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VERDIER-RIEMANN-R OCH F OR

CHERN CLASS AND MILNOR CLASS

�

SHOJI YOKURA

y

1. In tro duction. In [BFM] Baum, F ulton and MacPherson form ulated a sin-

gular R iemann-R o ch , extending the Grothendiec k-Riemann-Ro c h (e.g., see [BoSe])

to p ossibly singular v arieties. That is the unique natural transformation from the

K-theory of coheren t shea v es to the rational homology theory

(BFM) � : K

0

! H

Q

satisfying the normalization condition that � ( O

X

) = td ( T X ) \ [ X ] for a non-singular

v ariet y X with O

X

the structure sheaf and td ( T X ) the total T o dd class of the tangen t

bundle T X . This is a co v arian t asp ect of the t w o theories K

0

and H

Q

. As to the

con tra v arian t asp ect of these t w o theories, w e ha v e the V er dier-R iemann-R o ch , whic h

w as conjectured in [BFM] and pro v ed a�rmativ ely b y J.-L. V erdier [V, Theorem 18.2

(3), p. 349], i.e., the follo wing comm utativ e diagram for a lo c al c omplete interse ction

morphism f : X ! Y :

(V erdier)

K

0

( Y )

�

Y

� � � � ! H

�

( Y )

Q

f

�

?

?

y

?

?

y

td ( T

f

) \ f

�

K

0

( X ) � � � � !

�

X

H

�

( X )

Q

where td ( T

f

) is the total T o dd class of the virtual relativ e tangen t bundle T

f

of

the morphism f and f

�

: H

�

( Y )

Q

! H

�

( X )

Q

is the Gysin homomorphism (see [F,

Example 19.2.1], [BFM, IV.4] and [FM]).

In [SGA 6] the original Grothendiec k-Riemann-Ro c h (for a morphism b et w een

nonsingular v arieties) is generalized to the follo wing Riemann-Ro c h for a lo cal com-

plete in tersection morphism f : X ! Y :

(SGA 6)

K

0

( X )

ch

� � � � ! H

�

( X )

Q

f

�

?

?

y

?

?

y

f

!

( td ( T

f

) [ )

K

0

( Y ) � � � � !

ch

H

�

( Y )

Q

Here K

0

is the K-theory of v ector bundles and f

!

: H

�

( X )

Q

! H

�

( Y )

Q

is the Gysin

homomorphism (see [F, Example 19.2.1], [BFM, IV.4] and [FM]).

The ab o v e three Riemann-Ro c h theorems, i.e., Baum-F ulton-MacPherson's

Riemann-Ro c h (BFM), V erdier-Riemann-Ro c h (V erdier) and the Riemann-Ro c h in

�
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2 s. yokura

[SGA6], follo w from the Grothendiec k transformation (see [FM,I I, x 1])

� : K

alg

! H

Q

from the biv arian t algebraic K -theory to the biv arian t homology theory with rational

co e�cien ts and the biv arian t-theoretic \Riemann-Ro c h form ula" ([FM, I, x 1.4])

� ( O

f

) = td ( T

f

) � U

f

of the canonical orien tations O

f

2 K

alg

( X

f

� ! Y ) and U

f

2 H ( X

f

� ! Y )

Q

for a lo cal

complete in tersection morphism f : X ! Y (see [FM, I I, 0.2]).

As remark ed in [BFM, (0.3)], the motiv ation of BFM's Riemann-Ro c h is the

Chern-Schwartz-MacPherson class the ory , i.e., the unique natural transformation from

the co v arian t functor F of constructible functions to the co v arian t homology functor

c

�

: F ! H

�

satisfying the normalization condition that c

�

(1 1

X

) = c ( T X ) \ [ X ] for a nonsingular

v ariet y X with 1 1

X

b eing the c haracteristic function on X . The natural transformation

c

�

: F ! H

�

is nothing but \Grothendiec k-Riemann-Ro c h" for the Chern class (cf.

[G]). It is, therefore, quite natural and reasonable to think of the \con tra v arian t as-

p ect" of the Chern-Sc h w artz-MacPherson class theory; i.e., \V er dier-R iemann-R o ch"

for Chern class , since the original V erdier-Riemann-Ro c h is one for T o dd class. Th us,

�rst of all, a na • �v e or simple-minded question is to ask ab out the comm utativit y of

the follo wing diagram:

(1.1)

F ( Y )

c

�

� � � � ! H

�

( Y ; Z )

f

�

?

?

y

?

?

y

c ( T

f

) \ f

�

F ( X ) � � � � !

c

�

H

�

( X ; Z )

Here, f

�

: F ( Y ) ! F ( X ) is the usual functional pullbac k of constructible functions,

i.e., ( f

�

� )( x ) = � ( f ( x )) for a constructible function � 2 F ( Y ), c ( T

f

) is the total Chern

class of the bundle T

f

and f

�

: H

�

( Y ; Z ) ! H

�

( X ; Z ) is the Gysin homomorphism

as ab o v e with in tegral co e�cien ts.The ab o v e diagram (1.1) is comm utativ e if f is

smo oth ([Y1]), otherwise it is not. Consider the v ery simple case when f : X ! pt is

a lo cal complete in tersection morphism from a singular v ariet y X to a p oin t, whic h

means that the v ariet y X is a singular lo cal complete in tersection in a smo oth v ariet y .

Then the problem of the comm utativit y of the diagram (1.1) is equiv alen t to that of

whether the Chern-Sc h w artz-MacPherson class c

�

( X ) of X and the F ulton-Johnson

class c

F J

( X ) of X ([F], [FJ]) are the same or not. Indeed, since Y = pt , let us consider

the c haracteristic function 1 1

pt

. Then the comm utativit y of (1.1) implies that

c

�

( f

�

(1 1

pt

)) = c ( T

f

) \ f

�

( c

�

(1 1

pt

)) :

The left-hand-side of this equalit y is c

�

( f

�

(1 1

pt

)) = c

�

(1 1

X

) = c

�

( X ), the Chern-

Sc h w artz-MacPherson class of X . On the other hand, as p oin ted out just ab o v e, since

X is a lo cal complete in tersection in a smo oth v ariet y , sa y M , it follo ws that the righ t-

hand-side is c ( T

f

) \ f

�

( c

�

(1 1

pt

) = c ( T M j

X

� N

X

M ) \ [ X ]), whic h is the F ulton-Johnson

class of X ([F], [FJ]). Here N

X

M is the normal bundle of X in M . If X is singular,

then these t w o classes are not the same and the di�erence of these t w o classes, whic h
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is called Milnor class , has b een recen tly studied w ell from di�eren t motiv ations (e.g.,

see [A3], [BLSS1,2], [PP3], [Su1], [Y2], etc.). Note that in the case of a singular plane

curv e, it is already implicitly observ ed in [P , x 6, Comparaison des classes] that the

di�erence of these t w o classes is the sum of Milnor n um b ers of the singularities (cf.

[F, Example 4.2.6 (b)]).

F rom a biv arian t-theoretic viewp oin t, a more natural question to ask is then

whether or not there exists a certain constructible function � 2 F ( X ) suc h that the

follo wing diagram comm utes:

(1.2)

F ( Y )

c

�

� � � � ! H

�

( Y ; Z )

� � f

�

?

?

y

?

?

y

c ( T

f

) \ f

�

F ( X ) � � � � !

c

�

H

�

( X ; Z ) :

The starting p oin t of the presen t w ork is the observ ations that the constructible

function functor F itself can b e a biv arian t theory and furthermore that there are

sev eral biv arian t theories of constructible functions [Y4, 5]. F or example, roughly

sp eaking, a constructible function � 2 F ( X ) making the diagram (1.2) comm utativ e,

with c ( T

f

) \ f

�

replaced b y a certain homomorphism �

f

: H

�

( Y ; Z ) ! H

�

( X ; Z ), is

also \biv arian t" (see Theorem 2.8 b elo w for more details).

In this pap er w e sho w that for a trivial �b er bundle with the �b er b eing a lo cal

complete in tersection in a smo oth v ariet y there do es exist a constructible function

� 2 F ( X ) suc h that the diagram (1.2) is comm utativ e, and th us w e sp eculate that

it w ould b e true ev en for �b er bundles b oth in the Zariski top ology and in the usual

top ology . W e also sho w that for a blo w-up map (whic h is a non-smo oth lo cal complete

in tersection morphism) there do es not exist an y constructible function � 2 F ( X ) suc h

that the diagram (1.2) is comm utativ e.

A cknow le dgements. The author w ould lik e to thank the sta� of the Erwin

Sc hr• odinger In ternational Institute for Mathematical Ph ysics, in particular the direc-

tor Professor P eter Mic hor, and the Isaac Newton Institute for Mathematical Sciences,

where some of the w ork w as done in July and August 2000, for their hospitalit y . The

author w ould also lik e to thank the referee for his/her v aluable commen ts and sug-

gestions, and J• org Sc h • urmann for p oin ting out an error in the earlier v ersion of the

pap er.

2. Biv arian t Theories of Constructible F unctions. First w e recall a general

theory of biv arian t theory due to F ulton and MacPherson (see [FM] for full details). A

biv arian t theory B on a category C with v alues in an ab elian category is an assignmen t

to eac h morphism

X

f

� ! Y

in the category C a graded ab elian group

B ( X

f

� ! Y )

whic h is equipp ed with the follo wing three basic op erations:

(Pro duct op erations): F or morphisms f : X ! Y and g : Y ! Z , the pro duct

op eration

� : B ( X

f

� ! Y ) 
 B ( Y

g

� ! Z ) ! B ( X

g f

� ! Z )
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is de�ned.

(Pushforw ard op erations): F or morphisms f : X ! Y and g : Y ! Z with f prop er,

the pushforw ard op eration

f

�

: B ( X

g f

� ! Z ) ! B ( Y

g

� ! Z )

is de�ned.

(Pullbac k op erations): F or a �b er square (whic h will b e sometimes simply denoted b y

X

0

= X �

Y

Y

0

)

X

0

g

0

� � � � ! X

f

0

?

?

y

?

?

y

f

Y

0

g

� � � � ! Y ;

the pullbac k op eration

g

�

: B ( X

f

� ! Y ) ! B ( X

0

f

0

� ! Y

0

)

is de�ned.

And these three op erations are required to satisfy the follo wing sev en axioms (see

[FM, P art I, x 2.2] for details):

(B-1) pro duct is asso ciativ e,

(B-2) pushforw ard is functorial,

(B-3) pullbac k is functorial,

(B-4) pro duct and pushforw ard comm ute,

(B-5) pro duct and pullbac k comm ute,

(B-6) pushforw ard and pullbac k comm ute, and

(B-7) pro jection form ula.

Let B ; B

0

b e t w o biv arian t theories on a category C . Then a Gr othendie ck tr ans-

formation from B to B

0


 : B ! B

0

is a collection of homomorphisms

B ( X ! Y ) ! B

0

( X ! Y )

for a morphism X ! Y in the category C , whic h preserv es the ab o v e three basic

op erations.

F ulton and MacPherson also in tro duced the notion of op er ational bivariant the ory

asso ciate d to a homolo gy the ory ([FM, P art I, x 8]). Let T

�

b e a co v arian t functor

(or sometimes called a homology theory) on the category C . Then the asso ciated

op er ational bivariant the ory O T of T

�

is de�ned as follo ws. F or a morphism f : X ! Y ,

an elemen t c 2 O T ( X

f

� ! Y ) is de�ned to b e a collection of homomorphisms

c ( g ) : T

�

( Y

0

) ! T

�

( X

0

)

for all g : Y

0

! Y and the �b er square X

0

= X �

Y

Y

0

. And these homomorphisms
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c ( g ) are required to b e compatible with prop er pushforw ard, i.e., for a �b er diagram

X

0 0

h

0

� � � � ! X

0

g

0

� � � � ! X

?

?

y

f

0 0

?

?

y

f

0

?

?

y

f

Y

00

� � � � !

h

Y

0

� � � � !

g

Y ;

the follo wing diagram m ust comm ute:

T

�

( Y

00

)

c ( g � h )

� � � � ! T

�

( X

00

)

h

�

?

?

y

?

?

y

h

0

�

T

�

( Y

0

) � � � � !

c ( g )

T

�

( X

0

) :

If C has a �nal ob ject pt and T

�

( pt ) has a distinguished elemen t 1, then the

homomorphism ev : O T ( X ! pt ) ! T

�

( X ) de�ned b y ev ( c ) := ( c (id

pt

))(1) is called

the evaluation homomorphism .

Let B b e a biv arian t theory . Then the asso ciate d op er ational bivariant the ory B

op

of B is de�ned to b e the op erational biv arian t theory constructed from the co v arian t

functor B

�

( X ) = B ( X ! pt ). Then w e ha v e the follo wing canonical Grothendiec k

transformation

op : B ! B

o p

de�ned b y , for eac h � 2 B ( X ! Y ),

op( � ) := f ( g

�

� ) � : B ( Y

0

! pt ) ! B ( X

0

! pt ) j g : Y

0

! Y g

where X

0

= X �

Y

Y

0

is the �b er square.

No w w e discuss some biv arian t theories of constructible functions. First, the

ab elian group F ( X ) of a giv en analytic v ariet y X consists of all the constructible

functions on X . The asso ciation X 7� ! F ( X ) b ecomes a con tra v arian t functor with

the usual pullbac k and at the same time a co v arian t functor with the pushforw ard

f

�

whic h tak es the top ological Euler-P oincar � e c haracteristic of the �b ers w eigh ted b y

constructible functions.

The constructible function functor F itself can b e a biv arian t theory without an y

geometric or top ological requiremen t on constructible functions as follo ws:

Pr oposition (2.1). ([Y5, Pr op osition (3.1)]) F or any morphism f : X ! Y the

gr oup s F ( X ! Y ) is de�ne d by

s F ( X

f

� ! Y ) := F ( X ) :

Then this is a bivariant the ory with the fol lowing op er ations of pr o duct, pushforwar d

and pul lb ack, i.e., they satisfy the seven axioms of the bivariant the ory.

(i): the pr o duct op er ation

� : s F ( X

f

� ! Y ) 
 s F ( Y

g

� ! Z ) ! s F ( X

g f

� ! Z )

is de�ne d by:

� � � := � � f

�

� :
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(ii): the pushforwar d op er ation

f

�

: s F ( X

g f

� ! Z ) ! s F ( Y

g

� ! Z )

is the pushforwar d

f

�

: F ( X ) ! F ( Y ) :

(iii): F or a �b er squar e

X

0

g

0

� � � � ! X

f

0

?

?

y

?

?

y

f

Y

0

g

� � � � ! Y ;

the pul lb ack op er ation

g

�

: s F ( X

f

� ! Y ) ! s F ( X

0

f

0

� ! Y

0

)

is the pul lb ack

g

0

�

: F ( X ) ! F ( X

0

) :

This bivariant gr oup is c al le d the simple bivariant gr oup of c onstructible functions.

It is clear that Axioms (B-2) and (B-3) hold, and to see that these three op er-

ations satisfy the other �v e axioms, w e use the follo wing three prop erties:

(2.2) for the ab o v e �b er square in (iii) the follo wing diagram comm utes (e.g., see

[Er, Prop osition 3.5], [FM, Axiom ( A

23

)])

F ( Y

0

)

f

0

�

� � � � ! F ( X

0

)

g

�

?

?

y

?

?

y

g

0

�

F ( Y )

f

�

� � � � ! F ( X ) ;

(2.3) for a morphism f : X ! Y and constructible functions �; � 2 F ( Y )

f

�

( � � � ) = f

�

� � f

�

� ;

(2.4) ( pro jection form ula ): for a morphism f : X ! Y and constructible

functions � 2 F ( Y ) and � 2 F ( X )

f

�

( f

�

� � � ) = � � f

�

� :

Let H b e the F ulton-MacPherson's biv arian t homology theory , constructed from

the cohomology theory . F or a morphism f : X ! Y , c ho ose a morphism � : X ! R

n

suc h that � := ( f ; � ) : X ! Y � R

n

is a closed em b edding. Then the i -th biv arian t

homology group H

i

( X

f

� ! Y ) is de�ned b y

H

i

( X

f

� ! Y ) := H

i + n

( Y � R

n

; Y � R

n

n X

�

) ;

where X

�

is de�ned to b e the image of the morphism � = ( f ; � ). The de�nition is

indep enden t of the c hoice of � . See [FM, x 3.1] for more details of H .

A k ey feature of the simple biv arian t group s F is the follo wing result, whic h giv es

a coun terexample to [FM, I, x 8.2, pp.90-91]:



verdier-riemann-r och f or chern class and milnor class 7

Theorem 2.5. ([Y5, R emark 3.3]) L et H

o p

b e the op er ational bivariant homolo gy

the ory asso ciate d to the homolo gy the ory H

�

. Ther e do es not exist a Gr othendie ck

tr ansformation


 : s F ! H

op

such that for e ach morphism X ! pt the asso ciate d homomorphism fol lowe d by the

evaluation homomorphism

ev � 
 : F ( X ) = s F ( X ! pt ) ! H

o p

( X ! pt ) ! H

�

( X )

is the Chern-Schwartz-MacPherson class homomorphism c

�

.

And similarly w e can sho w the follo wing:

Theorem 2.6. ([Y5, The or em 3.2]) Ther e do es not exist a Gr othendie ck tr ans-

formation




s

: s F ! H

such that 


s

(1 1

�

) = c ( T X ) \ [ X ] for X smo oth, wher e � : X ! pt and 1 1

�

= 1 1

X

.

The pro of of these theorems tells us that the simple biv arian t group, i.e., the con-

structible function group is certainly to o large for the p ossible existence of a Grothen-

diec k transformation from this biv arian t theory of constructible functions to the bi-

v arian t homology theory . And there are more �ner biv arian t theories of constructible

functions (see Theorem 2.7) b elo w and also see [Y5]), but the most in teresting biv arian t

theory of constructible functions, whic h is conjecturally b est-�t, for the p ossible exis-

tence of a Grothendiec k transformation, as supp orted b y the Brasselet's theorem [B1],

is F ulton-MacPherson's biv arian t theory of constructible functions, i.e., F ( X

f

� ! Y )

consists of all the constructible functions on X whic h satisfy the lo cal Euler condition

with resp ect to f (see [B1], [FM], [Sa], [Z]). Here a constructible function � 2 F ( X )

is said to satisfy the lo c al Euler c ondition with r esp e ct to f if for an y p oin t x 2 X and

for an y lo cal em b edding ( X ; x ) ! ( C

N

; 0) the follo wing equalit y holds

� ( x ) = �

�

B

�

\ f

� 1

( z ); �

�

;

where B

�

is a su�cien tly small op en ball of the origin 0 with radius � and z is an y

p oin t close to f ( x ) (cf. [B1], [Sa]). The three op erations on F are the same as ab o v e

in s F and it is kno wn that these three op erations are w ell-de�ned for F (e.g., see

[BY], [Sa], [Z]). Note that F ( X

id

X

� ! X ) consists of all lo cally constan t functions and

F ( X ! pt ) = F ( X ).

Supp ose that there exists a Grothendiec k transformation


 : F ! H

satisfying the normalization condition that 
 (1 1

�

) = c ( T X ) \ [ X ] for X smo oth, where

� : X ! pt and 1 1

�

= 1 1

X

. In [B1], J.-P . Brasselet constructed suc h a Grothen-

diec k transformation 


Br

: F ! H in the category whose ob jects are complex analytic

v arieties and whose morphisms are c el lular . Then, since Grothendiec k transforma-

tions preserv e pro duct, pushforw ard and pullbac k, and since the Chern-Sc h w artz-

MacPherson class transformation is unique, it follo ws that for an y biv arian t con-

structible function � 2 F ( X ! Y ) w e get the follo wing comm utativ e diagram ( V er dier-
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R iemann-R o ch for Chern classes asso ciate d to the bivariant c onstructible function � ):

F ( Y )

c

�

� � � � ! H

�

( Y ; Z )

� �

?

?

y

?

?

y


 ( � ) �

F ( X ) � � � � !

c

�

H

�

( X ; Z ) :

Here w e emphasize that � � means � � f

�

for f : X ! Y .

Note that no matter whic h biv arian t theory of constructible functions w e consider,

as long as w e assume the existence of a Grothendiec k transformation from that to

the homology theory satisfying the ab o v e normalization condition, w e get the ab o v e

comm utativ e diagram.

Suc h a comm utativ e diagram as ab o v e, without requiring � 2 F ( X

f

� ! Y ) and

with 
 ( � ) � replaced simply b y a certain homomorphism, already requires some strong

condition on the constructible function � 2 F ( X ), as observ ed b elo w.

Obser v a tion 2.7. Supp ose that for a morphism f : X ! Y we have the fol lowing

c ommutative diagr am:

(2.7.1)

F ( Y )

c

�

� � � � ! H

�

( Y ; Z )

� � f

�

?

?

y

?

?

y

�

f

F ( X ) � � � � !

c

�

H

�

( X ; Z ) :

with a c onstructible function � 2 F ( X ) (not ne c essarily � 2 F ( X

f

� ! Y ) ) and a

homomorphism �

f

: H

�

( Y ; Z ) ! H

�

( X ; Z ) . Then we c an se e that this c ommutative

diagr am always implies the fol lowing things:

(i) If f : X ! Y is not surje ctive, then � � 0 .

(ii) The Chern-Schwartz-MacPherson classes c

�

( f

� 1

( y ); � ) := c

�

( � j

f

� 1

( y )

) of the

�b er weighte d by the c onstructible function � ar e lo c al ly c onstant, c onsider e d as the

homolo gy classes in the total variety X . In p articular, the pushforwar d f

�

� 2 F ( Y )

is lo c al ly c onstant, or e quivalently, the Euler-Poinc ar � e char acteristics � ( f

� 1

( y ); � ) :=

� ( � j

f

� 1

( y )

) of the �b er weighte d by the c onstructible function � ar e lo c al ly c onstant.

(iii) If f :

e

X ! X is a blow-up of X along a subvariety V � X and let E b e the

exc eptional divisor, then � is c onstant on

e

X n E = f

� 1

( X n V ) .

Finally w e note the follo wing theorem:

Theorem 2.8. ([Y5, The or em 3.6]) F or a morphism f : X ! Y , we de�ne

v F ( X

f

� ! Y ) to b e the set of al l c onstructible functions � 2 F ( X ) satisfying the

fol lowing c ondition: for any morphism g : Y

0

! Y and �b er squar e

(2.8.1)

X

0

g

0

� � � � ! X

f

0

?

?

y

?

?

y

f

Y

0

g

� � � � ! Y ;
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we have the fol lowing c ommutative diagr am

(2.8.2)

F ( Y

0

)

c

�

� � � � ! H

�

( Y

0

; Z )

g

0

�

� � f

0

�

?

?

y

?

?

y

�

f

0

F ( X

0

) � � � � !

c

�

H

�

( X

0

; Z ) :

with a c ertain homomorphism �

f

0

: H

�

( Y

0

; Z ) ! H

�

( X

0

; Z ) . Then we have

(i) v F b e c omes a bivariant the ory with the same op er ations of pr o duct, pushforwar d

and pul lb ack as in s F ,

(ii) v F ( X

id

X

� ! X ) c onsists of al l lo c al ly c onstant functions, and

(iii) v F ( X ! pt ) = F ( X ) :

Remark 2.9 . In general v F ( X ! Y ) 6= F ( X ! Y ). Indeed, consider a blo w-

up � :

e

X ! X of X (dim X > 1) along a nonsingular sub v ariet y V � X whose

co dimension is > 1 and let E b e the exceptional divisor. Let v

0

b e a p oin t in V and

let x and y b e t w o distinct p oin ts in the �b er �

� 1

( v

0

). Note that dim �

� 1

( v

0

) � 1. And

w e set � = 1 1

x

� 1 1

y

2 F (

e

X ). Then it is clear that w e ha v e the follo wing comm utativ e

diagram with �

�

b eing the zero homomorphism

F ( X )

c

�

� � � � ! H

�

( X ; Z )

� � �

�

?

?

y

?

?

y

�

�

F (

e

X ) � � � � !

c

�

H

�

(

e

X ; Z ) :

In fact, w e can see that for an y morphism g : X

0

! X and the �b er square

e

X

0

g

0

� � � � !

e

X

�

0

?

?

y

?

?

y

�

X

0

g

� � � � ! X ;

w e ha v e the follo wing comm utativ e diagram with �

�

0

b eing the zero homomorphism

F ( X

0

)

c

�

� � � � ! H

�

( X

0

; Z )

g

0

�

� � �

0

�

?

?

y

?

?

y

�

�

0

F (

e

X

0

) � � � � !

c

�

H

�

(

e

X

0

; Z ) :

Hence � 2 v F (

e

X

�

� ! X ). On the other hand � 62 F (

e

X

�

� ! X ), b ecause � do es not

satisfy the lo cal Euler condition with resp ect to the blo w-up � exactly at these t w o

p oin ts x and y .

Remark 2.10 . One migh t b e tempted to think or guess that ev en if in the

de�nition of v F w e just require the constructible function � 2 F ( X ) to satisfy the

comm utativit y of the diagram (2.7.1) instead of considering all the �b er squares as

ab o v e w e w ould get a biv arian t theory , but it is not clear or ob vious at all whether

the pullbac k is w ell-de�ned or not. Certainly , the pro duct and pushforw ard are b oth

w ell-de�ned. Indeed, for morphisms f : X ! Y and g : Y ! Z , let us supp ose
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that for constructible functions � 2 F ( X ) and � 2 F ( Y ) there exist homomorphisms

�

f

: H

�

( Y ; Z ) ! H

�

( X ; Z ) and �

g

: H

�

( Z ; Z ) ! H

�

( Y ; Z ) suc h that the follo wing

diagrams comm ute:

F ( Z )

c

�

� � � � ! H

�

( Z ; Z )

� � g

�

?

?

y

?

?

y

�

g

F ( Y )

c

�

� � � � ! H

�

( Y ; Z )

� � f

�

?

?

y

?

?

y

�

f

F ( X ) � � � � !

c

�

H

�

( X ; Z ) :

This diagram implies the follo wing comm utativ e diagram

F ( Z )

c

�

� � � � ! H

�

( Z ; Z )

� � f

�

( � � g

�

)

?

?

y

?

?

y

�

f

� �

g

F ( X ) � � � � !

c

�

H

�

( X ; Z ) :

Noticing that it follo ws from (2.3) that � � f

�

( � � g

�

) = � � ( f

�

� � f

�

g

�

) = ( � � � ) � ( g f )

�

,

one can see that the pro duct � � � is w ell-de�ned. T o see the w ell-de�nedness of

the pushforw ard, let us supp ose that for � 2 F ( X ) there exists a homomorphism

�

g f

: H

�

( Z ; Z ) ! H

�

( X ; Z ) suc h that the follo wing diagram comm utes:

F ( Z )

c

�

� � � � ! H

�

( Z ; Z )

� � ( g f )

�

?

?

y

?

?

y

�

g f

F ( X )

c

�

� � � � ! H

�

( X ; Z )

Then this diagram together with MacPherson's theorem, i.e., c

�

f

�

= f

�

c

�

, implies the

follo wing comm utativ e diagram

F ( Z )

c

�

� � � � ! H

�

( Z ; Z )

f

�

( � � ( g f )

�

)

?

?

y

?

?

y

f

�

� �

g f

F ( Y )

c

�

� � � � ! H

�

( Y ; Z )

Noticing that it follo ws from the pro jection form ula (2.4) that f

�

( � � ( g f )

�

) = f

�

( � �

f

�

g

�

) = f

�

� � g

�

, one can see that the pushforw ard is w ell-de�ned. Ho w ev er, as to

the pullbac k op eration, it is not clear at all whether for the �b er square (2.8.1) a con-

structible function � 2 F ( X ) making the diagram (2.7.1) comm utativ e with a certain

homomorphism �

f

: H

�

( Y ; Z ) ! H

�

( X ; Z ) automatically implies that the pullbac k

g

�

� (= g

0

�

� ) mak es the diagram (2.8.2) comm utativ e with a certain homomorphism

�

f

0

: H

�

( Y

0

; Z ) ! H

�

( X

0

; Z ). The w ell-de�nedness of the pullbac k op eration is there-

fore left as an op en problem.

3. Results. In this section w e sho w p ositiv e results on V erdier-Riemann-Ro c h

for Chern classes in the case of trivial �b er bundles and negativ e results in the case of

blo w-ups.
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Let X b e a p ossibly singular v ariet y em b eddable in to a nonsingular v ariet y M .

Then the F ulton's canonical class c

F

( X ) of X ([F, Example 4.2.6]) is de�ned b y

c

F

( X ) := c ( T M j

X

) \ s ( X ; M ) ;

where s ( X ; M ) is the relativ e Segre class of X in M ([F, x 4.2]). If X is a lo cal complete

in tersection in a smo oth v ariet y M , then the F ulton-Johnson class c

F J

( X ) of X ([FJ])

and the F ulton's canonical class of X ([F, Example 4.2.6]) are the same:

c

F J

( X ) = c

F

( X ) = c ( T M j

X

) c ( N

X

M )

� 1

\ [ X ] :

Since the Chern-Sc h w artz-MacPherson class homomorphism c

�

: F ( W ) ! A

�

( W ) is

alw a ys surjectiv e for an y v ariet y W , an y p olynomial or p o w er series of Chern classes

of v ector bundles acts on the Cho w homology group and the action comm utes with

the cycle map (see [F, Remark 3.2.2, Prop osition 19.1.2]), there exists a constructible

function �

F J

2 F ( X ) (whic h shall b e called a F ulton-Johnson c onstructible function )

suc h that

c

F J

( X ) = c

�

( �

F J

) :

Note that there are of course in�nitely man y suc h constructible functions. T o obtain

the constructible function �

F J

in a canonical form, w e note that the di�erence b et w een

the t w o classes c

F J

( X ) and c

�

( X ) is supp orted on the singular lo cus (e.g., see [Su1]

for a rigorous pro of of this). Hence a reasonable canonical constructible function �

F J

is of the form

�

F J

= 1 1

X

+ "

X

Sing

;

with a constructible function "

X

Sing

supp orted on the singular lo cus X

Sing

of X , and

up to sign, the Chern-Sc h w artz-MacPherson class of the extra constructible function

"

X

Sing

, considered as the homology class of the am bien t v ariet y X , is the so-called

Milnor class of X and usually denoted b y M ( X ). More precisely ,

M ( X ) = ( � 1)

dim X

c

�

( "

X

Sing

) :

See [A3], [BLSS1, 2], [PP3], [Su1], etc., for some fundamen tal results and form ulas of

the Milnor class. (See [PP3, x 5] for a form ula for �

F J

.) With this de�nition w e ha v e

Lemma 3.1. L et X b e a singular lo c al c omplete interse ction in a smo oth variety

M , Y any p ossibly singular variety and X

q

 � X � Y

p

� ! Y the pr oje ctions to e ach

factor. Then the fol lowing diagr am c ommutes:

F ( Y )

c

�

� � � � ! H

�

( Y ; Z )

� � p

�

?

?

y

?

?

y

c ( T

p

) \ p

�

F ( X � Y ) � � � � !

c

�

H

�

( X � Y ; Z ) ;

wher e � = q

�

�

F J

.

Pr o of. The relativ e tangen t bundle T

p

is q

�

T

X

and the homology pullbac k p

�

:

H

�

( Y ) ! H

�

( X � Y ) is giv en b y p

�

( b ) = [ X ] � b , the homology cross pro duct. Hence
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for an y homology class b 2 H

�

( Y ) w e ha v e

c ( T

p

) \ p

�

( b ) = c ( q

�

T

X

) \ ([ X ] � b )(3.5.1)

= q

�

c ( T

X

) \ ([ X ] � b )

= ( c ( T

X

) � 1) \ ([ X ] � b )

= ( c ( T

X

) \ [ X ]) � b

= c

F J

( X ) � b:

Therefore, for an y constructible function � 2 F ( Y ) w e ha v e

c ( T

p

) \ p

�

( c

�

( � )) = c

�

( �

F J

) � c

�

( � ) :

The cross pro duct ! � � of t w o constructible functions ! 2 F ( W ) and � 2 F ( Z ) is

de�ned to b e ( ! � � )( w ; z ) := ! ( w ) � ( z ). Then, the Kwieci � nski's cross pro duct form ula

[K1, Th � eor � eme 1] (cf. [KY, Theorem 4]) sa ys that c

�

( ! � � ) = c

�

( ! ) � c

�

( � ). Therefore

w e ha v e

c ( T

p

) \ p

�

( c

�

( � )) = c

�

( �

F J

� � ) = c

�

( q

�

�

F J

� p

�

� ) ;

whic h is nothing but the comm utativit y of the ab o v e diagram.

Lemma 3.2. L et X and Y b e any varieties and let X

q

 � X � Y

p

� ! Y b e

the pr oje ctions to e ach factor. L et 
 : F ! H b e any Gr othendie ck tr ansformation

satisfying the normalization c ondition that 
 (1 1

�

) = c ( T X ) \ [ X ] for X smo oth, wher e

� : X ! pt and 1 1

�

= 1 1

X

. Then for any c onstructible function � 2 F ( X ) = F ( X !

pt ) and b 2 H

�

( Y ; Z ) we have

c

�

( � ) � b = 
 ( q

�

� ) � b 2 H

�

( X � Y ; Z ) :

Pr o of. Since q

�

� is a biv arian t constructible function, i.e., q

�

� 2 F ( X � Y

p

� ! Y ),

w e get the follo wing comm utativ e diagram (the V erdier-Riemann-Ro c h for Chern class

asso ciated to the biv arian t constructible function q

�

� ) from the giv en Grothendiec k

transformation 
 : F ! H :

F ( Y )

c

�

� � � � ! H

�

( Y ; Z )

( q

�

� ) �

?

?

y

?

?

y


 ( q

�

� ) �

F ( X � Y ) � � � � !

c

�

H

�

( X � Y ; Z ) ;

whic h implies that for an y constructible function � 2 F ( Y ) w e ha v e

c

�

(( q

�

� ) � � ) = 
 ( q

�

� ) � c

�

( � ) :

Since ( q

�

� ) � � = ( q

�

� ) � p

�

� = � � � , w e ha v e

c

�

( � ) � c

�

( � ) = 
 ( q

�

� ) � c

�

( � ) :

The lemma claims that in this equalit y an y algebraic homology class of Y , i.e., the

Chern-Sc h w artz-MacPherson class c

�

( � ) of an y constructible function � , can b e re-

placed b y an y homology class of Y .

T o sho w this, �rst w e should note that it follo ws from the de�nition of biv arian t

pro duct of the biv arian t homology theory that the righ t-hand-side of the ab o v e equalit y
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actually means

A

X � Y

( 
 ( q

�

� ) � A

� 1

Y

( b )) ;

where A

Z

: H

�

( N ; N n Z )

�

=

� ! H

�

( Z ) is the Alexander dualit y isomorphism for a v ariet y

Z em b edded in a (in fact, an y) smo oth v ariet y N . Also note that the Alexander

dualit y isomorphisms comm ute with homology and cohomology cross pro ducts and

furthermore for a morphism X ! pt , c

�

= A

X

� 
 , due to the normalization condition

imp osed on 
 (see [BS]). Next, w e recall the biv arian t cross pro ducts ([FM, 2.4, p.24]):

F or morphisms f : X

1

! X

2

and g : Y

1

! Y

2

, the biv arian t-theoretic cross pro duct �

� : B ( X

1

f

� ! X

2

) 
 B ( Y

1

g

� ! Y

2

) ! B ( X

1

� Y

1

f � g

� ! X

2

� Y

2

)

is de�ned b y

(3.2.1) � � � := h

�

� � s

�

� ;

where h : X

2

� Y

1

! X

2

and s : X

2

� Y

2

! Y

2

are the pro jections. Th us w e are

dealing with the follo wing t w o �b er squares

X

1

� Y

1

� � � � ! X

1

f � id

Y

1

?

?

y

?

?

y

f

Y

1

 � � � � X

2

� Y

1

� � � � !

h

X

2

g

?

?

y

?

?

y

id

X

2

� g

Y

2

 � � � �

s

X

2

� Y

2

In our case w e set X

1

= X ; X

2

= pt; Y

1

= Y and Y

2

= pt , whic h means that w e

consider the follo wing t w o �b er squares:

X � Y

q

� � � � ! X

p

?

?

y

?

?

y

Y

id

Y

 � � � � Y � � � � !

h

pt

?

?

y

?

?

y

pt  � � � �

s =id

pt

pt

Then the lemma can b e seen as follo ws: �rst, as observ ed ab o v e, since the Alexan-

der dualit y isomorphisms comm ute with homology cross pro ducts, w e ha v e

c

�

( � ) � b = A

X � Y

�

A

� 1

X

( c

�

( � )) � A

� 1

Y

( b )

�

:
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Whic h con tin ues as follo ws

= A

X � Y

�


 ( � ) � A

� 1

Y

( b )

�

(since c

�

= A

X

� 
 )

= A

X � Y

�

h

�


 ( � ) � A

� 1

Y

( b )

�

(b y the biv arian t cross pro duct (3.2.1))

= A

X � Y

�


 ( h

�

� ) � A

� 1

Y

( b )

�

(since 
 comm utes with pullbac ks)

= A

X � Y

�


 ( q

�

� ) � A

� 1

Y

( b )

�

( h

�

� := q

�

� b y de�nition)

= 
 ( q

�

� ) � b:

No w it is easy to see the follo wing

Cor ollar y 3.3. L et the situation b e as in L emma 3.1. If we let

p

F

:= 
 (1 1

X � Y

) � : H

�

( Y ; Z ) ! H

�

( X � Y ; Z ) for any Gr othendie ck tr ansforma-

tion 
 : F ! H satisfying the normalization c ondition, then for any homolo gy class

b 2 H

�

( Y ; Z ) we have

p

F

( b ) = c ( T

p

) \ p

�

( b ) � ( � 1)

dim X

M ( X ) � b;

or e quivalently

p

F

( b ) = c ( T

p

) \ p

�

( b ) � 
 ( "

X

Sing

� 1 1

Y

) � b:

Note that Corollary 3.3 is a solution to [Y1, Problem (3.4)] or [BY, Problem (4.5)]

in the case of trivial �b er bundles.

No w, motiv ated or hin ted b y the w ell-kno wn fact (e.g., see the recen t articles [Cr,

x 1.3] and [G• o, Remark 4.1]) that if f : Z ! Y is a Zariski lo cally trivial �b er bundle

with �b er F , then

[ Z ] = [ Y ][ F ]

in the Grothendiec k ring of complex algebraic (or analytic) v arieties, w e sp eculate that

just lik e in the case of Z = Y � F the follo wing conjecture w ould b e correct:

Conjecture 3.4. L et X b e a lo c al c omplete interse ction in a smo oth variety M

and p : X

e

� Y ! Y b e a Zariski lo c al ly trivial �b er bund le over a p ossibly singular

variety Y with �b er X . F urthermor e we assume that X

e

� Y ! Y is a subbund le of

a Zariski lo c al ly trivial �b er bund le M

e

� Y ! Y with �b er M . Then we have the

fol lowing c ommutative diagr am

F ( Y )

c

�

� � � � ! H

�

( Y ; Z )

� � p

�

?

?

y

?

?

y

c ( T

p

) \ p

�

F ( X

e

� Y ) � � � � !

c

�

H

�

( X

e

� Y ; Z ) ;

wher e � = 1 1

X

e

� Y

+ "

X

Sing

e

� 1 1

Y

and ( "

X

Sing

e

� 1 1

Y

)( x; y ) := "

X

Sing

( x ) :

In the earlie v ersion of the pap er, the ab o v e conjecture w as stated as a theorem,

but J• org Sc h • urmann p oin ted out an error in its pro of. Here, ho w ev er, the earlier

\pro of" is giv en as a reference for the reader, who migh t b e able to come up with a

correct and slic k pro of.

\Pr o of". Since p : X

e

� Y ! Y is a Zariski lo cally trivial �b er bundle, there exists

a strati�cation f Y

i

g of Y b y constructible sets Y

i

's suc h that the restriction of p to
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eac h stratum Y

i

p

i

:= p j

p

� 1

( Y

i

)

: X � Y

i

! Y

i

is a trivial bundle. Note that F ( Y ) =

L

F ( Y

i

), i.e., an y constructible function of Y

can b e expressed as a direct sum of constructible functions of the constructible sets

Y

i

. Let �

i

: Y

i

! Y and �

i

: X � Y

i

! X

e

� Y b e the inclusions. Let �

i

2 F ( Y

i

). Then

it follo ws from Lemma 3.1 that the follo wing diagram is comm utativ e

F ( Y

i

)

c

�

� � � � ! H

�

( Y

i

; Z )

( �

F J

� 1 1

Y

i

) � p

�

i

?

?

y

?

?

y

c ( T

p

i

) \ p

�

i

F ( X � Y

i

) � � � � !

c

�

H

�

( X � Y

i

; Z ) ;

i.e., for an y constructible function �

i

2 F ( Y

i

)

c ( T

p

i

) \ p

�

i

( c

�

( �

i

)) = c

�

(( �

F J

� 1 1

Y

i

) � p

�

i

( �

i

)) :

No w, let � 2 F ( Y ). Then w e can express � as follo ws:

� =

X

i

�

i

�

�

i

; �

i

2 F ( Y

i

) :

Consider the follo wing �b er square

X � Y

i

�

i

� � � � ! X

e

� Y

p

i

?

?

y

?

?

y

p

Y

i

� � � � !

�

i

Y :

Since p is 
at, it follo ws from [F, Prop osition 1.7] that the follo wing diagram is com-

m utativ e

H

�

( X � Y

i

)

�

i

�

� � � � ! H

�

( X

e

� Y )

p

�

i

x

?

?

x

?

?

p

�

H

�

( Y

i

) � � � � !

�

i

�

H

�

( Y ) :

(Here is an error; since �

i

is not necessarily prop er !)

Here it should b e noted that the \constructible function" v ersion of this comm u-

tativ e diagram alw a ys holds for an y �b er square, namely the form ula (2.2) giv en in
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x 2; th us w e do not require the 
atness of p . Therefore w e get

X

i

�

i

�

( c ( T

p

i

) \ p

�

i

( c

�

( �

i

)))

=

X

i

�

i

�

( c ( �

�

i

T

p

) \ p

�

i

( c

�

( �

i

)))

=

X

i

c ( T

p

) \ �

i

�

p

�

i

( c

�

( �

i

))

=

X

i

c ( T

p

) \ p

�

�

i

�

( c

�

( �

i

))

=

X

i

c ( T

p

) \ p

�

( c

�

( �

i

�

�

i

))

= c ( T

p

) \ p

�

 

c

�

(

X

i

�

i

�

�

i

)

!

= c ( T

p

) \ p

�

( c

�

( � )) :

On the other hand, w e get that

X

i

�

i

�

c

�

�

( �

F J

� 1 1

Y

i

) � p

�

i

�

i

�

=

X

i

c

�

�

�

i

�

�

( �

F J

� 1 1

Y

i

) � p

�

i

�

i

��

=

X

i

c

�

�

( �

F J

e

� 1 1

Y

) � �

i

�

p

�

i

�

i

�

=

X

i

c

�

�

( �

F J

e

� 1 1

Y

) � p

�

�

i

�

�

i

�

= c

�

 

( �

F J

e

� 1 1

Y

) � p

�

(

X

i

�

i

�

�

i

)

!

= c

�

�

( �

F J

e

� 1 1

Y

) � p

�

( � )

�

:

Hence, for an y constructible function � 2 F ( Y ), w e ha v e

c ( T

p

) \ p

�

( c

�

( � )) = c

�

�

( �

F J

e

� 1 1

Y

) � p

�

( � )

�

;

th us the theorem holds.

Let p

F

= 
 (1 1

X

e

� Y

) � : H

�

( Y ; Z ) ! H

�

( X

e

� Y ; Z ) for an y Grothendiec k trans-

formation 
 : F ! H satisfying the normalization condition. Then for an y homology

class b 2 H

�

( Y ) determined b y an algebraic or analytic cycle, i.e., the Chern-Sc h w artz-

MacPherson class of a constructible function of Y , w e ha v e

p

F

( b ) = c ( T

p

) \ p

�

( b ) � 
 ( "

X

Sing

e

� 1 1

Y

) � b;

whic h is just another w a y of putting Conjecture 3.4. F urthermore w e sp eculate that

(3.5) p

F

= c ( T

p

) \ p

�

� 
 ( "

X

Sing

e

� 1 1

Y

) � :

No w it is furthermore reasonable to mak e the follo wing
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Conjecture 3.6. Even if the Zariski top olo gy is r eplac e d by the usual top olo gy

in Conje ctur e 3.4, (i) the diagr am in Conje ctur e 3.4 is c ommutative and (ii) (3.5) also

holds.

W e hop e to address ourselv es to these conjectures in a di�eren t pap er later.

Note that b y the induction on dimensions of sub v arieties of Y w e can see that

the statemen t (i) of the ab o v e conjecture holds if and only if for the ab o v e bundle

X

e

� Y ! Y

c

�

( �

F J

e

� 1 1

Y

) = c ( T

p

) \ p

�

( c

�

( Y )) :

F urthermore w e note that

c

�

( �

F J

e

� 1 1

Y

) = 
 ( �

F J

e

� 1 1

Y

) � c

�

( Y ) :

Remark 3.7 . Since c ( T

p

) \ p

�

( b ) = c ( T

p

) � U

p

� b , w e sp eculate that


 ( �

F J

e

� 1 1

Y

) = c ( T

p

) � U

p

:

Otherwise this simple example w ould sho w the non-uniqueness of the Grothendiec k

transformation 
 : F ! H satisfying the normalization condition.

No w w e recall that a lo cal complete in tersection morphism f : X ! Y is the

comp osite f = p � r of a regular em b edding r : X ! M (i.e., X is a lo cal complete

in tersection in M ) and a smo oth morphism p : M ! Y . Lo cal complete in tersection

morphisms whic h w e no w deal with are blo wups (see [F, 6.7] and [FM, 9.2.2]). Let Z

b e a regularly em b edded closed subsc heme of a sc heme Y , and let

e

Y b e the blo w-up of

Y along Z , then the pro jection f :

e

Y ! Y is a lo cal complete in tersection morphism

of relativ e co dimension 0.

Theorem 3.8. L et f :

f

P

n

! P

n

b e the blow-up of P

n

at a p oint P . Then ther e

is no c onstructible function � 2 F (

f

P

n

) such that the diagr am (1.2) is c ommutative.

Pr o of. Let us supp ose that there exist some constructible function � 2 F (

f

P

n

)

suc h that the follo wing diagram comm utes:

F ( P

n

)

c

�

� � � � ! H

�

( P

n

; Z )

� � f

�

?

?

y

?

?

y

c ( T

f

) \ f

�

F (

f

P

n

) � � � � !

c

�

H

�

(

f

P

n

; Z ) :

Then it follo ws from the comm utativit y of the ab o v e diagram that � = 1 on

f

P

n

n E ,

where E (

�

=

P

n � 1

) denotes the exceptional divisor. T o see this, let Q b e an y p oin t

di�eren t from P and set Q

0

= f

� 1

( Q ). Then w e ha v e � ( Q

0

) = c

�

( � ( Q

0

) � 1 1

Q

0

) =

c

�

( � � f

�

(1 1

Q

)) = c ( T

f

) \ f

�

( c

�

(1 1

Q

)) = c ( T

f

) \ f

�

([ Q ]) = c ( T

f

) \ [ Q

0

] = [ Q

0

] = 1.

Hence � can b e expressed as

� = 1 1

f

P

n

n E

+ �

E

with some constructible function �

E

supp orted on E . Then w e ha v e

c

�

( � � f

�

(1 1

P

)) = c

�

( � � 1 1

E

) = c

�

( �

E

) :

On the other hand, b y the same argumen t as ab o v e, w e get that

c

�

( � � f

�

(1 1

P

)) = c ( T

f

) \ f

�

( c

�

(1 1

P

)) = c ( T

f

) \ f

�

([ P ]) = 1 :
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Th us it follo ws that c

�

( �

E

) = 1. No w, since an y constructible function can b e ex-

pressed as a linear com bination of some c haracteristic functions of sub v arieties, it

follo ws from the irreducibilit y of E that

�

E

= b � 1 1

E

+ �

where b is some in teger and � is another constructible function supp orted on sub v ari-

eties of lo w er dimensions, i.e., of dimension < n � 1. If b 6= 0, then

c

�

( �

E

) = b [ E ] + � � � ;

since [ E ] cannot v anish, b ecause H

2 n � 2

(

f

P

n

)

�

=

H

2 n � 2

( P

n

n P ) � H

2 n � 2

( E ) b y the

Ma y er-Vietoris sequence. Hence c

�

( �

E

) 6= 1. Therefore b = 0, and since c

�

( �

E

) = 1

it follo ws that � 6= 0 and that c

�

( � ) = 1. No w consider an y line L going through

the blo wn-up p oin t P , and let

e

L b e the prop er transform of L and let [[ L ]] b e the

corresp onding p oin t in the exceptional divisor E . Then w e ha v e

� � f

�

(1 1

L

) =

�

1 1

f

P

n

n E

+ �

�

�

�

1 1

E

+ 1 1

e

L

� 1 1

[[ L ]]

�

= � + 1 1

e

L

� 1 1

[[ L ]]

Therefore w e ha v e

c

�

( � � f

�

(1 1

L

)) = c

�

( � ) + c

�

(

e

L ) � c

�

([[ L ]])

= c

�

( � ) + c

�

(

e

L ) � 1

= c

�

(

e

L ) (since c

�

( � ) = 1)

= [

e

L ] + 2 (since

e

L

�

=

P

1

) :

On the other hand it follo ws from [F, Corollary 6.7.1] and the comm utativit y of the

pullbac ks with the cycle map [F, Example 19.2.1] that w e ha v e

f

�

([ L ]) = [

e

L ] + [ L

0

] ;

where L

0

is a pro jectiv e line in E

�

=

P

n � 1

. Therefore w e get that

c ( T

f

) \ f

�

( c

�

( L )) = c ( T

f

) \ f

�

([ L ] + 2) (since L

�

=

P

1

)

= c ( T

f

) \ f

�

([ L ]) + 2 (since c ( T

f

) = 1 + � � � )

= c ( T

f

) \ ([

e

L ] + [ L

0

]) + 2

= [

e

L ] + [ L

0

] + some in teger :

Here w e note that [ L

0

] do es not v anish since H

2

(

f

P

n

)

�

=

H

2

( P

n

n P ) � H

2

( E ) b y the

Ma y er-Vietoris sequence. Then the ab o v e comm utativ e diagram implies that

c

�

( � � f

�

(1 1

L

)) = c ( T

f

) \ f

�

( c

�

( L )) ;

namely w e ha v e to ha v e that

[

e

L ] + 2 = [

e

L ] + [ L

0

] + some in teger :

Th us, in particular [ L

0

] has to v anish, whic h is a con tradiction.

More generally , w e can construct suc h an example from an y v ariet y V of dimension

n > 2.
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Cor ollar y 3.9. L et

e

V b e the blow-up of V at any smo oth p oint of V and f :

e

e

V !

e

V the blow-up of

e

V at any p oint of the exc eptional divisor (

�

=

P

n � 1

) of

e

V . Then ther e

is no c onstructible function � 2 F (

e

e

V ) such that the diagr am (1.2) is c ommutative.

This can b e seen using the ab o v e case of the blo w-up f :

]

P

n � 1

! P

n � 1

.

As w e can see from the ab o v e argumen t, as to the cohomology class c ( T

f

), w e use

only the fact that the 0-dimensional part of the cohomology class c ( T

f

) is equal to 1,

th us as a corollary w e get

Cor ollar y 3.10. L et f :

e

X ! X b e a blow-up map as ab ove. Then ther e ar e

no c onstructible function � 2 F (

e

X ) and no total c ohomolo gy class c` (

e

X ) of

e

X whose

0-dimensional p art is 1, i.e., no total c ohomolo gy class c` (

e

X ) 2 1 +

L

i> 0

H

2 i

(

e

X ; Z ) ,

such that the fol lowing diagr am is c ommutative :

F ( X )

c

�

� � � � ! H

�

( X ; Z )

� � f

�

?

?

y

?

?

y

c` (

e

X ) \ f

�

F (

e

X ) � � � � !

c

�

H

�

(

e

X ; Z ) :

Remark 3.11 . F or a blo w-up map � :

e

X ! X of X along an y sub v ariet y of X

there is no biv arian t constructible function � 2 F (

e

X ! X ) whose v alue is generically

equal to 1, b ecause of the lo cal Euler condition imp osed on the constructible func-

tion � (e.g., see [Sa, (1.3) Remarque]). As to the biv arian t-theoretic \Riemann-Ro c h

form ula", it is therefore ob vious that for an y blo w-up map � :

e

X ! X there is no

canonical orien tation �

f

2 F ( X ! Y ) and no total cohomology class c` (

e

X ) of

e

X

whose 0-dimensional part is 1 suc h that


 ( �

f

) = c` (

e

X ) � U

f

for any Grothendiec k transformation 
 : F ! H satisfying the normalization condition

that 
 (1 1

�

) = c ( T X ) \ [ X ] for X smo oth with � : X ! pt and 1 1

�

:= 1 1

X

.

Remark 3.12 . In this remark w e discuss the extra constructible function "

X

Sing

a bit more.

Let E b e a v ector bundle of rank k o v er a nonsingular v ariet y M of dimension

n + k and s : M ! E a regular section, and let X := s

� 1

(0) b e the zero of the section,

whic h is a lo cal complete in tersection of dimension n . Let i : X ! M b e the inclusion.

Then the F ulton-Johnson class c

F J

( X ) is nothing but

i

�

c ( T M )

i

�

c ( E )

\ [ X ] and the Milnor

class is b y de�n tion

M ( X ) := ( � 1)

dim X

�

i

�

c ( T M )

i

�

c ( E )

\ [ X ] � c

�

( X )

�

= ( � 1)

dim X

c

�

( "

X

Sing

) :

When X has isolated singularities x

1

; x

2

; � � � ; x

r

, it follo ws from [Su1] that w e

can set

"

X

Sing

=

r

X

i +1

�

x

i

1 1

x

i

;

where �

x

i

denoting the Milnor n um b er of X at the isolated singularit y x

i

.
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In [A3, Theorem I.5 ] P . Alu� expressed the Milnor class in terms of his � -class

[A2] in the case of h yp ersurfaces and it can b e also expressed as follo ws ([A3, Theorem

I.4]):

M ( X ) = ( � 1)

dim X

1

c ( L )

\ ( s ( Y ; M )

_


 L ) ;

where E = L is a line bundle since w e are no w dealing with the h yp ersurface case,

Y is the singular lo cus of X and the class s ( Y ; M )

_


 L is supp orted on the singular

lo cus Y . See [A1], [A2] and [A3] for the other notation.

In [PP3] A. P arusi � nski and P . Pragacz describ ed the Milnor class in the case of h y-

p ersurfaces, using some data coming from Whitney strati�cations of the h yp ersurface

X . They describ ed it as follo ws:

M ( X ) =

1

c ( L )

\

X

S 2S

X

S � Sing( X )

�

S

c

�

( S ) :

Here S

X

is a (in fact, an y) Whitney strati�cation of X and �

S

is a certain in teger

attac hed to eac h stratum S obtained b y using the Milnor n um b ers of the strata. (The

degree 0-part of this form ula, i.e., a form ula for the Euler-P oincar � e c haracteristic � ( X )

of X w as obtained in [PP2, Theorem 4].)

In [BLSS2] (see [BLSS1] for its summary) J.-P . Brasselet, D. Lehmann, J. Seade

and T. Su w a ha v e expressed the Milnor class b y the so-called lo calized Milnor classes

of the connected comp onen ts of the singular lo cus. In the sp ecial case when the

connected comp onen ts are all nonsingular, they describ e it v ery explicitly in v olving

some kind of cohomology classes \ � " [BLSS2, Lemma 7.5, Theorem 7.6 and Corollary

7.7]; whic h is, roughly sp eaking, as follo ws:

M ( X ) =

X

S

(some cohomology class)

c ( E )

\ c

�

( S ) ;

where S 's are the connected comp onen ts of the singular lo cus and assumed to b e

nonsingular.

So one could exp ect that a general form ula w ould b e of the follo wing form

M ( X ) =

X

S 2S

X

S � Sing( X )

�

S

c ( E )

\ ( i

S ;X

)

�

c

�

( S ) ;

where i

A;B

: A ! B is the inclusion and S

X

is a Whitney strati�cation of X and �

S

is a certain cohomology class in v olving not only the bundle E but also the sub v ariet y

S , and the problem is of course to determine the cohomology class �

S

. (Note that in

general �

S

cannot b e expressed as a p olynomial in the individual Chern classes of E

[O Y] and surely in v olv es some classes of the v ariet y S itself as seen in [BLSS2].) Th us,

w e could express the extra constructible function "

X

Sing

, as a \cohomology v alued"

constructible function, as follo ws:

X

S 2S

X

S � Sing( X )

�

S

c ( E )

� 1 1

S

:
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Certainly the v alue of c

�

on a H

�

( X )-v alued constructible function is de�ned to b e

c

�

(

X

W

�

W

� 1 1

W

) :=

X

W

�

W

\ c

�

( W ) ;

with �

W

denoting a cohomology class of X .
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