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h 2002 002CONFORMAL LOWER BOUNDS FOR THE DIRAC OPERATOR OFEMBEDDED HYPERSURFACES�OUSSAMA HIJAZIy, SEBASTI�AN MONTIELz, AND XIAO ZHANGxAbstra
t. We �nd sharp lower bounds for the �rst nonnegative eigenvalue of the 
lassi
alintrinsi
 Dira
 operator of a 
ompa
t hypersurfa
e bounding a domain in a Riemannian spin manifold.These estimates are given in terms of s
alar (spe
tral) 
onformal invariants of the en
losed domainwhi
h are involved in the solution of the Yamabe problem.1. Introdu
tion. In [Hij1℄, the �rst author used the 
onformal behavior of thenonzero eigenvalues � of the Dira
 operator to show that on a 
losed 
onne
ted spinmanifold �2 is, up to a dimensional 
onstant, at least equal to the �rst eigenvalue ofthe Yamabe operator.Using te
hniques for pseudo-di�erential operators and Sobolev embeddings, J.Lott [Lo℄ proved the existen
e of 
onformal lower bounds for �2. In [Hij2℄ it is shownthat the Yamabe number, i.e., the in�mum over a 
onformal 
lass of metri
s of thenormalized total s
alar 
urvatures, gives su
h a lower bound.In [HMZ1℄, the present authors 
onsidered a domain 
 with boundary � insidea 
ompa
t (n + 1)-dimensional spin manifold M and showed that if M has nonneg-ative s
alar 
urvature, then the �rst nonnegative eigenvalue �1 of the intrinsi
 Dira
operator of � satis�es �1 � n2 inf� H:(1.1)where H is the mean 
urvature. The main new ingredient was to use the boundary
ondition of Atiyah-Patodi-Singer (APS) type for Dira
 operators. If the ambientspa
e has nonnegative Einstein tensor, (1.1) improves Friedri
h's inequality for em-bedded hypersurfa
es. As an appli
ation, a spinorial proof of the 
lassi
al AlexandrovTheorem was obtained.The present paper is devoted to the 
onformal aspe
t of the results obtained in[HMZ1℄. We improve (1.1) by showing that�1 � n2 �1(B)(1.2)where �1(B) is the �rst eigenvalue of the 
onformal mean 
urvature operator B (seeTheorem 9 for a pre
ise statement). Here we don't need to assume that M hasnonnegative s
alar 
urvature. Furthermore, the limitting-
ase of (1.2) is 
hara
terizedby the existen
e of a parallel spinor on the ambient manifold for a metri
 in the
onformal 
lass. We then use the H�older inequality to show that�1 � n2 Q(
;�)vol (�) 1n(1.3)�Re
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24 O. HIJAZI, S. MONTIEL AND X. ZHANGwhere Q(
;�) is the boundary Yamabe 
onformal invariant (see Corollary 11).For Dira
 operators, the APS boundary 
ondition is not 
onformally invariant,while the 
lassi
al lo
al boundary 
onditions are indeed 
onformally invariant but donot exist in all dimensions and there are topologi
al obstru
tions for their existen
e[BW, GLP, HMZ2, Se℄. In this paper, we �nd a new lo
al 
onformal boundary
ondition whi
h exists in all dimensions (see Se
tion 5). The key point to establish(1.2) is to solve a boundary problem for Dira
 operators with su
h boundary 
ondition.We point out that if the s
alar 
urvature of the domain is nonnegative, then�1(B) � inf�H and for the Cli�ord torus embedded in R3 , �1(B) > 0 while inf�H <0 (see Remark 4).Finally, we would like to mention a series of relevant results by Es
obar 
on
erningthe lower bound estimates for the �rst non-zero Steklov eigenvalue of the Lapla
ianoperator [Es2, Es3, Es4℄, and further estimates for the Steklov problem on minimizingmetri
s for the Sobolev tra
e quotient by Araujo [Ar℄.2. Preliminaries on spin manifolds. Let (M; h ; i) be an (n+1)-dimensionalRiemannian spin manifold and denote by r the Levi-Civita 
onne
tion on the tangentbundle TM . We �x a spin stru
ture onM and denote by Spin(M) the 
orrespondingprin
ipal bundle with stru
tural group the spinor group Spin(n + 1). The spinorbundle SM = Spin(M)�
n+1Sn+1 onM is the asso
iated 
omplex 2[n+12 ℄ dimensional
omplex ve
tor bundle. This representation provides a left Cli�ord multipli
ation
 : C `(M) �! End(SM)(2.1)whi
h is a �bre preserving algebra morphism. Then SM be
omes a bundle of 
omplexleft modules over the Cli�ord bundle C `(M) over the manifold M . When n + 1 iseven, the spinor bundle has the de
ompositionSM = SM+ � SM�:(2.2)where SM� are the �1-eigenspa
es of the endomorphism 
n+1(!n+1), with !n+1 =i[n+22 ℄e1 � e2 � � � en+1 the 
omplex volume form.On the spinor bundle SM, one has (see [LM℄) a natural Hermitian metri
, de-noted as the Riemannian metri
 by h ; i, and the Spinorial Levi-Civita 
onne
tion ra
ting on spinor �elds. The Hermitian metri
 and r are 
ompatible with the Cli�ordmultipli
ation (2.1). That isXh ; 'i = hrX ; 'i+ h ;rX'i(2.3) h
(X) ; 
(X)'i = jX j2h ; 'i(2.4) rX�
(Y ) � = 
(rXY ) + 
(Y )rX ;(2.5)for any spinor �elds  ; ' 2 �(SM) and any tangent ve
tor �elds X;Y 2 �(TM).Sin
e r!n+1 = 0, so when n+1 is even, the de
omposition (2.2) be
omes orthogonaland r preserves this de
omposition.The Dira
 operator D on SM is the �rst order ellipti
 di�erential operator lo
allygiven by D = n+1Xi=1 
(ei)rei ;



DIRAC OPERATOR ON HYPERSURFACES 25where fe1; : : : ; en+1g is a lo
al orthonormal frame of TM . When n + 1 is even, theDira
 operator inter
hanges positive and negative spinor �elds, that is,D : �(SM�) 7�! �(SM�):(2.6)3. Hypersurfa
es and indu
ed stru
tures. In this se
tion, we 
ompare therestri
tion of the spinor bundle of a spin manifoldM to an orientable hypersurfa
e � �M and its Dira
-type operator to the intrinsi
 spinor bundle of � and its fundamentalDira
 operator. These fa
ts are well-known (see for example [Bu, Tr, B�a1, BFGK℄).For 
ompleteness, we introdu
e the key fa
ts.We have an indu
ed Riemannian metri
 on � and let r be its Levi-Civita 
on-ne
tion. The Gauss formula says thatrXY = rXY � hAX; Y iN;(3.1)where X;Y are ve
tor �elds tangent to the hypersurfa
e �, the ve
tor �eld N is aglobal unit �eld normal to � and A stands for the shape operator 
orresponding toN , that is, rXN = �AX; 8X 2 �(T�):(3.2)Re
all that the spin stru
ture of M indu
es on � in the following way. By the map(e1; : : : ; en) 7�! (e1; : : : ; en; N) it is possible to identify the prin
ipal SO(n)-bundle oforiented orthonormal frames on the hypersurfa
e � with a subbundle of the restri
tionto � of the bundle of oriented orthonormal frames on M . Pulling ba
k the bundleSpin(M)j� via this map, one obtains a spin stru
ture Spin(�) on �. In fa
t the groupSpin(n) � C `0n a
ts on the restri
ted bundle Spin(M)j� via the identi�
ation� : C `n = C `0n � C `1n �! C `0n+1 � C `n+1�0 + �1 7�! �0 + �1 �Nbetween the n-dimensional Cli�ord algebra and the even part C `0n+1 . Hen
e we havethat the restri
tion S� := SMj� = Spin(�)�
n+1Æ� Sn+1(3.3)is a left module over C `(�) with Cli�ord multipli
ation
� : C `(�) �! End(S�)given by 
� = 
 Æ �. That is, 
�(X) = 
(X)
(N) (3.4)for every  2 �(S�) and X 2 �(T�). Consider on S� the Hermitian metri
 h ; iindu
ed from that of SM. This metri
 immediately satis�es the 
ompatibility 
ondi-tion (2.4) if one puts on � the Riemannian metri
 indu
ed from M and the Cli�ordmultipli
ation 
� de�ned in (3.4). Now the Gauss formula (3.1) implies that the spin
onne
tion r on S� is given by the following spinorial Gauss formularX = rX � 12
�(AX) = rX � 12
(AX)
(N) (3.5)



26 O. HIJAZI, S. MONTIEL AND X. ZHANGfor every  2 �(S�) and X 2 �(T�). Note that the 
ompability 
onditions (2.3),(2.4) and (2.5) are satis�ed for (S�; 
�; h ; i;r).Denote by D : �(S�) ! �(S�) the Dira
 operator asso
iated with the Dira
bundle S� over the hypersurfa
e. It is a well known fa
t that D is a �rst orderellipti
 di�erential operator whi
h is formally L2-selfadjoint. By (3.5), for any spinor�eld  2 �(S�), we haveD = nXj=1 
�(ej)rej = n2H � 
(N) nXj=1 
(ej)rej ;(3.6)where fe1; : : : ; eng is a lo
al orthonormal frame of T� and H = 1n tra
eA is the mean
urvature of � 
orresponding to the orientation N . From (3.6), if  2 �(SM) is aspinor �eld on the ambient manifold M , it followsD = n2H � 
(N)D �rN ;(3.7)(note that a spinor �eld on the ambient manifold M and its restri
tion to the hyper-surfa
e � are denoted by the same symbol).Lemma 1. For any spinor �eld  2 �(S�) and any tangent ve
tor �eld X 2�(T�), the following relations holdrX �
(N) � = 
(N)rX ;D�
(N) � = �
(N)D :The proof is straightforward using (3.5) and (3.2). As we have mentioned, theaim in this se
tion is to relate the indu
ed Dira
 bundle S� over the hypersurfa
eand its Dira
 operator D to the intrinsi
 spinor bundleS�= Spin(�)�
n Snover � and its Dira
 operator D. For this purpose, we gather in the following propo-sition, well-known results that we will need later.Proposition 2. Let M be an (n + 1)-dimensional Riemannian spin manifoldand (SM;
) its (
omplex) spinor bundle, where 
 : C `(M) ! End(SM) denotes the
orresponding Cli�ord multipli
ation. Consider an orientable hypersurfa
e � of Mand let (S�; 
�) and (S�; 
) be respe
tively the indu
ed Dira
 bundle and the spinorbundle of the indu
ed spin stru
ture on �. Denote by D and D the 
orrespondingDira
 operators.a) When the dimension n of � is even we have (S�; 
�;D) � (S�; 
;D) and thede
omposition S� = S�+�S��, given by S�� := f� 2 S� : i
(N)� = ��g;
orresponds, up to the above identi�
ation, to the 
hirality de
omposition ofthe spinor bundle S�. Hen
e D inter
hanges S�+ and S��.b) When n is odd, the de
omposition of SM into positive and negative spinorsindu
es an orthogonal and 
�;D-invariant de
omposition S� = S�+�S��,with S�� := SM�j�, in su
h a way that (S��; 
�;DjS��) � (S�;�
;�D).Moreover, we have the following isomorphisms: 
(N) : S�� 7�! S��:Furthermore, if � is 
ompa
t without boundary, then
) Spe
D is symmetri
 with respe
t to zero.



DIRAC OPERATOR ON HYPERSURFACES 27d) If dim� is even, we have 8� 2 Spe
D: Spe
D = Spe
D; and multD(�) =multD(�):e) If dim� is odd, we have Spe
D = Spe
D [ (�Spe
D). Moreover,� 2 Spe
D and� � =2 Spe
D =) multD(�) = multD(�);�� 2 Spe
D =) multD(�) = multD(�) + multD(��) :4. Conformal 
ovarian
e. Consider a positive fun
tion h on the Riemannianspin manifoldM and the 
orresponding 
onformal metri
 h ; i? = h2h ; i. This yieldsto a bundle isometry between the asso
iated spinor bundles SM and S?M . For thisreason, the two spinor bundles will be denoted by the same symbol SM. On the otherhand, for the 
orresponding Cli�ord multipli
ations and spin 
onne
tions, one has:
? = h
; r? �r = � 12h
(�)
(rh)� 12hh�;rhi:(4.1)Now the 
onformal 
hange of the metri
 onM produ
es another 
onformal 
hangeof the indu
ed metri
 on the hypersurfa
e � 
orresponding to the same 
onformalfa
tor h2. We then obtain the following identities relating the Cli�ord multipli
ationsand the 
ovariant derivatives of S� 
orresponding to the two 
onformal metri
s onthe hypersurfa
e: 
?� = h
�; 
?(N?) = 
(N)(4.2) r? �r = � 12h
�(�)
�(rh)� 12hh�;rhi;where N? = (1=h)N is a unit ve
tor �eld normal to � with respe
t to h ; i?. Ifwe use the symbols D and D? to denote the Dira
 operators on S� relative to thetwo 
onformal metri
s on �, we 
an easily show from (4.2), that for any spinor �eld 2 �(S�), the following identity:D?�h�n�12  � = h�n+12 D :(4.3)This property is analogous to the 
onformal 
ovarian
e of the 
lassi
al Dira
 operatorof a spinor bundle dis
overed by Hit
hin (see [Hit℄). Now it is easy to 
he
k [Es1℄ thatR? = f�n+3n�1Lf; H? = f�n+1n�1Bf;(4.4)where for n � 2, the 
onformal fa
tor h has been taken ash = f 2n�1 ;(4.5)for a positive fun
tion f de�ned on 
. Here L is the Conformal Lapla
ian and B theConformal mean 
urvature operator given byLu = � 4nn� 1�u+Ru; Bu = � 2n� 1hru;Ni+Hu;(4.6)where r and � are respe
tively the gradient and Lapla
e operators of the originalmetri
 on 
 and N is the inward unit normal �eld along � 
orresponding to theoriginal metri
.



28 O. HIJAZI, S. MONTIEL AND X. ZHANGIn [HMZ1℄, we proved a spinorial Reilly type inequality: For all  2 �(S
), onehas Z� �hD ;  i � nH2 j j2� d� �(4.7) 14 Z
 Rj j2 d
� nn+ 1 Z
 jD j2 d
;and equality o

urs if and only if  is a twistor{spinor. Now given a spinor �eld 2 �(S
) on the domain 
, we put ? = f�1 :(4.8)From this de�nition, (4.3) and (4.5) it followshD? ?;  ?i = f� 2nn�1 hD ;  i ;whi
h with inequality (4.7) written w.r.t the metri
 h ; i?, after using (4.4), (4.6) andthe fa
ts d
? = f 2n+2n�1 d
; d�? = f 2nn�1 d�;we dedu
e the following 
onformally spinorial Reilly type inequalityZ� �hD ;  i � n2 j j2f�1Bf� d� �(4.9) 14 Z
 j j2f�1Lf d
� nn+ 1 Z
 ���D? ?���2 d
?;valid for any spinor �eld  2 �(S
) and any positive fun
tion f 2 C1(
). Moreover,the equality holds if and only if the spinor �eld  ? = f�1 is a twistor{spinor withrespe
t to the 
onformal metri
 h ; i? = f 4n�1 h ; i.5. A lo
al ellipti
 boundary 
ondition for the Dira
 operator. As before,� is a hypersurfa
e of an (n+1)-dimensional Riemannian spin manifoldM boundinga 
ompa
t domain 
. We de�ne two pointwise proje
tionsP� : S� �! S�on the indu
ed Dira
 bundle over the hypersurfa
e, as followsP� = 12�IdS� � i
(N)�:(5.1)Note that, from Proposition 2, when n is even, these are nothing but the proje
tionson the �-
hirality subbundles S��. It is immediate to see that P+ and P� areselfadjoint and orthogonal to ea
h other on every S�p, with p 2 �. Moreover, as a
onsequen
e of (4.2), P� are 
onformally invariant. We now show that these operatorsprovide good boundary 
onditions to solve equations for the Dira
 operator D of M .Proposition 3. Let 
 be a 
ompa
t Riemannian spin manifold with boundarya hypersurfa
e �
 = �. Then the zero order di�erential operators P� a
ting onS�, de�ned in (5.1) are (lo
al) ellipti
 boundary 
onditions, that is, they satisfy the
ondition of Lopatinsky-Shapiro, for the Dira
 operator D of 
.



DIRAC OPERATOR ON HYPERSURFACES 29Proof. The fa
t that these operators are (lo
al) ellipti
 boundary 
onditions([BW℄, Chapter 18) or, in other words, they satisfy the so 
alled 
ondition ofLopatinsky-Shapiro ([H�o℄), 
an be 
he
ked by lo
al 
al
ulations with the prin
ipalsymbols of the Dira
 operator D and the boundary operators P�. The symbol �(D)of D is given by �v(D)� = i
(v)�; v 2 Tp
; p 2 
; � 2 S
p:Then, if the point p is taken to be on the boundary �
 = �, we have�u+sN (D)� = i�
(u) + s
(N)��; u 2 Tp�; s 2 R :Fix the point p 2 � and the ve
tor u 2 Tp� and repla
e the parameter s by thepartial derivative �i�=�t. We have to look for solutionsw : [0;+1[�! S
p = S�p;of the 
orresponding �rst order equation�
(u)� i
(N) ��t�w(t) = 0;with asymptoti
 behaviour limt!+1w(t) = 0:One 
an easily see that those solutions are of the formw(t) = eit
(N)
(u)�; � 2 S�pwhere w(0) = � has to be an eigenve
tor of i
(N)
(u) 
orresponding to a negativeeigenvalue, that is, i
(N)
(u)� = �juj�:The ellipti
ity 
ondition of Lopatinsky-Shapiro requires that the symbol�u(P�) = P� : S�p ! S�pof the 
onsidered boundary operator to be an isomorphism from the subspa
e of initial
onditions of those solutions, i.e.,f� 2 S�p : i
(N)
(u)� = �juj�g � S�ponto the subspa
e range(P�), for ea
h p 2 � and ea
h nontrivial u 2 Tp�. Sin
e thesetwo subspa
es have the same dimension,12 dimS�p;it is suÆ
ient to prove that this linear map is inje
tive. But, if � 2 S�p is one of theseinitial 
onditions and P�� = 0, we have that 
(u)� = �juj�. As 
(u)2 = �juj2Id,this implies � = 0, hen
e the operators P� provide ellipti
 boundary 
onditions forthe Dira
 operator D of 
.



30 O. HIJAZI, S. MONTIEL AND X. ZHANGRemark 1. The 
lassi
al lo
al boundary 
ondition ensures that the Dira
 oper-ator D is selfadjoint, but it doesn't exist in all dimensions and there are topologi
alobstru
tions for its existen
e when the dimension of 
 is odd [BW, GLP, HMZ2, Se℄.Our new lo
al boundary 
ondition exists in all dimension without any obstru
tion.But the following formulaZ
hD ;'i d
� Z
h ;D'i d
 = Z�h ; 
(N)'i d�;(5.2)shows that the 
onditions provided by P� do not imply that D is selfadjoint.Corollary 4. The following inhomogeneous problem for the Dira
 operator D ofa 
ompa
t domain 
 in a Riemannian spin manifold M , with boundary a hypersurfa
e� � D = 	 on 
P� = 0 on �(5.3)has a unique smooth solution for any 	 2 �(S
).Proof. The two realizations of D asso
iated with the two boundary 
onditionsP� are the two bounded operatorsD� : domD� = f 2 H1(S
) : P� j� = 0g �! L2(S
)where H1 stands for the Sobolev spa
e of L2-spinors with weak L2 
ovariant deriva-tives (re
all that su
h spinors have a well de�ned L2 tra
e on �). From (5.2), it followsthat D�� = D�. Moreover, if  2 domD� belongs to kerD�, by taking ' = i in(5.2) (note that this formula is valid even for weak spinor �elds), and re
alling thatthe metri
 on S
 is Hermitian, we have0 = 2 Z
hD ; i i d
 = Z�h ; i
(N) i d� = � Z� j j2 d�:Then one gets a weak harmoni
 spinor by extending  by zero to a 
ompa
t manifold
ontaining 
 and so, regularity for the Dira
 operator on 
ompa
t manifolds and theunique 
ontinuation property (
f. Theorem 8.2 in [BW℄) say that  vanishes on all of
. Then kerD� = f0g and 
okerD� �= kerD� = f0g:Then the two realizationsD� are invertible operators, hen
e if 	 2 �(S
) is a smoothspinor �eld on 
, there exists a unique solution  2 H1(S
) of (5.3). Now, theellipti
ity proved in Proposition 3 implies (
f. Chapter 19 in [BW℄) the requiredsmoothness for the solution  .Remark 2. When the dimension n+ 1 of the manifold M is odd, Proposition 2and Corollary 4 give the existen
e, uniqueness and regularity to the problem� D = 	 on 
 j� 2 S��When n + 1 is even, if we de
ompose the spinor �elds  and 	 a

ording to thede
omposition (2.2) of 
, Corollary 4 solves the following boundary �rst order system� D � = 	� on 
i
(N) � = � � on �;



DIRAC OPERATOR ON HYPERSURFACES 31where now all the involved �elds have a �xed 
hirality.Corollary 5. Let 
 a 
ompa
t Riemannian spin manifold with boundary ahypersurfa
e �. If ' 2 �(S�) is a smooth spinor �eld in the indu
ed Dira
 bundleand 	 2 �(S
), then the system� D = 	 on 
P� = P�' on �has a unique smooth solution  2 �(S
).Proof. Extend ' to a spinor �eld b' 2 �(S
) and put b =  � b'. Then solve( D b = �D b' on 
P� b = 0 on �using Corollary 4.6. Extrinsi
 
onformal lower bounds for the Dira
 operator. Now, wewill use the Reilly type inequality (4.9) for a 
ompa
t Riemannian spin manifoldwith boundary 
 in order to dedu
e lower bounds for the eigenvalues of the 
lassi
alDira
 operator D of the boundary hypersurfa
e �
 = �. We will start by takingan eigenspinor �eld ' 2 �(S�) for the Dira
 operator D of the indu
ed bundle onthe hypersurfa
e 
orresponding to the �rst eigenvalue �1 � 0. (Re
all that, fromProposition 2, �1 is also the smallest nonnegative eigenvalue of the intrinsi
 Dira
operator D of the hypersurfa
e.) Let f be any positive smooth fun
tion de�ned on 
.We will 
onsider the 
onformal metri
 h ; i? de�ned in (4.5) and pose the followingboundary problem � D? ? = 0 on 
P ?+ ? = P ?+ �f�1'� on �(6.1)for the 
onformally modi�ed Dira
 operatorD? and the asso
iated boundary 
onditionP ?+. Corollary 5 asserts that this problem has a unique smooth solution  ? 2 �(S
).Re
all that inequality (4.9) is valid for spinor �elds  and  ? on 
 su
h that  = f ?(see 4.8) for any positive fun
tion on 
. Putting the smooth solution of the boundaryvalue problem (6.1) in inequality (4.9), yields to the following key inequalityZ� �hD ;  i � n2 j j2f�1Bf� d� � 14 Z
 j j2f�1Lf d
 :(6.2)The main result of this paper will rely on inequality (6.2). For this, we need someelementary lemmas.Lemma 6. For every smooth �eld  2 �(S�) we haveZ�hD ;  i d� = 2< Z�hDP+ ; P� i d�:Proof. We have the orthogonal de
omposition  = P+ + P� . Moreover, fromde�nition (5.1) and Lemma 1, one immediately shows thatDP� = P�D:(6.3)



32 O. HIJAZI, S. MONTIEL AND X. ZHANGHen
e hD ;  i = hDP+ ; P� i+ hDP� ; P+ i:We 
on
lude by noting that � is 
ompa
t and the operator D is formally selfadjoint.Lemma 7. Let ' 2 �(S�) be an eigenspinor �eld for D asso
iated with a nonzeroeigenvalue. Then Z� jP+'j2 d� = Z� jP�'j2 d�:Proof. From D' = �' for a 
ertain � 2 R � and the anti
ommutativity relation(6.3) we obtain DP�' = �P�' ; and so hDP�'; P�'i = �jP�'j2 : Now it suÆ
es tointegrate and use again that D is formally selfadjoint.Lemma 8. Let ' 2 �(S�) be an eigenspinor �eld for D asso
iated with the �rstnonzero eigenvalue �1 2 R � and  ? the unique solution of the boundary value problem(6.1). Set  = f ? as in (4.8). Then�1 Z� j j2 d�� n2 Z� j j2f�1Bf d� � 14 Z
 j j2f�1Lf d
;(6.4)Moreover, equality holds if and only if the spinor  ? is a (harmoni
) twistor{spinor,i.e., parallel, with respe
t to the modi�ed metri
 and either �1 = 0 or  = ' along theboundary hypersurfa
e �.Proof. By (6.1), we have P ?+ ? = P ?+ �f�1'�. By 
onformal invarian
e of thezero order operators P ?�, it follows P+ �f�1 � = P+ �f�1'�, and soP+ = P+':(6.5)Using this fa
t with Lemma 6, we getZ�hD ;  i d� = 2< Z�hDP+'; P� i d�:As in Lemma 7, we have DP+' = �1P�'; hen
eZ�hD ;  i d� = 2<�1 Z�hP�'; P� i d�:We now observe that, sin
e �1 � 0, one has2�1<hP�'; P� i � �1 �jP�'j2 + jP� j2�(6.6)and equality o

urs if and only if either �1 = 0 or P�' = P� . By integrating (6.6)and using Lemma 7, it follows that2�1< Z�hP�'; P� i d� � �1 �Z� jP+'j2 d� + Z� jP� j2 d�� ;whi
h together with the boundary 
ondition (6.5), impliesZ�hD ;  i d� � �1 Z� j j2 d�:(6.7)
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ombination of inequalities (6.7) and (6.2) yield to (6.4). The laststatement is straightforward.Now a suitable 
hoi
e of the fun
tion f will lead to one of the main results of thispaper, whi
h 
ould be thought of as an analogue for embedded hypersurfa
es of theso 
alled Hijazi inequality [Hij1℄.Theorem 9. Let � be a 
ompa
t hypersurfa
e of dimension n � 2 of a Rie-mannian spin manifold M bounding a 
ompa
t domain 
. The lowest nonnegativeeigenvalue �1 of the Dira
 operator on � satis�es�1 � n2 �1(B);(6.8)where �1(B) is the �rst eigenvalue of the boundary linear operator B a
ting on fun
-tions f de�ned on 
 with Lf = 0, where L is the 
onformal Lapla
ian of M (see(4.6)). Moreover, if equality holds, then 
 is 
onformally equivalent to a Riemannianspin manifold with nontrivial parallel spinors (hen
e Ri

i 
at) and the eigenspa
e
orresponding to �1 is isomorphi
 to the spa
e of restri
tions to � of parallel spinors.Proof. First, re
all that the eigenvalue problem� Lu = 0 on 
Bu = �u on � = �
;appearing in the statement of this theorem, was introdu
ed by Es
obar in [Es1℄ inthe 
ontext of the Yamabe problem for manifolds with boundary and that L and Bare the operators de�ned in (4.6). The 
orresponding �rst eigenvalue �1(B), whosevariational 
hara
terization is given by�1(B) = inff2C1(
); f 6=0 R
 � 2n�1 jrf j2 + 12nRf2� d
 + R�Hf2 d�R� f2 d� ;is not ne
essarily �nite (see Addendum to [Es1℄), although reasonable geometri
 as-sumptions on 
 (for example, nonnegative s
alar 
urvature), immediately imply its�niteness. Obviously, if �1(B) = �1, the theorem is true. Hen
e we will supposethat �1(B) is a �nite real number.In this 
ase, Es
obar proved that the sign of �1 is invariant under 
onformal 
hangeof the metri
 on 
 and an asso
iated eigenfun
tion f has to be positive (Proposition1.3 in [Es1℄). Moreover, Es
obar proved that �1 is positive (resp. zero or negative) ifand only if there exists a 
onformally related metri
 on 
 with zero s
alar 
urvatureand su
h that the boundary � has positive (resp. identi
ally zero or negative) mean
urvature, or equivalently, there is a 
onformal metri
 on 
 with positive (resp. iden-ti
ally zero or negative) s
alar 
urvature and minimal boundary. In many 
ases, themean 
urvature turns out to be 
onstant.Now we 
hoose the fun
tion f in (6.4) to be a positive eigenfun
tion asso
iatedwith �1(B). Hen
e, ��1 � n2 �1(B)�Z� j j2 d� � 0;whi
h is pre
isely the desired inequality (note that  
annot vanish identi
ally on �sin
e P+ is an eigenspinor �eld).It only remains to examine the equality 
ase. If �1 = (n=2) �1(B), then equalityo

urs in (6.4) and so the nontrivial spinor �eld  ? is parallel w.r.t h ; i? and either



34 O. HIJAZI, S. MONTIEL AND X. ZHANG�1 = �1(B) = 0 or  j� = '. But, if the �rst possibility holds, by (6.3) we 
on
ludethatDP�' = 0. Then, if we repeat the same argument for P�' instead of ' (when wehave the � sign, we must address the 
orresponding boundary problem with boundary
ondition P ?�), we also obtain  j� = '.Conversely, let  ? be a nontrivial parallel spinor with respe
t to the metri
 h ; i?.Applying (3.7) to this 
onformal metri
, we getD? ? = n2H? ?:Now we de�ne  by the relation  = f ? and take into a

ount (4.3), (4.4) and (4.6).Then, D = n2 (f�1Bf) whi
h by the 
hoi
e of f , 
ould be written asD = n2 �1(B) = �1 :Remark 3. Note that if equality is a
hieved in (9), there exists a nontrivialparallel spinor on (
; h ; i?).Corollary 10. If the boundary of a 
ompa
t Riemannian spin manifold admitsa nontrivial harmoni
 spinor, then there exists a metri
 in the 
onformal 
lass withnegative or zero s
alar 
urvature and the boundary has to be minimal.Remark 4. It is 
lear that, if R � 0, then �1(B) � inf�H: Equality o

ursif and only if the 
onformal fa
tor f is 
onstant, R � 0, and H is 
onstant. As a
onsequen
e, we get Theorem 6 in [HMZ1℄. On the other hand, there are exampleswhere only (6.8) is signi�
ant. In fa
t, if � is a 2-dimensional torus embedded inR 3, the Gauss-Bonnet theorem implies that inf�R < 0. But, in the 
ase of a torusof revolution in R 3, obtained by rotating a 
ir
le of radius r whose 
enter is atdistan
e a > r of the axis of rotation, we have that H > 0 if (and only if) a > 2r.These tori of revolution provide examples for whi
h Theorem 6 in [HMZ1℄ gives noinformation, while inequality (6.8) is still signi�
ant. If a = p2r the 
orrespondingtorus of revolution is the stereographi
 proje
tion of a minimal torus in the three-sphere (the Cli�ord torus). Hen
e, for the Cli�ord torus �1(B) > 0 while inf�H < 0.It was also Es
obar (see, for example [Es1℄ and referen
es therein) who introdu
edthe following Sobolev quotient, 
alled the boundary Yamabe 
onformal invariantQ(
;�) = inff2C1(
); f 6=0 R
 � 2n�1 jrf j2 + 12nRf2� d
+ R�Hf2 d��R� f 2nn�1 d��n�1n :He proved that Q(
;�) has the same sign as �1(B) and it is invariant with respe
tto 
onformal 
hanges of the metri
 on 
. The H�older inequality applied to an eigen-fun
tion f asso
iated with �1 gives�1(B) � Q(
;�)vol (�) 1n
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onstant. Thus, from Theorem 9 one has a 
onformallower bound for the produ
t �1vol(�)1=n.Corollary 11. Let � be a 
ompa
t hypersurfa
e of dimension n � 2 of aRiemannian spin manifold M bounding a 
ompa
t domain 
. Then the lowest non-negative eigenvalue �1 of the Dira
 operator on � satis�es�1vol (�) 1n � n2Q(
;�);where Q(
;�) is the boundary Yamabe 
onformal invariant. Moreover, if equalityholds, then the eigenspa
e asso
iated with �1 
onsists of restri
tions of parallel spinorson 
.Remark 5. For 
ompa
t (immersed) surfa
es in the Eu
lidean spa
e, it is known(see [An, Bm, B�a2℄ and [AF℄ for generalizations) that�21 area(�) � Z�H2 d�:Then, for embedded surfa
es in R 3, one hasQ2(
;�) � �21 area(�) � Z�H2 d�;where 
 is the en
losed domain. That is, the s
ale free quantity �21 area(�) is betweentwo extrinsi
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