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LO W INDEX MINIMAL HYPERSURF A CES OF SPHERES*

OSCAR PERDOMO

y

Abstract. Let M b e a compact orien ted non-equatorial minimal h yp ersurface of the unit n-

dimensional sphere. Supp ose that for an y non-zero v ector in w 2 R

n +1

there exists an orthogonal

matrix B suc h that B ( M ) = M and B ( w ) 6= w . Since all kno wn examples of minimal h yp ersurfaces

ha v e an tip o dal symmetry , they satisfy this condition.

W e pro v e that: i) the stabilit y index of M is greater than or equal to n + 2 with strict inequalit y ,

unless M is a Cli�ord h yp ersurface; ii) the di�erence b et w een the �rst t w o eigen v alues of the Jacobi

op erator is less than or equal to n � 1 with strict inequalit y , unless the norm of the second fundamen tal

form is constan t; and iii) if M has an tip o dal symmetry and is not a Cli�ord h yp ersurface then the

index is greater than n + 3. Moreo v er if the unit normal v ector is ev en, the index is greater than

2 n + 2.

1. In tro duction. Let M b e a compact, orien ted minimal h yp ersurface

immersed in the n -dimensional sphere S

n

. Let � b e a unit normal v ector �eld along

M . F or an y tangen t v ector v 2 T

m

M , m 2 M , the shap e op erator A is giv en b y

A ( v ) = �

�

r

v

� , where

�

r denotes the Levi Civita connection in S

n

. W e will denote b y

� the Laplacian on M . Giv en an y function f : M � ! R

1

w e can form the 1-parameter

v ariational family de�ned b y

M

t

= f exp ( m; tf ( m ) � ) : m 2 M g

where exp( m; � ) is the exp onen tial map at m 2 S

n

.

It is w ell kno wn (see e.g. [9]) that the area of M

t

satis�es:

d

dt

(area ( M

t

))

�

�

t =0

= 0 (minimalit y of M )

d

2

dt

2

(area ( M

t

))

�

�

t = o

=

Z

M

J ( f ) f (second v ariation form ula)

where J is the Jacobi op erator on M , giv en b y

J = � � � k A k

2

� ( n � 1)

When

R

M

J ( f ) f < 0 for some f 2 C

1

( M ), w e see that area( M ) > area( M

t

) for

small v alues of t 6= 0. In particular this implies that the minimal h yp ersurface, M ,

while a critical p oin t of the area functional, is not a lo cal minim um. F or h yp ersurfaces

in spheres this is alw a ys the case, since w e can tak e f � 1.

The Jacobi op erator induces a symmetric bilinear form

I ( f ; g ) =

Z

M

J ( f ) g

kno wn as the index form on M . Let V b e a subspace of C

1

( M ) on whic h the

index form is negativ e de�nite, i.e.

R

M

J ( f ) f < 0 for all f 2 V . Since the eigen v alues
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of the op erator � � tend to 1 , the dimension of V m ust b e �nite. W e de�ne the

index of M , ind( M ), as the maxim um dimension of an y suc h subspace V . In tuitiv ely ,

ind( M ) measures the n um b er of \indep enden t" directions in whic h M fails to minimize

area.

The easiest minimal h yp ersurfaces to describ e are the equators, i.e. the totally

geo desic S

n � 1

's in S

n

, and the Cli�ord h yp ersurfaces, whic h are pro ducts of spheres;

when w e split the am bien t space R

n +1

as R

k +1

� R

l +1

, with k + l = n � 1 (and

k ; l � 1), w e get a Cli�ord h yp ersurface corresp onding to this splitting, namely

S

k

 

r

k

n � 1

!

� S

l

 

r

l

n � 1

!

� S

n

� R

k +1

� R

l +1

A minimal h yp ersurface M with index ind( M ) = 0 is called stable , i.e. it

minimizes area up to second order. As seen ab o v e, in the sphere w e alw a ys ha v e

ind( M ) � 1, so no minimal h yp ersurface is stable there. It is not hard to pro v e that

totally geo desic h yp ersurfaces are c haracterized as the only minimal M

n � 1

� S

n

with

ind( M ) = 1, see for example Lemma 3.1.

Our e�orts here b egin with the simple observ ation that if M is not totally geo desic,

then ind ( M ) jumps; it is at le ast that of the Cli�ord h yp ersurfaces; namely , n + 2 (see

Lemma 3.1 again). This suggests the conjecture motiv ating our w ork:

Conjecture 1.1. The Cli�ord h yp ersurfaces are the only minimal M

n � 1

� S

n

with ind( M ) = n + 2 .

F. Urbano in [12], pro v ed that the conjecture is true in the case n = 3. The �rst

part of our main theorem establishes that the conjecture is true in all dimensions,

with one additional (and seemingly w eak, as w e will explain) assumption ab out the

symmetries of M . That is, when ind ( M ) = n + 2 and our w eak symmetry assumption

holds, M is a Cli�ord h yp ersurface.

Conjecture 1.1 implies that the index functional jumps to at least n + 3 for ev ery

non-equatorial minimal h yp ersurface whic h is not Cli�ord. Since for all kno wn minimal

h yp ersurfaces (di�eren t from equators and Cli�ord h yp ersurfaces) the index is a least

2 n + 3, w e ha v e the follo wing conjecture:

Conjecture 1.2. ind( M ) � 2 n + 3 for an y non-totally geo desic minimal h yp er-

surface M

n � 1

� S

n

whic h is not Cli�ord.

In Section 4 w e will partially solv e this conjecture for minimal h yp ersurfaces with

an tip o dal symmetry . W e will sho w that it holds true for minimal h yp ersurfaces with

an tip o dal symmetry and ev en unit normal v ector � . F or minimal h yp ersurfaces that

de�ne immersion in the pro jectiv e space, those with o dd unit normal v ector �eld, Do

Carmo-Ritore-Ros [3] sho w ed the existence of an ev en eigenfunction of J whic h is not

a �rst eigenfunction. Com bining this result with Theorem 1.3 part 1, w e deduce that

the index of an y minimal h yp ersurface in S

n

with an tip o dal symmetry is greater than

n+3, pro vided that M is not an equator or a Cli�ord h yp ersurface.

Let us motiv ate the second part of our main theorem. If k A k is constan t, then the

�rst eigen v alue �

1

of the Jacobi op erator is � ( n � 1) � k A k

2

. Because the co ordinate

functions are eigen v alues of the Laplacian with eigen v alue � ( n � 1) w e get that �k A k

2

is also an eigen v alue of J . Hence the second eigen v alue satis�es �

2

� �k A k

2

, so w e

ha v e that the distance b et w een �

1

and �

2

is at most n � 1, i.e.

�

2

� �

1

� n � 1
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The second part of our main theorem sho ws that, with the same assumption ab out

symmetries as in part 1, the estimate ab o v e holds for minimal h yp ersurfaces ev en if

k A k is not constan t. Moreo v er, equalit y in the estimate ab o v e implies k A k

2

� j �

2

j .

T o state our assumption ab out the symmetries of M w e de�ne the group

O

M

( n + 1) = f 
 2 O ( n + 1) : 
 ( M ) = M g

The an tip o dal map, � ( x ) = � x , ma y or ma y not b e an elemen t of O

M

( n + 1).

When it is, w e sa y that \ M has an tip o dal symmetry".

W e shall pro v e:

Theorem 1.3. Let M b e a compact, orien ted minimal non-equatorial h yp er-

surface of S

n

, and supp ose that O

M

( n + 1) �xes only the origin in R

n +1

. Then:

1 . ind( M ) � n + 2 , with equalit y if and only if M is a Cli�ord h yp ersurface.

2 . �

2

� �

1

� n � 1 , with equalit y if and only if k A k

2

� j �

2

j .

The symmetry assumption here seems w eak b ecause it holds ev en when M has

only an tip o dal symmetry , and al l of the many known emb e dde d minimal hyp ersurfac es

of spher es do have antip o dal symmetry. Indeed, it seems p ossible that ev ery compact,

orien ted minimal h yp ersurface in S

n

m ust ha v e this symmetry or, at least, that a

minimal h yp ersurface in S

n

without this symmetry m ust ha v e high index.

W e therefore ha v e the follo wing corollary:

Cor ollar y 1.4. Let M b e a compact, orien ted minimal non-equatorial h yp er-

surface of S

n

in v arian t under the an tip o dal map. Then ind( M ) � n + 2 , with equalit y

if and only if M is a Cli�ord h yp ersurface.

Before I pro ceed, I w ould lik e to thank m y advisor, Professor Bruce Solomon, for

his lessons on mathematics and for his sup ervision that guided me to the understanding

and ac hiev emen t of this pap er whic h is part of m y Ph.D. dissertation [7].

2. Some Preliminaries. F or ev ery �xed v ector w in R

n +1

w e de�ne f

w

( m ) =

h w ; � ( m ) i and l

w

( m ) = h w ; m i for all m 2 M . Here h ; i denotes the inner pro duct

in R

n +1

and � denotes a unit normal v ector �eld on M . As explained in [10, x 1] the

minimalit y of M implies

(2 : 1) � � l

w

= ( n � 1) l

w

and the Co dazzi equations imply

(2 : 2) � � f

w

= k A k

2

f

w

This latter equation mak es the functions f

w

eigenfunctions of J with eigen v alue

� ( n � 1).

Throughout this pap er w e will denote b y �

1

= �

1

( M ) the �rst eigen v alue of the

Jacobi op erator J . It is w ell-kno wn that the m ultiplicit y of �

1

is 1 and that the

eigenfunctions asso ciated to �

1

nev er v anish on M , (e.g. b y Couran t's no dal domain

theorem, [2]).

In pro ving our Main Theorem w e will use the follo wing t w o results:

Theorem 2.3. ([9, Lemma 6.1.7]) If M is not totally geo desic, then �

1

�

� 2( n � 1) .
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Theorem 2.4. ([1] and [6]) The Cli�ord h yp ersurfaces are the only minimal

h yp ersurfaces of S

n

with k A k

2

� n � 1 .

W e will need the follo wing result b y Do Carmo, Ritore and Ros in section 4.

Theorem 2.5. ([3, Theorem 3]) If M has an tip o dal symmetry and its unit

normal v ector �eld is o dd, then there exists an ev en eigenfunction  of the Jacobi

op erator, with J (  ) = � and � 2 ( �

1

; 0) .

3. Minimal Hyp ersurfaces with Lo w Index and W eak Symmetry . In

this section w e pro v e Theorems 1.2 as stated ab o v e. W e b egin with three lemmas:

Lemma 3.1. If M is a compact, orien table non-equatorial minimal h yp ersurface

of S

n

, then ind( M ) � n + 2 . Moreo v er � ( n � 1) is an eigen v alue of J with m ultiplicit y

greater than or equal to n + 1

Pr o of. Let us de�ne the follo wing linear subspace of C

1

( M )

� = f f

v

: M � ! R ; f

v

( m ) = h v ; � ( m ) i 8 m 2 M ; v 2 R

n + 1

g

Our goal is to pro v e dim(�) = n + 1. F or in this case, Equation 2.2 ab o v e sho ws

that the m ultiplicit y of the eigen v alue � ( n � 1) is a least n + 1. It then follo ws

that ind ( M ) � n + 2, b ecause b esides the eigen v alue � ( n � 1), w e ha v e the negativ e

eigen v alue �

1

� � 2( n � 1) b y Simons' theorem ab o v e. W e pro ceed b y sho wing that

when dim (�) < n + 1, M is totally geo desic. Supp ose dim(�) < n + 1. Then there

exists a unit v ector v 2 R

n +1

, suc h that f

v

� 0 on M , i.e. h � ( m ) ; v i = 0 for all

m 2 M . F or eac h x 2 S

n

, let v

T

( x ) b e the tangen tial pro jection of v on to T

x

S

n

.

Since h � ( m ) ; v i = 0, v

T

de�nes a v ector �eld tangen t to M itself. So for an y m 6= � v

in M , the in tegral curv e of v

T

passing through m is a great semicircle con taining v

and m , and is con tained in M . This forces M to equal the totally geo desic S

n � 1

con taining v and tangen t to T

v

M .

Cor ollar y 3.2. If ind( M ) = n + 2 then �

2

= � ( n � 1) .

Pr o of. Lemma 3.1 mak es clear that when ind( M ) = n + 2, w e ha v e that the only

negativ e eigen v alues of J are �

1

, with m ultiplicit y 1, and � ( n � 1), with m ultiplicit y

n + 1.

Lemma 3.3. Let M b e a minimal h yp ersurface in S

n

. If � is a non-v anishing

eigenfunction corresp onding to �

1

, and if f is an y function p erp endicular to � in

L

2

( M ) , i.e.

R

M

�f = 0 , then:

Z

M

J ( f ) f � �

2

Z

M

f

2

and equalit y holds i� J ( f ) = �

2

f

Pr o of. The Lemma follo ws from the minimax (i.e Ra yleigh quotien t) c haracteri-

zation of eigen v alues for self-adjoin t elliptic op erators.

Lemma 3.4. Under the h yp otheses of Theorem 1.3 w e ha v e

R

M

l

w

�

2

= 0 for

ev ery w 2 R

n +1

Pr o of. First, notice that since J is in v arian t under isometries of M and the

m ultiplicit y of �

1

is 1, � m ust b e in v arian t under isometries in O

M

( n + 1). Since M is

a compact manifold, O

M

( n + 1) is a closed subgroup of O ( n + 1), hence a compact Lie

group. Let d� b e the bi-in v arian t measure on O

M

( n + 1) suc h that

R

O

M

( n +1)

d� = 1

(if O

M

( n + 1) is �nite, this measure simply places a p oin t mass of equal size at eac h

elemen t of O

M

( n + 1), and the in tegral is just a �nite sum). Then w e ha v e:
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Z

m 2 M

l

w

�

2

=

Z

m 2 M

�

2

( m ) h m; w i

=

Z

g 2 O

M

( n +1)

�

Z

g

� 1

M

�

2

( m ) h w ; m i

�

d� ( g )

=

Z

g 2 O

M

( n +1)

�

Z

m 2 M

�

2

( g m ) h w ; g m i

�

d� ( g )

=

Z

g 2 O

M

( n +1)

�

Z

m 2 M

�

2

( m ) h g

� 1

w ; m i

�

d� ( g )

=

Z

m 2 M

�

2

( m ) h

Z

g 2 O

M

( n +1)

g

� 1

w d� ( g ) ; m i

= 0

since the v ector

R

O

M

( n +1)

g

� 1

w d� ( g ) is clearly �xed b y O

M

( n + 1) and therefore

v anishes, b y assumption.

W e are no w ready to giv e our main argumen t. F or the reader con v enience w e will

restate Theorem 1.3.

Theorem 1.3. Let M b e a compact, orien ted minimal non-equatorial h yp ersur-

face of S

n

, and supp ose that O

M

( n + 1) �xes only the origin in R

n +1

. Then:

1 . ind( M ) � n + 2 , with equalit y if and only if M is a Cli�ord h yp ersurface.

2 . �

2

� �

1

� n � 1 , with equalit y only if k A k

2

� j �

2

j .

Pr o of. W e will pro v e part 2 �rst. Cho ose an arbitrary w 2 R

n +1

. Since

� � � � k A k

2

� = ( �

1

+ n � 1) � and � � l

w

= ( n � 1) l

w

w e ha v e:

(3 : 5)

�( �l

w

) = � � l

w

+ l

w

� � + 2 hr �; r l

w

i

= ( � �

1

� 2( n � 1)) �l

w

� k A k

2

�l

w

+ 2 hr �; r l

w

i

Therefore

(3 : 6)

Z

M

J ( �l

w

) �l

w

=( �

1

+ ( n � 1))

Z

M

( �l

w

)

2

� 2

Z

M

�l

w

hr �; r l

w

i

=( �

1

+ ( n � 1))

Z

M

( �l

w

)

2

�

Z

M

� hr �; r l

2

w

i

� �

2

Z

M

( �l

w

)

2

In the last inequalit y w e ha v e used Lemma 3.3 and Lemma 3.4. F rom the estimate

ab o v e w e deduce:

(3 : 7)

Z

M

� hr �; r l

2

w

i � ( �

1

� �

2

+ ( n � 1))

Z

M

( �l

w

)

2

W e kno w that

P

n +1

i =1

( l

e

i

)

2

� 1 for an y orthonormal basis f e

i

g

n +1

i =1

of R

n +1

, there-

fore if w e apply the inequalit y ab o v e to l

w

= l

e

i

, i = 1 ; : : : ; n + 1 and add these

inequalities w e get

( �

1

� �

2

+ ( n � 1))

Z

M

�

2

� 0
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Hence the distance b et w een the �rst and second eigen v alue is a most n � 1. W e

also ha v e that if �

2

� �

1

= n � 1 then the righ t hand side of (3.7) v anishes and therefore

the symmetric bilinear form

� : R

n +1

� R

n +1

� ! R giv en b y � ( w ; v ) =

Z

M

� hr �; r ( l

w

l

v

) i

satis�es � ( w ; w ) � 0 for an y w 2 R

n +1

. Using again that

P

n +1

i =1

( l

e

i

)

2

� 1 for an y

orthonormal basis f e

i

g

n +1

i =1

of R

n +1

, w e conclude that � is traceless. Consequen tly

� ( w ; w ) = 0 for all w 2 R

n +1

. Since �

2

� �

1

= n � 1 and � ( w ; w ) = 0, (3.6) reduces to:

Z

M

J ( �l

w

) �l

w

= �

2

Z

M

( �l

w

)

2

This equalit y together with Lemma 3.3 tell us that:

J ( �l

w

) = �

2

�l

w

Using equation (3.5) to rewrite the equalit y ab o v e giv es us

2 hr �; r l

w

i = 2 hr �; w i = 0. Since r l

w

is the tangen tial comp onen t of w in T

m

M ,

and w w as arbitrary , r � m ust v anish. Hence � is constan t. Notice that � constan t

implies k A k constan t. Finally �

2

� �

1

= n � 1 forces k A k

2

to b e equal to � �

2

and

P art 1 follo ws. Let us pro v e P art 1. By Corollary 3.2, ind( M ) = n + 2 implies that

�

2

= � ( n � 1). Since M is not totally geo desic w e ha v e that �

1

� � 2( n � 1), Simons'

result (Theorem 2.3), therefore the distance b et w een �

1

and �

2

is greater than or

equal to n � 1. By P art 1, w e ha v e that this distance is exactly n � 1 and again b y

P art 1, this implies that k A k

2

� ( n � 1). Theorem (2.4) (The uniqueness theorem of

Chern-DoCarmo-Koba y ashi and La wson), no w implies the result.

W e ha v e b een trying, so far without success, to remo v e the symmetry condition

in the result ab o v e. Ev en though all kno wn examples of em b edded h yp ersurfaces of

S

n

ha v e an tip o dal symmetry , it seems plausible that one migh t b e able to construct

a minimal h yp ersurface of S

n

without this symmetry using, e.g., the gluing tec hnique

of Kap ouleas and Y ang [5]. This an tip o dal condition is not new; it app ears natu-

rally when w orking with in tegral geometry . F or example, Ros [8] and indep enden tly

T opping [11], pro v ed that the Willmore conjecture holds for surfaces in v arian t under

the an tip o dal map, i.e., they pro v ed that the square of the mean curv ature of a torus

immersed in R

3

m ust alw a ys tak e a v alue no less than 2 �

2

if the image of this torus

under the stereographic pro jection in S

3

has an tip o dal symmetry .

Remark 3.8. The idea of pic king the test functions �l

w

relies on the follo wing

iden tit y:

(3 : 9)

Z

M

J ( f g ) f g =

Z

M

J ( f ) f g

2

+

Z

M

f

2

jr g j

2

In order to sho w the existence of an eigen v alue of J b et w een �

1

and � ( n � 1)

or to get a con tradiction otherwise, w e m ust tak e a test function, f g , that mak es the

expression on the left of (3.9) as negativ e as p ossible while

R

M

�f g = 0. Notice that

f = � mak es the �rst term on the righ t of (3.9) as negativ e as �

1

R

M

( f g )

2

. Since the

second term on the righ t of (3.9) con tains an expression of the form jr g j

2

w e pic k ed
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for g an eigenfunction of � � corresp onding to a small eigen v alue. Namely , w e to ok

g = l

w

.

Remark 3.9. By Equation (2.1) w e ha v e that the co ordinate functions are

eigenfunctions of � � with eigen v alue n � 1. Y au's conjecture states that if M is not

only immersed but em b edded, then n � 1 is the �rst eigen v alue of � �. Notice that one

w a y to pro v e that Y au's conjecture is not true is to sho w the existance of a non-zero

function f with

Z

M

f = 0 and

Z

M

jr f j

2

< ( n � 1)

Z

M

f

2

Using P art 2 of Theorem 1.3 and the iden tit y (3.9) w e ha v e that for an y minimal

em b edded h yp ersurface in S

n

with an tip o dal symmetry and k A k

2

non constan t, the

function g with g � an eigenfunction of J corresp onding to �

2

satis�es that:

Z

M

�

2

g = 0 and

Z

M

�

2

jr g j

2

= ( �

2

� �

1

)

Z

M

�

2

g

2

< ( n � 1)

Z

M

�

2

g

2

4. Stabilit y Index Jump for Non-totally Geo desic Minimal Hyp ersur-

faces in S

n

that are not Cli�ord Hyp ersurfaces. In this section w e will giv e

partial solution to conjecture 1.2 in x 1. Conjecture 1.2 is motiv ated b y the b eha vior of

the index functional on the space of minimal h yp ersurfaces in S

n

with k A k

2

constan t.

F or these h yp ersurfaces w e ha v e, in general, that the space f a + f

w

+ l

v

: a 2 R

1

w ; v 2

R

n +1

g giv es a 2 n + 3 dimensional space in whic h the index form is negativ e de�nited.

The exceptions are the equators and the Cli�ord h yp ersurfaces. F or the equators due

to the their big symmetry group, the space f f

w

: w 2 R

n +1

g collapses to the space

of constan t functions, and b ecause equators are totally geo desic, k A k

2

� 0, then the

index form is not negativ e de�nite on the space f l

w

: w 2 R

n +1

g but iden tically zero.

Hence the index of the equators is just 1. F or Cli�ord h yp ersurfaces, due to their

symmetries, the spaces f f

w

: w 2 R

n +1

g and f l

w

: w 2 R

n +1

g are the same. Hence

the index of the Cli�ord h yp ersurfaces is just n + 2.

Lemma 4.1. Let M � S

n

b e a non-equatorial minimal h yp ersurface with

an tip o dal symmetry that is not Cli�ord. If �; f

w

and l

w

are de�ned as in sections 2

and 3, then the dimension of the space � = f a� + f

w

+ l

v

: a 2 R

1

w ; v 2 R

n +1

g is

2 n + 3 .

Pr o of: W e pro ceed b y sho wing that when dim(�) < 2 n + 3, M is either totally

geo desic or a Cli�ord h yp ersurface. Supp ose dim(�) < 2 n + 3. Then, there exist

a 2 R

1

; w ; v 2 R

n +1

not all of them zero, suc h that a� + f

w

+ l

v

� 0. If a = 0,

w = 0 and v 6= 0 then it is clear that M is the equator f x 2 S

n

: h x; v i = 0 g . If a = 0 ;

v = 0 and w 6= 0 then it follo ws from Lemma 3.1 that M is an equator. If a = 0,

w 6= 0 and v 6= 0 it follo ws from equation 2.1 and 2.2 that k A k

2

� n � 1, therefore

b y Theorem 2.4, M is Cli�ord. The case a 6= 0 is imp ossible b ecause it w ould imply

that � = f

w

+ l

v

for some w ; v 2 R

n +1

. Since � is an ev en function and l

v

is an

o dd function, w e get that for an y m 2 M , 2 l

v

( m ) = f

w

( m ) � f

w

( � m ). Then either

2 l

v

� 0 or 2 l

v

( m ) = � 2 f

w

( m ); b oth cases lead to a con tradiction with the equation

� = f

w

+ l

v

.

Pr oposition 4.2. Let M b e a h yp ersurface lik e in the previous lemma. If the

unit normal v ector is ev en, then the ind( M ) � 2 n + 3 .
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Pr o of. By Lemma 4.1 and the de�nition of index, it is enough to sho w that

the index form is negativ e de�nite on �. Since � and f

w

are eigenfunctions of J with

di�eren t eigen v alues, w e get

(4 : 2 : 1)

Z

M

�f

v

= 0

Since the functions f

w

are ev en b y assumption and the functions l

v

are o dd, then

the functions f

w

l

v

and �l

v

are o dd, therefore

(4 : 2 : 2)

Z

M

f

w

l

v

= 0 =

Z

M

�l

v

By Green's theorem, (2.1) and (2.2) w e get that

(4 : 2 : 3)

Z

M

k A k

2

f

w

l

v

= ( n � 1)

Z

M

f

w

l

v

= 0

Using (4.2.1)-(4.2.3) w e ha v e for an y non-zero function f = a� + f

w

+ l

v

2 � that:

I ( f ; f ) =

Z

M

J ( f ) f =

Z

M

( �

1

a� � k A k

2

l

v

� ( n � 1) f

w

) f

=

Z

M

f �

1

a

2

�

2

� ( n � 1) f

2

w

� k A k

2

l

2

w

g < 0

Therefore the index form is negativ e de�ned in �.

Notice that Prop osition 4.2 along with Theorem 2.5 giv es a di�eren t pro of of

Corollary 1.4.

Remark. W e can deduce the same conclusion in Prop osition 4.2 b y c hanging

the h yp othesis \unit normal v ector �eld ev en" b y the h yp othesis \ k A k

2

� n � 1".

Once again the pro of consists in v erifying that the index form is negativ e de�nite on

�.

Theorem 4.3. Let M b e a minimal non-equatorial h yp ersurface in S

n

in v arian t

under the an tip o dal map. If M is not a Cli�ord h yp ersurface then ind( M ) � n + 4 .

Pr o of. By Prop osition 4.2, w e only ha v e to tak e care of the case when the unit

normal v ector � of M is o dd. Supp ose � is o dd. By Theorem 2.5 there exists at least

one ev en eigenfunction  of J with J (  ) = � , and � 2 ( �

1

; 0). Therefore w e ha v e the

follo wing n + 3 linear indep enden t index eigenfunctions (eigenfunctions of J asso ciated

with negativ e eigen v alues) �;  and f f

e

i

g

n +1

i =1

where f e

i

g

n +1

i =1

is an y orthonormal basis

of R

n +1

. The argumen t that guaran tee another index eigenfunction is similar to the

argumen t in the pro of of the main theorem. Let us assume that the index is n + 3 (in

particular w e are assuming that the only negativ e eigen v alues of J are �

1

; � ( n � 1)

and � ). Since  is an ev en function, then

R

M

 �l

w

. This allo ws us to deduce the

inequalit y (3.6) with �

2

= � ( n � 1), namely:

Z

M

J ( �l

w

) �l

w

= ( �

1

+ ( n � 1))

Z

M

( �l

w

)

2

�

Z

M

� hr �; r l

2

w

i

� � ( n � 1)

Z

M

( �l

w

)

2
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By Theorem 2.3 and the minimax c haracterization of eigen v alues, the inequalit y

ab o v e can only b e ful�lled if �

1

= � 2( n � 1) and

R

M

� hr �; r l

2

w

i = 0 for all w 2 R

n +1

.

Using again the minimax c haracterization w e deduce that J ( �l

w

) = � ( n � 1) l

w

, whic h

along with �

1

= � 2( n � 1) imply that k A k

2

= n � 1. This con tradicts Theorem 2.4

since w e are assuming that M is not Cli�ord.
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