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h 2002 003A PRODUCT FORMULA FOR THE SEIBERG-WITTEN INVARIANTALONG CERTAIN SEIFERT FIBERED MANIFOLDS�B. DOUG PARKy1. Introdu
tion. Arguably the most important smooth invariant of 4-manifoldsknown to date is the monopole invariant introdu
ed by Seiberg and Witten. For thede�nition and basi
 properties of the Seiberg-Witten invariant we refer the reader to[KM1℄, [M℄ and [W℄. The most general method of 
omputing the SW -invariant is to
ut up the 4-manifold in question into manageable pie
es, 
ompute the relative SW -invariants of the individual pie
es and then dedu
e the SW -invariant of the original4-manifold using some kind of a produ
t formula along the 
ommon boundary 3-manifold. This involves solving the 3-dimensional analogue of the Seiberg-Wittenequations on the boundary and studying the qualitative behavior of the solutions onan in�nite 
ylinder. This approa
h �ts the general framework of \topologi
al quantum�eld theory" (TQFT) as outlined in [At℄.There has been a 
urry of resear
h a
tivities along this line, most notably [FS2℄,[KM2℄, [MMS℄, [MST℄, [MOY℄, [OS1℄ and [OS2℄. A horde of new results were ob-tained as byprodu
ts of the knowledge gained by 
omputing the SW -invariant inthis fashion. To give the reader some 
avor of these re
ent appli
ations, we 
itethe works on the geography problem (e.g. [PS℄), the existen
e of exoti
 smooth stru
-tures (e.g.[FS3℄, [P1℄, [P2℄, [Sz℄), and the 
omplete positive resolution of the symple
ti
Thom 
onje
ture ([OS1℄).In this paper we give a produ
t formula for the Seiberg-Witten invariant of the4-manifolds that 
an be gotten by gluing along 
ertain 3-dimensional Seifert �beredspa
es. This new produ
t formula will then be used to derive some interesting appli-
ations.2. Solutions over the 3-manifold. For the sake of 
on
reteness, we begin bysele
ting a parti
ularly `ni
e' 3-manifold and analyzing what happens in this spe
ial
ase. Later on we shall indi
ate how to generalize the results to other 3-manifolds. The3-manifold Y we study is a Seifert �bered spa
e. We keep the notational 
onventionsin the paper [MOY℄. Let � be the 2-dimensional orbifold of genus 0, with four markedpoints, ea
h of whi
h has multipli
ity 2. Y is the unit 
ir
le bundle of the 
anoni
alorbifold bundle K� over �. Note that the Seifert invariant of K� is (�2; 1; 1; 1; 1) anddeg(K�) = 0. We have H1(Y ) �= Z and H2(Y ) �= Z� Z=2� Z=2. We 
hoose a freegenerator 
 of H1(Y ), i.e. 
 generates H1(Y )=Tor �= Z .Choose a 
onstant 
urvature 
onne
tion on the unit 
ir
le bundle Y and let i�denote the 
orresponding 
onne
tion form. Let g� be a 
onstant 
urvature metri
 onthe orbifold �, normalized so that the area of � is equal to one. We endow Y withthe metri
 hY = �2 + ��(g�) ;�Re
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38 B. D. PARKwhere � : Y ! � is the bundle proje
tion map. Note that the tangent bundle TYhas an orthogonal splitting TY �= R � ��(T�) :Hen
e the global 1-form � allows a redu
tion in the stru
ture group of TY to SO(2),and the Levi-Civita 
onne
tion on � indu
es a redu
ible 
onne
tion on Y whi
hrespe
ts this splitting. We study the moduli spa
e of solutions to the Seiberg-Wittenequations over Y , using the above metri
 and 
onne
tion on TY .We 
onsider the following perturbed Seiberg-Witten equations on Y 
orrespond-ing to a Spin
(3) stru
ture W : FA = �(	) + ir���� ;6�A	 = 0 ;(2.1)where r 2 R is a �xed real parameter, �� is the volume form on �, and � : Y ! � isthe proje
tion map. Here, � : �(Y;W ) ! 
2(Y; iR) is the quadrati
 map adjoint tothe Cli�ord multipli
ation.As in [MOY℄ (x5.5{5.7), we identify the Seiberg-Witten moduli spa
e with themoduli spa
e of K�ahler vorti
es on �. (Contrary to the hypothesis in [MOY℄, Y hasdegree zero but the identi�
ation is still valid.) In the notation of [MOY℄, the vortexequations read 2FB0 � FK� = i(r + j�0j2 � j�0j2)�� ;�B0�0 = 0 and ��B0�0 = 0 ;(2.2) �0 � 0 or �0 � 0 :Here, B0 is a 
onne
tion on a Hermitian orbifold line bundle E0 over �. �0 and �0are orbifold se
tions in �(�; E0) and �(�;K�1� 
E0), respe
tively.For generi
 r, we immediately see that there is no redu
ible solution to the per-turbed SW -equations above. For generi
 negative values of r with jrj very small,there is only one Spin
(3) stru
ture on Y for whi
h the 
orresponding SW -modulispa
e of irredu
ible solutions is not empty. This is be
ause we must have, by virtueof vortex equations, deg(E0) = 0, �0 � 0, and �0 = 
onstant. Thus the 
anoni
alSpin
(3) stru
ture, C �K�1� , is the only Spin
(3) stru
ture that has nonempty SWsolution spa
e. We denote this Spin
(3) stru
ture by L0. The 
onne
tions in thissolution spa
e 
orrespond to 
onstant se
tions of the trivial line bundle over S2, andhen
eM(Y ) =Msw(Y;L0; r����) = Sym0(�) = fpointg .Lemma 2.1. The single point setM(Y ) is smooth (non-degenerate), in the sensethat it is transversally 
ut out by the Seiberg-Witten equations (2.1) modulo gauge.Proof. �� indu
es a natural identi�
ation between the kernels of the lineariza-tions of the Seiberg-Witten equations on Y and the K�ahler vortex equations on �(
f. [MOY℄, x5.6). As shown in [B℄ and [JT℄, the moduli spa
e of vorti
es is alwaysa smooth manifold. The argument is algebro-geometri
 in nature. Namely, one �rstidenti�es the moduli spa
e of vorti
es with the moduli spa
e of \holomorphi
 divisors",whi
h 
onsist of pairs f (B0; �0) j �B0�0 = 0 g modulo the a
tion of maps �(�; C � ).



A PRODUCT FORMULA FOR SEIBERG-WITTEN INVARIANT 39One then observes that the obstru
tion 
okernel in the linearization (being the �rstsheaf 
ohomology group over a zero-dimensional divisor) must vanish, and hen
e themoduli spa
e of divisors is always 
ut out transversally.For generi
 small positive values of r, we similarly have deg(E0) = 0, �0 � 0, and�0 = 
onstant. As in the negative 
ase, the SW -moduli spa
e M(Y ) 
onsists of asingle smooth point.Now suppose that Y is the boundary of some smooth 4-manifoldM . Then we geta distinguished subgroup of the gauge group G0(M) � G(Y ) whi
h 
onsists of maps uthat 
an be extended to u : M ! U(1). Dividing out by the a
tion of G0(M) insteadof the full gauge group, we obtain another moduli spa
e fM(Y ). Of 
ourse this modulispa
e depends onM . Note that dividing by G(Y ) gives a 
overing p : fM(Y )!M(Y ).The �ber of p is H1(Y ;Z)=i�(H1(M ;Z)), where i : Y ,!M is the in
lusion map.3. Moduli spa
e for a 
ylindri
al end manifold. First we 
onsider the 
aseof the 
ylinder Y � R. Given a Spin
 stru
ture on Y � R, let W+ and W� be theasso
iated Spin
 bundles. Cli�ord multipli
ation de�nes a linear map� : i�2 ! EndC (W+) ;whose kernel is i��. Here �� � �2 is the subbundle of anti-self-dual (ASD) 2-formswith respe
t to the metri
 hY + dt2. We denote L = det(W+) and write A(L) forthe aÆne spa
e of 
onne
tions on L. We pull ba
k the perturbing form on Y of theprevious se
tion and get the following 4-dimensional Seiberg-Witten equations for apair (A; �) 2 A(L)� �(W+): 6�A � = 0 ;(3.1) �(FA � ir��1����) = q(�) = ��
 � � j�j22 Id ;(3.2)where �1 : Y � R ! Y is the proje
tion map. We identify L = L0 � R, where L0is a 
omplex line bundle over Y . Similarly, W+ = W0 � R, where W0 is the Spin
bundle over Y with respe
t to the Spin
 stru
ture inherited from Y � R. As shownin [KM1℄, the Equations (3.1) and (3.2) then be
ome the gradient 
ow equation forthe Chern-Simons-Dira
 fun
tional C : A(L0)� �(W0)! R, given byC(A; �) = ZY (FA0 + �) ^ a+ 12 ZY a ^ da+ ZY h�; 6�A�idvol ;where � = �ir��1����, A0 is a �xed 
onne
tion on L0, and a = A � A0. Note thatthere is an ambiguity up to a 
onstant, made ne
essary by the fa
t that A(L0) hasno preferred base point in general.Let X be a 
ompa
t smooth 4-manifold whose boundary is Y . Assume that the2-form ir���� on Y extends to a 
losed 2-form on X . Then C des
ends to a real-valued fun
tion on the spa
e eB := (A(L0) � �(W0))=G0(X), where G0(X) � G(Y ) isas in the previous se
tion. From now on we shall always view C as a fun
tional oneB. Note that the set of 
riti
al points of C is the moduli spa
e fM(Y ) of the previousse
tion.Now we further perturb Equation (3.2) using a method due to Fr�yshov. Webrie
y re
all the ne
essary de�nitions from [Fr℄. Let f1 : R ! [0;1) be a smooth



40 B. D. PARKfun
tion supported in the interval [�1; 1℄ and satisfying R f1 = 1. Let f2 : R ! Rbe a smooth fun
tion with 
ompa
t support su
h that f2(t) = t on some interval
ontaining all 
riti
al values of C. If A is any 
onne
tion on L and � a se
tion of W+,we let S = (A; �) and de�ne a smooth fun
tion hS : R ! R byhS(T ) = ZR f1(t1 � T )f2(ZR f1(t2 � t1)C(St2 )dt2)dt1;where St = S(t) is the restri
tion of S to Y � ftg.We 
hoose a 
ompa
tly supported 2-form ! 2 
2(Y � R) su
h that k!k is verysmall. We require the support of ! to lie in a set Y � � , where � is the result ofremoving from R a small open interval around ea
h 
riti
al value of C. Let h�S(!)denote the pull-ba
k of ! by the map (idY � hS) : Y � R ! Y � R. We study thefollowing translation invariant equations for S = (A; �):6�A � = 0;(3.3) �(FA � ir��1���� + ih�(A;�)(!)) = q(�):(3.4)Lemma 3.1. ([Fr℄) Let S = (A; �) be any smooth solution to the Equations (3.3)and (3.4) satisfying a pointwise bound j�j � B for some 
onstant B. Then(i) Either ��tC(St) > 0 for all t, or [St℄ � x for some 
riti
al point x.(ii) If C(St) is bounded in t, then there are 
riti
al points x+; x� of C su
h thatthe gauge equivalen
e 
lass [St℄ 
onverges to x� as t! �1.Proof. Here [St℄ denotes the image of the restri
tion S(t) in the 
on�gurationspa
e eB. Although Fr�yshov only 
on
entrates on the 
ase when the 3-manifold Yis an oriented rational homology sphere, the proof in [Fr℄ (Appendix A) still goesthrough with very little modi�
ation. Note that our Chern-Simons-Dira
 fun
tionalC is the negative of the one used by Fr�yshov.Now we 
hoose our Sobolev spa
es and let B = L24 (Y � R; i�1 �W+) andG = fu : Y � R ! U(1) j u 2 L25;lo
 g :Let x; y 2 fM(Y ) be 
riti
al points of C, i.e. solutions to (2.1), the perturbed Seiberg-Witten equations on Y . We de�ne the spa
e of \
owlines" on the 
ylinder between xand y to be the setF!(x; y) = fS 2 B satisfying (3.3) and (3.4) j limt!�1[St℄ = x ; limt!1[St℄ = yg=G :Note that the elements of F!(x; y) satisfy the gradient 
ow equation for C outsidea 
ompa
t subset of Y � R. We show that there are no nontrivial 
owlines in thefollowingLemma 3.2. For generi
 small ! 2 Ck, F!(x; x) 
onsists of a single smoothpoint, and F!(x; y) is empty when x 6= y.Proof. The �rst statement follows immediately from Lemma 3.1. Let 
2� denotethe spa
e of Ck 2-forms on Y � R with 
ompa
t support 
ontained in Y � �. As in[Fr℄ (Proposition 5), one 
an show that the linearization of Equations (3.3) and (3.4)at a point (!;A; �),F = F(!;A;�) : 
2� �B �! L23 (Y � R; i�0 � i�+ �W�) ;
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es f!g � B, and surje
tive whenever (!;A; �) is a solution toEquations (3.3) and (3.4). Thus Smale-Sard theorem implies that F!(x; y) is a smoothmanifold for generi
 !.Now we let P = P(0; !) to be the spa
e of L21 maps,� : [0; 1℄ �! L23 (Y � R;�2) ;satisfying �(0) = 0 and �(1) = !. We de�ne a mapG : B � P(0; !)� [0; 1℄ �! L23 (Y � R; i�+ �W�)by G(a; �; �; t) = (F+A0+a+ �(t)+� �(�); 6�A0+a(�)) ;where �(t) = ih�(A0+a;�)(�(t)) � ir��1����. One 
an show that the di�erential DGis surje
tive at every point (a; �; �; t) for whi
h G vanishes. Let M denote the zeroset G�1(0) modulo the L25 gauge transformations. Let F be a generi
 �ber of theproje
tion, M ! P , onto the se
ond fa
tor. Note that the boundary of F 
onsistsof two ends, one of whi
h is 
ut out by the gradient of the Chern-Simons-Dira
 fun
-tional C (whose linearization always has index zero on the 
riti
al set). Thus the
orresponding boundary 
omponents have expe
ted dimension zero. It follows thatF is a 1-dimensional smooth manifold with boundary. Consequently the expe
teddimension of the spa
e of \
owlines" modulo the L25 gauge transformations has to bezero. But re
all from [Fr℄ that the solutions to Equations (3.3) and (3.4) are trans-lation invariant in the R-dire
tion. Hen
e we 
on
lude that the expe
ted (or virtual)dimension of F!(x; y) is (�1), whi
h implies that F!(x; y) is empty for generi
 !.Now suppose that M is a smooth oriented 4-manifold, and that the end of M isdi�eomorphi
 to Y � [0;1). Assume that the interse
tion form of M is not negativede�nite, and that the end perturbation � = �ir��1���� extends to a 
losed 2-form� over the whole manifold M . Fix a Riemannian metri
 h on Y as in the previousse
tion, and a Riemannian metri
 g on M su
h that g is equal to h + dt2 at the
ylindri
al end of M . We look at the perturbed SW -equations:6�A� = 0 ;�(FA + �) = q(�) ;(3.5) � = f � (ih�(A;�)(!)� ir��1����) ;where f : M ! [0; 1℄ is a suitable 
ut-o� fun
tion that vanishes away from the
ylindri
al end of M . Note that the perturbing 2-form � depends on the unknowns(A; �). We shall write � = �[r℄ or d�e = r to emphasize the dependen
e on theparameter r . Similarly, we write �r and �r to a

entuate the parameter r .We require our 
on�guration (A; �) to lie in AL24(detL)� L24(M;W+(L)), whereAL24(detL) denotes the spa
e of L24 unitary 
onne
tions on the line bundle detL ,and W+(L) is the positive spinor bundle for the Spin
 stru
ture L . The energyof a solution (A; �) is de�ned to be the total variation of the Chern-Simons-Dira
fun
tional C over the 
ylindri
al end Y � [0;1). The 
ylindri
al end moduli spa
e



42 B. D. PARKMM (L; g; �) is de�ned by dividing the spa
e of �nite energy solutions by the a
tionof the L25;lo
 gauge group G(M). Note that every solution to (3.5) is irredu
ible, i.e.� 6� 0 . We say that a solution (A; �) is Æ-
on�ned ifZY�[0;1)FA ^ (�ir��1����) < Æ :Let M ÆM (L; g; �) denote the spa
e of Æ-
on�ned �nite energy solutions modulo thea
tion of G(M). Note that M ÆM (L; g; �) is an open subspa
e of MM (L; g; �) (sin
eR FA ^ � is a 
ontinuous fun
tion on MM (L; g; �) ), and that lim�!M ÆM (L; g; �) =MM (L; g; �) . We shall only be interested in the 
ases when Æ � 0 .Lemma 3.3. If L does not restri
t to L0 on the sli
e Y , then MM (L; g; �) isempty. If LjY = L0, thenMM (L; g; �) is a smooth oriented manifold of dimensiond = d(L) = 14(
1(detL)2 � 2e(M)� 3sign(M)):Moreover, by taking limits at the open non-
ompa
t end of the in�nite 
ylinder Y �[0;1), we have a 
ontinuous map�1 :MM (L; g; �)! fM(Y ):For ea
h point x 2 fM(Y ), the preimage ��11 (x) is 
ompa
t. There is a 
onstant vr > 0su
h that every solution [(A; �)℄ 2 ��11 (x) de
ays exponentially to x with exponent atleast vr , i.e. the L24 distan
e between x and the restri
tion (A(t); �(t)) is less thanexp(�vrt) for all t large.Proof. Suppose that [(A; �)℄ 2 MM (L; g; �). Sin
e (A; �) has �nite energy, itfollows from [KM1℄ (Proposition 8) that M(Y;LjY ) is not empty. Now the resultsfrom Se
tion 2 imply that LjY = L0. The smoothness of MM (L; g; �) for a smallgeneri
 2-form ! follows from what is now a `standard' argument whi
h we 
hoose toomit. As in the 
losed 
ase, the homology orientation of the pair (M;�M) indu
esan orientation ofMM (L; g; �). The existen
e of the 
ontinuous map �1 follows fromthe arguments in [MMR℄ (pp. 63{70), whi
h rely on the basi
 analyti
 results in [Si℄.Given a point x 2 fM(Y ), we 
an 
al
ulate the formal dimension of ��11 (x), and hen
eofMM (L; g; �), by the index formula of [APS℄, whi
h givesdim(��11 (x)) = dimMM (L; g; �) = 14(
1(detL)2 � 2e(M)� 3sign(M)) :Note that the eta invariant (or rho invariant) of the linearization of (2.1) on Y is zero.(This is be
ause Y admits an orientation reversing self-di�eomorphism and eta(�Y ) =�eta(Y ).) Lemma 3.2 implies that every �nite energy 
owline over the 
ylinder Y �Ris stati
, i.e. pulls ba
k from Y . Hen
e the arguments in [KM1℄ (Lemma 4) implythat the preimage ��11 (x) is 
ompa
t. The statement about exponential de
ay 
an beproved as in [MMR℄ (Chapter 5).We introdu
e the notationN = Y �[0;1) and for any ` > 0 we let N` = Y �[0; `℄.We let Y0 = Y � f0g and Y` = Y � f`g.Lemma 3.4. There is a 
onstant K > 0 depending only on M , g and � su
h that�K � 2ZN`� ^ FA � ZN` FA ^ FA � K



A PRODUCT FORMULA FOR SEIBERG-WITTEN INVARIANT 43holds for all ` suÆ
iently large and every [(A; �)℄ 2MM (L; g; �) for any Spin
 stru
-ture L.Proof. From the dimension formula in Lemma 3.3,MM (L; g; �) is not empty onlyif 
1(detL)2 � 2e(M) + 3sign(M) :For every [A; �℄ 2 MM (L; g; �), we havekF+A k2 � kF�A k2 = �ZM�NFA ^ FA = 4�2
1(detL)2 +ZN FA ^ FA ;where k � k denotes the L2-norm on the 
ompa
t manifold M �N . As in the 
losed
ase, we have supM j�j2 � supM �4p2j�j � s� ;where s denotes the s
alar 
urvature. Therefore there is an upper bound on kF+A k2independent of the Spin
 stru
ture. Sin
eZN FA ^ FA � kF+A k2 � 4�2
1(detL)2 ;we get an upper bound on RN FA ^ FA .Next let St denote the restri
tion of (A; �) to the sli
e Y �ftg. By Stokes' theoremwe haveC(S`)� C(S0) = 12 ZN` FA ^ FA + ZN` � ^ FA + ZY`h�; 6�A�i � ZY0h�; 6�A�i :From Lemma 3.1 (i), we 
an assume thatC(S`)� C(S0) � 0 :Moreover, there is a universal bound depending only on the Riemannian manifold Mand the perturbation � to bothZY`h�; 6�A�i and ZY0h�; 6�A�i ;whi
h is gotten from the usual a priori pointwise bound on j�j and the L2-bound onr�. Our 
laim now follows easily.Remark 3.5. Note that the above lemma also gives a lower bound on the integralRN` � ^ FA , namely (�K), that is independent of the Spin
 stru
ture.4. Relative SW -invariant. Let X be a smooth oriented 
ompa
t 4-manifoldwith boundary, and suppose that �X is di�eomorphi
 to Y . Re
all that there is awell-de�ned bilinear pairingH2(X ;Z)
H2(X; �X ;Z)! Z . The asso
iated quadrati
form, whi
h is given by the 
omposition with the in
lusion-indu
ed homomorphismH2(X; �X ;Z)! H2(X ;Z), is the interse
tion form on H2(X; �X ;Z). Let b+2 (X) =dimH2�0(X; �X ;R), i.e. the dimension of the maximal subspa
e of H2(X; �X ;R) on
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h the interse
tion form is positive semi-de�nite. (A more standard notation wouldbe b2�0(X), but for future appli
ations we want to syn
hronize our notation with the
losed 
ase.) Let K(X) denote the set of isomorphism 
lasses of Spin
 stru
tures onX that restri
t to L0 on �X . We de�ne the 
orresponding non-
ompa
t 
ylindri
alend manifold M := X [Y Y � [0;1), and 
hoose a 
ylindri
al end metri
 g on M .(Sometimes we shall denote su
h M by bX.) The goal of this se
tion is to de�ne therelative Seiberg-Witten invariantSWX : K(X)� fM(�X) �! Zusing moduli spa
es over M . Given L 2 K(X), we 
ontinue to denote the 
orre-sponding Spin
 stru
ture on M by L ! M . LetMM (L; g; �) be the 
ylindri
al endmoduli spa
e of the previous se
tion. Now suppose that d(L) � 0 (mod 2). We takea geometri
 representative D of �(pt)d=2, and de�neNX (L; x; g; !;D) :=MM (L; g; �) \D \ ��11 (x):Note that D is a generi
 d-
odimensional strati�ed set in the spa
e of 
on�gurations,where we 
an 
hoose D to be supported in a small neighborhood of the base �brationpoint. For the de�nition and properties of the � map, we refer the reader to the lastse
tion of [OS2℄.Definition 4.1. Let X, M , L, g, � be as above. Then for a generi
 D,NX(L; x; g; !;D) is a 
ompa
t oriented 0-dimensional manifold, and by 
ounting itspoints with signs, we de�neSWX (L; x) := #(NX(L; x; g; !;D)) :If d(L) � 1 (mod 2), then we de�ne SWX(L; x) = 0. As in the 
losed 
ase, we saythat X is of simple type when SWX (L; x) 6= 0 only if d(L) = 0.Definition 4.2. Similarly, we 
an de�ne the Æ-
on�ned relative Seiberg-Witteninvariant SW ÆX : K(X)� fM(�X) �! Zby substituting the Æ-
on�ned 
ylindri
al end moduli spa
e M ÆM (L; g; �) in the pla
eof MM (L; g; �) in the de�nitions above.Theorem 4.3. If b+2 (X) > 1, then SWX is independent of g and D. We haveSW ÆX(L ; � ) = 0 for all but �nitely many L 2 K(X). Furthermore, for any orientationpreserving self-di�eomorphism f : X ! X, we haveSWX(L; x) = (�1)�SWX(f�(L); f�(x));where � 2 Z=2 is the sign of the a
tion of f� on the 
ohomology orientation of thepair (X; �X).Proof. From the dimension formula in Lemma 3.3,M ÆM (L; g; �) is not empty onlyif 
1(detL)2 � 2e(M) + 3sign(M) :For every [A; �℄ 2 M ÆM (L; g; �), we havekF+A k2 � kF�A k2 = � ZX FA ^ FA = 4�2
1(detL)2 + ZN FA ^ FA ;
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ompa
t manifold X . It follows that there is auniversal 
onstant, K0 = K +2Æ� 4�2(2e(M) + 3sign(M)), independent of the Spin
stru
ture su
h that kF�A k2 � kF+A k2 � K0 :Here K is the 
onstant found in Lemma 3.4. As before, we have an estimatekF+A k2 � K1for a suitable 
onstant K1, and we 
an 
on
lude thatkFAk2 � K0 + 2K1 :Hen
e there are only �nitely many values of 
1(detL) 2 H2(X ;Z) for whi
h the
orresponding Æ-
on�ned SW -moduli spa
e is nonempty. Sin
e for any 
 2 H2(X ;Z)there are only �nitely many Spin
 stru
tures L with 
1(detL) = 
 , the fun
tion SW ÆXhas �nite support in the �rst fa
tor K(X). The rest of the statements 
an also beproved exa
tly the same way as in the 
losed 
ase.As in the 
losed 
ase, one has to worry about the 
hamber stru
tures in theauxiliary spa
e of parameters when b+2 (X) = 1. LetM denote the spa
e of Riemannianmetri
s on X , and M0 the subspa
e of metri
s on X that restri
t to hY on theboundary Y . Note that M0 is of in�nite 
odimension in M. Let H�0 denote theimage of the relative 
ohomology H2�0(X; �X ;R) in the absolute 
ohomology groupH2(X ;R). We haveH�0 �= R , sin
e we are always assuming that the interse
tion formof X is not negative de�nite. Let p+ : H2(X ;R) ! H�0 be the proje
tion map. Let$g be the unique g-harmoni
 L2 real 2-form onM = X[Y Y�[0;1) that has L2 norm1 and 
orresponds to a generator of H�0 with the 
hosen orientation (
f. Proposition(4.9) in [APS℄). Given L 2 K(X), we de�ne a fun
tion "L :M� i
2;+(M)! R by"L(g; �) = � ZM hi�;$gidvolg � 2� 
1(detL)[$g ℄ ;where p+(
1(detL)) = a[$g ℄ , and a = (
1(detL)=[$g ℄).Using the standard 
obordism argument (
f. [Sa℄), one 
an show that for any pairof triples (g; !; r); (g0; !0; r0) 2M0�
2��R with k!k; k!0k; jrj and jr0j all suÆ
ientlysmall and non-zero,#(NX(L; x; g; !;D)) = #(NX(L; x; g0; !0; D))holds whenever "L(g; �r) and "L(g0; �r0) have the same sign. Thus we 
an de�ne thefun
tion SW+X (L; x) to be the number #(NX (L; x; g; !;D)) for any generi
 triple(g; !; r) 2 M0�
2��R for whi
h k!k; jrj are extremely small and "L(g; �r) > 0 .Similarly, we de�ne SW�X (L; x) using any generi
 triple of parameters (g; !; r) 2M0�
2��R for whi
h k!k; jrj are small and "L(g; �r) < 0 . As a 
onvention, we shallhen
eforth let SWX � SW+X when b+2 (X) = 1, for both 
losed and non-
losed 
ases.Remark 4.4. As a 
onsequen
e of the wall-
rossing formula, the fun
tion SWXmay well have in�nite support in the variable L when b+2 (X) = 1. We shall see laterthat SWX a
tually depends on the sign of the parameter r in the perturbation.



46 B. D. PARK5. Orientation. In this short se
tion we establish the orientation and sign 
on-ventions that will be used throughout the next se
tion and beyond. Let X be as inthe previous se
tion. Instead of atta
hing Y � [0;1) to X and forming the 
ylin-dri
al end manifold bX, we 
an atta
h Y � (�1; 0℄ and form another 
ylindri
al endmanifold  �X := Y � (�1; 0℄ [Y X . Consider the moduli spa
e M �X of solutions tothe perturbed Seiberg-Witten equations (3.5) on  �X . This is easily seen to be dif-feomorphi
 to the SW -moduli spa
e for bX 
orresponding to the perturbation �[�r℄ .In other words, M �X (�[r℄) �= M bX(�[�r℄). In what follows we shall be looking at asmooth 
losed 4-manifold M that 
an be de
omposed as M = M1 [M2 su
h thatM1 \M2 = Y . We will 
ompare the SW -moduli spa
es over M , 
M1 and  �M 2 . Justas in (3.5) we perturb the standard SW -equations on M by a 2-form that dependson a real parameter r. Let r1; r2 denote the parameters in the perturbing 2-forms�1; �2 over 
M1 and �M2 respe
tively. We shall always 
hoose r1 = r2 = r . This meansthat when we a
tually evaluate SWM2 , we are 
omputing with moduli spa
es over
M2 
orresponding to the parameter �r2 .Now supposeM2 �=M1 . On
e we 
hoose orientations forM and Y , we obtain theindu
ed orientations on Mj and we have �M2 =��M1 . Let L be a Spin
 stru
tureon M1 that restri
ts to L0 on Y . Then SWM1(L; x) 6= 0 implies thatSWM2(�L; �x) = �SWM1(L; x) 6= 0 ;where the sign �=�1 depends on the a
tion of the a
tual identi�
ation of the bound-aries. Here �L denotes the Spin
 stru
ture on M2 that is the \re
e
tion" of L alongY . Finally, we refer the reader to x9.1 of [MST℄ for the way in whi
h the (
o)homologyorientations of M , (M1 ; �M1) and (M2 ; �M2) �t together in general.6. The produ
t formula. Let Mj (j = 1; 2) be a smooth 
ompa
t oriented 4-manifold with boundary �Mj = Y . For any orientation reversing self-di�eomorphism' : Y ! Y , we de�ne a 
losed oriented 4-manifold M(') = M1 [' M2. Let(ij)� : H1(Y )! H1(Mj) be the homomorphism indu
ed by the in
lusion map. Fromthis moment on, we assume that 
 2 Ker(ij)� for j = 1; 2 . This assumption implies,via the Mayer-Vietoris sequen
e, that (ij)� : H1(Mj) ! H1(Y ) is the zero homo-morphism. (For emphasis and future referen
e we shall say that su
h M(') and Mjsatisfy Condition (A).) Under su
h assumption, we 
an 
hoose bj 2 H2(Mj ; �Mj)su
h that �b1 = 
 and �b2 = '(
). Let �j � Mj be a smoothly embedded surfa
ewith boundary, representing bj . Let b̂j denote the dual element in H2(Mj).Let � 2 H2(M(');Z) denote the 
ohomology 
lass Poin
ar�e dual to the homology
lass represented by the smooth surfa
e (�1 [
 �2) in M('). We have (�j)�(�) = b̂j ,where �j : Mj ,! M(') is the in
lusion map. Note that i�(�) = ��([��℄) inside thegroup H2(Y ;Z), where i : Y ,!M(') denotes the in
lusion map and [��℄ 2 H2(�;Z)is the integral 
ohomology 
lass represented by the volume form of the orbifold � asin Se
tion 2. In what follows, we shall abuse the notation somewhat and use [��℄ todenote the 
ohomology 
lass � 2 H2(M(');Z).We de�ne a family of metri
s onM(') as follows. First we have the de
ompositionM(') �= M1 [ Y � [�1; 1℄ [M2 :Suppose we are given a metri
 g on M(') that is of the form h + dt2 on the ne
kY � [�1; 1℄, where h is a metri
 on Y as in Se
tion 2. For ea
h ` � 1, let �`(t) be a
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YtFig. 6.1.positive smooth fun
tion on [�1; 1℄ whi
h is identi
ally equal to one on [�1;�1=2℄ [[1=2; 1℄ and satis�es Z 1�1 �`(t)dt = 2` :We de�ne a metri
 g` to be g on the two ends X =M1 [M2 , and h+�`(t)2dt2 alongthe ne
k Y � [�1; 1℄. One should think of the family fg`g as stret
hing out the ne
kY � [�1; 1℄ isometri
ally into T` = Y � [�`; `℄. We denote the Riemannian manifold(M('); g`) by M(')` .Next we 
onstru
t a family of perturbing 2-forms that are supported on the ne
kT` . As in Se
tion 3, we 
hoose a 
ompa
tly supported 2-form ! 2 
2(Y � R) su
hthat k!kL2k is very small. Let k` : T` ,! Y � R be the in
lusion map. Let W0denote the Spin
 bundle over Y 
orresponding to L0 and let L0 = detL0 = detW0.As in Se
tion 3, we let W+ = W0 � R and L = detW+. Suppose L is a Spin
stru
ture on M(') that restri
ts to L0 on Y and W�(L) are the asso
iated Spin
bundles. Given a pair (A; �) 2 A(detL) � �(W+(L)), we de�ne the \push-forward"(k`)�(A; �) 2 A(L)� �(W+) as follows. We extend the restri
tion (A; �)jT` over thewhole in�nite 
ylinder Y � R by 
onstants, i.e.(k`)�(A; �) jY �ftg =8><>: (A; �)jY�f�`g if t � �` ,(A; �)jY�ftg if �` � t � ` ,(A; �)jY�f`g if t � ` .Using the same notation as before, we de�ne�` = f` � (k`)��ih�(k`)�(A;�)(!) � ir��1����� ;where f` : M(') ! [0; 1℄ is a suitable 
ut-o� fun
tion that vanishes away from theinterior of the ne
k T` .Now we 
onsider the following perturbed Seiberg-Witten equations on the 
losedmanifold M(')` : 6�A � = 0 ;�(FA + �`) = q(�) :(6.1)The 
orresponding moduli spa
e, or the set of solutions divided by the a
tion of thegauge group, will be denotedMM(')(L; g`; �`).Lemma 6.1. There is a 
onstant K > 0 depending only on M('), g and � su
hthat ZT`FA ^ FA � �K � 4�r [��℄ � 
1(detL)



48 B. D. PARKholds for all ` suÆ
iently large and every [A; �℄ 2 MM(')(L; g`; �`) for any Spin
stru
ture L on M(').Proof. Let St denote the restri
tion of (A; �) to the sli
e Yt = Y �ftg. By Stokes'theorem we haveC(S`) � C(S�`) =(6.2) 12 ZT`FA ^ FA + ZT`� ^ FA + ZY h̀�; 6�A�i � ZY� h̀�; 6�A�i :From Lemma 3.1 (i), we 
an assume thatC(S`)� C(S�`) � 0 :Over M(')` we haveZM1� ^ FA + ZT`� ^ FA + ZM2� ^ FA = 2�r [��℄ � 
1(detL) :From the 
ompa
tness ofMj and a priori pointwise bound on j�j, we obtain a universalbound on the integrals ZM1� ^ FA and ZM2� ^ FA ;that is independent of the ne
k-length ` and the Spin
 stru
ture L. Thus there is a
onstant K1 > 0 su
h thatZT`� ^ FA � 2�r [��℄ � 
1(detL) � K1(6.3)holds for all `. Moreover, there is a universal bound depending only on the Riemannianmanifolds Mj and the perturbation �` to bothZY`h�; 6�A�i and ZY�`h�; 6�A�i ;whi
h is gotten from the usual a priori pointwise bound on j�j and the L2-bound onr�. Our 
laim now follows easily.Lemma 6.2. There is a 
onstant K 0 > 0 independent of the ne
k-length ` and theSpin
 stru
tures su
h that0 � C(S`)� C(S�`) � K 0 + 2�r [��℄ � 
1(detL)holds for any solution S = (A; �) to the perturbed Seiberg-Witten equations on M(')`
orresponding to the Spin
 stru
ture L.Proof. First we observe that14�2 ZM(') ìFA ^ iFA = h
1(detL)2; [M(')℄i :It follows thatkF+A k2L2(X) � kF�A k2L2(X) + ZT`iFA ^ iFA = 4�2h
1(detL)2; [M(')℄i :(6.4)



A PRODUCT FORMULA FOR SEIBERG-WITTEN INVARIANT 49Now there is a uniform pointwise bound for j�j and hen
e for jF+A j independent of `and L. Thus there is a universal 
onstant K2 > 0 su
h thatkF+A k2L2(X) � K2 :(6.5)From the dimension formula,MM(')(L; g`; �`) is not empty only ifh
1(detL)2; [M(')℄i � 2e(M(')) + 3sign(M(')) :From Equation (6.4) we see thatZT`FA ^ FA � kF+A k2L2(X) � 4�2h
1(detL)2; [M(')℄i� K2 � 4�2(2e(M(')) + 3sign(M('))) :(6.6)From Equation (6.2) and Inequalities (6.3) and (6.6) we 
on
lude that the di�eren
eC(S`)� C(S�`) is also bounded from above by a 
onstant that doesn't depend on `.Remark 6.3. From Lemma 6.1 we get the following inequalityZT`iFA ^ iFA � K + 4�r [��℄ � 
1(detL) :(6.7)It follows from Equation (6.4) and Inequalities (6.5) and (6.7) that kF�A k2L2(X) isbounded from above by a 
onstantK3 = K2 + K + 4�r [��℄ � 
1(detL) � 4�2(2e(M(')) + 3sign(M(')))that doesn't depend on `. Now both kF�A k2L2(X) are bounded by 
onstants indepen-dent of the ne
k-length and hen
e Equation (6.4) tells us that����ZT` iFA ^ iFA����is also bounded by a 
onstant that depends only on the Riemannian manifolds Mj , �and the Spin
 stru
ture.Corollary 6.4. If [��℄ � 
1(detL) � 0 and r < 0, then there is no solutionto the perturbed Seiberg-Witten equations (6.1) on M(') 
orresponding to the Spin
stru
ture L. Similarly for the 
ase when [��℄ � 
1(detL)� 0 and r > 0 . 2Corollary 6.5. There is a 
onstant K0 > 0 independent of the ne
k-length `(but depending on L) su
h that for any solution (A; �) to the perturbed SW -equations(6.1), the L24 distan
e between the restri
tion (A(t); �(t)) and a stati
 solution is lessthan K0 � exp (�vr �minft+ `; `� tg)for every t 2 [�`; `℄, where vr is the 
onstant in Lemma 3.3.Proof. We 
an argue exa
tly the same way as in the proof of Corollary 7.5 in[MST℄ (p.762).



50 B. D. PARKAs before, let fMj(Y ) denote the SW -moduli spa
e of Y that is gotten by dividingout the SW -solution spa
e by the a
tion of the restri
ted gauge group G0(Mj). Notethat fMj(Y ) is a Z-aÆne spa
e, i.e. there is a set-theoreti
 one-to-one 
orresponden
ebetween fMj(Y ) and H1(Y ) �= Z. Let K(Mj) denote the set of isomorphism 
lassesof Spin
 stru
tures on the 
ompa
t manifold Mj that restri
t to L0 on �Mj . For L 2K(Mj), note that 
1(detL) 2 H2(Mj) 
an be lifted to an element of H2(Mj ; �Mj ;R).Now one 
an show that there is a natural one-to-one 
orresponden
e between fMj(Y )and the set �(Mj) := f 
 2 R j 
 = h
1(detL); bji for some L 2 K(Mj) g :Let Supp(SWMj ) denote the support of the fun
tion SWMj . Consider the real-valuedfun
tion �j : Supp(SWMj )! �(Mj) de�ned by�j(L; x) = h
1(detL); bji :Let Im(�j) denote the image of the map �j in �(Mj).Lemma 6.6. For a negative parameter r, the sets Im(�j) are bounded from below.Proof. We shall often drop the subs
ript j to simplify our notation. Suppose(A; �) is a solution to the perturbed SW -equations on the 
ylindri
al end manifoldM [Y Y � [0;1). We have to �nd a lower bound on the integrali2�Z�jFA = i2�Z�jF+A + i2�Z�jF�A :From the universal pointwise bound on jF+A j, we see that����� iZ�jF+A ����� � area(�j) � sup�j jF+A j � K 00(6.8)for some positive 
onstant K 00 independent of the Spin
 stru
ture.Next we let M` = M [Y (Y � [0 ; `℄) . Let b̂ denote a 
losed 2-form on M` whosede Rham 
ohomology 
lass is dual to [�j ℄ . Without loss of generality, we 
an assumethat (A; �) is in a temporal gauge, i.e. the dt 
omponent of A vanishes along the ne
kN` = Y � [0; `℄. Then we have�iZ�jF�A � ZN (̀i��1����) ^ �F�A � ���hib̂ ; F�A iL2��� � k ib̂k � kF�A k ;where k�k denotes the L2-norm on the imaginary valued 2-forms onM` . If kF�A k < 1 ,iZ�jF�A � �k ib̂k � 1rZN`� ^ F�A :From Inequality (6.8) we easily obtain a universal bound on ��RN` � ^ F+A �� . ThusRemark 3.5 now gives a universal lower bound (independent of the Spin
 stru
ture)to the integral RN` � ^ F�A . In the 
ase when kF�A k � 1 , we getiZ�jF�A � �k ib̂k � kF�A k2 � 1rZN`� ^ F�A :
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all that kF�A k2 = kF+A k2 � 4�2
1(detL)2 � ZY�[`;1)FA ^ FA� (
onstant) + 2ZY�[`;1)� ^ FA ;where L is the 
orresponding Spin
 stru
ture on the 
ylindri
al end manifold M [YY � [0;1). It follows thatiZ�jF�A � (
onstant) � 2 k ib̂k �ZY�[`;1)� ^ FA � 1r ZN`� ^ F�A :Sin
e jrj is very small, we 
an 
hoose ` large enough su
h that the right side of theabove inequality is dominated by the last term, whi
h is indeed bounded from belowindependent of the Spin
 stru
ture.Now 
onsider the non-
ompa
t surfa
e b�j := �j[�
�[0;1)� inside the 
ylindri
alend manifold 
Mj =Mj [Y Y � [0;1). We de�ne a map #jL :M
Mj (L; gj ; �j)! R by#jL (A; �) = i2�Zb�jFA :Note that the above integral makes sense sin
e we have exponential de
ay along the
ylinder. There is a natural one-to-one 
orresponden
e between Im(#jL ) and the image�1(M
Mj (L; gj ; �j)) � fMj(Y ).Corollary 6.7. For a negative parameter r, the sets Im(#jL ) are bounded frombelow independent of the Spin
 stru
ture L .Proof. From the previous lemma and Remark 3.5, we get a lower bound on#jL (A; �) = i2�Z�jFA + i2�Z
�[0;1)FA= i2�Z�jFA � 12�rZY�[0;1)� ^ FAindependent of the Spin
 stru
ture.Remark 6.8. By modifying some of the signs in the above proofs, one 
an easilyshow that for small positive values of r the sets Im(�j) and Im(#jL ) are bounded fromabove (independent of the Spin
 stru
ture).The gluing map ' indu
es an identi�
ation map, '� : fM2(Y ) ! fM1(Y ). Morepre
isely we �x, on
e and for all, a parti
ular Spin
 stru
ture L on the 
losed manifoldM(') that restri
ts to L0 on Y . This 
hoi
e spe
i�es a base point on ea
h Z-aÆne setfMj(Y ) via the evaluation on bj of the �rst Chern 
lass of the restri
tion of the Spin
stru
ture to Mj , and hen
e an identi�
ation fMj(Y ) �= H1(Y ). Now we 
an use theindu
ed automorphism on the 
ohomology '� : H1(Y ) ! H1(Y ). Hen
e using themap '�, we 
an de�ne the `graph' setGL(') := f (x; y) 2 fM1(Y )� fM2(Y ) j x = '�(y) g:



52 B. D. PARKLet K(M(')) denote the set of Spin
 stru
tures on M(') that restri
t to L0 on Y .There is the obvious gluing mapP : K(M1)�K(M2) �! K(M(')) :For every (L1;L2) 2 P�1(L), we have d(L1) + d(L2) = d(L), whered(L) = 14(
1(detL)2 � 2e(M('))� 3sign(M('))) :Theorem 6.9 (Produ
t Formula I). Let Mj , ' and M(') be as above. Supposethat b+2 (Mj) � 1 and that 
 2 Ker(ij)�. Then for every Spin
 stru
ture L 2 K(M(')),we have SWM(')(L) = XP�1(L) XGL(')SWM1(L1; x) � SWM2(L2; y) ;where the outer sum on the right side is taken over all pairs (L1;L2) in the preimageP�1(L), and the inner sum is taken over all points (x; y) 2 GL(').Proof. First we form the 
ylindri
al end manifolds 
Mj =Mj[Y Y � [0;1). GivenLj 2 K(Mj), let Nj(Lj) =M
Mj (Lj ; gj ; �j), where d�1e=�d�2e. From Lemma 3.3,we have maps � j1 : Nj(Lj)! fMj(Y ). De�ne N (L1;L2) to be the setf ([A1; �1℄; [A2; �2℄) 2 N1(L1)�N2(L2) j � 11[A1; �1℄ = '�� 21[A2; �2℄ g :Applying the estimates in previous lemmas to the standard gluing results and limitingarguments as in [MM℄, [T1℄ or [T2℄ shows that there is a di�eomorphismMM(')(L; g`; �`) �=�! aP�1(L)N (L1;L2) ;(6.9)for all ` suÆ
iently large, where the right side is the disjoint union taken over all pairs(L1;L2) in the preimage P�1(L).Next we show that the moduli spa
e MM(')(L; g`; �`) 
an be used to 
al
ulatethe Seiberg-Witten invariant of M(')` . Let P be as in the proof of Lemma 3.2. We
onsider the mapH : AL24(detL)� L24(W+(L))�P � [0; 1℄ �! L23 (M(')` ; i�+�W�(L))de�ned by H(A; �; �; s) = ( �(FA + �`(s))� q(�) ; 6�A� ) ;where �`(s) is the imaginary valued 2-form gotten by repla
ing ! in the de�nition of�` with �(s) 2 P . Note that �`(0) = f` � k�̀� is a 
onstant 2-form. Now let M denotethe zero set H�1(0) modulo the L25 gauge transformations. Let F denote the generi
�ber of the proje
tion, M! P , onto the third fa
tor. One 
an easily show that F isa smooth 
ompa
t manifold with boundary�F = MM(')(L; g`; �`(0)) a MM(')(L; g`; �`) :Thus we have the desired 
obordism between moduli spa
es.
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1M M2

Fig. 6.2.Finally let � be the �rst Chern 
lass of the based moduli spa
e overMM(')(L; g`; �`) when d(L) = 2n > 0. From the di�eomorphism (6.9), we see easilythat the Chern 
lass � on MM(')(L; g`; �`) 
an be de
omposed as �1 + �2 on the
omponent Nx := (� 11� � 21)�1('�(x); x) � N (L1;L2), from whi
h the 
ontributionto SWM(')(L) isZNx(�1 +�2)d(L)=2 =  d(L)=2d(L1)=2!Z(� 11)�1('�x)�d(L1)=21 Z(�21)�1(x)�d(L2)=22 :Now ea
h moduli spa
e (� j1)�1(x) is 
ompa
t and every 
on�guration (A; �) in itis asymptoti
 at in�nity to the same irredu
ible solution x on Y . This implies thatthe base point �bration over (� j1)�1(x) is trivial. Hen
e there will be a non-zero
ontribution only when d(L1) = d(L2) = 0 . Note that by Lemma 6.6, Corollary 6.7,Remark 6.8 and the orientation 
onventions in Se
tion 5, the sums o

uring in theprodu
t formula are a
tually �nite (
f. Figure 6.2).Remark 6.10. The above proof and Lemma 3.3 imply that SWM(')(L) = 0unless L 2 K(M(')). Also note that M(') and Mj are of simple type.Now for every Spin
 stru
ture L on M(') that restri
ts to L0 on Y , we de�ne asubset K(L) � K(M1)�K(M2) as follows: (L1;L2) 2 K(L) if and only ifh
1(detL); b1 + b2i = h
1(detL1); b1i+ h
1(detL2); b2i:Note that the de�nition of K(L) doesn't depend on the 
hoi
e of bj .Theorem 6.11 (Produ
t Formula II). LetMj , ' and M(') be as above. Supposethat b+2 (Mj) � 1 and that 
 2 Ker(ij)�. Then for every Spin
 stru
ture L ! M(')that restri
ts to L0 on Y , we haveXfL0 j 
1(L0)=
1(L)gSWM(')(L0) = XK(L) XGL0(')SWM1(L1; x) � SWM2(L2; y) ;where the sum on the left side is taken over all the elements of K(M(')) whosedeterminant line bundle has 
1(detL) as its �rst Chern 
lass, and the outer sum onthe right side is taken over all pairs (L1;L2) in K(L).



54 B. D. PARKProof. De�ne a map Q : K(M(')) ! Z by Q(L0) = h
1(detL0); b1 + b2i. We alsode�ne R : K(M1)�K(M2)! Z byR(L1;L2) = h
1(detL1); b1i+ h
1(detL2); b2i :Note that R = Q Æ P . If � denotes the 
onstant Q(L) = h
1(detL); b1 + b2i, then weeasily get a di�eomorphismaQ�1(�)� aP�1(L0)N (L1;L2)� �=�! aK(L)N (L1;L2) ;where K(L) = R�1(�) and N (L1;L2) are as in the previous proof.Definition 6.12. Given a smooth 
ompa
t oriented 4-manifold M with a possiblynonempty boundary, let C(M) denote the set of 
hara
teristi
 
ohomology 
lasses,fL 2 H2(M;�M ;Z) j L � w2(M;�M) (mod 2)g:When M is 
losed, Seiberg-Witten invariant de�nes, in the usual manner, a fun
tionSWM : C(M)! Z by SWM (L) := XfL j 
1(L)=LgSWM (L) :For the 
ase when �M is not empty, we de�ne SWM : C(M)� fM(�M)! Z bySWM (L; x) := XfL j 
1(L)=LgSWM (L; x) :We shall say that an element L 2 H2(M;�M ;Z) is a (relative) SW -basi
 
lass ifSWM (L ; � ) 6= 0.Definition 6.13. Suppose M is a 
losed smooth oriented 4-manifold withb+2 (M) > 0 and the SW -basi
 
lasses fLigi2I � H2(M ;Z). We then de�ne theformal series SWM := Xi2I SWM (Li) � exp(2Li) :Similarly, given a smooth 
ompa
t oriented 4-manifold X with boundary �X = Ysu
h that 
 = �b for some b 2 H2(X; �X), we de�neSWX := XfM(Y ) Xj2J SWX(Kj ; x) � exp (Kj) ;where the �rst sum is taken over the boundary values x 2 fM(�X) and the se
ond sumruns over the relative SW -basi
 
lasses fKjgj2J of X.Corollary 6.14 (Produ
t Formula III). When M(') and Mj satisfy Condition(A), we have the following equality of formal series :SWM(') = SWM1 � SWM2 :(6.10)Here, sums in the exponents are given by Poin
ar�e duality and the Mayer-Vietorissequen
e.
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-2

-2-2

-2 -2Fig. 7.1. Plumbing graph for E(1=2).7. Examples and 
omputations. First we 
he
k our produ
t formula againstthe well-known examples of ellipti
 surfa
es. Re
all that E(n) is a simply-
onne
tedellipti
 surfa
e with no multiple �bers and with geometri
 genus pg = n � 1. Let Fdenote the Poin
ar�e dual of the regular �ber in E(n). We simplify the notation byletting t := exp(F ). We look at the 
ase when r < 0 .Y embeds inside E(n) in the following way. First we re
all the half-Kummersurfa
e des
ription of E(1). Let L �= Z2 � C be a latti
e and form the quo-tient of C =L � C P1 by the involution (z; x) 7! (�z;�x), where z 2 C =L andx 2 C P1 = C [ f1g is an inhomogeneous 
oordinate. This quotient spa
e has eightsingular points 
orresponding to the �xed points of the involution. One 
an resolvethe singularities by repla
ing ea
h singular point by a nonsingular rational 
urve withself-interse
tion number (�2). The resulting nonsingular surfa
e is di�eomorphi
 tothe rational ellipti
 surfa
e E(1) = C P2#9C P2. The proje
tion onto the se
ond fa
-tor, C =L � C P1 ! C P1, indu
es a �bration p : E(1) ! C P1=(x � �x) = C P1. This�bration has exa
tly two singular �bers, p�1(0) and p�1(1), and ea
h singular �beris the union of �ve nonsingular rational 
urves of self-interse
tion (�2). See Figure 7.1for the linking diagram for these rational 
urves in ea
h singular �ber.Now 
hoose two disjoint open disks D0 and D1 in C P1 
entered at points 0 and1, respe
tively. Suppose we have the hemisphere de
omposition C P1 = D0 [ D1.We let E(1=2) to be a regular neighborhood of the singular �ber, i.e.E(1=2) := p�1(D0) = p�1(D1) :We see easily that our Seifert �bered spa
e Y o

urs as the boundary of E(1=2), i.e.Y = p�1(�D0) = p�1(�D1) :Consequently we have the following de
omposition of the rational ellipti
 surfa
e alongY E(1) = E(1=2) [Y E(1=2) :Note that Y is a T 2 bundle over S1, with monodromy given by the matrix��1 00 �1 � :We 
an 
hoose the generator 
 to be a se
tion of this torus bundle Y . For more detailson E(1=2) we refer the reader to [HKK℄.Sin
e the ellipti
 surfa
e E(n) is the �ber sum of E(n � 1) and E(1), we im-mediately get n embeddings of Y into E(n). See Figure 7.2 for some possible de-
ompositions of E(n) along Y . The dotted lines in the �gure indi
ate the �ber sum
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Y
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Fig. 7.2. De
omposition of E(1), E(2) and E(3).operation. We will let E((2m+1)=2) denote the �ber sum, E(m)#FE(1=2), of E(m)and E(1=2). To 
ompute the relative Seiberg-Witten invariant of E((2m+ 1)=2), weshall need the followingLemma 7.1 (Adjun
tion Inequality). Let X be a smooth 
ompa
t oriented 4-manifold with boundary �X = Y . Let �0 ,! X be a smoothly embedded surfa
e withboundary ��0 = 
 . Suppose V is a smoothly embedded surfa
e inside X of genusg(V ) > 0 , whose regular neighborhood lies in the interior of X and is disjoint from�0 . If L is a relative SW -basi
 
lass of X, thenjhL ; V ij + V � V � 2g(V )� 2 :Proof. The argument for the 
losed 
ase goes through with very little 
hange,on
e we substitute the 
ylindri
al end moduli spa
eM bX(L; g; �) in the pla
e of theordinary Seiberg-Witten moduli spa
e over a 
losed manifold. We just have to observethat the boundary map �1 onM bX(L; g; �) takes values in the perturbed SW -modulispa
e over Y , whi
h is everywhere both nondegenerate and irredu
ible. From thehypothesis we 
an assume that the support of � (and hen
e �) is disjoint from V . Thismeans that we are allowed to freely modify the metri
 around a small neighborhoodof V without e�e
ting the perturbation of the Seiberg-Witten equations (3.5) nor the
orresponding moduli spa
es over the 
ylindri
al end. For the proof in the 
losed 
ase,we refer the reader to [FS1℄, [KM1℄, [MST℄, [OS1℄ and [Sa℄.Now suppose L = 
1(detL) is a SW -basi
 
lass of E((2m + 1)=2). From theabove lemma and the 
omplete knowledge of the embedded surfa
es representing thegenerators of H2(E(n)), we easily dedu
e that L is a multiple of F . The assumption inthe beginning of Se
tion 6 is readily seen to be satis�ed. Note that [��℄ 2 H2(E(n))is the 
lass Poin
ar�e dual to the se
tion of the ellipti
 �bration. Similarly, bj 2H2(E((2m + 1)=2); Y ) is represented by the \half-se
tion". We start out by lookingat the \doubling" de
omposition E(3) = E(3=2) [Y E(3=2). Sin
e E(3) has only�nitely many SW -basi
 
lasses, the moduli spa
e ME(3)(L; g`; �`) is empty for allbut �nitely many Spin
 stru
tures L , provided that k!kL2k is suÆ
iently small. (Thisfollows from a 
obordism argument as in the proof of Theorem 6.9. Otherwise, there
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e of 2-forms, !i ! 0 , su
h that the 
orresponding solutions to (6.1)in turn 
onverge to a solution 
orresponding to the 
onstant perturbation.) Hen
eE(3) possesses a uniform energy bound on the solutions along the ne
k (namely,K 0� 2�r ; see Lemma 6.2), so we 
an 
hoose to work with Æ-
on�ned moduli spa
esfor some Æ � 0 . That is, we 
an 
hange for SW � SW Æ in the produ
t formulae.Just how large of a Æ is needed for su
h substitution depends on the 
hoi
e of themetri
 gj on the end manifold E(3=2).It follows that all the terms appearing in Equation (6.10) for E(3) are �nite sums.Keeping in mind the orientation 
onventions set down in Se
tion 5, we 
an expressthe right side of Equation (6.10) asSWE(3=2) � SWE(3=2) =  mXk=�l aktk! � lXn=�m�a�n tn! ;(7.1)where k � n � l (mod 2). Sin
e this has to equal SWE(3)= t�2 � t2, we must havem = �l+ 2 and ak = �1 for all k. Hen
e (7.1) be
omes (up to sign)�t�l + � t�l+2� � �tl�2 � � tl� ;(7.2)where � = �1 . Sin
e SWE(2) = 1 , we 
on
lude from the de
omposition E(2) =E(1=2) [Y E(3=2) that SWE(1=2) = SW �1E(3=2) = �tl�2 � � tl��1= t2�l (1 + � t2 + t4 + � t6 + � � � ) :Now both E(1) and E(1=2) admit metri
s of positive s
alar 
urvature. We 
hoose ametri
 g of positive s
alar 
urvature on E(1) su
h that the 
orresponding self-dualharmoni
 2-form $g is the K�ahler form with respe
t to whi
h C P1 has area 1 . We
an further arrange metri
 g so that "L(g; �) = �2�[$g℄ �L (
f. Se
tion 4). It followsthat for odd k > 0 , SW�E(1)(kF ) � 0 � SWE(1)(�kF ). (This is be
ause g haspositive s
alar 
urvature.) From the wall 
rossing formula in [LL℄, we 
on
lude thatSWE(1)(kF ) � 1 . Analogous argument for E(1=2) shows that jl j has to be small.Indeed we easily see that l = 0 or 2, depending on a suitable 
hoi
e of the homologyorientation. (Note that the 
ase l=1 violates our orientation 
onvention in Se
tion 5
onsidering (7.2).)We summarize our 
omputations so far: For the de
omposition E(3) = E(3=2)[YE(3=2), Equation (6.10) reads (up to sign)t�2 � t2 = (t�2 + 1) � (1� t2) :For the de
omposition E(2) = E(1=2) [Y E(3=2), Equation (6.10) reads1 = (1 + t2 + t4 + t6 + � � � )(1� t2) :For the de
omposition E(1) = E(1=2) [Y E(1=2), Equation (6.10) reads1Xi=0 t2(2i+1) = 11� t2 � 11 + t�2= (1 + t2 + t4 + t6 + � � � )(1� t�2 + t�4 � t�6 + � � � ) :
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e we already know from [FS2℄ the Seiberg-Witten invariants of E(n), we 
anindu
tively 
al
ulate the relative Seiberg-Witten invariants of the halvesE((2m+1)=2)for all non-negative integers m.Theorem 7.2. If t = exp(F ), then for any m � 0 we have (up to sign)SWE((2m+1)=2) = ( �t�2 � t2�m�1 (1 + t�2) if r < 0 ;�t�2 � t2�m�1 (1� t2) if r > 0 :Proof. We re
all that SWE(n) = �t�2 � t2�n�2. It follows thatSWE(2m)= �t�2 � t2�m�1 (1 + t�2) � (1� t2) �t�2 � t2�m�2= SWE((2m+1)=2) � SWE((2m�1)=2)holds up to a pres
ribed sign 
onvention.8. Adjun
tion inequality for manifolds with boundary Y . Using the re-sults of previous se
tions, we 
an 
ome up with a new adjun
tion inequality valid fora smoothly embedded surfa
e V inside an open 4-manifold X with �V � �X = Y .More pre
isely, we have the followingTheorem 8.1 (Adjun
tion Inequality II). Let X be a smooth 
ompa
t oriented 4-manifold with boundary �X = Y . Suppose that b+2 (X) > 1 and V ,! X is a smoothlyembedded surfa
e with boundary �V ,! �X su
h that �V = 
 . If L is a relativeSW -basi
 
lass for X, then we havejhL ; V ij + 2V �V � 4g(V ) :Proof. Form the 
losed manifold Z = X [Y E(3=2). Then there is a SW -basi

lass �L of Z su
h that �LjX = L and �LjE(3=2)= 2F . Let �V = V [
 �0 , where �0 isthe half-se
tion of E(3=2). From the adjun
tion inequality for Z , we havejh�L ; �V ij + �V � �V � 2g( �V )� 2 :But note that jh�L ; �V ij = 12 jhL ; V i + 2 j � 12 jhL ; V ij � 1 ;�V � �V = V � V � 1, and g( �V ) = g(V ).9. Extension to other 3-manifolds. It is easy to extend our results to otherSeifert �bered 3-manifolds of degree zero, e.g. �(2; 3; 6). In fa
t, let Y be the unit
ir
le bundle 
orresponding to an orbifold 
omplex line bundle N over a 2-dimensionalorbifold �. Then the following two properties(i) deg(N) = 0(ii) b1(Y ) = 1are all that we need in order to formally extend our arguments of the previous se
tionsto Y . In parti
ular, all the statements and formulae in Se
tion 6 
ontinue to be validfor this spe
ial 
lass of Seifert �bered 3-manifolds.
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