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A CLASSIFICA TION OF NON-DEGENERA TE HOMOGENEOUS

EQUIAFFINE HYPERSURF A CES IN F OUR COMPLEX

DIMENSIONS

�

MICHAEL EASTW OOD

y

AND VLADIMIR EZHO V

z

Abstract. W e solv e the classi�cation problem as in the title. W e presen t explicit de�ning

equations and giv e a c haracterization in terms of easily computable a�ne in v arian ts.

1. In tro duction. The e quia�ne transformations of C

4

are those of the form

v 7� ! Av + b for A 2 SL(4 ; C ) and b 2 C

4

:

A complex h yp ersurface � � C

4

is said to b e e quia�ne homo gene ous if and only if it

is the orbit of a complex Lie subgroup of the group of all equia�ne transformations.

Suc h a h yp ersurface is ev erywhere non-singular. W e shall also supp ose that � is non-

de gener ate (at one p oin t and hence, b y homogeneit y , at all p oin ts). In this article, w e

classify the non-degenerate equia�ne homogeneous h yp ersurfaces in C

4

up to a�ne

equiv alence.

The corresp onding classi�cation problem for surfaces in C

3

w as solv ed b y Nomizu

and Sasaki [9 ]. There are six suc h surfaces:{

1. Z = X Y

2. Z

2

= X Y + 1

3. X Y Z = 1

4. X

2

( Z + Y

2

)

3

= 1

5. Z = X Y + X

3

6. Z = X Y + log X

The �rst �v e w ere found b y Guggenheimer [5 ] and this list w as completed in [9].

See [10 ] for further discussion and for general bac kground on a�ne di�eren tial geom-

etry .

In [1], the a�ne homogeneous surfaces in C

3

w ere classi�ed b y means of normal-

izing their de�ning functions. The equia�ne cases ha v e

1. z = xy + O(5)

2. z = xy + x

2

y

2

+ O(5)

3. z = xy + x

3

+ y

3

+ O(5)

4. z = xy + x

3

+ y

3

+

9

8

x

4

�

9

2

x

3

y �

9

4

x

2

y

2

�

9

2

xy

3

+

9

8

y

4

+ O(5)

5. z = xy + x

3

+ O(5)

6. z = xy + x

3

+ x

4

+

16

15

x

5

+ O(6)

as their normal forms. The higher order terms are determined b y the giv en terms

together with the requiremen t that the surface b e a�ne homogeneous. In [1 ] this

list is deriv ed b y c ho osing a�ne co• ordinates sp ecially adapted to the surface and
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722 M. EASTW OOD AND V. EZHO V

sub ject to criteria for homogeneit y that restrict, order-b y-order, the co e�cien ts of the

de�ning function. The p oin t is that the �rst few terms of a de�ning function already

determine the in�nitesimal a�ne symmetries of a giv en surface. These symmetries

form a Lie algebra called the symmetry algebra and exp onen tiation of the symmetry

algebra determines the surface.

There is, ho w ev er, a substan tial di�cult y in passing from C

3

to C

4

. F or surfaces

in C

3

, the cubic terms of a de�ning function are easily normalized and carry v ery

little information. In fact, the examples ab o v e are t ypical. As detailed in [1], the

cubic terms x

3

+ y

3

signal a non-v anishing Pic k in v arian t whilst if the Pic k in v arian t

is zero, then the cubic terms are absen t or can b e normalized to b e x

3

. By con trast,

there is a great deal of a�ne in v arian t information at third order for a h yp ersurface

in C

4

. It is p ossible to normalize the cubic terms but then the approac h of [1] runs

in to trouble no matter what normalization is adopted. F or the resulting equations

to b e tractable it seems that additional assumptions are needed. If, for example,

the symmetry algebra is assumed to ha v e dimension four or more, then additional

normalizations ma y b e adopted and the equations are easily solv ed [3]. F ortunately ,

once this case is eliminated, w e ma y adopt a new approac h that renders the resulting

equations tractable.

This new approac h utilizes directly the three-dimensional symmetry algebra. Lie

algebras naturally divide in to t w o classes. If the structure constan ts are trace-free, the

Lie algebra is said to b e Bianchi class A and, otherwise, Bianchi class B follo wing

Bianc hi's classi�cation of the three-dimensional Lie Algebras. In t w o dimensions

there is, up to isomorphism, just one Lie algebra in eac h class. In three dimensions,

the class B Lie algebras ha v e canonical forms with su�cien t structure to render the

resulting equations tractable whilst for class A algebras normalizing the cubic terms

of a de�ning equation w orks as b efore. So, this com bination of tec hniques solv es the

problem. The classi�cation is as follo ws.

Theorem 1. The e quia�ne homo gene ous hyp ersurfac es in C

4

ar e given lo c al ly

by the fol lowing e quations. Di�er ent e quations and di�er ent values of the p ar ameter

� in A4 de�ne a�nely ine quivalent hyp ersurfac es.

I1 W = X Y + Z

2

I2 W

2

= X Y + Z

2

+ 1

I3 W = X Y + Z

2

+ X

3

I4 W = X Y + Z

2

+ log X

I5 W ( X Y + Z )

2

= 1

I6 W

2

( X Y + Z

2

)

3

= 1

A1 W X Y Z = 1

A2 W Z + W Y

2

+ X

2

Z + X

2

Y

2

= 1

A3 6 W X Y Z � 4 X

3

Z � 3 X

2

Y

2

+ W

2

Z

2

+ 4 W Y

3

= 1

A4 W = X Y + Z

2

+ X

2

Z + �X

4

B1 W Z

2

= Z + X

3

+ X Y Z

B2 ( W + X Y + X

3

)

2

Z = 1

B3 ( W Z + Y

2

+ X

2

Z )

4

= Z

B4 W

2

X

2

( Z + Y

2

)

3

= 1

B5 ( W + X Y + X

2

Z )

2

Z = 1

B6 ( W + X Y )

2

( Z + X

2

) = 1

B7 W Z

2

= Z + X

2

+ X Y Z
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B8 ( W + Y Z + X

2

Z )

5

= Z

B9 ( W Z + X

2

+ Y Z

2

)

5

= Z

4

B10 W = X Y + Z

2

+ X Z

2

B11 W

2

= X Y + X

2

Y + X

2

Z

In Section 2 w e review Blasc hk e normal form for a de�ning function and the

further normalizations that w e shall adopt for the cubic terms in a de�ning equation.

Also in this section are some canonical forms for matrices, useful in normalizing the

symmetry algebra of a homogeneous h yp ersurface. In Section 3 it is explained ho w

write do wn p olynomial equations to capture that a h yp ersurface � � C

4

b e equia�ne

homogeneous with three-dimensional symmetry algebra.

The main w ork is in Sections 4 and 5, whic h solv e the equations deriv ed in Sec-

tion 3. Section 6 sorts out these solutions and those from [3] in to a b etter list. In par-

ticular, w e �nd easily computable in v arian ts that distinguish b et w een non-equiv alen t

h yp ersurfaces.

The rest of the article comprises four app endices. The �rst t w o of these are

concerned with the classical theory of the binary sextic and ho w it applies to the nor-

malization and in v arian t theory w e require. Sev eral sev ere computations are required

in our classi�cation. F or these w e made extensiv e use of computer algebra. Rather

than in terrupt the main b o dy of the article with con tin ual references to computer pro-

grams, App endix I I I is a commen tary on these programs. The �nal app endix presen ts

just one example of the explicit exp onen tiation of a symmetry algebra to determine

the corresp onding h yp ersurface.

Throughout this article, � will alw a ys denote an equia�ne homogeneous h yp er-

surface in C

4

. W e shall use, without commen t, the Einstein summation con v en tion:

a rep eated index carries an implied sum o v er that index.

2. Normal F orms. W e shall alw a ys c ho ose co• ordinates ( u

1

; u

2

; u

3

; w ) 2 C

4

so

that � passes through the origin and so that its tangen t space at the origin is the

h yp erplane f w = 0 g . In other w ords, � is de�ned b y an equation

w = F ( u

i

) = g

ij

u

i

u

j

+ a

ij k

u

i

u

j

u

k

+ b

ij k l

u

i

u

j

u

k

u

l

+ � � � : (2.1)

Non-degeneracy of � means that the quadratic form g

ij

is non-degenerate. In addition,

w e shall supp ose that the symmetric form a

ij k

is trace-free with resp ect to g

ij

. It

is sho wn in [6] that this requiremen t can alw a ys b e met and that the remaining

co• ordinate freedom is

w 7! r w

u

i

7! c

i

j

u

j

)

for r 6= 0 and c

i

j

2 GL(3 ; C ) : (2.2)

This preferred w -axis is called the a�ne normal , a notion due to Blasc hk e in three

dimensions. With a

ij k

trace-free w e shall refer to (2.1) as Blaschke normal form . F or

further details, see [1].

Blasc hk e normal form applies to h yp ersurfaces in an y dimension but from no w on

w e shall sp ecialize to h yp ersurfaces in four dimensions. In this case, w e shall rename

the u

i

co• ordinates as x; y ; z and normalize the quadratic form in (2.1) as follo ws:{

g

ij

u

i

u

j

= 2 xy + z

2

: (2.3)

Then a

ij k

b eing trace-free is to sa y that the cubic term a

ij k

u

i

u

j

u

k

is a linear com bi-

nation of the follo wing monomials:{

x

3

; x

2

z ; x

2

y � 2 xz

2

; 3 xy z � z

3

; xy

2

� 2 y z

2

; y

2

z ; y

3

: (2.4)
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The co• ordinate freedom (2.2) ma y further b e used to normalize this linear com bination

whilst preserving (2.3). In App endix I it is sho wn that, for non-zero cubic terms, the

follo wing normalizations ma y b e adopted.

#1 #2 #3 #4 #5 #6 #7 #8 #9 #10

x

3

0 0 0 0 0 0 0 0 0 1

x

2

z 1 1 1 1 1 0 0 0 0 0

x

2

y � 2 xz

2

� � � 1 0 1 1 1 0 0

3 xy z � z

3

� � 1 0 0 � 1 0 1 0

xy

2

� 2 y z

2

� 1 0 0 0 1 0 0 0 0

y

2

z 1 0 0 0 0 0 0 0 0 0

y

3

0 0 0 0 0 0 0 0 0 0

(2.5)

Eac h column giv es a p ossible normalization with � 's represen ting free parameters.

Normal form #1, for example, has 3 free parameters:

w = 2 xy + z

2

+ x

2

z + a ( x

2

y � 2 xz

2

) + b (3 xy z � z

3

) + c ( xy

2

� 2 y z

2

) + y

2

z + O(4)

in its cubic terms. Note that T able (2.5) is not a classi�cation. There are o v erlaps and

rep etitions under the action (2.2). F or our purp oses, it is only necessary to resolv e this

de�ciency for the particular examples arising in our analysis of homogeneous surfaces.

It is, ho w ev er, w orth while to note the general 8-fold m ultiplicit y in normal form #1

generated b y the co• ordinate c hanges

x 7! ix; y 7! � iy ; z 7! � z and x 7! y ; y 7! x; z 7! z :

These c hanges generate the dihedral group D

4

and induce

a 7! ia; b 7! � b; c 7! � ic and a 7! c; b 7! b; c 7! a: (2.6)

as regards the three parameters a; b; c .

The normalizations in T able (2.5) will b e used in Section 4 in dealing with Bianc hi

Class A. Section 5 deals with Bianc hi class B and then w e shall need to normalize the

Lie algebra itself. The follo wing linear algebra is designed for this purp ose.

Tw o real quadratic forms ma y b e sim ultaneously diagonalized if one of them is

de�nite. F or inde�nite or complex quadratic forms, this is no longer the case. The

usual argumen t [11 ] in v olv es eigen v ectors and breaks do wn if an eigen v ector turns out

to b e n ull. The pro of of the follo wing lemma is a mo di�cation of the usual argumen t

and is left as an exercise.

Lemma 1. Supp ose that H and N ar e 3 � 3 symmetric c omplex matric es and that

H is non-de gener ate. Then we c an �nd an invertible 3 � 3 c omplex matrix A such

that

A

t

H A =

2

4

0 1 0

1 0 0

0 0 1

3

5

and

A

t

N A =

2

4

� � 0

� � 0

0 0 �

3

5

or

2

4

0 � 0

� 1 0

0 0 �

3

5

or

2

4

0 � 0

� 0 1

0 1 �

3

5

: (2.7)
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3. Setting up the Equations. The follo wing pro cedure is fully explained in [3].

Also there is [2], where a similar story is told under the assumption of an Ab elian

symmetry algebra, and [1], whic h deals with homogeneous surfaces in a�ne three-

space. W e shall therefore b e brief. F or an y p olynomial g ( x; y ; z ), w e shall write

T r

N

g ( x; y ; z ) for the truncated p olynomial obtained b y deleting terms of total degree

greater than N .

Theorem 2. Supp ose f ( x; y ; z ) is a p olynomial of de gr e e N without c onstant or

line ar terms. If f ( x; y ; z ) c an b e c omplete d to a p ower series whose gr aph ne ar the

origin is an op en subset of an a�ne homo gene ous hyp ersurfac e � , then ther e ar e 4 � 4

matric es P ; Q; R such that

T r

N � 1

�

@ f

@ x

( x; y ; z ) ;

@ f

@ y

( x; y ; z ) ;

@ f

@ z

( x; y ; z ) ; � 1

�

P

2

6

6

4

x

y

z

f ( x; y ; z )

3

7

7

5

= �

@ f

@ x

( x; y ; z )

T r

N � 1

�

@ f

@ x

( x; y ; z ) ;

@ f

@ y

( x; y ; z ) ;

@ f

@ z

( x; y ; z ) ; � 1

�

Q

2

6

6

4

x

y

z

f ( x; y ; z )

3

7

7

5

= �

@ f

@ y

( x; y ; z )

T r

N � 1

�

@ f

@ x

( x; y ; z ) ;

@ f

@ y

( x; y ; z ) ;

@ f

@ z

( x; y ; z ) ; � 1

�

R

2

6

6

4

x

y

z

f ( x; y ; z )

3

7

7

5

= �

@ f

@ z

( x; y ; z ) :

(3.1)

Pr o of The pro of is a simple mo di�cation of the corresp onding result for surfaces

pro v ed in Theorem 1 and Corollary 1 of [1 ]. Su�ce it to sa y that (3.1) constitutes the

lo w order terms in the full de�ning equations for the symmetry algebra of �. That

there are solutions is to sa y that there are in�nitesimal symmetries in eac h of the

three basic co• ordinate directions. This m ust b e the case if � is homogeneous.

When N = 3, the system (3.1) is alw a ys soluble. Sp eci�cally , regarding f ( x; y ; z )

as �xed, (3.1) constitutes 27 linear equations whic h ma y b e solv ed for 27 of the 48

en tries in P , Q , and R . There are, ho w ev er, other restrictions on f ( x; y ; z ) of degree 3.

They arise b y considering what it means for the algebra generated b y P , Q , and R to

b e closed under Lie brac k et as m ust b e the case if w e are to �nd a gen uine symmetry

algebra within the general solution of (3.1). T o this end, let us write P = ( p

ij

),

Q = ( q

ij

), R = ( r

ij

), and in tro duce quan tities m

ij

for 1 � i; j � 3 as follo ws:{

m

11

= q

13

� r

12

m

12

= q

23

� r

22

m

13

= q

33

� r

32

m

21

= r

11

� p

13

m

22

= r

21

� p

23

m

23

= r

31

� p

33

m

31

= p

12

� q

11

m

32

= p

22

� q

21

m

33

= p

32

� q

31

:

(3.2)

Theorem 3. Supp ose f ( x; y ; z ) is a p olynomial of de gr e e 3 without c onstant or

line ar terms. Supp ose f ( x; y ; z ) c an b e c omplete d to a p ower series whose gr aph ne ar

the origin is an op en subset of an e quia�ne homo gene ous hyp ersurfac e � with thr e e-

dimensional symmetry algebr a. Then we c an �nd a p articular solution of (3.1) for

N = 3 with

trace P = trace Q = trace R = 0 (3.3)

and

QR � R Q = m

11

P + m

12

Q + m

13

R

R P � P R = m

21

P + m

22

Q + m

23

R

P Q � QP = m

31

P + m

32

Q + m

33

R :

(3.4)



726 M. EASTW OOD AND V. EZHO V

Conversely, for e ach such solution, f ( x; y ; z ) c an b e c omplete d to a p ower series whose

gr aph ne ar the origin is an op en subset of an e quia�ne homo gene ous hyp ersurfac e.

Pr o of The equations (3.3) restrict atten tion to equia�ne symmetries. Then, the

equations (3.4) sa y that the equia�ne symmetry algebra of � is closed under Lie

brac k et. Once the symmetry algebra has closed in this w a y , the higher order terms in

the p o w er series expansion of the de�ning function are determined b y exp onen tiating

to the Lie subgroup whose orbit is �.

F or equations (3.4) to hold w e are supp osing that � is the orbit of a three-dimensional

Lie subgroup. In general, the isotr opy algebr a consists of the in�nitesimal symmetries

of � that also �x the origin. T o order 3, it giv es rise to the subspace I consisting of

4 � 4 matrices X satisfying the follo wing system of linear equations:{

T r

3

�

@ f

@ x

( x; y ; z ) ;

@ f

@ y

( x; y ; z ) ;

@ f

@ z

( x; y ; z ) ; � 1

�

X

2

6

6

4

x

y

z

f ( x; y ; z )

3

7

7

5

= 0 : (3.5)

and w e require only that (3.4) hold mo dulo I . Complete details in the analogous case

of homogeneous surfaces in C

3

are giv en in [1 ].

When the symmetry algebra is three-dimensional, the quan tities m

ij

in tro duced

in (3.2) ma y b e view ed as its structure constan ts. This is clearly exhibited in (3.4).

In particular, if w e in tro duce

v

1

= m

23

� m

32

v

2

= m

31

� m

13

v

3

= m

12

� m

21

; (3.6)

then the Jacobi iden tities read

v

i

m

ij

= 0 for j = 1 ; 2 ; 3 : (3.7)

It is con v enien t to regard v = ( v

i

) as a ro w v ector and M = ( m

ij

) as a 3 � 3 matrix.

Then (3.7) reads v M = 0. The pro of of the follo wing lemma is elemen tary and will

b e omitted.

Lemma 2. If we write the quantities c

i

j

in (2.2) and g

ij

in (2.1) as matric es

C = ( c

i

j

) and G = ( g

ij

) , then

G 7!

1

r

C

t

GC M 7! det( C ) C

� 1

M ( C

� 1

)

t

v 7! v C (3.8)

under the change of c o• or dinates (2.2) .

This suggests that w e split M in to its symmetric and sk ew parts, suc h a splitting

b eing preserv ed under (3.8). The v ector v is, in e�ect, the sk ew part so let us write

( n

ij

) = N = ( M + M

t

) = 2 for the symmetric part. The Jacobi iden tit y no w reads

v N = 0. This is the only constrain t in order that the quan tities m

ij

de�ne a Lie

algebra.

Definition 1. We shal l say that the symmetry algebr a de�ne d by m

ij

is Bianchi

class A if and only if v = 0 . Otherwise, we shal l say that it is Bianchi class B.

In summary , w e ha v e three systems of equations in the 48 v ariables p

ij

, q

ij

, and

r

ij

in order that f ( x; y ; z ) of degree 3 can b e completed to de�ne an equia�ne homoge-

neous h yp ersurface. Firstly , there are the 27 linear equations (3.1). Eac h line of (3.1)

is an equalit y of second degree p olynomials without constan t term in x; y ; z and so eac h

ma y b e regarded as 9 equations for the 9 co e�cien ts of x; y ; z ; x

2

; y

2

; z

2

; xy ; y z ; z x . F or

equia�ne h yp ersurfaces w e ha v e 3 further linear equations (3.3). Finally there is a

system of quadratic equations (3.4). All these equations m ust b e satis�ed in the case

of an equia�ne homogeneous h yp ersurface with three-dimensional symmetry algebra.
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It is easy to c hec k (with computer algebra) that the linear system (3.1) ma y b e

uniquely solv ed for the 27 v ariables

p

11

p

21

p

31

p

41

p

42

p

43

q

13

q

23

q

33

q

12

q

22

q

32

q

41

q

42

q

43

r

11

r

21

r

31

r

13

r

23

r

33

r

41

r

42

r

43

p

12

p

22

p

32

and (3.3) for the 3 v ariables

p

44

q

44

r

44

:

W e ma y no w eliminate

r

12

r

22

r

32

p

13

p

23

p

33

q

11

q

21

q

31

in fa v our of m

ij

b y means of (3.2). Splitting M = ( m

ij

) in to its symmetric and

sk ew parts, as ab o v e, w e are left with a system (3.4) of quadratic equations in the 18

v ariables

p

14

p

24

p

34

q

14

q

24

q

34

r

14

r

24

r

34

v

1

v

2

v

3

n

11

n

22

n

33

n

12

n

23

n

31

:

(3.9)

This is the system of equations w e m ust solv e.

4. Solving the Equations: Bianc hi Class A. Let us adopt normal form #1

from T able (2.5) for the cubic terms of a prosp ectiv e de�ning equation. Th us, w e tak e

f ( x; y ; z ) to b e

2 xy + z

2

+ x

2

z + a ( x

2

y � 2 xz

2

) + b (3 xy z � z

3

) + c ( xy

2

� 2 y z

2

) + y

2

z

and consider the system (3.4) in the v ariables (3.9). Assuming that the symmetry

algebra is Bianc hi class A, w e ma y set

v

1

= v

2

= v

3

= 0 : (4.1)

Regarding the parameters a; b; c as additional v ariables it is no w p ossible (with com-

puter algebra) to solv e the resulting system. T aking in to accoun t the general 8-fold

m ultiplicit y (2.6), there are just �v e p ossibilities for a; b; c as follo ws.

a 0 � 1 0

p

3 = 2 ( i + 1) = 2

b 0 � 1 2 = 3 � 4 = 3 0

c 0 1 0 �

p

3 = 2 ( i � 1) = 2

In fact, the �rst t w o are equiv alen t. The linear co• ordinate c hange

w 7! � 4 w

2

4

x

y

z

3

5

7!

2

4

1 + i 1 � i � 2 i

0 � 2 + 2 i 0

0 � 2 + 2 i 2 i

3

5

2

4

x

y

z

3

5

transforms the equation

w = 2 xy + z

2

+ x

2

z � ( x

2

y � 2 xz

2

) � (3 xy z � z

3

) + ( xy

2

� 2 y z

2

) + y

2

z + O(4)

in to w = 2 xy + z

2

+ x

2

z + y

2

z + O(4). Similarly , the last three are all equiv alen t and

ma y b e placed in the more con v enien t normal form w = 2 xy + z

2

+ x

3

+ y

3

+ O(4) b y
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means of the follo wing co• ordinate c hanges:{

w 7!

9

8

w

2

4

x

y

z

3

5

7!

3

8

2

4

�

p

2 i

p

2 i � 2 i

�

p

2 i

p

2 i 2 i

� 2 � 2 0

3

5

2

4

x

y

z

3

5

w 7! 18 w

2

4

x

y

z

3

5

7!

3

2

2

4

� 2

p

2 i 2

p

2 i � 4 i

p

2(

p

3 + i )

p

2(

p

3 � i ) 4 i

� 2 � 2

p

3 i � 2 + 2

p

3 i � 2

p

6 i

3

5

2

4

x

y

z

3

5

w 7! � 2 w

2

4

x

y

z

3

5

7!

1

p

3

2

4

� 1 � i 1 + i �

p

2(1 + i )

(1 � i ) ! � (1 � i ) !

2

p

2 (1 � i )

2 !

2

� 2 ! �

p

2

3

5

2

4

x

y

z

3

5

where ! = exp(2 � i= 3). Setting up (3.4) for cubic terms normalized as #2, #3,

#4, #6, #7, #8, or #9 giv es an inconsisten t system of equations in (3.9) and the

parameters of the normal form, if an y .

Therefore, to �nish our analysis of Bianc hi class A symmetry algebras, it su�ces

to imp ose (4.1) and solv e (3.4) in the v ariables (3.9) with f ( x; y ; z ) one of the follo wing

�v e p ossibilities:{

Case 1: f ( x; y ; z ) = 2 xy + z

2

+ x

2

z + y

2

z

Case 2: f ( x; y ; z ) = 2 xy + z

2

+ x

3

+ y

3

Case 3: f ( x; y ; z ) = 2 xy + z

2

+ x

2

z

Case 4: f ( x; y ; z ) = 2 xy + z

2

+ x

3

Case 5: f ( x; y ; z ) = 2 xy + z

2

:

This is easily done (with computer algebra). In cases 1{4, w e �nd that

p

34

= q

34

= r

14

= r

24

= n

23

= n

31

= 0

and the remaining v ariables are as follo ws

p

14

p

24

q

14

q

24

r

34

n

11

n

22

n

33

n

12

1 = 4 � i= 4 � i= 4 1 = 4 0 � 1 = 4 1 = 4 � i= 2 � i= 4

Case 1 1 = 8 0 0 1 = 8 1 = 8 0 0 0 0

0 0 0 0 1 = 2 1 = 2 � 1 = 2 0 0

Case 2 27 = 64 0 0 27 = 64 27 = 64 0 0 �

p

27 = 8 �

p

3 = 8

Case 3 0 0 0 0 0 0 � 0 0

Case 4 0 0 0 0 0 0 � 0 0

where � is an arbitrary parameter. Complete details are included in the computer

prgrams describ ed in App endix I I I.

In eac h case, the righ t hand sides of (3.1) with N = 4 determine the quartic terms

in the corresp onding p o w er series. In case 1, for example, w e obtain the follo wing

p ossible con tin uations:{

w = 2 xy + z

2

+ x

2

z + y

2

z +

1

16

( x � iy )

4

�

i

2

( x � iy )

2

z

2

+ O(5)

w = 2 xy + z

2

+ x

2

z + y

2

z +

1

8

x

4

+

1

8

y

4

+

3

4

xy z

2

�

1

16

z

4

+ O(5)

w = 2 xy + z

2

+ x

2

z + y

2

z +

1

4

x

4

+

1

2

x

2

y

2

+

1

4

y

4

�

1

4

z

4

+ O(5) :
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F uthermore, if w e no w regard (3.1) with N = 4 as linear equations for the matrices

P ; Q; R , then eac h of these con tin uations determines, already at fourth order, the

symmetry algebra and hence the h yp ersurface itself. Th us, w e only need to kno w

these de�ning functions up to fourth order to �x the h yp ersurface. In fact, up to

a�ne equiv alence, there are only t w o h yp ersurfaces here. The co• ordinate c hange

x 7! ix; y 7! � iy ; z 7! � z

e�ects the c hanges of sign in the �rst equation and

2

4

x

y

z

3

5

7!

1

2

2

4

� i � 1 1 � i

� 1 i 1 + i

� 1 + i � 1 � i 0

3

5

2

4

x

y

z

3

5

transforms

2 xy + z

2

+ x

2

z + y

2

z +

1

16

( x � iy )

4

�

i

2

( x + iy )

2

z

2

in to

2 xy + z

2

+ x

2

z + y

2

z +

1

4

x

4

+

1

2

x

2

y

2

+

1

4

y

4

�

1

4

z

4

:

In case 2 w e obtain

w = 2 xy + z

2

+ x

3

+ y

3

+

45

32

x

2

y

2

�

q

27

32

x

3

z �

q

27

32

y

3

z �

27

32

xy z

2

�

27

128

z

4

+ O(5) :

Again, the h yp ersurface is determined already b y these quartic terms and the signs

are an artefact of c hoice of co• ordinates. In case 3 w e obtain

w = 2 xy + z

2

+ x

2

z +

1

8

(1 � 2 � ) x

4

+ O(5) :

In case 4, the parameter � do es not sho w up in the con tin uation:{

w = 2 xy + z

2

+ x

3

+ O(5) :

In fact, this case has non-trivial isotrop y and the parameter � is absorb ed in to this

isotrop y . In an y case, ha ving an equia�ne symmetry algebra of dimension greater

than three is grounds for exclusion. Case 5 also giv es nothing of in terest: there are

t w o p ossible con tin uations but b oth ha v e isotrop y .

The follo wing theorem summarises the results obtained in this Section.

Theorem 4. Supp ose � is an e quia�ne homo gene ous hyp ersurfac e in C

4

with

thr e e-dimensional symmetry algebr a of Bianchi class A. Then we may cho ose a�ne

c o• or dinates to r ender � in one of the fol lowing normal forms:{

A1 w = 2 xy + z

2

+ x

2

z + y

2

z +

1

8

x

4

+

1

8

y

4

+

3

4

xy z

2

�

1

16

z

4

+ O(5)

A2 w = 2 xy + z

2

+ x

2

z + y

2

z +

1

4

x

4

+

1

2

x

2

y

2

+

1

4

y

4

�

1

4

z

4

+ O(5)

A3 w = 2 xy + z

2

+ x

3

+ y

3

+

45

32

x

2

y

2

+

q

27

32

x

3

z �

q

27

32

y

3

z �

27

32

xy z

2

�

27

128

z

4

+ O(5)

A4 w = 2 xy + z

2

+ x

2

z + �x

4

+ O(5) :

In e ach c ase, the higher or der terms in a c onver gent p ower series ar e determine d by

its trunc ation at fourth or der as given.

In Section 6 w e shall see that these normal forms are distinct.
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5. Solving the Equations: Bianc hi Class B. In this section w e shall adopt

Blasc hk e normal form (2.1) for the de�ning function but mak e no further normaliza-

tions of its cubic terms. Instead, w e shall sp end the remaining co• ordinate freedom

(2.2) in normalizing its quadratic terms and the symmetry algebra. Lemma 1 is de-

signed for this purp ose. Recall that N is the symmetric part of M , the matrix of

structure constan ts of our symmetry algebra. Recall that G = ( g

ij

) represen ts the

quadratic terms in the de�ning equation and let H = G

� 1

. Lemma 2 sa ys ho w these

matrices transform under (2.2). Th us, w e can normalize the quadratic terms (2.3)

and arrange that N b e in one of the canonical forms (2.7). This puts N G in to one of

the follo wing canonical forms:{

Segre c haracteristic [111] [21] [3]

NG

2

4

� � 0

� � 0

0 0 �

3

5

2

4

� 0 0

1 � 0

0 0 �

3

5

2

4

� 0 0

0 � 1

1 0 �

3

5

As in [11 ], the Segre c haracteristic records the arrangemen t of blo c ks in the Jordan

canonical form. It is preserv ed under (3.8).

W e ma y also normalize v . Consider, for example, the case of Segre c haracteris-

tic [21]. The form of v is limited b y Jacobi iden tit y v N = 0. One p ossibilit y is that

� = 0 and v = [0 ; 0 ; h ] for some non-zero h . In this case, b y executing the co• ordinate

c hange

w 7!

1

h

2

w

2

4

x

y

z

3

5

7!

2

4

1 =

p

h 0 0

0 1 =h

p

h 0

0 0 1 =h

3

5

2

4

x

y

z

3

5

and rede�ning � , w e �nd that h ma y b e normalized to unit y . Similar reasoning in

other cases yields the follo wing canonical forms

[111] [21] t yp e 1 [21] t yp e 2 [3]

N

2

4

� � 0

� � 0

0 0 0

3

5

2

4

0 � 0

� 1 0

0 0 0

3

5

2

4

0 0 0

0 1 0

0 0 �

3

5

2

4

0 0 0

0 0 1

0 1 0

3

5

v [0 ; 0 ; 1] [0 ; 0 ; 1] [1 ; 0 ; 0] [ h; 0 ; 0]

whilst main taining (2.3) for the quadratic terms. Note that when the Segre c harac-

teristic is [3], the non-zero parameter h cannot b e eliminated.

T o analyze Bianc hi class B then, w e construct the system (3.4) for

f ( x; y ; z ) = 2 xy + z

2

+ an arbitrary linear com bination of (2.4)

and solv e for the co e�cien ts of this linear com bination and the v ariables (3.9) normal-

ized as ab o v e. This is easily done (with computer algebra). The details are con tained

in the programs discussed in App endix I I I. The results are as follo ws.

Segre c haracteristic [111]. There are 14 p ossible solutions 6 of whic h ha v e

isotrop y and ma y , therefore, b e discarded. The remaining 8 o ccur in pairs under the
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c hange of co• ordinates x $ y . This lea v es 4 p ossible h yp ersurfaces:{

w = 2 xy + z

2

+ �x

3

�

1

4

x

2

y

2

�

1

2

�x

3

z �

1

4

xy z

2

�

1

16

z

4

�

1

2

�x

4

y + O(6)

w = 2 xy + z

2

+ �x

3

+ 2 xy z �

2

3

z

3

+ x

2

y

2

+ �x

3

z � 2 xy z

2

+ O(5)

w = 2 xy + z

2

+

2

5

ix

2

z +

2

5

xy z �

2

15

z

3

�

2

5

iy

2

z +

6

25

ix

3

y �

3

25

x

2

y

2

�

6

25

ixy

3

+

1

25

ix

2

z

2

�

8

25

xy z

2

�

1

25

iy

2

z

2

�

1

10

z

4

+ O(5)

w = 2 xy + z

2

+

5

2

ix

2

z � xy z +

1

3

z

3

�

5

2

iy

2

z �

35

32

x

4

+

5

8

ix

3

y +

9

16

x

2

y

2

�

5

8

ixy

3

�

35

32

y

4

�

5

8

ix

2

z

2

+

13

4

xy z

2

+

5

8

iy

2

z

2

�

5

8

z

4

+ O(5) :

The �rst of these is un usual in that the �fth order terms m ust b e giv en b efore the sym-

metry algebra closes. The parameter � in the �rst t w o p o w er series is not in v arian t:{

x 7! �x y 7! �

� 1

y induces � 7! �

3

�: (5.1)

Th us, if � is non-zero, it ma y b e rescaled to unit y . On the other hand, if � v anishes,

then (5.1) generates isotrop y so the h yp ersurface ma y b e discarded.

Segre c haracteristic [21] t yp e 1. There are 6 p ossible solutions 3 of whic h

ha v e isotrop y and ma y , therefore, b e discarded. This lea v es 3 p ossible h yp ersurfaces:{

w = 2 xy + z

2

+ 2 x

2

z + 2 xy z �

2

3

z

3

+ 2 x

3

y + x

2

y

2

+ 3 x

2

z

2

� 2 xy z

2

+ O(5)

w = 2 xy + z

2

� 2 x

2

z + 2 xy z �

2

3

z

3

+ x

4

� 2 x

3

y + x

2

y

2

+ 2 x

2

z

2

� 2 xy z

2

+ O(5)

w = 2 xy + z

2

+ 2 x

2

z + x

3

y �

1

4

x

2

y

2

�

1

2

x

2

z

2

�

1

4

xy z

2

�

1

16

z

4

+ O(5) :

Segre c haracteristic [21] t yp e 2. There is just one solution to (3.4) but it has

isotrop y and ma y , therefore, b e discarded.

Segre c haracteristic [3]. There are 3 p ossible solutions 1 of whic h has isotrop y

and ma y , therefore, b e discarded. This lea v es 2 p ossible h yp ersurfaces:{

w = 2 xy + z

2

+ �x

3

+ 2 x

2

y � 4 xz

2

+

9

2

�x

4

+ 2 x

3

y � 4 x

2

z

2

+ O(5)

w = 2 xy + z

2

+ �x

3

�

4

3

x

2

y +

8

3

xz

2

+ 2 �x

4

+

8

9

x

3

y +

28

3

x

2

z

2

+ O(5) :

The parameter � is not in v arian t:{

w 7! �

2

w y 7! �

2

y z 7! �z induces � 7! �

� 2

�: (5.2)

Th us, if � is non-zero, it ma y b e rescaled to unit y . So, these cases split according to

whether � v anishes. W e obtain a total of 4 p ossible h yp ersurfaces.

Bianc hi class B summary . The follo wing theorem gathers the h yp ersurfaces

obtained ab o v e. F or con v enience some elemen tary co• ordinate rescalings ha v e b een

emplo y ed.

Theorem 5. Supp ose � is an e quia�ne homo gene ous hyp ersurfac e in C

4

with

thr e e-dimensional symmetry algebr a of Bianchi class B. Then we may cho ose a�ne

c o• or dinates to r ender � in one of the fol lowing normal forms:{
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B1 w = 2 xy + z

2

+ x

3

� 4 x

2

y

2

� 2 x

3

z � 4 xy z

2

� z

4

� 8 x

4

y + O(6)

B2 w = 2 xy + z

2

+ x

3

+ 3 xy z � z

3

+

9

4

x

2

y

2

+

3

2

x

3

z �

9

2

xy z

2

+ O(5)

B3 w = 2 xy + z

2

+ 2 x

2

z + 2 xy z �

2

3

z

3

+ 2 y

2

z + 6 x

3

y

� 3 x

2

y

2

+ 6 xy

3

+ x

2

z

2

� 8 xy z

2

+ y

2

z

2

�

5

2

z

4

+ O(5)

B4 w = 2 xy + z

2

+ 5 x

2

z + 2 xy z �

2

3

z

3

+ 5 y

2

z

+

35

8

x

4

�

5

2

x

3

y +

9

4

x

2

y

2

�

5

2

xy

3

+

35

8

y

4

+

5

2

x

2

z

2

+ 13 xy z

2

+

5

2

y

2

z

2

�

5

2

z

4

+ O(5)

B5 w = 2 xy + z

2

+ x

2

z + 3 xy z � z

3

+

3

2

x

3

y +

9

4

x

2

y

2

+

9

4

x

2

z

2

�

9

2

xy z

2

+ O(5)

B6 w = 2 xy + z

2

+ x

2

z + 3 xy z � z

3

+

1

4

x

4

+

3

2

x

3

y +

9

4

x

2

y

2

�

3

2

x

2

z

2

�

9

2

xy z

2

+ O(5)

B7 w = 2 xy + z

2

+ x

2

z + 2 x

3

y � 4 x

2

y

2

� x

2

z

2

� 4 xy z

2

� z

4

+ O(5)

B8 w = 2 xy + z

2

+ x

3

+ x

2

y � 2 xz

2

+

9

4

x

4

+

1

2

x

3

y � x

2

z

2

+ O(5)

B9 w = 2 xy + z

2

+ x

3

+ x

2

y � 2 xz

2

�

3

2

x

4

+

1

2

x

3

y +

21

4

x

2

z

2

+ O(5)

B10 w = 2 xy + z

2

+ x

2

y � 2 xz

2

+

1

2

x

3

y � x

2

z

2

+ O(5)

B11 w = 2 xy + z

2

+ x

2

y � 2 xz

2

+

1

2

x

3

y +

21

4

x

2

z

2

+ O(5) :

In e ach c ase, the higher or der terms in a c onver gent p ower series ar e determine d by

its trunc ation as given.

In the follo wing section w e shall pro v e that these normal forms are a�nely in-

equiv alen t.

6. In terpreting the Solutions. Firstly , w e deal with the p ossibilit y that �

has isotrop y . In [3] the non-degenerate a�ne homogeneous h yp ersurfaces in C

4

with

isotrop y are classi�ed. It is an elemen tary matter to go through the classi�cation of [3]

(using the computer programs describ ed therein) and pic k out those that are equia�ne

homogeneous with equia�ne isotrop y . There are just six suc h h yp ersurfaces:{

Theorem 6. Supp ose � is an e quia�ne homo gene ous hyp ersurfac e in C

4

with

e quia�ne symmetry algebr a of dimension gr e ater than thr e e. Then we may cho ose

a�ne c o• or dinates to r ender � in one of the fol lowing a�nely ine quivalent normal

forms:{

I1 w = 2 xy + z

2

+ O(5)

I2 w = 2 xy + z

2

+ 4 x

2

y

2

+ 4 xy z

2

+ z

4

+ O(5)

I3 w = 2 xy + z

2

+ x

3

+ O(5)

I4 w = 2 xy + z

2

+ x

3

+ x

4

+ O(5)

I5 w = 2 xy + z

2

+ 3 xy z � z

3

+

9

4

x

2

y

2

�

9

2

xy z

2

+ O(5)

I6 w = 2 xy + z

2

+ 3 xy z � z

3

�

9

16

x

2

y

2

�

27

16

xy z

2

+

45

64

z

4

+ O(5) :

In e ach c ase, the higher or der terms in a c onver gent p ower series ar e determine d by

its trunc ation at fourth or der as given.

The explicit de�ning functions in [3] are repro duced in Theorem 1.

Next w e deal with the class A h yp ersurfaces of Theorem 4. App endix I I attac hes

lo cal a�ne in v arian ts to ev ery h yp ersurface, easily computable from the cubic terms

of an y de�ning equation. Their v alues on the class A homogeneous h yp ersurfaces are
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as follo ws:-

Cubic In v arian ts Remarks

A1 j =

1

3

k =

1

9

l = 0 Ab elian

A2 j =

1

3

k =

1

9

l = 0 Non-Ab elian

A3 j =

1

2

k =

1

4

l = 0

A4 I = J = K = L = 0 P arameter �

(6.1)

The remarks concerning h yp ersurfaces A1 and A2 are directed at their symmetry

algebras. F rom this table, it is clear that cases A1 { A4 are a�nely inequiv alen t and

it remains to sho w that the parameter � in the h yp ersurface A4 is a gen uine a�ne

in v arian t. W e remark in passing that the symmetry algebra of A4 is Ab elian if and

only if � = 1 = 8. Though all classical scalar in v arian ts v anish, there is a non-v anishing

v ector-v alued cubic co v arian t, namely

S

ij k l

� a

ij

m

a

k lm

for the h yp ersurface in Blasc hk e normal form (2.1). Under the co• ordinate freedom

(2.2) this co v arian t transforms as a tensor under GL(3 ; C ) and b y scaling S

ij k l

7!

r

� 1

S

ij k l

under w 7! r w . The same is true of the quartic co e�cien ts b

ij k l

of a Blasc hk e

normal form. F or the normal form A3 it is clear that b

ij k l

= 9 �S

ij k l

. Therefore, the

same iden tit y m ust hold in an y Blasc hk e co• ordinates. In particular, this determines

� in a manifestly a�ne in v arian t fashion.

F rom the p oin t of view of normal forms, the classi�cation in Bianc hi class A is

no w complete. Ho w ev er, �nding an explicit de�ning equation w = F ( x; y ; z ) for eac h

h yp ersurface is a di�eren t matter. As explained in [1] for the case of surfaces in C

3

,

the in terpretation of the matrices P ; Q; R in Theorem 2 as generators of the symmetry

algebra implies that the en tire p o w er series F ( x; y ; z ) ma y b e de�ned implicitly b y

8

>

>

>

>

>

>

>

>

>

:

exp

2

6

6

6

4

r

r P + sQ + tR

s

t

0

0 0 0 0 0

3

7

7

7

5

9

>

>

>

>

>

>

>

>

>

;

2

6

6

6

4

0

0

0

0

1

3

7

7

7

5

=

2

6

6

6

4

x

y

z

F ( x; y ; z )

1

3

7

7

7

5

: (6.2)

Finding F ( x; y ; z ) b y this means can b e quite hard and in v olv es a certain amoun t of

trial and error. An example is presen ted in App endix IV. F ortunately , once they

are found there is no need to kno w where they came from: to con�rm that they are

correct is easily accomplished with computer algebra as follo ws.

� Apply Theorem 2 with f ( x; y ; z ) = T r

N

F ( x; y ; z ) for su�cien tly large N

(sa y N = 5), at the same time imp osing (3.3), to �nd the generators P ; Q; R

of the equia�ne symmetry algebra.

� No w c hec k that (3.1) holds for F ( x; y ; z ) without truncation for these par-

ticular P ; Q; R . This implies that the h yp ersurface de�ned b y F ( x; y ; z ) is

equia�ne homogeneous.

� V erify that the symmetry algebra is Bianc hi class A, calculate the in v arian ts

I ; J ; K ; L and co v arian t S

ij k l

, and refer to table (6.1) to lo cate the h yp ersur-

face in our classi�cation.

Finally , w e deal with the class B h yp ersurfaces of Theorem 5. The v alues of the
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in v arian ts of App endix I I on these h yp ersurfaces are as follo ws:{

Cubic In v arian ts Remarks

B1 I = J = K = L = 0 Segre [111]

B2 j =

11

25

k =

29

125

l =

32

3125

Segre [111]

B3 j =

131

289

k =

1073

4913

l = �

864

1419857

Segre [111]

B4 j =

73

200

k =

71

500

l = �

27

200000

Segre [111]

B5 j =

11

25

k =

29

125

l =

32

3125

Segre [21]

B6 j =

11

25

k =

29

125

l =

32

3125

Segre [21]

B7 I = J = K = L = 0 Segre [21]

B8 I = J = K = L = 0 Segre [3]

B9 I = J = K = L = 0 Segre [3]

B10 I = J = K = L = 0 Segre [3]

B11 I = J = K = L = 0 Segre [3]

(6.3)

The remarks in this table are directed at the Segre c haracteristic of N G , computed

in an y Blasc hk e normal co• ordinates. Recall that this is a�ne in v arian t. In case [111],

therefore, the cubic in v arian ts are su�cien t to iden tify the h yp ersurface. The �rst

di�cult y is to distinguish b et w een B5 and B6 . F or this it is su�cien t to consider the

co v arian t

T

i

j

� 3 a

ik l

a

j k l

� 4 b

i

j

k

k

:

Under the co• ordinate freedom (2.2) it transforms as an endomorphism under GL(3 ; C )

and b y scaling T

i

j

7! r T

i

j

under w 7! r w . A computation yields

T

i

j

=

1

2

2

4

0 � 5 0

0 0 0

0 0 15

3

5

and

1

2

2

4

0 0 0

0 0 0

0 0 15

3

5

for the normal forms of B5 and B6 , resp ectiv ely . Notice that the rank of T

i

j

is 2

for B5 but 1 for B6 . This holds in an y Blasc hk e co• ordinates and pro vides an easily

computable a�ne in v arian t distinction.

No w w e m ust deal with B8 { B11 . The pair B8 and B9 are already a�nely

distinct from B10 and B11 at the cubic lev el:{

2 xy + z

2

+ x

3

+ x

2

y � 2 xz

2

v ersus 2 xy + z

2

+ x

2

y � 2 xz

2

:

An easily implemen ted distinction is that the second of these admits an a�ne symme-

try (5.2) �xing the origin. In�nitesimally , this corresp onds to b eing an eigenfunction

for a v ector �eld of the form X

i

j

u

j

@ =@ u

i

. The pair B8 and B10 are distinguished

from B9 and B11 b y the v anishing of the co v arian t

U

i

j

� a

ik l

a

j k l

� 8 b

i

j

k

k

:

The upshot of this discussion is that the pro of of Theorem 1 is reduced to com-

putation. Indeed, the iden ti�cation of an y equia�ne homogeneous h yp ersurface in

the classi�cation lists of Theorems 4 and 5, is a matter of computation and can b e

completely automated. Suc h an automation is describ ed in App endix I I I. This pro v es

Theorem 1.
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App endix I. T race-free Cubics. It is con v enien t to use the 2{1 homomor-

phism of Lie groups

SL(2 ; C ) � ! SO(3 ; C )

as detailed in [7]. Sp eci�cally , if SL(2 ; C ) is acting on C

2

b y matrix m ultiplication

�

s

t

�

7!

�

a b

c d

��

s

t

�

; (App endix I.1)

then the induced action on C

3

2

4

x

y

z

3

5

7!

2

4

a

2

� b

2

= 2 � ab

� 2 c

2

d

2

2 cd

� 2 ac bd ad + bc

3

5

2

4

x

y

z

3

5

preserv es our quadratic form (2.3). The direct link is to asso ciate

s

2

$ � 2 x st $ z t

2

$ y ;

iden tifying the quadratics in s; t with C

3

. In a similar v ein, the action of SL(2 ; C ) on

binary sextics induces the action of SO(3 ; C ) on trace-free cubic p olynomials in x; y ; z

under the asso ciation

s

6

$ � 8 x

3

s

5

t $ 4 x

2

z

s

4

t

2

$ 4( x

2

y � 2 xz

2

) = 5

s

3

t

3

$ � 2(3 xy z � z

3

) = 5

s

2

t

4

$ � (2 xy

2

� 2 y z

2

) = 5

st

5

$ y

2

z

t

6

$ y

3

:

Normalizing a sextic also normalizes the corresp onding trace-free cubic. The table of

normal forms (2.5) is no w straigh tforw ard. In the generic case, a sextic p olynomial

has t w o isolated zero es whic h ma y b e placed at 0 and 1 b y a suitable M• obius trans-

formation (App endix I.1). The necessarily non-zero co e�cien ts of s

5

t and st

5

ma y b e

set equal b y

s 7! �s t 7! �

� 1

t

for suitable � and then rescaled to unit y with (2.2). This giv es normal form #1

in (2.5). A t the other extreme, normal form #10 arises when the sextic has just one

6-fold zero.

App endix I I. Classical In v arian ts. A further consequence of iden tifying

trace-free cubics in 3 dimensions with binary sextics is that the classical in v arian t

theory of the sextic ma y b e carried o v er (compare [8 , Chapter 8]). In [4 ], generators

of the ring of in v arian ts are determined. They are of degree 2, 4, 6, 10, and 15. Ho w-

ev er, it is only the in v arian ts of ev en degree that extend from SO (3 ; C ) to O(3 ; C ) so,

for our purp oses, the in v arian t of degree 15 ma y b e discarded. Here are the in v arian ts

of degree 2 and 4:{

I = a

ij k

a

ij k

J = a

ij k

a

ij l

a

lmn

a

mni
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A more con v enien t notation is to dra w a circle for eac h cop y of a

ij k

and to wire them

up as in accordance with ho w they are to b e con tracted (see [7 ]). Here are the four

generators using this notation:{

k

k

k

k

k

k

k

k

k

k

k

k

Q

Q

Q

�

�

�

Q

Q

Q

Q

Q

Q

�

�

�

�

�

�

k

k

k k

kk

k

k

k

k

J

J
J









�

�
�

Q

Q
Q

Q

Q
Q

�

�
�

I J K

�

�

L

�

�

�

�

They freely generate the ring of all in v arian ts. Lo cal a�ne in v arian ts are induced

as follo ws. W riting a h yp ersurface in Blasc hk e normal form (2.1), w e ma y compute

I ; J ; K ; L from its cubic terms a

ij k

using the quadratic form g

ij

to raise indices. Under

the remaining co• ordinate freedom (2.2), these quan tities simply scale:

I 7! r I J 7! r

2

K 7! r

3

K L 7! r

5

L:

Th us, when I 6= 0, the quotien ts

j � J =I

2

k � K =I

3

l � L=I

5

are absolute a�ne in v arian ts.

App endix I I I. Computer Programs. The follo wing programs are written for

the computer algebra system Maple .

defns classAcase1 classB list

mak eeqns classAcase2 classBsegre111 in v arian ts

classA classAcase3 classBsegre21t yp e1 lo cate

c hangeco ords classAcase4 classBsegre21t yp e2

classAcon td classAcase5 classBsegre3

They are a v ailable electronically . The follo wing t w o lo cations

� ftp://ftp.maths.adelaide.edu.au/pure/meast w o o d/maple/ea

� ftp://ftp.maths.adelaide.edu.au/pure/meast w o o d/maple6/ea

con tain these programs for Maple V and Maple 6, resp ectiv ely . They p erform the

follo wing tasks.

defns This program sets the scene b y in tro ducing the 4 � 4 matrices P ; Q; R ,

making useful c hanges of v ariables, and sp ecifying f ( x; y ; z ), a cubic p olynomial with-

out constan t or linear terms. The p ossibilities used in the article are already included

in this �le. The results are sa v ed in a �le PQRf.m (in Maple in ternal format).

mak eeqns This program mak es the equations that m ust b e solv ed, as discussed

in Section 3. The program `defns' m ust b e run �rst in order to sp ecify f ( x; y ; z ), a

p olynomial of degree 3 without constan t or linear terms. The linear equations (3.1)

and (3.3) are formed and solv ed. Then the equations (3.4) in the v ariables (3.9) are

formed and stored in a �le called eqns.m (in Maple in ternal format).

classA This program solv es the equations (3.4) arising from the ten normal-

izations of App endix I, assuming that the symmetry algebra is Bianc hi class A. See

Section 4 for discussion.

c hangeco ords This program c hec ks that the co• ordinate c hanges in Section 4

do as is claimed.
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classAcon td This program tak es one of the �v e �nal normalizations deriv ed in

Section 4 and again solv es the resulting equations (3.4).

classAcase1{5 In eac h case, the solutions from `classAcon td' are used to sp ecify

the generators P ; Q; R of the corresp onding symmetry algebra and, b y using Theo-

rem 2 with N = 4, the quartic terms in the de�ning equation are found.

classB This program solv es the system of equations arising from Blasc hk e nor-

mal co• ordinates together with the normalizations in Bianc hi class B as exp ounded in

Section 5.

classBsegre111{3 These programs complete the analysis of Bianc hi class B.

In eac h case, generators of the symmetry are displa y ed and higher order terms in the

de�ning equation are computed.

list This �le con tains the �nal list of normal forms, as in Theorems 4 and 5.

The program itself �nds the equia�ne symmetries of an y giv en h yp ersurface and

determines whether the symmetry algebra closes.

in v arian ts This program computes the classical cubic in v arian ts of a non-

degenerate h yp ersurface, assumed to b e in Blasc hk e normal form. The in v arian ts

are de�ned in App endix I I and used in Section 6. Also in Section 6 are co v arian ts

and other devices used in distinguishing b et w een v arious h yp ersurfaces. These are all

computed b y this program.

lo cate This program �nds the symmetries of a h yp ersurface giv en in closed form

and determines whether it is equia�ne homogeneous. It sa ys if there is equia�ne

isotrop y . F or equia�ne homogeneous h yp ersurfaces without isotrop y , it expands the

de�ning function to order 4 and c hanges to Blasc hk e normal form. Then it uses Sec-

tion 6 to lo cate the h yp ersurface in the list A1 { B11 . The h yp ersurfaces of Theorem 1

are included in this �le. In particular, b earing in mind the discussion of Section 6,

the successful running of this program in these cases, pro v es Theorem 1.

App endix IV. Exp onen tation of a Symmetry Algebra. Consider the h y-

p ersurface A3 from Theorem 4. It is con v enien t to rescale: w 7! (8 = 27) w , x 7! (4 = 3) x ,

y 7! (4 = 3) y , z 7!

p

32 = 27 z . Then A3 is de�ned b y the p o w er series

w = 12 xy + 4 z

2

+ 8 x

3

+ 8 y

3

+ 15 x

2

y

2

+ 8 x

3

z � 8 y

3

z � 6 xy z

2

� z

4

+ O(5) :

Theorem 2 yields P ; Q; R as follo ws:{

2

6

6

4

0 0 � 1 1 = 8

� 2 0 0 0

0 3 = 2 0 0

0 12 0 0

3

7

7

5

;

2

6

6

4

0 � 2 0 0

0 0 1 1 = 8

� 3 = 2 0 0 0

12 0 0 0

3

7

7

5

;

2

6

6

4

� 1 = 3 0 0 0

0 1 = 3 0 0

0 0 0 1 = 8

0 0 8 0

3

7

7

5

:

Before substituting in to (6.2), it is con v enien t to conjugate b y

2

6

6

4

1 0 0 0

0 1 0 0

0 0 8 1

0 0 8 � 1

3

7

7

5

:
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Then (6.2) asks us to calculate exp ( r

^

P + s

^

Q + t

^

R ) where

^

P =

2

6

6

6

4

0 0 0 � 1 = 8 1

� 2 0 0 0 0

0 24 0 0 0

0 0 0 0 0

0 0 0 0 0

3

7

7

7

5

^

Q =

2

6

6

6

4

0 � 2 0 0 0

0 0 1 = 8 0 1

0 0 0 0 0

� 24 0 0 0 0

0 0 0 0 0

3

7

7

7

5

^

R =

2

6

6

6

4

� 1 = 3 0 0 0 0

0 1 = 3 0 0 0

0 0 1 0 8

0 0 0 � 1 8

0 0 0 0 0

3

7

7

7

5

This is p ossible but m uc h easier is to calculate exp ( r

^

P ) exp( s

^

Q ) exp( t

^

R ). Since the

symmetry algebra is closed:

[

^

Q;

^

R ] =

2

3

^

Q [

^

R ;

^

P ] =

2

3

^

P [

^

P ;

^

Q ] = 3

^

R ;

this giv es a di�eren t parametrization of the same h yp ersurface. W e �nd

exp( r

^

P ) exp( s

^

Q ) exp( t

^

R )

2

6

6

6

4

0

0

0

0

1

3

7

7

7

5

=

2

6

6

6

4

x

y

z

w

1

3

7

7

7

5

where

w = 8 s

3

e

t

� 8 e

� t

+ 8

x = � s

2

e

t

� r s

3

e

t

+ r e

� t

y = se

t

+ 2 r s

2

e

t

+ r

2

s

3

e

t

� r

2

e

� t

z = 8 e

t

+ 24 r se

t

+ 24 r

2

s

2

e

t

+ 8 r

3

s

3

e

t

� 8 r

3

e

� t

� 8 :

If w e mak e the a�ne c hange of v ariables

W = ( w � 8) = 8 X = x Y = y Z = ( z + 8) = 8 ;

and notice that s = X

2

� W Y , then

X = � s

2

� � r W

Y = (1 + 2 r s ) s� + r

2

W

Z = (1 + 3 r s + 3 r

2

s

2

) � + r

3

W

where � = e

t

and s = X

2

� W Y . If w e use the �rst equation to eliminate � from sY

and s

2

Z , w e obtain a quadratic equation and a cubic equation in r with co e�cien ts

that are p olynomials in W ; X ; Y ; Z . The resultan t of these equations is, therefore, a

p olynomial iden tit y in W ; X ; Y ; Z . A computation giv es

W ( W Y � X

2

)

7

(6 W X Y Z � 4 X

3

Z � 3 X

2

Y

2

+ W

2

Z

2

+ 4 W Y

3

� 1)

as the irreducible decomp osition of this resultan t. The basep oin t of this h yp ersurface

is the origin in ( w ; x; y ; z ) co• ordinates. This corresp onds to ( W ; X ; Y ; Z ) = ( � 1 ; 0 ; 0 ; 1).

Therefore,

6 W X Y Z � 4 X

3

Z � 3 X

2

Y

2

+ W

2

Z

2

+ 4 W Y

3

= 1

pro vides an explicit de�ning function near ( � 1 ; 0 ; 0 ; 1). If preferred, w e can replace

W 7! � W , Y 7! � Y , to obtain (1 ; 0 ; 0 ; 1) as basep oin t.
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