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ember 2001 006BIELLIPTIC DRINFELD MODULAR CURVES�ANDREAS SCHWEIZERyAbstra
t. We determine all Drinfeld modular 
urves X0(n) that are biellipti
, i.e. double
overs of ellipti
 
urves. This allows us to �nd all X0(n) that have in�nitely many quadrati
 pointsover Fq (T ). We also improve one of the results of Poonen 
on
erning uniform boundedness forDrinfeld modules of rank 2.Mathemati
s Subje
t Classi�
ation (2000): 11G09, 14H45, se
ondary: 14G050. Introdu
tion. Let n 2 Fq [T ℄. Then the Drinfeld modular 
urve X0(n) hasin�nitely many rational points over Fq (T ) if and only if it is a rational 
urve, whi
his the 
ase if and only if deg(n) � 2. This results from a 
riterion in [Sa℄, sin
e the
urves X0(n) with positive genus are non-isotrivial and the ellipti
 ones have rank 0.The question whi
h of the 
urves X0(n) have in�nitely many quadrati
 pointsover Fq (T ), or more generally, over a �nite extension of Fq (T ), is related in a more
ompli
ated way to the problem whi
h X0(n) are hyperellipti
 or biellipti
. Thehyperellipti
 ones have been determined in [S
h3℄ and now we treat the biellipti

ase.In the 
lassi
al situation (i.e. over C or Q) all biellipti
 modular 
urvesX0(n) havebeen determined in [Ba℄. In order to redu
e the possibly biellipti
 modular 
urves toa �nite number one uses a strategy originally due to A. Ogg, namely 
ounting pointson a suitable redu
tion. This works equally well in the 
lassi
al and in the Drinfeldsetting. However, when dealing with the remaining 
ases, life is harder for us, sin
e,unlike the 
lassi
al situation, not mu
h is known about the full automorphism groupof X0(n). Therefore we have to use several di�erent strategies and ad ho
 arguments.The �rst main result (Theorem 4.6) is that up to aÆne tranformations of n thereare exa
tly 12 biellipti
 
urves X0(n) (of whi
h 6 are at the same time hyperellipti
).All biellipti
 involutions we �nd are modular automorphisms (and often even Atkin-Lehner involutions). However, we do not 
laim that these 12 
urves have no otherbiellipti
 involutions, although this seems unlikely.Se
tion 5 
ontains the other main results: Theorem 5.1 relates the two properties,to have in�nitely many quadrati
 points and being biellipti
. Theorem 5.3 lists allX0(n) with in�nitely many quadrati
 points over Fq (T ). As an appli
ation we improvea result from [Po℄ on the uniform boundedness of the p-primary torsion of Fq [T ℄-Drinfeld modules of rank 2 over a �xed �nite extension L of Fq (T ); namely, in Theorem5.4 we make the bound uniform over all quadrati
 extensions of L. See also Remark5.5, where further possible generalizations are indi
ated.1. Basi
 Fa
ts. As always, Fq is the �nite �eld with q elements. Throughoutthis paperK stands for the rational fun
tion �eld Fq (T ) and A for the polynomial ringFq [T ℄, where sometimes q is spe
i�ed in the 
ontext. The moni
 irredu
ible elementsof A are 
alled primes and denoted by the letter p. We refer to the 
orrespondingpla
es of K as �nite pla
es and use the symbol 1 for the pla
e with uniformizer 1T .For every non-zero n 2 A we have the Drinfeld modular 
urve X0(n). Here weare interested in these 
urves as algebrai
 
urves over K. We refer to [S
h3℄ for a�Re
eived De
ember 21, 2000; a

epted for publi
ation Mar
h 2, 2001.yKorea Institute for Advan
ed Study (KIAS), 207-43 Cheongryangri-dong, Dongdaemun-gu, Seoul130-012, Korea (s
hweiz�kias.re.kr). 705



706 A. SCHWEIZERshort a

ount of the (well-known) fa
ts that are important for us, in
luding Gekeler's
losed formula for the genus. Or see [G&R℄ for a really thorough treatment of Drinfeldmodular 
urves in general.If X is a 
urve de�ned over a �eld k, then Aut(X) means Autk(X), i.e. the groupof automorphisms de�ned over the algebrai
 
losure k of k.Definition 1.1. Let k be a �eld and X=k a 
urve. We say that X is biellipti
over k if the genus of X over k is at least 2 and X is a double 
over over k of anellipti
 
urve E.Insisting that the genus is at least 2 has the advantage that even in 
hara
teristi
2 the 
overing X ! E is galois, that is, there exists an involution v of X, de�nedover k, su
h that vnX = E. We say that v is a biellipti
 involution of X.We mainly apply this to the 
urves X0(n). By [S
h3℄, Proposition 5 these are
onservative, i.e., we don't have to worry about su
h strange phenomena as 
hange ofthe genus upon inseparable extension of the ground �eld. So X0(n) is biellipti
 overthe algebrai
 
losure of K if and only if it is biellipti
 over some �nite extension ofK. In this 
ase we simply say that X0(n) is biellipti
.Moreover, the 
urves X0(n), and hen
e also their quotients, always have a K-rational point. Thus an involution w of X0(n) is biellipti
 if the genus of wnX0(n) is1. If the 
hara
teristi
 of K is 2, the rami�
ation of the 
overing X0(n)! wnX0(n)is of 
ourse wild. But by [S
h3℄, Proposition 7 (whi
h I owe to E.-U. Gekeler) these
ond rami�
ation groups are trivial. Loosely spoken: In 
hara
teristi
 2 the �xedpoints of an involution on X0(n) 
ount double. Thus in 
hara
teristi
 2 an involutionw of X0(n) is biellipti
 if and only if it has exa
tly g(X0(n))� 1 �xed points.In general, the only involutions of X0(n) we know are the Atkin-Lehner involu-tions Wm. We refrain from presenting the somewhat involved formulas for their �xedpoints, proved in [S
h3℄ and repeated in [S
h4℄. A
tually, the biellipti
 Atkin-Lehnerinvolutions 
an be easily read o� from the main results in [S
h4℄.If q > 2 the Atkin-Lehner involutions exhaust already all so-
alled modular au-tomorphisms of X0(n), that is the automorphisms indu
ed by automorphisms of theDrinfeld upper half-plane.For q = 2 there might be more; for example if T 2jn, then �0(n) is normal in �0( nT )and the matrix � 1 0nT 1� indu
es on X0(n) a modular involution whi
h we 
alled U1 in[S
h2℄. Clearly, U1nX0(n) is nothing else than X0( nT ). Note however that U1 doesnot 
ommute with all Atkin-Lehner involutions of X0(n). See [S
h2℄ for a 
ompletedes
ription of all modular automorphisms of X0(n).Although it is unlikely that a Drinfeld modular 
urve X0(n) of genus at least 2has any non-modular automorphisms, this doesn't seem to be proved for one single
ase. This is the reason for the 
ir
umstantial argumentation in se
tion 4.Examples show that a 
urve 
an have more than one biellipti
 involution. Butthe next result makes 
lear that this 
an only happen if the genus is small.Proposition 1.2. Let X be a 
urve of genus g(X) � 6 over an algebrai
ally
losed �eld k.a) If X is biellipti
, then the biellipti
 involution is unique and lies in the 
enterof the automorphism group of X.b) Let w be an involution of X whi
h, if 
har(k) 6= 2, has more than 8 �xedpoints (resp. more than 4 �xed points if 
har(k) = 2). Then either w is thebiellipti
 involution or X is not biellipti
.



BIELLIPTIC DRINFELD MODULAR CURVES 707Proof. a) For later use we present the presumably well-known proof. Let u and vbe two biellipti
 involutions of X . They generate a dihedral group G with 2n elementswhere n is the order of uv in Aut(X). Every element of G outside the 
y
li
 subgrouphuvi is 
onjugate to u or v and hen
e biellipti
. The 
ontribution of the rami�
ationof a biellipti
 involution w to the Hurwitz formula for X ! wnX is g � 1. Thus theHurwitz formula for X ! GnX yields g�1 � 2n(0�1)+n(g�1), that is n � g�1g�3 < 2,whi
h means u = v.If � is any automorphism of X , then �v��1 is again biellipti
, hen
e equal to v;so v 
ommutes with �.b) Suppose X has a biellipti
 involution v 6= w. Sin
e w 
ommutes with v, itindu
es an involution ew on the ellipti
 
urve v nX . But ew has more than 4 �xedpoints (resp. more than 2 if the 
hara
teristi
 is 2). This 
ontradi
ts the Hurwitzformula.One of the best strategies if one wants to prove that a 
ertain Drinfeld modular
urve X0(n) is not biellipti
 is to work with a redu
tion. Namely, one uses the fa
tthat for every pla
e p of K with p6 j1 � n the 
urve X0(n) has good redu
tion modulop and the redu
ed 
urve has the same moduli interpretation for Drinfeld modules overextensions of A=p.Also, if X0(n) is biellipti
, then the ellipti
 
urve vnX0(n) must somehow showup in the Ja
obian J0(n) of X0(n). We refer to [G&R℄ for more information on J0(n)and on strong Weil 
urves.Lemma 1.3. If X0(n) is biellipti
 and g(X0(n)) � 6, then the biellipti
 involutionis de�ned over a �nite, purely inseparable extension L of K.For every pla
e p of K with p6 j1 �n the redu
tion X̂0(n) of X0(n) mod p is also abiellipti
 
urve. More pre
isely, if } is the pla
e of L lying above p, then the biellipti
involution v redu
es to a biellipti
 involution ev, de�ned over A=p, and evnX̂0(n) isnothing else than the redu
tion mod } of the ellipti
 
urve vnX0(n).Proof. Sin
e v is unique, it is stable under every � 2 Aut(K=K) and hen
e de�nedover a purely inseparable extension of K.Taking a K-rational 
anoni
al map i from X0(n) into its Ja
obian J0(n) we 
an�nd a map f : J0(n) ! vnX0(n) su
h that f Æ i is the map from X0(n) to vnX0(n).Then the lemma follows be
ause i and f behave well under the redu
tion.2. The Hyperellipti
 Cases. If deg(n) � 2, then X0(n) is rational and thus
ertainly not biellipti
. In this se
tion we settle the 
ase deg(n) = 3.Lemma 2.1. Let X be a hyperellipti
 
urve over an algebrai
ally 
losed �eld k. IfX is also biellipti
, then g(X) � 3.Proof. The hyperellipti
 involution u 
ommutes with every automorphism, inparti
ular with the biellipti
 involution v. Applying the Hurwitz formula to the Galois
over X ! hu; vinX yields g � 1 � (g + 1) + (g � 1)� 4.Corollary 2.2. If X0(n) is biellipti
 and deg(n) = 3, then ne
essarily q � 4.Proof. If deg(n) = 3, then X0(n) is hyperellipti
 (or ellipti
) and its genus is q orq � 1, depending on whether n is square-free or not.Lemma 2.3. The 
urves X0(T 3) are not biellipti
.Proof. If q = 2, then X0(T 3) is ellipti
 and hen
e ex
luded by de�nition. So weneed to examine only q = 3 and q = 4.



708 A. SCHWEIZERIf q = 4, then a

ording to [Ge3, Corollary 6.4℄ the Ja
obian J0(T 3) of X0(T 3)is, up to isogeny, the produ
t of the three ellipti
 
urvesY 2 +XY = X3 + "T ; " 2 F�4 :These 
urves are non-isogenous even over the algebrai
 
losure of K. To verify thiswe �rst observe that, given two of these 
urves, we 
an �nd an � 2 F�4 su
h that the
hara
teristi
 polynomials of the Frobenius over F4 on their redu
tions mod T � �are X2 +3X +4 and X2 �X +4, respe
tively. If those redu
tions be
ome isogenousover some F4n , then the n-th powers of the roots of these polynomials must be equal,i.e., �3 +p�71 +p�15 or �3�p�71 +p�15 2 Q(p�7;p�15)must be an n-th root of unity. But one easily 
he
ks that this is not the 
ase.Now suppose X0(T 3) has a biellipti
 involution v, de�ned over some �nite exten-sion L of K. Then vnX0(T 3) must lie in one of the three isogeny fa
tors of J0(T 3)over L with 
orresponding strong Weil 
urve E over K. (See the end of Remark 4.7for a 
ontrast). This implies that there is an ellipti
 
urve eE over L, su
h that over Lthe strong Weil uniformization X0(T 3)! E and the map X0(T 3)! vnX0(T 3) bothfa
tor through eE. Obviously only eE = vnX0(T 3) is possible.Using the data in Table 10.2 of [Ge1℄ one 
an 
al
ulate (see [Ge2℄, Theorems8.9 and 8.10 and Example 9.1) that the degree of the strong Weil uniformizationX0(T 3)! E is 4 and the pole order of j(E) at 1 is also 4. In view of the results in[Ge3℄ we now even know the equation of E, namely:Y 2 +XY = X3 + "T 4 :From this and the 2-isogeny from E to eE we see that eE is de�ned over K. Butthis 
ontradi
ts the fa
t that E is a strong Weil 
urve, and hen
e X0(T 3) 
annot bebiellipti
.The same proof works for q = 3. Here the Ja
obian splits into the two ellipti

urves Y 2 = X3 + X2 � 1T ([Ge3℄, Corollary 6.4), whi
h again are absolutely non-isogenous. The degree of the strong Weil uniformizations is 3. Note that there isa misprint in table 10.2 of [Ge1℄; the se
ond ve
tor for q = 3, n = T 3 should be(0;�1; 2;�1).Proposition 2.4. Up to aÆne transformations T 7! �T + � the followingtable lists all hyperellipti
 
urves X0(n) with g(X0(n)) � 3. Moreover, all biellipti
Atkin-Lehner involutions of these 
urves are given. So if there exist biellipti
involutions other than those in the table, they 
annot be modular.



BIELLIPTIC DRINFELD MODULAR CURVES 709q n g biellipti
 some biellipti
 involutions2 T (T 2 + T + 1) 2 yes WT ; WT 2+T+12 T 3 + T + 1 2 no �2 (T 2 + T + 1)2 2 no �3 T 3 2 no �3 T 2(T � 1) 2 yes WT 2 ; WT�13 T (T � 1)(T + 1) 3 yes WT (T�1); WT (T+1); W(T�1)(T+1)3 T (T 2 + 1) 3 yes WT3 T (T 2 + T � 1) 3 yes WT 2+T�13 T 3 � T + 1 3 no �3 T 3 + T 2 � 1 3 no �4 T 3 3 no �4 T 2(T � 1) 3 yes WT 2Proof. The 
ases with a biellipti
 Atkin-Lehner involution were already deter-mined in Proposition 3.1 of [S
h4℄.A

ording to Table 10.2 in [Ge1℄, for the three irredu
ible n listed above theJa
obian J0(n) of X0(n) is simple over K. But by [Ta, Appendix℄ for irredu
iblen the de
omposition up to isogeny of J0(n) into simple abelian varieties over K isalready the absolute de
omposition (i.e. over K). Hen
e these three 
urves 
annotbe biellipti
.The 
urves X0(T 3) have been treated in the previous lemma.Finally, if q = 2 and n = (T 2 + T + 1)2, then Wn has 3 �xed points on X0(n)and hen
e it is the hyperellipti
 involution. These �xed points are 
usps and they areF -rational points of X0(n) where F is a 
ertain 
ubi
 Galois extension of K. (See[S
h3℄ for all this). The group Aut(X0(n))=Wn is a subgroup of S3, given by thepermutation representation of these automorphisms on the three �xed points of Wn.If Aut(X0(n)) 
ontains an involution v 6= Wn, then v, �xing one of the �xedpoints of Wn, is biellipti
. Applying � 2 Aut(F=F ) to v we obtain an involution withthe same �xed point; so it 
an only be v or vWn. This shows that the ellipti
 
urvevnX0(n) is de�ned over a �nite, purely inseparable extension of a quadrati
 extensionof F . In parti
ular, the existen
e of v would imply that the Ja
obian of X0(n) mod Tsplits over F26 into two ellipti
 
urves.Using the quotient graph of the Bruhat-Tits tree by the 
ongruen
e group �0(n)(
ompare the examples at the end of [G&R℄ or [Ge2℄), one 
an 
al
ulate that the eigen-values of the He
ke operator HT on J0(n) are 1+p52 and 1�p52 . So the L-polynomialof the 
urve X0(n) mod T over F2 is(1� 1 +p52 X + 2X2)(1� 1�p52 X + 2X2):From this one easily 
al
ulates the L-polynomial of the same 
urve over F26 , namely1� 10X + 73X2 � 640X3 + 4096X4:



710 A. SCHWEIZERThis polynomial is irredu
ible (
he
k modulo 3). Ergo J0(n) mod T doesn't split overF26 and hen
e v doesn't exist.3. Bounding q and deg(n). In this se
tion we restri
t the possible q and n withbiellipti
 X0(n) to a �nite set by using \Ogg's tri
k", whi
h 
onsists in 
ombining thefollowing two fa
ts.On the one hand, if p 2 A is a prime with p6 j n, one 
an use the moduli inter-pretation to show that the redu
tion of X0(n) modulo p has many points whi
h arerational over the quadrati
 extension of A=p. On the other hand, if X0(n) is biellipti
and g(X0(n)) � 6, then X0(n) mod p as a double 
over of an ellipti
 
urve over A=p(see Lemma 1.3) has at most 2(qdeg(p) + 1)2 rational points over Fq2deg(p) .So �rst we have to make sure in how far we 
an apply Lemma 1.3.Lemma 3.1. Let deg(n) > 3 and g(X0(n)) < 6. Then ne
essarily q = 2 anddeg(n) = 4.Proof. If n is irredu
ible or of degree 4 we 
an apply the expli
it formulas 2.19and 2.21 in [G&N℄. If m is a proper divisor of n, then the Hurwitz formula for the
overing X0(n) ! X0(m) yields 4 � g(X0(n)) � 1 � q(g(X0(m)) � 1). After someannoying 
ase distin
tions we arrive at the 
laimed result.Lemma 3.2. Let deg(n) = d > 3 and suppose that X0(n) is biellipti
. Thenne
essarily q = 2 and d � 5 or q = 3 and d = 4.Proof.Step 1. First suppose that there is an � 2 Fq with (T � �)6 j n. Let � be theDrinfeld module over A=(T � �) given by �T = �2 + �. Then � has "(n) 
y
li
n-isogenies, where "(n) = qdeg(n)Ypjn(1 + q�deg(p)):Ea
h of these isogenies is stable under �T�� = �2, whi
h is the Frobenius of Fq2 . Thismeans that the isogeny is Fq2 -rational. Still Aut(�) = F�q2 a
ts on these isogenieswith orbits of length q + 1 or 1. Thus we obtain at least "(n)q+1 Fq2 -rational points onX0(n) mod (T � �). (Compare the proof of Lemma 18 in [S
h3℄ for all this.) Also,X0(n) has at least 2s rational 
usps where s is the number of di�erent prime divisorsof n. As explained above, the redu
tion of X0(n) modulo (T ��) has at most 2(q+1)2rational points over the quadrati
 extension Fq2 of A=(T � �). All in all we have2s + "(n)q + 1 � 2(q + 1)2:We use this to estimate qd < "(n) < 2(q + 1)3 � 2( 32q)3 < 7q3. Consequentlyd � 5, and for q � 3 even d � 4. For q � 4 we 
an improve the above estimate toqd < 2(q + 1)3 � 2( 54q)3 < 4q3 and then d � 3.Step 2. Next suppose that (T q�T )jn, but there is a pla
e p of degree 2 with p6 j n.Using the supersingular Drinfeld module over A=p we obtain as above 2s + "(n) �2(q2 + 1)2. (Compare the proof of Lemma 18 in [S
h3℄.) We 
on
ludeqd < "(n) � 2q2(q2 + 2) � 2q2 32q2 = 3q4:



BIELLIPTIC DRINFELD MODULAR CURVES 711So we see that d � 5, and a
tually d = 5 is only possible for q = 2. Moreover,d = 4 implies q � 4 (be
ause of (T q � T )jn), and q = 4 leads to the 
ontradi
tion24 + 54 � 2 � 172.Step 3. Now suppose that (T q2 � T )jn, but there is a pla
e p of degree 3 withp6 j n. A

ording to Proposition 16 of [S
h1℄, for every prime p of odd degree e � 3there are at least q + 1 non-isomorphi
 supersingular Drinfeld modules over A=p. If� is su
h a Drinfeld module, then �p = ��2e and one easily veri�es � 2 F�q . Hen
e,as in step 1, the "(n) 
y
li
 n-isogenies of � are rational over the quadrati
 extensionof A=p. Counting rational points on X0(n) mod p over this extension yields2s + (q + 1q + 1)"(n) � 2(qe + 1)2:Sin
e under our assumptions e = 3 and "(n) � qq2 , we easily obtain qq2+1 < q9, thatis q2 +1 < 9, whi
h implies q = 2. Doing the 
al
ulation for q = 2 more pre
isely, wesee that only n = T (T + 1)(T 2 + T + 1) is possible.Step 4. Now we show that this potentially in�nite line of argument a
tuallyterminates.Suppose (T q2 �T )jn and (T q3 �T )jn. Let r be the biggest odd number su
h thatn is divisible by all primes of odd degree not greater than r. Then there exists a primep of degree r+2 with p6 j n. Taking the q+1 supersingular Drinfeld modules over A=pmentioned in step 3, we obtain qqr+1 < q2r+7 or qr < 2r + 6. This is only possiblefor r = 3 and q = 2. Redoing the 
al
ulation more pre
isely with these values yieldsa 
ontradi
tion.So only the steps 1 to 3 o

ur for biellipti
 X0(n).Proposition 3.3. Up to aÆne transformations there is only one biellipti
 
urveX0(n) with deg(n) � 5, namely:q n g biellipti
 biellipti
 involution2 T 5 + T 3 + 1 10 yes WT 5+T 3+1Proof. If n is square-free, then Wn has at least 5 �xed points. So by Proposition1.2.b) the 
urve X0(n) is biellipti
 if and only if X+(n) is ellipti
. A

ording toProposition 4.5 in [S
h4℄ the only su
h 
ase, up to translation, is n = T 5 + T 3 + 1.The 
ase n = T 2(T + 1)(T 2 + T + 1) was ex
luded in step 3 of the proof of theprevious lemma. The other 
ases with a multiple fa
tor 
an be ruled out by doingthe 
al
ulations in the steps 1 and 2 of that proof with the pre
ise value of "(n). (Forn = T 5 one also needs that X0(T 5) has 4 rational 
usps).In order to deal with the remaining 
ases q 2 f2; 3g, deg(n) = 4 we have to re�nethe method a little bit. We postpone this to the next se
tion.En passant we note that the results onX0(n) 
an also be used to restri
t the valuesfor whi
h the Drinfeld modular 
urves X�1 (n), X1(n) or X(n) might be biellipti
.Lemma 3.4.Let deg(n) � 4 and suppose that X�1 (n) (or X1(n) or X(n)) is biel-lipti
. Then X0(n) must be biellipti
 or hyperellipti
.



712 A. SCHWEIZERProof. Let X be one of X�1 (n), X1(n), X(n). There exists a group G of (modular)automorphisms of X su
h that GnX = X0(n).Now suppose that deg(n) � 4 and that X has a biellipti
 involution v. Then vis not 
ontained in G, sin
e g(X0(n)) � 2 for deg(n) � 4. Using our Lemma 3.1 andthe expli
it formula for the genus of X�1 (n) (Corollary 5.3 in [G&N℄) one sees thatg(X) � 6. So v 
ommutes with G and thus indu
es an involution on X0(n) withellipti
 or rational quotient.4. The Remaining Cases. In this se
tion we 
omplete our dis
ussion by show-ing that there are no biellipti
 X0(n) with q = 3, deg(n) = 4 and determining theones with q = 2, deg(n) = 4.If q = 3 and deg(n) = 4, then the redu
tion method from Lemma 3.2 in many
ases falls short of proving that X0(n) is not biellipti
. The main 
rux is, of 
ourse,that (q + 1)2 is the general upper bound for the number of rational points on anellipti
 
urve over Fq2 . If we knew for example that the 
urve is ordinary, we 
ouldalready lower this bound by 1. Therefore, in this se
tion we will repeatedly apply thefollowing version of the key lemma 2.4 in [S
h5℄.Lemma 4.1. Let k be a perfe
t �eld of 
hara
teristi
 3 and let E be an ellipti

urve over k(T ) with j(E) 62 k. Suppose that j(E) is not a 3-rd power in k(T ). PutG(T ) =Y priiwhere the produ
t is over all �nite pla
es pi of bad redu
tion of E and0 � ri � 2 with ri � �ordpi(j(E)) mod 3:If p is a �nite pla
e of supersingular redu
tion of E, then ordp(j(E)) = 6e for somee > 0 with p2e�1jG0(T ):The 
ondition that j(E) is not a third power guarantees that not all ri are 0. Itdoesn't really restri
t the appli
ability of the lemma, sin
e in every Frobenius isogeny
lass there is one su
h 
urve.Re
all from Lemma 1.3 that if v is the unique biellipti
 involution of X0(n), thenv is de�ned over a �nite, purely inseparable extension L of K. Applying a suitablepower of the Frobenius to the ellipti
 
urve vnX0(n) we obtain an ellipti
 
urve Eover K. It is well known that E, being an isogeny fa
tor of J0(n) over K, has splitmultipli
ative redu
tion at 1 and 
ondu
tor 1 � m for some m 2 A with mjn anddeg(m) � 3. If p is a pla
e of K with p6 j1 �m and } is the pla
e of L lying above p,then vnX0(n) mod } and E mod p have the same number of rational points over any�nite extension of A=p.Lemma 4.2. If q = 3 and n is irredu
ible of degree 4, then X0(n) is not biellipti
.Proof. After an aÆne transformation we may assume that n is one of the poly-nomials T 4 � T 2 � 1, T 4 + T 2 + T + 1, T 4 � T � 1, T 4 + T 2 � 1.If n = T 4 � T 2 � 1, then Wn has 12 �xed points on X0(n). As g(X0(n)) = 9, wesee from Proposition 1.2.b) that X0(T 4�T 2� 1) is not biellipti
. Unfortunately thismethod doesn't work in the three other 
ases.To prove that X0(n) is not biellipti
 in the next two 
ases we 
laim that for thesen there are no ellipti
 
urves E over F3 (T ) with 
ondu
tor 1 � n. We use Lemma 4.1



BIELLIPTIC DRINFELD MODULAR CURVES 713to �nd the possible supersingular pla
es of E, that is, the possible zeroes of j(E) thatare pla
es of good redu
tion. There are only two possible 
hoi
es for G(T ), namely nand n2.If n = T 4+ T 2+ T +1, we have G0(T ) = T 3�T +1 or G0(T ) = �(T 3� T +1)n.Thus only j(E) = �(T 3�T+1)6(T 4+T 2+T+1)l with l 2 f1; 2; 3g is possible. ButY 2 = X3 +X2 � �(T 4 + T 2 + T + 1)l(T 3 � T + 1)6has additive redu
tion at T 3 � T + 1, and every twist of this 
urve will also haveadditive redu
tion at some pla
e. (See [Ge3℄ or [S
h5℄ on how twisting e�e
ts theredu
tion.)If n = T 4�T�1, we haveG0(T ) = (T�1)3 or�(T�1)3n, hen
e j(E) = �(T�1)6e(T 4�T�1)lwith e 2 f1; 2g and 4l < 6e. But, just as above, e = 1 is not possible. Using the Tatealgorithm we see that the 
urveY 2 = X3 +X2 � �(T 4 � T � 1)l(T � 1)12with l 2 f1; 2g also has bad redu
tion at T � 1. Therefore no E with 
ondu
tor1 � (T 4 � T � 1) exists.Finally, if n = T 4+T 2�1, we have G0(T ) = T (T�1)(T+1) or �T (T�1)(T+1)n.If for example j(E) = �T 6(T�1)6(T 4+T 2�1)l , then, in order to avoid additive redu
tion, theequation 
an only beY 2 = X3 + T (T � 1)X2 � �(T 4 + T 2 � 1)lT 3(T � 1)3 :Applying the Tate algorithm to 
he
k the redu
tion at T and T � 1 (or T + 1) andmake the model minimal over F3 [T ℄, we end up with the following three 
urvesY 2 = X3 + (T 2 � T )X2 + (T + 1)X + 1; j = T 6(T�1)6T 4+T 2�1 ;Y 2 = X3 + (T 2 + T )X2 � (T � 1)X + 1; j = T 6(T+1)6T 4+T 2�1 ;Y 2 = X3 + (T 2 � 1)X2 �X; j = (T�1)6(T+1)6T 4+T 2�1 :Now if v is the biellipti
 involution of X0(n), then vnX0(n) 
annot be isogenous to oneof the �rst two 
urves, be
ause then, repla
ing T by �T we would obtain a se
ondbiellipti
 stru
ture on X0(n), in 
ontradi
tion to Proposition 1.2.The redu
tion mod T of the third 
urve has 12 rational points over F9 . So ifX0(T 4 + T 2 � 1) is biellipti
, its redu
tion modulo T 
annot have more than 24 F9 -rational points. The usual argument from step 1 of Lemma 3.2 exhibits 24 su
h points.Lu
kily, we 
an provide two more. Let  be the Drinfeld module over A=T given by T = �2 + � . Then T 4+T 2�1 = �8 + �7 + �5 � �4 � �3 + �2 � 1= (�4 � � � 1) Æ (�4 + �3 � � + 1)= (�4 + �3 � � + 1) Æ (�4 � � � 1):The zeroes ofX81�X3�X resp. X81+X27�X3+X are two F3 -rational (T 4+T 2�1)-isogenies of  . Sin
e j( ) 6= 0 this gives two new F9 -rational points onX0(T 4+T 2�1),whi
h therefore 
annot be biellipti
.



714 A. SCHWEIZERLemma 4.3. If q = 3, the 
urves X0(n) with deg(n) = 4 are not biellipti
.Proof. We mostly use the redu
tion method and its re�nements. We order the
ases a

ording to the 
omposition type of n.Type (4), i.e., n is irredu
ible: see the previous lemma.Type (1; 3): After translation n = Tp where p 2 F3 [T ℄ is irredu
ible of degree 3.Repla
ing T by �T if ne
essary we 
an assume that p is one of the polynomialsT 3 � T + 1; T 3 � T 2 + 1; T 3 � T 2 + T + 1; T 3 + T 2 � T + 1:Correspondingly, the number of �xed points of the Atkin-Lehner involution Wp onX0(Tp) is 14, 10, 10, or 6. So Proposition 1.2.b) together with g(X0(Tp)) = 12 impliesthat the �rst three 
urves are not biellipti
.To show that X0(T (T 3+T 2�T +1)) is also not biellipti
 we apply the redu
tionte
hnique. Let E be an ellipti
 
urve over F3 (T ) with 
ondu
tor 1 � T (T 3 + T 2 �T + 1) or 1 � (T 3 + T 2 � T + 1). Che
king the 8 (resp. 2) possibilities for G(T ) inLemma 4.1 we see that E has ordinary redu
tion at one of the pla
es T � 1 or T +1.Hen
e this redu
tion 
annot have more than 15 points over F9 . But the redu
tion ofX0(T (T 3 + T 2 � T + 1)) has at least 32 F9 -rational points.Type (22): After translation n = (T 2 +1)2. We apply the method from [S
h5℄ toshow that there is no ellipti
 
urve E over F3 (T ) with 
ondu
tor 1� (T 2+1)2. ThenX0((T 2+1)2) 
annot be biellipti
. Suppose E exists. We 
an assume that j(E) is nota 3-rd power in F3 (T ). By [S
h5, Lemma 2.2.d)℄ then j(E) has a pole at T 2+1. Thusby Lemma 4.1 we must have j(E) = � T 6(T 2+1)k . But this leads to additive redu
tionat a pla
e di�erent from T 2 + 1.Type (2; 2): After translation n = (T 2 + T � 1)(T 2 � T � 1). Again by Lemma4.1 we �nd a linear pla
e, su
h that E has ordinary redu
tion and hen
e at most15 rational points over F9 . But we also have to be 
areful with the points on theredu
tion of X0(n). The Drinfeld module �T = �2 has "(T 2 + T � 1) = 10 di�erent(T 2 + T � 1)-isogenies. If su
h an isogeny is stable under one � 2 F�9 � F�3 , thenit is stable under all � 2 F�9 . Hen
e there are at least 2 of these isogenies that arestable under the a
tion of Aut(�). Analogously for the (T 2 � T � 1)-isogenies. Thuswe see that Aut(�) �xes at least 4 of the 100 n-isogenies of �. This gives a minimumof 28 orbits. Together with the 4 
usps we have at least 32 F9 -rational points on theredu
tion of X0(T 2 + T � 1)(T 2 � T � 1), whi
h therefore 
annot be biellipti
.Types (12; 2), (1; 1; 2), (13; 1) and (12; 12) 
an be handled straightforward redu
ingmodulo a linear pla
e that doesn't divide n.Type (14): Without loss of generality n = T 4. The redu
tion mod T � 1 isordinary by [Ge3℄ or Lemma 4.1. But we also need that X0(T 4) has 4 rational 
usps.Type (12; 1; 1): There is a quadrati
 pla
e of ordinary redu
tion. The numbersare just good enough to show that X0(T 2(T � 1)(T + 1)) is not biellipti
.Lemma 4.4. If q = 2, the 
urve X0(T 2(T 2 + T + 1)) is not biellipti
.Proof. Argueing as in the proof of Proposition 1.2.a) we see that for biellipti

urves of genus 5 all biellipti
 involutions 
ommute with ea
h other, and moreover,that the produ
t of two or three di�erent biellipti
 involutions has no �xed points andis hen
e not biellipti
.Suppose the genus 5 
urve X0(T 2(T 2 + T + 1)) has a biellipti
 involution v. LetG be the group generated by all its biellipti
 involutions. Then the elements of G=hviare automorphisms of the genus 1 
urve vnX0(T 2(T 2 + T + 1)). Moreover, they mustpermute the 4 rami�
ation points of v. Fix one of these rami�
ation points and 
all



BIELLIPTIC DRINFELD MODULAR CURVES 715it P . Then the stabilizer H of P in G=hvi is a 2-elementary abelian subgroup ofthe automorphism group of an ellipti
 
urve. Hen
e the 
ardinality of H divides 2and thus jG=hvij divides 8. So the 
ardinality of G divides 16 and therefore by theprevious paragraph X0(T 2(T 2 + T + 1)) has at most 5 biellipti
 involutions.The modular involution U1 of X0(T 2(T 2 + T + 1)) a
ts by 
onjugation on thesebiellipti
 involutions. If their number is odd, then there is one, let's 
all it again v, that
ommutes whi
h U1. Counting �xed points one sees that v indu
es the hyperellipti
involution on U1nX0(T 2(T 2 + T + 1)) = X0(T (T 2 + T + 1)). Sohv; U1inX0(T 2(T 2 + T + 1)) = X+(T (T 2 + T + 1)):Thus �0(T 2(T 2 + T + 1)) would be normal in D�0(T (T 2 + T + 1)); � 0 1T (T 2+T+1) 0�E.But this is easily disproved.Consequently the number of biellipti
 involutions is even, and we want to show it iszero. If not, it is in
ongruent to 0 modulo 3. Hen
e there exists a biellipti
 involution,on
e again 
alled v, that 
ommutes with the modular automorphism U1WT 2 , whi
hhas order 3. In [S
h2℄ it was worked out that hU1WT 2 inX0(T 2(T 2 + T + 1)) is anellipti
 
urve; so U1WT 2 also has 4 �xed points. From this one easily sees that U1WT 2and v have exa
tly the same �xed points. Thus the di�erent of the degree 6 galois
over X0(T 2(T 2 + T + 1))! hvU1WT 2inX0(T 2(T 2 + T + 1))has degree 12. Compared to g(X0(T 2(T 2 + T + 1))) = 5 this yields the �nal 
ontra-di
tion.Proposition 4.5. Up to translation T 7! T + 1, the table below 
ontains all
urves X0(n) for q = 2 with deg(n) = 4.n g biellipti
 some biellipti
 involutionsT 4 + T + 1 4 no �T 4 + T 3 + 1 4 yes WT 4+T 3+1T (T 3 + T + 1) 6 no �T (T 3 + T 2 + 1) 6 yes WT 3+T 2+1(T 2 + T + 1)2 2 no �T 2(T 2 + T + 1) 5 no �T (T + 1)(T 2 + T + 1) 8 no �T 4 3 yes WT 4 ; U1; U2; (WT 4U1)2; : : :T 3(T + 1) 5 yes U1; WT 3U1WT 3 ; : : :T 2(T + 1)2 4 yes WT 2 ; W(T+1)2 ; U1; V1; : : :The biellipti
 involutions of X0(T 4 + T 3 + 1) and X0(T (T 3 + T 2 + 1)) are unique.Proof. The modular automorphisms in the table are easily 
he
ked to be biellipti
involutions. Compare [S
h4, Proposition 4.5℄ for the Atkin-Lehner involutions and[S
h2, Proposition 1℄ for strong Weil 
urves.Now to the 
urves de
lared not biellipti
.



716 A. SCHWEIZERSuppose that X0(T 4 + T + 1) is biellipti
. Then its Ja
obian 
ontains an ellipti

urve E. By [Ta, Appendix℄ we may suppose that E is de�ned over K. Then the
ondu
tor of E 
an only be 1 � (T 4+ T +1). But by the 
hara
teristi
 2 analogue ofLemma 4.1 (
ompare Lemma 2.4 in [S
h5℄ and the last page of that paper) there areno ellipti
 
urves over F2 (T ) with this 
ondu
tor. Alternatively one 
an show, usingfor example the method des
ribed in Se
tion 3 of [S
h1℄, that J0(T 4 + T + 1) splitsover K into two simple 2-dimensional abelian varieties. Anyhow, X0(T 4 + T + 1) isnot biellipti
.A similar argument shows that the biellipti
 involution of X0(T 4 + T 3 + 1) isunique.The Atkin-Lehner involutions WT and WT (T 3+T+1) of X0(T (T 3 + T + 1)) bothhave one �xed point, and sin
e they 
ommute it must be the same �xed point. Let's
all it P . Now suppose X0(T (T 3 + T + 1)) is biellipti
. Sin
e its genus is 6, thebiellipti
 involution v 
ommutes with WT and WT (T 3+T+1) and hen
e also �xes P .As WTWT (T 3+T+1) = WT 3+T+1 has 3 �xed points and thus is also di�erent from v,the Atkin-Lehner involutions indu
e three di�erent involutions on the ellipti
 
urvevnX0(T (T 3 + T + 1)) (with origin P ). But an ellipti
 
urve has only one involution.So X0(T (T 3 + T + 1)) is not biellipti
.The 
ases n = (T 2 + T + 1)2 and n = T 2(T 2 + T + 1) were already treated inProposition 2.4 resp. Lemma 4.4.For n = T (T + 1)(T 2 + T + 1) we 
an apply Proposition 1.2.b); the involutionW(T+1)(T 2+T+1) has 5 �xed points.We summarize the results of the last three se
tions.Theorem 4.6.a) Up to aÆne transformations, the biellipti
 X0(n) whi
h are also hyperellipti
are the ones marked biellipti
 in the table of Proposition 2.4.b) Biellipti
 
urves X0(n) whi
h are not hyperellipti
 exist only for q = 2. Upto a translation T 7! T + 1, these 
urves are given by n = T 5 + T 3 + 1 (seeProposition 3.3) and the ones marked biellipti
 in the table of Proposition 4.5.Remark 4.7. A posteriori we see that there always exists at least one biellipti
involution whi
h is modular and de�ned over K. With the ex
eption of q = 2,n = T 3(T + 1) (and of 
ourse n = T (T + 1)3 too) we 
an even �nd a biellipti
Atkin-Lehner involution.However, we point out that for q = 2 the 
urve X0(T 4) also has the biellipti
modular involution U2, whi
h is only de�ned over the quadrati
 extensionK(�) where�2 + � = 1T (see [S
h2℄).A
tually, the group of modular automorphisms of X0(T 4) is isomorphi
 to thesymmetri
 group S4 (see [S
h2℄) and every modular involution is 
onjugate to WT 4or U1 and hen
e biellipti
.The Ja
obian J0(T 4) of X0(T 4) splits up to isogeny into 3 ellipti
 
urves, namelytwo 
opies of X0(T 3) and the new part (WT 4U1)2 nX0(T 4). Over K(�) these twoellipti
 
urves be
ome isogenous ([S
h2℄). This makes it possible that U2nX0(T 4) liessomehow diagonally in the old and new parts of J0(T 4). Compare [Ge2℄, Example 9.5for the graph-theoreti
 interpretation.5. Quadrati
 Points on X0(n). Let L be a global fun
tion �eld, i.e. a �niteextension of Fq (T ), and let C be a 
urve over L. A point P on C is 
alled quadrati
over L, if P is an L0-rational point on C for some quadrati
 extension L0 of L.



BIELLIPTIC DRINFELD MODULAR CURVES 717For example, if C is hyperellipti
, then C has in�nitely many quadrati
 pointsover L. Namely, over almost every L-rational point of the 
orresponding P1 thereare two points on C, and these are rational over a suitable quadrati
 extension of L.Similarly, if C has an involution v, de�ned over L, su
h that vnC is an ellipti
 
urvewith positive rank over L.As for number �elds, proving some sort of 
onverse requires a very deep resulton abelian varieties. Also, there is a non-isotriviality 
ondition, generalizing the non-isotriviality 
ondition in [Sa, Th�eor�eme 5℄.Theorem 5.1. Let L be a �nite extension of Fq (T ). Let C be a 
onservative,non-hyperellipti
 
urve over L with g(C) � 3, su
h that the Ja
obian Ja
(C)=L hasno non-zero homomorphi
 images de�ned over Fq . Also suppose that C has at leastone L-rational point P0.If C has in�nitely many quadrati
 points over L, then Ja
(C)=L 
ontains anellipti
 
urve E whi
h has positive rank over L. Moreover, there is a map of degree 2from C to E; in parti
ular, C is biellipti
.Proof. Let C(2) be the symmetri
 produ
t of C, that is C � C divided by thegroup that inter
hanges the two 
omponents. Mapping a quadrati
 point P on C tothe 
lass of (P; P ) in C(2), where P is the Galois 
onjugate of P , shows that if Chas in�nitely many quadrati
 points over L then C(2) has in�nitely many L-rationalpoints. Here we have negle
ted the (by [Sa, Th�eor�eme 5℄ �nitely many) quadrati
points that are inseparable over L.The map P 7! 
lass of (P �P0) from C to Ja
(C) indu
es a K-rational map fromC(2) to Ja
(C). Sin
e C is not hyperellipti
, this map is inje
tive and C(2) embedsinto Ja
(C) as the lo
us W2 of e�e
tive line bundles of degree 2 over C.It is well known that under our 
ondition on Ja
(C) the group � of L-rationalpoints of Ja
(C) is �nitely generated. The reasoning above shows that if C hasin�nitely many quadrati
 points over L then W2 \ � is in�nite.Over the maximal algebrai
 
onstant �eld extension FqL of L we 
an applyHrushovski's theorem, or rather a spe
ial 
ase of it, namely [Hr, Corollary 1.2℄ withA = Ja
(C) and X =W2. Sin
e W2 is 2-dimensional but not an abelian variety, thistells us that there exists at least one (translate of an) ellipti
 
urve E in W2 su
h thatE \ � is in�nite.A priori E is de�ned over some �nite 
onstant �eld extension N of L. But if� 2 Gal(N=L), then �(E) and E interse
t in the in�nitely many (L-rational) pointsof E \ �. Thus �(E) = E and E is de�ned over L.The 
onditions on Ja
(C) imply that E is not isotrivial. Having in�nitely manyL-rational points it therefore must have positive rank over L.From now on we follow the proof in [A&H℄, be
ause the strategy from [H&S℄would need a lot of extra 
onsiderations in positive 
hara
teristi
. Apparently thereare some problems with the paper [A&H℄ (see the dis
ussion in [D&F℄), but they don't
on
ern Lemma 1 and 2, whi
h is essentially all we need.To establish a

ordan
e with the notation in [A&H℄ we write A for E and de�neA2 = f�1 + �2 j �i 2 Ag. For � 2 A2 let L� be the asso
iated line bundle andr(�) = h0(L�)� 1. Then as in [A&H, Lemma 1℄ we have r(�) � 1 for every � 2 A2.On the other hand r(�) � 1 for the general � 2 A2 by Cli�ord's theorem. Now as in[A&H, Lemma 2℄ one obtains the existen
e of a map of degree 2 from C to A (= E).The Ja
obian J0(n) of a Drinfeld modular 
urve X0(n) has totally split multi-pli
ative redu
tion at 1. Hen
e J0(n) has no non-zero homomorphi
 images de�ned



718 A. SCHWEIZERover Fq . So the theorem applies in parti
ular to Drinfeld modular 
urves.It is almost the 
onverse of the easy observations made above, ex
ept that it is not
lear whether the degree 2 map from C to E is de�ned over L. But in the appli
ationswe have in mind we 
an 
ir
umvent this.Lemma 5.2. There are exa
tly 4 biellipti
 
urves X0(n) su
h that J0(n)=K 
on-tains an ellipti
 
urve E whi
h has positive rank over K. These 
urves are, up totranslation T 7! T + 1, the ones withq = 2; n = T 5 + T 3 + 1;q = 2; n = T 4 + T 3 + 1:Moreover, the biellipti
 involution must be the full Atkin-Lehner involution Wn. The
orresponding ellipti
 
urvesX+(T 5 + T 3 + 1) : Y 2 + TXY + Y = X3 + TX2;X+(T 4 + T 3 + 1) : Y 2 + TXY + Y = X3 +X2;both have rank 1 over K.Proof. As an isogeny fa
tor of J0(n)=K the ellipti
 
urve E has 
ondu
tor 1 �mwith mjn. A

ording to A. Weil, the L-fun
tion LE=K(s) is a polynomial in q�s ofdegree deg(m)�3 (see [Shi℄, Theorem 4). By a result of Tate (
ompare [Shi℄, Theorem7) the analyti
 rank of E over K (i.e. the zero order of LE=K(s) at s = 1) is an upperbound for the (Mordell-Weil) rank of E over K.So if this rank is positive, we must have deg(m) � 4. On the other hand, inSe
tion 3 we have shown deg(n) � 4 (ex
ept for the 
ase treated in Proposition 3.3).Hen
e deg(m) = deg(n) = 4 and E is 
ontained in the new part Jnew0 (n) of J0(n).Moreover, the sign in the fun
tional equation of LE=K(s) must be negative. Thus E is
ontained in Jnew+ (n), the �xed part of Jnew0 (n) under the full Atkin-Lehner involutionWn.Using [S
h4, Lemma 1.2℄ it is not diÆ
ult to 
al
ulate the dimensions of Jnew+ (n)for the biellipti
 
urves listed in Proposition 4.5. They are 0 ex
ept for n = T 4+T 3+1(and n = T 5 + T 3 + 1).One easily 
he
ks that the ellipti
 
urves X+(T 5+ T 3+1) and X+(T 4+ T 3+1)both have analyti
 rank 1 and no rational torsion points over F2 (T ). Hen
e (0; 0) isa point of in�nite order and the arithmeti
 rank is 1.Theorem 5.3. The Drinfeld modular 
urve X0(n) has in�nitely many quadrati
points over Fq (T ) in and only in the following 
ases� deg(n) � 3,� q = 2, n = (T 2 + T + 1)2,� q = 2, n = T 4 + T 3 + 1,� q = 2, n = T 4 + T 3 + T 2 + T + 1,� q = 2, n = T 5 + T 3 + 1,� q = 2, n = T 5 + T 4 + T 3 + T 2 + 1.Proof. The �rst two 
ases give the X0(n) whi
h are rational, ellipti
, or hyperellipti
.So the statement follows by 
ombining Theorem 5.1. and Lemma 5.2.We 
on
lude with another ni
e appli
ation of Theorem 5.1.Theorem 5.4. Fix an irredu
ible p 2 Fq [T ℄ and a �nite extension L of Fq (T ).Then there is a uniform bound (depending only on q, p and L) on the size of thep-primary part of the L0-rational torsion of �, where L0 ranges over all quadrati




BIELLIPTIC DRINFELD MODULAR CURVES 719extensions of L, and � ranges over all Fq [T ℄-Drinfeld modules of rank 2 de�ned overL0. Proof. If n is big enough, the 
urve X0(pn) has genus at least 3 and is neitherhyperellipti
 nor biellipti
. Hen
e by Theorem 5.1 it has only �nitely many quadrati
points over L. So there are only �nitely many ~| 2 K that are j-invariants of Drinfeldmodules � over some L0 with an L0-rational pn-torsion point.By [Po℄ Theorem 4, for ea
h of these ~| there are only �nitely many � over L0 withnon-trivial torsion. Still, ~| may lie in L. Then there 
an be in�nitely many su
h �,�nitely many over ea
h of the in�nitely many L0. In this 
ase we apply Theorem 3 of[Po℄ with d = 2 and see that the torsion of these � is uniformly bounded over all L0.Remark 5.5. To prove Theorem 5.4 one obviously doesn't need the long-winded
al
ulations from Se
tion 4; indeed, Step 1 from the proof of Lemma 3.2 suÆ
es.Theorem 5.4 is somewhat stronger than Theorem 6 in [Po℄. A
tually, theappli
ability of Hrushovski's theorem to Drinfeld modular 
urves allows to strengthenPoonen's result even more by making it uniform in the degree d = [L : K℄ of theextension. More pre
isely, by relating points of degree d on X0(n) to maps of degreeat most 2d from X0(n) to P1 and then applying Ogg's tri
k, the bound on thep-primary torsion in Theorem 6 of [Po℄ 
an be 
hosen to depend only on q, p and d.We intend to work out the details and some related results in a subsequent paper.A
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