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ember 2001 005EXTENSION OF LIPSCHITZ MAPS INTO 3-MANIFOLDS�SERGEI BUYALOy AND VIKTOR SCHROEDERzAbstra
t. We prove that the universal 
overing Y of a 
losed nonpositively 
urved 3-dimensionalRiemannian manifold possesses the following Lips
hitz extension property: there exists a 
onstant
 � 1 su
h that every �-Lips
hitz map f : S ! Y de�ned on a subset S of an arbitrary metri
 spa
eX has a 
�-Lips
hitz extension f : X ! Y .1. Introdu
tion. We say that a metri
 spa
e Y has the Lips
hitz extensionproperty (L) if there exists a 
onstant 
 � 1 su
h that every �-Lips
hitz map f :S ! Y de�ned on an arbitrary subset S of some metri
 spa
e X 
an be extended toa 
�-Lips
hitz map f : X ! Y .Obviously, to have property (L) is a bilips
hitz invariant of Y . One 
an provethat the Lips
hitz extension property implies that Y is 
onta
tible. A spa
e withproperty (L) also satis�es a quadrati
 isoperimetri
 inequality for 
losed 
urves, i.e.a 
losed 
urve of length l in Y 
an be spanned by a surfa
e with area � 
0l2. Thisfollows from the fa
t that the ar
length parametrization of the 
urve de�ned on the
ir
le S1r � R2 of radius r = l2� is Lips
hitz and 
an be extended to a Lips
hitz mapde�ned on the dis
.A 
lassi
al result of M
Shane [M℄ states that R has the property (L) with 
onstant
(R) = 1. Applying this result to the 
oordinate fun
tions, Rn has property (L) with
onstant 
(Rn ) = pn. Lang [L℄ showed that the optimal 
onstant for Rn has todepend on n and that (L) is not valid for an in�nite-dimensional Hilbert spa
e.In [LPS℄ it is proved that the following three 
lasses of Hadamard spa
es have theproperty (L)(1) the 2-dimensional Hadamard manifolds;(2) the 
lass of Gromov-hyperboli
 Hadamard manifolds whose 
urvature isbounded by �b2 � K � 0;(3) the 
lass of homogeneous Hadamard manifolds and eu
lidean Tits buildings.In this paper we study the validity of (L) for 3-dimensional spa
es. Let us �rstinvestigate the standard homogeneous 3-dimensional geometries:S3, R3 , H3, S2 � R, H2�R, NIL, SOL, ℄PSL2(R).Sin
e S3 and S2�R are homotopi
ally nontrivial, they do not satisfy the extensionproperty, while R3 , H3 and H2�R satis�es (L) by M
Shane's result and the 
ase (3)above. Sin
e ℄PSL2(R) is bilips
hitz to H2�R (this observation is due to Epstein,Mess and Gersten a

ording to [KLe℄) the property (L) is satis�ed. On the otherhand NIL and SOL do not share (L) sin
e they do not allow quadrati
 isoperimetri
inequalities (see [Eetal℄).We show that the property (L) holds for a large 
lass of simply 
onne
ted 3-manifolds. Our results 
an be summarized by the following two theorems.Theorem A. Let Y be the universal 
overing of a nonpositively 
urved, 
losedRiemannian 3-manifold. Then Y satis�es (L).�Re
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686 S. BUYALO AND V. SCHROEDERTheorem B. Let M be a metri
 spa
e homeomorphi
 to a Haken manifold (pos-sibly with boundary) with zero Euler 
hara
teristi
 whi
h is not of type NIL or SOL.Then the universal 
overing Y of M satis�es (L).We re
all that a Haken manifold is a 
ompa
t irredu
ible 3-dimensional manifoldwhi
h 
ontains a 
losed embedded 2-sided surfa
e whose fundamental group is in�niteand inje
ts via the 
anoni
al in
lusion homomorphism. Besides quotients of NIL andSOL Theorem B in
ludes other 
lasses of manifolds whi
h 
annot 
arry metri
s ofnonpositive 
urvature. By [BK℄, [Le℄ there are graphmanifolds whi
h 
annot 
arrymetri
s of nonpositive se
tional 
urvature.A
tually Theorem A 
an be redu
ed to Theorem B in the following way: Let Y bethe universal 
overing of a 
losed nonpositively 
urved 3-manifold M . We representM as Y=� where � is the group of de
ktransformations on Y . By a result of Eberlein[Eb℄, Y is either Gromov-hyperboli
 or 
ontains a two-dimensional totally geodesi

at plane F � Y . If Y is hyperboli
, then Y is in the 
lass (2) 
onsidered aboveand the property (L) follows. If Y 
ontains a 
at plane, then by [B℄, [S℄ there existsalso a 
losed 
at plane. Hen
e there exists a 
at plane F � Y su
h that the group�F = f
 2 � : 
(F ) = Fg operates with 
ompa
t quotient on F . The proof ofthis result also shows that there exists indeed a 
at F � Y whi
h is embedded intoM , i.e. for all 
 2 � either 
(F ) = F or 
(F ) \ F = ;. Then the set of 
atplanes f
(F ) : 
 2 �g divide Y into 
onvex subsets (blo
ks) and this de
ompositionis invariant under �. One 
an 
olour the blo
ks with two 
olours su
h that adja
entblo
ks have di�erent 
olours. Clearly a �nite index subgroup of � leaves the 
olouringinvariant and hen
e M is �nitely 
overed by a nonpositively 
urved manifold whi
h
ontains an embedded 2-sided torus whose fundamental group inje
ts. Thus M is�nitely 
overed by a Haken manifold (whi
h is not of type NIL or SOL).In order to prove Theorem B we use results of [Le℄ and [KLe℄ to show that themanifold Y is bilips
hitz to a 
onvex subset of a 3-dimensional Hadamard spa
e whi
his built out of very spe
ial blo
ks 
orresponding to the geometri
 de
omposition ofM . Thus we have to prove property (L) only for this spe
ial 
lass of Hadamardspa
es, whi
h we 
all Hadamard spa
es with a SH-blo
k stru
ture. For details of thisstru
ture and the existen
e of the bilips
hitz map see se
tion 4.To prove (L) for a Hadamard spa
e Y with SH-blo
k stru
ture, we use the ap-proa
h from [LPS℄ whi
h applies for all Hadamard spa
es Y :Let f : S ! Y be a �-Lips
hitz map. Then one 
an asso
iate to every x 2 Xa bounded 
losed 
onvex subset A(x) := Ts2S B (f(s); 2� dist(x; s)) � Y . Note thatA(x) = ff(x)g for x 2 S. In [LPS℄ it is shown that the map A : X ! C, where C is thespa
e of bounded 
losed 
onvex subsets of Y endowed with the Hausdor� metri
 Hd,is Lips
hitz with 
onstant 2p2�. In order to obtain the required extension f : X ! Yone has to 
ompose A with a Lips
hitz-retra
tion R : C ! Y , where we identify Y
anoni
ally with a subset of C. Note that the existen
e of the Lips
hitz retra
tion Ris a spe
ial 
ase of the general problem.In general the existen
e of R is not 
lear for arbitrary Hadamard spa
es, we willshow however:Theorem C. Let Y be a Hadamard spa
e with a SH-blo
k stru
ture and let C bethe set of bounded 
losed 
onvex subsets of Y endowed with the Hausdor� distan
e.Identify Y � C via the 
anoni
al in
lusion y 7! fyg. Then there exists a Lips
hitzretra
tion R : C ! Y .Indeed we will prove only a weaker statement, namely the existen
e of a quasi-Lips
hitz retra
tion:



EXTENSION OF LIPSCHITZ MAPS INTO 3-MANIFOLDS 687Theorem D. Let Y be a Hadamard spa
e with a SH-blo
k stru
ture. Thenthere are 
onstants L and l and a map R : C ! Y su
h that dist (R(A); R(A0)) �LHd(A;A0) + l for every A, A0 2 C and dist (y;R(y)) � l for ea
h y 2 Y .Using a main result of [LPS℄ we 
an dedu
e Theorem C from the weaker Theo-rem D: �rst restri
t the (L; l)-Lips
hitz map R to a set N , whi
h is a maximal dis
retesubset in C n Y with the property that Hd(A;A0) � l whenever A 2 N , A0 2 Y [N .Then we de�ne R0 : N [ Y ! Y by R0jN = RjN , R0jY = idY . The map R0 isL0-Lips
hitz and by the lo
al extension result [LPS℄, Theorem 5.3, this map 
an beextended to a Lips
hitz map on C. Note that Y is geodesi
ally 
omplete and satis�esthe lo
al doubling property required in the 
ited Theorem 5.3, sin
e Y is easily seento be bilips
hitz to a Hadamard manifold with bounded se
tional 
urvature.The aim of the rest of the paper is the proof of Theorem D. In se
tion 3 wedis
uss the geometry of the spa
e C of bounded 
losed 
onvex subsets of an arbitrarylo
ally 
ompa
t Hadamard spa
e in more detail. In se
tion 4 we dis
uss Hadamardspa
es with a blo
k stru
ture and more parti
ular Hadamard spa
es with a SH-blo
kstru
ture. In se
tion 5 we 
onstru
t the (L; l)-Lips
hitz retra
tion of Theorem D.We would like to thank Thomas S
hi
k for the remark that property (L) impliesthe 
ontra
tibility of the spa
e.2. Preliminaries. We re
all some general fa
ts from the theory of Hadamardspa
es, see [BrH℄. Let (Y; dist) be a Hadamard spa
e, i.e. a 
omplete geodesi
 metri
spa
e satisfying CAT(0) inequality whi
h means that triangles are thinner than ineu
lidian spa
e. A Hadamard spa
e is 
alled CAT(�1), if triangles are even thinnerthan 
omparison triangles in hyperboli
 spa
e. The unique geodesi
 ar
 between twopoints y and y0 is denoted by yy0. For every bounded nonempty subset A � Y thereis a uniquely determined smallest 
losed ball 
ontaining A. Its 
enter is 
alled the
ir
um
enter of A. With diamA we denote the diameter of A. If A, A0 are 
losedbounded subsets of Y letHd(A;A0) := inff" > 0 : A � U"(A0); A0 � U"(A)gbe the Hausdor� distan
e, where U"(A) := fy 2 Y : dist(y;A) � "g. A subset A � Yis 
onvex, if A 
ontains yy0 for all points y, y0 2 A. For a 
losed 
onvex subset A � Ythe distan
e fun
tion dist(�; A) is 
onvex and for every y 2 Y there is a unique pointpA(y) 2 A 
losest to y. pA : Y ! A is 
alled the metri
 proje
tion onto A.3. The Spa
e of Convex Subsets in a Hadamard Spa
e.3.1. Convex hull and 
onvex proje
tion. Let Y be a Hadamard spa
e, B thespa
e of 
losed, bounded subsets in Y equipped with the Hausdor� metri
 denotedby Hd, C � B 
onsists of the 
onvex subsets. There is the 
anoni
al proje
tion
onv : B ! C whi
h asso
iates to ea
h B 2 B its 
losed 
onvex hull 
onv(B).Lemma 3.1. The map 
onv : B ! C is 1-Lips
hitz and does not 
hange thediameter.Proof. Conne
ting b, b0 2 B 2 B by the geodesi
 segment in
reases neither diamBnor the Hausdor� distan
e to any B0 2 B by 
onvexity of the distan
e fun
tion. The
laim follows sin
e 
onv(B) 
oin
ides with 
losure of [nBn, where B0 = B and Bn+1is obtained from Bn by 
onne
ting ea
h pair of points b, b0 2 Bn by the geodesi
segment.Given a 
losed, 
onvex C � Y , we have the metri
 proje
tion pC : Y ! C whi
his a 1-Lips
hitz map. The map pC : C ! C, pC(A) = 
onv ÆpC(A) is 
alled the 
onvexproje
tion on C.



688 S. BUYALO AND V. SCHROEDERLemma 3.2. Let C be a 
losed, 
onvex subset in Y . Then the 
onvex proje
tionpC : C ! C is 1-Lips
hitz.Proof. Sin
e pC is 1-Lips
hitz, the indu
ed map bpC : B ! B is 1-Lips
hitz too.Hen
e, pC is 1-Lips
hitz by Lemma 3.1.Lemma 3.3. The diameter diam : C ! R is a 2-Lips
hitz fun
tion.Proof. Given A, A0 2 C, we take a0, a1 2 A whi
h approximate diamA up toan arbirarily small error (we do not suppose that A is 
ompa
t). Let a00, a01 2 A0 be
losest points to a0, a1 respe
tively. ThendiamA0 � dist(a00; a01) � dist(a0; a1)� 2Hd(A;A0):Hen
e, the 
laim.3.2. Geodesi
s in C. Here we study in more detail the spa
e C = C(Y ) assumingthat the Hadamard spa
e Y is lo
ally 
ompa
t. The points of Y are elements of C,and this gives the 
anoni
al isometri
 embedding Y � C. We identify Y with its imagein C.The spa
e C is a geodesi
 spa
e (see Proposition 3.5), and one 
an show that theHausdor� metri
 is 
onvex in some weak sense. Given y, y0 2 Y , there is a uniquemidpoint z 2 C between y, y0, whi
h 
oin
ides with the midpoint of the segmentyy0 � Y . This follows from the fa
t that the 
losed balls in Y of radius dist(y; y0)=2,
entered at y, y0 respe
tively, have a unique point in 
ommon, namely, z. Thisargument shows that Y is a (
losed) 
onvex subset in C. Moreover, the 
anoni
al map
ir
 : C ! Y given by the 
ir
um
enter of a 
onvex set has the propertyHd(A; 
ir
(A)) = infy2Y Hd(A; y);i.e., 
ir
 is a metri
 proje
tion. However, already for Y = R2 examples show (see[LPS℄) that this map is not Lips
hitz.The following lemma is a version of Theorem 1.8.2 from [S
h℄ where only the 
aseY = Rn is 
onsidered.Lemma 3.4. The spa
e C is 
omplete.Proof. Let fAig � C be a Cau
hy sequen
e. Then Bj = [i�jAi 2 B for ea
hj � 1. Furthermore, fBjg de
reases, Bj+1 � Bj . Sin
e Y is lo
ally 
ompa
t andhen
e proper, the set B = \jBj is not empty. We show that Hd(Ai; B) � " for ea
h" > 0 and all suÆ
iently large i. First, we note that Hd(Ai; Aj) � " for all suÆ
ientlylarge i, j. It follows that Bj � U"(Ai) and thus B � U"(Ai). Similarly, Ai � U"(Bj),and we obtain Ai � U"(B). Then Hd(Ai; bB) � " for bB = 
onv(B) by Lemma 3.1.Thus bB = limi Ai.Proposition 3.5. Let Y be a lo
ally 
ompa
t Hadamard spa
e. Then C = C(Y )is a geodesi
 spa
e.Proof. We �rst prove the existen
e of a midpoint between any two A, A0 2 C. Thisis true for any Hadamard spa
e Y without the requirement to be lo
ally 
ompa
t.Let B � Y be the set of the midpoints of all geodesi
 segments aa0 � Y witha 2 A, a0 2 A0. We put � = 12 Hd(A;A0) and assume that there exists b 2 B withdist(b; A) > �. This b is the midpoint of a segment aa0 with a 2 A, a0 2 A0. Sin
eA is 
onvex, the distan
e fun
tion to A is 
onvex. Thus dist(a0; A) � 2 dist(b; A)be
ause dist(a;A) = 0. Hen
e, dist(a0; A) > Hd(A;A0) 
ontradi
ting the de�nition ofHd(A;A0). This shows that B lies in the 
losed �-neighbourhood of A, U�(A).



EXTENSION OF LIPSCHITZ MAPS INTO 3-MANIFOLDS 689On the other hand, for ea
h a 2 A there is b 2 B with dist(b; a) � �: let b be themidpoint of aa0 where a0 2 A0 is the 
losest point to a, thus dist(a; a0) � 2�. Thisshows that A � U�(B). Thus Hd(B;A) � � and, similarly, Hd(B;A0) � �. By thetriangle inequality 2� � Hd(A;B) + Hd(B;A0) � 2� and hen
eHd(B;A) = � = Hd(B;A0):For the 
onvex hull bB = 
onv(B) we have Hd( bB;A), Hd( bB;A0) � � by Lemma 3.1.Hen
e, Hd( bB;A) = � = Hd( bB;A0) by the triangle inequality. Thus bB is a midpointbetween A and A0.By Lemma 3.4, C is 
omplete. It follows that C is geodesi
.Remark 3.6. Two sets A, A0 2 C possess a unique midpoint in C only inex
eptional 
ases, see [S
h℄. Yet, the pro
edure des
ribed above gives the 
anoni
algeodesi
 segment between any two points in C.3.3. Geodesi
s in C asso
iated with a distan
e fun
tion. Let h : Y !R be the distan
e fun
tion to a 
losed, 
onvex subset C � Y . Then h is 
onvexand 1-Lips
hitz. Furthermore, the sets Ct = fy 2 Y : h(y) � tg are 
onvex andHd(Ct; Ct0) = jt0 � tj for ea
h t, t0 � 0.Given A 2 C, we let tA := infft � 0 : A � Ctg, pt := pCt : C ! C be 
onvexproje
tions.Lemma 3.7. For ea
h A 2 C, 0 � t � tA we haveHd (A; pt(A)) = tA � t:Proof. If tA = 0 then the 
laim is obvious. Otherwise A \ �CtA 6= ; by thede�nition of tA and pt(A) � Ct, we have Hd (A; pt(A)) � tA � t. On the other hand,Hd (A; pt(A)) � tA � t be
ause A � CtA and by properties of the metri
 proje
tionpt : Y ! Ct. Using Lemma 3.1, we obtain Hd (A; pt(A)) � tA � t.Using the distan
e fun
tion h, we 
onstru
t geodesi
 paths in C as follows.Proposition 3.8. For ea
h A 2 C there exists a unique path �A : [0;1) ! Cwith the properties:(1) �A(t) = A for all t � tA;(2) �A(t) is the minimal 
onvex subset in Ct 
ontaining pt Æ �A(t0) for all t0 > t.Furthermore, the restri
tion �Aj[0; tA℄ is a geodesi
 in C.Proof. We �rst show that �A exists. By (1), it is already de�ned for all t � tA.For dyadi
 numbers Dn = fk2�n : k = 0; 1; : : : ; 2ng � [0; 1℄ we de�ne by indu
tion
n(1) = A; 
n �k2�n� = pstA Æ 
n �(k + 1)2�n� ;where s = k2�n, k = 2n � 1; : : : ; 1; 0. Clearly, 
n(s) 2 C is the minimal 
onvexsubset in Ct, t = stA, 
ontaining pt Æ 
n(s0) for all s0 > s 2 Dn. It also followsfrom this de�nition and Lemma 3.7 that the map 
n : Dn ! C is a homothety with
oeÆ
ient tA. In parti
ular, Hd (A; 
n(s)) � tA for ea
h s 2 Dn. On the other hand,pt(A0) � pt Æ pt0(A0) for ea
h A0 2 C, t0 � t. Thus 
n+1(s) � 
n(s) for ea
h s 2 Dn.In other words, the sequen
e of 
onvex sets, 
n+p(s), p � 1 in
reases and all thesesets lie in the tA-neighbourhood of A. Thus there exists a limit�A(stA) = limp!1 
n+p(s) 2 C



690 S. BUYALO AND V. SCHROEDERfor ea
h s 2 D = [nDn. This de�nes �A on \dyadi
" numbers in [0; tA℄. Clearly, �Ais isometri
 on this set and possesses property (2). Now, using Lemma 3.4, we extend�A to an isometri
 map [0; tA℄! C, whi
h possesses property (2).Assume that there is another map �0A : [0;1)! C with properties (1), (2). Thus�0A 
oin
ides with �A on [tA;1), in parti
ular, �0A(tA) = A. It follows from the
onstru
tion of �A that �A(t) � �0A(t) for ea
h t � 0 sin
e �0A(t) 
ontains pt Æ �0A(t0)for all t0 > t a

ording (2). Then by minimality �0A = �A.Lemma 3.9. For every A, A0 2 C, the fun
tion'A;A0(t) = Hd (�A(t); �A0 (t))in
reases on [0;1).Proof. This immediately follows from Lemma 3.2 and the 
onstru
tion of �A.4. Hadamard Spa
es with Blo
k Stru
ture.4.1. Blo
k de
omposition of Y and the asso
iated tree. We say that a3-dimensional Hadamard spa
e Y has a blo
k-stru
ture, if it has a de
ompositionY = [v2V Yv with the following properties: ea
h blo
k Yv is a 
losed, 
onvex subsetwith non empty interior and geodesi
 boundary �Yv, whi
h is the 
ountable union ofdisjoint 2-
ats in Y . Every two blo
ks Yv , Yv0 either are disjoint or have a 
ommonboundary 
omponent whi
h separates them. We assume in addition that the minimaldistan
e between di�erent boundary 
omponents of Yv is at least 10.A boundary 
omponent of a blo
k is 
alled a wall. Ea
h wall is adja
ent to exa
tlytwo blo
ks and is a 
onvex subset of Y isometri
 to R2 .Let T = T (Y ) be the graph dual to the de
omposition Y = [v2V Yv . In otherwords, the vertex set of T 
oin
ides with V and verti
es v, v0 2 V are 
onne
ted byan edge if and only if Yv \ Yv0 6= ;, i.e., the edges of T are asso
iated with the walls.Clearly, T is a tree with verti
es of in�nite (
ountable) degree. We equip T with alength metri
 distT in whi
h every edge has length 1.Lemma 4.1. If A � Yv, A0 � Yv0 for some A, A0 2 C and distT (v; v0) > 1 thenHd(A;A0) � 10.Proof. The blo
ks Yv , Yv0 are not adja
ent by the 
ondition. Thus ea
h geodesi
segment aa0 � Y with a 2 A, a0 2 A0 must interse
t at least two walls. Hen
e,dist(a; a0) � 10.4.2. Exhaustion of Y asso
iated with a Busemann fun
tion on T . Fix� 2 �1T and a Busemann fun
tion B� : T ! R asso
iated with �. We 
an assumethat B�(v) 2 Z for ea
h v 2 V . Given n 2 Z, we de�neCn = [fYv : B�(v) � ng:Then Cn is a 
losed, 
onvex subset in Y whose boundary �Cn is the 
ountable unionof walls. Clearly, we have Cn � Cn+1 and Y = [n2ZCn.Furthermore, for ea
h blo
k Yv there is exa
tly one distinguished boundary 
om-ponent of Yv , namely, the wallWv separating Yv from �. This wall 
orresponds to the�rst edge of the geodesi
 ray in T from v towards �.4.3. SH-blo
k stru
ture on Y . We say that Y has a SH-blo
k stru
ture, ifthe set V 
an be de
omposed as V = S[H with the following properties: every blo
kof type S (Seifert type, or S-blo
k for shortness) is isometri
 to the metri
 produ
t,



EXTENSION OF LIPSCHITZ MAPS INTO 3-MANIFOLDS 691Yv = Fv � R, where Fv � H2 is a 
onvex subset bounded by 
ountable many disjointgeodesi
 lines. Clearly, every S-blo
k is a CAT(0) spa
e.Every blo
k Yv of typeH (hyperboli
 type, orH-blo
k) is isometri
 to the 
omple-ment of the union of 
ountable many open disjoint horoballs in H3 (with the indu
edintrinsi
 metri
). Su
h a blo
k is also only a CAT(0) spa
e be
ause its boundary
omponents are 
onvex and 
at.Furthermore, we require that if di�erent S-blo
ks Yv , Yv0 are adja
ent along awall W , then the R-fa
tors of the de
ompositions Yv = Fv � R, Yv0 = Fv0 � R areorthogonal along W (we refer to this as the �=2-
ondition).We allow that any of the sets S, H but not both might be empty.We denote by CoreY the union of all walls and S-blo
ks in Y . We do not ex
ludethat CoreY = Y , however, we always have CoreY 6= ; by the de�nition of the SH-blo
k stru
ture. Ea
h 
onne
ted 
omponent of CoreY is either a wall separatingtwo H-blo
ks or the union of S-blo
ks and hen
e 
losed and 
onvex. Furthermore,di�erent 
omponents of CoreY are separated by the distan
e at least 10.4.4. Existen
e of a SH-stru
ture. In this se
tion we show that a manifoldsatisfying the assumptions of Theorem B admits a SH-stru
ture.De
ompose M by the JSJ-de
omposition into 
omponents whi
h are Seifert�bered or atoroidal. Ea
h 
omponent of the de
omposition 
an be equipped witha stru
ture modelled by the standard geometries, where the assumption rules out theS3 and S2�R geometry. If the de
omposition is nontrivial, only R3 , H3 or H2�R 
ano

ur, i.e. if one of the 
omponents is modelled by one of the remaining geometriesNIL, SOL or ℄PSL2(R), then M is a 
ompa
t quotient of theses geometries.Thus we 
an assume that the de
omposition is nontrivial. Let us �rst assumethat there is no hyperboli
 pie
e in the de
omposition. Then by a result of Kapovi
hand Leeb [KLe℄ the universal 
overing Y of M is bilips
hitz to a manifold with SH-stru
ture where all blo
ks are of type S. Note that in our de�nition of a blo
k stru
turewe have the assumption that walls are separated by 10. This additional requirementis easily obtained.If the de
omposition 
ontains a hyperboli
 pie
e then by a result of Leeb [Le℄ M
arries a 
omplete metri
 of nonpositive 
urvature. This metri
 is a geometri
 one onthe Seifert pie
es. On the hyperboli
 pie
es the metri
 is of 
onstant 
urvature awayfrom the boundary walls whi
h is smoothly modi�ed near the boundary tori and 
atin a small neighbourhood of these tori. Using a bilips
hitz modi�
ation in the waydes
ribed by [KLe℄ for the metri
 on the universal 
overing Y of M one 
an assumethat adja
ent Seifert pie
es satisfy the �=2-
ondition and that di�erent walls havedistan
e � 10. In addition we assume that di�erent walls of a hyperboli
 pie
e havedistan
e � 12, that the 
urvature is 
onstant �1 outside of the 1-neighbourhood ofthe walls and �1 � K � 0 on the whole blo
k. We refer to this metri
 as the smoothmetri
 on Y . Near the boundary walls of hyperboli
 pie
es, the smooth metri
 doesnot satisfy the requirement of our de�nition of H-blo
k. Thus we have to modify thismetri
 near a wall to obtain a SH-blo
k stru
ture.The 3-neighbourhood of a wall of a hyperboli
 blo
k in the smooth metri
 
an bewritten as F�[0; 3℄ , where F�f0g is the boundary 
at and the segments t 7! fpg�ftgare unit speed geodesi
s orthogonal to the boundary. On the other hand let H�[0;1)be the 
anoni
al parametrization of the 
losure of the 
omplement of a horoball in H3.We will 
ut o� F � [0; 3℄ from Y and glue ba
k H � [0; 2+ t0℄ where t0 and isometrieson both boundary 
omponents will be 
onstru
ted in the sequel. The new metri
will be bilips
hitz to the old one and after the 
orresponding 
hange at all walls of
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 blo
ks we obtain a SH-stru
ture.Note that Z2 operates on F�[0; 3℄. We 
hoose an isometry f0 : H�f0g ! F�f0gand obtain an isometri
 a
tion of Z2 on H � [0;1). There exists a value t0 su
hthat the volumes of the tori H � ft0g=Z2 and F � f1g=Z2 are equal. Note thatt0 � 1 sin
e �1 � K � 0 for the smooth metri
. Consider the Z2-equivariant mapf1 : H � ft0g ! F � f1g, f1(p; t0) = (f0(p); 1). Let ft : H � ft � t0g ! F � ftgde�ned by ft(p; t � t0) = (f0(p); t) for 0 � t � 1. Now we deform f1 in a Z2-invariantway via maps ft : H � ft0 � 1 + tg ! F � ftg, 1 � t � 2, su
h that f2 indu
es anaÆne map between the 
orresponding tori and su
h that all these maps preserve thevolume. This is possible, sin
e the 
urvature of the smooth metri
 is 
onstant in thisregion. Finally we deform f2 via maps ft : H � ft0 � 1 + tg ! F � ftg, 2 � t � 3 toan isometry f3 : H �ft0 +2g ! F �f3g. In the last step we do not require the mapto be equivariant. However it is 
learly possible to 
hoose this deformation in a waythat we obtain a bilips
hitz map f : H � [0; 2 + t0℄! F � [0; 3℄ whi
h is an isometryon both boundary 
omponents.5. Proof of Theorem D. If the spa
e Y would be a CAT(�1) spa
e, it wouldbe easy to 
onstru
t a Lips
hitz map C ! C whi
h asso
iates to every A 2 C a setwith uniformly bounded diameter. E.g. 
hoose a point ! 2 �1Y and take the 
onvexproje
tion of A on the horoball 
entered at ! whi
h lies distan
e 1 from A. One 
anthen pi
k a point in this proje
ted set to obtain a (L; l)-Lips
hitz retra
tion C ! Y .In our situation we do not have this uniform hyperboli
ity. Nevertheless we will
onstru
t a map Stop ÆR0 : C ! C whi
h asso
iates to every A 2 C a 
onvex subsetwith a very spe
ial shape. The map R0 : C ! C is a modi�
ation of the proje
tionin the CAT(�1)-
ase and R0(A) has either small diameter or is 
ontained in CoreY(whi
h was de�ned in se
t. 4.3). The map R0 is de�ned in se
t. 5.2, 5.3.The stopping map Stop : C ! C is a general 
onstru
tion valid for any Hadamardspa
e with a blo
k stru
ture. By the dis
ussion in 4.2 a manifold Y with a blo
kstru
ture has the exhaustion Y = [n2ZCn. Given this exhaustion one 
an asso
iateto every A 2 C a sequen
e (An)n2Z in C su
h that Ak = A if A � Ck and Ak � Ck.The 
onstru
tion of Ak out of Ak+1 uses a geodesi
 in C asso
iated to the distan
efun
tion to Ck as in se
t. 3.2.In this way we asso
iate to every A 2 C a pie
ewise geodesi
 �A and (in somesense) �A depends Lips
hitz on A (see Lemma 5.1). The stopping map 
hooses anappropriate point on this pie
ewise geodesi
. The result of Stop ÆR0 is either(i) a set with small diameter, or(ii) up to a small error an interval in R-dire
tion of an S-blo
k, or(iii) essentially an ar
 on a 
ir
le in a boundary wall of a hyperboli
 blo
k.In a last step we have to 
hoose in ea
h of these 
ases a point R(A) 2 Y in a
onsistent way. This 
hoi
e is des
ribed in se
t. 5.5.2.The required quasi-Lips
hitz retra
tion R will be obtained as the 
ompositionof several admissible maps C ! C. A map f : C ! C is said to be admissible if itde
reases the diameter,diam Æf(A) � diamA for every A 2 C:For instan
e, every 
onvex proje
tion is admissible by Lemma 3.2.5.1. Stopping map Stop. In this se
tion we assume that Y has a blo
k-stru
ture as de�ned in se
t. 4.1, 4.2.
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al pie
ewise geodesi
 paths in C. We re
all the exhaustionY = [n2ZCn. Given A 2 C, n 2 Z, there is a unique path �A;n : [0;1) ! Casso
iated with C = Cn by Proposition 3.8. The restri
tion �A;nj[0; tA;n℄ is geodesi
,where tA;n := infft � 0 : A � Cn;tg. Note that tA;k > 0 for every k < n(A), wheren(A) := minfn 2 Z : A � Cng.For ea
h A 2 C we de�ne the 
anoni
al pie
ewise geodesi
 path �A : [0;1) ! Cusing geodesi
s �A;n. A sequen
e of break points tk � 0, k 2 Zwill be de�ned in su
ha way that tk � tk�1, �Aj[tk; tk�1℄ is a geodesi
 in C between Ak = �A(tk) and Ak�1,Ak � Ck and tk is a minimal t � 0 for whi
h �A(t) � Ck.To this end, we put n = n(A), tk = 0, �A(tk) := A =: Ak for all k � n. Assumingthat tk, �Aj[0; tk℄ and Ak = �A(tk) are already de�ned for k � n, we puttk�1 = tk + tAk;k�1; Ak�1 = �A(tk�1); �A(t) = �Ak;k�1(tk�1 � t);where tk � t � tk�1. This gives a well de�ned value �A(tk) sin
e �Ak;k�1(tAk;k�1) =Ak by de�nitions of �A and tA. Furthermore, �kj[tk; tk�1℄ is a unit speed geodesi
in C between Ak and Ak�1. For every t 2 (tk+1; tk℄, the set �A(t) � Y lies inCk;tk�t = fy 2 Y : dist(y; Ck) � tk � tg. Moreover, by Proposition 3.8, �A(t) is theminimal 
onvex subset in C = Ck;tk�t 
ontaining pC Æ �A(t0) for all tk+1 � t0 < t.Finally, �k(A) := tk�1 � tk = tAk;k�1 � 10 for every k < n(A) by the de�ningproperties of our blo
ks and the de�nition of tA. Hen
e, [k2Z[tk; tk�1℄ = [0;1), and�A is de�ned on [0;1).It immediately follows from the de�nition and Lemma 3.2 that the map A 7! �A(t)is admissible for every t � 0.5.1.2. Monotoni
ity of the Hausdor� distan
e between 
anoni
al paths.Given A, A0 2 C, we de�ne 
ontinuous pie
ewise aÆne fun
tions s, s0 : [0;1) ![0;1), s(0) = 0 = s0(0) depending both on A, A0. We put indu
tively tk�1 =tk+maxf�k(A);�k(A0)g, k 2 Z, subje
t to the 
ondition tk = tk(A;A0) = 0 for ea
hk � maxfn(A); n(A0)g. Now, if �k(A) � �k(A0) then we de�nes(tk + t) = tk(A) + t for 0 � t � �k(A):If �k(A) � �k(A0) then using �2k := �k(A0)��k(A) we puts(tk + t) = (tk(A) for 0 � t � �2k;tk(A) + t��2k for �2k � t � �k(A0):Similarly, we de�ne s0 using break points tk(A0) instead of tk(A).The meaning of this de�nition is that the length �k(A) of the geodesi
 subsegmentAkAk�1 � �A might be larger than the 
orresponding length �k(A0) for A0. In that
ase, we move along �A by s from Ak to Ak�1 with unit speed simultaneously stayingfor a while at A0k till �A Æ s rea
hes the same level and then move along �A0 by s0 fromA0k to A0k�1 with unit speed.Lemma 5.1. Given A, A0 2 C, the fun
tion A;A0(t) = Hd (�A Æ s(t); �A0 Æ s0(t))de
reases on [0;1), where s, s0 are de�ned as above.Proof. This follows from Lemma 3.9 by untangling de�nitions of 
anoni
al paths�A, �A0 and speeds s, s0.



694 S. BUYALO AND V. SCHROEDERCorollary 5.2. For every A, A0 2 C, k 2 Z we haveHd(Ak ; A0k) � Hd(A;A0);where Ak = �A Æ tk(A).Proof. This follows from Lemma 5.1 and the fa
t that tk(A) = s(tk), tk(A0) =s0(tk), where tk = tk(A;A0) 2 [0;1) is involved in the de�nition of the speeds s, s0.5.1.3. Criti
al, tou
hing and stopping points of a 
anoni
al path. Wedenote by C1 the subspa
e of C whi
h 
onsists of elements sitting in one blo
k. Clearly,C1 is 
losed in C and if a path �A rea
hes C1 then it never leaves it. We de�ne the
riti
al point of �A as the �rst point at whi
h �A hits C1,t
r = t
r(A) = infft � 0 : �A(t) 2 C1g:It follows from the de�nition of �A that if t 2 [tk+1; tk℄ satis�es t < t
r then tk � t
r.Thus t
r is always a break point for �A, t
r = tk for some k 2 Z, or t
r =1.Lemma 5.3. For ea
h A 2 C, the 
riti
al point t
r(A) is �nite.Proof. Sin
e A is bounded and distan
es between boundary 
omponents of allblo
ks are uniformly separated from 0, there is only a �nite number of blo
ks whoseinteriors interse
t A (if there is no su
h blo
k then A sits in a wall). If tk < t
r forsome k < n(A) then passing through tk de
reases this number for �A(t) at least by1, whereas moving along �A does not 
hange this number while t 2 (tk; tk�1). Hen
e,the 
laim.We denote by A
r = �A(t
r). One 
an easily predi
t the blo
k where A
r sitsonly by knowing A 2 C. To this end, 
onsider the (�nite) subtree TA � T spannedby the set fv 2 V : A \ IntYv 6= ;g (if this set is empty then A sits in a wall Wand TA is the edge of T 
orresponding to W ). There is a unique vertex v 2 TA withB�(v) = minB�jTA =: k. Then A
r � Yv and, moreover, A
r \ A 6= ; (however, itis not true in general that A
r � A). Everything interesting for us will take pla
eeither in Yv or in the adja
ent blo
k Yv0 with B�(v0) = k � 1. Namely, every pointof the (broken) segment �A ([tk; �(A)℄) with the stopping point �(A) de�ned below
orresponds to an element of C sitting in one of these two blo
ks. In parti
ular, thisholds for Stop(A) = �A Æ �(A).The map 
rit : C ! C1, 
rit(A) = A
r is not 
ontinuous: every A 2 C1 whi
htou
hes Cn(A)�1 is a point of dis
ontinuity, and jumps might be arbitrarily large.However, we have the followingLemma 5.4. If Hd(A;A0) < 10 for some A, A0 2 C then A
r, A0
r are sitting inone and the same blo
k or in adja
ent blo
ks.Proof. We 
an assume that A0 = A0
r by Corollary 5.2. Next we note thatA \A
r 6= ; for ea
h A 2 C. If the 
laim would not be true then for ea
h a 2 A \A
rwe would have dist(a;A0) = dist(a;A0
r) � 10 sin
e A
r, A0
r would be separated by atleast one blo
k. But then Hd(A;A0) � 10. This is a 
ontradi
tion.Assume that for A 2 C we have Ak 2 C1 for some k � n(A). We de�ne the kthtou
hing point �k = �k(A) by �k := tk�1 � Æk, whereÆk = Æk(A) = inffÆ � 0 : Ak \ Ck�1;Æ 6= ;g:Obviously, Æk(A) � �k(A), thus we have �k 2 [tk; tk�1℄. Furthermore, Ak � Ck�1;�k nIntCk�1;Æk be
ause Ak sits in one blo
k. Hen
e, �k � tk = �k � Æk � diamAk .



EXTENSION OF LIPSCHITZ MAPS INTO 3-MANIFOLDS 695Finally, we de�ne the stopping point � = �(A) 2 [0;1) for �A as follows. Lett
r = tk be the 
riti
al point of �A, k � n(A). We take the kth tou
hing point�k 2 [tk; tk�1℄ and put � = �k + 5 if �k + 5 � tk�1. Otherwise, we let � = 5� Æk > 0and put � = �k�1 + �. So, we have � 2 [tk; tk�1℄ in the former 
ase and we showthat � 2 (tk�1; tk�2 � 5℄ in the last 
ase (re
all that tk�2 � tk�1 � 10). This is sobe
ause tk�1 � �k�1 < � and � � 5 < 10 � Æk�1. The inequality Æk�1 � 10 holdsfor the following reason. Sin
e Ak 2 C1, the set Ak�1 sits in the wall Wv of the blo
kYv 
ontaining Ak, B�(v) = k. Then the level Æk�1 is at least the minimal distan
ebetween di�erent boundary 
omponents of the blo
ks, i.e., Æk�1 � 10. Hen
e, the
laim.We de�ne a map Stop : C ! C by Stop(A) = �AÆ�(A). We also put Æ(A) := Æk(A),where tk = t
r is the 
riti
al point of �A, k � n(A). Again, Stop possesses points ofdis
ontinuity. Nevertheless, we have the followingProposition 5.5. For every A, A0 2 C with H := Hd(A;A0) < 5 the setsStop(A), Stop(A0) sit in one and the same blo
k andHd (Stop(A); Stop(A0)) � 3Hex
ept may be the 
ase when A
r,A0
r sit in one and the same blo
k and Æ(A) � 5 >Æ(A0). In this ex
eptional 
ase we haveHd (Stop(A); Stop(A0)) � 4H + diam Æ Stop(A):Furthermore, Stop(y) 2 Y for every y 2 Y � C and dist (y; Stop(y)) � 5.Proof. We 
onsider several 
ases.(a) A
r, A0
r sit in di�erent blo
ks. Using Lemma 5.4, we 
an assume W.L.G.that A
r = Ak, A0
r = A0k�1. By Corollary 5.2, Hd(A0k; Ak) � H . Next we have eitherA0k = A0k�1 = A0 or A0k 62 C1. In either 
ase, A0k meets Ck�1. Thus Hd(A0k; Ak) � Æ(A)be
ause Ak does not interse
t IntCk�1;Æ(A). Hen
e, Æ(A) � H < 5. This means thatboth stopping points Stop(A), Stop(A0) sit in one and the same blo
k Yv0 , B�(v0) =k�1 and �(A) = tk�2��, �(A0) = t0k�2��0, where � = Æk�1+Æ(A)�5, �0 = Æ0k�1�5.Note that jÆk�1 � Æ0k�1j � Hd(Ak�1; A0k�1) � H andj�� �0j � jÆk�1 � Æ0k�1j+ Æ(A) � 2H:By Lemma 5.1, we haveHd ��A(tk�2 � s); �A0(t0k�2 � s)� � Hfor every s, 0 � s � minf�k�1(A);�k�1(A0)g. Sin
e � � �k�1(A), �0 � �k�1(A0),we obtainHd (Stop(A); Stop(A0)) = Hd ��A(tk�2 � �); �A0(t0k�2 � �0)�� Hd ��A(tk�2 � �); �A0(t0k�2 � �)�+ j�� �0j� 3H:(b) A
r, A0
r sit in one and the same blo
k Yv and Æ(A), Æ(A0) � 5 or Æ(A), Æ(A0) <5. We have A
r = Ak , A0
r = A0k for k = B�(v) and jÆ(A) � Æ(A0)j � H . Suppose �rstthat Æ(A), Æ(A0) � 5. This means that both stopping points Stop(A), Stop(A0) sit in



696 S. BUYALO AND V. SCHROEDERYv and �(A) = tk�1� �, �(A0) = t0k�1� �0 for � = Æ(A)� 5, �0 = Æ(A0)� 5. As above,we obtainHd (Stop(A); Stop(A0)) � Hd ��A(tk�2 � �); �A0(t0k�2 � �)�+ j�� �0j � 2H:Now we assume that Æ(A), Æ(A0) < 5. As in the 
ase (a), this means that both stoppingpoints Stop(A), Stop(A0) sit in Yv0 adja
ent to Yv , B�(v0) = k � 1. In this 
ase, wehave �(A) = tk�2��, �(A0) = t0k�2��0 for � = Æk�1+ Æ(A)�5, �0 = Æ0k�1+ Æ(A0)�5and j�� �0j � jÆk�1 � Æ0k�1j+ jÆ(A) � Æ(A0)j � 2H . As in the 
ase (a), this impliesHd (Stop(A); Stop(A0)) � 3H:(
) A
r, A0
r sit in Yv and Æ(A) � 5 > Æ(A0). We have 0 < Æ(A) � Æ(A0) � Hand Hd �Stop(A); �A0(t0k�1 � �)� = Hd ��A(tk�1 � �); �A0(t0k�1 � �)� � H for � =Æ(A)�5 by Lemma 5.1. The Hausdor� distan
e between �A0(t0k�1��) and Stop(A0) =�A0 Æ �(A0) 
an be estimated from above as the sum of lengths of three geodesi
segments in C obtained by restri
ting �A0 on [t0k�1��; t0k�1℄, [t0k�1; � 0k�1℄, [� 0k�1; �(A0)℄respe
tively. The length of the �rst one is �, the se
ond one at most diamA0k�1 andthe last one 5 � Æ(A0). All together they give at most Æ(A) � Æ(A0) + diamA0k�1.Sin
e Hd(Ak�1; A0k�1) � H and diamAk�1 � diam Æ Stop(A), we have diamA0k�1 �diam Æ Stop(A) + 2H . ThusHd (Stop(A); Stop(A0)) � 4H + diam Æ Stop(A):The last assertion of the Proposition immediately follows from the de�nition of Stop.From Proposition 5.5 we easily obtainCorollary 5.6. For any 
hoi
e R(A) 2 Stop(A) we havedist (R(A); R(A0)) � 4Hd(A;A0) + 2Dfor every A, A0 2 C with diam Æ Stop(A) � D and diam Æ Stop(A0) � D, anddist (y;R(y)) � 5 for every y 2 Y � C.This Corollary shows that to prove Theorem D we have to make a good 
hoi
eR(A) 2 Stop(A) for stopping sets with large diameter. To this end, we make apreliminary step whi
h is needed only in the 
ase when there are hyperboli
 blo
ks inour SH-blo
k stru
ture on Y . This step is des
ribed in the following two se
tions.5.2. Diameter proje
tion asso
iated with Busemann fun
tion. In se
-tion 5.2 and 5.3 we 
onstru
t the map R0 : C ! C. Here we 
onsider an arbitraryHadamard spa
e Y and the asso
iated C = C(Y ).Given ! 2 �1Y , we 
onsider a Busemann fun
tion b! : Y ! R asso
iated with!. Its sublevel sets Ct = fy 2 Y : b!(y) � tg are 
onvex, thus the metri
 proje
tionspt : Y ! Ct, t 2 R are 1-Lips
hitz. We �x � > 0 and for A 2 C putt(A) := min b!jA� � � diamA:Now, we de�ne p!;� : C ! C by p!;�(A) = 
onv Æpt(A)(A). Obviously, p!;�(y) = y forevery y 2 Y � C.Lemma 5.7. The map p!;� is 2(� + 1)-Lips
hitz.



EXTENSION OF LIPSCHITZ MAPS INTO 3-MANIFOLDS 697Proof. Given A, A0 2 C, we denote bA = p!;�(A), bA0 = p!;�(A0), t = t(A),t0 = t(A0) and W.L.G. assume that t0 � t. ThenHd( bA; bA0) � Hd (pt(A); pt0 (A0)) by Lemma 3.1� Hd (pt(A); pt(A0)) + t� t0;be
ause pt0(A0) = pt0 Æ pt(A0) and Hd (pt(A0); pt0(A0)) � t � t0. Furthermore,Hd (pt(A); pt(A0)) � Hd(A;A0) be
ause pt is 1-Lips
hitz. Clearly, jd�d0j � Hd(A;A0)for d = min b!jA, d0 = min b!jA0 andjt� t0j � jd� d0j+�j diamA� diamA0j:Using Lemma 3.3, we obtain jt� t0j � (2� + 1)Hd(A;A0) and hen
eHd( bA; bA0) � 2(� + 1)Hd(A;A0):We �x " > 0 and 
onsider the set Y�1(") 
onsisting of all y 2 Y su
h that theball B2"(y) � Y is a CAT(�1) spa
e. Next, we let aa0 � H2 be a segment of length"; segments ab, a0b0 are orthogonal to aa0 at a, a0 respe
tively, have lengths " and liein one and the same half-plane w.r.t. the geodesi
 in H2 extending aa0. Now, we put� = �" := maxf1; 2"= (dist(b; b0)� ")g:Note that �" !1 as "! 0.Proposition 5.8. For ea
h A 2 C, we have either diam Æp!;�(A) < " orpt(A)(A) \ Y�1(") = ;:Proof. Assume that diam Æp!;�(A) � " and eA\Y�1(") 6= ; for some A 2 C, whereeA = pt(A)(A). Note that diam eA � " by Lemma 3.1, eA � �Ct(A) by the de�nition oft(A), and eA is 
onne
ted, be
ause A is 
onne
ted.By the assumption, there exists a 2 eA \ Y�1("). Hen
e, we 
an �nd a0 2 eA withdist(a; a0) = " and 
, 
0 2 A with pt(A)(
) = a, pt(A)(
0) = a0. For t 2 [0;�diamA℄, wede�ne a(t) 2 a
, a0(t) 2 a0
0 by dist (a(t); a) = t = dist (a0(t); a0). Note that diamA �diam eA � ", thus " 2 [0;�diamA℄. Then the fun
tion L(t) = dist (a(t); a0(t)) is
onvex and in
reasing, thus dist(
; 
0) � L (� diamA) � L(") + L0(") (� diamA� "),where L0(") is the lo
al Lips
hitz 
onstant for L at t = ". On the other hand, thequadrangle a(")aa0a0(") is 
ontained in the ball B2"(a) whi
h is a CAT(�1) spa
e.Comparison with H2 and the de�nition of � imply that L0(") � � � 2. Hen
e,dist(
; 
0) > 2 diamA� " � diamA;sin
e L(") > L(0) = " and L0(") � 2. This is a 
ontradi
tion, be
ause 
, 
0 2 A.5.3. Proje
ting on CoreY . Here we 
ome ba
k to a Hadamard spa
e Y withSH-blo
k stru
ture. We �x " 2 (0; 1℄ and 
onsider the set Y�1(") introdu
ed in 5.2.In SH-blo
k stru
ture 
ase we, obviously, haveY�1(") = fy 2 Y : dist(y;CoreY ) � 2"g= [v2Hfy 2 Yv : dist(y; �Yv) � 2"g:



698 S. BUYALO AND V. SCHROEDERLet C0 � C be the subset of all A 2 C su
h that either diamA � 1 or A � CoreY .Lemma 5.9. There exists an admissible (L; l)-Lips
hitz map R0 : C ! C0 withL = L(") > 0, l = 4" su
h that R0(y) = y for ea
h y 2 Y . Here L(")!1 as "! 0.Proof. We �x ! 2 �1Y and de�ne � = �" as in Proposition 5.8. Then for ea
hA 2 C we have either diam eA < " or eA := p!;�(A) lies in the 2"-neighbourhood ofa 
omponent of CoreY . The last 
on
lusion follows from Proposition 5.8 and thefa
t that the 2"-neighbourhood of CoreY in Y is the union of 
onvex sets pairwiseseparated by the distan
e at least 10� 4" � 6. Hen
e, if diam eA � 1 then the 
onvexproje
tion pCore Y ( eA) = 
onv ÆpCoreY ( eA) � CoreYis well de�ned and Hd� eA; pCoreY ( eA)� � 2".By Lemma 5.7, the admissible map p!;� : C ! C is L-Lips
hitz with L = 2(�+1).Furthermore, p!;�(y) = y for ea
h y 2 Y (see se
t. 5.2). Now, we de�ne R0 : C ! Cby R0(A) = pCoreY Æ p!;�(A) if diam Æp!;�(A) � 1and R0(A) = p!;�(A) otherwise. Then R0 is admissible, R0(C) � C0, R0(y) = y forea
h y 2 Y . Furthermore, for eA = p!;�(A), eA0 = p!;�(A0) we have Hd( eA; eA0) �L �Hd(A;A0); Hd�R0(A); eA�, Hd�R0(A0); eA0� � 2". ThusHd (R0(A); R0(A0)) � L �Hd(A;A0) + 4";i.e., R0 is (L; l)-Lips
hitz with l = 4" and L = 2(�+ 1)!1 as "! 0.5.4. Stopping sets with large diameter. Here we study the 
ase that A 2 C0and Stop(A) has a large diameter.5.4.1. Sitting in an H-blo
k. Let Yv be an H-blo
k, Wv � Yv the distin-guished wall (see se
t. 4.2), W � Yv a wall di�erent from Wv . We de�ne a subsetK �W by the 
ondition x 2 K if and only if the geodesi
 segment xpv(x) is transver-sal to W at x, where pv : Y ! Wv is the metri
 proje
tion. Clearly, pv restri
ted onYv 
oin
ides with pCk restri
ted on Yv , k = B�(v). The meaning of this de�nition isthat if x 2 W nK then moving along xpv(x) from x to pv(x) one �rst goes along Wuntil meets K and only then one leaves W towards Wv .We put W (�) = W \ Ck�1;� whi
h evidently 
oin
ides with fx 2 W :dist(x;Wv) � �g. We also let �0 = inff� � 0 : K �W (�)g. It is 
onvenient touse notation BWr (x) for a 
losed ball in W of radius r 
entered at x.Obviously, there exists a unique point x0 2 W with dist(x0; pv(x0)) =dist(W;Wv) =: �v .Lemma 5.10. We have K �W (�0) � BWr0 (x0) for some r0 < 2.Proof. Consider a horo
y
le S � H2 and a geodesi
 line 
 � H2 whi
h tou
hes S atx 2 S. Then p
(S) � 
 is a subsegment of length 2r1 with r1 = � ln tan �8 = 0:98 : : :
entered at x as an easy 
omputation in hyperboli
 geometry shows. Moreover,p
(S) = p
 ([ss0℄) where [ss0℄ � S is a subsegment of length 2r2 
entered at x withr2 = p2, and dist(
; s) = dist(
; s0) = r1. It follows that K � BWr2 (x0) by 
omparisonwith H3 be
ause the other boundary walls of Yv are far away to intervene. Theirin
uen
e is only that we 
annot say that �Ck�1;� has the shape of a horosphere in
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onvex. Thus 
onsidering everything in the ballB10(x0) � Yv we see that Ck�1;�v \ B10(x0) is 
ontained in a half-spa
e bounded bythe hyperboli
 2-planeM whi
h tou
hesW at x0. Next we have �0��v � r2 be
ausethe maximal distan
e from points of K to Ck�1;�v is at most that to x0. Note thatthe distan
e between �BWr2 (x0) andM in Yv is equal to r1 by the 
onsideration abovewith the horo
y
le S � H2. It follows that W (�0) =W \Ck�1;�v+(�0��v) is 
ontainedin BWr0 (x0) with r0 = r2 + (�0 � �v � r1) � 2r2 � r1 < 2.The following Proposition des
ribes the shape of stopping sets with large diametersitting in an H-blo
k.Proposition 5.11. If diam Æ Stop(A) � 4 and Stop(A) sits in an H-blo
k Yv forsome A 2 C0 then �A(t) � W for all t 2 [tk; �(A)℄, where W is a wall of Yv di�erentfrom Wv, k = B�(v). In parti
ular, Stop(A) � W . Furthermore, �A(t) is the 
onvexhull in W of an ar
 on the boundary �W (�) with � = tk�1 � t � �0 (note that W (�)is 
onvex and �W (�) equidistant to �W (�0) in W ).Proof. We have diamA � diam Æ Stop(A) > 1, hen
e A � CoreY . It impliesAk � W for some wall W � �Yv di�erent from Wv . Sin
e K � W (�0), we have�A(t) � W for ea
h t 2 [tk; tk�1 � �0℄. This follows from de�nitions of �A and K.It suÆ
es to show that �(A) � tk�1 � �0. The assumption �(A) > tk�1 � �0 wouldimply Stop(A) = �A Æ �(A) �W (�0) � BWr0 (x0)by Lemma 5.10. Thus diam Æ Stop(A) � 2r0 < 4 whi
h is a 
ontradi
tion.5.4.2. Sitting in an S-blo
k. We need the followingLemma 5.12. Assume that diamA > 1 and A
r sits in an H-blo
k Yv for someA 2 C0. Then A = A
r � �Yv and Æ(A) � 10.Proof. We have A � CoreY a

ording to the de�nition of C0. Then A
r �Yv \ CoreY � �Yv sin
e Yv is an H-blo
k. Thus A
r being 
onne
ted sits in aboundary wall W of Yv. It follows that A � W sin
e otherwise A would interse
tthe interior of CoreY and 
onsequently A
r 
ould not be a subset of Yv . Hen
e,A
r = A. The wall W is di�erent from the distinguished wall Wv � �Yv. ThusÆ(A) � dist(W;Wv) � 10.Let Yv be an S-blo
k. For A � Yv we denote by AH2 the proje
tion of A on theH2-fa
tor Fv and by AR the proje
tion of A on the R-fa
tor of the de
ompositionYv = Fv � R.Now we des
ribe the shape of large stopping sets sitting in an S-blo
k.Proposition 5.13. Assume that diam Æ Stop(A) � 4 and Stop(A) sits in anS-blo
k Yv for some A 2 C0. Then diam (Stop(A))H2 � 0:1 and moreover eitherÆ(A) � 5 or Æ(A) < 1.Proof. If Æ(A) � 5 then A
r � Yv and distH2 ((A
r)H2 ; (StopA)H2) � 5. Thusdiam (Stop(A))H2 � 2 ln e5+1e5�1 < 0:04 as an easy 
omputation in hyperboli
 geometryshows.Assume now that Æ(A) < 1. This means that �A(t) moves along �A by thedistan
e 5� Æ(A) > 4 between the 
orresponding tou
hing point and Stop(A). Thusagain diam (Stop(A))H2 � 2 ln e4+1e4�1 < 0:08.Finally, assume that 1 � Æ(A) < 5. We have A
r � Yv0 where the blo
k Yv0 isadja
ent to Yv , B�(v0) = k + 1 for k = B�(v), and diamA � diam Æ Stop(A) > 1. Itfollows that Yv0 is an S-blo
k, sin
e otherwise Æ(A) � 10 by Lemma 5.12. Moving



700 S. BUYALO AND V. SCHROEDERat least by 1 in Yv0 along �A shrinks �A(t) to the size at most 2 ln e+1e�1 < 1:6 in theH2-dire
tion of Yv0 . To rea
h Stop(A) one has �rst to proje
t Ak+1 on Ck;Æ withÆ � 10, whi
h is the minimal distan
e between boundary 
omponents of Yv . Thisshrinks �A(t) to the size at most 2 e10+1e10�1 < 2:1 in the H2-dire
tion of Yv by an easy
omputation in hyperboli
 geometry. However, the H2-dire
tions for Yv0 and Yv aremutually orthogonal along the separating wall by the �=2-
ondition (see se
t. 4.3).Hen
e, diam Æ Stop(A) < 1:6 + 2:1 < 4. This is a 
ontradi
tion.5.5. De�nition of the map R.5.5.1. Coordinates in a wall. The point � 2 �1T de�nes an orientation onevery edge e � T by representing e = v0v with B�(v) = B�(v0) � 1. Depending ontypes of v0, v we 
lassify the 
orresponding wall W =W (v0; v) as an hh-, sh-, ss-, orhs-wall respe
tively. For instan
e, if v0 2 S, v 2 H then W is an sh-wall et
. Re
allthat for every ss-wall the �=2-
ondition is satis�ed.Given an hh- or sh-wall W =W (v0; v) there is a unique point w0 2W satisfyingthe 
ondition dist(w0;Wv) = dist(W;Wv) where we re
all Wv 6= W is the distin-guished wall of the H-blo
k Yv . We �x mutually orthogonal r-line and h-line in Wpassing through w0 arbitrarily in the hh-
ase and letting the r-line be parallel to theR-fa
tor of Yv0 = Fv0 � R in the sh-
ase.Let W = W (v0; v) be an ss-wall. We de�ne its h-line lh(W ) � W to be parallelto the R-fa
tor of the S-blo
k Yv = Fv � R and singled out by the 
ondition that itspoints minimize the distan
e to Wv in W . The wall Wv is either an sh- or ss-wallwhi
h has already de�ned h-line. In the blo
k Yv, this line de�nes an H2-se
tionFv � xv of Yv = Fv � R by lh(Wv) =Wv \ (Fv � xv). Now the r-line of W is de�nedas lr(W ) =W \ (Fv � xv). We put w0 = lr(W ) \ lh(W ) 2W .We have de�ned an (non-oriented) 
oordinate system (w0; lr; lh) for ea
h type ofwalls ex
ept the hs-type. However, for this type we do not need that.5.5.2. De�ning R. We �x a 
onstantD � 6. Given A 2 C0, we de�ne R(A) 2 Yas follows. If diam Æ Stop(A) < D then we pi
k R(A) 2 Stop(A) arbitrarily. Now, weassume that diam Æ Stop(A) � D.First, 
onsider the 
ase when Stop(A) sits in an S-blo
k Yv . Then we have �xedthe 
oordinate system (w0; lr; lh) in the wallWv be
ause this wall is not of the hs-type.We let R(A) 2 Stop(A) be a 
losest point to the H2-se
tion Fv � xv � Yv = Fv � Rthrough the 
oordinate line lh.By Proposition 5.13, we have diam (Stop(A))H2 � 0:1. Hen
e, R(A) is de�ned upto 0:1-errors in the H2-dire
tion.Assume �nally that Stop(A) sits in an H-blo
k Yv . Then by Proposition 5.11,there is a wall W � �Yv di�erent from Wv whi
h 
ontains Stop(A). Thus W is notan hs-wall, and the 
oordinate system (w0; lr; lh) is �xed in W . Moreover, re
allthat Stop(A) is the 
onvex hull of the (proper) ar
 �A := Stop(A) \ S(�), whereS(�) = �W (�), W (�) = fx 2 W : dist(x;Wv) � �g, � � �0; S(�) is equidistant toS(�0) and w0 2 W (�0) � BWr0 (w0) for some r0 < 2.Now, we pro
eed as follows. Consider a largest subar
 �A0 � �A with the samemidpoint, whi
h has no 
ommon interior point with the 
oordinate line lr, and putR(A) 2 �A0 be the farthest point from lr.5.6. Proof of Theorem D: easy 
ases. We show that R : C0 ! Y is a lo
alquasi-Lips
hitz retra
tion, i.e., there exist ", D > 0 su
h that Hd(A;A0) � " impliesdist (R(A); R(A0)) � D for A, A0 2 C0 and dist (y;R(y)) � D for y 2 Y . Then R1 =
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al quasi-Lips
hitz retra
tion by Lemma 5.9: take "0 < "=4, "00 =("� 4"0)=L("0). For A, A0 2 C with Hd(A;A0) � "00 we have Hd (R0(A); R0(A0)) � ",hen
e, dist (R1(A); R1(A0)) � D. In addition dist (y;R1(y)) = dist (y;R(y)) � D forea
h y 2 Y .The spa
e C is geodesi
, and for the geodesi
 spa
es lo
al quasi-Lips
hitz impliesquasi-Lips
hitz, i.e., dist (R1(A); R1(A0)) � D"00 Hd(A;A0) for every A, A0 2 C withHd(A;A0) � "00.Given A, A0 2 C0, we use notation bA := Stop(A) and H := Hd(A;A0). Further-more, we assume that H � " < 1=6. By Corollary 5.6 we also 
an assume thatmaxfdiam bA; diam bA0g � D;where D � 6 the 
onstant from the de�nition of R.5.6.1. Nonex
eptional 
ase of Proposition 5.5. By this Proposition bA, bA0are in one and the same blo
k Yv and Hd( bA; bA0) � 3H � 3" < 1=2. Hen
ej diam bA� diam bA0j � 2Hd( bA; bA0) < 1:Now if diam bA0 < D then diam bA � D + 1, and we 
an apply Corollary 5.6 to obtainthe result. Thus we assume thatminfdiam bA; dim bA0g � D:Sub
ase (S): Yv is an S-blo
k, Yv = Fv�R. In this 
ase diam bAH2 , diam bA0H2 � 0:1by Proposition 5.13. Sin
e D � 6, this means that ea
h of bA, bA0 looks very mu
h likea segment parallel to the R-fa
tor of Yv, and we have a
tually 1-dimensional problemby proje
ting on the fa
tors of Yv . Thusdist (R(A); R(A0)) � dist (R(A)R; R(A0)R) + dist (R(A)H2 ; R(A0)H2)� 2Hd( bA; bA0) + 1 � 2a

ording to the de�nition of R.Sub
ase (H): Yv is an H-blo
k. We postpone the dis
ussion of this 
ase tose
t. 5.8.5.6.2. Ex
eptional 
ase of Proposition 5.5. In this 
ase A
r, A0
r sit in oneand the same blo
k Yv0 and W.L.G. Æ(A0) � 5 > Æ(A). Then 0 < Æ(A0)� Æ(A) � H ,bA0 � Yv0 , bA � Yv with B�(v) =: k, B�(v0) = k + 1. Let W = W (v0; v) be the wallseparating Yv and Yv0 . Then Ak, A0k � W and Hd(Ak ; A0k) � H by Corollary 5.2.Furthermore diam bA0 � diamA0k and diamAk � diam bA. Hen
e if diam bA0 < D thendiam bA � D + 2H < D + 1 and we 
an apply Corollary 5.6.Assume that diam bA0 � D. Then diamA0 � diam bA0 > 1 and Yv0 is an S-blo
ksin
e otherwise Æ(A0) � 10 by Lemma 5.12. This 
ontradi
ts Æ(A0) � Æ(A) +H < 10.Hen
e Yv0 = Fv0 � R and we have diam bA0H2 � 0:1 by Proposition 5.13 and similarlydiam(Ak)H2 � 0:1. FurthermoreHd( bA0; Ak) � Hd( bA0; A0k) + Hd(A0k ; Ak)� Æ(A0)� 5 +H � 2H:Let (w0; lr; lh) be the 
oordinate system in the wall W . Then for a point b 2Ak 
losest to lh we have dist (R(A0); b) � 2Hd( bA0; Ak) + 1 � 1 + 4" exa
tly as in
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ase (S). On the other hand, it follows from the de�nition of lh and the tou
hingpoint �k (see se
t. 5.1.3) that b 2 �A(�k). Furthermore, we have Hd��A(�k); bA� �5 � Æ(A) � Æ(A0) � Æ(A) � H by the de�nition of bA = Stop(A), in parti
ular,dist(b; bA) � H .Assume that diam bA < D. Then dist(b; R(A)) � H +D and we obtaindist (R(A); R(A0)) � dist (R(A); b) + dist (b; R(A0)) � D + 2:The remaining 
ase diam bA0, diam bA � D will be 
onsidered in se
t. 5.8.5.7. Digression: a Lips
hitz extension property for S1. Let S1� � R2 bea 
ir
le of radius � endowed with the indu
ed intrinsi
 metri
. We de�ne C(S1�) tobe the set of all proper ar
s A � S1� . This set 
an be identi�ed with S1� � [0; ��) viaA 7! (x; r), where x 2 A is the midpoint and r the half of the length of A. We assumethat C(S1�) is endowed with the metri
 indu
ed from S1�� [0; ��) by that identi�
ation.Fix a line l � R2 through the 
enter w0 of S1� and 
onsider the subset � � C(S1�)whi
h 
onsists of all A having no 
ommon interior point with l. We de�ne a retra
tionf : � ! S1� letting f(A) be the point of A 2 � of maximal distan
e to l. Next weextend f to f : C(S1�) ! S1� by taking the largest subar
 A0 � A with the samemidpoint, A0 2 � and putting f(A) = f(A0), 
p. the last paragraph of se
t. 5.5.2.Lemma 5.14. The retra
tion f : � ! S1� is p2-Lips
hitz and its extensionf : C(S1�)! S1� is 2-Lips
hitz.Proof. This is 
lear from Figure 5.1 where the left and the right verti
al segmentsare identi�ed, fa; bg = l\S1� and � 
onsists of two equilateral triangles (with interiors)drawn in bold.
PSfrag repla
ementsb bb aFig. 5.1. the map f5.8. Proof of Theorem D: diÆ
ult 
ases. We use the notations introdu
edin se
t. 5.6. First 
onsider the postponedSub
ase (H): bA, bA0 are sitting in an H-blo
k Yv , diam bA, diam bA0 � D andHd( bA; bA0) � 3H � 3". Then by Proposition 5.11, bA, bA0 are in a wall W � �Yvdi�erent from Wv and moreover ea
h of bA, bA0 is the 
onvex hull of an ar
 on �W (�),�W (�0) respe
tively, where W (�) = fx 2 W : dist(x;Wv) � �g. Then, obviously,j�� �0j � Hd( bA; bA0) � 3H .
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e W is an sh- or hh-wall, the 
oordinate system (w0; lr; lh) in W is �xed.Re
all that �W (�) is equidistant to �W (�0) and W (�0) � BWr0 (w0) for r0 < 2, whereW (�0) is the smallest W (�) 
ontaining K (see se
t. 5.4.1). We havebA �W (�) =W (�0 + �� �0) � BWr0+���0(w0):Thus diam bA � 2(r0 + � � �0) and hen
e � � �0, �0 � �0 � D=2 � r0 > 1. We alsonote that �A = bA \ �W (�) is a proper ar
 as it is easy to see from the de�nition of astopping set.To make the argument 
lear we simplify the situation assuming that K � W isa ball 
entered at w0. This is the 
ase when the 1-neighbourhood of the shortestsegment between W and Wv interse
ts no other wall of Yv.In this 
ase �W (�) is a 
ir
le in W of radius � D=2� r0 
entered at w0. Further-more, �A subtends the angle at most � at w0. Note that the estimates of Lemma 5.14are independent of � and the 
onstru
tion of f from this Lemma is equivariant w.r.t.the homotheties 
entered at w0. Thus taking into a

ount the estimate j�� �0j � 3Hand applying Lemma 5.14 we easily obtain dist (R(A); R(A0)) � L �H for some L > 0.Besides Lemma 5.14 and the mentioned estimate, the main 
ontribution in L is dueto the transition from the Hausdor� metri
 on subsets inW to the metri
 used in thisLemma. However, this is bilips
hitz for " suÆ
iently small and the estimate L < 100would be too pessimisti
.In general 
ase when K is not supposed to be a ball, the 
onstant L is spoiledbut only by a bounded (multipli
ative) amount. The reason is that the main dangerfor L 
omes from the possibility of �A to subtend an angle at w0 
lose to 2�, i.e., whenbA almost 
oin
ides with W (�). However, this angle though might be bigger than �is then arbitrarily 
lose to � for all suÆ
iently large D be
ause �W (�) is 
ontainedin the annulus fx 2 W : �� �0 � dist(x;w0) � r0 + �� �0g with �� �0 � D=2� r0and re
all W (�) is 
onvex.It remains to 
onsider the ex
eptional 
ase of Proposition 5.5 when both diam bA,diam bA0 � D. As in se
t. 5.6.2 we assume that Æ(A0) � 5 > Æ(A) and use allagreements and notations of that se
tion. Then Yv is an H-blo
k by Proposition 5.13be
ause 5 > Æ(A) � Æ(A0) �H > 4. Consequently, W = W (v0; v) is an sh-wall andbA �W by Proposition 5.11. Re
all also that dist (R(A0); b) � 1+4" for b 2 Ak 
losestto the 
oordinate line lh of the 
oordinate system (w0; lr; lh) in W and diam(Ak)H2 �0:1, i.e., Ak �W is a segment of length � D parallel to lr (up to 0.1-errors whi
h weignore in the sequel). Furthermore, b 2 �A(�k) and Hd��A(�k); bA� � H .Note that b is the remotest point from lr in �A(�k) be
ause �A(�k) tou
hes Ak atb and Ak is parallel to lr.For the same reason as above we assume that K � W is a round ball 
enteredat w0. Then �A(�k) and 
onsequently �A = bA \W (�) have no 
ommon interior pointwith lr. By the de�nition of R we have R(A) 2 �A is a point 
losest to b and thusdist (R(A); b) � Hd� bA; �A(�k)� � H . Hen
e dist (R(A); R(A0)) � 1 + 4"+H < 2.The general 
ase that K is not a ball may 
ause that �A has a 
ommon interiorpoint with lr. However, it may e�e
t the estimate for dist (R(A); b) only by an additiveamount bounded by r0. This again follows from the fa
t that �W (�) sits in the annulus
entered at w0 whi
h has a large diameter � D=2 � r0 and a bounded width � r0.This 
ompletes the proof of Theorem D.
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