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Abstract. W e �nd sharp lo w er b ounds for the �rst nonnegativ e eigen v alue of the classical

in trinsic Dirac op erator of a compact h yp ersurface b ounding a domain in a Riemannian spin manifold.

These estimates are giv en in terms of scalar (sp ectral) conformal in v arian ts of the enclosed domain

whic h are in v olv ed in the solution of the Y amab e problem.

1. In tro duction. In [Hij1], the �rst author used the conformal b eha vior of the

nonzero eigen v alues � of the Dirac op erator to sho w that on a closed connected spin

manifold �

2

is, up to a dimensional constan t, at least equal to the �rst eigen v alue of

the Y amab e op erator.

Using tec hniques for pseudo-di�eren tial op erators and Sob olev em b eddings, J.

Lott [Lo] pro v ed the existence of conformal lo w er b ounds for �

2

. In [Hij2] it is sho wn

that the Y amab e n um b er, i.e., the in�m um o v er a conformal class of metrics of the

normalized total scalar curv atures, giv es suc h a lo w er b ound.

In [HMZ1], the presen t authors considered a domain 
 with b oundary � inside

a compact ( n + 1)-dimensional spin manifold M and sho w ed that if M has nonneg-

ativ e scalar curv ature, then the �rst nonnegativ e eigen v alue �

1

of the in trinsic Dirac

op erator of � satis�es

�

1

�

n

2

inf

�

H :(1.1)

where H is the mean curv ature. The main new ingredien t w as to use the b oundary

condition of A tiy ah-P ato di-Singer (APS) t yp e for Dirac op erators. If the am bien t

space has nonnegativ e Einstein tensor, (1.1) impro v es F riedric h's inequalit y for em-

b edded h yp ersurfaces. As an application, a spinorial pro of of the classical Alexandro v

Theorem w as obtained.

The presen t pap er is dev oted to the conformal asp ect of the results obtained in

[HMZ1]. W e impro v e (1.1) b y sho wing that

�

1

�

n

2

�

1

( B )(1.2)

where �

1

( B ) is the �rst eigen v alue of the conformal mean curv ature op erator B (see

Theorem 9 for a precise statemen t). Here w e don't need to assume that M has

nonnegativ e scalar curv ature. F urthermore, the limitting-case of (1.2) is c haracterized

b y the existence of a parallel spinor on the am bien t manifold for a metric in the

conformal class. W e then use the H• older inequalit y to sho w that

�

1

�

n

2

Q (
 ; �)

v ol (�)

1

n

(1.3)

�
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where Q (
 ; �) is the b oundary Y amab e conformal in v arian t (see Corollary 11).

F or Dirac op erators, the APS b oundary condition is not conformally in v arian t,

while the classical lo cal b oundary conditions are indeed conformally in v arian t but do

not exist in all dimensions and there are top ological obstructions for their existence

[BW, GLP , HMZ2, Se]. In this pap er, w e �nd a new lo cal conformal b oundary

condition whic h exists in all dimensions (see Section 5). The k ey p oin t to establish

(1.2) is to solv e a b oundary problem for Dirac op erators with suc h b oundary condition.

W e p oin t out that if the scalar curv ature of the domain is nonnegativ e, then

�

1

( B ) � inf

�

H and for the Cli�ord torus em b edded in R

3

, �

1

( B ) > 0 while inf

�

H <

0 (see Remark 4).

Finally , w e w ould lik e to men tion a series of relev an t results b y Escobar concerning

the lo w er b ound estimates for the �rst non-zero Steklo v eigen v alue of the Laplacian

op erator [Es2 , Es3 , Es4 ], and further estimates for the Steklo v problem on minimizing

metrics for the Sob olev trace quotien t b y Araujo [Ar].

2. Preliminaries on spin manifolds. Let ( M ; h ; i ) b e an ( n + 1)-dimensional

Riemannian spin manifold and denote b y r the Levi-Civita connection on the tangen t

bundle T M . W e �x a spin structure on M and denote b y Spin ( M ) the corresp onding

principal bundle with structural group the spinor group Spin( n + 1). The spinor

bundle S M = Spin ( M ) �




n +1

S

n +1

on M is the asso ciated complex 2

[

n +1

2

]

dimensional

complex v ector bundle. This represen tation pro vides a left Cli�ord m ultiplication


 : C ` ( M ) � ! End ( S M )(2.1)

whic h is a �bre preserving algebra morphism. Then S M b ecomes a bundle of complex

left mo dules o v er the Cli�ord bundle C ` ( M ) o v er the manifold M . When n + 1 is

ev en, the spinor bundle has the decomp osition

S M = S M

+

� S M

�

:(2.2)

where S M

�

are the � 1-eigenspaces of the endomorphism 


n +1

( !

n +1

), with !

n +1

=

i

[

n +2

2

]

e

1

� e

2

� � � e

n +1

the complex v olume form.

On the spinor bundle S M , one has (see [LM]) a natural Hermitian metric, de-

noted as the Riemannian metric b y h ; i , and the Spinorial Levi-Civita connection r

acting on spinor �elds. The Hermitian metric and r are compatible with the Cli�ord

m ultiplication (2.1). That is

X h  ; ' i = h r

X

 ; ' i + h  ; r

X

' i(2.3)

h 
 ( X )  ; 
 ( X ) ' i = j X j

2

h  ; ' i(2.4)

r

X

�


 ( Y )  

�

= 
 ( r

X

Y )  + 
 ( Y ) r

X

 ;(2.5)

for an y spinor �elds  ; ' 2 �( S M ) and an y tangen t v ector �elds X ; Y 2 �( T M ).

Since r !

n +1

= 0, so when n + 1 is ev en, the decomp osition (2.2) b ecomes orthogonal

and r preserv es this decomp osition.

The Dirac op erator D on S M is the �rst order elliptic di�eren tial op erator lo cally

giv en b y

D =

n +1

X

i =1


 ( e

i

) r

e

i

;
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where f e

1

; : : : ; e

n +1

g is a lo cal orthonormal frame of T M . When n + 1 is ev en, the

Dirac op erator in terc hanges p ositiv e and negativ e spinor �elds, that is,

D : �( S M

�

) 7� ! �( S M

�

) :(2.6)

3. Hyp ersurfaces and induced structures. In this section, w e compare the

restriction of the spinor bundle of a spin manifold M to an orien table h yp ersurface � �

M and its Dirac-t yp e op erator to the in trinsic spinor bundle of � and its fundamen tal

Dirac op erator. These facts are w ell-kno wn (see for example [Bu, T r , B• a1 , BF GK]).

F or completeness, w e in tro duce the k ey facts.

W e ha v e an induced Riemannian metric on � and let r b e its Levi-Civita con-

nection. The Gauss form ula sa ys that

r

X

Y = r

X

Y � h AX ; Y i N ;(3.1)

where X ; Y are v ector �elds tangen t to the h yp ersurface �, the v ector �eld N is a

global unit �eld normal to � and A stands for the shap e op erator corresp onding to

N , that is,

r

X

N = � AX ; 8 X 2 �( T �) :(3.2)

Recall that the spin structure of M induces on � in the follo wing w a y . By the map

( e

1

; : : : ; e

n

) 7� ! ( e

1

; : : : ; e

n

; N ) it is p ossible to iden tify the principal SO( n )-bundle of

orien ted orthonormal frames on the h yp ersurface � with a subbundle of the restriction

to � of the bundle of orien ted orthonormal frames on M . Pulling bac k the bundle

Spin( M )

j �

via this map, one obtains a spin structure Spin (�) on �. In fact the group

Spin( n ) � C `

0

n

acts on the restricted bundle Spin ( M )

j �

via the iden ti�cation

� : C `

n

= C `

0

n

� C `

1

n

� ! C `

0

n +1

� C `

n +1

�

0

+ �

1

7� ! �

0

+ �

1

� N

b et w een the n -dimensional Cli�ord algebra and the ev en part C `

0

n +1

. Hence w e ha v e

that the restriction

S � := S M

j �

= Spin (�) �




n +1

� �

S

n +1

(3.3)

is a left mo dule o v er C ` (�) with Cli�ord m ultiplication




�

: C ` (�) � ! End ( S �)

giv en b y 


�

= 
 � � . That is,




�

( X )  = 
 ( X ) 
 ( N )  (3.4)

for ev ery  2 �( S �) and X 2 �( T �). Consider on S � the Hermitian metric h ; i

induced from that of S M . This metric immediately satis�es the compatibilit y condi-

tion (2.4) if one puts on � the Riemannian metric induced from M and the Cli�ord

m ultiplication 


�

de�ned in (3.4). No w the Gauss form ula (3.1) implies that the spin

connection r on S � is giv en b y the follo wing spinorial Gauss form ula

r

X

 = r

X

 �

1

2




�

( AX )  = r

X

 �

1

2


 ( AX ) 
 ( N )  (3.5)
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for ev ery  2 �( S �) and X 2 �( T �). Note that the compabilit y conditions (2.3),

(2.4) and (2.5) are satis�ed for ( S � ; 


�

; h ; i ; r ).

Denote b y D : �( S �) ! �( S �) the Dirac op erator asso ciated with the Dirac

bundle S � o v er the h yp ersurface. It is a w ell kno wn fact that D is a �rst order

elliptic di�eren tial op erator whic h is formally L

2

-selfadjoin t. By (3.5), for an y spinor

�eld  2 �( S �), w e ha v e

D  =

n

X

j =1




�

( e

j

) r

e

j

 =

n

2

H  � 
 ( N )

n

X

j =1


 ( e

j

) r

e

j

 ;(3.6)

where f e

1

; : : : ; e

n

g is a lo cal orthonormal frame of T � and H =

1

n

trace A is the mean

curv ature of � corresp onding to the orien tation N . F rom (3.6), if  2 �( S M ) is a

spinor �eld on the am bien t manifold M , it follo ws

D  =

n

2

H  � 
 ( N ) D  � r

N

 ;(3.7)

(note that a spinor �eld on the am bien t manifold M and its restriction to the h yp er-

surface � are denoted b y the same sym b ol).

Lemma 1. F or any spinor �eld  2 �( S �) and any tangent ve ctor �eld X 2

�( T �) , the fol lowing r elations hold

r

X

�


 ( N )  

�

= 
 ( N ) r

X

 ;

D

�


 ( N )  

�

= � 
 ( N ) D  :

The pro of is straigh tforw ard using (3.5) and (3.2). As w e ha v e men tioned, the

aim in this section is to relate the induced Dirac bundle S � o v er the h yp ersurface

and its Dirac op erator D to the in trinsic spinor bundle

S � = Spin(�) �




n

S

n

o v er � and its Dirac op erator D . F or this purp ose, w e gather in the follo wing prop o-

sition, w ell-kno wn results that w e will need later.

Pr oposition 2. L et M b e an ( n + 1) -dimensional R iemannian spin manifold

and ( S M ; 
 ) its (c omplex) spinor bund le, wher e 
 : C ` ( M ) ! End( S M ) denotes the

c orr esp onding Cli�or d multiplic ation. Consider an orientable hyp ersurfac e � of M

and let ( S � ; 


�

) and ( S � ; 
 ) b e r esp e ctively the induc e d Dir ac bund le and the spinor

bund le of the induc e d spin structur e on � . Denote by D and D the c orr esp onding

Dir ac op er ators.

a) When the dimension n of � is even we have ( S � ; 


�

; D ) � ( S � ; 
 ; D ) and the

de c omp osition S � = S �

+

� S �

�

, given by S �

�

:= f � 2 S � : i
 ( N ) � = � � g ;

c orr esp onds, up to the ab ove identi�c ation, to the chir ality de c omp osition of

the spinor bund le S � . Henc e D inter changes S �

+

and S �

�

.

b) When n is o dd, the de c omp osition of S M into p ositive and ne gative spinors

induc es an ortho gonal and 


�

; D -invariant de c omp osition S � = S �

+

� S �

�

,

with S �

�

:= S M

�

j �

, in such a way that ( S �

�

; 


�

; D

j S �

�

) � ( S � ; � 
 ; � D ) .

Mor e over, we have the fol lowing isomorphisms: 
 ( N ) : S �

�

7� ! S �

�

:

F urthermor e, if � is c omp act without b oundary, then

c) Sp ec D is symmetric with r esp e ct to zer o.
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d) If dim � is even, we have 8 � 2 Sp ec D : Sp ec D = Sp ec D ; and m ult

D

( � ) =

m ult

D

( � ) :

e) If dim � is o dd, we have Sp ec D = Sp ec D [ ( � Sp ec D ) . Mor e over,

� 2 Sp ec D and � � =2 Sp ec D = ) m ult

D

( � ) = m ult

D

( � ) ;

� � 2 Sp ec D = ) m ult

D

( � ) = m ult

D

( � ) + m ult

D

( � � ) :

4. Conformal co v ariance. Consider a p ositiv e function h on the Riemannian

spin manifold M and the corresp onding conformal metric h ; i

?

= h

2

h ; i . This yields

to a bundle isometry b et w een the asso ciated spinor bundles S M and S

?

M . F or this

reason, the t w o spinor bundles will b e denoted b y the same sym b ol S M . On the other

hand, for the corresp onding Cli�ord m ultiplications and spin connections, one has:




?

= h
 ; r

?

� r = �

1

2 h


 ( � ) 
 ( r h ) �

1

2 h

h� ; r h i :(4.1)

No w the conformal c hange of the metric on M pro duces another conformal c hange

of the induced metric on the h yp ersurface � corresp onding to the same conformal

factor h

2

. W e then obtain the follo wing iden tities relating the Cli�ord m ultiplications

and the co v arian t deriv ativ es of S � corresp onding to the t w o conformal metrics on

the h yp ersurface:




?

�

= h


�

; 


?

( N

?

) = 
 ( N )(4.2)

r

?

� r = �

1

2 h




�

( � ) 


�

( r h ) �

1

2 h

h� ; r h i ;

where N

?

= (1 =h ) N is a unit v ector �eld normal to � with resp ect to h ; i

?

. If

w e use the sym b ols D and D

?

to denote the Dirac op erators on S � relativ e to the

t w o conformal metrics on �, w e can easily sho w from (4.2), that for an y spinor �eld

 2 �( S �), the follo wing iden tit y:

D

?

�

h

�

n � 1

2

 

�

= h

�

n +1

2

D  :(4.3)

This prop ert y is analogous to the conformal co v ariance of the classical Dirac op erator

of a spinor bundle disco v ered b y Hitc hin (see [Hit ]). No w it is easy to c hec k [Es1 ] that

R

?

= f

�

n +3

n � 1

Lf ; H

?

= f

�

n +1

n � 1

B f ;(4.4)

where for n � 2, the conformal factor h has b een tak en as

h = f

2

n � 1

;(4.5)

for a p ositiv e function f de�ned on 
. Here L is the Conformal L aplacian and B the

Conformal me an curvatur e op er ator giv en b y

Lu = �

4 n

n � 1

� u + R u; B u = �

2

n � 1

h r u; N i + H u;(4.6)

where r and � are resp ectiv ely the gradien t and Laplace op erators of the original

metric on 
 and N is the inwar d unit normal �eld along � corresp onding to the

original metric.
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In [HMZ1 ], w e pro v ed a spinorial Reilly t yp e inequalit y: F or all  2 �( S 
), one

has

Z

�

�

h D  ;  i �

nH

2

j  j

2

�

d � �(4.7)

1

4

Z




R j  j

2

d 
 �

n

n + 1

Z




j D  j

2

d 
 ;

and equalit y o ccurs if and only if  is a t wistor{spinor. No w giv en a spinor �eld

 2 �( S 
) on the domain 
, w e put

 

?

= f

� 1

 :(4.8)

F rom this de�nition, (4.3) and (4.5) it follo ws

h D

?

 

?

;  

?

i = f

�

2 n

n � 1

h D  ;  i ;

whic h with inequalit y (4.7) written w.r.t the metric h ; i

?

, after using (4.4), (4.6) and

the facts

d 


?

= f

2 n +2

n � 1

d 
 ; d �

?

= f

2 n

n � 1

d � ;

w e deduce the follo wing conformally spinorial Reilly t yp e inequalit y

Z

�

�

h D  ;  i �

n

2

j  j

2

f

� 1

B f

�

d � �(4.9)

1

4

Z




j  j

2

f

� 1

Lf d 
 �

n

n + 1

Z




�

�

�

D

?

 

?

�

�

�

2

d 


?

;

v alid for an y spinor �eld  2 �( S 
 ) and an y p ositiv e function f 2 C

1

(
). Moreo v er,

the equalit y holds if and only if the spinor �eld  

?

= f

� 1

 is a t wistor{spinor with

resp ect to the conformal metric h ; i

?

= f

4

n � 1

h ; i .

5. A lo cal elliptic b oundary condition for the Dirac op erator. As b efore,

� is a h yp ersurface of an ( n + 1)-dimensional Riemannian spin manifold M b ounding

a compact domain 
. W e de�ne t w o p oin t wise pro jections

P

�

: S � � ! S �

on the induced Dirac bundle o v er the h yp ersurface, as follo ws

P

�

=

1

2

�

Id

S �

� i
 ( N )

�

:(5.1)

Note that, from Prop osition 2, when n is ev en, these are nothing but the pro jections

on the � -c hiralit y subbundles S �

�

. It is immediate to see that P

+

and P

�

are

selfadjoin t and orthogonal to eac h other on ev ery S �

p

, with p 2 �. Moreo v er, as a

consequence of (4.2), P

�

are conformally in v arian t. W e no w sho w that these op erators

pro vide go o d b oundary conditions to solv e equations for the Dirac op erator D of M .

Pr oposition 3. L et 
 b e a c omp act R iemannian spin manifold with b oundary

a hyp ersurfac e @ 
 = � . Then the zer o or der di�er ential op er ators P

�

acting on

S � , de�ne d in (5.1) ar e (lo c al) elliptic b oundary conditions , that is, they satisfy the

c ondition of L op atinsky-Shapir o, for the Dir ac op er ator D of 
 .
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Pr o of. The fact that these op erators are (lo cal) el liptic b oundary c onditions

([BW], Chapter 18) or, in other w ords, they satisfy the so called condition of

Lopatinsky-Shapiro ([H• o]), can b e c hec k ed b y lo cal calculations with the principal

sym b ols of the Dirac op erator D and the b oundary op erators P

�

. The sym b ol � ( D )

of D is giv en b y

�

v

( D ) � = i
 ( v ) � ; v 2 T

p


 ; p 2 
 ; � 2 S 


p

:

Then, if the p oin t p is tak en to b e on the b oundary @ 
 = �, w e ha v e

�

u + sN

( D ) � = i

�


 ( u ) + s
 ( N )

�

� ; u 2 T

p

� ; s 2 R :

Fix the p oin t p 2 � and the v ector u 2 T

p

� and replace the parameter s b y the

partial deriv ativ e � i@ =@ t . W e ha v e to lo ok for solutions

w : [0 ; + 1 [ � ! S 


p

= S �

p

;

of the corresp onding �rst order equation

�


 ( u ) � i
 ( N )

@

@ t

�

w ( t ) = 0 ;

with asymptotic b eha viour

lim

t ! + 1

w ( t ) = 0 :

One can easily see that those solutions are of the form

w ( t ) = e

it
 ( N ) 
 ( u )

� ; � 2 S �

p

where w (0) = � has to b e an eigen v ector of i
 ( N ) 
 ( u ) corresp onding to a negativ e

eigen v alue, that is,

i
 ( N ) 
 ( u ) � = �j u j � :

The ellipticit y condition of Lopatinsky-Shapiro requires that the sym b ol

�

u

( P

�

) = P

�

: S �

p

! S �

p

of the considered b oundary op erator to b e an isomorphism from the subspace of initial

conditions of those solutions, i.e.,

f � 2 S �

p

: i
 ( N ) 
 ( u ) � = �j u j � g � S �

p

on to the subspace range ( P

�

), for eac h p 2 � and eac h non trivial u 2 T

p

�. Since these

t w o subspaces ha v e the same dimension,

1

2

dim S �

p

;

it is su�cien t to pro v e that this linear map is injectiv e. But, if � 2 S �

p

is one of these

initial conditions and P

�

� = 0, w e ha v e that 
 ( u ) � = �j u j � . As 
 ( u )

2

= �j u j

2

Id,

this implies � = 0, hence the op erators P

�

pro vide elliptic b oundary conditions for

the Dirac op erator D of 
.
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Remark 1. The classical lo cal b oundary condition ensures that the Dirac op er-

ator D is selfadjoin t, but it do esn't exist in all dimensions and there are top ological

obstructions for its existence when the dimension of 
 is o dd [BW, GLP, HMZ2, Se].

Our new lo cal b oundary condition exists in all dimension without an y obstruction.

But the follo wing form ula

Z




h D  ; ' i d 
 �

Z




h  ; D ' i d 
 =

Z

�

h  ; 
 ( N ) ' i d � ;(5.2)

sho ws that the conditions pro vided b y P

�

do not imply that D is selfadjoin t.

Cor ollar y 4. The fol lowing inhomo gene ous pr oblem for the Dir ac op er ator D of

a c omp act domain 
 in a R iemannian spin manifold M , with b oundary a hyp ersurfac e

�

�

D  = 	 on 


P

�

 = 0 on �

(5.3)

has a unique smo oth solution for any 	 2 �( S 
) .

Pr o of. The t w o r e alizations of D asso ciated with the t w o b oundary conditions

P

�

are the t w o b ounded op erators

D

�

: dom D

�

= f  2 H

1

( S 
) : P

�

 

j �

= 0 g � ! L

2

( S 
)

where H

1

stands for the Sob olev space of L

2

-spinors with w eak L

2

co v arian t deriv a-

tiv es (recall that suc h spinors ha v e a w ell de�ned L

2

trace on �). F rom (5.2), it follo ws

that D

�

�

= D

�

. Moreo v er, if  2 dom D

�

b elongs to k er D

�

, b y taking ' = i in

(5.2) (note that this form ula is v alid ev en for w eak spinor �elds), and recalling that

the metric on S 
 is Hermitian, w e ha v e

0 = 2

Z




h D  ; i i d 
 =

Z

�

h  ; i
 ( N )  i d � = �

Z

�

j  j

2

d � :

Then one gets a w eak harmonic spinor b y extending  b y zero to a compact manifold

con taining 
 and so, regularit y for the Dirac op erator on compact manifolds and the

unique con tin uation prop ert y (cf. Theorem 8.2 in [BW]) sa y that  v anishes on all of


. Then

k er D

�

= f 0 g and cok er D

�

�

=

k er D

�

= f 0 g :

Then the t w o realizations D

�

are in v ertible op erators, hence if 	 2 �( S 
) is a smo oth

spinor �eld on 
, there exists a unique solution  2 H

1

( S 
) of (5.3). No w, the

ellipticit y pro v ed in Prop osition 3 implies (cf. Chapter 19 in [BW]) the required

smo othness for the solution  .

Remark 2. When the dimension n + 1 of the manifold M is o dd, Prop osition 2

and Corollary 4 giv e the existence, uniqueness and regularit y to the problem

�

D  = 	 on 


 

j �

2 S �

�

When n + 1 is ev en, if w e decomp ose the spinor �elds  and 	 according to the

decomp osition (2.2) of 
, Corollary 4 solv es the follo wing b oundary �rst order system

�

D  

�

= 	

�

on 


i
 ( N )  

�

= �  

�

on � ;



DIRA C OPERA TOR ON HYPERSURF A CES 31

where no w all the in v olv ed �elds ha v e a �xed c hiralit y .

Cor ollar y 5. L et 
 a c omp act R iemannian spin manifold with b oundary a

hyp ersurfac e � . If ' 2 �( S �) is a smo oth spinor �eld in the induc e d Dir ac bund le

and 	 2 �( S 
) , then the system

�

D  = 	 on 


P

�

 = P

�

' on �

has a unique smo oth solution  2 �( S 
) .

Pr o of. Extend ' to a spinor �eld b' 2 �( S 
) and put

b

 =  � b' . Then solv e

(

D

b

 = � D b' on 


P

�

b

 = 0 on �

using Corollary 4.

6. Extrinsic conformal lo w er b ounds for the Dirac op erator. No w, w e

will use the Reilly t yp e inequalit y (4.9) for a compact Riemannian spin manifold

with b oundary 
 in order to deduce lo w er b ounds for the eigen v alues of the classical

Dirac op erator D of the b oundary h yp ersurface @ 
 = �. W e will start b y taking

an eigenspinor �eld ' 2 �( S �) for the Dirac op erator D of the induced bundle on

the h yp ersurface corresp onding to the �rst eigen v alue �

1

� 0. (Recall that, from

Prop osition 2, �

1

is also the smallest nonnegativ e eigen v alue of the in trinsic Dirac

op erator D of the h yp ersurface.) Let f b e an y p ositiv e smo oth function de�ned on 
.

W e will consider the conformal metric h ; i

?

de�ned in (4.5) and p ose the follo wing

b oundary problem

�

D

?

 

?

= 0 on 


P

?

+

 

?

= P

?

+

�

f

� 1

'

�

on �

(6.1)

for the conformally mo di�ed Dirac op erator D

?

and the asso ciated b oundary condition

P

?

+

. Corollary 5 asserts that this problem has a unique smo oth solution  

?

2 �( S 
).

Recall that inequalit y (4.9) is v alid for spinor �elds  and  

?

on 
 suc h that  = f  

?

(see 4.8) for an y p ositiv e function on 
. Putting the smo oth solution of the b oundary

v alue problem (6.1) in inequalit y (4.9), yields to the follo wing k ey inequalit y

Z

�

�

h D  ;  i �

n

2

j  j

2

f

� 1

B f

�

d � �

1

4

Z




j  j

2

f

� 1

Lf d 
 :(6.2)

The main result of this pap er will rely on inequalit y (6.2). F or this, w e need some

elemen tary lemmas.

Lemma 6. F or every smo oth �eld  2 �( S �) we have

Z

�

h D  ;  i d � = 2 <

Z

�

h D P

+

 ; P

�

 i d � :

Pr o of. W e ha v e the orthogonal decomp osition  = P

+

 + P

�

 . Moreo v er, from

de�nition (5.1) and Lemma 1, one immediately sho ws that

D P

�

= P

�

D :(6.3)
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Hence

h D  ;  i = h D P

+

 ; P

�

 i + h D P

�

 ; P

+

 i :

W e conclude b y noting that � is compact and the op erator D is formally selfadjoin t.

Lemma 7. L et ' 2 �( S �) b e an eigenspinor �eld for D asso ciate d with a nonzer o

eigenvalue. Then

Z

�

j P

+

' j

2

d � =

Z

�

j P

�

' j

2

d � :

Pr o of. F rom D ' = �' for a certain � 2 R

�

and the an ticomm utativit y relation

(6.3) w e obtain D P

�

' = �P

�

' ; and so h D P

�

'; P

�

' i = � j P

�

' j

2

: No w it su�ces to

in tegrate and use again that D is formally selfadjoin t.

Lemma 8. L et ' 2 �( S �) b e an eigenspinor �eld for D asso ciate d with the �rst

nonzer o eigenvalue �

1

2 R

�

and  

?

the unique solution of the b oundary value pr oblem

(6.1). Set  = f  

?

as in (4.8). Then

�

1

Z

�

j  j

2

d � �

n

2

Z

�

j  j

2

f

� 1

B f d � �

1

4

Z




j  j

2

f

� 1

Lf d 
 ;(6.4)

Mor e over, e quality holds if and only if the spinor  

?

is a (harmonic) twistor{spinor,

i.e., p ar al lel, with r esp e ct to the mo di�e d metric and either �

1

= 0 or  = ' along the

b oundary hyp ersurfac e � .

Pr o of. By (6.1), w e ha v e P

?

+

 

?

= P

?

+

�

f

� 1

'

�

. By conformal in v ariance of the

zero order op erators P

?

�

, it follo ws P

+

�

f

� 1

 

�

= P

+

�

f

� 1

'

�

, and so

P

+

 = P

+

':(6.5)

Using this fact with Lemma 6, w e get

Z

�

h D  ;  i d � = 2 <

Z

�

h D P

+

'; P

�

 i d � :

As in Lemma 7, w e ha v e D P

+

' = �

1

P

�

'; hence

Z

�

h D  ;  i d � = 2 < �

1

Z

�

h P

�

'; P

�

 i d � :

W e no w observ e that, since �

1

� 0, one has

2 �

1

<h P

�

'; P

�

 i � �

1

�

j P

�

' j

2

+ j P

�

 j

2

�

(6.6)

and equalit y o ccurs if and only if either �

1

= 0 or P

�

' = P

�

 . By in tegrating (6.6)

and using Lemma 7, it follo ws that

2 �

1

<

Z

�

h P

�

'; P

�

 i d � � �

1

�

Z

�

j P

+

' j

2

d � +

Z

�

j P

�

 j

2

d �

�

;

whic h together with the b oundary condition (6.5), implies

Z

�

h D  ;  i d � � �

1

Z

�

j  j

2

d � :(6.7)
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Finally , the com bination of inequalities (6.7) and (6.2) yield to (6.4). The last

statemen t is straigh tforw ard.

No w a suitable c hoice of the function f will lead to one of the main results of this

pap er, whic h could b e though t of as an analogue for em b edded h yp ersurfaces of the

so c al le d Hijazi inequalit y [Hij1].

Theorem 9. L et � b e a c omp act hyp ersurfac e of dimension n � 2 of a R ie-

mannian spin manifold M b ounding a c omp act domain 
 . The lowest nonne gative

eigenvalue �

1

of the Dir ac op er ator on � satis�es

�

1

�

n

2

�

1

( B ) ;(6.8)

wher e �

1

( B ) is the �rst eigenvalue of the b oundary line ar op er ator B acting on func-

tions f de�ne d on 
 with Lf = 0 , wher e L is the c onformal L aplacian of M (se e

(4.6)). Mor e over, if e quality holds, then 
 is c onformal ly e quivalent to a R iemannian

spin manifold with nontrivial p ar al lel spinors (henc e R ic ci 
at) and the eigensp ac e

c orr esp onding to �

1

is isomorphic to the sp ac e of r estrictions to � of p ar al lel spinors.

Pr o of. First, recall that the eigen v alue problem

�

Lu = 0 on 


B u = � u on � = @ 
 ;

app earing in the statemen t of this theorem, w as in tro duced b y Escobar in [Es1 ] in

the con text of the Y amab e problem for manifolds with b oundary and that L and B

are the op erators de�ned in (4.6). The corresp onding �rst eigen v alue �

1

( B ), whose

v ariational c haracterization is giv en b y

�

1

( B ) = inf

f 2 C

1

( 
) ; f 6=0

R




�

2

n � 1

j r f j

2

+

1

2 n

R f

2

�

d 
 +

R

�

H f

2

d �

R

�

f

2

d �

;

is not necessarily �nite (see Addendum to [Es1 ]), although reasonable geometric as-

sumptions on 
 (for example, nonnegativ e scalar curv ature), immediately imply its

�niteness. Ob viously , if �

1

( B ) = �1 , the theorem is true. Hence w e will supp ose

that �

1

( B ) is a �nite real n um b er.

In this case, Escobar pro v ed that the sign of �

1

is in v arian t under conformal c hange

of the metric on 
 and an asso ciated eigenfunction f has to b e p ositiv e (Prop osition

1.3 in [Es1 ]). Moreo v er, Escobar pro v ed that �

1

is p ositiv e (resp. zero or negativ e) if

and only if there exists a conformally related metric on 
 with zero scalar curv ature

and suc h that the b oundary � has p ositiv e (resp. iden tically zero or negativ e) mean

curv ature, or equiv alen tly , there is a conformal metric on 
 with p ositiv e (resp. iden-

tically zero or negativ e) scalar curv ature and minimal b oundary . In man y cases, the

mean curv ature turns out to b e constan t.

No w w e c ho ose the function f in (6.4) to b e a p ositiv e eigenfunction asso ciated

with �

1

( B ). Hence,

�

�

1

�

n

2

�

1

( B )

�

Z

�

j  j

2

d � � 0 ;

whic h is precisely the desired inequalit y (note that  cannot v anish iden tically on �

since P

+

 is an eigenspinor �eld).

It only remains to examine the equalit y case. If �

1

= ( n= 2) �

1

( B ), then equalit y

o ccurs in (6.4) and so the non trivial spinor �eld  

?

is parallel w.r.t h ; i

?

and either
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�

1

= �

1

( B ) = 0 or  

j �

= ' . But, if the �rst p ossibilit y holds, b y (6.3) w e conclude

that D P

�

' = 0. Then, if w e rep eat the same argumen t for P

�

' instead of ' (when w e

ha v e the � sign, w e m ust address the corresp onding b oundary problem with b oundary

condition P

?

�

), w e also obtain  

j �

= ' .

Con v ersely , let  

?

b e a non trivial parallel spinor with resp ect to the metric h ; i

?

.

Applying (3.7) to this conformal metric, w e get

D

?

 

?

=

n

2

H

?

 

?

:

No w w e de�ne  b y the relation  = f  

?

and tak e in to accoun t (4.3), (4.4) and (4.6).

Then,

D  =

n

2

( f

� 1

B f )  

whic h b y the c hoice of f , could b e written as

D  =

n

2

�

1

( B )  = �

1

 :

Remark 3. Note that if equalit y is ac hiev ed in (9), there exists a non trivial

parallel spinor on (
 ; h ; i

?

).

Cor ollar y 10. If the b oundary of a c omp act R iemannian spin manifold admits

a nontrivial harmonic spinor, then ther e exists a metric in the c onformal class with

ne gative or zer o sc alar curvatur e and the b oundary has to b e minimal.

Remark 4. It is clear that, if R � 0, then �

1

( B ) � inf

�

H : Equalit y o ccurs

if and only if the conformal factor f is constan t, R � 0, and H is constan t. As a

consequence, w e get Theorem 6 in [HMZ1]. On the other hand, there are examples

where only (6.8) is signi�can t. In fact, if � is a 2-dimensional torus em b edded in

R

3

, the Gauss-Bonnet theorem implies that inf

�

R < 0. But, in the case of a torus

of rev olution in R

3

, obtained b y rotating a circle of radius r whose cen ter is at

distance a > r of the axis of rotation, w e ha v e that H > 0 if (and only if ) a > 2 r .

These tori of rev olution pro vide examples for whic h Theorem 6 in [HMZ1] giv es no

information, while inequalit y (6.8) is still signi�can t. If a =

p

2 r the corresp onding

torus of rev olution is the stereographic pro jection of a minimal torus in the three-

sphere (the Cli�ord torus). Hence, for the Cli�ord torus �

1

( B ) > 0 while inf

�

H < 0.

It w as also Escobar (see, for example [Es1 ] and references therein) who in tro duced

the follo wing Sob olev quotien t, called the b oundary Y amab e c onformal invariant

Q (
 ; �) = inf

f 2 C

1

( 
 ) ; f 6=0

R




�

2

n � 1

j r f j

2

+

1

2 n

R f

2

�

d 
 +

R

�

H f

2

d �

�

R

�

f

2 n

n � 1

d �

�

n � 1

n

:

He pro v ed that Q (
 ; �) has the same sign as �

1

( B ) and it is in v arian t with resp ect

to conformal c hanges of the metric on 
. The H• older inequalit y applied to an eigen-

function f asso ciated with �

1

giv es

�

1

( B ) �

Q (
 ; �)

v ol (�)

1

n
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and equalit y implies that f is constan t. Th us, from Theorem 9 one has a conformal

lo w er b ound for the pro duct �

1

v ol (�)

1 =n

.

Cor ollar y 11. L et � b e a c omp act hyp ersurfac e of dimension n � 2 of a

R iemannian spin manifold M b ounding a c omp act domain 
 . Then the lowest non-

ne gative eigenvalue �

1

of the Dir ac op er ator on � satis�es

�

1

v ol (�)

1

n

�

n

2

Q (
 ; �) ;

wher e Q (
 ; �) is the b oundary Y amab e c onformal invariant. Mor e over, if e quality

holds, then the eigensp ac e asso ciate d with �

1

c onsists of r estrictions of p ar al lel spinors

on 
 .

Remark 5. F or compact (immersed) surfaces in the Euclidean space, it is kno wn

(see [An, Bm, B• a2 ] and [AF ] for generalizations) that

�

2

1

area (�) �

Z

�

H

2

d � :

Then, for emb e dde d surfaces in R

3

, one has

Q

2

(
 ; �) � �

2

1

area (�) �

Z

�

H

2

d � ;

where 
 is the enclosed domain. That is, the scale free quan tit y �

2

1

area (�) is b et w een

t w o extrinsic conformal in v arian ts: the Y amab e n um b er and the Willmore functional.
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