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 2001 International PressVol. 5, No. 4, pp. 751{770, De
ember 2001 009THE INTEGRAL ON QUANTUM SUPERGROUPS OF TYPE ARjS�PH�UNG HÔ� HA' IyAbstra
t. Quantum groups of type Arjs generalize the general linear supergroups GL(rjs).We 
ompute the integral on these quantum supergroups and when
e derive a quantum analogue of(super) HCIZ integral formula.Introdu
tion. A quantum supergroup of type Arjs is a Hopf superalgebra,whi
h, as an algebra, is a quotient of a free non-
ommutative tensor algebra on a
ertain �nite dimensional ve
tor superspa
e V , by 
ertain relations, determined interms of a He
ke symmetry of birank (r + 1; s + 1) a
ting on V 
 V . If the He
kesymmetry redu
es to the ordinary super-permuting operator in the 
ategory of ve
-tor superspa
es, we re
over the quantum general linear supergroup GL(r + 1; s+ 1),(Se
tion 1).In this work, we 
ompute the integral on quantum supergroups of type Arjs.The notion of integral on Hopf algebras was introdu
ed by Sweedler [24℄. This isan analogue of the notion of invariant integrals on 
ompa
t groups (see, e.g., [21℄).In fa
t, the algebra of representative fun
tions on a 
ompa
t group is dense in thealgebra of all 
ontinuous 
omplex valued fun
tions by Peter-Weyl's theorem. Theformer algebra is a Hopf algebra and the de�nition of the invariant integral 
an begiven in a purely algebrai
 way using the 
oalgebra stru
ture, namely, a (left) integralon a Hopf algebra H , de�ned over a �eld k, is a linear form Z : H �! k, satisfyingthe following 
ondition: Z (a) = m(Z 
idH)�(a);where m;� denote the produ
t and 
oprodu
t on H and we identify the �eld k witha subspa
e of H by means of the unit of H . This de�nition 
an also be extendedfor Hopf superalgebras. On the other hand, the existen
e of integral on 
ompa
tsupergroups was established by Berezin [3℄. Unlike the 
ase of 
ompa
t group, thevolume of a 
ompa
t supergroup may vanish, as it happens to the supergroups U(rjs)of unitary supermatri
es.A formula for the integral on the group U(d) was obtained by Itzykson and Zuber[4℄. This formula 
omputes the integral at the fun
tion of the form trM;N;n(U) :=�tr(MUNU�1)�n, whereM;N are hermitian matri
es. It 
an be given in the followingform ZU(d) �tr(MUNU�1)�n [dU ℄ = X�2Pdn d�r���(M)��(N)(0.1)for any hermitian matri
esM and N . Here, Pdn is the set of partitions of n of length d.�� is the irredu
ible 
hara
ter of U(d), 
orresponding to the partition �. If �1; �2; :::; �d�Re
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752 P. H. HAIare the eigenvalues of M then ��(M) = s�(�1; �2; :::; �d), s� are the S
hur fun
tions[19, Chapter I℄. d� is the dimension of the irredu
ible module of the symmetri
 groupSd, r� is the dimension of the irredu
ible representation of U(d), 
orresponding topartition �. Expli
itly, d� = d!Qx2[�℄ h(x)�1, r� = Qx2[�℄(
(x) + d)h(x)�1, where
(x) is the 
ontent, h(x) is the hook-length of the box x in the diagram [�℄ (see[lo
.
it.℄).This formula turns out to be a spe
ial 
ase of a formula obtained by Harish-Chandra [16℄. The integral on the left-hand side of (0.1) is therefore referred asHarish-Chandra-Itzykson-Zuber (HCIZ) integral.A super analogue of the HCIZ formula was obtained by Alfaro, Medina andUrrutia [1, 2℄, it readsZU(rjs) str(MUNU�1)n[dU ℄ = X�2Pm;�2Pnj�j+j�j=n�rs (�1)j�jn!j�j!j�j! d�d�r�r� ��(M)��(N);(0.2)where � = (sr) + � [ �0 : (z }| {r s(sr) ��0Our problem of �nding integrals on the fun
tion algebra of quantum linear super-group GLq(rjs) is thus motivated by the HCIZ integral. On the other hand, it is aninteresting problem from the point of view of Hopf algebra theory. Integrals on Hopfalgebras were studied by several authors sin
e the pioneering work of Sweedler [24℄,see e.g. [23, 18, 8℄. For �nite dimensional Hopf algebra is is known that the integralsexist uniquely up to a s
alar. However, few examples of in�nite dimensional Hopfalgebras with integral, ex
ept 
osemisimple Hopf algebras, are known.Let R be a He
ke symmetry on a �nite dimensional ve
tor super spa
e V ofdimension d. De�ne an algebra HR as a quotient of the free non-
ommutative algebrakhfzji ; tji ; 1 � i; j � dgi by relations in (1.2), (1.3). Then HR has a stru
ture of a Hopfsuperalgebra and is 
alled the algebra of fun
tions on a quantum supergroup of typeAr�1js�1, where (r; s) is the birank of R, see Se
tion 1.The Hopf algebra HR is 
osemisimple if and only if r = 0 or s = 0. In thisparti
ular 
ase, the integral was expli
itly 
omputed in [11℄ and an analogue of theHCIZ integral formula was given in [12℄, where the notion of 
hara
ters of 
oribbonHopf algebras was introdu
ed. The 
ase of arbitrary (r; s) will be treated in thepresent paper. Sin
e our obje
t is 
onsidered to generalize the supergroup GL(rjs),it is natural that we are working in the 
ategory of ve
tor superspa
es, so that ouralgebra HR will be a Hopf superalgebras. Nevertheless, as we shall see in the 
ourseof the paper, the ground 
ategory does not plays any essential role.Using the 
ommutation rule on HR, one 
an show that an element of HR
an be represented as a linear 
ombination of monomials on zji ; tlk of the formzj1i1 � � � zjpip tl1k1 � � � tlqkq : From the linearity of the integral, we see that it is suÆ
ient to�nd the integral on the set of monomials of the form zj1i1 � � � zjpip tl1k1 � � � tlqkq : It turns outthat any integral should vanish on those monomials with p 6= q.The formula of the integral on zj1i1 � � � zjnin tl1k1 � � � tlnkn is based on an operator Pn :



THE INTEGRAL ON QUANTUM SUPERGROUPS OF TYPE Arjs 753V 
n �! V 
n. In Se
tion 2 we show that the axiom for the integral is equivalentto 
ertain 
onditions on Pn. In Se
tion 3 we 
onstru
t Pn. In Se
tion 4 we derivea quantum analogue of HCIZ integral from our formula for the integral. To do thiswe �rst introdu
e the notion of 
hara
ter of HR-
omodules and re
all the notion ofpoints of a quantum group. The quantum super HCIZ integral formula in Theorem4.1 then follows immediately from the formula in (3.6). In the last se
tion we dis
ussthe orthogonal relation of some simple HR-
omodules.In the 
ase of the 
ompa
t group SUq(2), the orthogonal relations for matrixelements of the 
oeÆ
ient matrix of simple 
omodules over was given by Soibelmanand Vaskman [26℄, the 
ase of arbitrary 
ompa
t quantum groups was treated byWoronowi
z [25℄. Their basi
 idea was that any simple 
omodules over a 
ompa
tquantum groups should be isomorphi
 to its double dual and the formula 
ould begiven in terms of the intertwiner of these two 
omodules. This method 
an notbe applied dire
tly for quantum supergroups sin
e in many 
ase, the tra
e of theintertwiner may vanish.Notations and Conventions. We work in the 
ategory of ve
tor superspa
esover an algebrai
ally 
losed �eld k of 
hara
teristi
 zero. All algebrai
 obje
ts, likealgebras, morphisms, linear forms et
..., will then be 
onsidered as obje
ts in this 
at-egory, for instan
e, morphisms are always even, i.e. map even (odd) elements to even(odd) elements. An element from a ve
tor superspa
e usually means a homogeneousone. The dual spa
e to a ve
tor spa
es of �nite dimension is de�ned by an even form.If x1; x2; : : : ; xd is a homogeneous basis for a ve
tor superspa
e V , then the dual basis�1; �2; : : : �d on V � has the same parity as x1; x2; : : : ; xd and satis�es �k(xi) = Æki . Toavoid any signs appearing, the dual to a tensor produ
t V 
W of two ve
tor super-spa
es V and W is 
anoni
ally identi�ed with W � 
 V �. The standard permutingoperator on the tensor produ
t V 
W is given by the rule a
 b 7�! (�1)âb̂b
 a, forhomogeneous elements a; b, where â denotes the parity of a.A matrix C of entries from the �eld k will have the entry on the i-th row and j-th
olumn denoted by Cij . For a matrix Z of entries from an algebra, its (i; j) entry willbe denoted by zij . We adopt the 
onvention of summing up after indi
es that apperboth in lower and upper pla
es, for example, aijbjk =Pj aijbjk.For the notion of partitions, diagrams, standard tableaux, 
ontents, hook-length,et
..., the reader is referred to [19, Chapter I℄. Let P denote the set of all partitions,Pn denote the set of partitions of n, for � 2 Pn we shall write � ` n or j�j = n.Let �r;s denote the set of (r; s)-hook-partitions: f� 2 Pj�r+1 � sg, 
r;s denote thesubset of �r;s: f� 2 �r;sj�r = sg, �nally, let �r;sn = Pn \ �r;s and 
r;sn = 
r;sn \ Pn,Pdn = �d;0n .For a partition �, [�℄ denotes the 
orresponding diagram. The diagram [�℄, �lledwith the numbers 1; 2; : : : ; j�j in su
h a way that they in
rease in ea
h 
olumn and ea
hrow, is 
alled a standard �-tableau. The number of standard �-tableaux is pre
iselythe dimension of the irredu
ible representation of the symmetri
 group Sn, n = j�j.The 
ontent of the node on the i-th row and j-th 
olumn is j � i, its hook-length isthe 
ardinal number of nodes lying on the same row and to the right and lying onthe same 
olumn and below. For a �-tableau t(�), 
t(�)(m) is the 
ontent of the node
ontaining m.



754 P. H. HAIExample. Let � = (3; 2; 2). Then[�℄ = some standard �-tableaux are: t1(�) = 1 3 42 65 7 t2(�) = 1 3 72 45 6we have 
t1(�)(5) = �2; 
t1(�)(6) = �1. � 
an be 
onsidered as element of 
1;2 or
3;2. However, if 
onsider � as an element of 
1;2, t1(�) and t2(�) are both essentialwhile, if 
onsider � as an element of 
3;2, t2(�) is still essential but t1(�) isn't (seeLemma 3.1).1. Quantum Groups Asso
iated to He
ke Symmetries. Let V be a superve
tor spa
e over k, a �xed �eld of 
hara
teristi
 zero. Fix a homogeneous basisx1; x2; : : : ; xd of V . We denote the parity of the basis element xi by î. An evenoperator R on V 
V 
an be given by a matrix Rklij : R(xi
xj) = xk
xlRklij : Sin
e Ris an even operator, the matrix element Rijkl is zero if î+ ĵ 6= k̂ + l̂. R is 
alled He
kesymmetry if the following 
onditions are satis�ed:i) R satis�es the Yang-Baxter equation R1R2R1 = R2R1R2; where R1 := R
I ,R2 := I 
 R, and I is the identity matrix of degree d.ii) R satis�es the He
ke equation (R � q)(R + 1) = 0 for some q whi
h will beassumed not to be a root of unity of degree greater then 1.iii) There exists a matrix P klij su
h that P imjn Rnkml = ÆilÆkj : A matrix satisfying this
ondition is 
alled 
losed.Example. The following main example of He
ke symmetries was �rst 
onsideredby Manin [20℄. Assume that the variable xi, i � r are even and the rest s variablesare odd. De�ne, for 1 � i; j; k; l � r + s,Rrjsklij :=8>>>><>>>>: q2 if i = j = k = l; î = 0�1 if i = j = k = l; î = 1q2 � 1 if k = i < j = l(�1)̂iĵq if k = j 6= i = l0 otherwise.The He
ke equation for Rrjs is (x� q2)(x+ 1) = 0. When q = 1, Rrjs redu
es to thesuper-permuting operator on V 
 V .Let R be a He
ke symmetry. We de�ne the matrix bialgebra ER and the matrixHopf algebra HR as follows. Let fzij ; tij j1 � i; j � dg be a set of indeterminates,with parities x̂ij = t̂ij = î + ĵ. We de�ne ER as the quotient algebra of the freenon-
ommutative algebra, generated by fzij j1 � i; j � dg, by the relations(�1)ŝ(̂i+p̂)Rklpszpi zsj = (�1)l̂(q̂+k̂)zkq zlnRqnij ; 1 � i; j; k; l � d:(1.1)Here, we use the 
onvention of summing up by the indi
es that appear in bothlower and upper pla
es. We de�ne the algebra HR as the quotient of the free non-
ommutative algebra generated by fzij ; tij j1 � i; j � dg, by the relations(�1)ŝ(̂i+p̂)Rklpszpi zsj = (�1)l̂(q̂+k̂)zkq zlnRqnij ; 1 � i; j; k; l � d;(1.2) (�1)ĵ(ĵ+k̂)zijtjk = (�1)l̂(l̂+î)tilzlk = Æik; 1 � i; k � d:(1.3)



THE INTEGRAL ON QUANTUM SUPERGROUPS OF TYPE Arjs 755The relations in (1.1) 
an be 
onsidered as the 
ommuting rule for elements ofER. On HR the relations (1.2) and (1.3) also imply the following relations:(�1)k̂(̂i+ĵ)Rpjql zijtlk = (�1)m̂(n̂+p̂)tpnzmq Rnimk; 1 � p; q; i; k � d;(1.4) (�1)ŝ(̂i+p̂)Rklpstsjtpi = (�1)l̂(q̂+k̂)tlntkqRqnij ; 1 � i; j; k; l � d:(1.5)By the 
losedness of R, (1.4) is equivalent to(�1)k̂(̂i+ĵ)P kmin zijtlk = (�1)m̂(n̂+p̂)tpnzmq P lqjp; 1 � k; l;m; n � d:(1.6)Setting m = n in (1.6) and summing up after this index, and using (1.3) we get(�1)k̂(̂i+ĵ)Cki zijtlk = Clj ; where Cki := P kmim .(1.7)It is easy to show that ER and HR are bialgebras with respe
t to the 
oprodu
tgiven by �(zij) = zik 
 zkj ; �(tij) = tkj 
 tik:HR is, in fa
t, a Hopf algebra with the antipode on HR is given byS(zij) = (�1)ĵ (̂i+ĵ)tij ; S(tij) = (�1)̂i(̂i+ĵ)Cikzkl C�1lj :We also de�ne Dij := P lilj . The matri
es C and D, 
alled re
e
tion operators, playimportant roles in this work. Using the He
ke equation we 
an show that (
f [11℄)CD = DC = q�1 � (q�1 � 1)tr(C):(1.8)Sin
e we are working in the 
ategory of ve
tor superspa
es, the rule of sign e�e
tson the 
oprodu
t. More pre
isely, the 
ompatibility of produ
t and 
oprodu
t of asuper bialgebra reads �(ab) = X(a)(b)(�1)â2b̂1a1b1 
 a2b2;for homogeneous a; b. Analogously, the antipode satis�esS(ab) = (�1)âb̂S(b)S(a);�(S(a)) = (�1)â1â2S(a2)
 S(a1)for homogeneous a; b. Consequently, though the matrix Z is multipli
ative, i.e.�(zij) = zik 
 zkj , its tensor powers are not.To 
ompute the 
oprodu
t on the tensor powers of Z, we introdu
e a sign fun
tionsign(I; J), where I; J are multi-indi
es of the same length. For any �xed n, the matrix(sign(I; J)) where I; J run through the set of multi-indi
es of length n is the matrixof the standard isomorphism�n : (V � 
 V )
n �! (V 
n)� 
 V 
n;whi
h is de�ned in the standard way using the super-permuting operator, with respe
tto the basis x1; x2; : : : ; xd and its dual �1; �2; : : : ; �d. Expli
itly, � moves the elementsof V � to the left of the elements of V without reshu�ing them and then reverses the



756 P. H. HAIorder of the elements from V �. The signs that appear de�ne the fun
tion sign. Inother words, �n is given by�(�i1 
 xj1)
 � � � 
 (�in 
 xjn) = sign(I; J)(�in 
 � � � 
 �i1 
 xj1 
 � � � 
 xjn):We thus have the following re
urrent formulae for sign:sign(Ii; Jj) = (�1)̂i(jÎj+jĴj)sign(I; J);sign(iI; jJ) = (�1)jÎj(̂i+ĵ)sign(I; J);where jÎ j := î1 + î2 + � � � + în if I = (i1; i2; : : : ; in). For single indi
es, we havesign(i; j) = 1 for any i; j.Then, using indu
tion we have�(zi1j1zi2j2 � � � zi2j2) = sign(I;K)sign(K; J)sign(I; J)zi1k1zi2k2 � � � zinkn 
 zk1j1 zk2j2 � � � zk2jn :Thus, setting ZIJ = sign(I; J)zi1j1zi2j2 � � � zi2j2 ; we have�(ZIJ) = ZIK 
 ZKL :Analogously, setting T IJ := sign(J; I)zi1j1zi2j2 � � � zi2j2 ; we have�(T IJ ) = TKL 
 T IK ; and moreover S(ZIJ) = (�1)jĴj(jÎj+jĴj)T I0J0 :We shall, for 
onvenien
e, formally setZyI0J0 := S(ZIJ) = (�1)jĴj(jÎj+jĴj)T I0J0 ;where K 0 is the sequen
e K written in the reverse order. There is a 
lose 
onne
tionbetween ER and HR with the He
ke algebras of type A. The n-th He
ke algebra oftype A, Hn;q is generated by elements Ti; 1 � i � n� 1, subje
t to the relationsTiTj = TjTi; ji� jj � 2; TiTi+1Ti = Ti+1TiTi+1; i = 1; :::; n� 2;T 2i = (q � 1)Ti + q;8i:To ea
h element w of the symmetri
 group Sn of permutations of the setsf1; 2; :::; ng, one 
an asso
iate in a 
anoni
al way an element Tw of Hn = Hn;q,in parti
ular, T1 = 1; T(i;i+1) = Ti. The set fTwjw 2Sng form a k-basis for Hn [6℄.R indu
es an a
tion of the He
ke algebra Hn = Hq;n on the tensor powers V 
nof V , �n(Ti) = Ri := id
i�1V 
 R 
 id
n�i�1V : We shall therefore use the notationRw := �(Tw). On the other hand, ER 
oa
ts on V by Æ(xi) = xj 
 zji . Sin
e ER is abialgebra, it 
oa
ts on V 
n by means of the produ
t. Expli
itly, Æ(ZI) = XJ 
 ZJI ,where XI := xi1 
 � � � 
 xin .Let us use the notation TEnd for the set of all endomorphisms of a ve
tor super-spa
es. The following is a super version of the double 
entralizer theorem proved in[10, Theorem 2.1℄.Proposition 1.1. With the assumption that q is not a root of unity of degreegreater then 1, we have the following isomorphism of algebras:TEndHn(V 
n) �= (EnR)�(1.9) TEndER(V 
n) �= �n(Hn);(1.10)



THE INTEGRAL ON QUANTUM SUPERGROUPS OF TYPE Arjs 757where, EnR is the n-th homogeneous 
omponent of ER, whi
h is a 
oalgebra. Sin
e Ris an even operator, (1.10) impliesEndER(V 
n) �= �n(Hn):(1.11)Proof. It is suÆ
ient to prove (1.9). (1.10) then follows by means of the densitytheorem [5, Vol. 2℄, for Hn is semisimple. It is to establish a non-degenerate bilinearform hTEndHn(V 
n); EnRi, whi
h is 
ompatible with the produ
t and 
oprodu
t.Re
all that EnR is a quotient of (V � 
 V )
n by the relation in (1.2). Using theisomorphism �n, we identify this spa
e with (V 
n)� 
 V 
n: Then EnR is isomorphi
to the quotient of the latter by the subspa
en�1Xi=1 Im((R�1i)� 
Ri):The proof of [10, Theorem 2.1℄ now applies and gives us the desired result.The double 
entralizer theorem implies that a simple ER-
omodule is the image ofthe operator indu
ed by a primitive idempotent of Hn and, 
onversely, ea
h primitiveidempotent of Hn indu
es an ER 
omodule whi
h is either zero or simple. On theother hand, irredu
ible representations of Hn are parameterized by partitions of n.Hen
e up to 
onjugation, primitive idempotents ofHn are parameterized by partitionsof n, too. Note that by the semisimpli
ity of Hn, �n(Hn) is also a subalgebra of Hn.The primitive idempotents xn :=Pw Tw=[n℄q! and yn :=Pw(�q)�l(w)Tw=[n℄1=q!indu
e the symmetrizer and anti-symmetrizer operators on V 
n. Let Sn := Im�n(xn)and �n := Im�n(yn). Then one 
an show that S := L1n=0 Sn and � := L1n=0 �nare algebras [9℄. They are 
alled symmetri
 and exterior tensor algebras on the 
or-responding quantum superspa
e.By de�nition, the Poin
ar�e series P�(t) of � is P1n=0 tndimk(�n). It is provedin [14℄ that this series is a rational fun
tion having negative roots and positive poles.Let r be the number of its roots and s be the number of its poles. Then, simpleER-
omodules are parameterized by partitions from �rsn := f� ` nj�r+1 � sg [lo
.
it.,Theorem 5.1℄. Consequently, in the algebra �n(Hn) primitive idempotents are pa-rameterized by partitions from �r;sn , too.The pair (r; s) is 
alled the birank of R. Our main assumption on R is thattr(C) = �[s� r℄q := �qs�r � 1q � 1 ;(1.12)where C is the re
e
tion operator introdu
ed above. In fa
t, (1.12) holds for anyHe
ke symmetry. The proof will be given elsewhere.Simple HR-
omodules are mu
h more 
ompli
ated. The problem of 
lassifying allits simple 
omodules is still open.The Hopf algebra HR (resp. the bialgebra ER) is 
alled the (fun
tion algebra on)a quantum group (resp. quantum semigroup) of type Ar�1js�1.Let R = Rrjs be the standard deformation de�ned above. Rrjs has the birank(r; s). The asso
iated Hopf algebra is 
alled the (fun
tion algebra on the) standardquantum general linear supergroup GLq(rjs) [20℄. In this 
ase, the matri
es C and Dare diagonal, tr(C) = tr(D) = �[s� r℄q .



758 P. H. HAI2. The Integral on HR. Re
all that by de�nition, a left integral on a Hopfalgebra H over a �eld k is a non trivial lineal fun
tional Z : H �! k with theinvarian
e property: Z (a) =X(a) a1 Z (a2):(2.1)Sin
e we are 
onsidering superalgebras, we shall also require that the integral is even,that means the value of an integral at an odd element of HR is zero. The even partH�0 of H is an ordinary Hopf algebra and if H possesses a non zero integral thenits restri
tion on H�0 is also non-zero and therefore by a theorem of Sullivan [23℄ isuniquely determined up to a s
alar 
onstant.It easy to see that (2.1) is equivalent toX(b) Z (aS(b1))b2 =X(a) a1 Z (a1S(b)):(2.2)From the de�nition of HR, an arbitrary element of HR 
an be represented as alinear 
ombination of monomials in zji and tlk. On the other hand, using the relationon HR and the axiom (iii) of R, we 
an represent a monomial like tijzlk as a linear
ombination of monomials of the form zqptsr, i.e., we 
an inter
hange the order of z0and t0s in a tensor produ
t. Namely, we have, a

ording to (1.5),(�1)l̂(̂i+ĵ)tji zlk = (�1)r̂(̂(p+q̂)RjpkszqptsrP rlqi :(2.3)Thus, by using the rule (2.3), we 
an represent any element of HR as a linear 
ombi-nation of monomials of the form zj1i1 � � � zjpip tl1k1 � � � tlqkq :Therefore, it is suÆ
ient to 
ompute the integral at su
h monomials. Next, noti
e thatthe integral at those monomials with p 6= q must vanish, by virtue of (2.2). Indeed, ifthe integral did not vanish at su
h monomials, (2.2) would give us a non-homogeneousrelation between elements of HR, whi
h is a 
ontradi
tion.Let us denote, for n = l(I),InJLIK := Z �ZLI ZyJ0K0� = (�1)jK̂j(jK̂j+jĴj) Z �ZLI T J0K0�where, as de�ned in the previous se
tion, K 0 is K written in the reverse order. Thus,we 
an 
onsider In as the matrix of an operator a
ting on V 
n 
 V 
n.We have the following 
onditions on In (
f. [11, Se
tion 4℄) :(I1) In should be invariant with respe
t to the relations within z0s and t0s givenin (1.2) and (1.5), respe
tively, that is, for all i; j = 1; 2; : : : ; n� 1(Ri 
Rj)In = In(Rj 
Ri):(I2) when we 
ontra
t In with respe
t to the relation (1.3), (1.7), we should getIn�1, more pre
isely, ÆinjnInJ1jnLI1inK = In�1J1L1I1K1ÆlnknCknln InJL1lnIKkn = In�1J1jnL1IipK1 Cinjn :
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t the rule (2.2), whi
h readsInJLIMZMK = ZLNInJNIK :These 
onditions are, in fa
t, suÆ
ient for an integral on HR. For, assume wehave a 
olle
tion of matri
es In, satisfying the 
onditions (I1-I3) above, then we 
anextend it linearly on the whole HR. The only ambiguity may o

ur is that, theremay be more than one way of leading an element of HR to a linear 
ombination ofmonomials of the form ZJI TLK . However, the Yang-Baxter equation on R ensures thatdi�erent ways of using rule (2.3) give us the same result, up to relations in z0s andt0s, respe
tively.We thus redu
ed the problem to �nding a family of matri
es In satisfying 
ondi-tions (I1-I3). Our next 
laim is that In 
an be found in the following wayIn = Xw2Sn q�l(w)(PnC
nRw�1)
Rw(2.4)where Rw = �(Tw) as in Se
tion 1, C is the re
e
tion operator introdu
ed in Se
tion1 and Pn is a 
ertain operator on V 
n. More pre
isely, we haveLemma 2.1. Assume that for ea
h n � 1 the operator Pn 2 �n(Hn) =EndHR(V 
n) � Endk(V 
n) is in the 
enter of �n(Hn) and satis�es the 
onditionPn�1 
 idV = Pn(Ln + tr(C))where Ln are the Murphy operators: L1 = 0,Ln = n�1Xi=1 q�iR(n�i;n); n � 2;(n � i; n) is the inversion that 
hanges pla
es of n � i and n. Then the matri
es Ingiven in (2.4) satisfy the 
onditions (I1-I3).Proof. The 
onditions (I1) and (I3) 
an be easily veri�ed. In fa
t, (I1) is equivalentto the equationsXw2Sn q�l(w)(RiPnC
nRw�1)
Rw = Xw2Sn q�l(w)PnC
nRw�1 
 (RwRi);for i = 1; 2; : : : ; n� 1. By assumption, Pn 
ommutes with all Ri. On the other hand,using the Yang-Baxter equation we 
an also show that C
n 
ommutes with all Ri.Therefore the equation above follows fromXw2Sn q�l(w)(RiRw�1)
Rw = Xw2Sn q�l(w)Rw�1 
 (RwRi); in Hn 
Hn,(2.5)whi
h 
an be easily veri�ed using the He
ke equation for R. The veri�
ation of (I3)is straightforward, it does not involve Pn and C
n but rather a dire
t 
onsequen
e ofrelations in (1.2).The harder part is to verify (I2). Here we use the 
onditionPn�1 
 idV = Pn(Ln + tr(C)):



760 P. H. HAIIt is known that ea
h element Tw of Hn 
an be expressed in the form Tw =Tk � � �Tn�1Tw1 for some w1 2 Sn�1, where Sn�1 is the subgroup of Sn, �xingn. We de�ne a linear map Hn �! Hn�1 settinghn(Tw) = � Tk � � �Tn�2Tw1 if k � n� 2;tr(C)Tw1 if k = n� 1:The two 
onditions in (I2) 
an then be rewritten as follows:Xw2Sn q�l(w)hn(PnRw�1)
Rw = Xu2Sn�1 q�l(u)Pn�1Ru�1 
Ru;(2.6)as elements of �n�1(Hn�1)
 �n(Hn), andXw2Sn q�l(w)(PnRw�1)
 hn(Rw) = Xu2Sn�1 q�l(u)Pn�1Ru�1 
Ru;(2.7)as elements of �n(Hn) 
 �n�1(Hn�1), (in the equations above, we have 
an
eled theterm C
n�1 on both sides).The operator Ln 
omes into play be
ause of the following identity in Hn
Hn�1(
f [11, Lemma 4.1.3℄)Xw2Sn q�l(w)Tw�1 
 hn(Tw) = Xu2Sn�1 q�l(w)(Ln + tr(C))Tu�1 
 Tu(2.8)here we identify Hn�1 with the subalgebra of Hn generated by Tu; u 2Sn�1. In fa
t,we 
an repla
e tr(C) by any element of k. Repla
e Tw by Rw in (2.8) and plug in theidentity CinjnRwJ1jnI1in = hn(RwJI ), we obtain (2.7).On the other hand, (2.8) and (2.5) imply (2.6):Xw2Sn q�l(w)hn(PnRw�1)
Rw = Xw2Sn q�l(w)hn(Rw�1)
RwPn= Xu2Sn�1 q�l(u)Tu�1 
 (Ln + tr(C))TuPn= Xu2Sn�1 q�l(u)Pn�1Tu�1 
 Tu:The lemma is therefore proved.Thus, we redu
ed the problem of �nding an integral on HR to 
onstru
ting op-erators Pn 2 �n(Hn) satisfying 
ertain 
onditions. The next step is to 
onstru
tPn. 3. The Constru
tion of Pn. We want to 
onstru
t operators Pn 2 �n(Hn)with the property Pn(Ln + tr(C)) = Pn�1 
 idV :The Murphy operators Ln were introdu
ed by Dipper and James [7℄ followingMurphy's 
onstru
tion, to des
ribe a full set of mutually orthogonal primitive idem-potents of the algebra Hn:Eti(�) = Y1�m�n1�m�k�m�1k 6=
ti(�)(m) Lm � [k℄q[
ti(�)(m)℄q � [k℄q ; 1 � i � d�; � 2 Pn;



THE INTEGRAL ON QUANTUM SUPERGROUPS OF TYPE Arjs 761where fti(�); 1 � i � d�g is the set of standard �-tableaux, 
ti(�)(m) is the 
ontentof m in the standard tableau ti(�). The primitive idempotents Eti(�); i = 1; 2; :::; d�belong to the same blo
k that 
orresponds to �, their sum F� = P1�i�d� Eti(�) isthe minimal 
entral idempotent 
orresponding to �.It is known that Lm satis�es the equation m+1Yk=�m�1(Lm� [k℄q) = 0: Therefore, for1 � m � n, LmEti(�) = Eti(�)Lm = 
ti(�)(m)Eti(�):(3.1)Let 
r;sn denote the set f�j�r+1 � s; �r = sg. For � 2 
r;s, [(sr)℄ � [�℄. We de�nep� := Yx2[�℄n[(sr)℄ qr�s[
�(x) + r � s℄q ;and Pn := X�2
r;sn1�i�d� p�Eti(�) = X�2
r;sn p�F�:(3.2)Re
all that Pn are de�ned in the algebra �n(Hn) �= EndER(V 
n), whi
h is the fa
-tor algebra ofHn by the two-sided ideal generated by minimal 
entral idempotents 
or-responding to partitions from Pnn�r;sn . Fixing an embedding �n(Hn) ,! �n+1(Hn+1),�n(Hn) 3 W 7�! W 
 idV 2 �n+1(Hn+1), we identify �n(Hn) with a subalgebra of�n+1(Hn+1).Lemma 3.1. The operators Pn are 
entral in �n(Hn) and satisfy the equation (in�n+1(Hn+1)) Pn+1(Ln+1 � [s� r℄q) = Pn:Proof. The operator Pn is obviously 
entral, for it is a sum of 
entral elements.We 
he
k the equation above. First, noti
e that, if � 2 
r;sn+1 and ti(�) is astandard �-tableau, then the node of [�℄, 
ontaining n+ 1, is removable, i.e., havingremoved it we still have a standard tableau. The tableau ti(�) is 
alled essential if thisnode is not the node (r; s), otherwise it is 
alled non-essential. A tableau is essentiali� the tableau, obtained from it by removing the node 
ontaining n + 1 is again a
-tableau with 
 2 
r;sn :Observe, that if ti(�) is non-essential, then 
ti(�)(n+ 1) = s� r, hen
eEti(�)(Ln+1 � [s� r℄q) = 0;by virtue of Equation (3.1). We reshu�e the terms of Pn+1 in groups as followsPn+1 = X
2
r;sn1�i�d
 X�2
r;sn+1t(�)�ti(
) p�Et(�) + Xt(�) isnon�eessential p�Et(�):That is, for ea
h ti(
), 
 2 
r;sn , we pi
k up into a group those standard tableauxt(�), � 2 
r;sn+1 that 
ontain ti(
) as a subtableau. The above observation implies that



762 P. H. HAIthe last sum in the right-hand side of the above equation is killed by Ln+1 � [s� r℄q .Thus, it is suÆ
ient to prove, for a �xed ti(
), 
 2 
r;sn ,X�2
r;sn+1t(�)�ti(
) p�Et(�)(Ln+1 � [s� r℄q) = p
Eti(
):We have (Ln+1�[s�r℄q)Et(�) = [
t(�)(n+1)℄q�[s�r℄qEt(�) and thus p�([
�(x)℄q�[s�r℄q) = p
 whenever [
℄ is obtained from [�℄ by removing the node x. Sin
e, for anytwo standard tableaux t(
) and t(�) with 
 � � as above, the number n + 1 shouldlie in the node x, for whi
h [�℄ n [x℄ = [
℄, we dedu
e that the equation to be provedis equivalent to X�2
r;sn+1t(�)�ti(
) Et(�) = Eti(
):(3.3)Sin
e Qn+1k=�n�1(Ln+1 � [k℄q) = 0,n+1Xm=�n�1 n+1Yk=�n�1;k 6=m Ln+1 � [k℄q[m℄q � [k℄q = 1:Therefore Eti(
) = n+1Xm=�n�1Eti(
) n+1Yk=�n�1;k 6=m Ln+1 � [k℄q[m℄q � [k℄q :Remember that we are working in the algebra �n+1(Hn+1), in whi
h E� 6= 0 if andonly if � 2 
r;sn+1. Ea
h term on the right-hand side of the above equation is either zeroor a primitive idempotent of the form Et(�) with t(�) 
ontaining ti(
) as a subtableau.Sin
e the left-hand side of (3.3) 
ontains all primitive idempotents in �n+1(Hn+1) that
orrespond to standard tableaux 
ontaining ti(
) as a subtableau, the equation (3.3)follows. Lemma 3.1 is therefore proved.As a 
orollary of Lemmas 2.1 and 3.1, we haveTheorem 3.2. The Hopf algebra HR asso
iated to a He
ke symmetry R, whi
hsatis�es the 
ondition (1.12), possesses an integral, whi
h is uniquely determined upto a s
alar multiple. Let (r; s) be the birank of R. Then an integral 
an be given asfollows: if l(I) = l(K) < rs, Z (ZJI ZyLK) = 0 and if l(I) = l(K) = n � rs,Z (ZJI ZyL0K0) =X q�l(w)(PnC
nRw�1)LI RwJK ;(3.4)(K 0 = (kn; kn�1; :::; k1)).Remark. Sin
e Pn; C;R are even operators, the integral in (3.4) vanishes unlessjÎ j = jL̂j; jĴ j = jK̂j:There is a symmetri
 bilinear form on the He
ke algebra Hn, given by (Tu; Tv) =ql(u)Æuv�1 . With respe
t to this bilinear form, fRw; w 2Sng and fq�l(w)Rw�1;w2Sngare dual bases [6℄.Let fEij� ; � ` n; 1 � i; j � d�g be a basis of Hn with the following properties
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k in Hn, 
orresponding to �;2. Eij� Ekl� = Æ��ÆjkEil� :and let k� = (Eii� ; Eii� ), (�; �) be the mentioned above bilinear form. Then, fEij� ;�i; j � d�g and fEji� =k�;� i; j � d�g are dual bases with respe
t to the above form.Hen
e, using standard argument we 
an easily showXw2Sn q�l(w)Rw�1 
Rw = X�`n1�i;j�d� 1k�Eij� 
Eji� :(3.5)The number k� 
an be 
omputed expli
itly: k� = qn(�)Qx2[�℄[h(x)℄�1q ; wheren(�) = Pi �i(i � 1), h(x) is the hook length of x in the diagram [�℄: h�(x) =�i + �0j � i� j + 1, where (i; j) is the 
oordinate of x in the diagram [�℄ (
f. [12℄).The formula (3.4) 
an therefore be rewritten as follows:Z (ZJI ZyL0K0) = X�`n1�i;j�d� 1k� (C
nPnEij� )LI Eji� JK = X�2
r;sn1�i;j�d� p�k� (C
nEij� )LI Eji� JK :(3.6)4. Chara
ters of HR and Quantum Analogue of Super HCIZ IntegralFormula. In this se
tion, we would like to give a quantum analogue of the superHCIZ integral formula. Re
all that the super HCIZ integral formula (0.2) 
omputesthe integral on the 
ompa
t supergroup U(rjs) at the fun
tion on the variable Urunning in U(rjs): str(MUNU�1)n, where M;N are �xed hermitian supermatri
es.First, noti
e the following equality for supermatri
es�str(MUN�1U�1)�n = str((MUNU�1)
n) = (�1)jÎjM IJUJKNyK0L0 UyL0I0 ;where we adopt the notion in Se
tion 1 of ZIJ and ZyIJ . In fa
t, the �rst equationabove is obvious, the se
ond equation follows from the following re
urrent relation(�1)jÎj+îM IiJjUJjKkNykK0lL0 UylL0iI0 = (�1)jÎjM IJUJKNyK0L0 UyL0I0 � (�1)̂iM ijU jkNykl Uyli:By de�nition, an A-point of HR is an algebra homomorphism � : HR �! A,where A is a superalgebra over k. Set M = �(Z). Then the entries of M 
ommute bythe same rule as the entries of Z. M is 
alled a quantum supermatrix with values fromA. We set M IJ := �(ZIJ) and MyI0J0 := �(S(ZIJ )) = �(ZyI0J0): Our quantum analogue ofHCIZ formula will 
ompute the integral at the element DPI M IJZJKNyK0L0 ZyL0P 0 , whereDPI is the entries of the tensor power of the matrix D (whi
h 
onsists of s
alars fromk), M and N are points of HR with entries anti-
ommuting with the elements ofHR. In other words, let M and N be quantum supermatri
es with values from analgebra A. A 
HR has a natural stru
ture of a superalgebra as the produ
t of twosuperalgebras in the 
ategory of ve
tor superspa
es. The integral on HR indu
esa map A 
 HR �! A. We want to 
ompute the value of this map at the elementDPI M IJZJKNyK0L0 ZyL0P 0 of the algebra A
HR in terms of the values of 
ertain irredu
ible
hara
ters of HR at the matri
es M and N .We �rst need the notion of 
oribbon 
oquasitriangular Hopf superalgebras. Thenotion of 
oquasitriangular Hopf superalgebras does not di�er from the notion of 
o-quasitriangular Hopf algebras (see e.g. [17℄), ex
ept that a sign may appear whenever
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ent elements in a tensor produ
t. Expli
itly, we de�ne a 
oquasi-triangular stru
ture on a Hopf superalgebra H as an even linear map r : H
H �! k,subje
t to the following 
onditions (see, e.g. [13℄):(�1)b̂1â2r(a1; b1)a2b2 = (�1)b̂1âb1a1r(a2; b2);r(ab; 
) = (�1)b̂
̂1r(a; 
1)r(b; 
2); r(a; b
) = r(a1; 
)r(a2; b);(�1)b̂1â2r(a1; b1)r�1(a2; b2) = (�1)b̂1â2r�1(a1; b1)r(a2; b2) = "(ab):The following properties of r are 
onsequen
es of the de�nition:r(S(a); b) = r�1(a; b) r(a; 1) = r(1; a) = "(a):The 
oquasitriangular stru
ture r : H
H �! k indu
es a braiding in the 
ategoryof H-
omodules making this 
ategory a braided 
ategory. Expli
itly, the braiding isgiven by�M;N :M 
N �! N 
M; m
 n 7�! (�1)m̂n̂0n0 
m0r(m1; n1); m 2M;n 2 N:De�ne a linear map u : H �! k, u(a) := (�1)â1â2r(a2; S(a1)). Then the squareof the antipode 
an be 
omputed by means of uS2(a) = u�1(a1)a2u(a3);(4.1)where u�1, its 
onvolution inverse is given by u�1(a) = (�1)â1â2r(S2(a2); a1) (
f. [13,Se
tion 2℄).A ribbon form on a 
oquasitriangular Hopf superalgebras is an even linear mapt : H �! k, subje
t to the following 
onditions:t(a1)a2 = a1t(a2); t(S(a)) = t(a); t(a1)t�1(a2) = t�1(a1)t(a2) = "(a);t(ab) = (�1)âb̂2t(a1)t(b1)r(b2; a3)r(a3; b3):The ribbon form satis�es: t(a1)t(a2) = u�1(a1)u�1(S(a2)):(4.2)The proof is to expand the right-hand side using the formula for the square of theantipode given above.Noti
e that, sin
e r and t are even linear map, r(a; b) = 0 unless â + b̂ = �0 andt(a) = 0 unless â = �0.The ribbon form t indu
es a twist in the 
ategory of �nite dimensional H-
omodules, making this 
ategory a ribbon 
ategory [22, 17℄. The twist is given by�M :M �!M; m 7�! m0t(m1):Let H be a 
oribbon Hopf superalgebra, and M an H-
omodule of �nite di-mension. Fix a basis x1; x2; : : : ; xd and let aij ; 1 � i; j � d be the 
orrespondingmultipli
ative matrix, that is, the 
oa
tion of H on M is given by Æ(xi) = xk 
 aki .Let TM be the matrix of the twist morphism �M with respe
t to this basis. Then wehave TMij = t(aij). Similarly, let DMij = (�1)̂iĵu(S(aij)) = (�1)̂iĵr(aik; S(akj )). Let fbe an endomorphism of M and F be its matrix. We de�ne�(f) := tr(DMTMFA)
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hara
ter of the morphism f , where A is the matrix (aij) (
f. [12℄). The
hara
ter of the 
omodule M is �(M) := �(idM ) = tr(DMTMA).Let M� be the dual ve
tor superspa
e to M and �1; �2; : : : ; �d be the dual basison M�. The 
oa
tion of H on M� is given by Æ(�i) = (�1)k̂(k̂+î)�k 
 S(aik). Hen
e,the 
hara
ter of the dual 
omodule M� is�(M�) = tr(CMTMS(A));where CMij := (�1)̂iĵu(aij) = r(akj ; S(aik)):The equality in (4.2) 
an be rewritten as follows:DM
NTM
N = (DMTM )
 (DNTN);(4.3)where the matri
es DM
N and TM
N are de�ned similarly for M 
N , with respe
tto 
ertain bases of M and N . Noti
e that the de�nition of the ribbon form t impliesthat TM 
ommutes with DM . We have the following properties of �:�(f � g) = �(f) + �(g); �(f 
 g) = �(f) � �(g); �(f Æ h) = �(h Æ f);(4.4)where f; h and g are endomorphisms of the 
omodulesM and N , respe
tively. Indeed,the �rst equation is obvious, the se
ond one follows from (4.3), the last one follows fromthe naturality of �. Sin
eM
N �= N
M by means of the braiding, whi
h is a naturaltransformation, i.e. 
ommute with all morphisms, we have �(f) ��(g) = �(g) ��(f):HR is a 
oribbon Hopf superalgebra (
f. [15℄). The 
oquasitriangular stru
tureis given by r(zij ; zkl ) = (�1)ĵk̂Rkijl ;r(tij ; zkl ) = (�1)̂ik̂R�1iklj ;r(zij ; tkl ) = (�1)ĵl̂P kijl ;r(tij ; tkl ) = (�1)̂il̂Rkijl ;and the ribbon form is given by t(zij) = q(r�s+1)=2Æij , where (r; s) is the birank of theHe
ke symmetry R. The form u satis�es u(zij) = (�1)̂iĵP iljl ; and u(zij) = (�1)̂iĵP lilj .The double 
entralizer theorem 1.1 implies that simple 
omodules of ER areparameterized by partitions from the set �rs = f�j�r+1 � sg. For ea
h partition� 2 �r;sn , denote M� the 
orresponding simple ER-
omodule, M� is isomorphi
 toIm�(E�) for a primitive idempotent E�. Sin
e the map ER �! HR is inje
tive (
f.[11, Theorem 2.3.5℄), M� is a simple HR-
omodule, too. Therefore �(M�) = �(E�),hen
e S� := �(M�) = tr(DV 
nTV 
nE�Z
n):Remember that in the de�nition of Z
n, the signs are also inserted.The equality in (4.3) for t and u impliesDV 
nTV 
n = D
nV T
nV :Sin
e TV = t(Z) = qr�2+1id, we haveS� = �(M�) = qn(r�s+1)=2DIJE�JKZKI :(4.5)Analogously, we haveS�� := �(M��) = qn(r�s+1)=2CIJE�JKZyK0I0 ;(4.6)



766 P. H. HAIwhere Cij := (�1)̂iĵu(zij) = P lilj .We are now ready to formulate a quantum analogue of the HCIZ integral formulafor quantum supergroups of type Arjs.Theorem 4.1. Let M and N be A-points of HR. Assume that entries of M andN anti-
ommute with the entries of Z and T . ThenZ (DPI M IJZJKNyK0L0 ZyL0P 0) = q�n(r�s+1) X�2�r;sn d�p�k� S�(M)S��(N):Proof. Choosing a basis fEij� ; � ` n; 1 � i; j � d�, su
h that E� = Eii� for some i,we haveZ (DPI M IJZJKNyK0L0 ZyL0P 0) = Z ((�1)(jĴj+jK̂j)(jK̂j+jL̂j)DPI M IJNyK0L0 ZJKZyL0P 0)(by (3.6)) = X1�i;j�d��2
r;sn p�k� (�1)(jĴj+jK̂j)(jK̂j+jL̂j)DPI M IJNyK0L0 CLQEij� QKEji� JP= X1�i;j�d��2
r;sn p�k�DPI M IJEji� JP NyK0L0 CLQEij� QK= X1�i;j�d��2
r;sn q�n(r�s+1) p�k��(Eji� )(M) ��(Eij�� )(N)= X�2
r;sn q�n(r�s+1)d� p�k�S�(M)S��(N):In the third equation above the term (�1)(jĴj+jK̂j)(jK̂j+jL̂j) disappears a

ording tothe remark following Theorem 3.2, in the last equation, we have, by means of (4.4),�(Eij� ) = �(Eij� Ejj� ) = �(Ejj� Eij� ) = 0 if i 6= j.Example. Let us 
onsider the 
ase of standard quantum general linear supergroup GLq(rjs), determined in terms of the symmetry Rrjs given Se
tion 1. In this
ase, any diagonal matrix with 
ommuting entries is a point of ER. Thus, assumethat M and N are diagonal matrix with entries 
ommuting ea
h other and with theentries of Z and T , A = diag(a1; a2; :::; ar+s), B = diag(b1; b2; :::; br+s). Then, we haveS(n)(M) = nXk=0 hn�k(qa1; :::; qr; ar)ek(�qrar+1; :::;�qr�s+1ar+s);hk and ek are the k-th 
omplete and elementary symmetri
 fun
tions in r and svariables, respe
tively [19, Chapter I℄. Hen
eS�(M) = s�(qa1; q2a2; :::; qrar=� qrar+1; :::;�qr�s+1ar+s);s� are the Hook-S
hur fun
tions in r+s variables (
f. [lo
.
it., Ex. I.3.23℄). Therefore,if � 2 �r;sn , thus, � = (rs) + � [ �0, � 2 P r; � 2 P s, we have [lo
.
it.℄S�(A) = (�1)j�j r;sYi=1;j=1(qiai � qr�j+1ar+j)s�(qa1; : : : ; qrar)�s�(qrar+1; : : : ; qr+1�sar+s);
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hur fun
tions in r variables (resp. s variables).Analogously, we haveS��(B) = (�1)j�j r;sYi=1;j=1(qr�s�i+1bi � qj�sbr+j)s�(qr�sb1; :::; q1�sbr)�s�(q1�sbr+1; :::; br+s):The quantum super HCIZ is then given by, (n � rs),ZGLq(rjs)(DIJAJBKZJKZyK0I0 ) = X�2Pr;�2Ps;j�j+j�j=n�rs�=(sr)+�[�0 d�p�k� r;sYi=1j=1 (qiai � qr�j+1ar+j)�(qr�s�i+1bi � qj�sbr+j)s�(fqiaig)s�(fqr+1�iar+ig)�s�(fqr�s+1�ibig)s�(fqi�sbr+ig):For q = 1, d�p�k� = (�1)j�jn!j�j!j�j! d�d�r�r� and the above formula redu
es to (0.2).5. The Orthogonal Relations. We are now interested in the orthogonal rela-tions. Let M�;M� be two simple 
omodules 
orresponding to partitions � and � of n.Let M� = ImE�, M� = ImE�. Then, 
hoosing a basis Eij� of Hn, su
h that E� = Eii�for some i, and using (3.6), we have(�(M�);�(M�)) := Z (�(M�)�(M��)) = qn(r�s+1) Z (DIJE�JKZKI CMN E�NP ZyP 0M 0)=X� p�k�DIJE�JKCMN E�NP (C
nEij� )PI Eji� KM(by (1.8) or (4.2)) = Æ��Æ��r;s p�k� tr(C
nE�) = 0:Here Æ��r;s indi
ates, whether � belongs to �r;s, it is zero if � 62 �r;s and 1 otherwise.On the other hand, for � form �r;s, tr(C
nE�) = 0, for it is the quantum rank of M�(
f. [15℄).We have seen that the s
alar produ
t above 
annot be used to de�ne the or-thogonal relations. So we 
ompute instead the integral Z (Z�S(Z�)), where Z� is a
oeÆ
ient matrix of the simple 
omodule M�, i.e., Z� is the multipli
ative matrix
orresponding to 
ertain basis of M�.Let us �x a primitive idempotent E�, � ` n, and set M� = Im�(E�) � V 
n. Fixa basis e1; e2; : : : ; em� of M�, m� := dimM�. Let Qab , 1 � a; b � m�, be su
h thatQabe
 = Æa
 eb. Sin
e E� is a proje
tion on M�, we 
an 
onsider it as a linear mapfrom M� into V 
n and from V 
n onto M�. Hen
e we de�ne P ab := E�QabE� to beendomorphism of V 
n. We have P ab P 
d = ÆadP 
b .Let C� be the restri
tion of C
n on M�, whi
h is an invariant spa
e of C
n andC�ab be the matrix element of C� with respe
t to the above basis. Then we haveC�ab = tr(C
nP ab ):Consider the basisXI = xi1
xi2
� � �
xin of V 
n, 1 � ij � d. The 
orrespondingmultipli
ative matrix is ZIJ . Then the multipli
ative matrix for M�, 
orresponding to



768 P. H. HAIthe basis e1; e2; : : : em� is given by Z�ab = P ab IJZJI . Now, 
hoosing a basis Eij� of Hnsu
h that E� = Eii� for some i, we haveZ (Z�abS(Z�
d)) = Z (P ab IJZJI )(P 
dKL ZyL0K0)= X�2�r;sn1�i;j�d� k�1� p�tr(C
nEij� P ab Eji� P 
d )= k�1� p�Æadtr(C
nP 
b )= k�1� p�ÆadC�
b:Thus, we have provedProposition 5.1. Let M� be the simple 
omodule of HR, 
orresponding to par-tition � and e1; e2; � � � ; em� be its basis. Let Z� be the 
orresponding multipli
ativematrix. Let C� be the restri
tion of the operator C
n on M� and C�ab be its matrixelements with respe
t to the basis above. Then we have the following orthogonal-typerelations: Z (Z�abS(Z�)
d) = k�1� p�ÆadC�
b:(5.1)Remark. The fa
t that the left-hand side and the right-hand side of (5.1) areproportional follows dire
tly from (2.2) and (4.1). However, this dire
t proof 
an notgive us the 
oeÆ
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