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THE INTEGRAL ON QUANTUM SUPERGROUPS OF TYPE Apgs”

PHUNG HO HAT

Abstract. Quantum groups of type A,|, generalize the general linear supergroups GL(r|s).
We compute the integral on these quantum supergroups and whence derive a quantum analogue of
(super) HCIZ integral formula.

Introduction. A quantum supergroup of type A,|, is a Hopf superalgebra,
which, as an algebra, is a quotient of a free non-commutative tensor algebra on a
certain finite dimensional vector superspace V', by certain relations, determined in
terms of a Hecke symmetry of birank (r 4+ 1,s + 1) acting on V @ V. If the Hecke
symmetry reduces to the ordinary super-permuting operator in the category of vec-
tor superspaces, we recover the quantum general linear supergroup GL(r + 1,s + 1)
(Section 1).

In this work, we compute the integral on quantum supergroups of type A, .
The notion of integral on Hopf algebras was introduced by Sweedler [24]. This is
an analogue of the notion of invariant integrals on compact groups (see, e.g., [21]).
In fact, the algebra of representative functions on a compact group is dense in the
algebra of all continuous complex valued functions by Peter-Weyl's theorem. The
former algebra is a Hopf algebra and the definition of the invariant integral can be
given in a purely algebraic way using the coalgebra structure, namely, a (left) integral

3

on a Hopf algebra H, defined over a field k, is a linear form [ : H — k, satisfying

[@ =m( [ wiamaa)

where m, A denote the product and coproduct on H and we identify the field & with
a subspace of H by means of the unit of H. This definition can also be extended
for Hopf superalgebras. On the other hand, the existence of integral on compact
supergroups was established by Berezin [3]. Uunlike the case of compact group, the
volume of a compact supergroup may vanish, as it happens to the supergroups U (r|s)
of unitary supermatrices.

A formula for the integral on the group U(d) was obtained by Itzykson and Zuber
[4]. This formula computes the integral at the function of the form tras y ., (U) :=
[tr(MUNU )] " where M, N are hermitian matrices. It can be given in the following
form

the following condition:

T dy
(0.1) /U(d) [tr(MUNU H]" [dU] = Y —=®,(M)®,(N)

xeP? A

for any hermitian matrices M and N. Here, PZ is the set of partitions of n of length d.
@, is the irreducible character of U(d), corresponding to the partition A. If &, &, ..., &4
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are the eigenvalues of M then ®,(M) = s)(&1,&2,...,&4), sa are the Schur functions
[19, Chapter I]. d is the dimension of the irreducible module of the symmetric group
Sy, 7y is the dimension of the irreducible representation of U(d), corresponding to
partition A. Explicitly, dy = d! [, ¢y h(z) 1, ma = Tl epq(e(@) + d)h(z) ", where
¢(z) is the content, h(x) is the hook-length of the box z in the diagram [A] (see
[loc.cit.]).

This formula turns out to be a special case of a formula obtained by Harish-
Chandra [16]. The integral on the left-hand side of (0.1) is therefore referred as
Harish-Chandra-Itzykson-Zuber (HCIZ) integral.

A super analogue of the HCIZ formula was obtained by Alfaro, Medina and
Urrutia [1, 2], it reads

(0.2)/ stt(MUNU)"dU] = ) ﬂ%@w)@(m,
U(rls)

Pz
T{

pepaepn
Il +lv|=n—rs

where A = (s") + pUv':

Our problem of finding integrals on the function algebra of quantum linear super-
group GL,(r|s) is thus motivated by the HCIZ integral. On the other hand, it is an
interesting problem from the point of view of Hopf algebra theory. Integrals on Hopf
algebras were studied by several authors since the pioneering work of Sweedler [24],
see e.g. [23, 18, 8]. For finite dimensional Hopf algebra is is known that the integrals
exist uniquely up to a scalar. However, few examples of infinite dimensional Hopf
algebras with integral, except cosemisimple Hopf algebras, are known.

Let R be a Hecke symmetry on a finite dimensional vector super space V of
dimension d. Define an algebra Hg as a quotient of the free non-commutative algebra

E({z],#/,1 <i,j < d}) by relations in (1.2), (1.3). Then Hp has a structure of a Hopf
superalgebra and is called the algebra of functions on a quantum supergroup of type
A, _q)s—1, where (r, s) is the birank of R, see Section 1.

The Hopf algebra Hp is cosemisimple if and only if » = 0 or s = 0. In this
particular case, the integral was explicitly computed in [11] and an analogue of the
HCIZ integral formula was given in [12], where the notion of characters of coribbon
Hopf algebras was introduced. The case of arbitrary (r,s) will be treated in the
present paper. Since our object is considered to generalize the supergroup GL(r|s),
it is natural that we are working in the category of vector superspaces, so that our
algebra Hg will be a Hopf superalgebras. Nevertheless, as we shall see in the course
of the paper, the ground category does not plays any essential role.

Using the commutation rule on Hg, one can show that an element of Hp

can be represented as a linear combination of monomials on z{.,tlh of the form
Ji .. thll lq

Z“

. From the linearity of the integral, we see that it is sufficient to

I ]‘ tl1 ---ti“ . It turns out
q

find the integral on the set of monomials of the form z;/
that any integral should vanish on those monomials Wlth P ;é q.

The formula of the integral on :/:]1 . Zj” tf;l -~ ti" is based on an operator P,
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Ven — VOn  In Section 2 we show that the axiom for the integral is equivalent
to certain conditions on P,. In Section 3 we construct P,. In Section 4 we derive
a quantum analogue of HCIZ integral from our formula for the integral. To do this
we first introduce the notion of character of Hpg-comodules and recall the notion of
points of a quantum group. The quantum super HCIZ integral formula in Theorem
4.1 then follows immediately from the formula in (3.6). In the last section we discuss
the orthogonal relation of some simple Hpg-comodules.

In the case of the compact group SU,(2), the orthogonal relations for matrix
elements of the coefficient matrix of simple comodules over was given by Soibelman
and Vaskman [26], the case of arbitrary compact quantum groups was treated by
Woronowicz [25]. Their basic idea was that any simple comodules over a compact
quantum groups should be isomorphic to its double dual and the formula could be
given in terms of the intertwiner of these two comodules. This method can not
be applied directly for quantum supergroups since in many case, the trace of the
intertwiner may vanish.

Notations and Conventions. We work in the category of vector superspaces
over an algebraically closed field k of characteristic zero. All algebraic objects, like
algebras, morphisms, linear forms etc..., will then be considered as objects in this cat-
egory, for instance, morphisms are always even, i.e. map even (odd) elements to even
(odd) elements. An element from a vector superspace usually means a homogeneous
one. The dual space to a vector spaces of finite dimension is defined by an even form.
If 21, 29,..., 24 is a homogeneous basis for a vector superspace V', then the dual basis
1,62, ...¢% on V* has the same parity as z1, s, . ..,z and satisfies £¥(z;) = 6;‘ To
avoid any signs appearing, the dual to a tensor product V @ W of two vector super-
spaces V and W is canonically identified with W* @ V*. The standard permuting
operator on the tensor product V @ W is given by the rule a @ b — (—1)%b @ a, for
homogeneous elements a, b, where a denotes the parity of a.

A matrix C of entries from the field & will have the entry on the ¢-th row and j-th
column denoted by C. For a matrix Z of entries from an algebra, its (i, j) entry will
be denoted by z; We adopt the convention of summing up after indices that apper

both in lower and upper places, for example, a’ bl = >, aj-bi.

For the notion of partitions, diagrams, standard tableaux, contents, hook-length,
etc..., the reader is referred to [19, Chapter I]. Let P denote the set of all partitions,
P, denote the set of partitions of n, for A € P,, we shall write A F n or |A] = n.
Let I'™5 denote the set of (r, s)-hook-partitions: {\ € P|\,11 < s}, Q™ denote the
suj)set of I'™%: {X € T™%|\, = s}, finally, let T'>* = P, NI"™° and Q>* = Q5 NP,
pi — pdo,

For a partition A, [A] denotes the corresponding diagram. The diagram [A], filled
with the numbers 1,2, ... |\ in such a way that they increase in each column and each
row, is called a standard A-tableau. The number of standard A-tableaux is precisely
the dimension of the irreducible representation of the symmetric group &,,, n = |\|.
The content of the node on the i-th row and j-th column is j — ¢, its hook-length is
the cardinal number of nodes lying on the same row and to the right and lying on
the same column and below. For a A-tableau #()), cy(x)(m) is the content of the node
containing m.
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ExAMPLE. Let A = (3,2,2). Then

| 1[3]4] 1[3]7]
[\ = some standard A-tableaux are: t1(A\) =| 2 | 6 ta(A) =214
517 5|6

we have ¢;,(1)(5) = —2,¢,(0)(6) = —1. X can be considered as element of Q2 or

032, However, if consider A as an element of Q''2, #;()\) and t5(\) are both essential
while, if consider A as an element of 232, t5()\) is still essential but #;()\) isn’t (see
Lemma 3.1).

1. Quantum Groups Associated to Hecke Symmetries. Let V' be a super
vector space over k, a fixed field of characteristic zero. Fix a homogeneous basis
Z1,%a,...,24 of V. We denote the parity of the basis element z; by 7. An even
operator R on V ®V can be given by a matrix Rf}l Rz, ®@x;) =2, ® lefjl. Since R
is an even operator, the matrix element szl is zero if 1 4 J # k+1. Ris called Hecke
symmetry if the following conditions are satisfied:

i) R satisfies the Yang-Baxter equation Ry Ro Ry = RoR1 Ry, where Ry := R®1,
Ry, :=1® R, and [ is the identity matrix of degree d.

ii) R satisfies the Hecke equation (R — ¢)(R + 1) = 0 for some ¢ which will be
assumed not to be a root of unity of degree greater then 1.

iii) There exists a matrix Pj' such that P;7" R = 6/6%. A matrix satisfying this

condition is called closed.

ExaMPLE. The following main example of Hecke symmetries was first considered
by Manin [20]. Assume that the variable x;, i < r are even and the rest s variables
are odd. Define, for 1 <i,j5,k, 1 <r+s,

q2 if i=j=k=1,1=0

1 if i=j=k=11=1
RT‘SZ =0 -1 if k=i<j=

(-D)¥g if k=j#i=1

0 otherwise.

The Hecke equation for R, is (¢ — ¢*)(z + 1) = 0. When ¢ = 1, R, |, reduces to the
super-permuting operator on V @ V.

Let R be a Hecke symmetry. We define the matrix bialgebra Er and the matrix
Hopf algebra Hpg as follows. Let {z§7t§|1 < 4,5 < d} be a set of indeterminates,

with parities 93; = fév =14 3 We define Er as the quotient algebra of the free

non-commutative algebra, generated by {z;\l <i,5 < d}, by the relations

(1.1) (~1)SEFDRE P2 — (L)@ R RIN T < k< d.
Here, we use the convention of summing up by the indices that appear in both
lower and upper places. We define the algebra Hr as the quotient of the free non-
commutative algebra generated by {z},¢!|1 <4, j < d}, by the relations

(1.2) (~1) I RELP 28 = (—1)! R R R 1<,k 1< d,

psT1 7]
(1.3) (~1)0R i = (L)l — 5 1<k <d.
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The relations in (1.1) can be considered as the commuting rule for elements of
Eg. On Hp the relations (1.2) and (1.3) also imply the following relations:

(1.4) (- DFERDRI L = (~1) e R, 1< pg,ik < d,

By the closedness of R, (1.4) is equivalent to

k(i+7) pkm i _ m(f+p m plq
(1.6) (—D)FEFED phmaty = (=)D ampl 1 <k m,n < d.
Setting m = n in (1.6) and summing up after this index, and using (1.3) we get
(1.7) (71)1;(“5)05‘"2;& = C’;., where CF := pFm.

It is easy to show that Er and Hpg are bialgebras with respect to the coproduct
given by

Az =z ok, Ad) =thet).

Hpg, is, in fact, a Hopf algebra with the antipode on Hp is given by

i G(i45) 4 i i(i47) i k1

S(zp) = (-1t S(t)) = (-1 Cpreh,
We also define D; = Pf; The matrices C' and D, called reflection operators, play

important roles in this work. Using the Hecke equation we can show that (cf [11])

(1.8) CD=DC=q ' (¢ Dtr(C).

Since we are working in the category of vector superspaces, the rule of sign effects
on the coproduct. More precisely, the compatibility of product and coproduct of a
super bialgebra reads

Afab) = 3 (~1)%" arby @ asbs,
(a)()

for homogeneous a, b. Analogously, the antipode satisfies
S(ab) = (~1)™S(b)S(a).A(S(a)) = (—1)"*S(az) © S(a)

for homogeneous a,b. Consequently, though the matrix Z is multiplicative, i.e.
A(z;) = z,i & z;-‘", its tensor powers are not.

To compute the coproduct on the tensor powers of Z, we introduce a sign function
sign(I, J), where I, J are multi-indices of the same length. For any fixed n, the matrix
(sign(I,J)) where I, J run through the set of multi-indices of length n is the matrix

of the standard isomorphism
O,: (V@ V)" — (VO o VO,

which is defined in the standard way using the super-permuting operator, with respect
to the basis 1, 2o, ..., zq and its dual €', €2, ..., &% Explicitly, § moves the elements
of V* to the left of the elements of V' without reshuffling them and then reverses the
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order of the elements from V*. The signs that appear define the function sign. In
other words, 6,, is given by

0" @2j) @ @ (E @ xy,) =sign([,J)(§" @ @ @5 @ xy,).
We thus have the following recurrent formulae for sign:
sign(1i, Jj) = (—1) 1T+ Dsign(1, J) sign(il. jJ) = (—1)110+sign(1, J),

where |f| = 9y g iy if [ = (i1,49,...,1n). For single indices, we have
sign(i,j) = 1 for any i, j.
Then, using induction we have

A(zﬁz;i - zg) = sign(I, K)sign(K, J)sign (1, J)z,il1 z}f " ® zé‘ll 2;22 . z;\Q

Thus, setting Z! = sign(I,.J)z ;1 ;2 . z;j, we have

Az =212 2F.

i1 12. .Ziz

Analogously, setting T} := sign(.J, 1)z zpz2 22, we have

ATH =TE @TL, and moreover S(Z1) = (—1)l/I0I+IDT1
We shall, for convenience, formally set
ZTLI,, =Sz = (,1)\j\(\f\+\j\)T}:7

where K’ is the sequence K written in the reverse order. There is a close connection
between Ei and Hp with the Hecke algebras of type A. The n-th Hecke algebra of
type A, H,,q is generated by elements 7;,1 < ¢ < n — 1, subject to the relations

Ty =TT, )i — j| > 25 T3l Ty = T TiTiga i =1, ..,n — 2;

T? = (¢ — DT} + ¢, Vi.

To each element w of the symmetric group &, of permutations of the sets
{1,2,...,n}, one can associate in a canonical way an element T,, of H, = H, 4,
in particular, Ty = 1,T(; ;41) = T;. The set {T,,|w € S, } form a k-basis for H,, [6].

R induces an action of the Hecke algebra H,, = H,,, on the tensor powers yen
of V, pu(Ti) = R; := idy"" @ R@id{""'. We shall therefore use the notation
Ry = p(Ty). On the other hand, Eg coacts on V by 6(z;) = z; @ z]. Since Eg is a
bialgebra, it coacts on V®" by means of the product. Explicitly, 6(21) =X,;® Z] ,
where X; :=2;,, ® - ®@z;,.

Let us use the notation TEnd for the set of all endomorphisms of a vector super-
spaces. The following is a super version of the double centralizer theorem proved in
[10, Theorem 2.1].

ProrosiTioN 1.1. With the assumption that q is not a root of unity of degree
greater then 1, we have the following isomorphism of algebras:
(1.9) TEndy, (VO") = (ER)*
(1.10) TEnd"®(VE™) = p, (Hn),
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where, E% is the n-th homogeneous component of Er, which is a coalgebra. Since R
is an even operator, (1.10) implies

(1.11) EndER(VE™) = o (H ).

Proof. 1t is sufficient to prove (1.9). (1.10) then follows by means of the density
theorem [5, Vol. 2], for H,, is semisimple. It is to establish a non-degenerate bilinear
form (TEndy, (V©™), E}), which is compatible with the product and coproduct.

Recall that E} is a quotient of (V* @ V)®™ by the relation in (1.2). Using the
isomorphism 6,,, we identify this space with (V®")* @ V®". Then E} is isomorphic
to the quotient of the latter by the subspace

i Im((R™')" @ Ry).

The proof of [10, Theorem 2.1] now applies and gives us the desired result.0

The double centralizer theorem implies that a simple Er-comodule is the image of
the operator induced by a primitive idempotent of H,, and, conversely, each primitive
idempotent of H,, induces an Er comodule which is either zero or simple. On the
other hand, irreducible representations of H, are parameterized by partitions of n.
Hence up to conjugation, primitive idempotents of H,, are parameterized by partitions
of n, too. Note that by the semisimplicity of H,,, pn(H.) is also a subalgebra of H,,.

The primitive idempotents z,, := )", T, /[n],! and y,, := Zw(fq)’l(“’)Tw/[n]l/q!
induce the symmetrizer and anti-symmetrizer operators on V€. Let S,, := Imp,(z,)
and A,, := Imp,(y,). Then one can show that S := @, , S, and A := @,” A,
are algebras [9]. They are called symmetric and exterior tensor algebras on the cor-
responding quantum superspace.

By definition, the Poincaré series Py (t) of A is > o0 t"dimy(A,). It is proved
in [14] that this series is a rational function having negative roots and positive poles.
Let r be the number of its roots and s be the number of its poles. Then, simple
Eg-comodules are parameterized by partitions from I'7¥ := {\ F n|\, 11 < s} [loc.cit.,
Theorem 5.1]. Consequently, in the algebra p,(#,) primitive idempotents are pa-
rameterized by partitions from I']-°, too.

The pair (r, s) is called the birank of R. Our main assumption on R is that

(112) tr(C) = 7[5 — T]q [ —

where C' is the reflection operator introduced above. In fact, (1.12) holds for any
Hecke symmetry. The proof will be given elsewhere.

Simple Hpg-comodules are much more complicated. The problem of classifying all
its simple comodules is still open.

The Hopf algebra Hg (resp. the bialgebra ER) is called the (function algebra on)
a quantum group (resp. quantum semigroup) of type A, ;.

Let R = R,|; be the standard deformation defined above. R,, has the birank
(r,s). The associated Hopf algebra is called the (function algebra on the) standard
quantum general linear supergroup GL,(r|s) [20]. In this case, the matrices C and D
are diagonal, tr(C) = tr(D) = —[s — r],.
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2. The Integral on Hpg. Recall that by definition, a left integral on a Hopf
algebra H over a field k£ is a non trivial lineal functional / : H — k with the

invariance property:
(2.1) /(a) => m /(a2).
(a)

Since we are considering superalgebras, we shall also require that the integral is even,
that means the value of an integral at an odd element of Hg is zero. The even part
Hj of H is an ordinary Hopf algebra and if H possesses a non zero integral then
its restriction on Hg is also non-zero and therefore by a theorem of Sullivan [23] is
uniquely determined up to a scalar constant.

It easy to see that (2.1) is equivalent to

(2.2) > [ (@Sh))ba =" ar [ (a1S(b)).
<b>/ (a) /

From the definition of Hg, an arbitrary element of Hr can be represented as a
linear combination of monomials in z/ and t}. On the other hand, using the relation
on Hp and the axiom (iii) of R, we can represent a monomial like t;zi as a linear
combination of monomials of the form z!¢7, i.e., we can interchange the order of z'
and t's in a tensor product. Namely, we have, according to (1.5),

(2.3) (=)D eef = (1) OO R P
Thus, by using the rule (2.3), we can represent any element of Hg as a linear combi-
nation of monomials of the form

jl_._ jz: I l(l
z; ;! th1 Ky

Therefore, it is sufficient to compute the integral at such monomials. Next, notice that
the integral at those monomials with p # ¢ must vanish, by virtue of (2.2). Indeed, if
the integral did not vanish at such monomials, (2.2) would give us a non-homogeneous
relation between elements of Hpg, which is a contradiction.

Let us denote, for n = I(I),

i ::/(ZILZT?) = (71)‘““}?‘“‘7‘)/(Z%fo’»'f)

where, as defined in the previous section, K’ is K written in the reverse order. Thus,
we can consider I,, as the matrix of an operator acting on V& @ VO,
We have the following conditions on I, (cf. [11, Section 4]) :
(I1) I, should be invariant with respect to the relations within z’s and 's given
in (1.2) and (1.5), respectively, that is, for all 4,5 =1,2,...,n — 1

(Rz‘ ® R])In = In(R] ® Rl)

(I2) when we contract I,, with respect to the relation (1.3), (1.7), we should get
I,,_1, more precisely,

i 7 J1inL _ JiLa gln
ol Kk =17 k0

Jn M vin
kn g JLiln _ J1jn L rig
Oy, = In17i %k, Cr
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(I3) I,, should respect the rule (2.2), which reads
Inff/,Z% = ZNIn#:’]-

These conditions are, in fact, sufficient for an integral on Hgr. For, assume we
have a collection of matrices I, satisfying the conditions (I1-13) above, then we can
extend it linearly on the whole Hi. The only ambiguity may occur is that, there
may be more than one way of leading an element of Hg to a linear combination of
monomials of the form Z{TE. However, the Yang-Baxter equation on R ensures that
different ways of using rule (2.3) give us the same result, up to relations in z’s and
t's, respectively.

We thus reduced the problem to finding a family of matrices I, satisfying condi-
tions (I1-I3). Our next claim is that I,, can be found in the following way

(2.4) =Y ¢"N(P,C°"R,-1)® R,
wes,,

where R,, = p(Ty,) as in Section 1, C is the reflection operator introduced in Section
1 and P, is a certain operator on V®”. More precisely, we have

LEMMA 2.1.  Assume that for each n > 1 the operator P, € pp(H,) =
End”7(V®m) c End*(V®7) is in the center of p,(Hy,) and satisfies the condition

P, 1 ®@idy = Py(L, + tr(C))

where L, are the Murphy operators: L; =0,

L, = Z qiiR(nfi,n)-, n>2,

(n —1i,n) is the inversion that changes places of n — i and n. Then the matrices I,
given in (2.4) satisfy the conditions (11-13).

Proof. The conditions (I1) and (I3) can be easily verified. In fact, (I1) is equivalent
to the equations

> ¢ '""N(RP,C"Ry) = > ¢'""P,C*"Ry1 @ (RuRi),
wed, wed,

fori=1,2,...,n— 1. By assumption, P, commutes with all R;. On the other hand,
using the Yang-Baxter equation we can also show that C®" commutes with all R;.
Therefore the equation above follows from

(25) > ¢ "(RiRy-1)@Ru= Y ¢ "Ry @ (RyRi). inHy®H,
weS, we&,

which can be easily verified using the Hecke equation for R. The verification of (I3)
is straightforward, it does not involve P, and C®" but rather a direct consequence of
relations in (1.2).

The harder part is to verify (I2). Here we use the condition

P, 1 ®idy = P,(L, + tr(C)).
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It is known that each element T, of #H, can be expressed in the form T, =
Ty,---Ty 1Ty, for some w; € S,._1, where G,,_; is the subgroup of &,,, fixing
n. We define a linear map H,, — H,_1 setting

| Ty Ty 0Ty, ifk<n—2
in(Tw) = { tr(C) T, ik =n—1.
The two conditions in (I2) can then be rewritten as follows:
(2.6) > ¢ h,(PiRy-)®Ry= Y. ¢ '“P,_ 1R, ®R,,
we®, ueS, 1

as elements of p,—1(Hp—1) @ pn(Hn), and

(2.7) > PRy ) @hy(Rw) = >, ¢ P, 1Ry @ Ry,
wEG,, uEG,,,l

as elements of p,(H,) ® pn—1(H,—1), (in the equations above, we have canceled the
term C®"~! on both sides).

The operator L, comes into play because of the following identity in H,, @ H,, 1
(cf [11, Lemma 4.1.3])

(28) Z qil(w)Tw*I ® hTL(Tw) = Z qil(w) (Ln + tr(C))Tu*I @ Ty
weS,, ue&, 1

here we identify #,_; with the subalgebra of H,, generated by T,,u € &,,_;. In fact,
we can replace tr(C') by any element of k. Replace T, by R, in (2.8) and plug in the
identity C%" Ry, 71" = hn(Ruw7), we obtain (2.7).

On the other hand, (2.8) and (2.5) imply (2.6):
> ¢y (PaRy—) @ Ry = > ¢ " hy(Ry-1) @ Ry P,

we®,, weS,
= Y T, @ (L, +tr(C)T, P,
ueS, 1
= > Pl 0T,
ueS, 1

The lemma is therefore proved.O

Thus, we reduced the problem of finding an integral on Hg to constructing op-
erators P, € p,(Hy,) satisfying certain conditions. The next step is to construct
P,.

3. The Construction of P,. We want to construct operators P, € p,(H,)
with the property

Pn(Ln + tr(C)) = Pn,1 ® Id\/

The Murphy operators L,, were introduced by Dipper and James [7] following
Murphy’s construction, to describe a full set of mutually orthogonal primitive idem-
potents of the algebra H,:

B = — . 1<i<dy, AEP,,
™ 1<1m—[<n [ i(N) (m)]q — [klq "
1—m<k<m—1
K cr (a) (m)




THE INTEGRAL ON QUANTUM SUPERGROUPS OF TYPE A4, 761

where {t;(\),1 <@ < dy} is the set of standard A-tableaux, ¢;,(y)(m) is the content
of m in the standard tableau ¢;(\). The primitive idempotents F; (y), it = 1,2,...,d)
belong to the same block that corresponds to A, their sum F)\ = Zlgz‘sdA Ei(n 18
the minimal central idempotent corresponding to A.

m+1
It is known that L,, satisfies the equation H (L, — [K]q) = 0. Therefore, for
k=—m-—1
1<m<mn,
(3.1) Lin By, (x) = Eg; (0 Lin = ct;00) (m) B ().

Let Q7% denote the set {A\A,41 < s, A, = s}. For A € Q™% [(s™)] C [\]. We define

q
n= ] ———
cepin(en)] (@) 7= sl
and
(3.2) Poi= Y pE,oy= Y, nFh
xeqr® AeQ®
1<i<dy

Recall that P, are defined in the algebra p, (H,) = End”® (V")  which is the fac-
tor algebra of H,, by the two-sided ideal generated by minimal central idempotents cor-
responding to partitions from P, \T'">*. Fixing an embedding p,(H,) <= pnt1(Hnt1)s
pn(Hp) 2 W r— W Ridy € ppy1(Hpg1), we identify p,,(H,) with a subalgebra of
Prt1(Hpy1)-

LeEMMA 3.1. The operators P, are central in p,(H,) and satisfy the equation (in
pn+1(Hnt1))

Poi1(Lnyr — [s —1]g) = Pa.

Proof. The operator P, is obviously central, for it is a sum of central elements.

We check the equation above. First, notice that, if A € Q7, and t;()) is a
standard A-tableau, then the node of [\], containing n + 1, is removable, i.e., having
removed it we still have a standard tableau. The tableau t;()\) is called essential if this
node is not the node (r, s), otherwise it is called non-essential. A tableau is essential
iff the tableau, obtained from it by removing the node containing n + 1 is again a
~v-tableau with v € Q7>°.

Observe, that if #;()) is non-essential, then ¢;;(\)(n + 1) = s — r, hence

Et; o) (Lns1 — [s = 1]g) =0,

by virtue of Equation (3.1). We reshuffle the terms of P41 in groups as follows

Popi= > > mEx+ Y. By

.8 7,8 i
Jeam rea’ t(A) is
n n+1 non—eesser

. tial
1<y 40351 (7) e

That is, for each t;(v), v € Q% we pick up into a group those standard tableaux

n

t(A), A € Q.77 that contain #;(7) as a subtableau. The above observation implies that

n
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the last sum in the right-hand side of the above equation is killed by Ly41 — [s —7],.
Thus, it is sufficient to prove, for a fixed ¢;(7), v € QI%,

Z PAEi () (Lng1 — [s = 1lg) = Py By, ()

/\ESZ +1
(X)) Dt (7)

We have (Lyp1—[s—7]) Eyx) = [ci0)(n+1)]g—[s—7]¢ E¢(n) and thus py([ex(z)]q —
[s—r]q) = py whenever [y] is obtained from [A] by removing the node z. Since, for any
two standard tableaux #(y) and #(\) with v C A as above, the number n + 1 should
lie in the node x, for which [A] \ [z] = [y], we deduce that the equation to be proved

is equivalent to

(3.3) Z Eyx) = Bii(y)-

,\EQ +1

t(X)Dt; ()

Since [T}, (Lns1 — [K]y) = 0.

k=—n—1

n+1 n+1

Z H n+1 ]qq =1

m=—n— 1k_—n 1,
k#

Therefore
n+1 n+1
Ln+1_[k]
Pun= 3 B [ 75—t
m=—n—1 k=—mn—1, a q
k#m

Remember that we are working in the algebra p,,1(#H,+41), in which E\ # 0 if and
only if A € Q'7,. Each term on the right-hand side of the above equation is either zero
or a primitive idempotent of the form Fj () with #(A) containing ¢;(y) as a subtableau.
Since the left-hand side of (3.3) contains all primitive idempotents in pp41(Hp+1) that
correspond to standard tableaux containing #,(7y) as a subtableau, the equation (3.3)

follows. Lemma 3.1 is therefore proved.O
As a corollary of Lemmas 2.1 and 3.1, we have

THEOREM 3.2. The Hopf algebra Hg associated to a Hecke symmetry R, which
satisfies the condition (1.12), possesses an integral, which is uniquely determined up
to a scalar multiple. Let (r,s) be the birank of R. Then an integral can be given as

follows: if I(I) = I(K) < rs, /(Z{ZTf() =0 and if (I) =1(K) =n > rs,

(3.4) /Z]ZTA, > g "N(P.CO" Ry f R,

(K' = (kn,kn—1,....k1)).

~ REMARK. Since P,, C, R are even operators, the integral in (3.4) vanishes unless
| = (L)1 = |K].

There is a symmetric bilinear form on the Hecke algebra H,,, given by (Ty,T,) =
¢'§u_,. With respect to this bilinear form, {R,,w € &,} and {¢""“)R, 1 ,cq,}
are dual bases [6].

Let {EY,AF n,1 <1i,j <d\} be a basis of H,, with the following properties
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1. {E;j, <i,j < d\} is a basis of the block in H,,, corresponding to A;
2. BYE} = 8,5] B}l )
and let ky = (E{, EY), (-,-) be the mentioned above bilinear form. Then, {E}/, <

i,7 < d)} and {Eii/kA7 <i,7 < d\} are dual bases with respect to the above form.
Hence, using standard argument we can easily show

(3.5) > "R, ®Ry= > - E”®Eﬂ
weS, Nty

The number k, can be computed explicitly: ky = ¢"(V) [1.c /\][ (x)] , where

n(A) = >, A — 1), h(z) is the hook length of z in the diagram [A]: hy(z) =

Ai + A, —i—j+1, where (i, j) is the coordinate of x in the diagram [A] (cf. [12]).
The formula (3.4) can therefore be rewritten as follows:

1 i iid iid
<3.6>/ (22l = Y SCPEDE = Y PCEE
1<i,j<dy

155-.‘1'%",\

4. Characters of Hrp and Quantum Analogue of Super HCIZ Integral
Formula. In this section, we would like to give a quantum analogue of the super
HCIZ integral formula. Recall that the super HCIZ integral formula (0.2) computes
the integral on the compact supergroup U(r|s) at the function on the variable U
running in U(r|s): strf(MUNU )", where M, N are fixed hermitian supermatrices.
First, notice the following equality for supermatrices

[str(MUN'U1)]" = str(MUNUH®") = (=) I MIULNT], U

where we adopt the notion in Section 1 of Z} and ZT; In fact, the first equation
above is obvious, the second equation follows from the following recurrent relation

(*1)‘IA\+%M}§_UJJN o UTl - (- )‘”M UJNT UT -(fl)iM}U,fNTfUTi,

By definition, an A-point of Hg is an algebra homomorphism ¢ : Hrp — A,
where A is a superalgebra over k. Set M = ¢(Z). Then the entries of M commute by
the same rule as the entries of Z. M is called a quantum supermatrlx with values from

A. We set ML := ¢(Z%) and MTJ, = ¢(S(Zh)) = ¢(ZTJ,) Our quantum analogue of

HCIZ formula will compute the integral at the element DfMjZirNTi\, ZTILD,7 where
DY is the entries of the tensor power of the matrix D (which consists of scalars from
k), M and N are points of Hg with entries anti-commuting with the elements of
Hpg. In other words, let M and N be quantum supermatrices with values from an
algebra A. A ® Hg has a natural structure of a superalgebra as the product of two
superalgebras in the category of vector superspaces. The integral on Hpy induces
amap A® Hr — A. We want to compute the value of this map at the element

DY M! Zi»NTB, ZTILD, of the algebra A® Hpg in terms of the values of certain irreducible
characters of Hi at the matrices M and N.

We first need the notion of coribbon coquasitriangular Hopf superalgebras. The
notion of coquasitriangular Hopf superalgebras does not differ from the notion of co-
quasitriangular Hopf algebras (see e.g. [17]), except that a sign may appear whenever
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we permute two adjacent elements in a tensor product. Explicitly, we define a coquasi-
triangular structure on a Hopf superalgebra H as an even linear mapr : H@ H — k,
subject to the following conditions (see, e.g. [13]):

(—1)61&27"(01,[]1)02[]2 = (—1)31&[]1&17“((12,62),
r(ab,c) = (=1)*1r(a,c1)r(b,cs),  r(a,bc) = r(ar, c)r(as,b),

(=1)" %0, b)r (az,ba) = (=1)"%r " (a1, bi)r(az, ba) = <(ab).
The following properties of r are consequences of the definition:
r(S(a),b) =r a,b) r(a,1) =r(1,a) = <(a).

The coquasitriangular structure r : H®H — k induces a braiding in the category
of H-comodules making this category a braided category. Explicitly, the braiding is
given by

TMN: M@N — N@M, m®nr—>(fl)mﬁ“no(}bmor(ml,nl), mé€ M,n € N.

Define a linear map u : H — k, u(a) := (=1)%1%2p(ay, S(a1)). Then the square
of the antipode can be computed by means of u

(4.1) S5%(a) = u=(ar)asu(as),

where u 1, its convolution inverse is given by u~!(a) = (—1)192r(52(az), a;) (cf. [13,
Section 2]).

A ribbon form on a coquasitriangular Hopf superalgebras is an even linear map
t : H— k, subject to the following conditions:

t(ar)az = art(aq), t(S(a)) = t(a), t(a)t *(az) =t *(ar)t(as) = e(a),
t(ab) = (71)&b2t(a1)t(bl)r(b27 ag)’l"(ag, bg)
The ribbon form satisfies:
(4.2) t(a)t(az) = u " (a1)u""(S(a2)).

The proof is to expand the right-hand side using the formula for the square of the
antipode given above. .

Notice that, since r and ¢ are even linear map, r(a,b) = 0 unless @ + b = 0 and
t(a) = 0 unless a = 0.

The ribbon form t induces a twist in the category of finite dimensional H-
comodules, making this category a ribbon category [22, 17]. The twist is given by

Or M — M, m+—— mgt(my).

Let H be a coribbon Hopf superalgebra, and M an H-comodule of finite di-
mension. Fix a basis x1,22,...,24 and let a} 1 < 4,5 < d be the corresponding
multiplicative matrix, that is, the coaction of H on M is given by 6(z;) = zy @ a¥.
Let Ths be the matrix of the twist morphism 9M with respect to this basis. Then we
have TMév = t(a}). Similarly, let Dij = (=1)Yu(S(a})) = (=1)7r(a}, S(ak)). Let f
be an endomorphism of M and F' be its matrix. We define

‘I)(f) = tr(DMTMFA)
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to be the character of the morphism f, where A is the matrix (ag) (cf. [12]). The
character of the comodule M is ®(M) := ®(idys) = tr(Dy T A).

Let M* be the dual vector superspace to M and &', €2, ...,£% be the dual basis
on M*. The coaction of H on M* is given by §(£!) = (—1)""(’“‘%)51‘" ® S(a}). Hence,
the character of the dual comodule M* is

O(M*) = tr(Cy T S(A)),

where CMj- = (fl)gju(aé) = r(a?,S(a};)).

The equality in (4.2) can be rewritten as follows:
(4.3) DuenTuen = (DuTu) @ (DnTy),

where the matrices Dy gy and Then are defined similarly for M @ N, with respect
to certain bases of M and N. Notice that the definition of the ribbon form ¢ implies
that Ty, commutes with D,;. We have the following properties of ®:

(44) ©(f @ g) = &(f) + ®(9), @(f@g)=(f) D(g), @(foh)=2o(hof),

where f, h and g are endomorphisms of the comodules M and N, respectively. Indeed,
the first equation is obvious, the second one follows from (4.3), the last one follows from
the naturality of . Since M @ N =2 N ® M by means of the braiding, which is a natural
transformation, i.e. commute with all morphisms, we have ®(f) - ®(g) = ®(g) - 2(f).

Hp is a coribbon Hopf superalgebra (cf. [15]). The coquasitriangular structure
is given by

ey = B ) = (1

r(eptf) = (<17 PR (e ) = (-1 TRY,

and the ribbon form is given by t(z;) = q(r’s“)/Qé;, where (r, s) is the birank of the
Hecke symmetry R. The form u satisfies u(2}) = (fl)ﬁPﬁ, and u(z}) = (fl)ﬁPllj.

The double centralizer theorem 1.1 implies that simple comodules of Er are
parameterized by partitions from the set I'"® = {A|\,;1 < s}. For each partition
A € I'7®, denote M), the corresponding simple Eg-comodule, M), is isomorphic to
Imp(E,) for a primitive idempotent E\. Since the map Er — Hpg is injective (cf.
[11, Theorem 2.3.5]), M), is a simple Hpg-comodule, too. Therefore ®(M)) = ®(E,),
hence

Sy = (I)(Mx) = tr(DV®nTV®nE)\Z®n).

Remember that in the definition of Z®", the signs are also inserted.
The equality in (4.3) for ¢ and u implies

DV®"’ TV®"’ = DgnT‘(/@n
Since Ty = t(Z) = ¢"?*tid, we have
(4.5) Sy =®(M,) = q""V2DIE Z [
Analogously, we have

(4.6) S_y = d(M}) = "V 20l gy g gt

b
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where C} 1= (— 1)iu(z i) =Pl
We are now ready to forrnulate a quantum analogue of the HCIZ integral formula
for quantum supergroups of type A, ,.

THEOREM 4.1. Let M and N be A-points of Hg. Assume that entries of M and
N anti-commute with the entries of Z and T'. Then

K’ L —n(r—s d
J@raiziat 2t = e 3 BB sy ),
rerpt A
Proof. Choosing a basis {Eij, At n,1<1,7 <d,,such that E, = Eii for some 1,
we have
/(D}Dszg(NTg ZTILD,) = /((,1)(\j\+\K\)(WH@DD}DM}NT? Z}]\»ZTILJ,)

(by (3.6) = S B (n)(IHIRNRHID pP ANt O BV B,

A K
1<i,j<dy k>\
reay”
_ P P el it niEK AL i@
= > T DIMIE], N', CGEV
1<i,j<dy
xeq

S D P (B (M) - (B (N)

1<i,j<dy kex
xeal
n T—S8 p
= E q 4 k—AS,\(M)S,,\(N).
r.s A
AEQT

In the third equation above the term (—1)(‘J‘+‘K‘)(‘K‘+‘LD disappears according to
the remark following Theorem 3.2, in the last equation, we have, by means of (4.4),
®(EY)=®(EVEY)=®(E{EY)=0iti# ;.0

EXAMPLE. Let us consider the case of standard quantum general linear super
group G'Ly(r|s), determined in terms of the symmetry R, |, given Section 1. In this
case, any diagonal matrix with commuting entries is a point of Eg. Thus, assume
that M and N are diagonal matrix with entries commuting each other and with the
entries of Z and T', A = diag(ay,as, ..., ar45), B = diag(by, ba, ..., by15). Then, we have

r—s+1

S(n) (M) = Z hnfk(qal'/ ey qT'/ a’l“)ek(iqra’r%-l'/ ces —( a’l“+s)7

k=0
hi and ej are the k-th complete and elementary symmetric functions in » and s
variables, respectively [19, Chapter I]. Hence

S/\(M) = S)\(qaluq2a27 sy qra’r/ - qrar+17 ceey _qris+1ar+s)7
s are the Hook-Schur functions in r+s variables (c¢f. [loc.cit., Ex. 1.3.23]). Therefore,
if A e 0% thus, A\ = (r®) + pUV', u € P",v € P*, we have [loc.cit.]

Sy(A) = ()" T (dai— a7 argy)sulgar, . q"ay)
i=1,j=1

17
XSV(qTaT+17" .7qr+ Sar+s)7
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where s, (resp. s,) are the Schur functions in r variables (resp. s variables).
Analogously, we have

SaB)= (D" I (@b =7 by )sula” b, g 0hy)
i=1,j=1
XSy(qlist+1,...,br+S).

The quantum super HCIZ is then given by, (n > rs),

T8

K’ d P . i
/ (DABiZ{ 2T )= > e — a7 ary)
GLy(r|s)

pEPT VEPT, A i=1
|l +lv|=n—rs j=1
A=(s")+puv’

(@ = ¢ brg)su({d ai ) s ({7 A}
xsu({a" 7015 (10" by })-
d ~1)¥nld,d,
For ¢ =1, APY (=1 " n! dy and the above formula reduces to (0.2).
ky vt ryry
5. The Orthogonal Relations. We are now interested in the orthogonal rela-
tions. Let My, M,, be two simple comodules correspondir_lg to partitions A and u of n.
Let M, = ImE\, M, = ImE,,. Then, choosing a basis E\’ of H,, such that E, = E{
for some i, and using (3.6), we have

(B(M), B(M,)) = / (B(M)B(M)) = g5+ / (DLEN] ZKCY BN 717

v n ,ij ji I<
= DOV B O B L,
(by (1.8) or (4.2)) = 55597.‘32’—%(0(8”&) =0.

Here &3,.. indicates, whether A belongs to I'**, it is zero if A ¢ I'™® and 1 otherwise.
On the other hand, for X form I'™*, tr(C®"E,) = 0, for it is the quantum rank of M,
(cf. [15]).

We have seen that the scalar product above cannot be used to define the or-

thogonal relations. So we compute instead the integral /(ZAS(Z”)), where 7, is a

coefficient matrix of the simple comodule M,, i.e., Z, is the multiplicative matrix
corresponding to certain basis of M.

Let us fix a primitive idempotent Ex, A F n, and set My = Imp(Ey) C V", Fix
a basis e, ez,...,em, of My, my := dimM,. Let Q}, 1 < a,b < my, be such that
Qpec = 02ep. Since Ey is a projection on My, we can consider it as a linear map
from M), into V" and from V®™ onto M. Hence we define P? := E\Q¢E) to be
endomorphism of V®". We have P?P$ = §4Pf.

Let Cy be the restriction of C®” on M, which is an invariant space of C®” and
C; be the matrix element of C with respect to the above basis. Then we have

O\ = tr(C" P,

Consider the basis X| = x;, ®1,,®- - @z, of VO 1 < i; < d. The corresponding
multiplicative matrix is Z§. Then the multiplicative matrix for My, corresponding to
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the basis ey, es,...en, is given by Z\y = PbagZ{. Now, choosing a basis Eij of H,
such that E, = EY’ for some ¢, we have

/wﬁﬂaawa/m%%Wmfﬂé>

= > k. 'putr(CO"E}Y P{E) PY)
per;”
1<ij<dy

=k 'pAdgtr(COmPY)

=k 'pr0§Cyg.

Thus, we have proved

PROPOSITION 5.1. Let M), be the simple comodule of Hg, corresponding to par-
tition A and eq,ea, -, em, be its basis. Let Zy be the corresponding multiplicative
matriz. Let Cy be the restriction of the operator C€™ on My and C\j be its matriz
elements with respect to the basis above. Then we have the following orthogonal-type
relations:

(5.1) 25209 = K pasicn

REMARK. The fact that the left-hand side and the right-hand side of (5.1) are
proportional follows directly from (2.2) and (4.1). However, this direct proof can not
give us the coefficient k;lpA.
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