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Abstract. Quan tum groups of t yp e A

r j s

generalize the general linear sup ergroups GL ( r j s ).

W e compute the in tegral on these quan tum sup ergroups and whence deriv e a quan tum analogue of

(sup er) HCIZ in tegral form ula.

In tro duction. A quan tum sup ergroup of t yp e A

r j s

is a Hopf sup eralgebra,

whic h, as an algebra, is a quotien t of a free non-comm utativ e tensor algebra on a

certain �nite dimensional v ector sup erspace V , b y certain relations, determined in

terms of a Hec k e symmetry of birank ( r + 1 ; s + 1) acting on V 
 V . If the Hec k e

symmetry reduces to the ordinary sup er-p erm uting op erator in the category of v ec-

tor sup erspaces, w e reco v er the quan tum general linear sup ergroup GL ( r + 1 ; s + 1),

(Section 1).

In this w ork, w e compute the in tegral on quan tum sup ergroups of t yp e A

r j s

.

The notion of in tegral on Hopf algebras w as in tro duced b y Sw eedler [24 ]. This is

an analogue of the notion of in v arian t in tegrals on compact groups (see, e.g., [21 ]).

In fact, the algebra of represen tativ e functions on a compact group is dense in the

algebra of all con tin uous complex v alued functions b y P eter-W eyl's theorem. The

former algebra is a Hopf algebra and the de�nition of the in v arian t in tegral can b e

giv en in a purely algebraic w a y using the coalgebra structure, namely , a (left) in tegral

on a Hopf algebra H , de�ned o v er a �eld k , is a linear form

Z

: H � ! k , satisfying

the follo wing condition:

Z

( a ) = m (

Z


 id

H

)�( a ) ;

where m; � denote the pro duct and copro duct on H and w e iden tify the �eld k with

a subspace of H b y means of the unit of H . This de�nition can also b e extended

for Hopf sup eralgebras. On the other hand, the existence of in tegral on compact

sup ergroups w as established b y Berezin [3]. Unlik e the case of compact group, the

v olume of a compact sup ergroup ma y v anish, as it happ ens to the sup ergroups U ( r j s )

of unitary sup ermatrices.

A form ula for the in tegral on the group U ( d ) w as obtained b y Itzykson and Zub er

[4]. This form ula computes the in tegral at the function of the form tr

M ;N ;n

( U ) :=

�

tr ( M U N U

� 1

)

�

n

, where M ; N are hermitian matrices. It can b e giv en in the follo wing

form

Z

U ( d )

�

tr ( M U N U

� 1

)

�

n

[ dU ] =

X

� 2P

d

n

d

�

r

�

�

�

( M )�

�

( N )(0.1)

for an y hermitian matrices M and N . Here, P

d

n

is the set of partitions of n of length d .

�

�

is the irreducible c haracter of U ( d ), corresp onding to the partition � . If �

1

; �

2

; :::; �

d

�
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are the eigen v alues of M then �

�

( M ) = s

�

( �

1

; �

2

; :::; �

d

), s

�

are the Sc h ur functions

[19 , Chapter I]. d

�

is the dimension of the irreducible mo dule of the symmetric group

S

d

, r

�

is the dimension of the irreducible represen tation of U ( d ), corresp onding to

partition � . Explicitly , d

�

= d !

Q

x 2 [ � ]

h ( x )

� 1

, r

�

=

Q

x 2 [ � ]

( c ( x ) + d ) h ( x )

� 1

, where

c ( x ) is the con ten t, h ( x ) is the ho ok-length of the b o x x in the diagram [ � ] (see

[lo c.cit.]).

This form ula turns out to b e a sp ecial case of a form ula obtained b y Harish-

Chandra [16 ]. The in tegral on the left-hand side of (0.1) is therefore referred as

Harish-Chandra-Itzykson-Zub er (HCIZ) in tegral.

A sup er analogue of the HCIZ form ula w as obtained b y Alfaro, Medina and

Urrutia [1, 2], it reads

Z

U ( r j s )

str ( M U N U

� 1

)

n

[ dU ] =

X

� 2P

m

;� 2P

n

j � j + j � j = n � r s

( � 1)

j � j

n !

j � j ! j � j !

d

�

d

�

r

�

r

�

�

�

( M )�

�

( N ) ;(0.2)

where � = ( s

r

) + � [ �

0

:

(

z }| {

r

s

( s

r

) �

�

0

Our problem of �nding in tegrals on the function algebra of quan tum linear sup er-

group GL

q

( r j s ) is th us motiv ated b y the HCIZ in tegral. On the other hand, it is an

in teresting problem from the p oin t of view of Hopf algebra theory . In tegrals on Hopf

algebras w ere studied b y sev eral authors since the pioneering w ork of Sw eedler [24 ],

see e.g. [23 , 18 , 8]. F or �nite dimensional Hopf algebra is is kno wn that the in tegrals

exist uniquely up to a scalar. Ho w ev er, few examples of in�nite dimensional Hopf

algebras with in tegral, except cosemisimple Hopf algebras, are kno wn.

Let R b e a Hec k e symmetry on a �nite dimensional v ector sup er space V of

dimension d . De�ne an algebra H

R

as a quotien t of the free non-comm utativ e algebra

k hf z

j

i

; t

j

i

; 1 � i; j � d gi b y relations in (1.2), (1.3). Then H

R

has a structure of a Hopf

sup eralgebra and is called the algebra of functions on a quan tum sup ergroup of t yp e

A

r � 1 j s � 1

, where ( r ; s ) is the birank of R , see Section 1.

The Hopf algebra H

R

is cosemisimple if and only if r = 0 or s = 0. In this

particular case, the in tegral w as explicitly computed in [11 ] and an analogue of the

HCIZ in tegral form ula w as giv en in [12 ], where the notion of c haracters of coribb on

Hopf algebras w as in tro duced. The case of arbitrary ( r ; s ) will b e treated in the

presen t pap er. Since our ob ject is considered to generalize the sup ergroup GL ( r j s ),

it is natural that w e are w orking in the category of v ector sup erspaces, so that our

algebra H

R

will b e a Hopf sup eralgebras. Nev ertheless, as w e shall see in the course

of the pap er, the ground category do es not pla ys an y essen tial role.

Using the comm utation rule on H

R

, one can sho w that an elemen t of H

R

can b e represen ted as a linear com bination of monomials on z

j

i

; t

l

k

of the form

z

j

1

i

1

� � � z

j

p

i

p

t

l

1

k

1

� � � t

l

q

k

q

: F rom the linearit y of the in tegral, w e see that it is su�cien t to

�nd the in tegral on the set of monomials of the form z

j

1

i

1

� � � z

j

p

i

p

t

l

1

k

1

� � � t

l

q

k

q

: It turns out

that an y in tegral should v anish on those monomials with p 6= q .

The form ula of the in tegral on z

j

1

i

1

� � � z

j

n

i

n

t

l

1

k

1

� � � t

l

n

k

n

is based on an op erator P

n

:
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 n

. In Section 2 w e sho w that the axiom for the in tegral is equiv alen t

to certain conditions on P

n

. In Section 3 w e construct P

n

. In Section 4 w e deriv e

a quan tum analogue of HCIZ in tegral from our form ula for the in tegral. T o do this

w e �rst in tro duce the notion of c haracter of H

R

-como dules and recall the notion of

p oin ts of a quan tum group. The quan tum sup er HCIZ in tegral form ula in Theorem

4.1 then follo ws immediately from the form ula in (3.6). In the last section w e discuss

the orthogonal relation of some simple H

R

-como dules.

In the case of the compact group S U

q

(2), the orthogonal relations for matrix

elemen ts of the co e�cien t matrix of simple como dules o v er w as giv en b y Soib elman

and V askman [26 ], the case of arbitrary compact quan tum groups w as treated b y

W orono wicz [25 ]. Their basic idea w as that an y simple como dules o v er a compact

quan tum groups should b e isomorphic to its double dual and the form ula could b e

giv en in terms of the in tert winer of these t w o como dules. This metho d can not

b e applied directly for quan tum sup ergroups since in man y case, the trace of the

in tert winer ma y v anish.

Notations and Con v en tions. W e w ork in the category of v ector sup erspaces

o v er an algebraically closed �eld k of c haracteristic zero. All algebraic ob jects, lik e

algebras, morphisms, linear forms etc..., will then b e considered as ob jects in this cat-

egory , for instance, morphisms are alw a ys ev en, i.e. map ev en (o dd) elemen ts to ev en

(o dd) elemen ts. An elemen t from a v ector sup erspace usually means a homogeneous

one. The dual space to a v ector spaces of �nite dimension is de�ned b y an ev en form.

If x

1

; x

2

; : : : ; x

d

is a homogeneous basis for a v ector sup erspace V , then the dual basis

�

1

; �

2

; : : : �

d

on V

�

has the same parit y as x

1

; x

2

; : : : ; x

d

and satis�es �

k

( x

i

) = �

k

i

. T o

a v oid an y signs app earing, the dual to a tensor pro duct V 
 W of t w o v ector sup er-

spaces V and W is canonically iden ti�ed with W

�


 V

�

. The standard p erm uting

op erator on the tensor pro duct V 
 W is giv en b y the rule a 
 b 7� ! ( � 1)

^a

^

b

b 
 a , for

homogeneous elemen ts a; b , where ^a denotes the parit y of a .

A matrix C of en tries from the �eld k will ha v e the en try on the i -th ro w and j -th

column denoted b y C

i

j

. F or a matrix Z of en tries from an algebra, its ( i; j ) en try will

b e denoted b y z

i

j

. W e adopt the con v en tion of summing up after indices that app er

b oth in lo w er and upp er places, for example, a

i

j

b

j

k

=

P

j

a

i

j

b

j

k

.

F or the notion of partitions, diagrams, standard tableaux, con ten ts, ho ok-length,

etc..., the reader is referred to [19 , Chapter I]. Let P denote the set of all partitions,

P

n

denote the set of partitions of n , for � 2 P

n

w e shall write � ` n or j � j = n .

Let �

r ;s

denote the set of ( r ; s )-ho ok-partitions: f � 2 P j �

r +1

� s g , 


r ;s

denote the

subset of �

r ;s

: f � 2 �

r ;s

j �

r

= s g , �nally , let �

r ;s

n

= P

n

\ �

r ;s

and 


r ;s

n

= 


r ;s

n

\ P

n

,

P

d

n

= �

d; 0

n

.

F or a partition � , [ � ] denotes the corresp onding diagram. The diagram [ � ], �lled

with the n um b ers 1 ; 2 ; : : : ; j � j in suc h a w a y that they increase in eac h column and eac h

ro w, is called a standard � -tableau. The n um b er of standard � -tableaux is precisely

the dimension of the irreducible represen tation of the symmetric group S

n

, n = j � j .

The con ten t of the no de on the i -th ro w and j -th column is j � i , its ho ok-length is

the cardinal n um b er of no des lying on the same ro w and to the righ t and lying on

the same column and b elo w. F or a � -tableau t ( � ), c

t ( � )

( m ) is the con ten t of the no de

con taining m .
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Example. Let � = (3 ; 2 ; 2). Then

[ � ] = some standard � -tableaux are: t

1

( � ) =

1 3 4

2 6

5 7

t

2

( � ) =

1 3 7

2 4

5 6

w e ha v e c

t

1

( � )

(5) = � 2 ; c

t

1

( � )

(6) = � 1. � can b e considered as elemen t of 


1 ; 2

or




3 ; 2

. Ho w ev er, if consider � as an elemen t of 


1 ; 2

, t

1

( � ) and t

2

( � ) are b oth essen tial

while, if consider � as an elemen t of 


3 ; 2

, t

2

( � ) is still essen tial but t

1

( � ) isn't (see

Lemma 3.1).

1. Quan tum Groups Asso ciated to Hec k e Symmetries. Let V b e a sup er

v ector space o v er k , a �xed �eld of c haracteristic zero. Fix a homogeneous basis

x

1

; x

2

; : : : ; x

d

of V . W e denote the parit y of the basis elemen t x

i

b y

^

i . An ev en

op erator R on V 
 V can b e giv en b y a matrix R

k l

ij

: R ( x

i


 x

j

) = x

k


 x

l

R

k l

ij

: Since R

is an ev en op erator, the matrix elemen t R

ij

k l

is zero if

^

i +

^

j 6=

^

k +

^

l . R is called He cke

symmetry if the follo wing conditions are satis�ed:

i) R satis�es the Y ang-Baxter equation R

1

R

2

R

1

= R

2

R

1

R

2

; where R

1

:= R 
 I ,

R

2

:= I 
 R , and I is the iden tit y matrix of degree d .

ii) R satis�es the Hec k e equation ( R � q )( R + 1) = 0 for some q whic h will b e

assumed not to b e a r o ot of unity of de gr e e gr e ater then 1.

iii) There exists a matrix P

k l

ij

suc h that P

im

j n

R

nk

ml

= �

i

l

�

k

j

: A matrix satisfying this

condition is called close d .

Example. The follo wing main example of Hec k e symmetries w as �rst considered

b y Manin [20 ]. Assume that the v ariable x

i

, i � r are ev en and the rest s v ariables

are o dd. De�ne, for 1 � i; j; k ; l � r + s ,

R

r j s

k l

ij

:=

8

>

>

>

>

<

>

>

>

>

:

q

2

if i = j = k = l ;

^

i = 0

� 1 if i = j = k = l ;

^

i = 1

q

2

� 1 if k = i < j = l

( � 1)

^

i

^

j

q if k = j 6= i = l

0 otherwise.

The Hec k e equation for R

r j s

is ( x � q

2

)( x + 1) = 0. When q = 1, R

r j s

reduces to the

sup er-p erm uting op erator on V 
 V .

Let R b e a Hec k e symmetry . W e de�ne the matrix bialgebra E

R

and the matrix

Hopf algebra H

R

as follo ws. Let f z

i

j

; t

i

j

j 1 � i; j � d g b e a set of indeterminates,

with parities ^x

i

j

=

^

t

i

j

=

^

i +

^

j . W e de�ne E

R

as the quotien t algebra of the free

non-comm utativ e algebra, generated b y f z

i

j

j 1 � i; j � d g , b y the relations

( � 1)

^s (

^

i + ^ p )

R

k l

ps

z

p

i

z

s

j

= ( � 1)

^

l ( ^ q +

^

k )

z

k

q

z

l

n

R

q n

ij

; 1 � i; j; k ; l � d:(1.1)

Here, w e use the con v en tion of summing up b y the indices that app ear in b oth

lo w er and upp er places. W e de�ne the algebra H

R

as the quotien t of the free non-

comm utativ e algebra generated b y f z

i

j

; t

i

j

j 1 � i; j � d g , b y the relations

( � 1)

^s (

^

i + ^ p )

R

k l

ps

z

p

i

z

s

j

= ( � 1)

^

l ( ^ q +

^

k )

z

k

q

z

l

n

R

q n

ij

; 1 � i; j; k ; l � d;(1.2)

( � 1)

^

j
(

^

j +

^

k )

z

i

j

t

j

k

= ( � 1)

^

l (

^

l +

^

i )

t

i

l

z

l

k

= �

i

k

; 1 � i; k � d:(1.3)
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The relations in (1.1) can b e considered as the comm uting rule for elemen ts of

E

R

. On H

R

the relations (1.2) and (1.3) also imply the follo wing relations:

( � 1)

^

k (

^

i +

^

j )

R

pj

q l

z

i

j

t

l

k

= ( � 1)

^m ( ^ n + ^ p )

t

p

n

z

m

q

R

ni

mk

; 1 � p; q ; i; k � d;(1.4)

( � 1)

^s (

^

i + ^ p )

R

k l

ps

t

s

j

t

p

i

= ( � 1)

^

l ( ^ q +

^

k )

t

l

n

t

k

q

R

q n

ij

; 1 � i; j; k ; l � d:(1.5)

By the closedness of R , (1.4) is equiv alen t to

( � 1)

^

k (

^

i +

^

j )

P

k m

in

z

i

j

t

l

k

= ( � 1)

^m ( ^ n + ^ p )

t

p

n

z

m

q

P

lq

j p

; 1 � k ; l ; m; n � d:(1.6)

Setting m = n in (1.6) and summing up after this index, and using (1.3) w e get

( � 1)

^

k (

^

i +

^

j )

C

k

i

z

i

j

t

l

k

= C

l

j

; where C

k

i

:= P

k m

im

.(1.7)

It is easy to sho w that E

R

and H

R

are bialgebras with resp ect to the copro duct

giv en b y

�( z

i

j

) = z

i

k


 z

k

j

; �( t

i

j

) = t

k

j


 t

i

k

:

H

R

is, in fact, a Hopf algebra with the an tip o de on H

R

is giv en b y

S ( z

i

j

) = ( � 1)

^

j (

^

i +

^

j )

t

i

j

; S ( t

i

j

) = ( � 1)

^

i (

^

i +

^

j )

C

i

k

z

k

l

C

� 1

l

j

:

W e also de�ne D

i

j

:= P

li

lj

. The matrices C and D , called re
ection op erators, pla y

imp ortan t roles in this w ork. Using the Hec k e equation w e can sho w that (cf [11 ])

C D = D C = q

� 1

� ( q

� 1

� 1) tr ( C ) :(1.8)

Since w e are w orking in the category of v ector sup erspaces, the rule of sign e�ects

on the copro duct. More precisely , the compatibilit y of pro duct and copro duct of a

sup er bialgebra reads

�( ab ) =

X

( a )( b )

( � 1)

^a

2

^

b

1

a

1

b

1


 a

2

b

2

;

for homogeneous a; b . Analogously , the an tip o de satis�es

S ( ab ) = ( � 1)

^a

^

b

S ( b ) S ( a ) ; �( S ( a )) = ( � 1)

^a

1

^a

2

S ( a

2

) 
 S ( a

1

)

for homogeneous a; b . Consequen tly , though the matrix Z is m ultiplicativ e, i.e.

�( z

i

j

) = z

i

k


 z

k

j

, its tensor p o w ers are not.

T o compute the copro duct on the tensor p o w ers of Z , w e in tro duce a sign function

sign ( I ; J ), where I ; J are m ulti-indices of the same length. F or an y �xed n , the matrix

( sign ( I ; J )) where I ; J run through the set of m ulti-indices of length n is the matrix

of the standard isomorphism

�

n

: ( V

�


 V )


 n

� ! ( V


 n

)

�


 V


 n

;

whic h is de�ned in the standard w a y using the sup er-p erm uting op erator, with resp ect

to the basis x

1

; x

2

; : : : ; x

d

and its dual �

1

; �

2

; : : : ; �

d

. Explicitly , � mo v es the elemen ts

of V

�

to the left of the elemen ts of V without resh u�ing them and then rev erses the
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order of the elemen ts from V

�

. The signs that app ear de�ne the function sign . In

other w ords, �

n

is giv en b y

� ( �

i

1


 x

j

1

) 
 � � � 
 ( �

i

n


 x

j

n

) = sign ( I ; J )( �

i

n


 � � � 
 �

i

1


 x

j

1


 � � � 
 x

j

n

) :

W e th us ha v e the follo wing recurren t form ulae for sign :

sign ( I i; J j ) = ( � 1)

^

i
( j

^

I j + j

^

J j )

sign ( I ; J ) ; sign ( iI ; j J ) = ( � 1)

j

^

I j (

^

i +

^

j )

sign ( I ; J ) ;

where j

^

I j :=

^

i

1

+

^

i

2

+ � � � +

^

i

n

if I = ( i

1

; i

2

; : : : ; i

n

). F or single indices, w e ha v e

sign ( i; j ) = 1 for an y i; j .

Then, using induction w e ha v e

�( z

i

1

j

1

z

i

2

j

2

� � � z

i

2

j

2

) = sign ( I ; K ) sign ( K ; J ) sign ( I ; J ) z

i

1

k

1

z

i

2

k

2

� � � z

i

n

k

n


 z

k

1

j

1

z

k

2

j

2

� � � z

k

2

j

n

:

Th us, setting Z

I

J

= sign ( I ; J ) z

i

1

j

1

z

i

2

j

2

� � � z

i

2

j

2

; w e ha v e

�( Z

I

J

) = Z

I

K


 Z

K

L

:

Analogously , setting T

I

J

:= sign ( J ; I ) z

i

1

j

1

z

i

2

j

2

� � � z

i

2

j

2

; w e ha v e

�( T

I

J

) = T

K

L


 T

I

K

; and moreo v er S ( Z

I

J

) = ( � 1)

j

^

J j ( j

^

I j + j

^

J j )

T

I

0

J

0

:

W e shall, for con v enience, formally set

Z

y

I

0

J

0

:= S ( Z

I

J

) = ( � 1)

j

^

J j ( j

^

I j + j

^

J j )

T

I

0

J

0

;

where K

0

is the sequence K written in the rev erse order. There is a close connection

b et w een E

R

and H

R

with the Hec k e algebras of t yp e A . The n -th Hec k e algebra of

t yp e A , H

n;q

is generated b y elemen ts T

i

; 1 � i � n � 1, sub ject to the relations

T

i

T

j

= T

j

T

i

; j i � j j � 2; T

i

T

i +1

T

i

= T

i +1

T

i

T

i +1

; i = 1 ; :::; n � 2;

T

2

i

= ( q � 1) T

i

+ q ; 8 i:

T o eac h elemen t w of the symmetric group S

n

of p erm utations of the sets

f 1 ; 2 ; :::; n g , one can asso ciate in a canonical w a y an elemen t T

w

of H

n

= H

n;q

,

in particular, T

1

= 1 ; T

( i;i +1)

= T

i

. The set f T

w

j w 2 S

n

g form a k -basis for H

n

[6 ].

R induces an action of the Hec k e algebra H

n

= H

q ;n

on the tensor p o w ers V


 n

of V , �

n

( T

i

) = R

i

:= id


 i � 1

V


 R 
 id


 n � i � 1

V

: W e shall therefore use the notation

R

w

:= � ( T

w

). On the other hand, E

R

coacts on V b y � ( x

i

) = x

j


 z

j

i

. Since E

R

is a

bialgebra, it coacts on V


 n

b y means of the pro duct. Explicitly , � ( Z

I

) = X

J


 Z

J

I

,

where X

I

:= x

i

1


 � � � 
 x

i

n

.

Let us use the notation TEnd for the set of all endomorphisms of a v ector sup er-

spaces. The follo wing is a sup er v ersion of the double cen tralizer theorem pro v ed in

[10 , Theorem 2.1].

Pr oposition 1.1. With the assumption that q is not a r o ot of unity of de gr e e

gr e ater then 1, we have the fol lowing isomorphism of algebr as:

TEnd

H

n

( V


 n

)

�

=

( E

n

R

)

�

(1.9)

TEnd

E

R

( V


 n

)

�

=

�

n

( H

n

) ;(1.10)
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wher e, E

n

R

is the n -th homo gene ous c omp onent of E

R

, which is a c o algebr a. Sinc e R

is an even op er ator, (1.10) implies

End

E

R

( V


 n

)

�

=

�

n

( H

n

) :(1.11)

Pr o of. It is su�cien t to pro v e (1.9). (1.10) then follo ws b y means of the densit y

theorem [5 , V ol. 2], for H

n

is semisimple. It is to establish a non-degenerate bilinear

form h TEnd

H

n

( V


 n

) ; E

n

R

i , whic h is compatible with the pro duct and copro duct.

Recall that E

n

R

is a quotien t of ( V

�


 V )


 n

b y the relation in (1.2). Using the

isomorphism �

n

, w e iden tify this space with ( V


 n

)

�


 V


 n

: Then E

n

R

is isomorphic

to the quotien t of the latter b y the subspace

n � 1

X

i =1

Im (( R

� 1

i

)

�


 R

i

) :

The pro of of [10 , Theorem 2.1] no w applies and giv es us the desired result.

The double cen tralizer theorem implies that a simple E

R

-como dule is the image of

the op erator induced b y a primitiv e idemp oten t of H

n

and, con v ersely , eac h primitiv e

idemp oten t of H

n

induces an E

R

como dule whic h is either zero or simple. On the

other hand, irreducible represen tations of H

n

are parameterized b y partitions of n .

Hence up to conjugation, primitiv e idemp oten ts of H

n

are parameterized b y partitions

of n , to o. Note that b y the semisimplicit y of H

n

, �

n

( H

n

) is also a subalgebra of H

n

.

The primitiv e idemp oten ts x

n

:=

P

w

T

w

= [ n ]

q

! and y

n

:=

P

w

( � q )

� l ( w )

T

w

= [ n ]

1 =q

!

induce the symmetrizer and an ti-symmetrizer op erators on V


 n

. Let S

n

:= Im �

n

( x

n

)

and �

n

:= Im �

n

( y

n

). Then one can sho w that S :=

L

1

n =0

S

n

and � :=

L

1

n =0

�

n

are algebras [9 ]. They are called symmetric and exterior tensor algebras on the cor-

resp onding quan tum sup erspace.

By de�nition, the P oincar � e series P

�

( t ) of � is

P

1

n =0

t

n

dim

k

(�

n

). It is pro v ed

in [14 ] that this series is a rational function ha ving negativ e ro ots and p ositiv e p oles.

Let r b e the n um b er of its ro ots and s b e the n um b er of its p oles. Then, simple

E

R

-como dules are parameterized b y partitions from �

r s

n

:= f � ` n j �

r +1

� s g [lo c.cit.,

Theorem 5.1]. Consequen tly , in the algebra �

n

( H

n

) primitiv e idemp oten ts are pa-

rameterized b y partitions from �

r ;s

n

, to o.

The pair ( r ; s ) is called the birank of R . Our main assumption on R is that

tr ( C ) = � [ s � r ]

q

:= �

q

s � r

� 1

q � 1

;(1.12)

where C is the re
ection op erator in tro duced ab o v e. In fact, (1.12) holds for an y

Hec k e symmetry . The pro of will b e giv en elsewhere.

Simple H

R

-como dules are m uc h more complicated. The problem of classifying all

its simple como dules is still op en.

The Hopf algebra H

R

(resp. the bialgebra E

R

) is called the (function algebra on)

a quan tum group (resp. quan tum semigroup) of t yp e A

r � 1 j s � 1

.

Let R = R

r j s

b e the standard deformation de�ned ab o v e. R

r j s

has the birank

( r ; s ). The asso ciated Hopf algebra is called the (function algebra on the) standard

quan tum general linear sup ergroup GL

q

( r j s ) [20 ]. In this case, the matrices C and D

are diagonal, tr ( C ) = tr ( D ) = � [ s � r ]

q

.
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2. The In tegral on H

R

. Recall that b y de�nition, a left in tegral on a Hopf

algebra H o v er a �eld k is a non trivial lineal functional

Z

: H � ! k with the

in v ariance prop ert y:

Z

( a ) =

X

( a )

a

1

Z

( a

2

) :(2.1)

Since w e are considering sup eralgebras, w e shall also require that the in tegral is ev en,

that means the v alue of an in tegral at an o dd elemen t of H

R

is zero. The ev en part

H

�

0

of H is an ordinary Hopf algebra and if H p ossesses a non zero in tegral then

its restriction on H

�

0

is also non-zero and therefore b y a theorem of Sulliv an [23 ] is

uniquely determined up to a scalar constan t.

It easy to see that (2.1) is equiv alen t to

X

( b )

Z

( aS ( b

1

)) b

2

=

X

( a )

a

1

Z

( a

1

S ( b )) :(2.2)

F rom the de�nition of H

R

, an arbitrary elemen t of H

R

can b e represen ted as a

linear com bination of monomials in z

j

i

and t

l

k

. On the other hand, using the relation

on H

R

and the axiom (iii) of R , w e can represen t a monomial lik e t

i

j

z

l

k

as a linear

com bination of monomials of the form z

q

p

t

s

r

, i.e., w e can in terc hange the order of z

0

and t

0

s in a tensor pro duct. Namely , w e ha v e, according to (1.5),

( � 1)

^

l (

^

i +

^

j )

t

j

i

z

l

k

= ( � 1)

^r (

^

( p + ^ q )

R

j p

k s

z

q

p

t

s

r

P

r l

q i

:(2.3)

Th us, b y using the rule (2.3), w e can represen t an y elemen t of H

R

as a linear com bi-

nation of monomials of the form

z

j

1

i

1

� � � z

j

p

i

p

t

l

1

k

1

� � � t

l

q

k

q

:

Therefore, it is su�cien t to compute the in tegral at suc h monomials. Next, notice that

the in tegral at those monomials with p 6= q m ust v anish, b y virtue of (2.2). Indeed, if

the in tegral did not v anish at suc h monomials, (2.2) w ould giv e us a non-homogeneous

relation b et w een elemen ts of H

R

, whic h is a con tradiction.

Let us denote, for n = l ( I ),

I

n

J L

I K

:=

Z

�

Z

L

I

Z

y

J

0

K

0

�

= ( � 1)

j

^

K j ( j

^

K j + j

^

J j )

Z

�

Z

L

I

T

J

0

K

0

�

where, as de�ned in the previous section, K

0

is K written in the rev erse order. Th us,

w e can consider I

n

as the matrix of an op erator acting on V


 n


 V


 n

.

W e ha v e the follo wing conditions on I

n

(cf. [11 , Section 4]) :

(I1) I

n

should b e in v arian t with resp ect to the relations within z

0

s and t

0

s giv en

in (1.2) and (1.5), resp ectiv ely , that is, for all i; j = 1 ; 2 ; : : : ; n � 1

( R

i


 R

j

) I

n

= I

n

( R

j


 R

i

) :

(I2) when w e con tract I

n

with resp ect to the relation (1.3), (1.7), w e should get

I

n � 1

, more precisely ,

�

i

n

j

n

I

n

J

1

j

n

L

I

1

i

n

K

= I

n � 1

J

1

L

1

I

1

K

1

�

l

n

k n

C

k

n

l

n

I

n

J L

1

l

n

I K k

n

= I

n � 1

J

1

j

n

L

1

I i

p

K

1

C

i

n

j

n

:
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(I3) I

n

should resp ect the rule (2.2), whic h reads

I

n

J L

I M

Z

M

K

= Z

L

N

I

n

J N

I K

:

These conditions are, in fact, su�cien t for an in tegral on H

R

. F or, assume w e

ha v e a collection of matrices I

n

, satisfying the conditions (I1-I3) ab o v e, then w e can

extend it linearly on the whole H

R

. The only am biguit y ma y o ccur is that, there

ma y b e more than one w a y of leading an elemen t of H

R

to a linear com bination of

monomials of the form Z

J

I

T

L

K

. Ho w ev er, the Y ang-Baxter equation on R ensures that

di�eren t w a ys of using rule (2.3) giv e us the same result, up to relations in z

0

s and

t

0

s , resp ectiv ely .

W e th us reduced the problem to �nding a family of matrices I

n

satisfying condi-

tions (I1-I3). Our next claim is that I

n

can b e found in the follo wing w a y

I

n

=

X

w 2 S

n

q

� l ( w )

( P

n

C


 n

R

w

� 1
) 
 R

w

(2.4)

where R

w

= � ( T

w

) as in Section 1, C is the re
ection op erator in tro duced in Section

1 and P

n

is a certain op erator on V


 n

. More precisely , w e ha v e

Lemma 2.1. Assume that for e ach n � 1 the op er ator P

n

2 �

n

( H

n

) =

End

H

R

( V


 n

) � End

k

( V


 n

) is in the c enter of �

n

( H

n

) and satis�es the c ondition

P

n � 1


 id

V

= P

n

( L

n

+ tr ( C ))

wher e L

n

ar e the Murphy op er ators: L

1

= 0 ,

L

n

=

n � 1

X

i =1

q

� i

R

( n � i;n )

; n � 2 ;

( n � i; n ) is the inversion that changes plac es of n � i and n . Then the matric es I

n

given in (2.4) satisfy the c onditions (I1-I3).

Pr o of. The conditions (I1) and (I3) can b e easily v eri�ed. In fact, (I1) is equiv alen t

to the equations

X

w 2 S

n

q

� l ( w )

( R

i

P

n

C


 n

R

w

� 1
) 
 R

w

=

X

w 2 S

n

q

� l ( w )

P

n

C


 n

R

w

� 1

 ( R

w

R

i

) ;

for i = 1 ; 2 ; : : : ; n � 1. By assumption, P

n

comm utes with all R

i

. On the other hand,

using the Y ang-Baxter equation w e can also sho w that C


 n

comm utes with all R

i

.

Therefore the equation ab o v e follo ws from

X

w 2 S

n

q

� l ( w )

( R

i

R

w

� 1
) 
 R

w

=

X

w 2 S

n

q

� l ( w )

R

w

� 1

 ( R

w

R

i

) ; in H

n


 H

n

,(2.5)

whic h can b e easily v eri�ed using the Hec k e equation for R . The v eri�cation of (I3)

is straigh tforw ard, it do es not in v olv e P

n

and C


 n

but rather a direct consequence of

relations in (1.2).

The harder part is to v erify (I2). Here w e use the condition

P

n � 1


 id

V

= P

n

( L

n

+ tr ( C )) :
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It is kno wn that eac h elemen t T

w

of H

n

can b e expressed in the form T

w

=

T

k

� � � T

n � 1

T

w

1

for some w

1

2 S

n � 1

, where S

n � 1

is the subgroup of S

n

, �xing

n . W e de�ne a linear map H

n

� ! H

n � 1

setting

h

n

( T

w

) =

�

T

k

� � � T

n � 2

T

w

1

if k � n � 2;

tr ( C ) T

w

1

if k = n � 1 :

The t w o conditions in (I2) can then b e rewritten as follo ws:

X

w 2 S

n

q

� l ( w )

h

n

( P

n

R

w

� 1
) 
 R

w

=

X

u 2 S

n � 1

q

� l ( u )

P

n � 1

R

u

� 1

 R

u

;(2.6)

as elemen ts of �

n � 1

( H

n � 1

) 
 �

n

( H

n

), and

X

w 2 S

n

q

� l ( w )

( P

n

R

w

� 1
) 
 h

n

( R

w

) =

X

u 2 S

n � 1

q

� l ( u )

P

n � 1

R

u

� 1

 R

u

;(2.7)

as elemen ts of �

n

( H

n

) 
 �

n � 1

( H

n � 1

), (in the equations ab o v e, w e ha v e canceled the

term C


 n � 1

on b oth sides).

The op erator L

n

comes in to pla y b ecause of the follo wing iden tit y in H

n


 H

n � 1

(cf [11 , Lemma 4.1.3])

X

w 2 S

n

q

� l ( w )

T

w

� 1

 h

n

( T

w

) =

X

u 2 S

n � 1

q

� l ( w )

( L

n

+ tr ( C )) T

u

� 1

 T

u

(2.8)

here w e iden tify H

n � 1

with the subalgebra of H

n

generated b y T

u

; u 2 S

n � 1

. In fact,

w e can replace tr ( C ) b y an y elemen t of k . Replace T

w

b y R

w

in (2.8) and plug in the

iden tit y C

i

n

j

n

R

w

J

1

j

n

I

1

i

n

= h

n

( R

w

J

I

), w e obtain (2.7).

On the other hand, (2.8) and (2.5) imply (2.6):

X

w 2 S

n

q

� l ( w )

h

n

( P

n

R

w

� 1
) 
 R

w

=

X

w 2 S

n

q

� l ( w )

h

n

( R

w

� 1
) 
 R

w

P

n

=

X

u 2 S

n � 1

q

� l ( u )

T

u

� 1

 ( L

n

+ tr ( C )) T

u

P

n

=

X

u 2 S

n � 1

q

� l ( u )

P

n � 1

T

u

� 1

 T

u

:

The lemma is therefore pro v ed.

Th us, w e reduced the problem of �nding an in tegral on H

R

to constructing op-

erators P

n

2 �

n

( H

n

) satisfying certain conditions. The next step is to construct

P

n

.

3. The Construction of P

n

. W e w an t to construct op erators P

n

2 �

n

( H

n

)

with the prop ert y

P

n

( L

n

+ tr ( C )) = P

n � 1


 id

V

:

The Murph y op erators L

n

w ere in tro duced b y Dipp er and James [7 ] follo wing

Murph y's construction, to describ e a full set of m utually orthogonal primitiv e idem-

p oten ts of the algebra H

n

:

E

t

i

( � )

=

Y

1 � m � n

1 � m � k � m � 1

k 6= c

t

i

( � )

( m )

L

m

� [ k ]

q

[ c

t

i

( � )

( m )]

q

� [ k ]

q

; 1 � i � d

�

; � 2 P

n

;



THE INTEGRAL ON QUANTUM SUPER GR OUPS OF TYPE A

r j s

761

where f t

i

( � ) ; 1 � i � d

�

g is the set of standard � -tableaux, c

t

i

( � )

( m ) is the con ten t

of m in the standard tableau t

i

( � ). The primitiv e idemp oten ts E

t

i

( � )

; i = 1 ; 2 ; :::; d

�

b elong to the same blo c k that corresp onds to � , their sum F

�

=

P

1 � i � d

�

E

t

i

( � )

is

the minimal cen tral idemp oten t corresp onding to � .

It is kno wn that L

m

satis�es the equation

m +1

Y

k = � m � 1

( L

m

� [ k ]

q

) = 0 : Therefore, for

1 � m � n ,

L

m

E

t

i

( � )

= E

t

i

( � )

L

m

= c

t

i

( � )

( m ) E

t

i

( � )

:(3.1)

Let 


r ;s

n

denote the set f � j �

r +1

� s; �

r

= s g . F or � 2 


r ;s

, [( s

r

)] � [ � ]. W e de�ne

p

�

:=

Y

x 2 [ � ] n [( s

r

)]

q

r � s

[ c

�

( x ) + r � s ]

q

;

and

P

n

:=

X

� 2 


r ;s

n

1 � i � d

�

p

�

E

t

i

( � )

=

X

� 2 


r ;s

n

p

�

F

�

:(3.2)

Recall that P

n

are de�ned in the algebra �

n

( H

n

)

�

=

End

E

R

( V


 n

), whic h is the fac-

tor algebra of H

n

b y the t w o-sided ideal generated b y minimal cen tral idemp oten ts cor-

resp onding to partitions from P

n

n �

r ;s

n

. Fixing an em b edding �

n

( H

n

) , ! �

n +1

( H

n +1

),

�

n

( H

n

) 3 W 7� ! W 
 id

V

2 �

n +1

( H

n +1

), w e iden tify �

n

( H

n

) with a subalgebra of

�

n +1

( H

n +1

).

Lemma 3.1. The op er ators P

n

ar e c entr al in �

n

( H

n

) and satisfy the e quation (in

�

n +1

( H

n +1

) )

P

n +1

( L

n +1

� [ s � r ]

q

) = P

n

:

Pr o of. The op erator P

n

is ob viously cen tral, for it is a sum of cen tral elemen ts.

W e c hec k the equation ab o v e. First, notice that, if � 2 


r ;s

n +1

and t

i

( � ) is a

standard � -tableau, then the no de of [ � ], con taining n + 1, is remo v able, i.e., ha ving

remo v ed it w e still ha v e a standard tableau. The tableau t

i

( � ) is called essen tial if this

no de is not the no de ( r ; s ), otherwise it is called non-essen tial. A tableau is essen tial

i� the tableau, obtained from it b y remo ving the no de con taining n + 1 is again a


 -tableau with 
 2 


r ;s

n

:

Observ e, that if t

i

( � ) is non-essen tial, then c

t

i

( � )

( n + 1) = s � r , hence

E

t

i

( � )

( L

n +1

� [ s � r ]

q

) = 0 ;

b y virtue of Equation (3.1). W e resh u�e the terms of P

n +1

in groups as follo ws

P

n +1

=

X


 2 


r ;s

n

1 � i � d




X

� 2 


r ;s

n +1

t ( � ) � t

i

( 
 )

p

�

E

t ( � )

+

X

t ( � ) is

non � eessen tial

p

�

E

t ( � )

:

That is, for eac h t

i

( 
 ), 
 2 


r ;s

n

, w e pic k up in to a group those standard tableaux

t ( � ), � 2 


r ;s

n +1

that con tain t

i

( 
 ) as a subtableau. The ab o v e observ ation implies that
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the last sum in the righ t-hand side of the ab o v e equation is killed b y L

n +1

� [ s � r ]

q

.

Th us, it is su�cien t to pro v e, for a �xed t

i

( 
 ), 
 2 


r ;s

n

,

X

� 2 


r ;s

n +1

t ( � ) � t

i

( 
 )

p

�

E

t ( � )

( L

n +1

� [ s � r ]

q

) = p




E

t

i

( 
 )

:

W e ha v e ( L

n +1

� [ s � r ]

q

) E

t ( � )

= [ c

t ( � )

( n + 1)]

q

� [ s � r ]

q

E

t ( � )

and th us p

�

([ c

�

( x )]

q

�

[ s � r ]

q

) = p




whenev er [ 
 ] is obtained from [ � ] b y remo ving the no de x . Since, for an y

t w o standard tableaux t ( 
 ) and t ( � ) with 
 � � as ab o v e, the n um b er n + 1 should

lie in the no de x , for whic h [ � ] n [ x ] = [ 
 ], w e deduce that the equation to b e pro v ed

is equiv alen t to

X

� 2 


r ;s

n +1

t ( � ) � t

i

( 
 )

E

t ( � )

= E

t

i

( 
 )

:(3.3)

Since

Q

n +1

k = � n � 1

( L

n +1

� [ k ]

q

) = 0,

n +1

X

m = � n � 1

n +1

Y

k = � n � 1 ;

k 6= m

L

n +1

� [ k ]

q

[ m ]

q

� [ k ]

q

= 1 :

Therefore

E

t

i

( 
 )

=

n +1

X

m = � n � 1

E

t

i

( 
 )

n +1

Y

k = � n � 1 ;

k 6= m

L

n +1

� [ k ]

q

[ m ]

q

� [ k ]

q

:

Remem b er that w e are w orking in the algebra �

n +1

( H

n +1

), in whic h E

�

6= 0 if and

only if � 2 


r ;s

n +1

. Eac h term on the righ t-hand side of the ab o v e equation is either zero

or a primitiv e idemp oten t of the form E

t ( � )

with t ( � ) con taining t

i

( 
 ) as a subtableau.

Since the left-hand side of (3.3) con tains all primitiv e idemp oten ts in �

n +1

( H

n +1

) that

corresp ond to standard tableaux con taining t

i

( 
 ) as a subtableau, the equation (3.3)

follo ws. Lemma 3.1 is therefore pro v ed.

As a corollary of Lemmas 2.1 and 3.1, w e ha v e

Theorem 3.2. The Hopf algebr a H

R

asso ciate d to a He cke symmetry R , which

satis�es the c ondition (1.12), p ossesses an inte gr al, which is uniquely determine d up

to a sc alar multiple. L et ( r ; s ) b e the bir ank of R . Then an inte gr al c an b e given as

fol lows: if l ( I ) = l ( K ) < r s ,

Z

( Z

J

I

Z

y

L

K

) = 0 and if l ( I ) = l ( K ) = n � r s ,

Z

( Z

J

I

Z

y

L

0

K

0

) =

X

q

� l ( w )

( P

n

C


 n

R

w

� 1
)

L

I

R

w

J

K

;(3.4)

( K

0

= ( k

n

; k

n � 1

; :::; k

1

) ).

Remark. Since P

n

; C ; R are ev en op erators, the in tegral in (3.4) v anishes unless

j

^

I j = j

^

L j ; j

^

J j = j

^

K j :

There is a symmetric bilinear form on the Hec k e algebra H

n

, giv en b y ( T

u

; T

v

) =

q

l ( u )

�

u

v

� 1

. With resp ect to this bilinear form, f R

w

; w 2 S

n

g and f q

� l ( w )

R

w

� 1

;w 2 S

n

g

are dual bases [6 ].

Let f E

ij

�

; � ` n; 1 � i; j � d

�

g b e a basis of H

n

with the follo wing prop erties
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1. f E

ij

�

; � i; j � d

�

g is a basis of the blo c k in H

n

, corresp onding to � ;

2. E

ij

�

E

k l

�

= �

�

�

�

j

k

E

il

�

:

and let k

�

= ( E

ii

�

; E

ii

�

), ( � ; � ) b e the men tioned ab o v e bilinear form. Then, f E

ij

�

; �

i; j � d

�

g and f E

j i

�

=k

�

; � i; j � d

�

g are dual bases with resp ect to the ab o v e form.

Hence, using standard argumen t w e can easily sho w

X

w 2 S

n

q

� l ( w )

R

w

� 1 
 R

w

=

X

� ` n

1 � i;j � d

�

1

k

�

E

ij

�


 E

j i

�

:(3.5)

The n um b er k

�

can b e computed explicitly: k

�

= q

n ( � )

Q

x 2 [ � ]

[ h ( x )]

� 1

q

; where

n ( � ) =

P

i

�

i

( i � 1), h ( x ) is the ho ok length of x in the diagram [ � ]: h

�

( x ) =

�

i

+ �

0

j

� i � j + 1, where ( i; j ) is the co ordinate of x in the diagram [ � ] (cf. [12 ]).

The form ula (3.4) can therefore b e rewritten as follo ws:

Z

( Z

J

I

Z

y

L

0

K

0

) =

X

� ` n

1 � i;j � d

�

1

k

�

( C


 n

P

n

E

ij

�

)

L

I

E

j i

�

J

K

=

X

� 2 


r ;s

n

1 � i;j � d

�

p

�

k

�

( C


 n

E

ij

�

)

L

I

E

j i

�

J

K

:(3.6)

4. Characters of H

R

and Quan tum Analogue of Sup er HCIZ In tegral

F orm ula. In this section, w e w ould lik e to giv e a quan tum analogue of the sup er

HCIZ in tegral form ula. Recall that the sup er HCIZ in tegral form ula (0.2) computes

the in tegral on the compact sup ergroup U ( r j s ) at the function on the v ariable U

running in U ( r j s ): str ( M U N U

� 1

)

n

, where M ; N are �xed hermitian sup ermatrices.

First, notice the follo wing equalit y for sup ermatrices

�

str ( M U N

� 1

U

� 1

)

�

n

= str (( M U N U

� 1

)


 n

) = ( � 1)

j

^

I j

M

I

J

U

J

K

N

y

K

0

L

0

U

y

L

0

I

0

;

where w e adopt the notion in Section 1 of Z

I

J

and Z

y

I

J

. In fact, the �rst equation

ab o v e is ob vious, the second equation follo ws from the follo wing recurren t relation

( � 1)

j

^

I j +

^

i

M

I i

J j

U

J j

K k

N

y

k K

0

lL

0

U

y

lL

0

iI

0

= ( � 1)

j

^

I j

M

I

J

U

J

K

N

y

K

0

L

0

U

y

L

0

I

0

� ( � 1)

^

i

M

i

j

U

j

k

N

y

k

l

U

y

l

i

:

By de�nition, an A -p oin t of H

R

is an algebra homomorphism � : H

R

� ! A ,

where A is a sup eralgebra o v er k . Set M = � ( Z ). Then the en tries of M comm ute b y

the same rule as the en tries of Z . M is called a quan tum sup ermatrix with v alues from

A . W e set M

I

J

:= � ( Z

I

J

) and M

y

I

0

J

0

:= � ( S ( Z

I

J

)) = � ( Z

y

I

0

J

0

) : Our quan tum analogue of

HCIZ form ula will compute the in tegral at the elemen t D

P

I

M

I

J

Z

J

K

N

y

K

0

L

0

Z

y

L

0

P

0

, where

D

P

I

is the en tries of the tensor p o w er of the matrix D (whic h consists of scalars from

k ), M and N are p oin ts of H

R

with en tries an ti-comm uting with the elemen ts of

H

R

. In other w ords, let M and N b e quan tum sup ermatrices with v alues from an

algebra A . A 
 H

R

has a natural structure of a sup eralgebra as the pro duct of t w o

sup eralgebras in the category of v ector sup erspaces. The in tegral on H

R

induces

a map A 
 H

R

� ! A . W e w an t to compute the v alue of this map at the elemen t

D

P

I

M

I

J

Z

J

K

N

y

K

0

L

0

Z

y

L

0

P

0

of the algebra A 
 H

R

in terms of the v alues of certain irreducible

c haracters of H

R

at the matrices M and N .

W e �rst need the notion of coribb on co quasitriangular Hopf sup eralgebras. The

notion of co quasitriangular Hopf sup eralgebras do es not di�er from the notion of co-

quasitriangular Hopf algebras (see e.g. [17 ]), except that a sign ma y app ear whenev er
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w e p erm ute t w o adjacen t elemen ts in a tensor pro duct. Explicitly , w e de�ne a co quasi-

triangular structure on a Hopf sup eralgebra H as an ev en linear map r : H 
 H � ! k ,

sub ject to the follo wing conditions (see, e.g. [13 ]):

( � 1)

^

b

1

^a

2

r ( a

1

; b

1

) a

2

b

2

= ( � 1)

^

b

1

^a

b

1

a

1

r ( a

2

; b

2

) ;

r ( ab; c ) = ( � 1)

^

b ^c

1

r ( a; c

1

) r ( b; c

2

) ; r ( a; bc ) = r ( a

1

; c ) r ( a

2

; b ) ;

( � 1)

^

b

1

^a

2

r ( a

1

; b

1

) r

� 1

( a

2

; b

2

) = ( � 1)

^

b

1

^a

2

r

� 1

( a

1

; b

1

) r ( a

2

; b

2

) = " ( ab ) :

The follo wing prop erties of r are consequences of the de�nition:

r ( S ( a ) ; b ) = r

� 1

( a; b ) r ( a; 1) = r (1 ; a ) = " ( a ) :

The co quasitriangular structure r : H 
 H � ! k induces a braiding in the category

of H -como dules making this category a braided category . Explicitly , the braiding is

giv en b y

�

M ;N

: M 
 N � ! N 
 M ; m 
 n 7� ! ( � 1)

^m ^n

0

n

0


 m

0

r ( m

1

; n

1

) ; m 2 M ; n 2 N :

De�ne a linear map u : H � ! k , u ( a ) := ( � 1)

^a

1

^a

2

r ( a

2

; S ( a

1

)). Then the square

of the an tip o de can b e computed b y means of u

S

2

( a ) = u

� 1

( a

1

) a

2

u ( a

3

) ;(4.1)

where u

� 1

, its con v olution in v erse is giv en b y u

� 1

( a ) = ( � 1)

^a

1

^a

2

r ( S

2

( a

2

) ; a

1

) (cf. [13 ,

Section 2]).

A ribb on form on a co quasitriangular Hopf sup eralgebras is an ev en linear map

t : H � ! k , sub ject to the follo wing conditions:

t ( a

1

) a

2

= a

1

t ( a

2

) ; t ( S ( a )) = t ( a ) ; t ( a

1

) t

� 1

( a

2

) = t

� 1

( a

1

) t ( a

2

) = " ( a ) ;

t ( ab ) = ( � 1)

^a

^

b

2

t ( a

1

) t ( b

1

) r ( b

2

; a

3

) r ( a

3

; b

3

) :

The ribb on form satis�es:

t ( a

1

) t ( a

2

) = u

� 1

( a

1

) u

� 1

( S ( a

2

)) :(4.2)

The pro of is to expand the righ t-hand side using the form ula for the square of the

an tip o de giv en ab o v e.

Notice that, since r and t are ev en linear map, r ( a; b ) = 0 unless ^a +

^

b =

�

0 and

t ( a ) = 0 unless ^a =

�

0.

The ribb on form t induces a t wist in the category of �nite dimensional H -

como dules, making this category a ribb on category [22 , 17 ]. The t wist is giv en b y

�

M

: M � ! M ; m 7� ! m

0

t ( m

1

) :

Let H b e a coribb on Hopf sup eralgebra, and M an H -como dule of �nite di-

mension. Fix a basis x

1

; x

2

; : : : ; x

d

and let a

i

j

; 1 � i; j � d b e the corresp onding

m ultiplicativ e matrix, that is, the coaction of H on M is giv en b y � ( x

i

) = x

k


 a

k

i

.

Let T

M

b e the matrix of the t wist morphism �

M

with resp ect to this basis. Then w e

ha v e T

M

i

j

= t ( a

i

j

). Similarly , let D

M

i

j

= ( � 1)

^

i

^

j

u ( S ( a

i

j

)) = ( � 1)

^

i

^

j

r ( a

i

k

; S ( a

k

j

)). Let f

b e an endomorphism of M and F b e its matrix. W e de�ne

�( f ) := tr ( D

M

T

M

F A )
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to b e the c haracter of the morphism f , where A is the matrix ( a

i

j

) (cf. [12 ]). The

c haracter of the como dule M is �( M ) := �( id

M

) = tr ( D

M

T

M

A ).

Let M

�

b e the dual v ector sup erspace to M and �

1

; �

2

; : : : ; �

d

b e the dual basis

on M

�

. The coaction of H on M

�

is giv en b y � ( �

i

) = ( � 1)

^

k (

^

k +

^

i )

�

k


 S ( a

i

k

). Hence,

the c haracter of the dual como dule M

�

is

�( M

�

) = tr ( C

M

T

M

S ( A )) ;

where C

M

i

j

:= ( � 1)

^

i

^

j

u ( a

i

j

) = r ( a

k

j

; S ( a

i

k

)) :

The equalit y in (4.2) can b e rewritten as follo ws:

D

M 
 N

T

M 
 N

= ( D

M

T

M

) 
 ( D

N

T

N

) ;(4.3)

where the matrices D

M 
 N

and T

M 
 N

are de�ned similarly for M 
 N , with resp ect

to certain bases of M and N . Notice that the de�nition of the ribb on form t implies

that T

M

comm utes with D

M

. W e ha v e the follo wing prop erties of �:

�( f � g ) = �( f ) + �( g ) ; �( f 
 g ) = �( f ) � �( g ) ; �( f � h ) = �( h � f ) ;(4.4)

where f ; h and g are endomorphisms of the como dules M and N , resp ectiv ely . Indeed,

the �rst equation is ob vious, the second one follo ws from (4.3), the last one follo ws from

the naturalit y of � . Since M 
 N

�

=

N 
 M b y means of the braiding, whic h is a natural

transformation, i.e. comm ute with all morphisms, w e ha v e �( f ) � �( g ) = �( g ) � �( f ) :

H

R

is a coribb on Hopf sup eralgebra (cf. [15 ]). The co quasitriangular structure

is giv en b y

r ( z

i

j

; z

k

l

) = ( � 1)

^

j

^

k

R

k i

j l

;r ( t

i

j

; z

k

l

) = ( � 1)

^

i

^

k

R

� 1

ik

lj

;

r ( z

i

j

; t

k

l

) = ( � 1)

^

j

^

l

P

k i

j l

;r ( t

i

j

; t

k

l

) = ( � 1)

^

i

^

l

R

k i

j l

;

and the ribb on form is giv en b y t ( z

i

j

) = q

( r � s +1) = 2

�

i

j

, where ( r ; s ) is the birank of the

Hec k e symmetry R . The form u satis�es u ( z

i

j

) = ( � 1)

^

i

^

j

P

il

j l

; and u ( z

i

j

) = ( � 1)

^

i

^

j

P

li

lj

.

The double cen tralizer theorem 1.1 implies that simple como dules of E

R

are

parameterized b y partitions from the set �

r s

= f � j �

r +1

� s g . F or eac h partition

� 2 �

r ;s

n

, denote M

�

the corresp onding simple E

R

-como dule, M

�

is isomorphic to

Im � ( E

�

) for a primitiv e idemp oten t E

�

. Since the map E

R

� ! H

R

is injectiv e (cf.

[11 , Theorem 2.3.5]), M

�

is a simple H

R

-como dule, to o. Therefore �( M

�

) = �( E

�

),

hence

S

�

:= �( M

�

) = tr ( D

V


 n
T

V


 n
E

�

Z


 n

) :

Remem b er that in the de�nition of Z


 n

, the signs are also inserted.

The equalit y in (4.3) for t and u implies

D

V


 n
T

V


 n
= D


 n

V

T


 n

V

:

Since T

V

= t ( Z ) = q

r � 2+1

id , w e ha v e

S

�

= �( M

�

) = q

n ( r � s +1) = 2

D

I

J

E

�

J

K

Z

K

I

:(4.5)

Analogously , w e ha v e

S

� �

:= �( M

�

�

) = q

n ( r � s +1) = 2

C

I

J

E

�

J

K

Z

y

K

0

I

0

;(4.6)
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where C

i

j

:= ( � 1)

^

i

^

j

u ( z

i

j

) = P

li

lj

.

W e are no w ready to form ulate a quan tum analogue of the HCIZ in tegral form ula

for quan tum sup ergroups of t yp e A

r j s

.

Theorem 4.1. L et M and N b e A -p oints of H

R

. Assume that entries of M and

N anti-c ommute with the entries of Z and T . Then

Z

( D

P

I

M

I

J

Z

J

K

N

y

K

0

L

0

Z

y

L

0

P

0

) = q

� n ( r � s +1)

X

� 2 �

r ;s

n

d

�

p

�

k

�

S

�

( M ) S

� �

( N ) :

Pr o of. Cho osing a basis f E

ij

�

; � ` n; 1 � i; j � d

�

, suc h that E

�

= E

ii

�

for some i ,

w e ha v e

Z

( D

P

I

M

I

J

Z

J

K

N

y

K

0

L

0

Z

y

L

0

P

0

) =

Z

(( � 1)

( j

^

J j + j

^

K j )( j

^

K j + j

^

L j )

D

P

I

M

I

J

N

y

K

0

L

0

Z

J

K

Z

y

L

0

P

0

)

(b y (3.6)) =

X

1 � i;j � d

�

� 2 


r ;s

n

p

�

k

�

( � 1)

( j

^

J j + j

^

K j )( j

^

K j + j

^

L j )

D

P

I

M

I

J

N

y

K

0

L

0

C

L

Q

E

ij

�

Q

K

E

j i

�

J

P

=

X

1 � i;j � d

�

� 2 


r ;s

n

p

�

k

�

D

P

I

M

I

J

E

j i

�

J

P

N

y

K

0

L

0

C

L

Q

E

ij

�

Q

K

=

X

1 � i;j � d

�

� 2 


r ;s

n

q

� n ( r � s +1)

p

�

k

�

�( E

j i

�

)( M ) � �( E

ij �

�

)( N )

=

X

� 2 


r ;s

n

q

� n ( r � s +1)

d

�

p

�

k

�

S

�

( M ) S

� �

( N ) :

In the third equation ab o v e the term ( � 1)

( j

^

J j + j

^

K j )( j

^

K j + j

^

L j )

disapp ears according to

the remark follo wing Theorem 3.2, in the last equation, w e ha v e, b y means of (4.4),

�( E

ij

�

) = �( E

ij

�

E

j j

�

) = �( E

j j

�

E

ij

�

) = 0 if i 6= j .

Example. Let us consider the case of standard quan tum general linear sup er

group GL

q

( r j s ), determined in terms of the symmetry R

r j s

giv en Section 1. In this

case, an y diagonal matrix with comm uting en tries is a p oin t of E

R

. Th us, assume

that M and N are diagonal matrix with en tries comm uting eac h other and with the

en tries of Z and T , A = diag ( a

1

; a

2

; :::; a

r + s

), B = diag ( b

1

; b

2

; :::; b

r + s

). Then, w e ha v e

S

( n )

( M ) =

n

X

k =0

h

n � k

( q a

1

; :::; q

r

; a

r

) e

k

( � q

r

a

r +1

; :::; � q

r � s +1

a

r + s

) ;

h

k

and e

k

are the k -th complete and elemen tary symmetric functions in r and s

v ariables, resp ectiv ely [19 , Chapter I]. Hence

S

�

( M ) = s

�

( q a

1

; q

2

a

2

; :::; q

r

a

r

= � q

r

a

r +1

; :::; � q

r � s +1

a

r + s

) ;

s

�

are the Ho ok-Sc h ur functions in r + s v ariables (cf. [lo c.cit., Ex. I.3.23]). Therefore,

if � 2 �

r ;s

n

, th us, � = ( r

s

) + � [ �

0

, � 2 P

r

; � 2 P

s

, w e ha v e [lo c.cit.]

S

�

( A ) = ( � 1)

j � j

r ;s

Y

i =1 ;j =1

( q

i

a

i

� q

r � j +1

a

r + j

) s

�

( q a

1

; : : : ; q

r

a

r

)

� s

�

( q

r

a

r +1

; : : : ; q

r +1 � s

a

r + s

) ;
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where s

�

(resp. s

�

) are the Sc h ur functions in r v ariables (resp. s v ariables).

Analogously , w e ha v e

S

� �

( B ) = ( � 1)

j � j

r ;s

Y

i =1 ;j =1

( q

r � s � i +1

b

i

� q

j � s

b

r + j

) s

�

( q

r � s

b

1

; :::; q

1 � s

b

r

)

� s

�

( q

1 � s

b

r +1

; :::; b

r + s

) :

The quan tum sup er HCIZ is then giv en b y , ( n � r s ),

Z

GL

q

( r j s )

( D

I

J

A

J

B

K

Z

J

K

Z

y

K

0

I

0

) =

X

� 2P

r

;� 2P

s

;

j � j + j � j = n � r s

� =( s

r

)+ � [ �

0

d

�

p

�

k

�

r ;s

Y

i =1

j =1

( q

i

a

i

� q

r � j +1

a

r + j

)

� ( q

r � s � i +1

b

i

� q

j � s

b

r + j

) s

�

( f q

i

a

i

g ) s

�

( f q

r +1 � i

a

r + i

g )

� s

�

( f q

r � s +1 � i

b

i

g ) s

�

( f q

i � s

b

r + i

g ) :

F or q = 1,

d

�

p

�

k

�

=

( � 1)

j � j

n !

j � j ! j � j !

d

�

d

�

r

�

r

�

and the ab o v e form ula reduces to (0.2).

5. The Orthogonal Relations. W e are no w in terested in the orthogonal rela-

tions. Let M

�

; M

�

b e t w o simple como dules corresp onding to partitions � and � of n .

Let M

�

= Im E

�

, M

�

= Im E

�

. Then, c ho osing a basis E

ij

�

of H

n

, suc h that E

�

= E

ii

�

for some i , and using (3.6), w e ha v e

(�( M

�

) ; �( M

�

)) :=

Z

(�( M

�

)�( M

�

�

)) = q

n ( r � s +1)

Z

( D

I

J

E

�

J

K

Z

K

I

C

M

N

E

�

N

P

Z

y

P

0

M

0

)

=

X

�

p

�

k

�

D

I

J

E

�

J

K

C

M

N

E

�

N

P

( C


 n

E

ij

�

)

P

I

E

j i

�

K

M

(b y (1.8) or (4.2)) = �

�

�

�

�

�

r ;s

p

�

k

�

tr ( C


 n

E

�

) = 0 :

Here �

�

�

r ;s

indicates, whether � b elongs to �

r ;s

, it is zero if � 62 �

r ;s

and 1 otherwise.

On the other hand, for � form �

r ;s

, tr ( C


 n

E

�

) = 0, for it is the quan tum rank of M

�

(cf. [15 ]).

W e ha v e seen that the scalar pro duct ab o v e cannot b e used to de�ne the or-

thogonal relations. So w e compute instead the in tegral

Z

( Z

�

S ( Z

�

)), where Z

�

is a

co e�cien t matrix of the simple como dule M

�

, i.e., Z

�

is the m ultiplicativ e matrix

corresp onding to certain basis of M

�

.

Let us �x a primitiv e idemp oten t E

�

, � ` n , and set M

�

= Im � ( E

�

) � V


 n

. Fix

a basis e

1

; e

2

; : : : ; e

m

�

of M

�

, m

�

:= dim M

�

. Let Q

a

b

, 1 � a; b � m

�

, b e suc h that

Q

a

b

e

c

= �

a

c

e

b

. Since E

�

is a pro jection on M

�

, w e can consider it as a linear map

from M

�

in to V


 n

and from V


 n

on to M

�

. Hence w e de�ne P

a

b

:= E

�

Q

a

b

E

�

to b e

endomorphism of V


 n

. W e ha v e P

a

b

P

c

d

= �

a

d

P

c

b

.

Let C

�

b e the restriction of C


 n

on M

�

, whic h is an in v arian t space of C


 n

and

C

�

a

b

b e the matrix elemen t of C

�

with resp ect to the ab o v e basis. Then w e ha v e

C

�

a

b

= tr ( C


 n

P

a

b

) :

Consider the basis X

I

= x

i

1


 x

i

2


 � � � 
 x

i

n

of V


 n

, 1 � i

j

� d . The corresp onding

m ultiplicativ e matrix is Z

I

J

. Then the m ultiplicativ e matrix for M

�

, corresp onding to
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the basis e

1

; e

2

; : : : e

m

�

is giv en b y Z

�

a

b

= P

a

b

I

J

Z

J

I

. No w, c ho osing a basis E

ij

�

of H

n

suc h that E

�

= E

ii

�

for some i , w e ha v e

Z

( Z

�

a

b

S ( Z

�

c

d

)) =

Z

( P

a

b

I

J

Z

J

I

)( P

c

d

K

L

Z

y

L

0

K

0

)

=

X

� 2 �

r ;s

n

1 � i;j � d

�

k

� 1

�

p

�

tr ( C


 n

E

ij

�

P

a

b

E

j i

�

P

c

d

)

= k

� 1

�

p

�

�

a

d

tr ( C


 n

P

c

b

)

= k

� 1

�

p

�

�

a

d

C

�

c

b

:

Th us, w e ha v e pro v ed

Pr oposition 5.1. L et M

�

b e the simple c omo dule of H

R

, c orr esp onding to p ar-

tition � and e

1

; e

2

; � � � ; e

m

�

b e its b asis. L et Z

�

b e the c orr esp onding multiplic ative

matrix. L et C

�

b e the r estriction of the op er ator C


 n

on M

�

and C

�

a

b

b e its matrix

elements with r esp e ct to the b asis ab ove. Then we have the fol lowing ortho gonal-typ e

r elations:

Z

( Z

�

a

b

S ( Z

�

)

c

d

) = k

� 1

�

p

�

�

a

d

C

�

c

b

:(5.1)

Remark. The fact that the left-hand side and the righ t-hand side of (5.1) are

prop ortional follo ws directly from (2.2) and (4.1). Ho w ev er, this direct pro of can not

giv e us the co e�cien t k

� 1

�

p

�

.
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