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ember 2001 008LOW INDEX MINIMAL HYPERSURFACES OF SPHERES*OSCAR PERDOMOyAbstra
t. Let M be a 
ompa
t oriented non-equatorial minimal hypersurfa
e of the unit n-dimensional sphere. Suppose that for any non-zero ve
tor in w 2 Rn+1 there exists an orthogonalmatrix B su
h that B(M) =M and B(w) 6= w. Sin
e all known examples of minimal hypersurfa
eshave antipodal symmetry, they satisfy this 
ondition.We prove that: i) the stability index ofM is greater than or equal to n+2 with stri
t inequality,unless M is a Cli�ord hypersurfa
e; ii) the di�eren
e between the �rst two eigenvalues of the Ja
obioperator is less than or equal to n�1 with stri
t inequality, unless the norm of the se
ond fundamentalform is 
onstant; and iii) if M has antipodal symmetry and is not a Cli�ord hypersurfa
e then theindex is greater than n + 3. Moreover if the unit normal ve
tor is even, the index is greater than2n+ 2.1. Introdu
tion. Let M be a 
ompa
t, oriented minimal hypersurfa
eimmersed in the n-dimensional sphere Sn. Let � be a unit normal ve
tor �eld alongM . For any tangent ve
tor v 2 TmM , m 2 M , the shape operator A is given byA(v) = � �rv�, where �r denotes the Levi Civita 
onne
tion in Sn. We will denote by� the Lapla
ian onM . Given any fun
tion f :M �! R1 we 
an form the 1-parametervariational family de�ned byMt = fexp(m; tf(m)�) : m 2Mgwhere exp(m; �) is the exponential map at m 2 Sn.It is well known (see e.g. [9℄) that the area of Mt satis�es:ddt (area(Mt))��t=0 = 0 (minimality of M)d2dt2 (area(Mt))��t=o = ZM J(f)f (se
ond variation formula)where J is the Ja
obi operator on M , given byJ = ��� kAk2 � (n� 1)When RM J(f)f < 0 for some f 2 C1(M), we see that area(M) >area(Mt) forsmall values of t 6= 0. In parti
ular this implies that the minimal hypersurfa
e, M ,while a 
riti
al point of the area fun
tional, is not a lo
al minimum. For hypersurfa
esin spheres this is always the 
ase, sin
e we 
an take f � 1.The Ja
obi operator indu
es a symmetri
 bilinear formI(f; g) = ZM J(f)gknown as the index form on M . Let V be a subspa
e of C1(M) on whi
h theindex form is negative de�nite, i.e. RM J(f)f < 0 for all f 2 V . Sin
e the eigenvalues*Re
eived February 17, 2001; a

epted for publi
ation Mar
h 6, 2001.yIndiana University, Bloomington IN 47405, USA (osperdom�mafalda.univalle.edu.
o).741



742 OSCAR PERDOMOof the operator �� tend to 1, the dimension of V must be �nite. We de�ne theindex of M , ind(M), as the maximum dimension of any su
h subspa
e V . Intuitively,ind(M) measures the number of \independent" dire
tions in whi
hM fails to minimizearea.The easiest minimal hypersurfa
es to des
ribe are the equators, i.e. the totallygeodesi
 Sn�1's in Sn, and the Cli�ord hypersurfa
es, whi
h are produ
ts of spheres;when we split the ambient spa
e Rn+1 as Rk+1 � Rl+1, with k + l = n � 1 (andk; l � 1), we get a Cli�ord hypersurfa
e 
orresponding to this splitting, namelySk r kn� 1!� Sl r ln� 1! � Sn � Rk+1 �Rl+1A minimal hypersurfa
e M with index ind(M) = 0 is 
alled stable, i.e. itminimizes area up to se
ond order. As seen above, in the sphere we always haveind(M) � 1, so no minimal hypersurfa
e is stable there. It is not hard to prove thattotally geodesi
 hypersurfa
es are 
hara
terized as the only minimal Mn�1 � Sn withind(M) = 1, see for example Lemma 3.1.Our e�orts here begin with the simple observation that ifM is not totally geodesi
,then ind(M) jumps; it is at least that of the Cli�ord hypersurfa
es; namely, n+2 (seeLemma 3.1 again). This suggests the 
onje
ture motivating our work:Conje
ture 1.1. The Cli�ord hypersurfa
es are the only minimal Mn�1 � Snwith ind(M) = n+ 2.F. Urbano in [12℄, proved that the 
onje
ture is true in the 
ase n = 3. The �rstpart of our main theorem establishes that the 
onje
ture is true in all dimensions,with one additional (and seemingly weak, as we will explain) assumption about thesymmetries of M . That is, when ind(M) = n+2 and our weak symmetry assumptionholds, M is a Cli�ord hypersurfa
e.Conje
ture 1.1 implies that the index fun
tional jumps to at least n+3 for everynon-equatorial minimal hypersurfa
e whi
h is not Cli�ord. Sin
e for all known minimalhypersurfa
es (di�erent from equators and Cli�ord hypersurfa
es) the index is a least2n+ 3, we have the following 
onje
ture:Conje
ture 1.2. ind(M) � 2n+3 for any non-totally geodesi
 minimal hyper-surfa
e Mn�1 � Sn whi
h is not Cli�ord.In Se
tion 4 we will partially solve this 
onje
ture for minimal hypersurfa
es withantipodal symmetry. We will show that it holds true for minimal hypersurfa
es withantipodal symmetry and even unit normal ve
tor �. For minimal hypersurfa
es thatde�ne immersion in the proje
tive spa
e, those with odd unit normal ve
tor �eld, DoCarmo-Ritore-Ros [3℄ showed the existen
e of an even eigenfun
tion of J whi
h is nota �rst eigenfun
tion. Combining this result with Theorem 1.3 part 1, we dedu
e thatthe index of any minimal hypersurfa
e in Sn with antipodal symmetry is greater thann+3, provided that M is not an equator or a Cli�ord hypersurfa
e.Let us motivate the se
ond part of our main theorem. If kAk is 
onstant, then the�rst eigenvalue �1 of the Ja
obi operator is �(n� 1)� kAk2. Be
ause the 
oordinatefun
tions are eigenvalues of the Lapla
ian with eigenvalue �(n�1) we get that �kAk2is also an eigenvalue of J . Hen
e the se
ond eigenvalue satis�es �2 � �kAk2, so wehave that the distan
e between �1 and �2 is at most n� 1, i.e.�2 � �1 � n� 1



LOW INDEX MINIMAL HYPERSURFACES OF SPHERES 743The se
ond part of our main theorem shows that, with the same assumption aboutsymmetries as in part 1, the estimate above holds for minimal hypersurfa
es even ifkAk is not 
onstant. Moreover, equality in the estimate above implies kAk2 � j�2j.To state our assumption about the symmetries of M we de�ne the groupOM (n+ 1) = f
 2 O(n+ 1) : 
(M) =MgThe antipodal map, �(x) = �x, may or may not be an element of OM (n + 1).When it is, we say that \M has antipodal symmetry".We shall prove:Theorem 1.3. Let M be a 
ompa
t, oriented minimal non-equatorial hyper-surfa
e of Sn, and suppose that OM (n+ 1) �xes only the origin in Rn+1. Then:1. ind(M) � n+ 2, with equality if and only if M is a Cli�ord hypersurfa
e.2. �2 � �1 � n� 1, with equality if and only if kAk2 � j�2j.The symmetry assumption here seems weak be
ause it holds even when M hasonly antipodal symmetry, and all of the many known embedded minimal hypersurfa
esof spheres do have antipodal symmetry. Indeed, it seems possible that every 
ompa
t,oriented minimal hypersurfa
e in Sn must have this symmetry or, at least, that aminimal hypersurfa
e in Sn without this symmetry must have high index.We therefore have the following 
orollary:Corollary 1.4. Let M be a 
ompa
t, oriented minimal non-equatorial hyper-surfa
e of Sn invariant under the antipodal map. Then ind(M) � n+2, with equalityif and only if M is a Cli�ord hypersurfa
e.Before I pro
eed, I would like to thank my advisor, Professor Bru
e Solomon, forhis lessons on mathemati
s and for his supervision that guided me to the understandingand a
hievement of this paper whi
h is part of my Ph.D. dissertation [7℄.2. Some Preliminaries. For every �xed ve
tor w in Rn+1 we de�ne fw(m) =hw; �(m)i and lw(m) = hw;mi for all m 2 M . Here h ; i denotes the inner produ
tin Rn+1 and � denotes a unit normal ve
tor �eld on M . As explained in [10,x1℄ theminimality of M implies(2:1) ��lw = (n� 1)lwand the Codazzi equations imply(2:2) ��fw = kAk2fwThis latter equation makes the fun
tions fw eigenfun
tions of J with eigenvalue�(n� 1).Throughout this paper we will denote by �1 = �1(M) the �rst eigenvalue of theJa
obi operator J . It is well-known that the multipli
ity of �1 is 1 and that theeigenfun
tions asso
iated to �1 never vanish on M , (e.g. by Courant's nodal domaintheorem, [2℄).In proving our Main Theorem we will use the following two results:Theorem 2.3. ([9, Lemma 6.1.7℄) If M is not totally geodesi
, then �1 ��2(n� 1).



744 OSCAR PERDOMOTheorem 2.4. ([1℄ and [6℄) The Cli�ord hypersurfa
es are the only minimalhypersurfa
es of Sn with kAk2 � n� 1.We will need the following result by Do Carmo, Ritore and Ros in se
tion 4.Theorem 2.5. ([3, Theorem 3℄) If M has antipodal symmetry and its unitnormal ve
tor �eld is odd, then there exists an even eigenfun
tion  of the Ja
obioperator, with J( ) = � and � 2 (�1; 0).3. Minimal Hypersurfa
es with Low Index and Weak Symmetry. Inthis se
tion we prove Theorems 1.2 as stated above. We begin with three lemmas:Lemma 3.1. IfM is a 
ompa
t, orientable non-equatorial minimal hypersurfa
eof Sn , then ind(M) � n+2. Moreover �(n�1) is an eigenvalue of J with multipli
itygreater than or equal to n+ 1Proof. Let us de�ne the following linear subspa
e of C1(M)� = ffv :M �! R; fv(m) = hv; �(m)i 8m 2M; v 2 Rn+1gOur goal is to prove dim(�) = n+ 1. For in this 
ase, Equation 2.2 above showsthat the multipli
ity of the eigenvalue �(n � 1) is a least n + 1. It then followsthat ind(M) � n + 2, be
ause besides the eigenvalue �(n� 1), we have the negativeeigenvalue �1 � �2(n � 1) by Simons' theorem above. We pro
eed by showing thatwhen dim (�) < n + 1, M is totally geodesi
. Suppose dim(�) < n + 1. Then thereexists a unit ve
tor v 2 Rn+1, su
h that fv � 0 on M , i.e. h�(m); vi = 0 for allm 2 M . For ea
h x 2 Sn, let vT (x) be the tangential proje
tion of v onto TxSn.Sin
e h�(m); vi = 0, vT de�nes a ve
tor �eld tangent to M itself. So for any m 6= �vin M , the integral 
urve of vT passing through m is a great semi
ir
le 
ontaining vand m, and is 
ontained in M . This for
es M to equal the totally geodesi
 Sn�1
ontaining v and tangent to TvM .Corollary 3.2. If ind(M) = n+ 2 then �2 = �(n� 1).Proof. Lemma 3.1 makes 
lear that when ind(M) = n+2, we have that the onlynegative eigenvalues of J are �1, with multipli
ity 1, and �(n� 1), with multipli
ityn+ 1.Lemma 3.3. Let M be a minimal hypersurfa
e in Sn. If � is a non-vanishingeigenfun
tion 
orresponding to �1, and if f is any fun
tion perpendi
ular to � inL2(M), i.e. RM �f = 0 , then:ZM J(f)f � �2 ZM f2 and equality holds i� J(f) = �2fProof. The Lemma follows from the minimax (i.e Rayleigh quotient) 
hara
teri-zation of eigenvalues for self-adjoint ellipti
 operators.Lemma 3.4. Under the hypotheses of Theorem 1.3 we have RM lw�2 = 0 forevery w 2 Rn+1Proof. First, noti
e that sin
e J is invariant under isometries of M and themultipli
ity of �1 is 1, � must be invariant under isometries in OM (n+1). Sin
e M isa 
ompa
t manifold, OM (n+1) is a 
losed subgroup of O(n+1), hen
e a 
ompa
t Liegroup. Let d� be the bi-invariant measure on OM (n + 1) su
h that ROM (n+1) d� = 1(if OM (n+ 1) is �nite, this measure simply pla
es a point mass of equal size at ea
helement of OM (n+ 1), and the integral is just a �nite sum). Then we have:



LOW INDEX MINIMAL HYPERSURFACES OF SPHERES 745Zm2M lw�2 =Zm2M �2(m)hm;wi=Zg2OM (n+1) � Zg�1M �2(m)hw;mi� d�(g)=Zg2OM (n+1) � Zm2M �2(g m)hw; gmi� d�(g)=Zg2OM (n+1) � Zm2M �2(m)hg�1w;mi� d�(g)=Zm2M �2(m)hZg2OM (n+1) g�1w d�(g);mi= 0sin
e the ve
tor ROM (n+1) g�1w d�(g) is 
learly �xed by OM (n+ 1) and thereforevanishes, by assumption.We are now ready to give our main argument. For the reader 
onvenien
e we willrestate Theorem 1.3.Theorem 1.3. Let M be a 
ompa
t, oriented minimal non-equatorial hypersur-fa
e of Sn, and suppose that OM (n+ 1) �xes only the origin in Rn+1. Then:1. ind(M) � n+ 2, with equality if and only if M is a Cli�ord hypersurfa
e.2. �2 � �1 � n� 1, with equality only if kAk2 � j�2j.Proof. We will prove part 2 �rst. Choose an arbitrary w 2 Rn+1. Sin
e���� kAk2� = (�1 + n� 1)� and ��lw = (n� 1)lw we have:(3:5) �(�lw) =��lw + lw��+ 2hr�;rlwi=(��1 � 2(n� 1))�lw � kAk2�lw + 2hr�;rlwiTherefore(3:6) ZM J(�lw)�lw =(�1 + (n� 1)) ZM (�lw)2 � 2 ZM �lwhr�;rlwi=(�1 + (n� 1)) ZM (�lw)2 � ZM �hr�;rl2wi��2 ZM (�lw)2In the last inequality we have used Lemma 3.3 and Lemma 3.4. From the estimateabove we dedu
e:(3:7) ZM �hr�;rl2wi � (�1 � �2 + (n� 1)) ZM (�lw)2We know thatPn+1i=1 (lei)2 � 1 for any orthonormal basis feign+1i=1 of Rn+1, there-fore if we apply the inequality above to lw = lei , i = 1; : : : ; n + 1 and add theseinequalities we get (�1 � �2 + (n� 1)) ZM �2 � 0



746 OSCAR PERDOMOHen
e the distan
e between the �rst and se
ond eigenvalue is a most n� 1. Wealso have that if �2��1 = n�1 then the right hand side of (3.7) vanishes and thereforethe symmetri
 bilinear form� : Rn+1 �Rn+1 �! R given by �(w; v) = ZM �hr�;r(lwlv)isatis�es �(w;w) � 0 for any w 2 Rn+1. Using again that Pn+1i=1 (lei)2 � 1 for anyorthonormal basis feign+1i=1 of Rn+1, we 
on
lude that � is tra
eless. Consequently�(w;w) = 0 for all w 2 Rn+1. Sin
e �2��1 = n�1 and �(w;w) = 0, (3.6) redu
es to:ZM J(�lw)�lw = �2 ZM (�lw)2This equality together with Lemma 3.3 tell us that:J(�lw) = �2�lwUsing equation (3.5) to rewrite the equality above gives us2hr�;rlwi = 2hr�; wi = 0. Sin
e rlw is the tangential 
omponent of w in TmM ,and w was arbitrary, r� must vanish. Hen
e � is 
onstant. Noti
e that � 
onstantimplies kAk 
onstant. Finally �2 � �1 = n � 1 for
es kAk2 to be equal to ��2 andPart 1 follows. Let us prove Part 1. By Corollary 3.2, ind(M) = n + 2 implies that�2 = �(n� 1). Sin
e M is not totally geodesi
 we have that �1 � �2(n� 1), Simons'result (Theorem 2.3), therefore the distan
e between �1 and �2 is greater than orequal to n � 1. By Part 1, we have that this distan
e is exa
tly n � 1 and again byPart 1, this implies that kAk2 � (n� 1). Theorem (2.4) (The uniqueness theorem ofChern-DoCarmo-Kobayashi and Lawson), now implies the result.We have been trying, so far without su

ess, to remove the symmetry 
onditionin the result above. Even though all known examples of embedded hypersurfa
es ofSn have antipodal symmetry, it seems plausible that one might be able to 
onstru
ta minimal hypersurfa
e of Sn without this symmetry using, e.g., the gluing te
hniqueof Kapouleas and Yang [5℄. This antipodal 
ondition is not new; it appears natu-rally when working with integral geometry. For example, Ros [8℄ and independentlyTopping [11℄, proved that the Willmore 
onje
ture holds for surfa
es invariant underthe antipodal map, i.e., they proved that the square of the mean 
urvature of a torusimmersed in R3 must always take a value no less than 2�2 if the image of this torusunder the stereographi
 proje
tion in S3 has antipodal symmetry.Remark 3.8. The idea of pi
king the test fun
tions �lw relies on the followingidentity:(3:9) ZM J(fg)fg = ZM J(f)fg2 + ZM f2jrgj2In order to show the existen
e of an eigenvalue of J between �1 and �(n � 1)or to get a 
ontradi
tion otherwise, we must take a test fun
tion, fg, that makes theexpression on the left of (3.9) as negative as possible while RM �fg = 0. Noti
e thatf = � makes the �rst term on the right of (3.9) as negative as �1 RM (fg)2. Sin
e these
ond term on the right of (3.9) 
ontains an expression of the form jrgj2 we pi
ked



LOW INDEX MINIMAL HYPERSURFACES OF SPHERES 747for g an eigenfun
tion of �� 
orresponding to a small eigenvalue. Namely, we tookg = lw.Remark 3.9. By Equation (2.1) we have that the 
oordinate fun
tions areeigenfun
tions of �� with eigenvalue n� 1. Yau's 
onje
ture states that if M is notonly immersed but embedded, then n�1 is the �rst eigenvalue of ��. Noti
e that oneway to prove that Yau's 
onje
ture is not true is to show the existan
e of a non-zerofun
tion f with ZM f = 0 and ZM jrf j2 < (n� 1) ZM f2Using Part 2 of Theorem 1.3 and the identity (3.9) we have that for any minimalembedded hypersurfa
e in Sn with antipodal symmetry and kAk2 non 
onstant, thefun
tion g with g� an eigenfun
tion of J 
orresponding to �2 satis�es that:ZM �2g = 0 and ZM �2jrgj2 = (�2 � �1) ZM �2g2 < (n� 1) ZM �2g24. Stability Index Jump for Non-totally Geodesi
 Minimal Hypersur-fa
es in Sn that are not Cli�ord Hypersurfa
es. In this se
tion we will givepartial solution to 
onje
ture 1.2 in x1. Conje
ture 1.2 is motivated by the behavior ofthe index fun
tional on the spa
e of minimal hypersurfa
es in Sn with kAk2 
onstant.For these hypersurfa
es we have, in general, that the spa
e fa+fw+ lv : a 2 R1 w; v 2Rn+1g gives a 2n+3 dimensional spa
e in whi
h the index form is negative de�nited.The ex
eptions are the equators and the Cli�ord hypersurfa
es. For the equators dueto the their big symmetry group, the spa
e ffw : w 2 Rn+1g 
ollapses to the spa
eof 
onstant fun
tions, and be
ause equators are totally geodesi
, kAk2 � 0, then theindex form is not negative de�nite on the spa
e flw : w 2 Rn+1g but identi
ally zero.Hen
e the index of the equators is just 1. For Cli�ord hypersurfa
es, due to theirsymmetries, the spa
es ffw : w 2 Rn+1g and flw : w 2 Rn+1g are the same. Hen
ethe index of the Cli�ord hypersurfa
es is just n+ 2.Lemma 4.1. Let M � Sn be a non-equatorial minimal hypersurfa
e withantipodal symmetry that is not Cli�ord. If �; fw and lw are de�ned as in se
tions 2and 3, then the dimension of the spa
e � = fa�+ fw + lv : a 2 R1 w; v 2 Rn+1g is2n+ 3.Proof: We pro
eed by showing that when dim(�) < 2n+ 3, M is either totallygeodesi
 or a Cli�ord hypersurfa
e. Suppose dim(�) < 2n + 3. Then, there exista 2 R1; w; v 2 Rn+1 not all of them zero, su
h that a� + fw + lv � 0. If a = 0,w = 0 and v 6= 0 then it is 
lear that M is the equator fx 2 Sn : hx; vi = 0g. If a = 0;v = 0 and w 6= 0 then it follows from Lemma 3.1 that M is an equator. If a = 0,w 6= 0 and v 6= 0 it follows from equation 2.1 and 2.2 that kAk2 � n � 1, thereforeby Theorem 2.4, M is Cli�ord. The 
ase a 6= 0 is impossible be
ause it would implythat � = fw + lv for some w; v 2 Rn+1. Sin
e � is an even fun
tion and lv is anodd fun
tion, we get that for any m 2 M , 2lv(m) = fw(m) � fw(�m). Then either2lv � 0 or 2lv(m) = �2fw(m); both 
ases lead to a 
ontradi
tion with the equation� = fw + lv .Proposition 4.2. Let M be a hypersurfa
e like in the previous lemma. If theunit normal ve
tor is even, then the ind(M) � 2n+ 3.



748 OSCAR PERDOMOProof. By Lemma 4.1 and the de�nition of index, it is enough to show thatthe index form is negative de�nite on �. Sin
e � and fw are eigenfun
tions of J withdi�erent eigenvalues, we get(4:2:1) ZM �fv = 0Sin
e the fun
tions fw are even by assumption and the fun
tions lv are odd, thenthe fun
tions fwlv and �lv are odd, therefore(4:2:2) ZM fwlv = 0 = ZM �lvBy Green's theorem, (2.1) and (2.2) we get that(4:2:3) ZM kAk2fwlv = (n� 1) ZM fwlv = 0Using (4.2.1)-(4.2.3) we have for any non-zero fun
tion f = a�+fw+ lv 2 � that:I(f; f) =ZM J(f)f = ZM (�1a�� kAk2lv � (n� 1)fw)f=ZMf�1a2�2 � (n� 1)f2w � kAk2l2wg < 0Therefore the index form is negative de�ned in �.Noti
e that Proposition 4.2 along with Theorem 2.5 gives a di�erent proof ofCorollary 1.4.Remark. We 
an dedu
e the same 
on
lusion in Proposition 4.2 by 
hangingthe hypothesis \unit normal ve
tor �eld even" by the hypothesis \kAk2 � n � 1".On
e again the proof 
onsists in verifying that the index form is negative de�nite on�. Theorem 4.3. LetM be a minimal non-equatorial hypersurfa
e in Sn invariantunder the antipodal map. If M is not a Cli�ord hypersurfa
e then ind(M) � n+ 4.Proof. By Proposition 4.2, we only have to take 
are of the 
ase when the unitnormal ve
tor � of M is odd. Suppose � is odd. By Theorem 2.5 there exists at leastone even eigenfun
tion  of J with J( ) = � , and � 2 (�1; 0). Therefore we have thefollowing n+3 linear independent index eigenfun
tions (eigenfun
tions of J asso
iatedwith negative eigenvalues) �;  and ffeign+1i=1 where feign+1i=1 is any orthonormal basisof Rn+1. The argument that guarantee another index eigenfun
tion is similar to theargument in the proof of the main theorem. Let us assume that the index is n+3 (inparti
ular we are assuming that the only negative eigenvalues of J are �1; �(n � 1)and �). Sin
e  is an even fun
tion, then RM  �lw. This allows us to dedu
e theinequality (3.6) with �2 = �(n� 1), namely:ZM J(�lw)�lw =(�1 + (n� 1)) ZM (�lw)2 � ZM �hr�;rl2wi� � (n� 1) ZM (�lw)2



LOW INDEX MINIMAL HYPERSURFACES OF SPHERES 749By Theorem 2.3 and the minimax 
hara
terization of eigenvalues, the inequalityabove 
an only be ful�lled if �1 = �2(n�1) and RM �hr�;rl2wi = 0 for all w 2 Rn+1.Using again the minimax 
hara
terization we dedu
e that J(�lw) = �(n�1)lw, whi
halong with �1 = �2(n � 1) imply that kAk2 = n � 1. This 
ontradi
ts Theorem 2.4sin
e we are assuming that M is not Cli�ord.REFERENCES[1℄ S.S. Chern, M. DoCarmo, and S. Kobayashi,Minimal submanifolds of a sphere with se
ondfundamental form of 
onstant length, Fun
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e, Comment. Math. Helv., 75 (2000), pp. 247{254.[4℄ T. Frankel, On the fundamental group of a 
ompa
t minimal submanifold, Ann. of Math.,83 (1966), pp. 68{73.[5℄ N. Kapouleas, S-D. Yang, A doubling 
onstru
tion for minimal surfa
es, in preparation.[6℄ Lawson, H. B, Lo
al rigidity theorems for minimal hypersurfa
es, Ann. of Math. (2), 89(1969), pp. 187{197.[7℄ O. Perdomo, First eigenvalue and index: Two 
hara
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es of spheres, Ph.D. Thesis, Indiana University, 2000.[8℄ A. Ros, The Willmore 
onje
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