that A 2 C

0

and Stop( A ) has a large diameter.

5.4.1. Sitting in an H -blo c k. Let Y

v

b e an H -blo c k, W

v

� Y

v

the distin-

guished w all (see sect. 4.2), W � Y

v

a w all di�eren t from W

v

. W e de�ne a subset

K � W b y the condition x 2 K if and only if the geo desic segmen t xp

v

( x ) is transv er-

sal to W at x , where p

v

: Y ! W

v

is the metric pro jection. Clearly , p

v

restricted on

Y

v

coincides with p

C

k

restricted on Y

v

, k = B

�

( v ). The meaning of this de�nition is

that if x 2 W n K then mo ving along xp

v

( x ) from x to p

v

( x ) one �rst go es along W

un til meets K and only then one lea v es W to w ards W

v

.

W e put W ( � ) = W \ C

k � 1 ;�

whic h eviden tly coincides with f x 2 W :

dist( x; W

v

) � � g . W e also let �

0

= inf f � � 0 : K � W ( � ) g . It is con v enien t to

use notation B

W

r

( x ) for a closed ball in W of radius r cen tered at x .

Ob viously , there exists a unique p oin t x

0

2 W with dist ( x

0

; p

v

( x

0

)) =

dist( W ; W

v

) =: �

v

.

Lemma 5.10. We have K � W ( �

0

) � B

W

r

0

( x

0

) for some r

0

< 2 .

Pr o of . Consider a horo cycle S � H

2

and a geo desic line 
 � H

2

whic h touc hes S at

x 2 S . Then p




( S ) � 
 is a subsegmen t of length 2 r

1

with r

1

= � ln tan

�

8

= 0 : 98 : : :

cen tered at x as an easy computation in h yp erb olic geometry sho ws. Moreo v er,

p




( S ) = p




([ ss

0

]) where [ ss

0

] � S is a subsegmen t of length 2 r

2

cen tered at x with

r

2

=

p

2 , and dist( 
 ; s ) = dist( 
 ; s

0

) = r

1

. It follo ws that K � B

W

r

2

( x

0

) b y comparison

with H

3

b ecause the other b oundary w alls of Y

v

are far a w a y to in terv ene. Their

in
uence is only that w e cannot sa y that @ C

k � 1 ;�

has the shap e of a horosphere in
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H

3

, ho w ev er, w e kno w that C

k � 1 ;�

is con v ex. Th us considering ev erything in the ball

B

10

( x

0

) � Y

v

w e see that C

k � 1 ;�

v

\ B

10

( x

0

) is con tained in a half-space b ounded b y

the h yp erb olic 2-plane M whic h touc hes W at x

0

. Next w e ha v e �

0

� �

v

� r

2

b ecause

the maximal distance from p oin ts of K to C

k � 1 ;�

v

is at most that to x

0

. Note that

the distance b et w een @ B

W

r

2

( x

0

) and M in Y

v

is equal to r

1

b y the consideration ab o v e

with the horo cycle S � H

2

. It follo ws that W ( �

0

) = W \ C

k � 1 ;�

v

+( �

0

� �

v

)

is con tained

in B

W

r

0

( x

0

) with r

0

= r

2

+ ( �

0

� �

v

� r

1

) � 2 r

2

� r

1

< 2.

The follo wing Prop osition describ es the shap e of stopping sets with large diameter

sitting in an H -blo c k.

Pr oposition 5.11. If diam � Stop ( A ) � 4 and Stop( A ) sits in an H -blo ck Y

v

for

some A 2 C

0

then �

A

( t ) � W for al l t 2 [ t

k

; � ( A )] , wher e W is a wal l of Y

v

di�er ent

fr om W

v

, k = B

�

( v ) . In p articular, Stop( A ) � W . F urthermor e, �

A

( t ) is the c onvex

hul l in W of an ar c on the b oundary @ W ( � ) with � = t

k � 1

� t � �

0

(note that W ( � )

is c onvex and @ W ( � ) e quidistant to @ W ( �

0

) in W ).

Pr o of . W e ha v e diam A � diam � Stop( A ) > 1, hence A � Core Y . It implies

A

k

� W for some w all W � @ Y

v

di�eren t from W

v

. Since K � W ( �

0

), w e ha v e

�

A

( t ) � W for eac h t 2 [ t

k

; t

k � 1

� �

0

]. This follo ws from de�nitions of �

A

and K .

It su�ces to sho w that � ( A ) � t

k � 1

� �

0

. The assumption � ( A ) > t

k � 1

� �

0

w ould

imply

Stop( A ) = �

A

� � ( A ) � W ( �

0

) � B

W

r

0

( x

0

)

b y Lemma 5.10. Th us diam � Stop( A ) � 2 r

0

< 4 whic h is a con tradiction.

5.4.2. Sitting in an S -blo c k. W e need the follo wing

Lemma 5.12. Assume that diam A > 1 and A

cr

sits in an H -blo ck Y

v

for some

A 2 C

0

. Then A = A

cr

� @ Y

v

and � ( A ) � 10 .

Pr o of . W e ha v e A � Core Y according to the de�nition of C

0

. Then A

cr

�

Y

v

\ Core Y � @ Y

v

since Y

v

is an H -blo c k. Th us A

cr

b eing connected sits in a

b oundary w all W of Y

v

. It follo ws that A � W since otherwise A w ould in tersect

the in terior of Core Y and consequen tly A

cr

could not b e a subset of Y

v

. Hence,

A

cr

= A . The w all W is di�eren t from the distinguished w all W

v

� @ Y

v

. Th us

� ( A ) � dist( W ; W

v

) � 10.

Let Y

v

b e an S -blo c k. F or A � Y

v

w e denote b y A

H

2

the pro jection of A on the

H

2

-factor F

v

and b y A

R

the pro jection of A on the R -factor of the decomp osition

Y

v

= F

v

� R .

No w w e describ e the shap e of large stopping sets sitting in an S -blo c k.

Pr oposition 5.13. Assume that diam � Stop( A ) � 4 and Stop( A ) sits in an

S -blo ck Y

v

for some A 2 C

0

. Then diam (Stop( A ))

H

2

� 0 : 1 and mor e over either

� ( A ) � 5 or � ( A ) < 1 .

Pr o of . If � ( A ) � 5 then A

cr

� Y

v

and dist

H

2

( ( A

cr

)

H

2

; (Stop A )

H

2

) � 5. Th us

diam (Stop( A ))

H

2

� 2 ln

e

5

+1

e

5

� 1

< 0 : 04 as an easy computation in h yp erb olic geometry

sho ws.

Assume no w that � ( A ) < 1. This means that �

A

( t ) mo v es along �

A

b y the

distance 5 � � ( A ) > 4 b et w een the corresp onding touc hing p oin t and Stop( A ). Th us

again diam (Stop( A ))

H

2

� 2 ln

e

4

+1

e

4

� 1

< 0 : 08.

Finally , assume that 1 � � ( A ) < 5. W e ha v e A

cr

� Y

v

0

where the blo c k Y

v

0

is

adjacen t to Y

v

, B

�

( v

0

) = k + 1 for k = B

�

( v ), and diam A � diam � Stop( A ) > 1. It

follo ws that Y

v

0

is an S -blo c k, since otherwise � ( A ) � 10 b y Lemma 5.12. Mo ving
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at least b y 1 in Y

v

0

along �

A

shrinks �

A

( t ) to the size at most 2 ln

e +1

e � 1

< 1 : 6 in the

H

2

-direction of Y

v

0

. T o reac h Stop( A ) one has �rst to pro ject A

k +1

on C

k ;�

with

� � 10, whic h is the minimal distance b et w een b oundary comp onen ts of Y

v

. This

shrinks �

A

( t ) to the size at most 2

e

10

+1

e

10

� 1

< 2 : 1 in the H

2

-direction of Y

v

b y an easy

computation in h yp erb olic geometry . Ho w ev er, the H

2

-directions for Y

v

0

and Y

v

are

m utually orthogonal along the separating w all b y the � = 2-condition (see sect. 4.3).

Hence, diam � Stop ( A ) < 1 : 6 + 2 : 1 < 4. This is a con tradiction.

5.5. De�nition of the map R .

5.5.1. Co ordinates in a w all. The p oin t � 2 @

1

T de�nes an orien tation on

ev ery edge e � T b y represen ting e = v

0

v with B

�

( v ) = B

�

( v

0

) � 1. Dep ending on

t yp es of v

0

, v w e classify the corresp onding w all W = W ( v

0

; v ) as an hh -, sh -, ss -, or

hs -w all resp ectiv ely . F or instance, if v

0

2 S , v 2 H then W is an sh -w all etc. Recall

that for ev ery ss -w all the � = 2-condition is satis�ed.

Giv en an hh - or sh -w all W = W ( v

0

; v ) there is a unique p oin t w

0

2 W satisfying

the condition dist( w

0

; W

v

) = dist ( W ; W

v

) where w e recall W

v

6= W is the distin-

guished w all of the H -blo c k Y

v

. W e �x m utually orthogonal r -line and h -line in W

passing through w

0

arbitrarily in the hh -case and letting the r -line b e parallel to the

R -factor of Y

v

0

= F

v

0

� R in the sh -case.

Let W = W ( v

0

; v ) b e an ss -w all. W e de�ne its h -line l

h

( W ) � W to b e parallel

to the R -factor of the S -blo c k Y

v

= F

v

� R and singled out b y the condition that its

p oin ts minimize the distance to W

v

in W . The w all W

v

is either an sh - or ss -w all

whic h has already de�ned h -line. In the blo c k Y

v

, this line de�nes an H

2

-section

F

v

� x

v

of Y

v

= F

v

� R b y l

h

( W

v

) = W

v

\ ( F

v

� x

v

). No w the r -line of W is de�ned

as l

r

( W ) = W \ ( F

v

� x

v

). W e put w

0

= l

r

( W ) \ l

h

( W ) 2 W .

W e ha v e de�ned an (non-orien ted) co ordinate system ( w

0

; l

r

; l

h

) for eac h t yp e of

w alls except the hs -t yp e. Ho w ev er, for this t yp e w e do not need that.

5.5.2. De�ning R . W e �x a constan t D � 6. Giv en A 2 C

0

, w e de�ne R ( A ) 2 Y

as follo ws. If diam � Stop( A ) < D then w e pic k R ( A ) 2 Stop( A ) arbitrarily . No w, w e

assume that diam � Stop( A ) � D .

First, consider the case when Stop( A ) sits in an S -blo c k Y

v

. Then w e ha v e �xed

the co ordinate system ( w

0

; l

r

; l

h

) in the w all W

v

b ecause this w all is not of the hs -t yp e.

W e let R ( A ) 2 Stop( A ) b e a closest p oin t to the H

2

-section F

v

� x

v

� Y

v

= F

v

� R

through the co ordinate line l

h

.

By Prop osition 5.13, w e ha v e diam (Stop ( A ))

H

2

� 0 : 1. Hence, R ( A ) is de�ned up

to 0 : 1-errors in the H

2

-direction.

Assume �nally that Stop( A ) sits in an H -blo c k Y

v

. Then b y Prop osition 5.11,

there is a w all W � @ Y

v

di�eren t from W

v

whic h con tains Stop( A ). Th us W is not

an hs -w all, and the co ordinate system ( w

0

; l

r

; l

h

) is �xed in W . Moreo v er, recall

that Stop( A ) is the con v ex h ull of the (prop er) arc

�

A := Stop( A ) \ S ( � ), where

S ( � ) = @ W ( � ), W ( � ) = f x 2 W : dist( x; W

v

) � � g , � � �

0

; S ( � ) is equidistan t to

S ( �

0

) and w

0

2 W ( �

0

) � B

W

r

0

( w

0

) for some r

0

< 2.

No w, w e pro ceed as follo ws. Consider a largest subarc

�

A

0

�

�

A with the same

midp oin t, whic h has no common in terior p oin t with the co ordinate line l

r

, and put

R ( A ) 2

�

A

0

b e the farthest p oin t from l

r

.

5.6. Pro of of Theorem D: easy cases. W e sho w that R : C

0

! Y is a lo cal

quasi-Lipsc hitz retraction, i.e., there exist " , D > 0 suc h that Hd( A; A

0

) � " implies

dist ( R ( A ) ; R ( A

0

)) � D for A , A

0

2 C

0

and dist ( y ; R ( y )) � D for y 2 Y . Then R

1

=
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R � R

0

: C ! Y is a lo cal quasi-Lipsc hitz retraction b y Lemma 5.9: tak e "

0

< "= 4, "

00

=

( " � 4 "

0

) =L ( "

0

). F or A , A

0

2 C with Hd( A; A

0

) � "

00

w e ha v e Hd ( R

0

( A ) ; R

0

( A

0

)) � " ,

hence, dist ( R

1

( A ) ; R

1

( A

0

)) � D . In addition dist ( y ; R

1

( y )) = dist ( y ; R ( y )) � D for

eac h y 2 Y .

The space C is geo desic, and for the geo desic spaces lo cal quasi-Lipsc hitz implies

quasi-Lipsc hitz, i.e., dist ( R

1

( A ) ; R

1

( A

0

)) �

D

"

00

Hd ( A; A

0

) for ev ery A , A

0

2 C with

Hd( A; A

0

) � "

00

.

Giv en A , A

0

2 C

0

, w e use notation

b

A := Stop( A ) and H := Hd ( A; A

0

). F urther-

more, w e assume that H � " < 1 = 6. By Corollary 5.6 w e also can assume that

max f diam

b

A; diam

b

A

0

g � D ;

where D � 6 the constan t from the de�nition of R .

5.6.1. Nonexceptional case of Prop osition 5.5. By this Prop osition

b

A ,

b

A

0

are in one and the same blo c k Y

v

and Hd(

b

A ;

b

A

0

) � 3 H � 3 " < 1 = 2. Hence

j diam

b

A � diam

b

A

0

j � 2 Hd(

b

A;

b

A

0

) < 1 :

No w if diam

b

A

0

< D then diam

b

A � D + 1, and w e can apply Corollary 5.6 to obtain

the result. Th us w e assume that

min f diam

b

A; dim

b

A

0

g � D :

Sub case ( S ): Y

v

is an S -blo c k, Y

v

= F

v

� R . In this case diam

b

A

H

2

, diam

b

A

0

H

2

� 0 : 1

b y Prop osition 5.13. Since D � 6, this means that eac h of

b

A ,

b

A

0

lo oks v ery m uc h lik e

a segmen t parallel to the R -factor of Y

v

, and w e ha v e actually 1-dimensional problem

b y pro jecting on the factors of Y

v

. Th us

dist ( R ( A ) ; R ( A

0

)) � dist ( R ( A )

R

; R ( A

0

)

R

) + dist ( R ( A )

H

2

; R ( A

0

)

H

2

)

� 2 Hd (

b

A ;

b

A

0

) + 1 � 2

according to the de�nition of R .

Sub case ( H ): Y

v

is an H -blo c k. W e p ostp one the discussion of this case to

sect. 5.8.

5.6.2. Exceptional case of Prop osition 5.5. In this case A

cr

, A

0

cr

sit in one

and the same blo c k Y

v

0

and W.L.G. � ( A

0

) � 5 > � ( A ). Then 0 < � ( A

0

) � � ( A ) � H ,

b

A

0

� Y

v

0

,

b

A � Y

v

with B

�

( v ) =: k , B

�

( v

0

) = k + 1. Let W = W ( v

0

; v ) b e the w all

separating Y

v

and Y

v

0

. Then A

k

, A

0

k

� W and Hd( A

k

; A

0

k

) � H b y Corollary 5.2.

F urthermore diam

b

A

0

� diam A

0

k

and diam A

k

� diam

b

A . Hence if diam

b

A

0

< D then

diam

b

A � D + 2 H < D + 1 and w e can apply Corollary 5.6.

Assume that diam

b

A

0

� D . Then diam A

0

� diam

b

A

0

> 1 and Y

v

0

is an S -blo c k

since otherwise � ( A

0

) � 10 b y Lemma 5.12. This con tradicts � ( A

0

) � � ( A ) + H < 10.

Hence Y

v

0

= F

v

0

� R and w e ha v e diam

b

A

0

H

2

� 0 : 1 b y Prop osition 5.13 and similarly

diam( A

k

)

H

2

� 0 : 1. F urthermore

Hd(

b

A

0

; A

k

) � Hd(

b

A

0

; A

0

k

) + Hd( A

0

k

; A

k

)

� � ( A

0

) � 5 + H � 2 H :

Let ( w

0

; l

r

; l

h

) b e the co ordinate system in the w all W . Then for a p oin t b 2

A

k

closest to l

h

w e ha v e dist ( R ( A

0

) ; b ) � 2 Hd(

b

A

0

; A

k

) + 1 � 1 + 4 " exactly as in
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Sub case ( S ). On the other hand, it follo ws from the de�nition of l

h

and the touc hing

p oin t �

k

(see sect. 5.1.3) that b 2 �

A

( �

k

). F urthermore, w e ha v e Hd

�

�

A

( �

k

) ;

b

A

�

�

5 � � ( A ) � � ( A

0

) � � ( A ) � H b y the de�nition of

b

A = Stop( A ), in particular,

dist( b;

b

A ) � H .

Assume that diam

b

A < D . Then dist( b; R ( A )) � H + D and w e obtain

dist ( R ( A ) ; R ( A

0

)) � dist ( R ( A ) ; b ) + dist ( b; R ( A

0

)) � D + 2 :

The remaining case diam

b

A

0

, diam

b

A � D will b e considered in sect. 5.8.

5.7. Digression: a Lipsc hitz extension prop ert y for S

1

. Let S

1

�

� R

2

b e

a circle of radius � endo w ed with the induced in trinsic metric. W e de�ne C ( S

1

�

) to

b e the set of all prop er arcs A � S

1

�

. This set can b e iden ti�ed with S

1

�

� [0 ; � � ) via

A 7! ( x; r ), where x 2 A is the midp oin t and r the half of the length of A . W e assume

that C ( S

1

�

) is endo w ed with the metric induced from S

1

�

� [0 ; � � ) b y that iden ti�cation.

Fix a line l � R

2

through the cen ter w

0

of S

1

�

and consider the subset � � C ( S

1

�

)

whic h consists of all A ha ving no common in terior p oin t with l . W e de�ne a retraction

f : � ! S

1

�

letting f ( A ) b e the p oin t of A 2 � of maximal distance to l . Next w e

extend f to f : C ( S

1

�

) ! S

1

�

b y taking the largest subarc A

0

� A with the same

midp oin t, A

0

2 � and putting f ( A ) = f ( A

0

), cp. the last paragraph of sect. 5.5.2.

Lemma 5.14. The r etr action f : � ! S

1

�

is

p

2 -Lipschitz and its extension

f : C ( S

1

�

) ! S

1

�

is 2 -Lipschitz.

Pr o of . This is clear from Figure 5.1 where the left and the righ t v ertical segmen ts

are iden ti�ed, f a; b g = l \ S

1

�

and � consists of t w o equilateral triangles (with in teriors)

dra wn in b old.

PSfrag replacemen ts

b

bb a

Fig. 5.1 . the map f

5.8. Pro of of Theorem D: di�cult cases. W e use the notations in tro duced

in sect. 5.6. First consider the p ostp oned

Sub case ( H ):

b

A ,

b

A

0

are sitting in an H -blo c k Y

v

, diam

b

A , diam

b

A

0

� D and

Hd(

b

A ;

b

A

0

) � 3 H � 3 " . Then b y Prop osition 5.11,

b

A ,

b

A

0

are in a w all W � @ Y

v

di�eren t from W

v

and moreo v er eac h of

b

A ,

b

A

0

is the con v ex h ull of an arc on @ W ( � ),

@ W ( �

0

) resp ectiv ely , where W ( � ) = f x 2 W : dist( x; W

v

) � � g . Then, ob viously ,

j � � �

0

j � Hd (

b

A;

b

A

0

) � 3 H .
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Since W is an sh - or hh -w all, the co ordinate system ( w

0

; l

r

; l

h

) in W is �xed.

Recall that @ W ( � ) is equidistan t to @ W ( �

0

) and W ( �

0

) � B

W

r

0

( w

0

) for r

0

< 2, where

W ( �

0

) is the smallest W ( � ) con taining K (see sect. 5.4.1). W e ha v e

b

A � W ( � ) = W ( �

0

+ � � �

0

) � B

W

r

0

+ � � �

0

( w

0

) :

Th us diam

b

A � 2( r

0

+ � � �

0

) and hence � � �

0

, �

0

� �

0

� D = 2 � r

0

> 1. W e also

note that

�

A =

b

A \ @ W ( � ) is a prop er arc as it is easy to see from the de�nition of a

stopping set.

T o mak e the argumen t clear w e simplify the situation assuming that K � W is

a ball cen tered at w

0

. This is the case when the 1-neigh b ourho o d of the shortest

segmen t b et w een W and W

v

in tersects no other w all of Y

v

.

In this case @ W ( � ) is a circle in W of radius � D = 2 � r

0

cen tered at w

0

. F urther-

more,

�

A subtends the angle at most � at w

0

. Note that the estimates of Lemma 5.14

are indep enden t of � and the construction of f from this Lemma is equiv arian t w.r.t.

the homotheties cen tered at w

0

. Th us taking in to accoun t the estimate j � � �

0

j � 3 H

and applying Lemma 5.14 w e easily obtain dist ( R ( A ) ; R ( A

0

)) � L � H for some L > 0.

Besides Lemma 5.14 and the men tioned estimate, the main con tribution in L is due

to the transition from the Hausdor� metric on subsets in W to the metric used in this

Lemma. Ho w ev er, this is bilipsc hitz for " su�cien tly small and the estimate L < 100

w ould b e to o p essimistic.

In general case when K is not supp osed to b e a ball, the constan t L is sp oiled

but only b y a b ounded (m ultiplicativ e) amoun t. The reason is that the main danger

for L comes from the p ossibilit y of

�

A to subtend an angle at w

0

close to 2 � , i.e., when

b

A almost coincides with W ( � ). Ho w ev er, this angle though migh t b e bigger than �

is then arbitrarily close to � for all su�cien tly large D b ecause @ W ( � ) is con tained

in the ann ulus f x 2 W : � � �

0

� dist ( x; w

0

) � r

0

+ � � �

0

g with � � �

0

� D = 2 � r

0

and recall W ( � ) is con v ex.

It remains to consider the exceptional case of Prop osition 5.5 when b oth diam

b

A ,

diam

b

A

0

� D . As in sect. 5.6.2 w e assume that � ( A

0

) � 5 > � ( A ) and use all

agreemen ts and notations of that section. Then Y

v

is an H -blo c k b y Prop osition 5.13

b ecause 5 > � ( A ) � � ( A

0

) � H > 4. Consequen tly , W = W ( v

0

; v ) is an sh -w all and

b

A � W b y Prop osition 5.11. Recall also that dist ( R ( A

0

) ; b ) � 1 + 4 " for b 2 A

k

closest

to the co ordinate line l

h

of the co ordinate system ( w

0

; l

r

; l

h

) in W and diam( A

k

)

H

2

�

0 : 1, i.e., A

k

� W is a segmen t of length � D parallel to l

r

(up to 0.1-errors whic h w e

ignore in the sequel). F urthermore, b 2 �

A

( �

k

) and Hd

�

�

A

( �

k

) ;

b

A

�

� H .

Note that b is the remotest p oin t from l

r

in �

A

( �

k

) b ecause �

A

( �

k

) touc hes A

k

at

b and A

k

is parallel to l

r

.

F or the same reason as ab o v e w e assume that K � W is a round ball cen tered

at w

0

. Then �

A

( �

k

) and consequen tly

�

A =

b

A \ W ( � ) ha v e no common in terior p oin t

with l

r

. By the de�nition of R w e ha v e R ( A ) 2

�

A is a p oin t closest to b and th us

dist ( R ( A ) ; b ) � Hd

�

b

A; �

A

( �

k

)

�

� H . Hence dist ( R ( A ) ; R ( A

0

)) � 1 + 4 " + H < 2.

The general case that K is not a ball ma y cause that

�

A has a common in terior

p oin t with l

r

. Ho w ev er, it ma y e�ect the estimate for dist ( R ( A ) ; b ) only b y an additiv e

amoun t b ounded b y r

0

. This again follo ws from the fact that @ W ( � ) sits in the ann ulus

cen tered at w

0

whic h has a large diameter � D = 2 � r

0

and a b ounded width � r

0

.

This completes the pro of of Theorem D.
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