
ASIAN J. MATH. 

 2001 International PressVol. 5, No. 4, pp. 721{740, De
ember 2001 007A CLASSIFICATION OF NON-DEGENERATE HOMOGENEOUSEQUIAFFINE HYPERSURFACES IN FOUR COMPLEXDIMENSIONS�MICHAEL EASTWOODy AND VLADIMIR EZHOVzAbstra
t. We solve the 
lassi�
ation problem as in the title. We present expli
it de�ningequations and give a 
hara
terization in terms of easily 
omputable aÆne invariants.1. Introdu
tion. The equiaÆne transformations of C 4 are those of the formv 7�! Av + b for A 2 SL(4; C ) and b 2 C 4 :A 
omplex hypersurfa
e � � C 4 is said to be equiaÆne homogeneous if and only if itis the orbit of a 
omplex Lie subgroup of the group of all equiaÆne transformations.Su
h a hypersurfa
e is everywhere non-singular. We shall also suppose that � is non-degenerate (at one point and hen
e, by homogeneity, at all points). In this arti
le, we
lassify the non-degenerate equiaÆne homogeneous hypersurfa
es in C 4 up to aÆneequivalen
e.The 
orresponding 
lassi�
ation problem for surfa
es in C 3 was solved by Nomizuand Sasaki [9℄. There are six su
h surfa
es:{1. Z = XY2. Z2 = XY + 13. XY Z = 14. X2(Z + Y 2)3 = 15. Z = XY +X36. Z = XY + logXThe �rst �ve were found by Guggenheimer [5℄ and this list was 
ompleted in [9℄.See [10℄ for further dis
ussion and for general ba
kground on aÆne di�erential geom-etry.In [1℄, the aÆne homogeneous surfa
es in C 3 were 
lassi�ed by means of normal-izing their de�ning fun
tions. The equiaÆne 
ases have1. z = xy +O(5)2. z = xy + x2y2 +O(5)3. z = xy + x3 + y3 +O(5)4. z = xy + x3 + y3 + 98x4 � 92x3y � 94x2y2 � 92xy3 + 98y4 +O(5)5. z = xy + x3 +O(5)6. z = xy + x3 + x4 + 1615x5 +O(6)as their normal forms. The higher order terms are determined by the given termstogether with the requirement that the surfa
e be aÆne homogeneous. In [1℄ thislist is derived by 
hoosing aÆne 
o�ordinates spe
ially adapted to the surfa
e and�Re
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722 M. EASTWOOD AND V. EZHOVsubje
t to 
riteria for homogeneity that restri
t, order-by-order, the 
oeÆ
ients of thede�ning fun
tion. The point is that the �rst few terms of a de�ning fun
tion alreadydetermine the in�nitesimal aÆne symmetries of a given surfa
e. These symmetriesform a Lie algebra 
alled the symmetry algebra and exponentiation of the symmetryalgebra determines the surfa
e.There is, however, a substantial diÆ
ulty in passing from C 3 to C 4 . For surfa
esin C 3 , the 
ubi
 terms of a de�ning fun
tion are easily normalized and 
arry verylittle information. In fa
t, the examples above are typi
al. As detailed in [1℄, the
ubi
 terms x3 + y3 signal a non-vanishing Pi
k invariant whilst if the Pi
k invariantis zero, then the 
ubi
 terms are absent or 
an be normalized to be x3. By 
ontrast,there is a great deal of aÆne invariant information at third order for a hypersurfa
ein C 4 . It is possible to normalize the 
ubi
 terms but then the approa
h of [1℄ runsinto trouble no matter what normalization is adopted. For the resulting equationsto be tra
table it seems that additional assumptions are needed. If, for example,the symmetry algebra is assumed to have dimension four or more, then additionalnormalizations may be adopted and the equations are easily solved [3℄. Fortunately,on
e this 
ase is eliminated, we may adopt a new approa
h that renders the resultingequations tra
table.This new approa
h utilizes dire
tly the three-dimensional symmetry algebra. Liealgebras naturally divide into two 
lasses. If the stru
ture 
onstants are tra
e-free, theLie algebra is said to be Bian
hi 
lass A and, otherwise, Bian
hi 
lass B followingBian
hi's 
lassi�
ation of the three-dimensional Lie Algebras. In two dimensionsthere is, up to isomorphism, just one Lie algebra in ea
h 
lass. In three dimensions,the 
lass B Lie algebras have 
anoni
al forms with suÆ
ient stru
ture to render theresulting equations tra
table whilst for 
lass A algebras normalizing the 
ubi
 termsof a de�ning equation works as before. So, this 
ombination of te
hniques solves theproblem. The 
lassi�
ation is as follows.Theorem 1. The equiaÆne homogeneous hypersurfa
es in C 4 are given lo
allyby the following equations. Di�erent equations and di�erent values of the parameter� in A4 de�ne aÆnely inequivalent hypersurfa
es.I1 W = XY + Z2I2 W 2 = XY + Z2 + 1I3 W = XY + Z2 +X3I4 W = XY + Z2 + logXI5 W (XY + Z)2 = 1I6 W 2(XY + Z2)3 = 1A1 WXY Z = 1A2 WZ +WY 2 +X2Z +X2Y 2 = 1A3 6WXYZ � 4X3Z � 3X2Y 2 +W 2Z2 + 4WY 3 = 1A4 W = XY + Z2 +X2Z + �X4B1 WZ2 = Z +X3 +XY ZB2 (W +XY +X3)2Z = 1B3 (WZ + Y 2 +X2Z)4 = ZB4 W 2X2(Z + Y 2)3 = 1B5 (W +XY +X2Z)2Z = 1B6 (W +XY )2(Z +X2) = 1B7 WZ2 = Z +X2 +XY Z



HOMOGENEOUS HYPERSURFACES 723B8 (W + Y Z +X2Z)5 = ZB9 (WZ +X2 + Y Z2)5 = Z4B10 W = XY + Z2 +XZ2B11 W 2 = XY +X2Y +X2ZIn Se
tion 2 we review Blas
hke normal form for a de�ning fun
tion and thefurther normalizations that we shall adopt for the 
ubi
 terms in a de�ning equation.Also in this se
tion are some 
anoni
al forms for matri
es, useful in normalizing thesymmetry algebra of a homogeneous hypersurfa
e. In Se
tion 3 it is explained howwrite down polynomial equations to 
apture that a hypersurfa
e � � C 4 be equiaÆnehomogeneous with three-dimensional symmetry algebra.The main work is in Se
tions 4 and 5, whi
h solve the equations derived in Se
-tion 3. Se
tion 6 sorts out these solutions and those from [3℄ into a better list. In par-ti
ular, we �nd easily 
omputable invariants that distinguish between non-equivalenthypersurfa
es.The rest of the arti
le 
omprises four appendi
es. The �rst two of these are
on
erned with the 
lassi
al theory of the binary sexti
 and how it applies to the nor-malization and invariant theory we require. Several severe 
omputations are requiredin our 
lassi�
ation. For these we made extensive use of 
omputer algebra. Ratherthan interrupt the main body of the arti
le with 
ontinual referen
es to 
omputer pro-grams, Appendix III is a 
ommentary on these programs. The �nal appendix presentsjust one example of the expli
it exponentiation of a symmetry algebra to determinethe 
orresponding hypersurfa
e.Throughout this arti
le, � will always denote an equiaÆne homogeneous hyper-surfa
e in C 4 . We shall use, without 
omment, the Einstein summation 
onvention:a repeated index 
arries an implied sum over that index.2. Normal Forms. We shall always 
hoose 
o�ordinates (u1; u2; u3; w) 2 C 4 sothat � passes through the origin and so that its tangent spa
e at the origin is thehyperplane fw = 0g. In other words, � is de�ned by an equationw = F (ui) = gijuiuj + aijkuiujuk + bijkluiujukul + � � � : (2.1)Non-degenera
y of � means that the quadrati
 form gij is non-degenerate. In addition,we shall suppose that the symmetri
 form aijk is tra
e-free with respe
t to gij . Itis shown in [6℄ that this requirement 
an always be met and that the remaining
o�ordinate freedom isw 7! rwui 7! 
ijuj ) for r 6= 0 and 
ij 2 GL(3; C ): (2.2)This preferred w-axis is 
alled the aÆne normal , a notion due to Blas
hke in threedimensions. With aijk tra
e-free we shall refer to (2.1) as Blas
hke normal form. Forfurther details, see [1℄.Blas
hke normal form applies to hypersurfa
es in any dimension but from now onwe shall spe
ialize to hypersurfa
es in four dimensions. In this 
ase, we shall renamethe ui 
o�ordinates as x; y; z and normalize the quadrati
 form in (2.1) as follows:{gijuiuj = 2xy + z2: (2.3)Then aijk being tra
e-free is to say that the 
ubi
 term aijkuiujuk is a linear 
ombi-nation of the following monomials:{x3; x2z; x2y � 2xz2; 3xyz � z3; xy2 � 2yz2; y2z; y3: (2.4)



724 M. EASTWOOD AND V. EZHOVThe 
o�ordinate freedom (2.2) may further be used to normalize this linear 
ombinationwhilst preserving (2.3). In Appendix I it is shown that, for non-zero 
ubi
 terms, thefollowing normalizations may be adopted.#1 #2 #3 #4 #5 #6 #7 #8 #9 #10x3 0 0 0 0 0 0 0 0 0 1x2z 1 1 1 1 1 0 0 0 0 0x2y � 2xz2 � � � 1 0 1 1 1 0 03xyz � z3 � � 1 0 0 � 1 0 1 0xy2 � 2yz2 � 1 0 0 0 1 0 0 0 0y2z 1 0 0 0 0 0 0 0 0 0y3 0 0 0 0 0 0 0 0 0 0 (2.5)
Ea
h 
olumn gives a possible normalization with �'s representing free parameters.Normal form #1, for example, has 3 free parameters:w = 2xy + z2 + x2z + a(x2y � 2xz2) + b(3xyz � z3) + 
(xy2 � 2yz2) + y2z +O(4)in its 
ubi
 terms. Note that Table (2.5) is not a 
lassi�
ation. There are overlaps andrepetitions under the a
tion (2.2). For our purposes, it is only ne
essary to resolve thisde�
ien
y for the parti
ular examples arising in our analysis of homogeneous surfa
es.It is, however, worthwhile to note the general 8-fold multipli
ity in normal form #1generated by the 
o�ordinate 
hangesx 7! ix; y 7! �iy; z 7! �z and x 7! y; y 7! x; z 7! z:These 
hanges generate the dihedral group D4 and indu
ea 7! ia; b 7! �b; 
 7! �i
 and a 7! 
; b 7! b; 
 7! a: (2.6)as regards the three parameters a; b; 
.The normalizations in Table (2.5) will be used in Se
tion 4 in dealing with Bian
hiClass A. Se
tion 5 deals with Bian
hi 
lass B and then we shall need to normalize theLie algebra itself. The following linear algebra is designed for this purpose.Two real quadrati
 forms may be simultaneously diagonalized if one of them isde�nite. For inde�nite or 
omplex quadrati
 forms, this is no longer the 
ase. Theusual argument [11℄ involves eigenve
tors and breaks down if an eigenve
tor turns outto be null. The proof of the following lemma is a modi�
ation of the usual argumentand is left as an exer
ise.Lemma 1. Suppose that H and N are 3�3 symmetri
 
omplex matri
es and thatH is non-degenerate. Then we 
an �nd an invertible 3 � 3 
omplex matrix A su
hthat AtHA = 24 0 1 01 0 00 0 1 35and AtNA = 24 � � 0� � 00 0 � 35 or 24 0 � 0� 1 00 0 � 35 or 24 0 � 0� 0 10 1 � 35: (2.7)



HOMOGENEOUS HYPERSURFACES 7253. Setting up the Equations. The following pro
edure is fully explained in [3℄.Also there is [2℄, where a similar story is told under the assumption of an Abeliansymmetry algebra, and [1℄, whi
h deals with homogeneous surfa
es in aÆne three-spa
e. We shall therefore be brief. For any polynomial g(x; y; z), we shall writeTrN g(x; y; z) for the trun
ated polynomial obtained by deleting terms of total degreegreater than N .Theorem 2. Suppose f(x; y; z) is a polynomial of degree N without 
onstant orlinear terms. If f(x; y; z) 
an be 
ompleted to a power series whose graph near theorigin is an open subset of an aÆne homogeneous hypersurfa
e �, then there are 4�4matri
es P;Q;R su
h thatTrN�1� �f�x (x; y; z); �f�y (x; y; z); �f�z (x; y; z);�1 �P2664 xyzf(x; y; z) 3775 = ��f�x (x; y; z)TrN�1� �f�x (x; y; z); �f�y (x; y; z); �f�z (x; y; z);�1 �Q2664 xyzf(x; y; z) 3775 = ��f�y (x; y; z)TrN�1� �f�x (x; y; z); �f�y (x; y; z); �f�z (x; y; z);�1 �R2664 xyzf(x; y; z) 3775 = ��f�z (x; y; z): (3.1)Proof The proof is a simple modi�
ation of the 
orresponding result for surfa
esproved in Theorem 1 and Corollary 1 of [1℄. SuÆ
e it to say that (3.1) 
onstitutes thelow order terms in the full de�ning equations for the symmetry algebra of �. Thatthere are solutions is to say that there are in�nitesimal symmetries in ea
h of thethree basi
 
o�ordinate dire
tions. This must be the 
ase if � is homogeneous.When N = 3, the system (3.1) is always soluble. Spe
i�
ally, regarding f(x; y; z)as �xed, (3.1) 
onstitutes 27 linear equations whi
h may be solved for 27 of the 48entries in P , Q, and R. There are, however, other restri
tions on f(x; y; z) of degree 3.They arise by 
onsidering what it means for the algebra generated by P , Q, and R tobe 
losed under Lie bra
ket as must be the 
ase if we are to �nd a genuine symmetryalgebra within the general solution of (3.1). To this end, let us write P = (pij),Q = (qij), R = (rij), and introdu
e quantities mij for 1 � i; j � 3 as follows:{m11 = q13 � r12 m12 = q23 � r22 m13 = q33 � r32m21 = r11 � p13 m22 = r21 � p23 m23 = r31 � p33m31 = p12 � q11 m32 = p22 � q21 m33 = p32 � q31: (3.2)Theorem 3. Suppose f(x; y; z) is a polynomial of degree 3 without 
onstant orlinear terms. Suppose f(x; y; z) 
an be 
ompleted to a power series whose graph nearthe origin is an open subset of an equiaÆne homogeneous hypersurfa
e � with three-dimensional symmetry algebra. Then we 
an �nd a parti
ular solution of (3.1) forN = 3 with tra
eP = tra
eQ = tra
eR = 0 (3.3)and QR�RQ = m11P +m12Q+m13RRP � PR = m21P +m22Q+m23RPQ�QP = m31P +m32Q+m33R: (3.4)



726 M. EASTWOOD AND V. EZHOVConversely, for ea
h su
h solution, f(x; y; z) 
an be 
ompleted to a power series whosegraph near the origin is an open subset of an equiaÆne homogeneous hypersurfa
e.Proof The equations (3.3) restri
t attention to equiaÆne symmetries. Then, theequations (3.4) say that the equiaÆne symmetry algebra of � is 
losed under Liebra
ket. On
e the symmetry algebra has 
losed in this way, the higher order terms inthe power series expansion of the de�ning fun
tion are determined by exponentiatingto the Lie subgroup whose orbit is �.For equations (3.4) to hold we are supposing that � is the orbit of a three-dimensionalLie subgroup. In general, the isotropy algebra 
onsists of the in�nitesimal symmetriesof � that also �x the origin. To order 3, it gives rise to the subspa
e I 
onsisting of4� 4 matri
es X satisfying the following system of linear equations:{Tr 3 � �f�x (x; y; z); �f�y (x; y; z); �f�z (x; y; z);�1 �X2664 xyzf(x; y; z) 3775 = 0: (3.5)and we require only that (3.4) hold modulo I. Complete details in the analogous 
aseof homogeneous surfa
es in C 3 are given in [1℄.When the symmetry algebra is three-dimensional, the quantities mij introdu
edin (3.2) may be viewed as its stru
ture 
onstants. This is 
learly exhibited in (3.4).In parti
ular, if we introdu
ev1 = m23 �m32 v2 = m31 �m13 v3 = m12 �m21; (3.6)then the Ja
obi identities readvimij = 0 for j = 1; 2; 3: (3.7)It is 
onvenient to regard v = (vi) as a row ve
tor and M = (mij) as a 3� 3 matrix.Then (3.7) reads vM = 0. The proof of the following lemma is elementary and willbe omitted.Lemma 2. If we write the quantities 
ij in (2.2) and gij in (2.1) as matri
esC = (
ij) and G = (gij), thenG 7! 1rCtGC M 7! det(C)C�1M(C�1)t v 7! vC (3.8)under the 
hange of 
o�ordinates (2.2).This suggests that we split M into its symmetri
 and skew parts, su
h a splittingbeing preserved under (3.8). The ve
tor v is, in e�e
t, the skew part so let us write(nij) = N = (M +M t)=2 for the symmetri
 part. The Ja
obi identity now readsvN = 0. This is the only 
onstraint in order that the quantities mij de�ne a Liealgebra.Definition 1. We shall say that the symmetry algebra de�ned by mij is Bian
hi
lass A if and only if v = 0. Otherwise, we shall say that it is Bian
hi 
lass B.In summary, we have three systems of equations in the 48 variables pij , qij , andrij in order that f(x; y; z) of degree 3 
an be 
ompleted to de�ne an equiaÆne homoge-neous hypersurfa
e. Firstly, there are the 27 linear equations (3.1). Ea
h line of (3.1)is an equality of se
ond degree polynomials without 
onstant term in x; y; z and so ea
hmay be regarded as 9 equations for the 9 
oeÆ
ients of x; y; z; x2; y2; z2; xy; yz; zx. ForequiaÆne hypersurfa
es we have 3 further linear equations (3.3). Finally there is asystem of quadrati
 equations (3.4). All these equations must be satis�ed in the 
aseof an equiaÆne homogeneous hypersurfa
e with three-dimensional symmetry algebra.



HOMOGENEOUS HYPERSURFACES 727It is easy to 
he
k (with 
omputer algebra) that the linear system (3.1) may beuniquely solved for the 27 variablesp11 p21 p31 p41 p42 p43 q13 q23 q33q12 q22 q32 q41 q42 q43 r11 r21 r31r13 r23 r33 r41 r42 r43 p12 p22 p32and (3.3) for the 3 variables p44 q44 r44:We may now eliminater12 r22 r32 p13 p23 p33 q11 q21 q31in favour of mij by means of (3.2). Splitting M = (mij) into its symmetri
 andskew parts, as above, we are left with a system (3.4) of quadrati
 equations in the 18variables p14 p24 p34 q14 q24 q34 r14 r24 r34v1 v2 v3 n11 n22 n33 n12 n23 n31: (3.9)This is the system of equations we must solve.4. Solving the Equations: Bian
hi Class A. Let us adopt normal form #1from Table (2.5) for the 
ubi
 terms of a prospe
tive de�ning equation. Thus, we takef(x; y; z) to be2xy + z2 + x2z + a(x2y � 2xz2) + b(3xyz � z3) + 
(xy2 � 2yz2) + y2zand 
onsider the system (3.4) in the variables (3.9). Assuming that the symmetryalgebra is Bian
hi 
lass A, we may setv1 = v2 = v3 = 0: (4.1)Regarding the parameters a; b; 
 as additional variables it is now possible (with 
om-puter algebra) to solve the resulting system. Taking into a

ount the general 8-foldmultipli
ity (2.6), there are just �ve possibilities for a; b; 
 as follows.a 0 �1 0 p3=2 (i+ 1)=2b 0 �1 2=3 �4=3 0
 0 1 0 �p3=2 (i� 1)=2In fa
t, the �rst two are equivalent. The linear 
o�ordinate 
hangew 7! �4w 24 xyz 35 7! 24 1 + i 1� i �2i0 �2 + 2i 00 �2 + 2i 2i 3524 xyz 35transforms the equationw = 2xy + z2 + x2z � (x2y � 2xz2)� (3xyz � z3) + (xy2 � 2yz2) + y2z +O(4)into w = 2xy+ z2 + x2z+ y2z+O(4). Similarly, the last three are all equivalent andmay be pla
ed in the more 
onvenient normal form w = 2xy+ z2+x3+ y3+O(4) by



728 M. EASTWOOD AND V. EZHOVmeans of the following 
o�ordinate 
hanges:{w 7! 98w 24 xyz 35 7! 3824 �p2i p2i �2i�p2i p2i 2i�2 �2 0 3524 xyz 35w 7! 18w 24 xyz 35 7! 3224 �2p2i 2p2i �4ip2(p3 + i) p2(p3� i) 4i�2� 2p3i �2 + 2p3i �2p6i 3524 xyz 35w 7! �2w 24 xyz 35 7! 1p324 �1� i 1 + i �p2(1 + i)(1 � i)! �(1� i)!2 p2(1� i)2!2 �2! �p2 3524 xyz 35where ! = exp(2�i=3). Setting up (3.4) for 
ubi
 terms normalized as #2, #3,#4, #6, #7, #8, or #9 gives an in
onsistent system of equations in (3.9) and theparameters of the normal form, if any.Therefore, to �nish our analysis of Bian
hi 
lass A symmetry algebras, it suÆ
esto impose (4.1) and solve (3.4) in the variables (3.9) with f(x; y; z) one of the following�ve possibilities:{ Case 1: f(x; y; z) = 2xy + z2 + x2z + y2zCase 2: f(x; y; z) = 2xy + z2 + x3 + y3Case 3: f(x; y; z) = 2xy + z2 + x2zCase 4: f(x; y; z) = 2xy + z2 + x3Case 5: f(x; y; z) = 2xy + z2:This is easily done (with 
omputer algebra). In 
ases 1{4, we �nd thatp34 = q34 = r14 = r24 = n23 = n31 = 0and the remaining variables are as followsp14 p24 q14 q24 r34 n11 n22 n33 n121=4 �i=4 �i=4 1=4 0 �1=4 1=4 �i=2 �i=4Case 1 1=8 0 0 1=8 1=8 0 0 0 00 0 0 0 1=2 1=2 �1=2 0 0Case 2 27=64 0 0 27=64 27=64 0 0 �p27=8 �p3=8Case 3 0 0 0 0 0 0 � 0 0Case 4 0 0 0 0 0 0 � 0 0where � is an arbitrary parameter. Complete details are in
luded in the 
omputerprgrams des
ribed in Appendix III.In ea
h 
ase, the right hand sides of (3.1) with N = 4 determine the quarti
 termsin the 
orresponding power series. In 
ase 1, for example, we obtain the followingpossible 
ontinuations:{w = 2xy + z2 + x2z + y2z + 116 (x� iy)4 � i2 (x� iy)2z2 +O(5)w = 2xy + z2 + x2z + y2z + 18x4 + 18y4 + 34xyz2 � 116z4 +O(5)w = 2xy + z2 + x2z + y2z + 14x4 + 12x2y2 + 14y4 � 14z4 +O(5):



HOMOGENEOUS HYPERSURFACES 729Futhermore, if we now regard (3.1) with N = 4 as linear equations for the matri
esP;Q;R, then ea
h of these 
ontinuations determines, already at fourth order, thesymmetry algebra and hen
e the hypersurfa
e itself. Thus, we only need to knowthese de�ning fun
tions up to fourth order to �x the hypersurfa
e. In fa
t, up toaÆne equivalen
e, there are only two hypersurfa
es here. The 
o�ordinate 
hangex 7! ix; y 7! �iy; z 7! �ze�e
ts the 
hanges of sign in the �rst equation and24 xyz 35 7! 1224 �i �1 1� i�1 i 1 + i�1 + i �1� i 0 3524 xyz 35transforms 2xy + z2 + x2z + y2z + 116 (x� iy)4 � i2 (x+ iy)2z2into 2xy + z2 + x2z + y2z + 14x4 + 12x2y2 + 14y4 � 14z4:In 
ase 2 we obtainw = 2xy + z2 + x3 + y3 + 4532x2y2 �q 2732x3z �q 2732y3z � 2732xyz2 � 27128z4 +O(5):Again, the hypersurfa
e is determined already by these quarti
 terms and the signsare an artefa
t of 
hoi
e of 
o�ordinates. In 
ase 3 we obtainw = 2xy + z2 + x2z + 18 (1� 2�)x4 +O(5):In 
ase 4, the parameter � does not show up in the 
ontinuation:{w = 2xy + z2 + x3 +O(5):In fa
t, this 
ase has non-trivial isotropy and the parameter � is absorbed into thisisotropy. In any 
ase, having an equiaÆne symmetry algebra of dimension greaterthan three is grounds for ex
lusion. Case 5 also gives nothing of interest: there aretwo possible 
ontinuations but both have isotropy.The following theorem summarises the results obtained in this Se
tion.Theorem 4. Suppose � is an equiaÆne homogeneous hypersurfa
e in C 4 withthree-dimensional symmetry algebra of Bian
hi 
lass A. Then we may 
hoose aÆne
o�ordinates to render � in one of the following normal forms:{A1 w = 2xy + z2 + x2z + y2z + 18x4 + 18y4 + 34xyz2 � 116z4 +O(5)A2 w = 2xy + z2 + x2z + y2z + 14x4 + 12x2y2 + 14y4 � 14z4 +O(5)A3 w = 2xy + z2 + x3 + y3+ 4532x2y2 +q 2732x3z �q 2732y3z � 2732xyz2 � 27128z4 +O(5)A4 w = 2xy + z2 + x2z + �x4 +O(5):In ea
h 
ase, the higher order terms in a 
onvergent power series are determined byits trun
ation at fourth order as given.In Se
tion 6 we shall see that these normal forms are distin
t.



730 M. EASTWOOD AND V. EZHOV5. Solving the Equations: Bian
hi Class B. In this se
tion we shall adoptBlas
hke normal form (2.1) for the de�ning fun
tion but make no further normaliza-tions of its 
ubi
 terms. Instead, we shall spend the remaining 
o�ordinate freedom(2.2) in normalizing its quadrati
 terms and the symmetry algebra. Lemma 1 is de-signed for this purpose. Re
all that N is the symmetri
 part of M , the matrix ofstru
ture 
onstants of our symmetry algebra. Re
all that G = (gij) represents thequadrati
 terms in the de�ning equation and let H = G�1. Lemma 2 says how thesematri
es transform under (2.2). Thus, we 
an normalize the quadrati
 terms (2.3)and arrange that N be in one of the 
anoni
al forms (2.7). This puts NG into one ofthe following 
anoni
al forms:{Segre 
hara
teristi
 [111℄ [21℄ [3℄NG 24 � � 0� � 00 0 � 35 24 � 0 01 � 00 0 � 35 24 � 0 00 � 11 0 � 35As in [11℄, the Segre 
hara
teristi
 re
ords the arrangement of blo
ks in the Jordan
anoni
al form. It is preserved under (3.8).We may also normalize v. Consider, for example, the 
ase of Segre 
hara
teris-ti
 [21℄. The form of v is limited by Ja
obi identity vN = 0. One possibility is that� = 0 and v = [0; 0; h℄ for some non-zero h. In this 
ase, by exe
uting the 
o�ordinate
hange w 7! 1h2w 24 xyz 35 7! 24 1=ph 0 00 1=hph 00 0 1=h 3524 xyz 35and rede�ning �, we �nd that h may be normalized to unity. Similar reasoning inother 
ases yields the following 
anoni
al forms[111℄ [21℄ type 1 [21℄ type 2 [3℄N 24 � � 0� � 00 0 0 35 24 0 � 0� 1 00 0 0 35 24 0 0 00 1 00 0 � 35 24 0 0 00 0 10 1 0 35v [0; 0; 1℄ [0; 0; 1℄ [1; 0; 0℄ [h; 0; 0℄whilst maintaining (2.3) for the quadrati
 terms. Note that when the Segre 
hara
-teristi
 is [3℄, the non-zero parameter h 
annot be eliminated.To analyze Bian
hi 
lass B then, we 
onstru
t the system (3.4) forf(x; y; z) = 2xy + z2 + an arbitrary linear 
ombination of (2.4)and solve for the 
oeÆ
ients of this linear 
ombination and the variables (3.9) normal-ized as above. This is easily done (with 
omputer algebra). The details are 
ontainedin the programs dis
ussed in Appendix III. The results are as follows.Segre 
hara
teristi
 [111℄. There are 14 possible solutions 6 of whi
h haveisotropy and may, therefore, be dis
arded. The remaining 8 o

ur in pairs under the
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hange of 
o�ordinates x$ y. This leaves 4 possible hypersurfa
es:{w = 2xy + z2 + �x3 � 14x2y2 � 12�x3z � 14xyz2 � 116z4 � 12�x4y +O(6)w = 2xy + z2 + �x3 + 2xyz � 23z3 + x2y2 + �x3z � 2xyz2 +O(5)w = 2xy + z2 + 25 ix2z + 25xyz � 215z3 � 25 iy2z + 625 ix3y � 325x2y2� 625 ixy3 + 125 ix2z2 � 825xyz2 � 125 iy2z2 � 110z4 +O(5)w = 2xy + z2 + 52 ix2z � xyz + 13z3 � 52 iy2z � 3532x4 + 58 ix3y + 916x2y2� 58 ixy3 � 3532y4 � 58 ix2z2 + 134 xyz2 + 58 iy2z2 � 58z4 +O(5):The �rst of these is unusual in that the �fth order terms must be given before the sym-metry algebra 
loses. The parameter � in the �rst two power series is not invariant:{x 7! �x y 7! ��1y indu
es � 7! �3�: (5.1)Thus, if � is non-zero, it may be res
aled to unity. On the other hand, if � vanishes,then (5.1) generates isotropy so the hypersurfa
e may be dis
arded.Segre 
hara
teristi
 [21℄ type 1. There are 6 possible solutions 3 of whi
hhave isotropy and may, therefore, be dis
arded. This leaves 3 possible hypersurfa
es:{w = 2xy + z2 + 2x2z + 2xyz � 23z3+ 2x3y + x2y2 + 3x2z2 � 2xyz2 +O(5)w = 2xy + z2 � 2x2z + 2xyz � 23z3+ x4 � 2x3y + x2y2 + 2x2z2 � 2xyz2 +O(5)w = 2xy + z2 + 2x2z + x3y � 14x2y2 � 12x2z2 � 14xyz2 � 116z4 +O(5):Segre 
hara
teristi
 [21℄ type 2. There is just one solution to (3.4) but it hasisotropy and may, therefore, be dis
arded.Segre 
hara
teristi
 [3℄. There are 3 possible solutions 1 of whi
h has isotropyand may, therefore, be dis
arded. This leaves 2 possible hypersurfa
es:{w = 2xy + z2 + �x3 + 2x2y � 4xz2 + 92�x4 + 2x3y � 4x2z2 +O(5)w = 2xy + z2 + �x3 � 43x2y + 83xz2 + 2�x4 + 89x3y + 283 x2z2 +O(5):The parameter � is not invariant:{w 7! �2w y 7! �2y z 7! �z indu
es � 7! ��2�: (5.2)Thus, if � is non-zero, it may be res
aled to unity. So, these 
ases split a

ording towhether � vanishes. We obtain a total of 4 possible hypersurfa
es.Bian
hi 
lass B summary. The following theorem gathers the hypersurfa
esobtained above. For 
onvenien
e some elementary 
o�ordinate res
alings have beenemployed.Theorem 5. Suppose � is an equiaÆne homogeneous hypersurfa
e in C 4 withthree-dimensional symmetry algebra of Bian
hi 
lass B. Then we may 
hoose aÆne
o�ordinates to render � in one of the following normal forms:{



732 M. EASTWOOD AND V. EZHOVB1 w = 2xy + z2 + x3 � 4x2y2 � 2x3z � 4xyz2 � z4 � 8x4y +O(6)B2 w = 2xy + z2 + x3 + 3xyz � z3 + 94x2y2 + 32x3z � 92xyz2 +O(5)B3 w = 2xy + z2 + 2x2z + 2xyz � 23z3 + 2y2z + 6x3y� 3x2y2 + 6xy3 + x2z2 � 8xyz2 + y2z2 � 52z4 +O(5)B4 w = 2xy + z2 + 5x2z + 2xyz � 23z3 + 5y2z+ 358 x4 � 52x3y + 94x2y2 � 52xy3 + 358 y4+ 52x2z2 + 13xyz2 + 52y2z2 � 52z4 +O(5)B5 w = 2xy + z2 + x2z + 3xyz � z3+ 32x3y + 94x2y2 + 94x2z2 � 92xyz2 +O(5)B6 w = 2xy + z2 + x2z + 3xyz � z3+ 14x4 + 32x3y + 94x2y2 � 32x2z2 � 92xyz2 +O(5)B7 w = 2xy + z2 + x2z + 2x3y � 4x2y2 � x2z2 � 4xyz2 � z4 +O(5)B8 w = 2xy + z2 + x3 + x2y � 2xz2 + 94x4 + 12x3y � x2z2 +O(5)B9 w = 2xy + z2 + x3 + x2y � 2xz2 � 32x4 + 12x3y + 214 x2z2 +O(5)B10 w = 2xy + z2 + x2y � 2xz2 + 12x3y � x2z2 +O(5)B11 w = 2xy + z2 + x2y � 2xz2 + 12x3y + 214 x2z2 +O(5):In ea
h 
ase, the higher order terms in a 
onvergent power series are determined byits trun
ation as given.In the following se
tion we shall prove that these normal forms are aÆnely in-equivalent.6. Interpreting the Solutions. Firstly, we deal with the possibility that �has isotropy. In [3℄ the non-degenerate aÆne homogeneous hypersurfa
es in C 4 withisotropy are 
lassi�ed. It is an elementary matter to go through the 
lassi�
ation of [3℄(using the 
omputer programs des
ribed therein) and pi
k out those that are equiaÆnehomogeneous with equiaÆne isotropy. There are just six su
h hypersurfa
es:{Theorem 6. Suppose � is an equiaÆne homogeneous hypersurfa
e in C 4 withequiaÆne symmetry algebra of dimension greater than three. Then we may 
hooseaÆne 
o�ordinates to render � in one of the following aÆnely inequivalent normalforms:{I1 w = 2xy + z2 +O(5)I2 w = 2xy + z2 + 4x2y2 + 4xyz2 + z4 +O(5)I3 w = 2xy + z2 + x3 +O(5)I4 w = 2xy + z2 + x3 + x4 +O(5)I5 w = 2xy + z2 + 3xyz � z3 + 94x2y2 � 92xyz2 +O(5)I6 w = 2xy + z2 + 3xyz � z3 � 916x2y2 � 2716xyz2 + 4564z4 +O(5):In ea
h 
ase, the higher order terms in a 
onvergent power series are determined byits trun
ation at fourth order as given.The expli
it de�ning fun
tions in [3℄ are reprodu
ed in Theorem 1.Next we deal with the 
lass A hypersurfa
es of Theorem 4. Appendix II atta
heslo
al aÆne invariants to every hypersurfa
e, easily 
omputable from the 
ubi
 termsof any de�ning equation. Their values on the 
lass A homogeneous hypersurfa
es are
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 Invariants RemarksA1 j = 13 k = 19 l = 0 AbelianA2 j = 13 k = 19 l = 0 Non-AbelianA3 j = 12 k = 14 l = 0A4 I = J = K = L = 0 Parameter � (6.1)
The remarks 
on
erning hypersurfa
es A1 and A2 are dire
ted at their symmetryalgebras. From this table, it is 
lear that 
ases A1{A4 are aÆnely inequivalent andit remains to show that the parameter � in the hypersurfa
e A4 is a genuine aÆneinvariant. We remark in passing that the symmetry algebra of A4 is Abelian if andonly if � = 1=8. Though all 
lassi
al s
alar invariants vanish, there is a non-vanishingve
tor-valued 
ubi
 
ovariant, namelySijkl � aijmaklmfor the hypersurfa
e in Blas
hke normal form (2.1). Under the 
o�ordinate freedom(2.2) this 
ovariant transforms as a tensor under GL(3; C ) and by s
aling Sijkl 7!r�1Sijkl under w 7! rw. The same is true of the quarti
 
oeÆ
ients bijkl of a Blas
hkenormal form. For the normal form A3 it is 
lear that bijkl = 9�Sijkl . Therefore, thesame identity must hold in any Blas
hke 
o�ordinates. In parti
ular, this determines� in a manifestly aÆne invariant fashion.From the point of view of normal forms, the 
lassi�
ation in Bian
hi 
lass A isnow 
omplete. However, �nding an expli
it de�ning equation w = F (x; y; z) for ea
hhypersurfa
e is a di�erent matter. As explained in [1℄ for the 
ase of surfa
es in C 3 ,the interpretation of the matri
es P;Q;R in Theorem 2 as generators of the symmetryalgebra implies that the entire power series F (x; y; z) may be de�ned impli
itly by8>>>>>>>>>:exp26664 rrP + sQ+ tR st00 0 0 0 0 377759>>>>>>>>>;26664 00001 37775 = 26664 xyzF (x; y; z)1 37775: (6.2)Finding F (x; y; z) by this means 
an be quite hard and involves a 
ertain amount oftrial and error. An example is presented in Appendix IV. Fortunately, on
e theyare found there is no need to know where they 
ame from: to 
on�rm that they are
orre
t is easily a

omplished with 
omputer algebra as follows.� Apply Theorem 2 with f(x; y; z) = TrN F (x; y; z) for suÆ
iently large N(say N = 5), at the same time imposing (3.3), to �nd the generators P;Q;Rof the equiaÆne symmetry algebra.� Now 
he
k that (3.1) holds for F (x; y; z) without trun
ation for these par-ti
ular P;Q;R. This implies that the hypersurfa
e de�ned by F (x; y; z) isequiaÆne homogeneous.� Verify that the symmetry algebra is Bian
hi 
lass A, 
al
ulate the invariantsI; J;K;L and 
ovariant Sijkl , and refer to table (6.1) to lo
ate the hypersur-fa
e in our 
lassi�
ation.Finally, we deal with the 
lass B hypersurfa
es of Theorem 5. The values of the
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es are as follows:{Cubi
 Invariants RemarksB1 I = J = K = L = 0 Segre [111℄B2 j = 1125 k = 29125 l = 323125 Segre [111℄B3 j = 131289 k = 10734913 l = � 8641419857 Segre [111℄B4 j = 73200 k = 71500 l = � 27200000 Segre [111℄B5 j = 1125 k = 29125 l = 323125 Segre [21℄B6 j = 1125 k = 29125 l = 323125 Segre [21℄B7 I = J = K = L = 0 Segre [21℄B8 I = J = K = L = 0 Segre [3℄B9 I = J = K = L = 0 Segre [3℄B10 I = J = K = L = 0 Segre [3℄B11 I = J = K = L = 0 Segre [3℄
(6.3)

The remarks in this table are dire
ted at the Segre 
hara
teristi
 of NG, 
omputedin any Blas
hke normal 
o�ordinates. Re
all that this is aÆne invariant. In 
ase [111℄,therefore, the 
ubi
 invariants are suÆ
ient to identify the hypersurfa
e. The �rstdiÆ
ulty is to distinguish between B5 and B6. For this it is suÆ
ient to 
onsider the
ovariant Tij � 3aiklajkl � 4bijkk:Under the 
o�ordinate freedom (2.2) it transforms as an endomorphism under GL(3; C )and by s
aling Tij 7! rTij under w 7! rw. A 
omputation yieldsTij = 1224 0 �5 00 0 00 0 15 35 and 1224 0 0 00 0 00 0 15 35for the normal forms of B5 and B6, respe
tively. Noti
e that the rank of Tij is 2for B5 but 1 for B6. This holds in any Blas
hke 
o�ordinates and provides an easily
omputable aÆne invariant distin
tion.Now we must deal with B8{B11. The pair B8 and B9 are already aÆnelydistin
t from B10 and B11 at the 
ubi
 level:{2xy + z2 + x3 + x2y � 2xz2 versus 2xy + z2 + x2y � 2xz2:An easily implemented distin
tion is that the se
ond of these admits an aÆne symme-try (5.2) �xing the origin. In�nitesimally, this 
orresponds to being an eigenfun
tionfor a ve
tor �eld of the form X ijuj�=�ui. The pair B8 and B10 are distinguishedfrom B9 and B11 by the vanishing of the 
ovariantUij � aiklajkl � 8bijkk:The upshot of this dis
ussion is that the proof of Theorem 1 is redu
ed to 
om-putation. Indeed, the identi�
ation of any equiaÆne homogeneous hypersurfa
e inthe 
lassi�
ation lists of Theorems 4 and 5, is a matter of 
omputation and 
an be
ompletely automated. Su
h an automation is des
ribed in Appendix III. This provesTheorem 1.
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e-free Cubi
s. It is 
onvenient to use the 2{1 homomor-phism of Lie groups SL(2; C ) �! SO(3; C )as detailed in [7℄. Spe
i�
ally, if SL(2; C ) is a
ting on C 2 by matrix multipli
ation� st � 7! � a b
 d �� st �; (Appendix I.1)then the indu
ed a
tion on C 324 xyz 35 7! 24 a2 �b2=2 �ab�2
2 d2 2
d�2a
 bd ad+ b
 3524 xyz 35preserves our quadrati
 form (2.3). The dire
t link is to asso
iates2 $ �2x st$ z t2 $ y;identifying the quadrati
s in s; t with C 3 . In a similar vein, the a
tion of SL(2; C ) onbinary sexti
s indu
es the a
tion of SO(3; C ) on tra
e-free 
ubi
 polynomials in x; y; zunder the asso
iation s6 $ �8x3s5t $ 4x2zs4t2 $ 4(x2y � 2xz2)=5s3t3 $ �2(3xyz � z3)=5s2t4 $ �(2xy2 � 2yz2)=5st5 $ y2zt6 $ y3:Normalizing a sexti
 also normalizes the 
orresponding tra
e-free 
ubi
. The table ofnormal forms (2.5) is now straightforward. In the generi
 
ase, a sexti
 polynomialhas two isolated zeroes whi
h may be pla
ed at 0 and 1 by a suitable M�obius trans-formation (Appendix I.1). The ne
essarily non-zero 
oeÆ
ients of s5t and st5 may beset equal by s 7! �s t 7! ��1tfor suitable � and then res
aled to unity with (2.2). This gives normal form #1in (2.5). At the other extreme, normal form #10 arises when the sexti
 has just one6-fold zero.Appendix II. Classi
al Invariants. A further 
onsequen
e of identifyingtra
e-free 
ubi
s in 3 dimensions with binary sexti
s is that the 
lassi
al invarianttheory of the sexti
 may be 
arried over (
ompare [8, Chapter 8℄). In [4℄, generatorsof the ring of invariants are determined. They are of degree 2, 4, 6, 10, and 15. How-ever, it is only the invariants of even degree that extend from SO(3; C ) to O(3; C ) so,for our purposes, the invariant of degree 15 may be dis
arded. Here are the invariantsof degree 2 and 4:{ I = aijkaijk J = aijkaijlalmnamni
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onvenient notation is to draw a 
ir
le for ea
h 
opy of aijk and to wire themup as in a

ordan
e with how they are to be 
ontra
ted (see [7℄). Here are the fourgenerators using this notation:{
kk kk kk kk k

k kkQQQ�
�� QQQQQQ������ kkk kkk kkkk JJJ


 ���QQQQQQ���I J K �� L ����They freely generate the ring of all invariants. Lo
al aÆne invariants are indu
edas follows. Writing a hypersurfa
e in Blas
hke normal form (2.1), we may 
omputeI; J;K;L from its 
ubi
 terms aijk using the quadrati
 form gij to raise indi
es. Underthe remaining 
o�ordinate freedom (2.2), these quantities simply s
ale:I 7! rI J 7! r2 K 7! r3K L 7! r5L:Thus, when I 6= 0, the quotientsj � J=I2 k � K=I3 l � L=I5are absolute aÆne invariants.Appendix III. Computer Programs. The following programs are written forthe 
omputer algebra system Maple.defns 
lassA
ase1 
lassB listmakeeqns 
lassA
ase2 
lassBsegre111 invariants
lassA 
lassA
ase3 
lassBsegre21type1 lo
ate
hange
oords 
lassA
ase4 
lassBsegre21type2
lassA
ontd 
lassA
ase5 
lassBsegre3They are available ele
troni
ally. The following two lo
ations� ftp://ftp.maths.adelaide.edu.au/pure/meastwood/maple/ea� ftp://ftp.maths.adelaide.edu.au/pure/meastwood/maple6/ea
ontain these programs for Maple V and Maple 6, respe
tively. They perform thefollowing tasks.defns This program sets the s
ene by introdu
ing the 4 � 4 matri
es P;Q;R,making useful 
hanges of variables, and spe
ifying f(x; y; z), a 
ubi
 polynomial with-out 
onstant or linear terms. The possibilities used in the arti
le are already in
ludedin this �le. The results are saved in a �le PQRf.m (in Maple internal format).makeeqns This program makes the equations that must be solved, as dis
ussedin Se
tion 3. The program `defns' must be run �rst in order to spe
ify f(x; y; z), apolynomial of degree 3 without 
onstant or linear terms. The linear equations (3.1)and (3.3) are formed and solved. Then the equations (3.4) in the variables (3.9) areformed and stored in a �le 
alled eqns.m (in Maple internal format).
lassA This program solves the equations (3.4) arising from the ten normal-izations of Appendix I, assuming that the symmetry algebra is Bian
hi 
lass A. SeeSe
tion 4 for dis
ussion.
hange
oords This program 
he
ks that the 
o�ordinate 
hanges in Se
tion 4do as is 
laimed.
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lassA
ontd This program takes one of the �ve �nal normalizations derived inSe
tion 4 and again solves the resulting equations (3.4).
lassA
ase1{5 In ea
h 
ase, the solutions from `
lassA
ontd' are used to spe
ifythe generators P;Q;R of the 
orresponding symmetry algebra and, by using Theo-rem 2 with N = 4, the quarti
 terms in the de�ning equation are found.
lassB This program solves the system of equations arising from Blas
hke nor-mal 
o�ordinates together with the normalizations in Bian
hi 
lass B as expounded inSe
tion 5.
lassBsegre111{3 These programs 
omplete the analysis of Bian
hi 
lass B.In ea
h 
ase, generators of the symmetry are displayed and higher order terms in thede�ning equation are 
omputed.list This �le 
ontains the �nal list of normal forms, as in Theorems 4 and 5.The program itself �nds the equiaÆne symmetries of any given hypersurfa
e anddetermines whether the symmetry algebra 
loses.invariants This program 
omputes the 
lassi
al 
ubi
 invariants of a non-degenerate hypersurfa
e, assumed to be in Blas
hke normal form. The invariantsare de�ned in Appendix II and used in Se
tion 6. Also in Se
tion 6 are 
ovariantsand other devi
es used in distinguishing between various hypersurfa
es. These are all
omputed by this program.lo
ate This program �nds the symmetries of a hypersurfa
e given in 
losed formand determines whether it is equiaÆne homogeneous. It says if there is equiaÆneisotropy. For equiaÆne homogeneous hypersurfa
es without isotropy, it expands thede�ning fun
tion to order 4 and 
hanges to Blas
hke normal form. Then it uses Se
-tion 6 to lo
ate the hypersurfa
e in the list A1{B11. The hypersurfa
es of Theorem 1are in
luded in this �le. In parti
ular, bearing in mind the dis
ussion of Se
tion 6,the su

essful running of this program in these 
ases, proves Theorem 1.Appendix IV. Exponentation of a Symmetry Algebra. Consider the hy-persurfa
eA3 from Theorem 4. It is 
onvenient to res
ale: w 7! (8=27)w, x 7! (4=3)x,y 7! (4=3)y, z 7!p32=27z. Then A3 is de�ned by the power seriesw = 12xy + 4z2 + 8x3 + 8y3 + 15x2y2 + 8x3z � 8y3z � 6xyz2 � z4 +O(5):Theorem 2 yields P;Q;R as follows:{2664 0 0 �1 1=8�2 0 0 00 3=2 0 00 12 0 0 3775; 2664 0 �2 0 00 0 1 1=8�3=2 0 0 012 0 0 0 3775; 2664 �1=3 0 0 00 1=3 0 00 0 0 1=80 0 8 0 3775:Before substituting into (6.2), it is 
onvenient to 
onjugate by2664 1 0 0 00 1 0 00 0 8 10 0 8 �1 3775:



738 M. EASTWOOD AND V. EZHOVThen (6.2) asks us to 
al
ulate exp(rP̂ + sQ̂+ tR̂) whereP̂ = 26664 0 0 0 �1=8 1�2 0 0 0 00 24 0 0 00 0 0 0 00 0 0 0 0 37775 Q̂ = 26664 0 �2 0 0 00 0 1=8 0 10 0 0 0 0�24 0 0 0 00 0 0 0 0 37775R̂ = 26664 �1=3 0 0 0 00 1=3 0 0 00 0 1 0 80 0 0 �1 80 0 0 0 0 37775This is possible but mu
h easier is to 
al
ulate exp(rP̂ ) exp(sQ̂) exp(tR̂). Sin
e thesymmetry algebra is 
losed:[Q̂; R̂℄ = 23 Q̂ [R̂; P̂ ℄ = 23 P̂ [P̂ ; Q̂℄ = 3R̂;this gives a di�erent parametrization of the same hypersurfa
e. We �ndexp(rP̂ ) exp(sQ̂) exp(tR̂)26664 00001 37775 = 26664 xyzw1 37775where w = 8s3et � 8e�t + 8x = �s2et � rs3et + re�ty = set + 2rs2et + r2s3et � r2e�tz = 8et + 24rset + 24r2s2et + 8r3s3et � 8r3e�t � 8:If we make the aÆne 
hange of variablesW = (w � 8)=8 X = x Y = y Z = (z + 8)=8;and noti
e that s = X2 �WY , thenX = �s2�� rWY = (1 + 2rs)s� + r2WZ = (1 + 3rs+ 3r2s2)�+ r3Wwhere � = et and s = X2 �WY . If we use the �rst equation to eliminate � from sYand s2Z, we obtain a quadrati
 equation and a 
ubi
 equation in r with 
oeÆ
ientsthat are polynomials in W;X; Y; Z. The resultant of these equations is, therefore, apolynomial identity in W;X; Y; Z. A 
omputation givesW (WY �X2)7(6WXY Z � 4X3Z � 3X2Y 2 +W 2Z2 + 4WY 3 � 1)as the irredu
ible de
omposition of this resultant. The basepoint of this hypersurfa
eis the origin in (w; x; y; z) 
o�ordinates. This 
orresponds to (W;X; Y; Z) = (�1; 0; 0; 1).Therefore, 6WXYZ � 4X3Z � 3X2Y 2 +W 2Z2 + 4WY 3 = 1provides an expli
it de�ning fun
tion near (�1; 0; 0; 1). If preferred, we 
an repla
eW 7! �W , Y 7! �Y , to obtain (1; 0; 0; 1) as basepoint.
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