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A PR ODUCT F ORMULA F OR THE SEIBER G-WITTEN INV ARIANT

ALONG CER T AIN SEIFER T FIBERED MANIF OLDS

�

B. DOUG P ARK

y

1. In tro duction. Arguably the most imp ortan t smo oth in v arian t of 4-manifolds

kno wn to date is the monop ole in v arian t in tro duced b y Seib erg and Witten. F or the

de�nition and basic prop erties of the Seib erg-Witten in v arian t w e refer the reader to

[KM1], [M] and [W]. The most general metho d of computing the S W -in v arian t is to

cut up the 4-manifold in question in to manageable pieces, compute the relativ e S W -

in v arian ts of the individual pieces and then deduce the S W -in v arian t of the original

4-manifold using some kind of a pro duct form ula along the common b oundary 3-

manifold. This in v olv es solving the 3-dimensional analogue of the Seib erg-Witten

equations on the b oundary and studying the qualitativ e b eha vior of the solutions on

an in�nite cylinder. This approac h �ts the general framew ork of \top ological quan tum

�eld theory" (TQFT) as outlined in [A t].

There has b een a 
urry of researc h activities along this line, most notably [FS2],

[KM2], [MMS], [MST], [MO Y], [OS1] and [OS2]. A horde of new results w ere ob-

tained as b ypro ducts of the kno wledge gained b y computing the S W -in v arian t in

this fashion. T o giv e the reader some 
a v or of these recen t applications, w e cite

the w orks on the geograph y problem (e.g. [PS]), the existence of exotic smo oth struc-

tures (e.g. [FS3], [P1], [P2], [Sz]), and the complete p ositiv e resolution of the symplectic

Thom conjecture ([OS1]).

In this pap er w e giv e a pro duct form ula for the Seib erg-Witten in v arian t of the

4-manifolds that can b e gotten b y gluing along certain 3-dimensional Seifert �b ered

spaces. This new pro duct form ula will then b e used to deriv e some in teresting appli-

cations.

2. Solutions o v er the 3-manifold. F or the sak e of concreteness, w e b egin b y

selecting a particularly `nice' 3-manifold and analyzing what happ ens in this sp ecial

case. Later on w e shall indicate ho w to generalize the results to other 3-manifolds. The

3-manifold Y w e study is a Seifert �b ered space. W e k eep the notational con v en tions

in the pap er [MO Y]. Let � b e the 2-dimensional orbifold of gen us 0, with four mark ed

p oin ts, eac h of whic h has m ultiplicit y 2. Y is the unit circle bundle of the canonical

orbifold bundle K

�

o v er �. Note that the Seifert in v arian t of K

�

is ( � 2; 1 ; 1 ; 1 ; 1) and

deg ( K

�

) = 0. W e ha v e H

1

( Y )

�

=

Z and H

2

( Y )

�

=

Z � Z = 2 � Z = 2. W e c ho ose a free

generator 
 of H

1

( Y ), i.e. 
 generates H

1

( Y ) = T or

�

=

Z .

Cho ose a constan t curv ature connection on the unit circle bundle Y and let i�

denote the corresp onding connection form. Let g

�

b e a constan t curv ature metric on

the orbifold �, normalized so that the area of � is equal to one. W e endo w Y with

the metric

h

Y

= �

2

+ �

�

( g

�

) ;

�
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where � : Y ! � is the bundle pro jection map. Note that the tangen t bundle T Y

has an orthogonal splitting

T Y

�

=

R � �

�

( T �) :

Hence the global 1-form � allo ws a reduction in the structure group of T Y to S O (2),

and the Levi-Civita connection on � induces a reducible connection on Y whic h

resp ects this splitting. W e study the mo duli space of solutions to the Seib erg-Witten

equations o v er Y , using the ab o v e metric and connection on T Y .

W e consider the follo wing p erturb ed Seib erg-Witten equations on Y corresp ond-

ing to a Spin

c

(3) structure W :

F

A

= � (	) + ir �

�

�

�

;

6 @

A

	 = 0 ;

(2.1)

where r 2 R is a �xed real parameter, �

�

is the v olume form on �, and � : Y ! � is

the pro jection map. Here, � : �( Y ; W ) ! 


2

( Y ; i R ) is the quadratic map adjoin t to

the Cli�ord m ultiplication.

As in [MO Y] ( x 5.5{5.7), w e iden tify the Seib erg-Witten mo duli space with the

mo duli space of K• ahler v ortices on �. (Con trary to the h yp othesis in [MO Y], Y has

degree zero but the iden ti�cation is still v alid.) In the notation of [MO Y], the v ortex

equations read

2 F

B

0

� F

K

�

= i ( r + j �

0

j

2

� j �

0

j

2

) �

�

;

@

B

0

�

0

= 0 and @

�

B

0

�

0

= 0 ;(2.2)

�

0

� 0 or �

0

� 0 :

Here, B

0

is a connection on a Hermitian orbifold line bundle E

0

o v er �. �

0

and �

0

are orbifold sections in �(� ; E

0

) and �(� ; K

� 1

�


 E

0

), resp ectiv ely .

F or generic r , w e immediately see that there is no reducible solution to the p er-

turb ed S W -equations ab o v e. F or generic negativ e v alues of r with j r j v ery small,

there is only one Spin

c

(3) structure on Y for whic h the corresp onding S W -mo duli

space of irreducible solutions is not empt y . This is b ecause w e m ust ha v e, b y virtue

of v ortex equations, deg ( E

0

) = 0, �

0

� 0, and �

0

= constan t . Th us the canonical

Spin

c

(3) structure, C � K

� 1

�

, is the only Spin

c

(3) structure that has nonempt y S W

solution space. W e denote this Spin

c

(3) structure b y L

0

. The connections in this

solution space corresp ond to constan t sections of the trivial line bundle o v er S

2

, and

hence M ( Y ) = M

sw

( Y ; L

0

; r �

�

�

�

) = Sym

0

(�) = f p oin t g .

Lemma 2.1. The single p oint set M ( Y ) is smo oth ( non-de gener ate ) , in the sense

that it is tr ansversal ly cut out by the Seib er g-Witten e quations (2.1) mo dulo gauge.

Pr o of . �

�

induces a natural iden ti�cation b et w een the k ernels of the lineariza-

tions of the Seib erg-Witten equations on Y and the K• ahler v ortex equations on �

(cf. [MO Y], x 5.6). As sho wn in [B] and [JT], the mo duli space of v ortices is alw a ys

a smo oth manifold. The argumen t is algebro-geometric in nature. Namely , one �rst

iden ti�es the mo duli space of v ortices with the mo duli space of \holomorphic divisors",

whic h consist of pairs f ( B

0

; �

0

) j @

B

0

�

0

= 0 g mo dulo the action of maps �(� ; C

�

).
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One then observ es that the obstruction cok ernel in the linearization (b eing the �rst

sheaf cohomology group o v er a zero-dimensional divisor) m ust v anish, and hence the

mo duli space of divisors is alw a ys cut out transv ersally .

F or generic small p ositiv e v alues of r , w e similarly ha v e deg ( E

0

) = 0, �

0

� 0, and

�

0

= constan t . As in the negativ e case, the S W -mo duli space M ( Y ) consists of a

single smo oth p oin t.

No w supp ose that Y is the b oundary of some smo oth 4-manifold M . Then w e get

a distinguished subgroup of the gauge group G

0

( M ) � G ( Y ) whic h consists of maps u

that can b e extended to u : M ! U (1). Dividing out b y the action of G

0

( M ) instead

of the full gauge group, w e obtain another mo duli space

f

M ( Y ). Of course this mo duli

space dep ends on M . Note that dividing b y G ( Y ) giv es a co v ering p :

f

M ( Y ) ! M ( Y ).

The �b er of p is H

1

( Y ; Z ) =i

�

( H

1

( M ; Z )), where i : Y , ! M is the inclusion map.

3. Mo duli space for a cylindrical end manifold. First w e consider the case

of the cylinder Y � R . Giv en a Spin

c

structure on Y � R , let W

+

and W

�

b e the

asso ciated Spin

c

bundles. Cli�ord m ultiplication de�nes a linear map

� : i �

2

! End

C

( W

+

) ;

whose k ernel is i �

�

. Here �

�

� �

2

is the subbundle of an ti-self-dual (ASD) 2-forms

with resp ect to the metric h

Y

+ dt

2

. W e denote L = det( W

+

) and write A ( L ) for

the a�ne space of connections on L . W e pull bac k the p erturbing form on Y of the

previous section and get the follo wing 4-dimensional Seib erg-Witten equations for a

pair ( A; � ) 2 A ( L ) � �( W

+

):

6 @

A

� = 0 ;(3.1)

� ( F

A

� ir �

�

1

�

�

�

�

) = q ( � ) = �

�


 � �

j � j

2

2

Id ;(3.2)

where �

1

: Y � R ! Y is the pro jection map. W e iden tify L = L

0

� R , where L

0

is a complex line bundle o v er Y . Similarly , W

+

= W

0

� R , where W

0

is the Spin

c

bundle o v er Y with resp ect to the Spin

c

structure inherited from Y � R . As sho wn

in [KM1], the Equations (3.1) and (3.2) then b ecome the gradien t 
o w equation for

the Chern-Simons-Dirac functional C : A ( L

0

) � �( W

0

) ! R , giv en b y

C ( A; � ) =

Z

Y

( F

A

0

+ � ) ^ a +

1

2

Z

Y

a ^ da +

Z

Y

h �; 6 @

A

� i dv ol ;

where � = � ir �

�

1

�

�

�

�

, A

0

is a �xed connection on L

0

, and a = A � A

0

. Note that

there is an am biguit y up to a constan t, made necessary b y the fact that A ( L

0

) has

no preferred base p oin t in general.

Let X b e a compact smo oth 4-manifold whose b oundary is Y . Assume that the

2-form ir �

�

�

�

on Y extends to a closed 2-form on X . Then C descends to a real-

v alued function on the space

e

B := ( A ( L

0

) � �( W

0

)) = G

0

( X ), where G

0

( X ) � G ( Y ) is

as in the previous section. F rom no w on w e shall alw a ys view C as a functional on

e

B . Note that the set of critical p oin ts of C is the mo duli space

f

M ( Y ) of the previous

section.

No w w e further p erturb Equation (3.2) using a metho d due to F r�ysho v. W e

brie
y recall the necessary de�nitions from [F r]. Let f

1

: R ! [0 ; 1 ) b e a smo oth
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function supp orted in the in terv al [ � 1 ; 1] and satisfying

R

f

1

= 1. Let f

2

: R ! R

b e a smo oth function with compact supp ort suc h that f

2

( t ) = t on some in terv al

con taining all critical v alues of C . If A is an y connection on L and � a section of W

+

,

w e let S = ( A; � ) and de�ne a smo oth function h

S

: R ! R b y

h

S

( T ) =

Z

R

f

1

( t

1

� T ) f

2

(

Z

R

f

1

( t

2

� t

1

) C ( S

t

2

) dt

2

) dt

1

;

where S

t

= S ( t ) is the restriction of S to Y � f t g .

W e c ho ose a compactly supp orted 2-form ! 2 


2

( Y � R ) suc h that k ! k is v ery

small. W e require the supp ort of ! to lie in a set Y � � , where � is the result of

remo ving from R a small op en in terv al around eac h critical v alue of C . Let h

�

S

( ! )

denote the pull-bac k of ! b y the map (id

Y

� h

S

) : Y � R ! Y � R . W e study the

follo wing translation in v arian t equations for S = ( A; � ):

6 @

A

� = 0 ;(3.3)

� ( F

A

� ir �

�

1

�

�

�

�

+ ih

�

( A;� )

( ! )) = q ( � ) :(3.4)

Lemma 3.1. ([F r]) L et S = ( A; � ) b e any smo oth solution to the Equations (3.3)

and (3.4) satisfying a p ointwise b ound j � j � B for some c onstant B . Then

(i) Either

@

@ t

C ( S

t

) > 0 for al l t , or [ S

t

] � x for some critic al p oint x .

(ii) If C ( S

t

) is b ounde d in t , then ther e ar e critic al p oints x

+

; x

�

of C such that

the gauge e quivalenc e class [ S

t

] c onver ges to x

�

as t ! �1 .

Pr o of . Here [ S

t

] denotes the image of the restriction S ( t ) in the con�guration

space

e

B . Although F r�ysho v only concen trates on the case when the 3-manifold Y

is an orien ted rational homology sphere, the pro of in [F r] (App endix A) still go es

through with v ery little mo di�cation. Note that our Chern-Simons-Dirac functional

C is the negativ e of the one used b y F r�ysho v.

No w w e c ho ose our Sob olev spaces and let B = L

2

4

( Y � R ; i �

1

� W

+

) and

G = f u : Y � R ! U (1) j u 2 L

2

5 ; lo c

g :

Let x; y 2

f

M ( Y ) b e critical p oin ts of C , i.e. solutions to (2.1), the p erturb ed Seib erg-

Witten equations on Y . W e de�ne the space of \
o wlines" on the cylinder b et w een x

and y to b e the set

F

!

( x; y ) = f S 2 B satisfying (3.3) and (3.4) j lim

t !�1

[ S

t

] = x ; lim

t !1

[ S

t

] = y g = G :

Note that the elemen ts of F

!

( x; y ) satisfy the gradien t 
o w equation for C outside

a compact subset of Y � R . W e sho w that there are no non trivial 
o wlines in the

follo wing

Lemma 3.2. F or generic smal l ! 2 C

k

, F

!

( x; x ) c onsists of a single smo oth

p oint, and F

!

( x; y ) is empty when x 6= y .

Pr o of . The �rst statemen t follo ws immediately from Lemma 3.1. Let 


2

�

denote

the space of C

k

2-forms on Y � R with compact supp ort con tained in Y � �. As in

[F r] (Prop osition 5), one can sho w that the linearization of Equations (3.3) and (3.4)

at a p oin t ( ! ; A; � ),

F = F

( ! ;A;� )

: 


2

�

� B � ! L

2

3

( Y � R ; i �

0

� i �

+

� W

�

) ;
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is F redholm on the slices f ! g � B , and surjectiv e whenev er ( ! ; A; � ) is a solution to

Equations (3.3) and (3.4). Th us Smale-Sard theorem implies that F

!

( x; y ) is a smo oth

manifold for generic ! .

No w w e let P = P (0 ; ! ) to b e the space of L

2

1

maps,

� : [0 ; 1] � ! L

2

3

( Y � R ; �

2

) ;

satisfying � (0) = 0 and � (1) = ! . W e de�ne a map

G : B � P (0 ; ! ) � [0 ; 1] � ! L

2

3

( Y � R ; i �

+

� W

�

)

b y

G ( a; �; � ; t ) = ( F

+

A

0

+ a

+ � ( t )

+

� � ( � ) ; 6 @

A

0

+ a

( � )) ;

where � ( t ) = ih

�

( A

0

+ a;� )

( � ( t )) � ir �

�

1

�

�

�

�

. One can sho w that the di�eren tial D G

is surjectiv e at ev ery p oin t ( a; �; � ; t ) for whic h G v anishes. Let M denote the zero

set G

� 1

(0) mo dulo the L

2

5

gauge transformations. Let F b e a generic �b er of the

pro jection, M ! P , on to the second factor. Note that the b oundary of F consists

of t w o ends, one of whic h is cut out b y the gradien t of the Chern-Simons-Dirac func-

tional C (whose linearization alw a ys has index zero on the critical set). Th us the

corresp onding b oundary comp onen ts ha v e exp e cte d dimension zero. It follo ws that

F is a 1-dimensional smo oth manifold with b oundary . Consequen tly the exp ected

dimension of the space of \
o wlines" mo dulo the L

2

5

gauge transformations has to b e

zero. But recall from [F r] that the solutions to Equations (3.3) and (3.4) are trans-

lation in v arian t in the R -direction. Hence w e conclude that the exp ected (or virtual)

dimension of F

!

( x; y ) is ( � 1), whic h implies that F

!

( x; y ) is empt y for generic ! .

No w supp ose that M is a smo oth orien ted 4-manifold, and that the end of M is

di�eomorphic to Y � [0 ; 1 ). Assume that the in tersection form of M is not negativ e

de�nite, and that the end p erturbation � = � ir �

�

1

�

�

�

�

extends to a closed 2-form

� o v er the whole manifold M . Fix a Riemannian metric h on Y as in the previous

section, and a Riemannian metric g on M suc h that g is equal to h + dt

2

at the

cylindrical end of M . W e lo ok at the p erturb ed S W -equations:

6 @

A

� = 0 ;

� ( F

A

+ � ) = q ( � ) ;(3.5)

� = f � ( ih

�

( A;� )

( ! ) � ir �

�

1

�

�

�

�

) ;

where f : M ! [0 ; 1] is a suitable cut-o� function that v anishes a w a y from the

cylindrical end of M . Note that the p erturbing 2-form � dep ends on the unkno wns

( A; � ). W e shall write � = �

[ r ]

or d � e = r to emphasize the dep endence on the

parameter r . Similarly , w e write �

r

and �

r

to accen tuate the parameter r .

W e require our con�guration ( A; � ) to lie in A

L

2

4

(det L ) � L

2

4

( M ; W

+

( L )), where

A

L

2

4

(det L ) denotes the space of L

2

4

unitary connections on the line bundle det L ,

and W

+

( L ) is the p ositiv e spinor bundle for the Spin

c

structure L . The ener gy

of a solution ( A; � ) is de�ned to b e the total v ariation of the Chern-Simons-Dirac

functional C o v er the cylindrical end Y � [0 ; 1 ). The cylindrical end mo duli space
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M

M

( L ; g ; � ) is de�ned b y dividing the space of �nite energy solutions b y the action

of the L

2

5 ; lo c

gauge group G ( M ). Note that ev ery solution to (3.5) is irreducible, i.e.

� 6� 0 . W e sa y that a solution ( A; � ) is � - c on�ne d if

Z

Y � [0 ; 1 )

F

A

^ ( � ir �

�

1

�

�

�

�

) < � :

Let M

�

M

( L ; g ; � ) denote the space of � -con�ned �nite energy solutions mo dulo the

action of G ( M ). Note that M

�

M

( L ; g ; � ) is an op en subspace of M

M

( L ; g ; � ) (since

R

F

A

^ � is a con tin uous function on M

M

( L ; g ; � ) ), and that

lim

� !

M

�

M

( L ; g ; � ) =

M

M

( L ; g ; � ) . W e shall only b e in terested in the cases when � � 0 .

Lemma 3.3. If L do es not r estrict to L

0

on the slic e Y , then M

M

( L ; g ; � ) is

empty. If L j

Y

= L

0

, then M

M

( L ; g ; � ) is a smo oth oriente d manifold of dimension

d = d ( L ) =

1

4

( c

1

(det L )

2

� 2e( M ) � 3sign ( M )) :

Mor e over, by taking limits at the op en non-c omp act end of the in�nite cylinder Y �

[0 ; 1 ) , we have a c ontinuous map

@

1

: M

M

( L ; g ; � ) !

f

M ( Y ) :

F or e ach p oint x 2

f

M ( Y ) , the pr eimage @

� 1

1

( x ) is c omp act. Ther e is a c onstant v

r

> 0

such that every solution [( A; � )] 2 @

� 1

1

( x ) de c ays exp onential ly to x with exp onent at

le ast v

r

, i.e. the L

2

4

distanc e b etwe en x and the r estriction ( A ( t ) ; � ( t )) is less than

exp( � v

r

t ) for al l t lar ge.

Pr o of . Supp ose that [( A; � )] 2 M

M

( L ; g ; � ). Since ( A; � ) has �nite energy , it

follo ws from [KM1] (Prop osition 8) that M ( Y ; L j

Y

) is not empt y . No w the results

from Section 2 imply that L j

Y

= L

0

. The smo othness of M

M

( L ; g ; � ) for a small

generic 2-form ! follo ws from what is no w a `standard' argumen t whic h w e c ho ose to

omit. As in the closed case, the homology orien tation of the pair ( M ; @ M ) induces

an orien tation of M

M

( L ; g ; � ). The existence of the con tin uous map @

1

follo ws from

the argumen ts in [MMR] (pp. 63{70), whic h rely on the basic analytic results in [Si].

Giv en a p oin t x 2

f

M ( Y ), w e can calculate the formal dimension of @

� 1

1

( x ), and hence

of M

M

( L ; g ; � ), b y the index form ula of [APS], whic h giv es

dim( @

� 1

1

( x )) = dim M

M

( L ; g ; � ) =

1

4

( c

1

(det L )

2

� 2e( M ) � 3sign ( M )) :

Note that the eta in v arian t (or rho in v arian t) of the linearization of (2.1) on Y is zero.

(This is b ecause Y admits an orien tation rev ersing self-di�eomorphism and eta( � Y ) =

� eta ( Y ).) Lemma 3.2 implies that ev ery �nite energy 
o wline o v er the cylinder Y � R

is static , i.e. pulls bac k from Y . Hence the argumen ts in [KM1] (Lemma 4) imply

that the preimage @

� 1

1

( x ) is compact. The statemen t ab out exp onen tial deca y can b e

pro v ed as in [MMR] (Chapter 5).

W e in tro duce the notation N = Y � [0 ; 1 ) and for an y ` > 0 w e let N

`

= Y � [0 ; ` ].

W e let Y

0

= Y � f 0 g and Y

`

= Y � f ` g .

Lemma 3.4. Ther e is a c onstant K > 0 dep ending only on M , g and � such that

� K � 2

Z

N

`

� ^ F

A

�

Z

N

`

F

A

^ F

A

� K
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holds for al l ` su�ciently lar ge and every [( A; � )] 2 M

M

( L ; g ; � ) for any Spin

c

struc-

tur e L .

Pr o of . F rom the dimension form ula in Lemma 3.3, M

M

( L ; g ; � ) is not empt y only

if

c

1

(det L )

2

� 2e( M ) + 3sign ( M ) :

F or ev ery [ A; � ] 2 M

M

( L ; g ; � ), w e ha v e

k F

+

A

k

2

� k F

�

A

k

2

= �

Z

M � N

F

A

^ F

A

= 4 �

2

c

1

(det L )

2

+

Z

N

F

A

^ F

A

;

where k � k denotes the L

2

-norm on the compact manifold M � N . As in the closed

case, w e ha v e

sup

M

j � j

2

� sup

M

�

4

p

2 j � j � s

�

;

where s denotes the scalar curv ature. Therefore there is an upp er b ound on k F

+

A

k

2

indep enden t of the Spin

c

structure. Since

Z

N

F

A

^ F

A

� k F

+

A

k

2

� 4 �

2

c

1

(det L )

2

;

w e get an upp er b ound on

R

N

F

A

^ F

A

.

Next let S

t

denote the restriction of ( A; � ) to the slice Y � f t g . By Stok es' theorem

w e ha v e

C ( S

`

) � C ( S

0

) =

1

2

Z

N

`

F

A

^ F

A

+

Z

N

`

� ^ F

A

+

Z

Y

`

h �; 6 @

A

� i �

Z

Y

0

h �; 6 @

A

� i :

F rom Lemma 3.1 (i), w e can assume that

C ( S

`

) � C ( S

0

) � 0 :

Moreo v er, there is a univ ersal b ound dep ending only on the Riemannian manifold M

and the p erturbation � to b oth

Z

Y

`

h �; 6 @

A

� i and

Z

Y

0

h �; 6 @

A

� i ;

whic h is gotten from the usual a priori p oin t wise b ound on j � j and the L

2

-b ound on

r � . Our claim no w follo ws easily .

Remark 3.5. Note that the ab o v e lemma also giv es a lo w er b ound on the in tegral

R

N

`

� ^ F

A

, namely ( � K ), that is indep enden t of the Spin

c

structure.

4. Relativ e S W -in v arian t. Let X b e a smo oth orien ted compact 4-manifold

with b oundary , and supp ose that @ X is di�eomorphic to Y . Recall that there is a

w ell-de�ned bilinear pairing H

2

( X ; Z ) 
 H

2

( X ; @ X ; Z ) ! Z . The asso ciated quadratic

form, whic h is giv en b y the comp osition with the inclusion-induced homomorphism

H

2

( X ; @ X ; Z ) ! H

2

( X ; Z ), is the in tersection form on H

2

( X ; @ X ; Z ). Let b

+

2

( X ) =

dim H

2

� 0

( X ; @ X ; R ), i.e. the dimension of the maximal subspace of H

2

( X ; @ X ; R ) on
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whic h the in tersection form is p ositiv e semi-de�nite. (A more standard notation w ould

b e b

2

� 0

( X ), but for future applications w e w an t to sync hronize our notation with the

closed case.) Let K ( X ) denote the set of isomorphism classes of Spin

c

structures on

X that restrict to L

0

on @ X . W e de�ne the corresp onding non-compact cylindrical

end manifold M := X [

Y

Y � [0 ; 1 ), and c ho ose a cylindrical end metric g on M .

(Sometimes w e shall denote suc h M b y

b

X .) The goal of this section is to de�ne the

relativ e Seib erg-Witten in v arian t

S W

X

: K ( X ) �

f

M ( @ X ) � ! Z

using mo duli spaces o v er M . Giv en L 2 K ( X ), w e con tin ue to denote the corre-

sp onding Spin

c

structure on M b y L ! M . Let M

M

( L ; g ; � ) b e the cylindrical end

mo duli space of the previous section. No w supp ose that d ( L ) � 0 (mo d 2). W e tak e

a geometric represen tativ e D of � ( pt )

d= 2

, and de�ne

N

X

( L ; x; g ; ! ; D ) := M

M

( L ; g ; � ) \ D \ @

� 1

1

( x ) :

Note that D is a generic d -co dimensional strati�ed set in the space of con�gurations,

where w e can c ho ose D to b e supp orted in a small neigh b orho o d of the base �bration

p oin t. F or the de�nition and prop erties of the � map, w e refer the reader to the last

section of [OS2].

Definition 4.1. L et X , M , L , g , � b e as ab ove. Then for a generic D ,

N

X

( L ; x; g ; ! ; D ) is a c omp act oriente d 0 -dimensional manifold, and by c ounting its

p oints with signs, we de�ne

S W

X

( L ; x ) := #( N

X

( L ; x; g ; ! ; D )) :

If d ( L ) � 1 (mo d 2) , then we de�ne S W

X

( L ; x ) = 0 . As in the close d c ase, we say

that X is of simple typ e when S W

X

( L ; x ) 6= 0 only if d ( L ) = 0 .

Definition 4.2. Similarly, we c an de�ne the � -c on�ne d r elative Seib er g-Witten

invariant

S W

�

X

: K ( X ) �

f

M ( @ X ) � ! Z

by substituting the � -c on�ne d cylindric al end mo duli sp ac e M

�

M

( L ; g ; � ) in the plac e

of M

M

( L ; g ; � ) in the de�nitions ab ove.

Theorem 4.3. If b

+

2

( X ) > 1 , then S W

X

is indep endent of g and D . We have

S W

�

X

( L ; � ) = 0 for al l but �nitely many L 2 K ( X ) . F urthermor e, for any orientation

pr eserving self-di�e omorphism f : X ! X , we have

S W

X

( L ; x ) = ( � 1)

�

S W

X

( f

�

( L ) ; f

�

( x )) ;

wher e � 2 Z = 2 is the sign of the action of f

�

on the c ohomolo gy orientation of the

p air ( X ; @ X ) .

Pr o of . F rom the dimension form ula in Lemma 3.3, M

�

M

( L ; g ; � ) is not empt y only

if

c

1

(det L )

2

� 2e( M ) + 3sign ( M ) :

F or ev ery [ A; � ] 2 M

�

M

( L ; g ; � ), w e ha v e

k F

+

A

k

2

� k F

�

A

k

2

= �

Z

X

F

A

^ F

A

= 4 �

2

c

1

(det L )

2

+

Z

N

F

A

^ F

A

;
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where k � k denotes the L

2

-norm on the compact manifold X . It follo ws that there is a

univ ersal constan t, K

0

= K + 2 � � 4 �

2

(2e( M ) + 3sign ( M )), indep enden t of the Spin

c

structure suc h that

k F

�

A

k

2

� k F

+

A

k

2

� K

0

:

Here K is the constan t found in Lemma 3.4. As b efore, w e ha v e an estimate

k F

+

A

k

2

� K

1

for a suitable constan t K

1

, and w e can conclude that

k F

A

k

2

� K

0

+ 2 K

1

:

Hence there are only �nitely man y v alues of c

1

(det L ) 2 H

2

( X ; Z ) for whic h the

corresp onding � -con�ned S W -mo duli space is nonempt y . Since for an y c 2 H

2

( X ; Z )

there are only �nitely man y Spin

c

structures L with c

1

(det L ) = c , the function S W

�

X

has �nite supp ort in the �rst factor K ( X ). The rest of the statemen ts can also b e

pro v ed exactly the same w a y as in the closed case.

As in the closed case, one has to w orry ab out the c ham b er structures in the

auxiliary space of parameters when b

+

2

( X ) = 1. Let M denote the space of Riemannian

metrics on X , and M

0

the subspace of metrics on X that restrict to h

Y

on the

b oundary Y . Note that M

0

is of in�nite co dimension in M . Let H

� 0

denote the

image of the relativ e cohomology H

2

� 0

( X ; @ X ; R ) in the absolute cohomology group

H

2

( X ; R ). W e ha v e H

� 0

�

=

R , since w e are alw a ys assuming that the in tersection form

of X is not negativ e de�nite. Let p

+

: H

2

( X ; R ) ! H

� 0

b e the pro jection map. Let

$

g

b e the unique g -harmonic L

2

real 2-form on M = X [

Y

Y � [0 ; 1 ) that has L

2

norm

1 and corresp onds to a generator of H

� 0

with the c hosen orien tation (cf. Prop osition

(4.9) in [APS]). Giv en L 2 K ( X ), w e de�ne a function "

L

: M � i 


2 ; +

( M ) ! R b y

"

L

( g ; � ) = �

Z

M

h i� ; $

g

i dv o l

g

� 2 �

c

1

(det L )

[ $

g

]

;

where p

+

( c

1

(det L )) = a [ $

g

] , and a = ( c

1

(det L ) = [ $

g

]).

Using the standard cob ordism argumen t (cf. [Sa]), one can sho w that for an y pair

of triples ( g ; ! ; r ) ; ( g

0

; !

0

; r

0

) 2 M

0

� 


2

�

� R with k ! k ; k !

0

k ; j r j and j r

0

j all su�cien tly

small and non-zero,

#( N

X

( L ; x; g ; ! ; D )) = #( N

X

( L ; x; g

0

; !

0

; D ))

holds whenev er "

L

( g ; �

r

) and "

L

( g

0

; �

r

0

) ha v e the same sign. Th us w e can de�ne the

function S W

+

X

( L ; x ) to b e the n um b er #( N

X

( L ; x; g ; ! ; D )) for an y generic triple

( g ; ! ; r ) 2 M

0

� 


2

�

� R for whic h k ! k ; j r j are extremely small and "

L

( g ; �

r

) > 0 .

Similarly , w e de�ne S W

�

X

( L ; x ) using an y generic triple of parameters ( g ; ! ; r ) 2

M

0

� 


2

�

� R for whic h k ! k ; j r j are small and "

L

( g ; �

r

) < 0 . As a con v en tion, w e shall

henceforth let S W

X

� S W

+

X

when b

+

2

( X ) = 1, for b oth closed and non-closed cases.

Remark 4.4. As a consequence of the w all-crossing form ula, the function S W

X

ma y w ell ha v e in�nite supp ort in the v ariable L when b

+

2

( X ) = 1. W e shall see later

that S W

X

actually dep ends on the sign of the parameter r in the p erturbation.
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5. Orien tation. In this short section w e establish the orien tation and sign con-

v en tions that will b e used throughout the next section and b ey ond. Let X b e as in

the previous section. Instead of attac hing Y � [0 ; 1 ) to X and forming the cylin-

drical end manifold

b

X , w e can attac h Y � ( �1 ; 0 ] and form another cylindrical end

manifold

 �

X := Y � ( �1 ; 0 ] [

Y

X . Consider the mo duli space M

 �

X

of solutions to

the p erturb ed Seib erg-Witten equations (3.5) on

 �

X . This is easily seen to b e dif-

feomorphic to the S W -mo duli space for

b

X corresp onding to the p erturbation �

[ � r ]

.

In other w ords, M

 �

X

( �

[ r ]

)

�

=

M

b

X

( �

[ � r ]

) . In what follo ws w e shall b e lo oking at a

smo oth closed 4-manifold M that can b e decomp osed as M = M

1

[ M

2

suc h that

M

1

\ M

2

= Y . W e will compare the S W -mo duli spaces o v er M ,

c

M

1

and

 �

M

2

. Just

as in (3.5) w e p erturb the standard S W -equations on M b y a 2-form that dep ends

on a real parameter r . Let r

1

; r

2

denote the parameters in the p erturbing 2-forms

�

1

; �

2

o v er

c

M

1

and

 �

M

2

resp ectiv ely . W e shall always c ho ose r

1

= r

2

= r . This means

that when w e actually ev aluate S W

M

2

, w e are computing with mo duli spaces o v er

c

M

2

corresp onding to the parameter � r

2

.

No w supp ose M

2

�

=

M

1

. Once w e c ho ose orien tations for M and Y , w e obtain the

induced orien tations on M

j

and w e ha v e @ M

2

= � @ M

1

. Let L b e a Spin

c

structure

on M

1

that restricts to L

0

on Y . Then S W

M

1

( L ; x ) 6= 0 implies that

S W

M

2

( �L ; � x ) = � S W

M

1

( L ; x ) 6= 0 ;

where the sign � = � 1 dep ends on the action of the actual iden ti�cation of the b ound-

aries. Here �L denotes the Spin

c

structure on M

2

that is the \re
ection" of L along

Y . Finally , w e refer the reader to x 9.1 of [MST] for the w a y in whic h the (co)homology

orien tations of M , ( M

1

; @ M

1

) and ( M

2

; @ M

2

) �t together in general.

6. The pro duct form ula. Let M

j

( j = 1 ; 2) b e a smo oth compact orien ted 4-

manifold with b oundary @ M

j

= Y . F or an y orien tation rev ersing self-di�eomorphism

' : Y ! Y , w e de�ne a closed orien ted 4-manifold M ( ' ) = M

1

[

'

M

2

. Let

( i

j

)

�

: H

1

( Y ) ! H

1

( M

j

) b e the homomorphism induced b y the inclusion map. F rom

this momen t on, w e assume that 
 2 Ker ( i

j

)

�

for j = 1 ; 2 . This assumption implies,

via the Ma y er-Vietoris sequence, that ( i

j

)

�

: H

1

( M

j

) ! H

1

( Y ) is the zero homo-

morphism. (F or emphasis and future reference w e shall sa y that suc h M ( ' ) and M

j

satisfy Condition (A).) Under suc h assumption, w e can c ho ose b

j

2 H

2

( M

j

; @ M

j

)

suc h that @ b

1

= 
 and @ b

2

= ' ( 
 ). Let �

j

� M

j

b e a smo othly em b edded surface

with b oundary , represen ting b

j

. Let

^

b

j

denote the dual elemen t in H

2

( M

j

).

Let � 2 H

2

( M ( ' ); Z ) denote the cohomology class P oincar � e dual to the homology

class represen ted b y the smo oth surface (�

1

[




�

2

) in M ( ' ). W e ha v e ( �

j

)

�

( � ) =

^

b

j

,

where �

j

: M

j

, ! M ( ' ) is the inclusion map. Note that i

�

( � ) = �

�

([ �

�

]) inside the

group H

2

( Y ; Z ), where i : Y , ! M ( ' ) denotes the inclusion map and [ �

�

] 2 H

2

(�; Z )

is the in tegral cohomology class represen ted b y the v olume form of the orbifold � as

in Section 2. In what follo ws, w e shall abuse the notation somewhat and use [ �

�

] to

denote the cohomology class � 2 H

2

( M ( ' ); Z ).

W e de�ne a family of metrics on M ( ' ) as follo ws. First w e ha v e the decomp osition

M ( ' )

�

=

M

1

[ Y � [ � 1 ; 1] [ M

2

:

Supp ose w e are giv en a metric g on M ( ' ) that is of the form h + dt

2

on the nec k

Y � [ � 1 ; 1], where h is a metric on Y as in Section 2. F or eac h ` � 1, let �

`

( t ) b e a
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MM 21

Yt

Fig. 6.1 .

p ositiv e smo oth function on [ � 1 ; 1] whic h is iden tically equal to one on [ � 1 ; � 1 = 2] [

[1 = 2 ; 1] and satis�es

Z

1

� 1

�

`

( t ) dt = 2 ` :

W e de�ne a metric g

`

to b e g on the t w o ends X = M

1

[ M

2

, and h + �

`

( t )

2

dt

2

along

the nec k Y � [ � 1 ; 1]. One should think of the family f g

`

g as stretc hing out the nec k

Y � [ � 1 ; 1] isometrically in to T

`

= Y � [ � `; ` ]. W e denote the Riemannian manifold

( M ( ' ) ; g

`

) b y M ( ' )

`

.

Next w e construct a family of p erturbing 2-forms that are supp orted on the nec k

T

`

. As in Section 3, w e c ho ose a compactly supp orted 2-form ! 2 


2

( Y � R ) suc h

that k ! k

L

2

k

is v ery small. Let k

`

: T

`

, ! Y � R b e the inclusion map. Let W

0

denote the Spin

c

bundle o v er Y corresp onding to L

0

and let L

0

= det L

0

= det W

0

.

As in Section 3, w e let W

+

= W

0

� R and L = det W

+

. Supp ose L is a Spin

c

structure on M ( ' ) that restricts to L

0

on Y and W

�

( L ) are the asso ciated Spin

c

bundles. Giv en a pair ( A; � ) 2 A (det L ) � �( W

+

( L )), w e de�ne the \push-forw ard"

( k

`

)

�

( A; � ) 2 A ( L ) � �( W

+

) as follo ws. W e extend the restriction ( A; � ) j

T

`

o v er the

whole in�nite cylinder Y � R b y constan ts, i.e.

( k

`

)

�

( A; � ) j

Y �f t g

=

8

>

<

>

:

( A; � ) j

Y �f� ` g

if t � � ` ,

( A; � ) j

Y �f t g

if � ` � t � ` ,

( A; � ) j

Y �f ` g

if t � ` .

Using the same notation as b efore, w e de�ne

�

`

= f

`

� ( k

`

)

�

�

ih

�

( k

`

)

�

( A;� )

( ! ) � ir �

�

1

�

�

�

�

�

;

where f

`

: M ( ' ) ! [0 ; 1] is a suitable cut-o� function that v anishes a w a y from the

in terior of the nec k T

`

.

No w w e consider the follo wing p erturb ed Seib erg-Witten equations on the closed

manifold M ( ' )

`

:

6 @

A

� = 0 ;

� ( F

A

+ �

`

) = q ( � ) :

(6.1)

The corresp onding mo duli space, or the set of solutions divided b y the action of the

gauge group, will b e denoted M

M ( ' )

( L ; g

`

; �

`

).

Lemma 6.1. Ther e is a c onstant K > 0 dep ending only on M ( ' ) , g and � such

that

Z

T

`

F

A

^ F

A

� � K � 4 � r [ �

�

] � c

1

(det L )
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holds for al l ` su�ciently lar ge and every [ A; � ] 2 M

M ( ' )

( L ; g

`

; �

`

) for any Spin

c

structur e L on M ( ' ) .

Pr o of . Let S

t

denote the restriction of ( A; � ) to the slice Y

t

= Y � f t g . By Stok es'

theorem w e ha v e

C ( S

`

) � C ( S

� `

) =(6.2)

1

2

Z

T

`

F

A

^ F

A

+

Z

T

`

� ^ F

A

+

Z

Y

`

h �; 6 @

A

� i �

Z

Y

� `

h �; 6 @

A

� i :

F rom Lemma 3.1 (i), w e can assume that

C ( S

`

) � C ( S

� `

) � 0 :

Ov er M ( ' )

`

w e ha v e

Z

M

1

� ^ F

A

+

Z

T

`

� ^ F

A

+

Z

M

2

� ^ F

A

= 2 � r [ �

�

] � c

1

(det L ) :

F rom the compactness of M

j

and a priori p oin t wise b ound on j � j , w e obtain a univ ersal

b ound on the in tegrals

Z

M

1

� ^ F

A

and

Z

M

2

� ^ F

A

;

that is indep enden t of the nec k-length ` and the Spin

c

structure L . Th us there is a

constan t K

1

> 0 suc h that

Z

T

`

� ^ F

A

� 2 � r [ �

�

] � c

1

(det L ) � K

1

(6.3)

holds for all ` . Moreo v er, there is a univ ersal b ound dep ending only on the Riemannian

manifolds M

j

and the p erturbation �

`

to b oth

Z

Y

`

h �; 6 @

A

� i and

Z

Y

� `

h �; 6 @

A

� i ;

whic h is gotten from the usual a priori p oin t wise b ound on j � j and the L

2

-b ound on

r � . Our claim no w follo ws easily .

Lemma 6.2. Ther e is a c onstant K

0

> 0 indep endent of the ne ck-length ` and the

Spin

c

structur es such that

0 � C ( S

`

) � C ( S

� `

) � K

0

+ 2 � r [ �

�

] � c

1

(det L )

holds for any solution S = ( A; � ) to the p erturb e d Seib er g-Witten e quations on M ( ' )

`

c orr esp onding to the Spin

c

structur e L .

Pr o of . First w e observ e that

1

4 �

2

Z

M ( ' )

`

iF

A

^ iF

A

= h c

1

(det L )

2

; [ M ( ' )] i :

It follo ws that

k F

+

A

k

2

L

2

( X )

� k F

�

A

k

2

L

2

( X )

+

Z

T

`

iF

A

^ iF

A

= 4 �

2

h c

1

(det L )

2

; [ M ( ' )] i :(6.4)
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No w there is a uniform p oin t wise b ound for j � j and hence for j F

+

A

j indep enden t of `

and L . Th us there is a univ ersal constan t K

2

> 0 suc h that

k F

+

A

k

2

L

2

( X )

� K

2

:(6.5)

F rom the dimension form ula, M

M ( ' )

( L ; g

`

; �

`

) is not empt y only if

h c

1

(det L )

2

; [ M ( ' )] i � 2e( M ( ' )) + 3sign ( M ( ' )) :

F rom Equation (6.4) w e see that

Z

T

`

F

A

^ F

A

� k F

+

A

k

2

L

2

( X )

� 4 �

2

h c

1

(det L )

2

; [ M ( ' )] i

� K

2

� 4 �

2

(2e( M ( ' )) + 3sign ( M ( ' ))) :(6.6)

F rom Equation (6.2) and Inequalities (6.3) and (6.6) w e conclude that the di�erence

C ( S

`

) � C ( S

� `

) is also b ounded from ab o v e b y a constan t that do esn't dep end on ` .

Remark 6.3. F rom Lemma 6.1 w e get the follo wing inequalit y

Z

T

`

iF

A

^ iF

A

� K + 4 � r [ �

�

] � c

1

(det L ) :(6.7)

It follo ws from Equation (6.4) and Inequalities (6.5) and (6.7) that k F

�

A

k

2

L

2

( X )

is

b ounded from ab o v e b y a constan t

K

3

= K

2

+ K + 4 � r [ �

�

] � c

1

(det L ) � 4 �

2

(2e( M ( ' )) + 3sign ( M ( ' )))

that do esn't dep end on ` . No w b oth k F

�

A

k

2

L

2

( X )

are b ounded b y constan ts indep en-

den t of the nec k-length and hence Equation (6.4) tells us that

�

�

�

�

Z

T

`

iF

A

^ iF

A

�

�

�

�

is also b ounded b y a constan t that dep ends only on the Riemannian manifolds M

j

, �

and the Spin

c

structure.

Cor ollar y 6.4. If [ �

�

] � c

1

(det L ) � 0 and r < 0 , then ther e is no solution

to the p erturb e d Seib er g-Witten e quations (6.1) on M ( ' ) c orr esp onding to the Spin

c

structur e L . Similarly for the c ase when [ �

�

] � c

1

(det L ) � 0 and r > 0 . 2

Cor ollar y 6.5. Ther e is a c onstant K

0

> 0 indep endent of the ne ck-length `

( but dep ending on L ) such that for any solution ( A; � ) to the p erturb e d S W -e quations

(6.1) , the L

2

4

distanc e b etwe en the r estriction ( A ( t ) ; � ( t )) and a static solution is less

than

K

0

� exp ( � v

r

� min f t + ` ; ` � t g )

for every t 2 [ � `; ` ] , wher e v

r

is the c onstant in L emma 3.3.

Pr o of . W e can argue exactly the same w a y as in the pro of of Corollary 7.5 in

[MST] (p.762).
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As b efore, let

f

M

j

( Y ) denote the S W -mo duli space of Y that is gotten b y dividing

out the S W -solution space b y the action of the restricted gauge group G

0

( M

j

). Note

that

f

M

j

( Y ) is a Z -a �ne space, i.e. there is a set-theoretic one-to-one corresp ondence

b et w een

f

M

j

( Y ) and H

1

( Y )

�

=

Z . Let K ( M

j

) denote the set of isomorphism classes

of Spin

c

structures on the compact manifold M

j

that restrict to L

0

on @ M

j

. F or L 2

K ( M

j

), note that c

1

(det L ) 2 H

2

( M

j

) can b e lifted to an elemen t of H

2

( M

j

; @ M

j

; R ).

No w one can sho w that there is a natural one-to-one corresp ondence b et w een

f

M

j

( Y )

and the set

�( M

j

) := f c 2 R j c = h c

1

(det L ) ; b

j

i for some L 2 K ( M

j

) g :

Let Supp( S W

M

j

) denote the supp ort of the function S W

M

j

. Consider the real-v alued

function �

j

: Supp ( S W

M

j

) ! �( M

j

) de�ned b y

�

j

( L ; x ) = h c

1

(det L ) ; b

j

i :

Let Im( �

j

) denote the image of the map �

j

in �( M

j

).

Lemma 6.6. F or a ne gative p ar ameter r , the sets Im( �

j

) ar e b ounde d fr om b elow.

Pr o of . W e shall often drop the subscript j to simplify our notation. Supp ose

( A; � ) is a solution to the p erturb ed S W -equations on the cylindrical end manifold

M [

Y

Y � [0 ; 1 ). W e ha v e to �nd a lo w er b ound on the in tegral

i

2 �

Z

�

j

F

A

=

i

2 �

Z

�

j

F

+

A

+

i

2 �

Z

�

j

F

�

A

:

F rom the univ ersal p oin t wise b ound on j F

+

A

j , w e see that

�

�

�

�

�

i

Z

�

j

F

+

A

�

�

�

�

�

� area (�

j

) � sup

�

j

j F

+

A

j � K

00

(6.8)

for some p ositiv e constan t K

00

indep enden t of the Spin

c

structure.

Next w e let M

`

= M [

Y

( Y � [0 ; ` ]) . Let

^

b denote a closed 2-form on M

`

whose

de Rham cohomology class is dual to [�

j

] . Without loss of generalit y , w e can assume

that ( A; � ) is in a temp oral gauge, i.e. the dt comp onen t of A v anishes along the nec k

N

`

= Y � [0 ; ` ]. Then w e ha v e

� i

Z

�

j

F

�

A

�

Z

N

`

( i�

�

1

�

�

�

�

) ^ � F

�

A

�

�

�

�

h i

^

b ; F

�

A

i

L

2

�

�

�

� k i

^

b k � k F

�

A

k ;

where k � k denotes the L

2

-norm on the imaginary v alued 2-forms on M

`

. If k F

�

A

k < 1 ,

i

Z

�

j

F

�

A

� � k i

^

b k �

1

r

Z

N

`

� ^ F

�

A

:

F rom Inequalit y (6.8) w e easily obtain a univ ersal b ound on

�

�

R

N

`

� ^ F

+

A

�

�

. Th us

Remark 3.5 no w giv es a univ ersal lo w er b ound (indep enden t of the Spin

c

structure)

to the in tegral

R

N

`

� ^ F

�

A

. In the case when k F

�

A

k � 1 , w e get

i

Z

�

j

F

�

A

� � k i

^

b k � k F

�

A

k

2

�

1

r

Z

N

`

� ^ F

�

A

:
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No w recall that

k F

�

A

k

2

= k F

+

A

k

2

� 4 �

2

c

1

(det L )

2

�

Z

Y � [ `; 1 )

F

A

^ F

A

� (constan t ) + 2

Z

Y � [ `; 1 )

� ^ F

A

;

where L is the corresp onding Spin

c

structure on the cylindrical end manifold M [

Y

Y � [0 ; 1 ). It follo ws that

i

Z

�

j

F

�

A

� (constan t ) � 2 k i

^

b k �

Z

Y � [ `; 1 )

� ^ F

A

�

1

r

Z

N

`

� ^ F

�

A

:

Since j r j is v ery small, w e can c ho ose ` large enough suc h that the righ t side of the

ab o v e inequalit y is dominated b y the last term, whic h is indeed b ounded from b elo w

indep enden t of the Spin

c

structure.

No w consider the non-compact surface

b

�

j

:= �

j

[

�


 � [0 ; 1 )

�

inside the cylindrical

end manifold

c

M

j

= M

j

[

Y

Y � [0 ; 1 ). W e de�ne a map #

j

L

: M

c

M

j

( L ; g

j

; �

j

) ! R b y

#

j

L

( A; � ) =

i

2 �

Z

b

�

j

F

A

:

Note that the ab o v e in tegral mak es sense since w e ha v e exp onen tial deca y along the

cylinder. There is a natural one-to-one corresp ondence b et w een Im( #

j

L

) and the image

@

1

( M

c

M

j

( L ; g

j

; �

j

)) �

f

M

j

( Y ).

Cor ollar y 6.7. F or a ne gative p ar ameter r , the sets Im( #

j

L

) ar e b ounde d fr om

b elow indep endent of the Spin

c

structur e L .

Pr o of . F rom the previous lemma and Remark 3.5, w e get a lo w er b ound on

#

j

L

( A; � ) =

i

2 �

Z

�

j

F

A

+

i

2 �

Z


 � [0 ; 1 )

F

A

=

i

2 �

Z

�

j

F

A

�

1

2 � r

Z

Y � [0 ; 1 )

� ^ F

A

indep enden t of the Spin

c

structure.

Remark 6.8. By mo difying some of the signs in the ab o v e pro ofs, one can easily

sho w that for small p ositiv e v alues of r the sets Im( �

j

) and Im( #

j

L

) are b ounded from

ab o v e (indep enden t of the Spin

c

structure).

The gluing map ' induces an iden ti�cation map, '

�

:

f

M

2

( Y ) !

f

M

1

( Y ). More

precisely w e �x, once and for all, a particular Spin

c

structure L on the closed manifold

M ( ' ) that restricts to L

0

on Y . This c hoice sp eci�es a base p oin t on eac h Z -a �ne set

f

M

j

( Y ) via the ev aluation on b

j

of the �rst Chern class of the restriction of the Spin

c

structure to M

j

, and hence an iden ti�cation

f

M

j

( Y )

�

=

H

1

( Y ). No w w e can use the

induced automorphism on the cohomology '

�

: H

1

( Y ) ! H

1

( Y ). Hence using the

map '

�

, w e can de�ne the `graph' set

G

L

( ' ) := f ( x; y ) 2

f

M

1

( Y ) �

f

M

2

( Y ) j x = '

�

( y ) g :



52 B. D. P ARK

Let K ( M ( ' )) denote the set of Spin

c

structures on M ( ' ) that restrict to L

0

on Y .

There is the ob vious gluing map

P : K ( M

1

) � K ( M

2

) � ! K ( M ( ' )) :

F or ev ery ( L

1

; L

2

) 2 P

� 1

( L ), w e ha v e d ( L

1

) + d ( L

2

) = d ( L ), where

d ( L ) =

1

4

( c

1

(det L )

2

� 2e( M ( ' )) � 3sign ( M ( ' ))) :

Theorem 6.9 ( Pro duct F orm ula I ). L et M

j

, ' and M ( ' ) b e as ab ove. Supp ose

that b

+

2

( M

j

) � 1 and that 
 2 Ker ( i

j

)

�

. Then for every Spin

c

structur e L 2 K ( M ( ' )) ,

we have

S W

M ( ' )

( L ) =

X

P

� 1

( L )

X

G

L

( ' )

S W

M

1

( L

1

; x ) � S W

M

2

( L

2

; y ) ;

wher e the outer sum on the right side is taken over al l p airs ( L

1

; L

2

) in the pr eimage

P

� 1

( L ) , and the inner sum is taken over al l p oints ( x; y ) 2 G

L

( ' ) .

Pr o of . First w e form the cylindrical end manifolds

c

M

j

= M

j

[

Y

Y � [0 ; 1 ). Giv en

L

j

2 K ( M

j

) , let N

j

( L

j

) = M

c

M

j

( L

j

; g

j

; �

j

) , where d �

1

e = � d �

2

e . F rom Lemma 3.3,

w e ha v e maps @

j

1

: N

j

( L

j

) !

f

M

j

( Y ). De�ne N ( L

1

; L

2

) to b e the set

f ([ A

1

; �

1

] ; [ A

2

; �

2

]) 2 N

1

( L

1

) � N

2

( L

2

) j @

1

1

[ A

1

; �

1

] = '

�

@

2

1

[ A

2

; �

2

] g :

Applying the estimates in previous lemmas to the standard gluing results and limiting

argumen ts as in [MM], [T1] or [T2] sho ws that there is a di�eomorphism

M

M ( ' )

( L ; g

`

; �

`

)

�

=

� !

a

P

� 1

( L )

N ( L

1

; L

2

) ;(6.9)

for all ` su�cien tly large, where the righ t side is the disjoin t union tak en o v er all pairs

( L

1

; L

2

) in the preimage P

� 1

( L ).

Next w e sho w that the mo duli space M

M ( ' )

( L ; g

`

; �

`

) can b e used to calculate

the Seib erg-Witten in v arian t of M ( ' )

`

. Let P b e as in the pro of of Lemma 3.2. W e

consider the map

H : A

L

2

4

(det L ) � L

2

4

( W

+

( L )) � P � [0 ; 1] � ! L

2

3

( M ( ' )

`

; i �

+

� W

�

( L ))

de�ned b y

H ( A; �; � ; s ) = ( � ( F

A

+ �

`

( s )) � q ( � ) ; 6 @

A

� ) ;

where �

`

( s ) is the imaginary v alued 2-form gotten b y replacing ! in the de�nition of

�

`

with � ( s ) 2 P . Note that �

`

(0) = f

`

� k

�

`

� is a c onstant 2-form. No w let M denote

the zero set H

� 1

(0) mo dulo the L

2

5

gauge transformations. Let F denote the generic

�b er of the pro jection, M ! P , on to the third factor. One can easily sho w that F is

a smo oth compact manifold with b oundary

@ F = M

M ( ' )

( L ; g

`

; �

`

(0))

a

M

M ( ' )

( L ; g

`

; �

`

) :

Th us w e ha v e the desired cob ordism b et w een mo duli spaces.
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f

M

1

( Y )

f

M

2

( Y )

1M M2

Fig. 6.2 .

Finally let � b e the �rst Chern class of the b ase d mo duli space o v er

M

M ( ' )

( L ; g

`

; �

`

) when d ( L ) = 2 n > 0. F rom the di�eomorphism (6.9), w e see easily

that the Chern class � on M

M ( ' )

( L ; g

`

; �

`

) can b e decomp osed as �

1

+ �

2

on the

comp onen t N

x

:= ( @

1

1

� @

2

1

)

� 1

( '

�

( x ) ; x ) � N ( L

1

; L

2

), from whic h the con tribution

to S W

M ( ' )

( L ) is

Z

N

x

(�

1

+ �

2

)

d ( L ) = 2

=

 

d ( L ) = 2

d ( L

1

) = 2

!

Z

( @

1

1

)

� 1

(

'

�

x

)

�

d ( L

1

) = 2

1

Z

( @

2

1

)

� 1

( x )

�

d ( L

2

) = 2

2

:

No w eac h mo duli space ( @

j

1

)

� 1

( x ) is compact and ev ery con�guration ( A; � ) in it

is asymptotic at in�nit y to the same irreducible solution x on Y . This implies that

the base p oin t �bration o v er ( @

j

1

)

� 1

( x ) is trivial. Hence there will b e a non-zero

con tribution only when d ( L

1

) = d ( L

2

) = 0 . Note that b y Lemma 6.6, Corollary 6.7,

Remark 6.8 and the orien tation con v en tions in Section 5, the sums o ccuring in the

pro duct form ula are actually �nite (cf. Figure 6.2).

Remark 6.10. The ab o v e pro of and Lemma 3.3 imply that S W

M ( ' )

( L ) = 0

unless L 2 K ( M ( ' )). Also note that M ( ' ) and M

j

are of simple t yp e.

No w for ev ery Spin

c

structure L on M ( ' ) that restricts to L

0

on Y , w e de�ne a

subset K ( L ) � K ( M

1

) � K ( M

2

) as follo ws: ( L

1

; L

2

) 2 K ( L ) if and only if

h c

1

(det L ) ; b

1

+ b

2

i = h c

1

(det L

1

) ; b

1

i + h c

1

(det L

2

) ; b

2

i :

Note that the de�nition of K ( L ) do esn't dep end on the c hoice of b

j

.

Theorem 6.11 ( Pro duct F orm ula I I ). L et M

j

, ' and M ( ' ) b e as ab ove. Supp ose

that b

+

2

( M

j

) � 1 and that 
 2 Ker ( i

j

)

�

. Then for every Spin

c

structur e L ! M ( ' )

that r estricts to L

0

on Y , we have

X

fL

0

j c

1

( L

0

)= c

1

( L ) g

S W

M ( ' )

( L

0

) =

X

K ( L )

X

G

L

0

( ' )

S W

M

1

( L

1

; x ) � S W

M

2

( L

2

; y ) ;

wher e the sum on the left side is taken over al l the elements of K ( M ( ' )) whose

determinant line bund le has c

1

(det L ) as its �rst Chern class, and the outer sum on

the right side is taken over al l p airs ( L

1

; L

2

) in K ( L ) .
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Pr o of . De�ne a map Q : K ( M ( ' )) ! Z b y Q ( L

0

) = h c

1

(det L

0

) ; b

1

+ b

2

i . W e also

de�ne R : K ( M

1

) � K ( M

2

) ! Z b y

R ( L

1

; L

2

) = h c

1

(det L

1

) ; b

1

i + h c

1

(det L

2

) ; b

2

i :

Note that R = Q � P . If � denotes the constan t Q ( L ) = h c

1

(det L ) ; b

1

+ b

2

i , then w e

easily get a di�eomorphism

a

Q

� 1

( � )

�

a

P

� 1

( L

0

)

N ( L

1

; L

2

)

�

�

=

� !

a

K ( L )

N ( L

1

; L

2

) ;

where K ( L ) = R

� 1

( � ) and N ( L

1

; L

2

) are as in the previous pro of.

Definition 6.12. Given a smo oth c omp act oriente d 4 -manifold M with a p ossibly

nonempty b oundary, let C ( M ) denote the set of char acteristic c ohomolo gy classes,

f L 2 H

2

( M ; @ M ; Z ) j L � w

2

( M ; @ M ) (mo d 2) g :

When M is close d, Seib er g-Witten invariant de�nes, in the usual manner, a function

S W

M

: C ( M ) ! Z by

S W

M

( L ) :=

X

fL j c

1

( L )= L g

S W

M

( L ) :

F or the c ase when @ M is not empty, we de�ne S W

M

: C ( M ) �

f

M ( @ M ) ! Z by

S W

M

( L; x ) :=

X

fL j c

1

( L )= L g

S W

M

( L ; x ) :

We shal l say that an element L 2 H

2

( M ; @ M ; Z ) is a ( r el ativ e ) S W -b asic class if

S W

M

( L ; � ) 6= 0 .

Definition 6.13. Supp ose M is a close d smo oth oriente d 4 -manifold with

b

+

2

( M ) > 0 and the S W -b asic classes f L

i

g

i 2 I

� H

2

( M ; Z ) . We then de�ne the

formal series

S W

M

:=

X

i 2 I

S W

M

( L

i

) � exp(2 L

i

) :

Similarly, given a smo oth c omp act oriente d 4 -manifold X with b oundary @ X = Y

such that 
 = @ b for some b 2 H

2

( X ; @ X ) , we de�ne

S W

X

:=

X

f

M ( Y )

X

j 2 J

S W

X

( K

j

; x ) � exp ( K

j

) ;

wher e the �rst sum is taken over the b oundary values x 2

f

M ( @ X ) and the se c ond sum

runs over the r elative S W -b asic classes f K

j

g

j 2 J

of X .

Cor ollar y 6.14 ( Pro duct F orm ula I I I ). When M ( ' ) and M

j

satisfy Condition

(A) , we have the fol lowing e quality of formal series :

S W

M ( ' )

= S W

M

1

� S W

M

2

:(6.10)

Her e, sums in the exp onents ar e given by Poinc ar � e duality and the Mayer-Vietoris

se quenc e.
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-2

-2-2

-2 -2

Fig. 7.1 . Plumbing gr aph for E (1 = 2) .

7. Examples and computations. First w e c hec k our pro duct form ula against

the w ell-kno wn examples of elliptic surfaces. Recall that E ( n ) is a simply-connected

elliptic surface with no m ultiple �b ers and with geometric gen us p

g

= n � 1. Let F

denote the P oincar � e dual of the regular �b er in E ( n ). W e simplify the notation b y

letting t := exp ( F ). W e lo ok at the case when r < 0 .

Y em b eds inside E ( n ) in the follo wing w a y . First w e recall the half-Kummer

surface description of E (1). Let L

�

=

Z

2

� C b e a lattice and form the quo-

tien t of C =L � C P

1

b y the in v olution ( z ; x ) 7! ( � z ; � x ), where z 2 C =L and

x 2 C P

1

= C [ f1g is an inhomogeneous co ordinate. This quotien t space has eigh t

singular p oin ts corresp onding to the �xed p oin ts of the in v olution. One can resolv e

the singularities b y replacing eac h singular p oin t b y a nonsingular rational curv e with

self-in tersection n um b er ( � 2). The resulting nonsingular surface is di�eomorphic to

the rational elliptic surface E (1) = C P

2

#9 C P

2

. The pro jection on to the second fac-

tor, C =L � C P

1

! C P

1

, induces a �bration p : E (1) ! C P

1

= ( x � � x ) = C P

1

. This

�bration has exactly t w o singular �b ers, p

� 1

(0) and p

� 1

( 1 ), and eac h singular �b er

is the union of �v e nonsingular rational curv es of self-in tersection ( � 2). See Figure 7.1

for the linking diagram for these rational curv es in eac h singular �b er.

No w c ho ose t w o disjoin t op en disks D

0

and D

1

in C P

1

cen tered at p oin ts 0 and

1 , resp ectiv ely . Supp ose w e ha v e the hemisphere decomp osition C P

1

= D

0

[ D

1

.

W e let E (1 = 2) to b e a regular neigh b orho o d of the singular �b er, i.e.

E (1 = 2) := p

� 1

( D

0

) = p

� 1

( D

1

) :

W e see easily that our Seifert �b ered space Y o ccurs as the b oundary of E (1 = 2), i.e.

Y = p

� 1

( @ D

0

) = p

� 1

( @ D

1

) :

Consequen tly w e ha v e the follo wing decomp osition of the rational elliptic surface along

Y

E (1) = E (1 = 2) [

Y

E (1 = 2) :

Note that Y is a T

2

bundle o v er S

1

, with mono drom y giv en b y the matrix

�

� 1 0

0 � 1

�

:

W e can c ho ose the generator 
 to b e a section of this torus bundle Y . F or more details

on E (1 = 2) w e refer the reader to [HKK].

Since the elliptic surface E ( n ) is the �b er sum of E ( n � 1) and E (1), w e im-

mediately get n em b eddings of Y in to E ( n ). See Figure 7.2 for some p ossible de-

comp ositions of E ( n ) along Y . The dotted lines in the �gure indicate the �b er sum
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Y

Y

Y

E(3/2)

E(3/2)

(3/2)E

E(1/2) (1/2)E

(1/2)E

Fig. 7.2 . De c omp osition of E (1) , E (2) and E (3) .

op eration. W e will let E ((2 m + 1) = 2) denote the �b er sum, E ( m )#

F

E (1 = 2), of E ( m )

and E (1 = 2). T o compute the relativ e Seib erg-Witten in v arian t of E ((2 m + 1) = 2), w e

shall need the follo wing

Lemma 7.1 ( Adjunction Inequalit y ). L et X b e a smo oth c omp act oriente d 4 -

manifold with b oundary @ X = Y . L et �

0

, ! X b e a smo othly emb e dde d surfac e with

b oundary @ �

0

= 
 . Supp ose V is a smo othly emb e dde d surfac e inside X of genus

g ( V ) > 0 , whose r e gular neighb orho o d lies in the interior of X and is disjoint fr om

�

0

. If L is a r elative S W -b asic class of X , then

jh L ; V ij + V � V � 2 g ( V ) � 2 :

Pr o of . The argumen t for the closed case go es through with v ery little c hange,

once w e substitute the cylindrical end mo duli space M

b

X

( L ; g ; � ) in the place of the

ordinary Seib erg-Witten mo duli space o v er a closed manifold. W e just ha v e to observ e

that the b oundary map @

1

on M

b

X

( L ; g ; � ) tak es v alues in the p erturb ed S W -mo duli

space o v er Y , whic h is ev erywhere b oth nondegenerate and irreducible. F rom the

h yp othesis w e can assume that the supp ort of � (and hence � ) is disjoin t from V . This

means that w e are allo w ed to freely mo dify the metric around a small neigh b orho o d

of V without e�ecting the p erturbation of the Seib erg-Witten equations (3.5) nor the

corresp onding mo duli spaces o v er the cylindrical end. F or the pro of in the closed case,

w e refer the reader to [FS1], [KM1], [MST], [OS1] and [Sa].

No w supp ose L = c

1

(det L ) is a S W -basic class of E ((2 m + 1) = 2). F rom the

ab o v e lemma and the complete kno wledge of the em b edded surfaces represen ting the

generators of H

2

( E ( n )), w e easily deduce that L is a m ultiple of F . The assumption in

the b eginning of Section 6 is readily seen to b e satis�ed. Note that [ �

�

] 2 H

2

( E ( n ))

is the class P oincar � e dual to the section of the elliptic �bration. Similarly , b

j

2

H

2

( E ((2 m + 1) = 2) ; Y ) is represen ted b y the \half-section". W e start out b y lo oking

at the \doubling" decomp osition E (3) = E (3 = 2) [

Y

E (3 = 2). Since E (3) has only

�nitely man y S W -basic classes, the mo duli space M

E (3)

( L ; g

`

; �

`

) is empt y for all

but �nitely man y Spin

c

structures L , pro vided that k ! k

L

2

k

is su�cien tly small. (This

follo ws from a cob ordism argumen t as in the pro of of Theorem 6.9. Otherwise, there
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w ould b e a sequence of 2-forms, !

i

! 0 , suc h that the corresp onding solutions to (6.1)

in turn con v erge to a solution corresp onding to the c onstant p erturbation.) Hence

E (3) p ossesses a uniform energy b ound on the solutions along the nec k (namely ,

K

0

� 2 � r ; see Lemma 6.2), so w e can c ho ose to w ork with � -con�ned mo duli spaces

for some � � 0 . That is, w e can c hange for S W � S W

�

in the pro duct form ulae.

Just ho w large of a � is needed for suc h substitution dep ends on the c hoice of the

metric g

j

on the end manifold E (3 = 2).

It follo ws that all the terms app earing in Equation (6.10) for E (3) are �nite sums.

Keeping in mind the orien tation con v en tions set do wn in Section 5, w e can express

the righ t side of Equation (6.10) as

S W

E (3 = 2)

� S W

E (3 = 2)

=

 

m

X

k = � l

a

k

t

k

!

�

 

l

X

n = � m

� a

� n

t

n

!

;(7.1)

where k � n � l (mo d 2). Since this has to equal S W

E (3)

= t

� 2

� t

2

, w e m ust ha v e

m = � l + 2 and a

k

= � 1 for all k . Hence (7.1) b ecomes (up to sign)

�

t

� l

+ � t

� l +2

�

�

�

t

l � 2

� � t

l

�

;(7.2)

where � = � 1 . Since S W

E (2)

= 1 , w e conclude from the decomp osition E (2) =

E (1 = 2) [

Y

E (3 = 2) that

S W

E (1 = 2)

= S W

� 1

E (3 = 2)

=

�

t

l � 2

� � t

l

�

� 1

= t

2 � l

(1 + � t

2

+ t

4

+ � t

6

+ � � � ) :

No w b oth E (1) and E (1 = 2) admit metrics of p ositiv e scalar curv ature. W e c ho ose a

metric g of p ositiv e scalar curv ature on E (1) suc h that the corresp onding self-dual

harmonic 2-form $

g

is the K• ahler form with resp ect to whic h C P

1

has area 1 . W e

can further arrange metric g so that "

L

( g ; � ) = � 2 � [ $

g

] � L (cf. Section 4). It follo ws

that for o dd k > 0 , S W

�

E (1)

( k F ) � 0 � S W

E (1)

( � k F ). (This is b ecause g has

p ositiv e scalar curv ature.) F rom the w all crossing form ula in [LL], w e conclude that

S W

E (1)

( k F ) � 1 . Analogous argumen t for E (1 = 2) sho ws that j l j has to b e small.

Indeed w e easily see that l = 0 or 2 , dep ending on a suitable c hoice of the homology

orien tation. (Note that the case l = 1 violates our orien tation con v en tion in Section 5

considering (7.2).)

W e summarize our computations so far: F or the decomp osition E (3) = E (3 = 2) [

Y

E (3 = 2), Equation (6.10) reads (up to sign)

t

� 2

� t

2

= ( t

� 2

+ 1) � (1 � t

2

) :

F or the decomp osition E (2) = E (1 = 2) [

Y

E (3 = 2), Equation (6.10) reads

1 = (1 + t

2

+ t

4

+ t

6

+ � � � )(1 � t

2

) :

F or the decomp osition E (1) = E (1 = 2) [

Y

E (1 = 2), Equation (6.10) reads

1

X

i =0

t

2(2 i +1)

=

1

1 � t

2

�

1

1 + t

� 2

= (1 + t

2

+ t

4

+ t

6

+ � � � )(1 � t

� 2

+ t

� 4

� t

� 6

+ � � � ) :
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Since w e already kno w from [FS2] the Seib erg-Witten in v arian ts of E ( n ), w e can

inductiv ely calculate the relativ e Seib erg-Witten in v arian ts of the halv es E ((2 m + 1) = 2)

for all non-negativ e in tegers m .

Theorem 7.2. If t = exp( F ) , then for any m � 0 we have ( up to sign )

S W

E ((2 m +1) = 2)

=

(

�

t

� 2

� t

2

�

m � 1

(1 + t

� 2

) if r < 0 ;

�

t

� 2

� t

2

�

m � 1

(1 � t

2

) if r > 0 :

Pr o of . W e recall that S W

E ( n )

=

�

t

� 2

� t

2

�

n � 2

. It follo ws that

S W

E (2 m )

=

�

t

� 2

� t

2

�

m � 1

(1 + t

� 2

) � (1 � t

2

)

�

t

� 2

� t

2

�

m � 2

= S W

E ((2 m +1) = 2)

� S W

E ((2 m � 1) = 2)

holds up to a prescrib ed sign con v en tion.

8. Adjunction inequalit y for manifolds with b oundary Y . Using the re-

sults of previous sections, w e can come up with a new adjunction inequalit y v alid for

a smo othly em b edded surface V inside an op en 4-manifold X with @ V � @ X = Y .

More precisely , w e ha v e the follo wing

Theorem 8.1 ( Adjunction Inequalit y I I ). L et X b e a smo oth c omp act oriente d 4 -

manifold with b oundary @ X = Y . Supp ose that b

+

2

( X ) > 1 and V , ! X is a smo othly

emb e dde d surfac e with b oundary @ V , ! @ X such that @ V = 
 . If L is a r elative

S W -b asic class for X , then we have

jh L ; V ij + 2 V � V � 4 g ( V ) :

Pr o of . F orm the closed manifold Z = X [

Y

E (3 = 2). Then there is a S W -basic

class

�

L of Z suc h that

�

L j

X

= L and

�

L j

E (3 = 2)

= 2 F . Let

�

V = V [




�

0

, where �

0

is

the half-section of E (3 = 2). F rom the adjunction inequalit y for Z , w e ha v e

jh

�

L ;

�

V ij +

�

V �

�

V � 2 g (

�

V ) � 2 :

But note that

jh

�

L ;

�

V ij =

1

2

j h L ; V i + 2 j �

1

2

jh L ; V ij � 1 ;

�

V �

�

V = V � V � 1 , and g (

�

V ) = g ( V ).

9. Extension to other 3-manifolds. It is easy to extend our results to other

Seifert �b ered 3-manifolds of degree zero, e.g. �(2 ; 3 ; 6). In fact, let Y b e the unit

circle bundle corresp onding to an orbifold complex line bundle N o v er a 2-dimensional

orbifold �. Then the follo wing t w o prop erties

(i) deg ( N ) = 0

(ii) b

1

( Y ) = 1

are all that w e need in order to formally extend our argumen ts of the previous sections

to Y . In particular, all the statemen ts and form ulae in Section 6 con tin ue to b e v alid

for this sp ecial class of Seifert �b ered 3-manifolds.
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W e shall giv e more applications and further generalizations of the pro duct form ula

for other 3-manifolds with b

1

= 1 in the future w ork [P3]. There, w e plan to tak e

a more re�ned approac h and de�ne our relativ e S W -in v arian t to tak e v alues in an

in�nitely generated Flo er-t yp e homology . The corresp onding pro duct form ulae will

then tak e place inside a suitably de�ned No vik o v ring. W e also study an analogous

pro duct form ula for the three-torus in [P4].
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