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h 2002 001VERDIER-RIEMANN-ROCH FORCHERN CLASS AND MILNOR CLASS�SHOJI YOKURAy1. Introdu
tion. In [BFM℄ Baum, Fulton and Ma
Pherson formulated a sin-gular Riemann-Ro
h, extending the Grothendie
k-Riemann-Ro
h (e.g., see [BoSe℄)to possibly singular varieties. That is the unique natural transformation from theK-theory of 
oherent sheaves to the rational homology theory(BFM) � : K0 ! HQsatisfying the normalization 
ondition that �(OX ) = td(TX) \ [X ℄ for a non-singularvariety X with OX the stru
ture sheaf and td(TX) the total Todd 
lass of the tangentbundle TX . This is a 
ovariant aspe
t of the two theories K0 and HQ. As to the
ontravariant aspe
t of these two theories, we have the Verdier-Riemann-Ro
h, whi
hwas 
onje
tured in [BFM℄ and proved aÆrmatively by J.-L. Verdier [V, Theorem 18.2(3), p. 349℄, i.e., the following 
ommutative diagram for a lo
al 
omplete interse
tionmorphism f : X ! Y :(Verdier) K0(Y ) �Y����! H�(Y )Qf�??y ??ytd(Tf )\f�K0(X) ����!�X H�(X)Qwhere td(Tf ) is the total Todd 
lass of the virtual relative tangent bundle Tf ofthe morphism f and f� : H�(Y )Q ! H�(X)Q is the Gysin homomorphism (see [F,Example 19.2.1℄, [BFM, IV.4℄ and [FM℄).In [SGA 6℄ the original Grothendie
k-Riemann-Ro
h (for a morphism betweennonsingular varieties) is generalized to the following Riemann-Ro
h for a lo
al 
om-plete interse
tion morphism f : X ! Y :(SGA 6) K0(X) 
h����! H�(X)Qf�??y ??yf!(td(Tf )[ )K0(Y ) ����!
h H�(Y )QHere K0 is the K-theory of ve
tor bundles and f! : H�(X)Q ! H�(Y )Q is the Gysinhomomorphism (see [F, Example 19.2.1℄, [BFM, IV.4℄ and [FM℄).The above three Riemann-Ro
h theorems, i.e., Baum-Fulton-Ma
Pherson'sRiemann-Ro
h (BFM), Verdier-Riemann-Ro
h (Verdier) and the Riemann-Ro
h in� Re
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2 s. yokura[SGA6℄, follow from the Grothendie
k transformation (see [FM,II, x1℄)� : K alg ! H Qfrom the bivariant algebrai
 K-theory to the bivariant homology theory with rational
oeÆ
ients and the bivariant-theoreti
 \Riemann-Ro
h formula" ([FM, I, x1.4℄)�(Of ) = td(Tf ) � Ufof the 
anoni
al orientations Of 2 K alg (X f�! Y ) and Uf 2 H (X f�! Y )Q for a lo
al
omplete interse
tion morphism f : X ! Y (see [FM, II, 0.2℄).As remarked in [BFM, (0.3)℄, the motivation of BFM's Riemann-Ro
h is theChern-S
hwartz-Ma
Pherson 
lass theory, i.e., the unique natural transformation fromthe 
ovariant fun
tor F of 
onstru
tible fun
tions to the 
ovariant homology fun
tor
� : F ! H�satisfying the normalization 
ondition that 
�(11X) = 
(TX) \ [X ℄ for a nonsingularvarietyX with 11X being the 
hara
teristi
 fun
tion on X . The natural transformation
� : F ! H� is nothing but \Grothendie
k-Riemann-Ro
h" for the Chern 
lass (
f.[G℄). It is, therefore, quite natural and reasonable to think of the \
ontravariant as-pe
t" of the Chern-S
hwartz-Ma
Pherson 
lass theory; i.e., \Verdier-Riemann-Ro
h"for Chern 
lass, sin
e the original Verdier-Riemann-Ro
h is one for Todd 
lass. Thus,�rst of all, a na��ve or simple-minded question is to ask about the 
ommutativity ofthe following diagram:(1.1) F (Y ) 
�����! H�(Y ;Z)f�??y ??y
(Tf )\f�F (X) ����!
� H�(X ;Z)Here, f� : F (Y ) ! F (X) is the usual fun
tional pullba
k of 
onstru
tible fun
tions,i.e., (f��)(x) = �(f(x)) for a 
onstru
tible fun
tion � 2 F (Y ), 
(Tf ) is the total Chern
lass of the bundle Tf and f� : H�(Y ;Z) ! H�(X ;Z) is the Gysin homomorphismas above with integral 
oeÆ
ients.The above diagram (1.1) is 
ommutative if f issmooth ([Y1℄), otherwise it is not. Consider the very simple 
ase when f : X ! pt isa lo
al 
omplete interse
tion morphism from a singular variety X to a point, whi
hmeans that the variety X is a singular lo
al 
omplete interse
tion in a smooth variety.Then the problem of the 
ommutativity of the diagram (1.1) is equivalent to that ofwhether the Chern-S
hwartz-Ma
Pherson 
lass 
�(X) of X and the Fulton-Johnson
lass 
FJ(X) of X ([F℄, [FJ℄) are the same or not. Indeed, sin
e Y = pt, let us 
onsiderthe 
hara
teristi
 fun
tion 11pt. Then the 
ommutativity of (1.1) implies that
�(f�(11pt)) = 
(Tf ) \ f�(
�(11pt)):The left-hand-side of this equality is 
�(f�(11pt)) = 
�(11X) = 
�(X), the Chern-S
hwartz-Ma
Pherson 
lass of X . On the other hand, as pointed out just above, sin
eX is a lo
al 
omplete interse
tion in a smooth variety, sayM , it follows that the right-hand-side is 
(Tf )\f�(
�(11pt) = 
(TM jX�NXM)\[X ℄), whi
h is the Fulton-Johnson
lass of X ([F℄, [FJ℄). Here NXM is the normal bundle of X in M . If X is singular,then these two 
lasses are not the same and the di�eren
e of these two 
lasses, whi
h



verdier-riemann-ro
h for 
hern 
lass and milnor 
lass 3is 
alled Milnor 
lass, has been re
ently studied well from di�erent motivations (e.g.,see [A3℄, [BLSS1,2℄, [PP3℄, [Su1℄, [Y2℄, et
.). Note that in the 
ase of a singular plane
urve, it is already impli
itly observed in [P, x6, Comparaison des 
lasses℄ that thedi�eren
e of these two 
lasses is the sum of Milnor numbers of the singularities (
f.[F, Example 4.2.6 (b)℄).From a bivariant-theoreti
 viewpoint, a more natural question to ask is thenwhether or not there exists a 
ertain 
onstru
tible fun
tion � 2 F (X) su
h that thefollowing diagram 
ommutes:(1.2) F (Y ) 
�����! H�(Y ;Z)��f�??y ??y
(Tf )\f�F (X) ����!
� H�(X ;Z):The starting point of the present work is the observations that the 
onstru
tiblefun
tion fun
tor F itself 
an be a bivariant theory and furthermore that there areseveral bivariant theories of 
onstru
tible fun
tions [Y4, 5℄. For example, roughlyspeaking, a 
onstru
tible fun
tion � 2 F (X) making the diagram (1.2) 
ommutative,with 
(Tf ) \ f� repla
ed by a 
ertain homomorphism �f : H�(Y ;Z)! H�(X ;Z), isalso \bivariant" (see Theorem 2.8 below for more details).In this paper we show that for a trivial �ber bundle with the �ber being a lo
al
omplete interse
tion in a smooth variety there does exist a 
onstru
tible fun
tion� 2 F (X) su
h that the diagram (1.2) is 
ommutative, and thus we spe
ulate thatit would be true even for �ber bundles both in the Zariski topology and in the usualtopology. We also show that for a blow-up map (whi
h is a non-smooth lo
al 
ompleteinterse
tion morphism) there does not exist any 
onstru
tible fun
tion � 2 F (X) su
hthat the diagram (1.2) is 
ommutative.A
knowledgements. The author would like to thank the sta� of the ErwinS
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hor, and the Isaa
 Newton Institute for Mathemati
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h�urmann for pointing out an error in the earlier version of thepaper.2. Bivariant Theories of Constru
tible Fun
tions. First we re
all a generaltheory of bivariant theory due to Fulton and Ma
Pherson (see [FM℄ for full details). Abivariant theory B on a 
ategory C with values in an abelian 
ategory is an assignmentto ea
h morphism X f�! Yin the 
ategory C a graded abelian groupB (X f�! Y )whi
h is equipped with the following three basi
 operations:(Produ
t operations): For morphisms f : X ! Y and g : Y ! Z, the produ
toperation � : B (X f�! Y )
 B (Y g�! Z)! B (X gf�! Z)



4 s. yokurais de�ned.(Pushforward operations): For morphisms f : X ! Y and g : Y ! Z with f proper,the pushforward operationf� : B (X gf�! Z)! B (Y g�! Z)is de�ned.(Pullba
k operations): For a �ber square (whi
h will be sometimes simply denoted byX 0 = X �Y Y 0) X 0 g0����! Xf 0??y ??yfY 0 g����! Y;the pullba
k operation g� : B (X f�! Y )! B (X 0 f 0�! Y 0)is de�ned.And these three operations are required to satisfy the following seven axioms (see[FM, Part I, x2.2℄ for details):(B-1) produ
t is asso
iative,(B-2) pushforward is fun
torial,(B-3) pullba
k is fun
torial,(B-4) produ
t and pushforward 
ommute,(B-5) produ
t and pullba
k 
ommute,(B-6) pushforward and pullba
k 
ommute, and(B-7) proje
tion formula.Let B ; B 0 be two bivariant theories on a 
ategory C. Then a Grothendie
k trans-formation from B to B 0 
 : B ! B 0is a 
olle
tion of homomorphismsB (X ! Y )! B 0 (X ! Y )for a morphism X ! Y in the 
ategory C, whi
h preserves the above three basi
operations.Fulton and Ma
Pherson also introdu
ed the notion of operational bivariant theoryasso
iated to a homology theory ([FM, Part I, x8℄). Let T� be a 
ovariant fun
tor(or sometimes 
alled a homology theory) on the 
ategory C. Then the asso
iatedoperational bivariant theory OT of T� is de�ned as follows. For a morphism f : X ! Y ,an element 
 2 OT(X f�! Y ) is de�ned to be a 
olle
tion of homomorphisms
(g) : T�(Y 0)! T�(X 0)for all g : Y 0 ! Y and the �ber square X 0 = X �Y Y 0. And these homomorphisms
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(g) are required to be 
ompatible with proper pushforward, i.e., for a �ber diagramX 00 h0����! X 0 g0����! X??yf 00 ??yf 0 ??yfY 00 ����!h Y 0 ����!g Y;the following diagram must 
ommute:T�(Y 00) 
(gÆh)����! T�(X 00)h�??y ??yh0�T�(Y 0) ����!
(g) T�(X 0):If C has a �nal obje
t pt and T�(pt) has a distinguished element 1, then thehomomorphism ev : OT(X ! pt) ! T�(X) de�ned by ev(
) := (
(idpt))(1) is 
alledthe evaluation homomorphism.Let B be a bivariant theory. Then the asso
iated operational bivariant theory B opof B is de�ned to be the operational bivariant theory 
onstru
ted from the 
ovariantfun
tor B�(X) = B (X ! pt). Then we have the following 
anoni
al Grothendie
ktransformation op : B ! B opde�ned by, for ea
h � 2 B (X ! Y ),op(�) := f(g��)� : B (Y 0 ! pt)! B (X 0 ! pt)jg : Y 0 ! Y gwhere X 0 = X �Y Y 0 is the �ber square.Now we dis
uss some bivariant theories of 
onstru
tible fun
tions. First, theabelian group F (X) of a given analyti
 variety X 
onsists of all the 
onstru
tiblefun
tions on X . The asso
iation X 7�! F (X) be
omes a 
ontravariant fun
tor withthe usual pullba
k and at the same time a 
ovariant fun
tor with the pushforwardf� whi
h takes the topologi
al Euler-Poin
ar�e 
hara
teristi
 of the �bers weighted by
onstru
tible fun
tions.The 
onstru
tible fun
tion fun
tor F itself 
an be a bivariant theory without anygeometri
 or topologi
al requirement on 
onstru
tible fun
tions as follows:Proposition (2.1). ([Y5, Proposition (3.1)℄) For any morphism f : X ! Y thegroup sF(X ! Y ) is de�ned bysF(X f�! Y ) := F (X):Then this is a bivariant theory with the following operations of produ
t, pushforwardand pullba
k, i.e., they satisfy the seven axioms of the bivariant theory.(i): the produ
t operation� : sF(X f�! Y )
 sF(Y g�! Z)! sF(X gf�! Z)is de�ned by: � � � := � � f��:



6 s. yokura(ii): the pushforward operationf� : sF(X gf�! Z)! sF(Y g�! Z)is the pushforward f� : F (X)! F (Y ):(iii): For a �ber square X 0 g0����! Xf 0??y ??yfY 0 g����! Y;the pullba
k operation g� : sF(X f�! Y )! sF(X 0 f 0�! Y 0)is the pullba
k g0� : F (X)! F (X 0):This bivariant group is 
alled the simple bivariant group of 
onstru
tible fun
tions.It is 
lear that Axioms (B-2) and (B-3) hold, and to see that these three oper-ations satisfy the other �ve axioms, we use the following three properties:(2.2) for the above �ber square in (iii) the following diagram 
ommutes (e.g., see[Er, Proposition 3.5℄, [FM, Axiom (A23)℄)F (Y 0) f 0�����! F (X 0)g�??y ??yg0�F (Y ) f�����! F (X);(2.3) for a morphism f : X ! Y and 
onstru
tible fun
tions �; � 2 F (Y )f�(� � �) = f�� � f��;(2.4) (proje
tion formula): for a morphism f : X ! Y and 
onstru
tiblefun
tions � 2 F (Y ) and � 2 F (X)f�(f�� � �) = � � f��:Let H be the Fulton-Ma
Pherson's bivariant homology theory, 
onstru
ted fromthe 
ohomology theory. For a morphism f : X ! Y , 
hoose a morphism � : X ! Rnsu
h that � := (f; �) : X ! Y � Rn is a 
losed embedding. Then the i-th bivarianthomology group H i (X f�! Y ) is de�ned byH i (X f�! Y ) := H i+n(Y � Rn ; Y � Rn nX�);where X� is de�ned to be the image of the morphism � = (f; �). The de�nition isindependent of the 
hoi
e of �. See [FM, x3.1℄ for more details of H .A key feature of the simple bivariant group sF is the following result, whi
h givesa 
ounterexample to [FM, I, x8.2, pp.90-91℄:



verdier-riemann-ro
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hern 
lass and milnor 
lass 7Theorem 2.5. ([Y5, Remark 3.3℄) Let H op be the operational bivariant homologytheory asso
iated to the homology theory H�. There does not exist a Grothendie
ktransformation 
 : sF ! H opsu
h that for ea
h morphism X ! pt the asso
iated homomorphism followed by theevaluation homomorphismev Æ
 : F (X) = sF(X ! pt)! H op(X ! pt)! H�(X)is the Chern-S
hwartz-Ma
Pherson 
lass homomorphism 
�.And similarly we 
an show the following:Theorem 2.6. ([Y5, Theorem 3.2℄) There does not exist a Grothendie
k trans-formation 
s : sF ! Hsu
h that 
s(11�) = 
(TX) \ [X ℄ for X smooth, where � : X ! pt and 11� = 11X .The proof of these theorems tells us that the simple bivariant group, i.e., the 
on-stru
tible fun
tion group is 
ertainly too large for the possible existen
e of a Grothen-die
k transformation from this bivariant theory of 
onstru
tible fun
tions to the bi-variant homology theory. And there are more �ner bivariant theories of 
onstru
tiblefun
tions (see Theorem 2.7) below and also see [Y5℄), but the most interesting bivarianttheory of 
onstru
tible fun
tions, whi
h is 
onje
turally best-�t, for the possible exis-ten
e of a Grothendie
k transformation, as supported by the Brasselet's theorem [B1℄,is Fulton-Ma
Pherson's bivariant theory of 
onstru
tible fun
tions, i.e., F(X f�! Y )
onsists of all the 
onstru
tible fun
tions on X whi
h satisfy the lo
al Euler 
onditionwith respe
t to f (see [B1℄, [FM℄, [Sa℄, [Z℄). Here a 
onstru
tible fun
tion � 2 F (X)is said to satisfy the lo
al Euler 
ondition with respe
t to f if for any point x 2 X andfor any lo
al embedding (X; x)! (CN ; 0) the following equality holds�(x) = ��B� \ f�1(z);��;where B� is a suÆ
iently small open ball of the origin 0 with radius � and z is anypoint 
lose to f(x) (
f. [B1℄, [Sa℄). The three operations on F are the same as abovein sF and it is known that these three operations are well-de�ned for F (e.g., see[BY℄, [Sa℄, [Z℄). Note that F(X idX�! X) 
onsists of all lo
ally 
onstant fun
tions andF(X ! pt) = F (X).Suppose that there exists a Grothendie
k transformation
 : F ! Hsatisfying the normalization 
ondition that 
(11�) = 
(TX)\ [X ℄ for X smooth, where� : X ! pt and 11� = 11X . In [B1℄, J.-P. Brasselet 
onstru
ted su
h a Grothen-die
k transformation 
Br : F ! H in the 
ategory whose obje
ts are 
omplex analyti
varieties and whose morphisms are 
ellular. Then, sin
e Grothendie
k transforma-tions preserve produ
t, pushforward and pullba
k, and sin
e the Chern-S
hwartz-Ma
Pherson 
lass transformation is unique, it follows that for any bivariant 
on-stru
tible fun
tion � 2 F(X ! Y ) we get the following 
ommutative diagram (Verdier-



8 s. yokuraRiemann-Ro
h for Chern 
lasses asso
iated to the bivariant 
onstru
tible fun
tion �):F (Y ) 
�����! H�(Y ;Z)��??y ??y
(�)�F (X) ����!
� H�(X ;Z):Here we emphasize that �� means � � f� for f : X ! Y .Note that no matter whi
h bivariant theory of 
onstru
tible fun
tions we 
onsider,as long as we assume the existen
e of a Grothendie
k transformation from that tothe homology theory satisfying the above normalization 
ondition, we get the above
ommutative diagram.Su
h a 
ommutative diagram as above, without requiring � 2 F(X f�! Y ) andwith 
(�)� repla
ed simply by a 
ertain homomorphism, already requires some strong
ondition on the 
onstru
tible fun
tion � 2 F (X), as observed below.Observation 2.7. Suppose that for a morphism f : X ! Y we have the following
ommutative diagram:(2.7.1) F (Y ) 
�����! H�(Y ;Z)��f�??y ??y�fF (X) ����!
� H�(X ;Z):with a 
onstru
tible fun
tion � 2 F (X) (not ne
essarily � 2 F(X f�! Y )) and ahomomorphism �f : H�(Y ;Z) ! H�(X ;Z). Then we 
an see that this 
ommutativediagram always implies the following things:(i) If f : X ! Y is not surje
tive, then � � 0.(ii) The Chern-S
hwartz-Ma
Pherson 
lasses 
�(f�1(y);�) := 
�(�jf�1(y)) of the�ber weighted by the 
onstru
tible fun
tion � are lo
ally 
onstant, 
onsidered as thehomology 
lasses in the total variety X. In parti
ular, the pushforward f�� 2 F (Y )is lo
ally 
onstant, or equivalently, the Euler-Poin
ar�e 
hara
teristi
s �(f�1(y);�) :=�(�jf�1(y)) of the �ber weighted by the 
onstru
tible fun
tion � are lo
ally 
onstant.(iii) If f : eX ! X is a blow-up of X along a subvariety V � X and let E be theex
eptional divisor, then � is 
onstant on eX nE = f�1(X n V ).Finally we note the following theorem:Theorem 2.8. ([Y5, Theorem 3.6℄) For a morphism f : X ! Y , we de�nevF(X f�! Y ) to be the set of all 
onstru
tible fun
tions � 2 F (X) satisfying thefollowing 
ondition: for any morphism g : Y 0 ! Y and �ber square(2.8.1) X 0 g0����! Xf 0??y ??yfY 0 g����! Y;
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lass and milnor 
lass 9we have the following 
ommutative diagram(2.8.2) F (Y 0) 
�����! H�(Y 0;Z)g0���f 0�??y ??y�f0F (X 0) ����!
� H�(X 0;Z):with a 
ertain homomorphism �f 0 : H�(Y 0;Z)! H�(X 0;Z). Then we have(i) vF be
omes a bivariant theory with the same operations of produ
t, pushforwardand pullba
k as in sF,(ii) vF(X idX�! X) 
onsists of all lo
ally 
onstant fun
tions, and(iii) vF(X ! pt) = F (X):Remark 2.9. In general vF(X ! Y ) 6= F(X ! Y ). Indeed, 
onsider a blow-up � : eX ! X of X (dimX > 1) along a nonsingular subvariety V � X whose
odimension is > 1 and let E be the ex
eptional divisor. Let v0 be a point in V andlet x and y be two distin
t points in the �ber ��1(v0). Note that dim��1(v0) � 1. Andwe set � = 11x� 11y 2 F ( eX). Then it is 
lear that we have the following 
ommutativediagram with �� being the zero homomorphismF (X) 
�����! H�(X ;Z)����??y ??y��F ( eX) ����!
� H�( eX;Z):In fa
t, we 
an see that for any morphism g : X 0 ! X and the �ber squareeX 0 g0����! eX�0??y ??y�X 0 g����! X;we have the following 
ommutative diagram with ��0 being the zero homomorphismF (X 0) 
�����! H�(X 0;Z)g0����0�??y ??y��0F ( eX 0) ����!
� H�( eX 0;Z):Hen
e � 2 vF( eX ��! X). On the other hand � 62 F( eX ��! X), be
ause � does notsatisfy the lo
al Euler 
ondition with respe
t to the blow-up � exa
tly at these twopoints x and y.Remark 2.10. One might be tempted to think or guess that even if in thede�nition of vF we just require the 
onstru
tible fun
tion � 2 F (X) to satisfy the
ommutativity of the diagram (2.7.1) instead of 
onsidering all the �ber squares asabove we would get a bivariant theory, but it is not 
lear or obvious at all whetherthe pullba
k is well-de�ned or not. Certainly, the produ
t and pushforward are bothwell-de�ned. Indeed, for morphisms f : X ! Y and g : Y ! Z, let us suppose



10 s. yokurathat for 
onstru
tible fun
tions � 2 F (X) and � 2 F (Y ) there exist homomorphisms�f : H�(Y ;Z) ! H�(X ;Z) and �g : H�(Z;Z) ! H�(Y ;Z) su
h that the followingdiagrams 
ommute: F (Z) 
�����! H�(Z;Z)��g�??y ??y�gF (Y ) 
�����! H�(Y ;Z)��f�??y ??y�fF (X) ����!
� H�(X ;Z):This diagram implies the following 
ommutative diagramF (Z) 
�����! H�(Z;Z)��f�(��g�)??y ??y�fÆ�gF (X) ����!
� H�(X ;Z):Noti
ing that it follows from (2.3) that � �f�(� �g�) = � � (f�� �f�g�) = (���) � (gf)�,one 
an see that the produ
t � � � is well-de�ned. To see the well-de�nedness ofthe pushforward, let us suppose that for � 2 F (X) there exists a homomorphism�gf : H�(Z;Z)! H�(X ;Z) su
h that the following diagram 
ommutes:F (Z) 
�����! H�(Z;Z)��(gf)�??y ??y�gfF (X) 
�����! H�(X ;Z)Then this diagram together with Ma
Pherson's theorem, i.e., 
�f� = f�
�, implies thefollowing 
ommutative diagramF (Z) 
�����! H�(Z;Z)f�(��(gf)�)??y ??yf�Æ�gfF (Y ) 
�����! H�(Y ;Z)Noti
ing that it follows from the proje
tion formula (2.4) that f�(� � (gf)�) = f�(� �f�g�) = f�� � g�, one 
an see that the pushforward is well-de�ned. However, as tothe pullba
k operation, it is not 
lear at all whether for the �ber square (2.8.1) a 
on-stru
tible fun
tion � 2 F (X) making the diagram (2.7.1) 
ommutative with a 
ertainhomomorphism �f : H�(Y ;Z) ! H�(X ;Z) automati
ally implies that the pullba
kg��(= g0��) makes the diagram (2.8.2) 
ommutative with a 
ertain homomorphism�f 0 : H�(Y 0;Z)! H�(X 0;Z). The well-de�nedness of the pullba
k operation is there-fore left as an open problem.3. Results. In this se
tion we show positive results on Verdier-Riemann-Ro
hfor Chern 
lasses in the 
ase of trivial �ber bundles and negative results in the 
ase ofblow-ups.
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lass 11Let X be a possibly singular variety embeddable into a nonsingular variety M .Then the Fulton's 
anoni
al 
lass 
F (X) of X ([F, Example 4.2.6℄) is de�ned by
F (X) := 
(TM jX) \ s(X;M);where s(X;M) is the relative Segre 
lass of X inM ([F, x4.2℄). If X is a lo
al 
ompleteinterse
tion in a smooth varietyM , then the Fulton-Johnson 
lass 
FJ(X) of X ([FJ℄)and the Fulton's 
anoni
al 
lass of X ([F, Example 4.2.6℄) are the same:
FJ (X) = 
F (X) = 
(TM jX)
(NXM)�1 \ [X ℄:Sin
e the Chern-S
hwartz-Ma
Pherson 
lass homomorphism 
� : F (W ) ! A�(W ) isalways surje
tive for any variety W , any polynomial or power series of Chern 
lassesof ve
tor bundles a
ts on the Chow homology group and the a
tion 
ommutes withthe 
y
le map (see [F, Remark 3.2.2, Proposition 19.1.2℄), there exists a 
onstru
tiblefun
tion �FJ 2 F (X) (whi
h shall be 
alled a Fulton-Johnson 
onstru
tible fun
tion)su
h that 
FJ (X) = 
�(�FJ ):Note that there are of 
ourse in�nitely many su
h 
onstru
tible fun
tions. To obtainthe 
onstru
tible fun
tion �FJ in a 
anoni
al form, we note that the di�eren
e betweenthe two 
lasses 
FJ(X) and 
�(X) is supported on the singular lo
us (e.g., see [Su1℄for a rigorous proof of this). Hen
e a reasonable 
anoni
al 
onstru
tible fun
tion �FJis of the form �FJ = 11X + "XSing ;with a 
onstru
tible fun
tion "XSing supported on the singular lo
us XSing of X , andup to sign, the Chern-S
hwartz-Ma
Pherson 
lass of the extra 
onstru
tible fun
tion"XSing , 
onsidered as the homology 
lass of the ambient variety X , is the so-
alledMilnor 
lass of X and usually denoted byM(X). More pre
isely,M(X) = (�1)dimX
�("XSing ):See [A3℄, [BLSS1, 2℄, [PP3℄, [Su1℄, et
., for some fundamental results and formulas ofthe Milnor 
lass. (See [PP3, x5℄ for a formula for �FJ .) With this de�nition we haveLemma 3.1. Let X be a singular lo
al 
omplete interse
tion in a smooth varietyM , Y any possibly singular variety and X q � X � Y p�! Y the proje
tions to ea
hfa
tor. Then the following diagram 
ommutes:F (Y ) 
�����! H�(Y ;Z)��p�??y ??y
(Tp)\p�F (X � Y ) ����!
� H�(X � Y ;Z);where � = q��FJ .Proof. The relative tangent bundle Tp is q�TX and the homology pullba
k p� :H�(Y )! H�(X � Y ) is given by p�(b) = [X ℄� b, the homology 
ross produ
t. Hen
e



12 s. yokurafor any homology 
lass b 2 H�(Y ) we have
(Tp) \ p�(b) = 
(q�TX) \ ([X ℄� b)(3.5.1) = q�
(TX) \ ([X ℄� b)= (
(TX)� 1) \ ([X ℄� b)= (
(TX) \ [X ℄)� b= 
FJ(X)� b:Therefore, for any 
onstru
tible fun
tion � 2 F (Y ) we have
(Tp) \ p�(
�(�)) = 
�(�FJ )� 
�(�):The 
ross produ
t ! � � of two 
onstru
tible fun
tions ! 2 F (W ) and � 2 F (Z) isde�ned to be (!��)(w; z) := !(w)�(z). Then, the Kwie
i�nski's 
ross produ
t formula[K1, Th�eor�eme 1℄ (
f. [KY, Theorem 4℄) says that 
�(!��) = 
�(!)�
�(�). Thereforewe have 
(Tp) \ p�(
�(�)) = 
�(�FJ � �) = 
�(q��FJ � p��);whi
h is nothing but the 
ommutativity of the above diagram.Lemma 3.2. Let X and Y be any varieties and let X q � X � Y p�! Y bethe proje
tions to ea
h fa
tor. Let 
 : F ! H be any Grothendie
k transformationsatisfying the normalization 
ondition that 
(11�) = 
(TX)\ [X ℄ for X smooth, where� : X ! pt and 11� = 11X . Then for any 
onstru
tible fun
tion � 2 F (X) = F(X !pt) and b 2 H�(Y ;Z) we have
�(�) � b = 
(q��) � b 2 H�(X � Y ;Z):Proof. Sin
e q�� is a bivariant 
onstru
tible fun
tion, i.e., q�� 2 F(X�Y p�! Y ),we get the following 
ommutative diagram (the Verdier-Riemann-Ro
h for Chern 
lassasso
iated to the bivariant 
onstru
tible fun
tion q��) from the given Grothendie
ktransformation 
 : F ! H : F (Y ) 
�����! H�(Y ;Z)(q��)�??y ??y
(q��)�F (X � Y ) ����!
� H�(X � Y ;Z);whi
h implies that for any 
onstru
tible fun
tion � 2 F (Y ) we have
�((q��) � �) = 
(q��) � 
�(�):Sin
e (q��) � � = (q��) � p�� = �� �, we have
�(�) � 
�(�) = 
(q��) � 
�(�):The lemma 
laims that in this equality any algebrai
 homology 
lass of Y , i.e., theChern-S
hwartz-Ma
Pherson 
lass 
�(�) of any 
onstru
tible fun
tion �, 
an be re-pla
ed by any homology 
lass of Y .To show this, �rst we should note that it follows from the de�nition of bivariantprodu
t of the bivariant homology theory that the right-hand-side of the above equality
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tually means AX�Y (
(q��) � A�1Y (b));whereAZ : H�(N;NnZ) �=�! H�(Z) is the Alexander duality isomorphism for a varietyZ embedded in a (in fa
t, any) smooth variety N . Also note that the Alexanderduality isomorphisms 
ommute with homology and 
ohomology 
ross produ
ts andfurthermore for a morphism X ! pt, 
� = AX Æ 
, due to the normalization 
onditionimposed on 
 (see [BS℄). Next, we re
all the bivariant 
ross produ
ts ([FM, 2.4, p.24℄):For morphisms f : X1 ! X2 and g : Y1 ! Y2, the bivariant-theoreti
 
ross produ
t �� : B (X1 f�! X2)
 B (Y1 g�! Y2)! B (X1 � Y1 f�g�! X2 � Y2)is de�ned by(3.2.1) �� � := h�� � s��;where h : X2 � Y1 ! X2 and s : X2 � Y2 ! Y2 are the proje
tions. Thus we aredealing with the following two �ber squaresX1 � Y1 ����! X1f�idY1??y ??yfY1  ���� X2 � Y1 ����!h X2g??y ??yidX2 �gY2  ����s X2 � Y2In our 
ase we set X1 = X;X2 = pt; Y1 = Y and Y2 = pt, whi
h means that we
onsider the following two �ber squares:X � Y q����! Xp??y ??yY idY ���� Y ����!h pt??y ??ypt  ����s=idpt ptThen the lemma 
an be seen as follows: �rst, as observed above, sin
e the Alexan-der duality isomorphisms 
ommute with homology 
ross produ
ts, we have
�(�)� b = AX�Y �A�1X (
�(�)) �A�1Y (b)�:



14 s. yokuraWhi
h 
ontinues as follows= AX�Y �
(�)�A�1Y (b)� (sin
e 
� = AX Æ 
)= AX�Y �h�
(�) � A�1Y (b)� (by the bivariant 
ross produ
t (3.2.1))= AX�Y �
(h��) � A�1Y (b)� (sin
e 
 
ommutes with pullba
ks)= AX�Y �
(q��) � A�1Y (b)� (h�� := q�� by de�nition)= 
(q��) � b:Now it is easy to see the followingCorollary 3.3. Let the situation be as in Lemma 3.1. If we letpF := 
(11X�Y )� : H�(Y ;Z) ! H�(X � Y ;Z) for any Grothendie
k transforma-tion 
 : F ! H satisfying the normalization 
ondition, then for any homology 
lassb 2 H�(Y ;Z) we havepF(b) = 
(Tp) \ p�(b)� (�1)dimXM(X)� b;or equivalently pF(b) = 
(Tp) \ p�(b)� 
("XSing � 11Y ) � b:Note that Corollary 3.3 is a solution to [Y1, Problem (3.4)℄ or [BY, Problem (4.5)℄in the 
ase of trivial �ber bundles.Now, motivated or hinted by the well-known fa
t (e.g., see the re
ent arti
les [Cr,x1.3℄ and [G�o, Remark 4.1℄) that if f : Z ! Y is a Zariski lo
ally trivial �ber bundlewith �ber F , then [Z℄ = [Y ℄[F ℄in the Grothendie
k ring of 
omplex algebrai
 (or analyti
) varieties, we spe
ulate thatjust like in the 
ase of Z = Y � F the following 
onje
ture would be 
orre
t:Conje
ture 3.4. Let X be a lo
al 
omplete interse
tion in a smooth variety Mand p : X e�Y ! Y be a Zariski lo
ally trivial �ber bundle over a possibly singularvariety Y with �ber X. Furthermore we assume that X e�Y ! Y is a subbundle ofa Zariski lo
ally trivial �ber bundle M e�Y ! Y with �ber M . Then we have thefollowing 
ommutative diagramF (Y ) 
�����! H�(Y ;Z)��p�??y ??y
(Tp)\p�F (X e�Y ) ����!
� H�(X e�Y ;Z);where � = 11X e�Y + "XSing e�11Y and ("XSing e�11Y )(x; y) := "XSing(x):In the earlie version of the paper, the above 
onje
ture was stated as a theorem,but J�org S
h�urmann pointed out an error in its proof. Here, however, the earlier\proof" is given as a referen
e for the reader, who might be able to 
ome up with a
orre
t and sli
k proof.\Proof". Sin
e p : X e�Y ! Y is a Zariski lo
ally trivial �ber bundle, there existsa strati�
ation fYig of Y by 
onstru
tible sets Yi's su
h that the restri
tion of p to
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h stratum Yi pi := pjp�1(Yi) : X � Yi ! Yiis a trivial bundle. Note that F (Y ) =LF (Yi), i.e., any 
onstru
tible fun
tion of Y
an be expressed as a dire
t sum of 
onstru
tible fun
tions of the 
onstru
tible setsYi. Let �i : Yi ! Y and �i : X � Yi ! X e�Y be the in
lusions. Let �i 2 F (Yi). Thenit follows from Lemma 3.1 that the following diagram is 
ommutativeF (Yi) 
�����! H�(Yi;Z)(�FJ�11Yi )�p�i??y ??y
(Tpi )\p�iF (X � Yi) ����!
� H�(X � Yi;Z);i.e., for any 
onstru
tible fun
tion �i 2 F (Yi)
(Tpi) \ p�i (
�(�i)) = 
�((�FJ � 11Yi) � p�i (�i)):Now, let � 2 F (Y ). Then we 
an express � as follows:� =Xi �i��i; �i 2 F (Yi):Consider the following �ber squareX � Yi �i����! X e�Ypi??y ??ypYi ����!�i Y:Sin
e p is 
at, it follows from [F, Proposition 1.7℄ that the following diagram is 
om-mutative H�(X � Yi) �i�����! H�(X e�Y )p�ix?? x??p�H�(Yi) ����!�i� H�(Y ):(Here is an error; sin
e �i is not ne
essarily proper !)Here it should be noted that the \
onstru
tible fun
tion" version of this 
ommu-tative diagram always holds for any �ber square, namely the formula (2.2) given in



16 s. yokurax2; thus we do not require the 
atness of p. Therefore we getXi �i� (
(Tpi) \ p�i (
�(�i)))=Xi �i� (
(��i Tp) \ p�i (
�(�i)))=Xi 
(Tp) \ �i�p�i (
�(�i))=Xi 
(Tp) \ p��i� (
�(�i))=Xi 
(Tp) \ p� (
�(�i��i))= 
(Tp) \ p� 
�(Xi �i��i)!= 
(Tp) \ p�(
�(�)):On the other hand, we get thatXi �i�
� �(�FJ � 11Yi) � p�i �i�=Xi 
� ��i� �(�FJ � 11Yi) � p�i �i��=Xi 
� �(�FJ e�11Y ) � �i�p�i �i�=Xi 
� �(�FJ e�11Y ) � p��i��i�= 
� (�FJ e�11Y ) � p�(Xi �i��i)!= 
� �(�FJ e�11Y ) � p�(�)� :Hen
e, for any 
onstru
tible fun
tion � 2 F (Y ), we have
(Tp) \ p�(
�(�)) = 
� �(�FJ e�11Y ) � p�(�)� ;thus the theorem holds.Let pF = 
(11Xe�Y )� : H�(Y ;Z) ! H�(X e�Y ;Z) for any Grothendie
k trans-formation 
 : F ! H satisfying the normalization 
ondition. Then for any homology
lass b 2 H�(Y ) determined by an algebrai
 or analyti
 
y
le, i.e., the Chern-S
hwartz-Ma
Pherson 
lass of a 
onstru
tible fun
tion of Y , we havepF(b) = 
(Tp) \ p�(b)� 
("XSing e�11Y ) � b;whi
h is just another way of putting Conje
ture 3.4. Furthermore we spe
ulate that(3.5) pF = 
(Tp) \ p� � 
("XSing e�11Y ) � :Now it is furthermore reasonable to make the following
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ture 3.6. Even if the Zariski topology is repla
ed by the usual topologyin Conje
ture 3.4, (i) the diagram in Conje
ture 3.4 is 
ommutative and (ii) (3.5) alsoholds.We hope to address ourselves to these 
onje
tures in a di�erent paper later.Note that by the indu
tion on dimensions of subvarieties of Y we 
an see thatthe statement (i) of the above 
onje
ture holds if and only if for the above bundleX e�Y ! Y 
�(�FJ e�11Y ) = 
(Tp) \ p�(
�(Y )):Furthermore we note that
�(�FJ e�11Y ) = 
(�FJ e�11Y ) � 
�(Y ):Remark 3.7. Sin
e 
(Tp) \ p�(b) = 
(Tp) � Up � b, we spe
ulate that
(�FJ e�11Y ) = 
(Tp) � Up:Otherwise this simple example would show the non-uniqueness of the Grothendie
ktransformation 
 : F ! H satisfying the normalization 
ondition.Now we re
all that a lo
al 
omplete interse
tion morphism f : X ! Y is the
omposite f = p Æ r of a regular embedding r : X ! M (i.e., X is a lo
al 
ompleteinterse
tion in M) and a smooth morphism p : M ! Y . Lo
al 
omplete interse
tionmorphisms whi
h we now deal with are blowups (see [F, 6.7℄ and [FM, 9.2.2℄). Let Zbe a regularly embedded 
losed subs
heme of a s
heme Y , and let eY be the blow-up ofY along Z, then the proje
tion f : eY ! Y is a lo
al 
omplete interse
tion morphismof relative 
odimension 0.Theorem 3.8. Let f : fPn ! Pn be the blow-up of Pn at a point P . Then thereis no 
onstru
tible fun
tion � 2 F (fPn) su
h that the diagram (1.2) is 
ommutative.Proof. Let us suppose that there exist some 
onstru
tible fun
tion � 2 F (fPn)su
h that the following diagram 
ommutes:F (Pn) 
�����! H�(Pn;Z)��f�??y ??y
(Tf )\f�F (fPn) ����!
� H�(fPn;Z):Then it follows from the 
ommutativity of the above diagram that � = 1 on fPn n E,where E(�= Pn�1) denotes the ex
eptional divisor. To see this, let Q be any pointdi�erent from P and set Q0 = f�1(Q). Then we have �(Q0) = 
�(�(Q0) � 11Q0) =
� (� � f�(11Q)) = 
(Tf ) \ f�(
�(11Q)) = 
(Tf ) \ f�([Q℄) = 
(Tf ) \ [Q0℄ = [Q0℄ = 1.Hen
e � 
an be expressed as � = 11fPnnE + �Ewith some 
onstru
tible fun
tion �E supported on E. Then we have
� (� � f�(11P )) = 
�(� � 11E) = 
�(�E):On the other hand, by the same argument as above, we get that
� (� � f�(11P )) = 
(Tf ) \ f� (
�(11P )) = 
(Tf ) \ f�([P ℄) = 1:



18 s. yokuraThus it follows that 
�(�E) = 1. Now, sin
e any 
onstru
tible fun
tion 
an be ex-pressed as a linear 
ombination of some 
hara
teristi
 fun
tions of subvarieties, itfollows from the irredu
ibility of E that�E = b � 11E + Æwhere b is some integer and Æ is another 
onstru
tible fun
tion supported on subvari-eties of lower dimensions, i.e., of dimension < n� 1. If b 6= 0, then
�(�E) = b[E℄ + � � � ;sin
e [E℄ 
annot vanish, be
ause H2n�2(fPn) �= H2n�2(Pn n P ) � H2n�2(E) by theMayer-Vietoris sequen
e. Hen
e 
�(�E) 6= 1. Therefore b = 0, and sin
e 
�(�E) = 1it follows that Æ 6= 0 and that 
�(Æ) = 1. Now 
onsider any line L going throughthe blown-up point P , and let eL be the proper transform of L and let [[L℄℄ be the
orresponding point in the ex
eptional divisor E. Then we have� � f�(11L) = �11fPnnE + Æ� � �11E + 11eL � 11[[L℄℄�= Æ + 11eL � 11[[L℄℄Therefore we have 
�(� � f�(11L)) = 
�(Æ) + 
�(eL)� 
�([[L℄℄)= 
�(Æ) + 
�(eL)� 1= 
�(eL) (sin
e 
�(Æ) = 1)= [eL℄ + 2 (sin
e eL �= P1):On the other hand it follows from [F, Corollary 6.7.1℄ and the 
ommutativity of thepullba
ks with the 
y
le map [F, Example 19.2.1℄ that we havef�([L℄) = [eL℄ + [L0℄;where L0 is a proje
tive line in E �= Pn�1. Therefore we get that
(Tf ) \ f�(
�(L)) = 
(Tf ) \ f�([L℄ + 2) (sin
e L �= P1)= 
(Tf ) \ f�([L℄) + 2 (sin
e 
(Tf ) = 1 + � � � )= 
(Tf ) \ ([eL℄ + [L0℄) + 2= [eL℄ + [L0℄ + some integer:Here we note that [L0℄ does not vanish sin
e H2(fPn) �= H2(Pn n P ) �H2(E) by theMayer-Vietoris sequen
e. Then the above 
ommutative diagram implies that
�(� � f�(11L)) = 
(Tf ) \ f�(
�(L));namely we have to have that[eL℄ + 2 = [eL℄ + [L0℄ + some integer:Thus, in parti
ular [L0℄ has to vanish, whi
h is a 
ontradi
tion.More generally, we 
an 
onstru
t su
h an example from any variety V of dimensionn > 2.
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lass 19Corollary 3.9. Let eV be the blow-up of V at any smooth point of V and f : eeV !eV the blow-up of eV at any point of the ex
eptional divisor (�= Pn�1) of eV . Then thereis no 
onstru
tible fun
tion � 2 F (eeV ) su
h that the diagram (1.2) is 
ommutative.This 
an be seen using the above 
ase of the blow-up f : ℄Pn�1 ! Pn�1.As we 
an see from the above argument, as to the 
ohomology 
lass 
(Tf ), we useonly the fa
t that the 0-dimensional part of the 
ohomology 
lass 
(Tf ) is equal to 1,thus as a 
orollary we getCorollary 3.10. Let f : eX ! X be a blow-up map as above. Then there areno 
onstru
tible fun
tion � 2 F ( eX) and no total 
ohomology 
lass 
`( eX) of eX whose0-dimensional part is 1, i.e., no total 
ohomology 
lass 
`( eX) 2 1 +Li>0H2i( eX;Z),su
h that the following diagram is 
ommutative :F (X) 
�����! H�(X ;Z)��f�??y ??y
`( eX)\f�F ( eX) ����!
� H�( eX ;Z):Remark 3.11. For a blow-up map � : eX ! X of X along any subvariety of Xthere is no bivariant 
onstru
tible fun
tion � 2 F( eX ! X) whose value is generi
allyequal to 1, be
ause of the lo
al Euler 
ondition imposed on the 
onstru
tible fun
-tion � (e.g., see [Sa, (1.3) Remarque℄). As to the bivariant-theoreti
 \Riemann-Ro
hformula", it is therefore obvious that for any blow-up map � : eX ! X there is no
anoni
al orientation �f 2 F(X ! Y ) and no total 
ohomology 
lass 
`( eX) of eXwhose 0-dimensional part is 1 su
h that
(�f ) = 
`( eX) � Uffor any Grothendie
k transformation 
 : F ! H satisfying the normalization 
onditionthat 
(11�) = 
(TX) \ [X ℄ for X smooth with � : X ! pt and 11� := 11X .Remark 3.12. In this remark we dis
uss the extra 
onstru
tible fun
tion "XSinga bit more.Let E be a ve
tor bundle of rank k over a nonsingular variety M of dimensionn+k and s :M ! E a regular se
tion, and let X := s�1(0) be the zero of the se
tion,whi
h is a lo
al 
omplete interse
tion of dimension n. Let i : X !M be the in
lusion.Then the Fulton-Johnson 
lass 
FJ (X) is nothing but i�
(TM)i�
(E) \ [X ℄ and the Milnor
lass is by de�ntionM(X) := (�1)dimX � i�
(TM)i�
(E) \ [X ℄� 
�(X)� = (�1)dimX
�("XSing):When X has isolated singularities x1; x2; � � � ; xr , it follows from [Su1℄ that we
an set "XSing = rXi+1 �xi11xi ;where �xi denoting the Milnor number of X at the isolated singularity xi.



20 s. yokuraIn [A3, Theorem I.5 ℄ P. AluÆ expressed the Milnor 
lass in terms of his �-
lass[A2℄ in the 
ase of hypersurfa
es and it 
an be also expressed as follows ([A3, TheoremI.4℄): M(X) = (�1)dimX 1
(L) \ (s(Y;M)_ 
 L) ;where E = L is a line bundle sin
e we are now dealing with the hypersurfa
e 
ase,Y is the singular lo
us of X and the 
lass s(Y;M)_ 
 L is supported on the singularlo
us Y . See [A1℄, [A2℄ and [A3℄ for the other notation.In [PP3℄ A. Parusi�nski and P. Praga
z des
ribed the Milnor 
lass in the 
ase of hy-persurfa
es, using some data 
oming from Whitney strati�
ations of the hypersurfa
eX . They des
ribed it as follows:M(X) = 1
(L) \ XS2SXS�Sing(X)�S
�(S):Here SX is a (in fa
t, any) Whitney strati�
ation of X and �S is a 
ertain integeratta
hed to ea
h stratum S obtained by using the Milnor numbers of the strata. (Thedegree 0-part of this formula, i.e., a formula for the Euler-Poin
ar�e 
hara
teristi
 �(X)of X was obtained in [PP2, Theorem 4℄.)In [BLSS2℄ (see [BLSS1℄ for its summary) J.-P. Brasselet, D. Lehmann, J. Seadeand T. Suwa have expressed the Milnor 
lass by the so-
alled lo
alized Milnor 
lassesof the 
onne
ted 
omponents of the singular lo
us. In the spe
ial 
ase when the
onne
ted 
omponents are all nonsingular, they des
ribe it very expli
itly involvingsome kind of 
ohomology 
lasses \�" [BLSS2, Lemma 7.5, Theorem 7.6 and Corollary7.7℄; whi
h is, roughly speaking, as follows:M(X) =XS (some 
ohomology 
lass)
(E) \ 
�(S);where S's are the 
onne
ted 
omponents of the singular lo
us and assumed to benonsingular.So one 
ould expe
t that a general formula would be of the following formM(X) = XS2SXS�Sing(X) �S
(E) \ (iS;X)�
�(S);where iA;B : A! B is the in
lusion and SX is a Whitney strati�
ation of X and �Sis a 
ertain 
ohomology 
lass involving not only the bundle E but also the subvarietyS, and the problem is of 
ourse to determine the 
ohomology 
lass �S . (Note that ingeneral �S 
annot be expressed as a polynomial in the individual Chern 
lasses of E[OY℄ and surely involves some 
lasses of the variety S itself as seen in [BLSS2℄.) Thus,we 
ould express the extra 
onstru
tible fun
tion "XSing , as a \
ohomology valued"
onstru
tible fun
tion, as follows: XS2SXS�Sing(X) �S
(E) � 11S:
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� on a H�(X)-valued 
onstru
tible fun
tion is de�ned to be
�(XW �W � 11W ) :=XW �W \ 
�(W );with �W denoting a 
ohomology 
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