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tion. This paper develops a te
hnique for studying the bad redu
-tion of Shimura varieties atta
hed to twisted unitary groups. The Shimura varieties we
onsider are the pre
ise analogues in higher dimension of the modular 
urves X1(p).It turns out that the theory is 
ompletely analogous to the well-known theory formodular 
urves, due to Deligne and Rapoport [DR℄.Our original purpose in investigating these spe
ial 
ases of bad redu
tion was witha view to extending the te
hniques of Taylor-Wiles [TW℄ to deformations of mod `Galois representations of dimension > 2. The present arti
le has been extra
ted froman unpublished manus
ript, mostly written between 1996 and 1998, whi
h largelyrealized this obje
tive, though undoubtedly not in optimal form [HT1℄. Subsequentdevelopments, espe
ially an idea of Skinner and Wiles [SW℄ for bypassing Ribet'slevel-lowering argument, lead us to hope that more 
omplete results may be withinrea
h.The Taylor-Wiles method requires information about the tame rami�
ation at qof the Galois representations asso
iated to modular forms of level �1(q) for 
ertainprimes q highly 
ongruent to 1 modulo `. The extension of this method to higherdimension is based on the detailed study of the singularities of the spe
ial �ber at qfor level subgroups generalizing �1(q). In the interim, our work on the lo
al Langlands
onje
ture required a mu
h more 
omprehensive study of bad redu
tion of Shimuravarieties. The results of [HT2℄ apply in all levels, and yield the Galois-theoreti
 state-ments of the present paper as a spe
ial 
ase.Nevertheless, we feel the present paper is of independent interest. In the �rstpla
e, the results presented here are somewhat more pre
ise than those of [HT2℄, inthe situations to whi
h they apply. In parti
ular, the 
ongruen
e formula for theU -operator, proved in x4.2, is not stated expli
itly as su
h in [HT2℄. (A 
ongruen
eformula in the analogue of level �0(q), valid in 
onsiderable generality, is due to T.Wedhorn [We2℄; we treat the analogue of level �1(q).) In the se
ond pla
e, our method,based on the Tate-Oort 
lassi�
ation of group s
hemes of order p, is relatively elemen-tary, and is likely to apply to Shimura varieties whose geometry is not amenable tothe sort of analysis 
arried out in [HT2℄.Finally, the modular 
urves X1(p) play a spe
ial role in the theory of p-adi
modular forms, as developed by Hida and Coleman, as well as in the related work ofGross [Gr℄. We hope the approa
h to bad redu
tion developed here will 
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62 m. harris and r. tayloruse the Tate-Oort 
lassi�
ation for passing from level �0 to level �1, as in [DR℄. Wealso thank Gabber, Rapoport, and Zink for help in 
orre
ting sign errors in an earlyversion of the manus
ript, and Labesse for numerous 
onversations regarding base
hange. Finally, we thank Genestier for pointing out some bothersome notationalin
onsisten
ies, and suggesting a remedy.1. Notation for unitary groups.1.1. Let E be a totally real number �eld of degree d over Q and let K be atotally imaginary quadrati
 extension of E; let 
 2 Gal(K=E) denote the non-trivialautomorphism. We assume K 
ontains an imaginary quadrati
 �eld K0, so that K =K0 � E. We denote by �E and �K the sets of 
omplex embeddings of E and K. LetD be a 
entral simple algebra of dimension n2 over K, endowed with an involution,denoted ~
, that indu
es the Galois automorphism 
 on K; i.e., ~
 is an involution of these
ond kind.We de�ne algebrai
 groups U(D) = U(D; ~
) and GU(D) = GU(D; ~
) over Q su
hthat, for any Q-algebra R,U(D)(R) = fg 2 Dopp 
Q R j g � ~
(g) = 1g;GU(D)(R) = fg 2 Dopp 
Q R j g � ~
(g) = �(g) for some �(g) 2 R�g:Thus GU(D) admits a homomorphism � : GU(D) ! Gm with kernel U(D). Thereis an algebrai
 group UE(D) over E su
h that U(D) ��! RE=QUE(D), where RE=Qdenotes Weil's restri
tion of s
alars fun
tor. This isomorphism identi�es automorphi
representations of U(D) and UE(D).The groups U(D) (resp. GU(D)) are all inner forms of the same quasi-splitunitary group (resp. unitary similitude group), denoted U0 (resp. GU0). The group U0is of the form U(D0; ~�(�)0) where D0 is the matrix algebra and ~�(�)0 is an appropriateinvolution. Then U0;1 �= U(n2 ; n2 )[E:Q℄ if n is even, U0;1 �= U(n+12 ; n�12 )[E:Q℄ if n isodd.Let G be a redu
tive algebrai
 group over the number �eld E. If v is a pla
e ofE we let Gv = G(Qv ); if v is ar
himedean we let gv = Lie(Gv)C . We let G1 denoteQvj1Gv , the produ
t taken over all ar
himedean pla
es of E, and let g1 =Qvj1 gv.Let � be an irredu
ible automorphi
 representation of G; i.e., an irredu
ible(g1;K1)�G(Af )-module that embeds as a submodule of the spa
e of automorphi
forms relative to the 
hosen maximal 
ompa
t subgroup K1. We write � = �1 
 �fas usual, and say � is 
ohomologi
al if � is 
uspidal and if the relative Lie algebra
ohomology H�(g1;K1;�1
V ) 6= 0 for some �nite dimensional representation V ofg1. We let Coh(G) denote the set of 
ohomologi
al 
uspidal automorphi
 representa-tions of G, Coh(G; V ) � Coh(G) the subset of � for whi
h H�(g1;K1;�1
V ) 6= 0,with V �xed. If K � G(Af ) is a 
ompa
t open subgroup, let Coh(G;K) denote theset of � 2 Coh(G) su
h that �K 6= f0g, Coh(G;K; V ) = Coh(G;K) \ Coh(G; V ).Let A0(G) denote the spa
e of 
usp forms on G. Let Rep(G) denote the set ofequivalen
e 
lasses of irredu
ible (g1;K1) � G(Af )-modules. If � 2 Rep(G), welet m(�) = dimHom(�;A0(G)), where Hom denotes the spa
e of homomorphismsof (g1;K1) � G(Af )-modules. More generally, let S be a �nite set of pla
es of E,
ontaining the ar
himedean pla
es (for simpli
ity) and let Rep(G)S denote the set ofequivalen
e 
lasses of irredu
ible G(Af;S)-modules, where G(Af;S) � G(Af ) is thesubgroup with trivial entry at every pla
e in S. We say �S 2 Rep(G)S is automorphi




regular models of 
ertain shimura varieties 63if HomG(Af;S)(�S ;A0(G)) 6= 0;i.e., if �S 
an be extended to a 
uspidal automorphi
 representation of G. We say�S is 
ohomologi
al if it 
an be extended to a 
ohomologi
al 
uspidal automorphi
representation of G.We now �x a rational prime p that splits in K0 and an ar
himedean prime s0of E. We 
hoose a 
entral simple algebra D# over K, with involution of the se
ondkind ~
#. We write G = GU(D#; ~
#), G0 = U(D#; ~
#), and view G0 alternatively asa group over Q or E. We assume that(1.1.1) G01 �= U(n� 1; 1)� U(n)[E:Q℄�1:Moreover, if v is a �nite prime, we assume that(1.1.2) G0v �= U0;v if v does not split in K=E:In the appli
ations, we will always assume D# to be a division algebra.We need another involution ~
� of the se
ond kind onD#; ~
� is a positive involution,so that the unitary group U(D; ~
�) is totally de�nite at in�nity. The existen
e of su
hinvolutions is established as in the introdu
tion to [HT2℄.1.2. Open 
ompa
t subgroups. Fix an open 
ompa
t subgroupK =QvKv � G(Af ), and de�ne(1.2.1) SK(C ) = G(Q)nG(A)=ZG (R) �K1 �K; S(C ) = lim �SK(C );the limit taken with respe
t to in
lusion. Then SK is the lo
ally symmetri
 spa
easso
iated to G and its subgroup K. The stru
ture of the proje
tive limit S(C ) asthe set of 
omplex points of a Shimura variety will be re
alled below.We will be working with spe
i�
 
hoi
es of lo
al subgroups Kv. For any rationalprime q that splits in K0, we 
hoose a maximal 
ompa
t subgroup of Gq in the form(1.2.2) Z�q � Yv j qGv ;the produ
t being taken over divisors v of q in E. Here if w is a divisor of q in K0lying above v and if Dw is isomorphi
 to GL(a;Bw) for some fa
torization n = aband some division algebra Bw of degree b2 over Kw, then Gv 
an be taken in the formGL(a;OBw ), where OBw is the maximal order of Bw.We 
hoose a �nite set Q of �nite pla
es of E, ea
h dividing a distin
t rationalprime that splits in K0, and an additional �nite pla
e frg of E, also split in K. Primesq 2 Q are assumed to have the property that, if q is the rational prime divisible by q,then q splits 
ompletely in E. We let Q(Q) denote the set of rational primes divisibleby primes in Q. For q 2 Q we de�ne�0;q = fk 2 GL(n;Zq) j k � � �1 �0 �n�1� (mod q)g�1;q = fk 2 GL(n;Zq) j k � � 1 �0 �n�1� (mod q)g



64 m. harris and r. tayloras subgroups of the q-fa
tor of 1.2.2. Then we letK0;q = Z�q � Yv 6=q;vjqGL(n;Ov)� �0;q;K1;q = Z�q � Yv 6=q;vjqGL(n;Ov)� �1;q;viewed as subgroups of Gq .Let q(r) denote the residue 
hara
teristi
 of r. Let N0 denote the upper triangularunipotent subgroup of GL(n) and letI1(r) = fk � n 2 GL(n;Or) j k � 1 (mod r); n 2 N0(Or)g;I(r) = Z�q(r)� Yv 6=r;vjq(r)GL(n;Ow)� I1(r):We let(1.2.3) Kq(r) = Ir:Lemma 1.3. For q(r) suÆ
iently large, the lo
ally symmetri
 variety SK(C ) issmooth for K = K0;Q or K1;Q. Moreover, for any s 2 G(Af ) the groups s�1G(Q)s \K0;Q and s�1G(Q)s \K1;Q are trivial.Proof. The �rst assertion follows from the se
ond. Let K = K0;Q or K1;Q. Letx 2 s�1G(Q)s \ K for some s 2 G(Af ). The subgroup of G(A) generated by x isboth dis
rete and 
ompa
t, hen
e �nite. The group Ir is pro-q(r) and it follows thatx is a root of unity of order a power of q(r), lying in some extension �eld K0 of K thatadmits an embedding in D#. The degree of K0 over Q is bounded by n[K : Q℄, hen
efor q(r) suÆ
iently large we must have x = 1.1.4. Cohomology. Let V be a �nite-dimensional irredu
ible representation ofg1, and let � be an automorphi
 representation in Coh(G;K; V ). Let E be a �eld ofde�nition for V , �nite over Q. Fix a rational prime ` and an embedding of E in Q `,and let V (Q `) be the Q `-form of V de�ned by extension of s
alars from E . Let(1.4.1) ~V` = G(Q)nG(A) � V (Q `)=ZG(R) �K1 �Kbe the `-adi
 lo
al system over SK asso
iated to V and our 
hosen embedding of Ein Q `. The de�nition depends on K but the lo
al systems for K 0 � K are 
ompatiblewith the natural map SK0!SK , so we omit K from the notation for ~V`. We de�neH�(S(C ); ~V` ) = lim�!K H�(SK(C ); ~V` ):Sin
e �f o

urs in the 
ohomology of the 
omplex lo
al system asso
iated to V , itadmits a form, also denoted �f over a number �eld E(�). Let � be a prime of E(�)dividing `, and let �f;� = �f 
E(�) E(�)�; we apply the same notation to the lo
al
omponents of �f . Let(1.4.2) M�� [�f ℄ = H�(S(C ); ~V` )[�f ℄ = HomG(Af )(�f;�; H�(S(C ); ~V` ));a �nite-dimensional ve
tor spa
e over E(�)�.



regular models of 
ertain shimura varieties 65Let � be an automorphi
 representation of G. The restri
tion of � to the unitarygroup G0, whi
h 
an be viewed as an algebrai
 group over E, de
omposes as a dire
tsum of irredu
ible automorphi
 representations. Any two summands have the samelo
al 
omponents at any �nite pla
e w dividing a rational prime q that splits in K0,sin
e at su
h pla
es the similitude map splits as a produ
t G(Qq ) ' G0(Qq )�Q�q . Forsu
h a pla
e w, we say � is non-monodromi
 at w if one 
omponent (hen
e every
omponent) of the restri
tion of � to the unitary group G0 
orresponds under the lo
alLanglands 
orresponden
e to a semisimple representation of the Weil-Deligne group ofEw (if Gw is split) or 
orresponds to a super
uspidal representation of GL(n;Ew) bythe Ja
quet-Langlands 
orresponden
e (if Gw is the multipli
ative group of a divisionalgebra).Proposition 1.4.3. Let � be an automorphi
 representation of G su
h that�K1;Q 6= 0. Suppose �f is 
ohomologi
al, and o

urs only in 
ohomology in the middledegree n� 1. Then �q is generi
 for every q that splits in K0. For every w 2 Q, �wis either (a) unrami�ed; (b) prin
ipal series atta
hed to an n-tuple (�; �1; : : : ; �n�1)of 
hara
ters of E�w , with � tamely rami�ed and ea
h �i unrami�ed; or (
) the Lang-lands sum of a spe
ial representation of GL(2) and an unrami�ed representation ofGL(n� 2). In 
ases (a) and (
), but not in 
ase (b), �w has a �0;w-�xed ve
tor.Proof. The �rst assertion follows from the existen
e and properties of base 
hangeof � to GK0 ' GL(n)K � GL(1)K0 , [CL, L, 
f. HT2, VI.2℄. Let � denote the base
hange. Sin
e �f o

urs only in the middle degree, it follows from the results of [C2℄that � is 
uspidal, hen
e globally generi
 by Shalika's theorem. The generi
ity of �q isthen a 
onsequen
e of Theorem 4.6.2 of [L℄. The remaining assertions then follow easilyfrom the Bernstein-Zelevinsky 
lassi�
ation of admissible irredu
ible representationsof GL(n) and from the theory of the 
ondu
tor [JPSS℄.Remark 1.4.4 The hypothesis that �f o

urs only in the middle degree is stan-dard, and is automati
ally satis�ed, for instan
e, if � is obtained by des
ent [C1,CL℄from a 
uspidal automorphi
 
ohomologi
al representation of GL(n)K, or if �f is su-per
uspidal at one pla
e that splits in K (
f. [H1℄).1.5. Notation for unrami�ed He
ke algebras. Let CS(Q) denote the set ofall primes of Q, and let CS+(Q) be the subset of �nite primes that split in K0 and areunrami�ed in K. For v 2 CS+(Q) of residue 
hara
teristi
 p we 
hoose a pla
e v1 ofK0 above v, and let � = �(v1) be the set of primes of K dividing v1. Then we have(1.5.1) Gv �= Yw2�GL(n;Kw)�Q�v :The He
ke algebra Tv of Gv relative to any maximal 
ompa
t subgroup (
onjugateto Qw2�GL(n;OKw)�Z�v ) is isomorphi
 to a polynomial algebra over Z[ 1p ℄ in thevariables fTi;w; i = 1; : : : ; n; T�1n;w; w 2 �;T0;v; T�10;v g:Here Z[T0;v; T�10;v ℄ is the He
ke algebra of the fa
tor Q�v in 1.5.1; by abuse of languagewe refer to the Ti;w as the He
ke operators at w, or at the prime of E below w. The



66 m. harris and r. taylorHe
ke operators at w are normalized so that(1.5.2) Pw(q�s) = 1 + nXi=1(�1)iTi;wq�isis the lo
al Euler fa
tor at w of the motivi
ally normalized standard L-fun
tion ofGL(n). Here q is the order of the residue �eld k(w) and the inverse roots of Pw(X)are the Satake parameters, multiplied by q(n�1)=2. Up to 
anoni
al isomorphism thealgebra Tv does not depend on the 
hoi
e of v1 above v.The global He
ke algebra T is the tensor produ
t over v 2 CS+(Q) of the Tv . IfS is a �nite subset of CS+(Q), we let TS � T be the subalgebra generated by the Tvfor v =2 S.2. Shimura varieties and Galois representations.2.1. Shimura varieties de�ned by twisted and untwisted unitarygroups. Let E be a totally real �eld of degree d, K0 an imaginary quadrati
 �eld,K = K0 � E. As in 1.1, we let G be the similitude group of a division algebra D# ofdimension n2 over K with involution ~
# of the se
ond kind (with rational similitudefa
tor). We will always assume n > 2. The unitary group G0 � G is assumed tosatisfy (1.1.1) at real pla
es and (1.1.2) at �nite pla
es; we let s1 denote the real pla
eof E at whi
h G0 has signature (n � 1; 1). The �eld K0 is assumed to be given witha �xed 
omplex embedding 1K0 , and we let � be the set of 
omplex embeddings of Kindu
ing 1K0 on K0. Then � is a CM type of K. Let t1 2 � be the 
omplex pla
eabove s1.We use � to identify D# 
Q R ��! M(n; C )d . In terms of this identi�
ation, wede�ne h� : C� ' RC=RGm;C!(D#;opp 
Q R)�by(2.1.1) h�(z) = (� z � In�1 �z� ; zIn; : : : ; zIn);where the �rst matrix 
orresponds to t1. We may view h� as a homomorphism withvalues in GR. Let X = Xn�1 be the GR-
onjuga
y 
lass of homomorphisms fromRC=RGm;C to GR 
ontaining h�. ThenX has a naturalGR-invariant 
omplex stru
turewhi
h is isomorphi
 to the unit ball in C n�1 . The pair (G;X) is the datum de�ningthe Shimura variety S introdu
ed in (1.2.1), and 
onsidered in [C2,K,H1℄. As in [H1℄,we see that the re
ex �eld (Shimura �eld) E(G;X) is just t1(K).2.1.2. We �x a maximal orderO# � D#, stable under ~
�, and let Ô# = O#
ZẐ.Let V = D#, viewed as a 2dn2-dimensional ve
tor spa
e over Q with an embeddingD#!End(V ). The homomorphism h� takes values in D#;opp = EndD#(V ), and isde�ned over some extension L of K whi
h splits D#. There is then an L-rationalde
omposition(2.1.2.1) V 
Q L ��! V0 � V1;where V0 (resp. V1) is the �z- (resp. z)-eigenspa
e for h(z); the subspa
es V0 and V1are stable under the left a
tion of D# 
Q L.



regular models of 
ertain shimura varieties 67We restri
t our attention to open 
ompa
t subgroups K � Ô#;�, though thisis only for 
onvenien
e. Moreover, we always assume K fa
tors as the produ
t ofsubgroups of G(Qp ), as p varies over rational primes. We 
onsider the moduli problemAK , de�ned on the 
ategory of s
hemes over Spe
 E(G;X). For T a s
heme overSpe
 E(G;X) = Spe
 K, the fun
tor AK(T ) 
onsists of equivalen
e 
lasses (see below)of quadruples (A; �; �; �) 
onsisting of(2.1.2.2) An abelian s
heme A over T of dimension dn2;(2.1.2.3) An embedding � : O#!EndT (A);(2.1.2.4) A polarization � : A ��! Â, su
h that� Æ �(b) = \�(~
�(b)) Æ �for all b 2 O#;(2.1.2.5) An Ô#-equivariant level K stru
ture� : H1(A; Ẑ) =Yq Tq(A) ��! Ô# (mod K);in the sense of Kottwitz ([K2℄, pp. 390-391; 
f. [HT2℄), 
ompatible with �.These data are assumed to satisfy the determinant 
ondition of Kottwitz, namely(2.1.2.6) detOT (b;LieA) = detL(b;V1); b 2 O#:We 
onsider two quadruples (A; �; �; �) and (A0; �0; �0; �0) equivalent if there is anisogeny � : A ! A0 whi
h takes (�; �; �) to (t�0; �0; �0), where t is a positive rationalnumber.For K suÆ
iently small the fun
tor AK is representable by a smooth proje
tivevariety, also denoted AK , over E(G;X) [K2,x5℄. For general K we take a normalsubgroup of �nite index K 0 � K for whi
h AK0 is representable and then let AKbe the s
heme-theoreti
 quotient of AK0 by K=K 0. Then the Shimura variety SK ,viewed as a s
heme over Spe
 E(G;X), is an open and 
losed subs
heme of AK . Morepre
isely, AK is isomorphi
 to a �nite union of Shimura varieties of the form SK ,the number of Shimura varieties involved being given by the deviation from the Hasseprin
iple for G (
f. [K2,x8; RZ2, pp. 301-302℄). In parti
ular, SK is proje
tive for allK, and is smooth provided K \ (O#)� = f1g.Warning 2.1.2.7Note that the level stru
ture � de�ned here goes in the dire
tionopposite to the level stru
tures � introdu
ed in [HT2,IV.1℄, as well as in [K2℄. This
onvention, whi
h is justi�ed on Hodge-theoreti
 grounds, leads to a dualization inthe asso
iated Galois representations.2.1.3. The level stru
tures 
orresponding to the open 
ompa
t subgroups of theformK0;Q andK1;Q, de�ned as in 1.2, deserve spe
ial attention. Re
all that Q denotesa �nite set of primes of E dividing rational primes q that split 
ompletely in K, andsu
h that D# is split at all primes dividing q. In parti
ular, we may take L = Qq in(2.1.2.1); then(2.1.3.1) V 
Q L �= Mw j qM(n;Kw) �= Mw j qM(n;Qq )2;where w runs through primes of E (note: not K) dividing q and the exponent 2
orresponds to the quadrati
 extension K=E. We let Vw = M(n;Kw) in the above
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omposition. Re
all that we are identifying K with the sub�eld E(G;X) of Cvia t1. Then the �rst 
oordinate of h�, in the representation (2.1.1), pi
ks out onesummand of (2.1.3.1), say the summand Vq 
orresponding to the prime w = q. WriteVq = Vq(1) � Vq(2) , where q(1) and q(2) are the primes of K above w. These 
an benumbered so that(2.1.3.2) dimQq V0 \ Vq(1) = n; dimQq V1 \ Vq(1) = n(n� 1)dimQq V0 \ Vq(2) = n(n� 1); dimQq V1 \ Vq(2) = n:The 
orresponding maximal ideals of OK are denoted mq(i) , i = 1; 2.We let the q 
hosen in the pre
eding paragraph be the prime in Q dividing q,and we de�ne K0;q and K1;q as in 1.2 with respe
t to this 
hoi
e of w = q. ThusK?;Q = K?;q�Kq, where ? 2 f0; 1g andKq denotes the produ
t of the level subgroupsat primes away from q. Then the datum � breaks up into q-primary and prime-to-q
omponents, denoted in the obvious notation �q and(2.1.3.3) �q :Yp6=q Tp(A) ��! (Ô#)q (mod Kq);respe
tively. First 
onsider K0;Q. We let�q = GU(O# 
ZZq)� 'YwjqGL(n;Zq)�Z�q ;so that �q=K0;q is naturally in bije
tion with Pn�1(k(q)), where k(q) ' Fq is theresidue �eld of q. Let K+ = �q�Kq.Let $ be a uniformizer in Eq. We write t($)1 for the diagonal matrix with entry$�1 as �rst entry and 1 elsewhere, viewed as an element of G(Qq ) � G(Af ). Then(2.1.3.4) K0;Q = K+ \ t($)�11 K+t($)1:We thus have two maps fi : SK0;Q!SK+ , where f1 is de�ned by the in
lusionK0;Q � K+ and f2 is de�ned by in
lusion in t($)�11 K+t($)1, followed by right-multipli
ation by t($)�11 . Let x = (A; �; �; �) be a geometri
 point of SK , and letf2(x) = (A0; �0; �0; �0). Then x is determined by the quintuple (A;A0; �; �; �q).By modifying our de�nition of f2, we 
an arrange to have an isogeny A!A0, andthen realize SK0;Q as (an open and 
losed subs
heme of) the moduli spa
e parametriz-ing quintuples as above, with A!A0 an isogeny of a 
ertain type. However, we donot need an a
tual isogeny. Let A be an abelian s
heme over T as in (2.1.2.2), andlet Xq(A) be the asso
iated q-divisible group. Then Xq(A) inherits an a
tion ofO# 
ZZq. Let q(2) be the prime of K 
hosen above. Let e2 be an elementary idem-potent in M(n;Zq), whi
h we identify with O#q(2) = Ô# \ D#q(2) . Then e2 � Xq(A)is a q-divisible group of height n, whi
h we denote X(A)2. With our 
hoi
e of q(2),it follows easily from (2.1.2.6) and (2.1.3.2) that X(A)2 is of dimension 1. Now therational Tate modules Vq(A) = Tq(A) 
 Qq and Vq(A0) 
an be identi�ed. One seeseasily that e2 � Tq(A0) � e2 � Tq(A); hen
e there is an isogeny(2.1.3.5) X(A)2!X(A0)2with kernel OK isomorphi
 to OK=q(2) �= Z=qZ. We 
on
lude that
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iently small, the s
heme SK0;Q is an open and 
losedsubs
heme of the moduli s
heme parametrizing quintuples(A; �; �; �q ;X(A)2!X(A0)2);where (A; �; �) are as in (2.1.2.2-4), �q is a level Kq-stru
ture as in (2.1.3.3), andX(A)2!X(A0)2 is a q-isogeny of q-divisible Oq(2) -modules of height n and dimension1, the whole assumed to satisfy the determinant 
ondition (2.1.2.6).Here is an alternative de�nition of the moduli problem. De�neX(A)1 = e1 �Xq(A)by analogy with X(A)2 above, where e1 is an elementary idempotent in O#q(1) . We
hoose the pair (e1; e2) in su
h a way that the polarization � pla
es X(A)1 and X(A)2in Cartier duality. We 
onsider diagrams of the form(2.1.4.1) A00�. &�0A A0where (A; �; �; �q), (A0; �0; �0; (�0)q) are as above. In parti
ular � : A ��! Â, �0 :A0 ��! Â0, are prin
ipal polarizations. We assume � and �0 are isogenies of degree qn,with the following property. Let �̂ : Â!Â00 and �̂0 : Â0!Â00 be the dual isogenies to �,�0, respe
tively. Then Ker(�̂0) (resp. Ker(�̂)) is generated over O#q(2) (resp. O#q(1) ) bya subgroup Ĉ2 � X(A0)2 (resp. Ĉ1 � X(A)1) of order q. We let C1; C2 � X(A00) be theCartier duals of Ĉ1 and Ĉ2, respe
tively. Then � (resp. �0) indu
es an isomorphism�2 : X(A00)2 ��! X(A)2 (resp. �1 : X(A00)1 ��! X(A0)1) so that �0 Æ (�2)�1 (resp.� Æ (�1)�1) de�nes a q-isogeny r : X(A)2!X(A0)2 (resp. r0 : X(A0)1!X(A)1) withkernel 
anoni
ally isomorphi
 to C2 (resp. C1).It is assumed that � and �0 are 
ompatible with the O#-stru
ture, in the sensethat the indu
ed isomorphisms of rational q-adi
 Tate modules are assumed to beO#-linear. Finally, the two isogenies are assumed to be dual to ea
h other, in thesense that(2.1.4.2) �̂0 Æ �0 Æ �0 = �̂ Æ � Æ � : A00 ! Â00:Using these 
onditions one re
onstru
ts A00 and (A0; �0; �0; (�0)q) from (A; �; �; �q) andr : X(A)2!X(A0)2 in su
h a way that �0 and (�0)q 
orrespond to � and �q via theisogenies. Indeed, we 
an de�ne A00 to be the quotient of A0 by the O#q(2) -modulegenerated by r(X(A)2[q℄). The map �0 is de�ned so that A0!A00 �0!A0 is multipli
ationby q, viewed as an element of O#q(2) . Then ker(�) is de�ned to be ker(�̂0 Æ �0 Æ �0) \A00[q(1)℄.It follows easily from (2.1.4.2) that(2.1.4.3) ker(�0) = \ker(�) (Cartier duality).Indeed, letting f : A00!A00 denote the map in (2.1.4.2), we see thate1 � ker(f)� e2 � ker(f) = ker(f) \X(A00)1 � ker(f) \X(A00)2= e1 � ker(�) � e2 � ker(�0)= e1 � (� Æ �)�1 ker(�̂0)� e2 � (�0 Æ �0)�1 ker(�̂)



70 m. harris and r. taylorThis implies ker(�̂) ��! ker(�0), whi
h is equivalent to (2.1.4.3). In parti
ular,(2.1.4.4) C2 ��! Ĉ1 ��! e2 � ker(�); C1 ��! Ĉ2 ��! e1 � ker(�0);where C1 and C2 are de�ned as above.When Kq is not assumed small, we 
an realize SK0;Q as a quotient of a modulis
heme by a �nite group, as above. In the same way, we obtain a modular des
riptionof SK1;Q :2.1.4.5. For Kq suÆ
iently small, the s
heme SK1;Q is an open and 
losedsubs
heme of the moduli s
heme parametrizing quintuples(A; �; �; �q ; 
 : OK=q(1) ,! X(A0)1);where (A; �; �) are as in (2.1.2.2-4), �q is a level Kq-stru
ture as in (2.1.3.3), and
 is an embedding over T of the 
onstant group s
heme OK=q(1) in the q-divisibleOq(1) -module X(A0)1, 
ompatibly with the Oq(1) -stru
tures, the whole assumed tosatisfy the determinant 
ondition (2.1.2.6). By Cartier duality, 
 de�nes an embedding
� : �q!X(A)2.Remark-De�nition 2.1.4.6 The subgroup generated by 
 (resp. 
�) is the onedenoted C1 (resp. C2) above. Thus taking the subgroup generated by 
 and forgettingthe generator de�nes a map of fun
tors to SK0;Q . The quotient group K0;Q=K1;Q =Qw2Q k(w)� a
ts on the data (
1;q j q 2 Q), hen
e as a group of automorphisms ofSK1;Q , with quotient SK0;Q . However, the datum (2.1.2.5) 
orresponds, not to 
, butrather to 
�1 (a map from a subgroup of X(A0)1 to OK=q(1)). Now g 2 K0;Q=K1;Qa
ts on the datum (2.1.2.5) by sending � to gÆ�. It follows that, for w 2 Q, a 2 k(w)�a
ts on 
 by sending b 7! 
(b) to b 7! 
(a�1b). For a 2 k(w)�, we thus de�ne thediamond operator < a >2 Aut(SK1;Q=SK0;Q) to be the image of a�1 2 K0;Q=K1;Q.Then identifying 
 with the point P = 
(1), the diamond operator < a > takes P toa � P . The group of diamond operators is just K0;Q=K1;Q, most frequently when Q
onsists of a single element.2.1.5. Now let p be a prime of K of residue 
hara
teristi
 p at whi
h D# splits.Assume the rational prime p is unrami�ed in K. Then G(Qp ) admits hyperspe
ialmaximal 
ompa
t subgroups. Suppose Kp is a hyperspe
ial maximal 
ompa
t. ThenKottwitz has shown that SK extends to a smooth proper s
heme over Spe
 Op,representing the fun
tor AK de�ned as in 2.1.2, but with the additional hypothesisthat the polarization � of (2.1.2.4) is of degree prime to the residue 
hara
teristi
 (
f.[HT2, K2℄). In parti
ular, the representation of Gal(Q=K) on the `-adi
 
ohomologyis unrami�ed at p, provided ` 6= p.As observed by Carayol (
f. [Ca℄), the hypothesis that p be unrami�ed in K is infa
t unne
essary, but the fun
tor de�ned by 2.1.2 needs to be modi�ed. Details 
anbe found in [HT2,IV.2℄2.2. Modular de�nition of He
ke and U operators.2.2.1. We de�ne �1;q � GL(n;Zq) as in x1.2. We 
onsider the double 
osetUq = �1;q � t($)1�1;q � GL(n;Qq ). Here and in what follows we are identifyingGL(n;Qq ) = U(D#)q with D#;�q(2) . The identi�
ation with D#;�q(1) identi�es Uq with
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oset �01;q � (t($)1)�1�01;q, where �01;q 
onsists of invertible matri
es overZq 
ongruent to � 1 0� �n�1� (mod q).One veri�es immediately that(2.2.1.1) Uq =a�1;q � t($)1 � � 1 b0 In�1 � ;where b = (b1; : : : ; bn�1) runs through (Zq=qZq)n�1. Write W = Qnq . Let � = Znq �W be the standard latti
e, and let � denote the row ve
tor (q�1; 1; : : : ; 1), so that�1;q = fg 2 GL(W ) j g(�) = �; g(�) = � (mod �)g:Let �0 be the latti
e generated by � and �. Then the des
ription (2.2.1.1) shows that,in the standard right a
tion on latti
es, we have(2.2.1.2) (�; �) � Uq = f(�0; �0) jq�0 = � (mod �)g:Now 
onsider the 
orresponden
e Uq on SK1;Q �SK1;Q , de�ned in terms of thedata 2.1.4.5 as follows: Let T be a s
heme over E(G;X) and let x be a T -valuedpoint of SoK1. Then x 
orresponds to a quintuple (A; �; �; �q ; 
 : OK=q(1) ,! X(A0)1).Of 
ourse 
 is determined by the q(1)-torsion point P = 
(1). Let A0 be the abelianvariety asso
iated to A and to the isogeny � : X(A)2!X(A0)2 = X(A)2=Im(
�), as in(2.1.3.6), where 
� : �q!X(A)2 is the Cartier dual to 
, as in 2.1.4.5. With respe
tto the Weil pairings de�ned by � and �0, we have(2.2.1.3) (P; 
�(�)) = � for any � 2 �q :We 
onsider the set G� of homomorphisms (
0)� : �q!X(A0)2 su
h that, for any� 2 �q,(2.2.1.4) (
0)�(�) = �( ~P ); q ~P = 
�(�)Then Uq asso
iates to x the set of quintuples(2.2.1.5) f(A0; �0; �0; (�0)q ; 
0)g:where 
0 runs through the set of maps OK=q(1) ,! X(A0)1 su
h that (
0)� 2 G�.Lemma 2.2.2. The 
orresponden
e Uq is indu
ed by the He
ke operator Uq bythe standard re
ipe [K2, p. 393℄.Proof. This is 
lear from (2.2.1.2).2.2.3. For use in x3, we make expli
it the diagram (2.1.4.1) asso
iated to theimage of the point (A0; �0; �0; (�0)q ; 
0) in SK0;Q . We have repla
ed A by A0, and thenA0 is repla
ed by an abelian variety B0, say, so that the diagram is(2.2.3.1) B00�. &�0A0 B0satisfying the analogue of (2.1.4.2).
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 representations on the 
ohomology. We return to the situationof x1. Let SC, Q, r, K1;Q, and V be as in 1.2. The primes in Q are denoted wrather than q, and the primes above them in K are denoted w1 and w2. As in x2.2,the identi�
ation �w ' GL(n;Qq ) for w 2 Q is made via w2, so that K0;Q is uppertriangular parahori
. Let � 2 Coh(G; V ), in the notation of x1, and assume:(2.3.1) �K1;Q 6= 0Then Mn�1` [�f ℄, de�ned as in (1.4.2), is an n-dimensional Q `-ve
tor spa
e with anatural a
tion of Gal(K=K), whi
h we hen
eforth denote GK. Let E(�)� be as in 1.4,and write M�[�f ℄ for Mn�1� [�f ℄. We letr#� (�) : GK!Aut(M�[�f ℄)denote the natural a
tion.This is not quite the representation we want to asso
iate to �. In [H1,p 101℄ wede�ne a He
ke 
hara
ter �(�) = � Æ r�. More pre
isely, in [lo
. 
it.℄ we de�ned aHe
ke 
hara
ter denoted �(G�), whi
h in the present notation should be equal to�(G�) = �(�)�1 � j � j�n�12A ;but the formula was in
orre
t; the 
orre
t formula is given below. We let �(�)� denotethe 
orresponding �-adi
 
hara
ter of GK { indeed, the �eld of 
oeÆ
ients of �(�) is
ontained in E, so this makes sense { and we let(2.3.2) r�(�) = r#� (�) 
 (��)�;a
ting on M�[�f ℄. The 
orre
t formula for �(�) 
an be found in [H2, Errata to H1℄:(2.3.2.1) �(�)(a) = ��(NK=K0(a));where �� is the 
entral 
hara
ter of � and Gm;K0 is regarded as the subgroupZGL(n;K0) \G of G, the interse
tion taking pla
e in GL(n;K).Next, we let GE denote Gal(E=E), and de�ne�(�) = IndK=Er�(�)to be the indu
ed 2n-dimensional representation of GE , a
ting on the E(�)�-moduleIndK=EM�[�f ℄.For any prime v of Q that splits in K0 and is unrami�ed in K, and su
h that �v isunrami�ed we let �v;� : Tv ! E(�) denote the 
hara
ter by whi
h the lo
al unrami�edHe
ke algebra a
ts on �Kvv . Let S(�) be the set of all su
h unrami�ed primes, let TSbe the 
orresponding global He
ke algebra, as in x1.5, and let �� : TS ! E(�) be the
orresponding 
hara
ter; �� gives the natural a
tion of TS(�) on �K . If w is a primeof E dividing some prime in S(�), we let(2.3.3) ��(Pw)(X) = 1 + nXi=1(�1)i�(�)(Ti;w)X iin the notation of (1.5.2).
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ertain shimura varieties 73Theorem 2.3.4. Suppose � 
ontains a �xed ve
tor for a hyperspe
ial maximal
ompa
t subgroup of Gq(r) (i.e., not only a �xed ve
tor for Kq(r), as implied by (2.3.1)).Let Sbad be the set of primes of K dividing primes in Q or of residue 
hara
teristi
`. Then the representation r�(�) is unrami�ed outside Sbad. Moreover, for all but�nitely many primes w of E dividing rational primes in S(�), there is a prime w1 ofK dividing w and su
h that the arithmeti
 Frobenius Frobw1 satis�es��(Pw)(Frobw1 ) = 0:Remark. The 
hoi
e of w1 in the above theorem is determined as in 1.5 by the
hoi
e of identi�
ation of G0w with a general linear group. The base 
hange of � toK is 
onjugate self-dual, and one veri�es that, if w2 is the other prime dividing w,then ��(Pw)(qn�1Frob�1w2 ) = 0. Bear in mind also that the natural a
tion on the
ohomology of the Shimura variety is that of the Galois group of Q over the re
ex�eld, and that there is an impli
it identi�
ation of the re
ex �eld with K.An alternative way of phrasing this theorem is in terms of partial L-fun
tions:there is a �nite set S of �nite primes su
h that we have the equality of Euler produ
ts(2.3.4.1) LS(s; r�(�)) = LS(s� n� 12 ; BCK(�)):Here the right-hand side is the standard L-fun
tion with the unitary (Langlands)normalization; the supers
ript S indi
ates that fa
tors at S have been removed. Asmentioned above, we have normalized r� to make (2.3.4.1) true; 
f. the dis
ussion onp. 100 �. of [H1℄.Proof. The proof of this theorem is mainly due to Kottwitz, and is 
ontained in[K2℄. Spe
i�
ally, Kottwitz proves there that r�(�) is unrami�ed outside Sbad, ex
eptpossibly at primes of K rami�ed over Q. Moreover, Kottwitz determines the 
hara
-teristi
 polynomial of Frobenius in [K1℄ for almost all unrami�ed primes. His originalformulation in
ludes an exponent for the (unknown) multipli
ity. This exponent wasremoved by Taylor a few years later (
f. [H1, pp. 102-103℄).Theorem 2.3.5. Let w 2 Q of residue 
hara
teristi
 q. Let w1 be the prime ofK above w and let Zw � GE denote a de
omposition group. Suppose �w is in 
ase (b)of Proposition 1.4.3. Let (�; �1; : : : ; �n�1) be the 
orresponding n-tuple of 
hara
ters.Then r�(�)jZw breaks up as a dire
t sumr�(�)jZw ��! A�B:Here B is an unrami�ed representation and the inertia subgroup Iw of Zw a
ts on Avia the restri
tion to Iw of the 
hara
ter asso
iated to � via lo
al 
lass �eld theory.One of the main results of [HT2℄ is the generalization of Theorem 2.3.4 to de-termine the restri
tion of r�(�) to the de
omposition group of an arbitrary prime ofK not dividing `, up to semisimpli�
ation. In parti
ular, Theorem 2.3.5 is a weakversion, in a very spe
ial 
ase, of what is proved in [HT2℄. We give another proofin this spe
ial 
ase, based on a di�erent analysis of the bad redu
tion. The proof ofTheorem 2.3.5 requires a lengthy detour through the theory of moduli of p-divisiblegroups, and is the subje
t of x3.3. Regularity of 
ertain moduli problems.



74 m. harris and r. taylor3.0. Conventions. We will now study the Shimura varieties SK at 
ertainpla
es of bad redu
tion. The te
hniques of the present se
tion undoubtedly generalize,but for the time being we will make a series of restri
tive hypotheses. The notation isas at the beginning of 2.1. We �x a level subgroup K � G(Af ) that satis�es (1.2.3),for q(r) suÆ
iently large. Let q be a rational prime that splits 
ompletely in K andsu
h that K = Kq�Kq, with Kq � G(Qq ) a maximal 
ompa
t subgroup. We assumethe division algebra D# to be split at all primes of K dividing q, and we identify Kqas in 2.1.3 with(3.0.1) Z�q �YGL(n;Ov);the produ
t being taken over divisors v of q in E.We let q be the divisor of q in E 
hosen in x2.1.3 and let q(1) and q(2) be thedivisors of q in K, numbered as in (2.1.3.2). We identify G0q with GL(n;Kq(2) ). Insideits 
ompa
t open subgroup GL(n;Oq(2)), whi
h we identify with GL(n;Zq), we de�nethe open subgroups �0;q and �1;q as in x1.2. Similarly, we de�ne K0;q and K1;q assubgroups of Gq . We letK0(q) = K0;q �Kq; K1(q) = K1;q �Kqbe the 
orresponding subgroups of K. There is a natural isomorphism(3.0.2) F�q ��! K0(q)=K1(q) �= Aut(SK1(q)=SK0(q)):We denote by < a >2 Aut(SK1(q)=SK0(q)) the image of a 2 F�q under the isomor-phism (3.0.2). We will later have o

asion to 
onsider subgroups intermediate betweenK0(q) and K1(q).On the other hand, we will be studying the redu
tion of Shimura varieties overOq(1) � Kq(1) . We will identify Oq(1) with Oq, whi
h is isomorphi
 to Zq, and writeSq = Spe
(Oq). N.B.: the divisors in K of q used in the geometry and in the grouptheory are 
onjugate to one another! This is an inevitable 
onsequen
e of our 
hoi
eof Shimura datum.Sin
e the prime q will be �xed throughout this dis
ussion, we will write K0 =K0(q) and K1 = K1(q) when there is no danger of 
onfusion. We write SK1 and SK0for the 
orresponding Shimura varieties over E(G;X). We let Oq = OE
ZZq, so thatOq �=Qvjq Ov .3.1. Modular interpretations of SK and SK0. As indi
ated in x2.1.5, theShimura variety SK has good redu
tion at all primes of K dividing q. Let SK denotea smooth model of SK over Sq and let p = pK : SK ! Sq be the natural map. Underour hypothesis that K satis�es (1.2.4) for q(r) suÆ
iently large, we have seen in 2.1.5that p is a smooth proje
tive morphism [K2, x5℄. Moreover, SK is (an open and 
losedsubs
heme of) a moduli spa
e for abelian varieties with a 
ertain PEL type. Indeed,with our 
hoi
e of q, the moduli problem (2.1.2.2-6) is well-de�ned and representableon the 
ategory of s
hemes over Sq, and SK is the 
orresponding moduli s
heme.Note, however, that Kottwitz' determinant 
ondition (2.1.2.6) must be interpreted asan equality of polynomials, 
f. [K2,p. 390℄.Let i : Spe
(k(q)) �= Spe
(Fq ) ,! Sq denote the spe
ial point of Sq. The followingproposition is a spe
ial 
ase of a theorem of Wedhorn.
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ertain shimura varieties 75Proposition 3.1.1 [We1℄. Let i : y ! Sq be a geometri
 point lying over i, andlet SKy = y �Sq SK denote the 
orresponding geometri
 spe
ial �ber. The ordinarylo
us is open and dense in every irredu
ible 
omponent of SKy.Here by \ordinary lo
us" we mean the subs
heme whose geometri
 points 
orre-spond to ordinary abelian varieties with stru
ture (2.1.2.2-6).The moduli problem de�ning SK0 is rather more intri
ate to des
ribe. Our
onventions will be those of Rapoport and Zink in [RZ2℄. We will �rst de�ne themoduli problem in their notation, then provide a brief translation into more familiarlanguage. Let V = RK=QD#, Kq = K
Q Qq , Eq = E 
Q Qq , Vq = V 
Q Kq. Let q(1)and q(2) denote the two primes of K0 dividing q, and let(3.1.2) Kq = K
Q Qq ��! Kq(1) �Kq(2)be the natural de
omposition, with Kq(i) �= Qvjq(i) Kv , i = 1; 2, the produ
t takenover primes of K. There is a 
orresponding de
omposition Vq ��! Vq(1) � Vq(2) , andthe hermitian form < a; b >= TrD#(a~
(b)) (redu
ed tra
e) on V indu
es a dualitybetween Vq(1) and Vq(2) :(3.1.3) Vq(2) ��! HomEq (Vq(1) ; Eq):As in x2, we let q(1) and q(2) be the primes of K dividing q, with q(1) above q(1) andq(2) above q(2).By a latti
e in Vq(i) , i = 1; 2, we mean a free O#q -submodule. The subgroup Kq�xes a pair of latti
es �i � Vq(i) , i = 1; 2, that are pla
ed in duality with respe
t to(3.1.3). The subgroup K0;q is the stabilizer in Kq of a unique sublatti
e �01 � �1 ofindex q; we let �02 � �2 denote its dual in Vq(2) . In general, if � � Vq(1) is a latti
e,we write �? for its dual in Vq(2) . Let L denote the 
olle
tion of all pairs of latti
es(�;�?), with � � Vq(1) , �? � Vq(2) , su
h that � is �xed by K0;q. Then L is anexample of what Rapoport and Zink 
all a multi
hain of Oq-latti
es in Vq [RZ2, Def.3.10℄. More pre
isely, the set � � �? � Vq is the multi
hain, in the sense of [RZ2℄,but in the present 
ase the two notions are equivalent.For future referen
e, we let L1 denote the pair of latti
es �2 � �02 in Vq(2) .We will work in the 
ategory AV of abelian varieties up to prime-to-q isogeny.This is the 
ategory obtained from the 
ategory of abelian varieties by formally ad-joining the inverses of all isogenies with kernel of order prime to q. It is a 
ategorywhose sets of morphisms are naturally modules over the lo
alization Z(q) of Z at q. IfA is an abelian variety we let A(q) denote the 
orresponding obje
t in AV . If A;A0are abelian varieties, an isogeny � : A(q) ! A0(q) is a morphism su
h that n� is anisogeny from A to A0 for some integer n > 0 prime to q. The q-part of the kernelof � is well-de�ned and independent, up to 
anoni
al isomorphism, of the 
hoi
e ofrepresentatives A and A0 in the 
ategory of abelian varieties; we 
all it the q-kernel of�. A quasi-isogeny � : A(q)!A0(q) is a diagram of the formA(q) r1 � A00(q) r2�! A0(q)where the two arrows are isogenies. We de�neheight(�) = height(r2) � height(r1):



76 m. harris and r. taylorLet AVO#q denote the 
ategory whose obje
ts are abelian varieties A(q) up toprime-to-q isogeny, given with an embeddingO#q = O# 
Z(q) ,! End A(q):The morphisms in AVO#q are those morphisms in AV that respe
t the O#q -a
tion. Theq-divisible group Xq(A) of A 2 AVO#q depends only on A(q). We de�ne the q-divisibleOq(i) -module X(A)i = ei �Xq(A), i = 1; 2, as in 2.1.3. Re
all that X(A)2 is of heightn and dimension 1.An L-set of abelian varieties is a 
ovariant fun
tor from the 
ategory L (mapsgiven by in
lusions) to the 
ategory AVO#q satisfying several periodi
ity hypotheses[RZ2, Def. 6.5℄. In the present situation, it 
orresponds to a pair (A;A0) of abelianvarieties in the same isogeny 
lass, determined up to prime-to-q isogeny, with PELstru
tures (2.1.2.2-4) and a Kq-level stru
ture. We are also given a pair of isogenies� : X(A)2 ! X(A0)2, �1 : X(A0)1 ! X(A)1, in ea
h 
ase with kernels isomorphi
over OK to Oq(i)=q(i)-modules Ci, respe
tively, ea
h of rank 1. It is assumed thatKer(�2) is the Cartier dual of Ker(�1) with respe
t to the polarization (
f. 2.1.3.6).We 
an express this by saying that there is a quasiisogeny A r2 � A00 r1�! A0 with r1and r2 both isogenies of height n of O#-modules, su
h that r1 (resp. r2) indu
es anisomorphism on X(�)1 (resp. on X(�)2). In parti
ular, A0 is uniquely determined byC2, or equivalently by �, and by the 
ondition that A and A0 both admit a
tions bythe same maximal order in O#
Zq. Thus we o

asionally drop A0 from the notation.Rapoport and Zink [RZ2, Def. 6.9℄ de�ne a fun
tor AKq (L), a point of whi
hover the Sq-s
heme T is given by a quintuple as in (2.1.3.6). In the language of [RZ2℄,this 
onsists of3.1.4.1. An L-set (A;A0; � : X(A)2 ! X(A0)2) of obje
ts of AVO#q (T ), as above;3.1.4.2. A Q-homogeneous prin
ipal polarization �A of A;3.1.4.3. An OK;(q)-equivariant Kq-level stru
ture�q : H1(A;Aqf ) ' V 
Aqf (mod Kq)that respe
ts the bilinear forms on both sides up to a 
onstant in (Aqf )�.We also use the term L-set to refer to the triple (X(A)2;X(A0)2; �). The abovedata have to satisfy the determinant 
ondition (2.1.2.6), whi
h is adequate be
ause qis assumed unrami�ed in K. As remarked in [RZ2, p. 279℄, we then haveProposition 3.1.5. The fun
tor AKq (L) is representable by a proje
tive s
hemeover Sq, whi
h we also denote AKq (L). The generi
 �ber AKq (L)Kq of AKq (L) 
on-tains (SK0)Kq as an open and 
losed subs
heme.The se
ond statement is as in x2.1.In parti
ular, we 
an de�ne SK0 to be the s
heme-theoreti
 
losure of (SK0)Kq inAKq (L). It is again an open and 
losed subs
heme and the lo
al properties of AKq (L)determine those of SK0.3.2. Lo
al models of SK0. For any A 2 AV let X(A) denote its asso
iatedq-divisible group, and de�ne X(A)2 as above. The determinant 
ondition (2.1.2.6)translates into the 
ondition that3.2.1. (a) The 
onne
ted part X(A)o2 of X(A)2 is a rank-one formal OK;q(2) -module. In parti
ular, X(A)o2;q(2) is a one-dimensional formal group.



regular models of 
ertain shimura varieties 77(b) Let q0 6= q be a prime of E dividing q, and let q0;(i) be the divisor of q0 inK dividing q(i), i = 1; 2. Then the lo
alization X(A)q0;(i) of X(A) at OK;q0;(i) is ofmultipli
ative type (resp. �etale) for i = 1 (resp. i = 2).Let SsK0 denote the spe
ial �ber of SK0. Let x be a geometri
 point of SsK0; i.e.,a morphism Spe
(�) ! SK0 of Sq-s
hemes, where � is the algebrai
 
losure of theresidue �eld k(q) of Oq(1) , whi
h we identify with Oq. Rapoport and Zink have shownthat the in�nitesimal stru
ture of the moduli spa
e AKq (L), and hen
e of the openand 
losed subs
heme SK0, is determined in a neighborhood of x by the deformationtheory of the q-divisible OK;(q)-module(s) atta
hed to x.We follow the dis
ussion in [RZ2,6.12℄, to whi
h we refer for a dis
ussion of the
rystalline data. The point x 
orresponds to a quintuple(Ax; �x; �x; �qx; �x : X(Ax)2 ! X(A0x)2)of data (2.1.3.6). Let K0 be the �eld of fra
tions of the Witt ringW (�), with 
anoni
alFrobenius operator �, and write Sq = Spe
(W (�)). Let N be the iso
rystal asso
iatedto Ax by the 
ovariant Dieudonn�e fun
tor. There is an isomorphism of polarizedK 
K0-modules(3.2.2) N ��! V 
K0The 
rystalline Frobenius operator � on N 
orresponds under this isomorphism tothe operator b
 � for a (unique) b 2 G(K0). To these data we 
an then asso
iate a(
rystalline) PEL type(3.2.3) (�;OK;(q); V; b; �;L);where � is the minus
ule 
o
hara
ter of G 
orresponding to the Hodge de
omposition(2.1.2.1). The data (3.2.3) determine a formal s
heme �M whi
h is a moduli spa
e, onthe 
ategory NilpSq of Sq s
hemes on whi
h q is nilpotent, for L-sets (X;X0) of q-divisible OK;(q)-module(s) with PEL stru
ture analogous to (2.1.2.2-4), endowed withquasi-isogenies(3.2.4) � : (X;X0) �! (X(Ax);X(A0x)):For any su
h L-set (X;X0) of q-divisible OK;(q)-modules, there is a de
omposition(3.2.5) X ��! X1 �X2and a quasi-isogeny(3.2.6) �2 : X2!
X1
orresponding to (3.1.2) and (3.1.3), respe
tively, with 
ompatible de
omposition andquasi-isogeny for the primed q-divisible group. The map �2 identi�es the a
tion ofOK;q(2) on the left-hand side with that of OK;q(1) on the right, via the isomorphism(
omplex 
onjugation) 
 : Kq(2)!Kq(1) . Moreover, these stru
tures, together with theOK;(q)-a
tion and the pair of quasi-isogenies�1 : X1!X(Ax)1; �2 : X2!X(Ax)2;dedu
ed from (3.2.4), determine the obje
t (X;X0) uniquely. Here X(Ax)1 is de�nedas in 2.1.3 and X(Ax)2 is de�ned analogously.



78 m. harris and r. taylorWe state a weak version of the Rapoport-Zink theorem on p-adi
 uniformization[RZ2, Theorem 6.23℄.Theorem 3.2.7. Let x be a geometri
 point of SsK0. There is a lo
ally 
losed
onne
ted subs
heme T (x) � SK0 
ontaining the image of x, and a 
onne
ted formalsubs
heme �M0 � �M, admitting an �etale morphism� : �M0 �! T̂ (x)of formal s
hemes over Spf(W (�)). Here T̂ (x) is the formal 
ompletion of SK0 alongT (x).The statement in [RZ2℄ 
on
erns the whole isogeny 
lass 
ontaining x, whi
h isa union, generally in�nite, of 
losures of subs
hemes of the form T (x). We are only
on
erned with the �etale lo
al stru
ture of SK0 in a neighborhood of x, hen
e theabove formulation suÆ
es for our purposes.It follows that the nature of the singularities of of SsK0, if any, is en
oded bythe singularities of the 
onne
ted 
omponents of the formal s
heme �M. Let X�(G)denote the group of Qp -rational 
hara
ters of G. Rapoport and Zink 
onstru
t anatural morphism � : �M!� of formal s
hemes over Spf(W (�)) where � is the
onstant group s
heme over Spf(W (�)) [RZ2,3.52℄ asso
iated to the dis
rete groupHom(X�(G);Z) (homomorphisms of abelian groups). By 
onstru
tion � is a �bration.It 
an be de�ned by repla
ing the group G by its abelianization Gab and by repla
ingthe data (b; �) in (3.2.3) by their images in Gab, 
f. the proof of Prop. 1.21 in [RZ2℄;however, we will not use this fa
t.Now we return to the de
omposition (3.2.5). The map(3.2.8) (X;X0; �) 7! (X2;X02; �2)de�nes a morphism f1 : �M�! �M1where �M1 is the moduli spa
e of EL type, in the terminology of [RZ2,x3℄ (see below),parametrizing L1-sets (X1;X01) of q-divisible OK;q(1) -modules of height n and dimen-sion 1, rigidi�ed by a quasi-isogeny �1 to the �xed L1-set (X2(Ax);X2(A0x)). Hereby L1-set we just mean a pair (X2;X02) as above 
onne
ted by an isogeny X2 ! X02of degree q (
f. the de�nitions following (3.1.3)). By the dis
ussion pre
eding Theo-rem 3.2.7, we see that this morphism is just the forgetful map \forget �2". The setof possible �2's is a prin
ipal homogeneous spa
e under Q�q =Z�q , thus the map f1 is�etale. Moreover, if �M0 � �M is a 
onne
ted 
omponent, f indu
es an isomorphism�M0 ��! f( �M0). Thus we haveCorollary 3.2.9. In Theorem 3.2.7 �M 
an be repla
ed by �M1.Now we are redu
ed to studying the singularities of �M1. We begin by re
alling thede�nition of the EL data de�ning �M1. We are given the Qp -algebra Kq(2) , its maximalorder OK;q(2) , the free rank n Kq(2) -module Vq(2) , and its rank one submodule V0;q(2) .To these data is asso
iated the group G2 = GL(n)=Kq(2) . We are also given the
rystalline Frobenius �2 = �jVq(2) 
K0 with respe
t to the isomorphism (3.2.5), andhen
e the image b2 of the element b 2 G(K0) under the natural map G!G2 (forgetthe similitude fa
tor).



regular models of 
ertain shimura varieties 79However, the stru
ture of possible singularities is independent of b2. More pre-
isely, Rapoport and Zink de�ne a lo
al model M̂lo
, a proje
tive formal s
heme overSpf(W (�)) depending only on the data (Kq(1) ;OK;q(2) ; Vq(2) ; V1;q(2) ), for whi
h thefollowing proposition holds:Proposition 3.2.10. ( [RZ2,Prop. 3.33℄) Let x 2 �M1 be a 
losed point. Thenx has a pointed �etale neighborhood (U ; y)!( �M1; x) whi
h is formally �etale over M̂lo
.The 
onstru
tion underlying this proposition will be outlined in the 
ourse ofthe proof of Lemma 3.3.2. We 
opy the de�nition of the fun
tor Mlo
 from [RZ2,De�nition 3.27℄. Re
all that we identify OK;q(1) with Oq.Definition 3.2.11. A point of Mlo
 with values in an Oq-s
heme T is given by(a) an L1-set of lo
ally free rank one OT -modules t�2 ! t�02 and(b) a morphism of L1-sets�0 : �02 
Zq OT ! t�02 ; � : �2 
Zq OT ! t�2 ;Both �0 and � are surje
tive, and the obvious diagram is assumed 
ommutative.We let M̂lo
 denote the q-adi
 
ompletion of Mlo
 �Sq Spe
(W (�)).Proposition 3.2.12. Let s be a 
losed point of M̂lo
, and let M̂lo
s denote theformal 
ompletion of M̂lo
 along s. Suppose M̂lo
 is singular at s. Then there are a
omplete lo
al smooth W (�)-algebra S and an isomorphismM̂lo
s ��! Spf(S[[u; v℄℄=(uv � q))of formal s
hemes over Spf(W (�)).In parti
ular, M̂lo
 is regular and 
at over Spf(W (�)), and its spe
ial �ber hasonly singularities of the form (smooth) � (ordinary double point).Proof. The proof pro
eeds by making the lo
al equations for Mlo
 expli
it. Ourapproa
h is similar to that of de Jong in [dJ℄. We work over W (�). If T is a W (�)-s
heme, the points of Mlo
 with values in T are given by the data (a) and (b) ofDe�nition 3.2.11. In parti
ular, if T is in 
hara
teristi
 zero then the homomorphismt�2 ! t�02 is ne
essarily an isomorphism.We 
hoose bases fe; e1; : : : ; en�1g and ff; f1; : : : ; fn�1g of �02 and �2, respe
tively,so that e = qf; ei = fi; i = 1; : : : ; n� 1:These bases identify the proje
tivizations P(�02) and P(�2) with proje
tive spa
e Pn�1K0 .Let fX;X1; : : : ; Xn�1g and fY; Y1; : : : ; Yn�1g be the 
orresponding sets of homoge-neous 
oordinates. The quotients t�02 of �02
ZqOT de�nes a T -valued point of P(�02);likewise t�2 de�nes a T -valued point of P(�2). The 
ompatibility 
ondition is thatthese two points are identi�ed to the same point in Pn�1K0 . Assume T = Spe
(R) tobe aÆne and let (x; x1; : : : ; xn�1) and (y; y1; : : : ; yn�1) be their expressions in the ho-mogeneous 
oordinates de�ned above, with the x's and y's in R; then the 
onditionis that (qx; x1; : : : ; xn�1) and (y; y1; : : : ; yn�1) are proportional. In other words, thematrix(3.2.12.1) � qx x1 : : : xn�1y y1 : : : yn�1 �is of rank one.



80 m. harris and r. taylorThe 2-by-2 minors of (3.2.12.1) provide a set of homogeneous equations for thes
heme Mlo
. The assertions of the proposition follow easily from the form of theseequations, as we will see in a moment. We note for future referen
e the following fa
t:Remark 3.2.12.2. The open subs
heme Mlo
;�e �Mlo
, de�ned by the 
onditionthat the homomorphism t�2 ! t�02 be an isomorphism, is non-singular.It suÆ
es to 
onsider a geometri
 point z of Mlo
;�e in 
hara
teristi
 q. Let R bea 
omplete lo
al ring with residue �eld � and let the x's and y's be lo
al homogeneous
oordinates near z, as above; we may assume the x's and y's lie in R. The 
onditionz 2Mlo
;�e 
orresponds to the 
ondition that the rows of (3.2.12.1) be proportional witha fa
tor of proportionality � invertible in R. Consider the inhomogeneous 
oordinates.There are essentially three possibilities:(a) x1 is a unit, y1 is a unit. Letx0j = xjx1 ; y0j = yjy1 ; j > 1; y0 = yy1 ; x0 = xx1 :The inhomogeneous equations arey0 = x0; x0j = y0j ; j > 1;and these are always smooth.(b) yi is a unit for some i � 1. Without loss of generality we may assume i = 1.Then the invertibility of � implies x1 is also a unit, and we are redu
ed to 
ase (a).(
) y is a unit. This is impossible be
ause y = �qx with � invertible and x 2 R.It is 
ase (
) that gives rise to the singularities of Mlo
 outside Mlo
;�e.The following theorem appears to be the natural generalization to higher dimen-sions of the well-known theorem of Deligne and Rapoport on the lo
al stru
ture of themodular 
urve X0(q).Theorem 3.2.13. The moduli s
heme SK0 is regular and 
at over Sq, and itsspe
ial �ber is a union of smooth divisors with normal 
rossings. Moreover, if x is asingular point of the spe
ial �ber then the formal 
ompletion SK0;x is isomorphi
 to aformal s
heme of the form Spf(S[[u; v℄℄=(uv� q)), where S is a 
omplete lo
al smoothOq-algebra.Proof. The properties in question are lo
al in the �etale topology. Thus it suÆ
esto verify the theorem after base 
hange to W (�). The Theorem is thus a 
onsequen
eof Theorem 3.2.7, Corollary 3.2.9, Proposition 3.2.10, and Proposition 3.2.12.The following proposition is a strengthening of Proposition 3.1.1.:Proposition 3.2.14. Let i : y ! Sq be a geometri
 point lying over i, and letSK0;y = y �Sq SK0 denote the 
orresponding geometri
 spe
ial �ber. The ordinarylo
us is open and dense in every irredu
ible 
omponent of SK0;y.Proof. First note that the forgetful morphism SK0;y ! SK;y is �nite, i.e. has �nite�bers. Indeed, let x be a geometri
 point of SK;y, 
orresponding to an abelian varietyAx; then the points of SK0;y above x 
orrespond to the rank 1 Oq(2)=q(2)-subgroups
hemes C2 � Ax[q(2)℄. But the 
onne
ted part of the �nite 
at group s
heme Ax[q(1)℄is of dimension one. It follows easily that the set of possible C2's is �nite.On the other hand, it follows from Theorem 3.2.13 that every irredu
ible 
ompo-nent SK0;y is of dimension n � 1. Combining these two fa
ts with Proposition 3.1.1,



regular models of 
ertain shimura varieties 81we see that no irredu
ible 
omponent of SK0;y lies entirely over the 
omplement of theordinary lo
us in SK;y. The assertion now follows from Proposition 3.1.1.Remarks. The results of this se
tion were obtained in 1996. Analogous resultsfor Iwahori level were known to Rapoport previously (
f. [R℄ whi
h, however, onlytreats pla
es where the division algebra is rami�ed). General parahori
 levels andgeneral signatures have sin
e been treated by G�ortz [G℄, and Theorem 3.2.13 is nowregarded as the trivial 
ase.Counterexamples due to Stamm show that the analogue of Proposition 3.2.14 isnot valid in the generality of [We1℄. However, the present 
ase has also been 
onsideredin [We2℄, where Wedhorn obtains a 
ongruen
e formula related to the one proved inse
tion 4.2, below.3.3. Lo
al models of SK1 .3.3.1. Let (Auniv ; A0;univ ; �univ : X(Auniv)2!X(A0;univ)2) denote the universalL-set (3.1.4.1) of abelian varieties over the moduli s
heme AKq (L). Then the kernelof �univ is a �nite 
at group s
heme Cuniv2 of order q, isomorphi
 over OK to anOq(2)=q(2)-module of rank 1 (3.1.4). We use the same notation to denote the pullba
kof Cuniv2 to SK0 via the natural in
lusion. Similarly, we let Cuniv1 denote the kernelof the homomorphism �0;univ : X(A0;univ)1!X(Auniv)1 des
ribed in 2.1.3.6, so thatCuniv1 and Cuniv2 are 
anoni
ally Cartier dual (2.1.4.4).The property \C2 is �etale" is relatively representable over the fun
tor AKq (L)and de�nes an open subs
heme AKq (L)o�e [
f. [DR,xV.1℄. Likewise, the property \C1 is�etale", equivalent to the property \C2 is lo
ally isomorphi
 to �q in the �etale topology",de�nes an open subs
heme AKq (L)om of AKq (L). It follows from Proposition 3.2.14that 3.3.1.1. The union AKq (L)o = AKq (L)�e [ AKq (L)om is open and dense inAKq (L).We let SoK0, SoK0;�e, and SoK0;m denote the 
orresponding subs
hemes of SK0. Notethat SoK0 
ontains the ordinary lo
us but is in general larger.Let SK0 denote the spe
ial �ber of SK0, Xom = SK0 \ SoK0;m Xo�e = SK0 \ SoK0;�e,and let Xm and X�e denote the 
losures in SK0 of Xom and Xo�e , respe
tively. It followsfrom (3.3.1.1) that(3.3.1.2) SK0 = Xm [X�e:We will need the following strengthening of Theorem 3.2.13:Lemma 3.3.2. Let x be a singular point of the spe
ial �ber of SK0, and let(Ax; A0x; �x : X(Ax)2!X(A0x)2)be the 
orresponding L-set of obje
ts of AVO#q . Then Ker �x is isomorphi
 to theunipotent group s
heme �q.Proof. First, suppose Ker �x is of multipli
ative type. Sin
e Ax[q(2)℄ is one-dimensional, it follows that x is in the ordinary lo
us and Ker �x is the full q-torsionsubgroup X(A)o2[q℄ of the formal group X(A)o2 (
f. 3.2.4). Let (SK)o, resp. (SK0)odenote the ordinary lo
us of SK , resp. SK0 . The former is an open and 
losed



82 m. harris and r. taylorsubs
heme of the moduli spa
e AK for triples (A; �; �) as in 3.1.4, and the fun
-tor \forget � : X(A)2!X(A0)2" from AKq (L) to AK restri
ts to the 
anoni
al mapf : Xom!(SK)o. Then the map f admits a se
tion:(A; �; �) 7! (A;A0; �; �; �);where � : X1!X2=X(A)o2[q℄ is the tautologi
al map and A0 is determined by A andKer(�) as in the dis
ussion pre
eding 3.1.4.1. Sin
e SK is smooth, it follows that Xomis smooth, hen
e x is a smooth point.To treat the �etale 
ase we need to re
all brie
y how Proposition 3.2.10 is proved.Let (X2;X02; �2) be the universal rigidi�ed L1-set of q-divisible OK;q(2) -modules over�M1, in the notation of (3.2.8). Let NilpW (�) be the 
ategory of W (�) s
hemes onwhi
h q is lo
ally nilpotent. Let N be the fun
tor on NilpW (�) su
h that, for S 2NilpW (�), N (S) is given by triples ((X2;X02); �2; (
2; 
02)). Here ((X2;X02); �2) 2�M1(S) and (
2; 
02) : (M(X2);M(X02)) ��! (�2;�02)
Zq OSis an isomorphism of L1-sets ofOS-modules, whereM(�) denotes the 
rystal asso
iatedto the q-divisible OK;q(2) -module �. Then N is representable by a formal s
heme. Theforgetful fun
tor de�nes a formally smooth morphism N! �M1.Consider the morphism  of fun
tors that to the triple ((X2;X02); �2; (
2; 
02))asso
iates the 
omposite morphism of L1-sets:(3.3.2.1) (�2;�02)
Zq OS ��! (M(X2);M(X02))! (Lie(X2); Lie(X02)):Here the �rst arrow is given by (
2; 
02)�1, while the se
ond morphism is given by thetheory of Grothendie
k and Messing [Me℄. Then  de�nes a morphism  : N!M̂lo
(
f. [RZ2℄, p. 90).Let x 2 �M1 be a 
losed geometri
 point, and assume the 
orresponding morphismX2;x!X02;x is �etale. We need to show that x is a smooth point of �M1. Rapoport andZink 
onsider a 
ertain 
lass of se
tions s of N! �M1 on pointed �etale neighborhoods(U ; y) of ( �M1; x), whi
h are 
alled rigid of the �rst order [RZ2,p. 91℄. They showthat if s : (U ; y)! �M1 is rigid of the �rst order, then  Æ s : U!M̂lo
 is formally �etalein a Zariski open neighborhood of y ([RZ2, Prop. 3.33℄). On the other hand, it isimmediate from the de�nitions that if X2;x!X02;x is �etale, then s(y) 2 M̂lo
;�e, de�nedas the q-adi
 
ompletion of Mlo
;�e �Spe
(Oq)W (�). But Remark 3.2.12.2 implies thatM̂lo
;�e is smooth. This implies that x is a smooth point, and 
ompletes the proof ofLemma 3.3.2.Proposition 3.3.3. The subs
hemes Xm and X�e are smooth divisors on SK0.Proof. Let x be a singular point of SK0 
ontained in Xm. We repla
e SK0 by anappropriate �etale neighborhood of x, whi
h we may take to be isomorphi
 to Spe
(R),R = S[u; v℄=(uv � q), with notation as in Theorem 3.2.13. It follows from Theorem3.2.13 that x lies on the interse
tion of two smooth irredu
ible 
omponents of theinverse image in Spe
(R) of Xm, say D1 and D2. Following a suggestion of de Jong,we use the Tate-Oort theory [TO℄ to des
ribe the group s
heme of prime order Cuniv1in a neighborhood of x. We may assume u to be a lo
al parameter for D1 and v alo
al parameter for D2. Let C denote the pullba
k of Cuniv1 to Spe
(R). Sin
e R
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ertain shimura varieties 83is aÆne it follows from the main theorem of [TO℄ that C is determined by a pair ofelements x; y 2 R with xy = q, and that C is �etale on the subset of Spe
(R) where xis invertible. But our hypothesis is that Cuniv2 is multipli
ative, hen
e Cuniv1 is �etale,on the non-singular lo
us of D1 [D2. Sin
e SK0 is regular, the subvariety de�ned bythe vanishing of x is purely of 
odimension one. Thus x is invertible in R, and C is�etale on Spe
(R). But then it follows from Lemma 3.3.2 that x is not a singular point.The argument for X�e is analogous.Remark 3.3.4. Let R be a Zq algebra. The Tate-Oort theory a
tually 
lassi�esgroup s
hemes of order q over Spe
(R) by elements a and b in R su
h that thatab = wq , where wq = �q for a 
ertain expli
it unit � in Zq. Our parameters aboveare x = ��1a, y = b. The distin
tion is important for the group stru
ture but not forthe lo
al geometry. Thus we let GR(x; y) denote the group over Spe
(R) asso
iatedto (a = �x; b = y) in the Tate-Oort 
lassi�
ation. ThenGR(x; y) �= GR(x0; y0) if and only if x=x0 is the (q � 1)st power of a unit in R.The proof yields the following Corollary:Corollary 3.3.5. Let s be a singular point of SK0 and let Spf(S[[u; v℄℄=(uv�q))be a lo
al model for the formal 
ompletion of SK0 along s, in the notation of Theorem3.2.13. Then s lies in the interse
tion Xm \ X�e, and, up to inter
hanging u andv, u is a lo
al equation for X�e and v is a lo
al equation for Xm. Moreover, in theTate-Oort 
lassi�
ation for the pullba
k C of Cuniv1 to Spf(S[[u; v℄℄=(uv � q)), wehave C ' GR(x; y), with R = S[[u; v℄℄=(uv � q), x = �u, y = ��1v, for some� 2 (S[[u; v℄℄=(uv � q))�.Proof. Only the last statement needs justi�
ation. But in the Tate-Oort theory,x (resp. y) vanishes pre
isely where Cuniv1 is not �etale (resp. multipli
ative). Thusthe variety de�ned by x is the subset X�e where Cuniv2 is not multipli
ative, so x = aufor some a 2 (S[[u; v℄℄=(uv � q))�, and we 
on
lude by re
alling that xy = q = uv.We now turn to the moduli s
heme SK1 . Let C+ denote the 
omplement ofthe zero se
tion of Cuniv1 over the generi
 �ber (SK0)Kq . Then C+ tautologi
allyrepresents the fun
tor(3.3.5.1) T 7! (T -valued point f : T!(SK0)Kqplus a generator of f�(Cuniv1 ) over T)On the other hand, just as in the ellipti
 modular 
ase (3.3.5.1) is representedby SK1 over Kq (
f. 2.1.4.5). Thus in order to obtain a regular model for SK1 overSq it will be enough to �nd a regular model for C+. We do this expli
itly using theTate-Oort equations.Proposition 3.3.6. (a) The moduli s
heme SK1 has a 
at model SK1 over Sqwhi
h is a regular s
heme, and whose spe
ial �ber is a divisor with normal 
rossings,ea
h of whose 
omponents has multipli
ity prime to q. More pre
isely, there is a �nite
at morphism p1 : SK1 ! SK0.(b) The inverse image Ym = p�11 (Xm) is a redu
ed divisor on SK1, while Y�e =p�11 (X�e) is a divisor with multipli
ity q � 1, and the map p1 : Y�e;red!X�e is an iso-morphism.(
) Let Ysing denote the singular lo
us of SK1. Then Ysing;red is smooth and allits 
omponents are of 
odimension 1 in the spe
ial �ber.



84 m. harris and r. taylorProof. We de�ne SK1 to be the normalization of SK0 in C+. All assertions arelo
al on SK0, so we 
an work over a neighborhood of a geometri
 point s of the spe
ial�ber SK0 . There are three 
ases to 
onsider.Case 1: s 2 Xom. Then C+ is �etale over SK0 in a neighborhood of s, and the
laims follow immediately from Theorem 3.2.13.Case 2: s 2 Xo�e . Then C+ is of multipli
ative type, hen
e is isomorphi
 to �q onan �etale neighborhood of s. The statement about multipli
ities is then obvious, as isthe assertion that p1 : Y�e;red!X�e is an isomorphism.Case 3: s 2 X�e \ Xm. We use the notation of Corollary 3.3.5. Let � be theunit introdu
ed in the statement of Corollary 3.3.5. By the remark pre
eding that
orollary, C ' GR(u; v) if and only if the unit � is a (q�1)st power in S[[u; v℄℄=(uv�q).Now the extension (S[[u; v℄℄=(uv�q))[(�) 1q�1 ℄ is �nite and �etale over S[[u; v℄℄=(uv�q).Sin
e our theorem is lo
al in the �etale topology, we may assume C ' GR(u; v).Now we re
all the Tate-Oort lo
al equations for GR(u; v). On p. 13 of [TO℄ areintrodu
ed parameters U and y su
h that, setting X1 = wqU1�q , X2 = Uq�1, andY = U�1y, and working on the formal 
ompletion of Spe
 S[u; v℄=(uv � q), we have(3.3.7) GR(u; v) = Spf(S[Y ℄[[X1; X2℄℄=(X1X2�wq ; Y q�X1Y ); X1 = �u; X2 = v:Now the fa
torization Y q �X1Y = Y (Y q�1 �X1) de�nes an inje
tive map from thering on the right-hand side of (3.3.7) to the dire
t produ
t of two rings R0 and R�,where R0 = S[[X1; X2℄℄=(X1X2 � wq); R� = S[[X2; Y ℄℄=(Y q�1X2 � wq):Dually, we have a surje
tive morphismSpf(R0) a Spf(R�) ! GR(u; v):The image of Spf(R0) 
orresponds to the zero se
tion, while the image of Spf(R�) isthe s
heme-theoreti
 
losure of C+. It follows that Spf(R�) is a lo
al model for C+over a neighborhood of the singular point s. Obviously Spf(R�) has the propertiesrequired, and the 
onstru
tion shows that p1 : Ye;red!X�e is an isomorphism near s.Moreover, Spf(R�) is normal, and it follows just as in [DR,xV.2℄ that Spf(R�) is aformal lo
al model for SK1 near s.This 
ompletes the proof.The analogy with [DR℄ be
omes 
learer if we extend s
alars to Oq[�q ℄, where �qdenotes a primitive q-th root of 1. Let ~Sq = Spe
(Oq[�q ℄).Proposition 3.3.8. (a) The moduli s
heme SK1 �Kq Kq(�q) has a 
at model~SK1 over ~Sq whi
h is a regular s
heme, and whose spe
ial �ber is a redu
ed divisorwith normal 
rossings. More pre
isely, there is a �nite 
at morphism ~p1 : ~SK1 !SK0 �Sq ~Sq.(b) The inverse images ~Y�e = ~p�11 (X�e) and ~Ym = ~p�11 (Xm) are redu
ed divisors on~SK1. Moreover, ~Ym ' Ym and ~Y oe = ~p�11 (Xo�e ) is �etale over (Y o�e )red ' Xo�e with Galoisgroup isomorphi
 to the group of diamond operators (
f. Remark-De�nition 2.1.4.6).(
) The model ~SK1 
an be de�ned as the normalization of SK0 �Sq ~Sq in thes
heme IsomSK0�SqSpe
(Kq(�q))(Z=qZ; C1):
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ertain shimura varieties 85(d) Over the 
omplement of ~Ym (resp. ~Y�e) ~SK1 represents the fun
torIsom(�q ; C1) (resp. Isom(Z=qZ; C1)), and these two are 
anoni
ally isomorphi
 overthe generi
 �ber.Proof. The �rst part of the proof of Proposition 3.3.6 showed that we 
an takethe universal group s
heme C over SK0 to be �etale lo
ally isomorphi
 to GR(u; v). LetR0 = Zq[u; v℄=(uv � q). Then GR(u; v) is the base 
hange from R0 to R of GR0(u; v),and it suÆ
es to work over the base R0, a lo
al 
urve over Spe
(Zq) �= Sq. Then theproof of [DR,Lemma V.2.8℄ applies word for word to yield the result. Parts (
) and(d) are the analogues of [DR, Theorem 2.7℄ and [DR, Prop. 2.3℄, respe
tively, and theproofs are identi
al.We write down the expli
it lo
al equations sin
e we will need them for the fol-lowing lemma. The formal 
ompletion of ~SK1 at a singular point is isomorphi
 to(3.3.8.1) Spf(S[[�q; x; y℄℄=(xy � w));where w is a uniformizing parameter in Zq[�q ℄.Let ! : (Z=qZ)�! Z�q be the Tei
hm�uller 
hara
ter.Lemma 3.3.9. The diamond operators < a > 2 Aut(SK1(q)=SK0(q)) extend toautomorphisms of SK1 (resp. ~SK1) that a
t trivially on (Y�e)red (resp. on ~Ym \ ~Y�e).Proof. The a
tion of the diamond operators < a > on SK1(q), in terms of (3.3.6),is dedu
ed from the a
tion on C+ taking a se
tion 
 to [a℄
, where [a℄ denotes mul-tipli
ation by a (
f. 2.1.4.6). In the model GR(u; v), with equations (3.3.8) [a℄ takesY to !(a)Y [TO, p. 13℄. The assertion of the lemma follows when SK1 is repla
ed byits lo
al model Spe
(R�), in the notation of the proof of Proposition 3.3.7, and thisimplies the result for SK1.In the lo
al model 3.3.8.1 near a singular point of ~SK1, [a℄ a
ts by taking x to!(a)x, y to !�1(a)y (
f. [DR, V.2.15℄). This shows that [a℄ extends to an automor-phism that �xes ~Ym \ ~Y�e.4. Vanishing 
y
les and 
ohomology.4.1 Cal
ulations of vanishing 
y
les. Let � = Spe
(Kq(1)) be the generi
point of Sq, � the spe
trum of the algebrai
 
losure of Kq(1) , j : � ! Sq the naturalmap. We write Gal(�=�) for Gal(Kq(1)=Kq(1)), and let I � Gal(�=�) denote theinertia subgroup and P � I the wild inertia subgroup. The next step is to studythe `-adi
 
ohomology of SK1(q)� = SK1(q) �� � as a module for Gal(�=�), by
omparing it to the `-adi
 
ohomology of the spe
ial �ber. It follows from Proposition3.3.7 that the model SK1 satis�es hypotheses (i)-(iv) of [RZ1,(2.2)℄, and that ea
hirredu
ible 
omponent of the spe
ial �ber o

urs with multipli
ity prime to q. ThenGrothendie
k's purity 
onje
ture [SGA 7, I, x3℄ follows from [RZ1, (2.21)℄. It followsthat the 
al
ulation in [SGA 7, I, 3.3℄ of the sheaves of tame vanishing 
y
les is valid.4.1.1. We follow the notation of [RZ1℄ and let R	qQ` denote the qth vanishing
y
le sheaf. By [RZ1, (2.23)℄, the vanishing 
y
le sheaves and the tame vanishing 
y
lesheaves 
oin
ide under our present hypotheses. We re
all the 
al
ulation of R	qQ` inthe 
ase at hand, whi
h we will treat abstra
tly.Consider a regular s
heme X , 
at and of �nite type over Sq, with smooth generi
�ber X� and spe
ial �ber Xs. The spe
ial �ber is assumed to be �etale lo
ally of oneof the following types:



86 m. harris and r. taylor4.1.1.1. Xs is smooth. This 
orresponds to a neighborhood of a point in Ym notin Y�e. Then the regularity of X implies that X is smooth. In this 
ase R	qQ` = 0for q > 0, R	0Q` = Q` .4.1.1.2. X is of the form Spe
 Zq[X;Y; Y �1℄=(Xq�1Y � q). This 
orresponds toa neighborhood of a point in Y�e not in Ym. Let X 0 = Spe
 Zq[x; y; y�1℄=(xq�1 � q),and de�ne a map � : X 0!X via the embeddingZq[X;Y; Y �1℄=(Xq�1Y � q) ! Zq[x; y; y�1℄=(xq�1 � q); Y 7! yq�1; X 7! xy�1:The morphism � is �etale with Galois group F�q �= �q�1, the group of (q � 1)st rootsof unity. Here � 2 �q�1 a
ts by multiplying both x and y by �. The spe
ial �ber Xsis a non-redu
ed divisor with multipli
ity q � 1; the asso
iated redu
ed divisor Xs;redis de�ned by the equation X = 0 and is smooth; it is isomorphi
 to Spe
 Fq [Y; Y �1℄,whi
h we view as (Gm )Fq .We �rst 
ompute the vanishing 
y
le sheaves R	qQ` in the �etale neighborhoodX 0 of X . Let O = Zq[�q ℄ = Zq[x℄=(xq�1 � q). Then we may write(4.1.1.2.1) X 0 = Spe
 O �Spe
 Zq Y;where Y = Spe
 Zq[y; y�1℄. The se
ond fa
tor is smooth over Zq, hen
e (R	qQ` )X0 isthe pullba
k from R	q for the �nite 
at morphism Spe
 O!Spe
 Zq. The morphismis of relative dimension zero, hen
e R	q = 0 for q > 0, and it is elementary to seethat R	0 is the group algebra Q` [�q�1℄, with the inertia group of O over Zq a
tingas �q�1.It follows that R	qQ` = 0 for q > 0, and that R	0Q` is a lisse `-adi
 sheaf ofrank q � 1 on Xs;red that be
omes 
onstant over X 0s;red. Moreover, sin
e Gal(X 0=X)a
ts as the inertia group on the �rst fa
tor of (4.1.1.2.1), one sees easily that the
anoni
al a
tion of Gal(X 0=X) on (R	0Q` )X0s;red identi�es the latter with the groupalgebra Q` [Gal(X 0=X)℄. It follows that(4.1.1.2.2) R	0Q` ��! ��Q` :The inertia group �q�1 still a
ts on R	0, and we have seen that the lift of thisa
tion to X 0s;red 
oin
ides with the a
tion of Gal(X 0=X). We write(4.1.1.2.3) R	0Q` = ��R	0Q` [�℄;the de
omposition with respe
t to 
hara
ters of the inertia group. We write L[�℄ forthe rank one lo
al system R	0Q` [�℄. Let �0 denote the trivial 
hara
ter. Considerthe embedding j : Xs;red = (Gm )Fq ,! A 1 = Spe
 Fq [Y ℄as the 
omplement of the origin Y = 0. The morphism � is totally rami�ed alongY = 0. It follows that(4.1.1.2.4) R0j�L[�℄ = j!L[�℄; Rqj�L[�℄ = 0; q > 0 (� 6= �0);(4.1.1.2.5) R0j�L[�0℄ = Q` ; Rqj�L[�0℄ = 0; q > 0:
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ertain shimura varieties 87More generally, suppose X = Spe
 R[X;Y; Y �1℄=(Xq�1Y � q), where R is asmooth Zq-algebra of �nite type. Then X is the �ber produ
tX = Spe
 R�Spe
 Zq Spe
 Zq[X;Y; Y �1℄=(Xq�1Y � q);where the �rst fa
tor is smooth. We de�nejX = 1� j : Xs;red = Spe
 R�Spe
 Zq (Gm )Fq!Spe
 R�Spe
 Zq Spe
 Fq [Y ℄:LettingX2 denote the se
ond fa
tor above and letting p2 denote the proje
tionX!X2,we see that(4.1.1.2.6) R	qQ` = p�2R	qX2Q` ;where R	X2 denotes the vanishing 
y
le sheaves for the map from X2 to Spe
 Zq.In parti
ular, R	qQ` vanishes for q > 0, while R	0Q` breaks up under the a
tionof the inertia subgroup of Gal(Q q=Qq ) as the sum of rank one lo
al systems L[�℄:L[�0℄ = Q` , whereas L[�℄ for non-trivial � satis�es the analogue of (4.1.1.2.4):(4.1.1.2.7) R0jX;�L[�℄ = jX;!L[�℄; RqjX;�L[�℄ = 0; q > 0 (� 6= �0):In other words, jX;!L[�℄ is the interse
tion 
omplex (pure perverse sheaf) onSpe
 R�Spe
 ZqSpe
 Fq [Y ℄ asso
iated to the lo
al system L[�℄ on the open subs
hemeXs;red.4.1.1.3. X is of the form Spe
 R[X;Y ℄=(Xq�1Y � q), where R is a smooth Zq-algebra of �nite type. This 
orresponds to a neighborhood of a point in Y�e \ Ym. Wewant to 
al
ulate the stalks of R	qQ` at a geometri
 point x of the singular lo
usXsingof the spe
ial �ber, de�ned by X = Y = 0. In this 
ase we simply quote the resultfrom [SGA 7, lo
. 
it℄: R	qQ` = 0; q > 1; (R	0Q` )x = Q` ; (R	1Q` )x = Q` (�1),with trivial a
tion of the inertia group on Q` , the (�1) denoting Tate twist.We now apply the above 
al
ulations to the 
ohomology of SK1. We write Ya =Y�e \ Ym. Let im : Ym!SK1, ie : Y�e!SK1, and ia : Ya!SK1 be the natural maps.Let Y o�e denote the 
omplement of Ya in Y�e, and let je : (Y o�e )red!(Y�e)red be the openimmersion. ThenProposition 4.1.1.4. The vanishing 
y
le sheaves R	qQ` are 
al
ulated as fol-lows. Let I denote the inertia subgroup of Gal(Q q=Qq ). Then the a
tion of I onR	qQ` fa
tors through the map to �q�1 given by the a
tion on Q[�q ℄. For a 
hara
-ter � of �q�1, let [�℄ denote the �-isotypi
 
omponent, and let �0 denote the trivial
hara
ter. Then(i) R	0Q` [�0℄ = Q` .(ii) R	1Q` = R	1Q` [�0℄ is a rank one lo
al system supported on Ya, lo
allyisomorphi
 at any point of Ya to Q` (�1).(iii) For � 6= �0, R	0Q` [�℄ is the extension by zero of a rank one lisse sheafL[�℄ supported on Y o�e . Moreover, the natural map je;!R	0Q` [�℄!Rje;�R	0Q` [�℄ is aquasi-isomorphism.(iv) Finally, R	qQ` = 0 for q > 1.Proof. Everything follows immediately from (4.1.1.1-3) ex
ept the global trivialityof R	0Q` [�0℄. But there is always an inje
tion Q`!R	0Q` [�0℄, so (i) follows fromthe fa
t that all stalks of R	0Q` [�0℄ are one-dimensional.
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e the tame vanishing 
y
le sheaves are 
on
entrated in two degrees, the van-ishing 
y
le spe
tral sequen
e degenerates to a long exa
t sequen
e: : :!H i(SK1;�; R	0Q` )!H i(SK1(q)� ;Q` )!H i�1(SK1;�; R	1Q` )!H i+1(SK1;�; R	0Q` )! : : : :Using (4.1.1.4.ii), we rewrite this(4.1.2): : :!H i(SK1;�; R	0Q` )!H i(SK1(q)� ;Q` )!H i�1((Ya)red; R	1Q` [�0℄)! : : : :We dedu
e from (i) and (iii) of (4.1.1.4) that the �rst term in turn is 
al
ulatedby a long exa
t sequen
e(4.1.3) : : : H i�1((Ya)red;Q` )!H i(SK1;�; R	0Q`)!H i(Ym;Q` )�H i((Y�e)red;Q` )� M�6=�0H i
(Y o�e ; L[�℄)! : : : :Here and in (4.1.2) we have repla
ed Y�e and Ya by the asso
iated redu
ed s
hemes,sin
e the �etale 
ohomology is insensitive to nilpotents.The diamond operators a
t on SK1(q)� as well as on Y�e and Ym, and thus indu
e
ompatible a
tions on the spa
es in the exa
t sequen
es (4.1.2) and (4.1.3). These aredetermined as follows:Lemma 4.1.4. The diamond operators < a > a
t on the outer terms of the exa
tsequen
e (4.1.3) as follows: The a
tion is trivial on H�((Y�e)red;Q` ), H�((Ya)red;Q` ),and on H i�1((Ya)red; R	1Q` [�0℄) and a
ts via � on L[�℄.Proof. By Lemma 3.3.10 the diamond operators a
t trivially on (Y�e)red and(Ya)red, so it suÆ
es to determine their a
tion on R	0Q` and on R	1Q` .We �rst determine the a
tion on R	0Q` . By the 
al
ulation in (4.1.1.2), wesee it suÆ
es to determine the a
tion of the diamond operators on H0(Spe
(Q q 
QqQq [�q ℄;Q` ), via the identi�
ation of Qq [�q ℄ with the generi
 �ber of �q and the latterwith Cuniv1 in (4.1.1.1-2). But the diamond operators on �q are tautologi
ally givenby the 
y
lotomi
 
hara
ter.As for the a
tion on R	1Q` , this is again lo
al. But lo
ally the 
al
ulation in(4.1.1.3) shows that R	1Q` is a 
onstant sheaf, so the triviality of the a
tion of thediamond operators is 
lear.Corollary 4.1.5. Suppose � 6= �0, and denote by <>=� the �-isotypi
 
ompo-nent for the a
tion of the diamond operators. Then for any i, there is a 
anoni
alisomorphism of Gal(�=�)-modulesH i(Ym;Q` )<>=� �H i
((Y o�e )red; L[�℄) ��! H i(SK1(q)�;Q` )<>=�Proof. Indeed, in (4.1.3), the diamond operators a
t trivially on the termH i�1((Ya)red;Q` ) and 
oin
ide with inertia on L[�℄, indu
ing an isomorphismH i(SK1;�; R	0Q` )<>=� ��! H i(Ym;Q` )<>=� �H i
(Y o�e ; L[�℄):Similarly, the diamond operators a
t trivially on the H i�1((Ya)red; R	1Q` [�0℄) termin (4.1.3).



regular models of 
ertain shimura varieties 89Over ~Sq = Spe
(Oq[�q ℄) the spe
ial �ber of ~SK1 is a redu
ed divisor with normal
rossings (Prop. 3.3.8). Let R~	qQ` denote the 
orresponding vanishing 
y
le sheaves.It follows that there is a 
anoni
al isomorphism(4.1.6) R~	0Q` ' Q` :The following lemma is immediate from the above 
al
ulation.Lemma 4.1.7. We identify (Y o�e )red ' Xo�e via the morphism p1. Then the mor-phism ~p1 : ~Y oe !(Y o�e )red of Proposition 3.3.8 de�nes a 
anoni
al isomorphism~p1;�R~	0Q` ' ~p1;�Q` ' j�e (R	0Q` ):Moreover, this isomorphism is equivariant with respe
t to the diamond operators.Proof. It is easy to see that the �etale 
overing X 0 of X used in the 
al
ulationof 4.1.1.2 is represented by IsomX (�q ; C1). It follows from Prop. 3.3.8 (d) that the
al
ulation globalizes to give the indi
ated isomorphism. The diamond operators a
tas Aut(�q) ' �q�1 on X 0, and the �nal assertion follows from the dis
ussion in 4.1.1.2.Corollary 4.1.8. Let � 6= �0 be a non-trivial 
hara
ter of the diamond opera-tors. Then the 
anoni
al mapsH i
((Y o�e )red; L[�℄) ! H i
( ~Y oe ;Q`)<>=� ! H i( ~Y�e;Q` )<>=�are isomorphisms.Proof. The �rst isomorphism is a 
onsequen
e of the pre
eding lemma. These
ond isomorphism follows from the fa
t that the diamond operators a
t trivially onthe 
omplement ~Ym \ ~Y�e of ~Y oe in ~Y�e.4.2. The 
ongruen
e formula and proof of Theorem 2.3.5. As explainedin x2.2, the double 
oset Uq de�nes a 
orresponden
e Uq on SK1(q)��SK1(q)�. Itsmodular interpretation in 
hara
teristi
 zero has been des
ribed in x2.2. An alterna-tive des
ription will be useful in de�ning its redu
tion (mod q). Consider the �nite
at group s
heme X(A)2[q2℄ over SK1;Q , and let mq : X(A)2[q2℄!X(A)2[q℄ denotemultipli
ation by q. Let P� = 
�(�), � 2 �q , as in the dis
ussion in 2.2. The in-verse image m�1q (P�) � X(A)2[q2℄ de�nes an �etale 
overing of SK1(q)� , whose imageunder �, �(m�1q (P�)) � X(A0)2[q℄ is a well-de�ned �etale 
overing of SK1(q)� . OverSK1(q)��SK1(q)� , Uq is in one-to-one 
orresponden
e with the set of(4.2.1) f(A; �; �; �q ; P ;A0; �0; �0; (�0)q ; P 0)gwith notation as in (2.2.2). Here P = 
(1) 2 X(A0)1[q℄, P 0 = 
0(1) 2 X((A0)0)1[q℄,where (A0)0 bears the same relation to A0 and Im((
0)�) 2 X(A0)2 that A0 bears toA and Im(
�). Re
all that P and P 0 determine P� = 
�(�) and P 0� = (
0)�(�) as in(2.2.1.3), and (P� ; P 0�) � X(A)2[q℄�X(A0)2[q℄ is de�ned by the 
losed relation(4.2.2) P 0� 2 �(m�1q (P�)):This subset is independent of the 
hoi
e of � and de�nes a 
losed relation on the setof (P; P 0) 2 X(A0)1[q℄�X((A0)0)1[q℄.Let s : SK1;Q!X(A0)1[q℄ denote the 
anoni
al se
tion sending (A; �; �; �q ; P ) toP . Then (4.2.1) is 
ontained in s(SK1(q)�)� s(SK1(q)�). We use the same notation
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heme-theoreti
 
losure of (4.2.1) in s(SK1)�s(SK1). Let pi :Uq ! SK1 i = 1; 2, denote proje
tions on the ith fa
tor.Over the open subset Y o�e , de�ned to be the 
omplement of Ya in Y�e, the morphismsp1 and p2 are both �etale. Moreover, it is straightforward to see that p2(p�11 (Y o�e )) � Y o�e .In parti
ular, the modular des
ription (4.2.1) holds without 
hange over Y o�e . We letU�e denote the restri
tion of Uq to Y o�e �Y o�e .The situation is more interesting over Y om. First, suppose (A; �; �; �q ; P ) is a(T -valued) point of Y om. Then the �etale group C1 generated by P 
orresponds (byCartier duality) to a subgroup C2;P of X(A)2 isomorphi
 to �q. The isogeny F2 :X(A)2!X(A0)2 = X(A)2=CP is just the geometri
 Frobenius map. Indeed, one veri-�es that A0 is nearly isomorphi
 to the transform A(q) of A under Frobenius. In fa
t,this is true at the level of q-divisible groups: writingX(A0) = [X(A0)1 �X(A0)2℄n;we have 
anoni
al isomorphisms(4.2.3) X(A0)2 ��! X(A(q))2; mq �X(A0)1 ��! X(A)1=r0(X(A0)1[q℄) ��! X(A(q))1where the �rst isomorphism is given by F2, the se
ond is obtained by fa
torizingmq : X(A0)1!X(A0)1 via the morphism r0 : X(A0)1!X(A)1 of 2.1.4, and the thirdis a 
onsequen
e of our 
hoi
e of F2. Moreover, the point P 0 of (4.2.1) satis�es therelation P 0 2 mq(r0)�1(P )derived from (4.2.2), as one veri�es by looking at the multipli
ative formal group.Here the isogeny r0 : X((A0)0)1!X(A0)1 is again as in 2.1.4, but this time relative toA0! We note that, identifying mq �X(A0)1 with X(A0)1, P 0 
an be identi�ed with theimage of P under the Frobenius mapX(A)1 � X(A)2 ! X(A(q))1 � X(A(q))2:It follows that(4.2.4) (A; �; �; �q ; P ) ! f(A; �; �; �q ; P ;A0; �0; �0; (�0)q ; P 0)gis the graph of a morphism U+m : Y om!Y om that de�nes a se
tion of p1 over Y om. Herethe quadruple (A0; �0; �0; (�0)q) is de�ned by A and the isogeny F2 : X(A)2!X(A0)2as in 2.1.4.Next, let U�m = p�11 (Y om) \ p�12 (Y o�e ). Then we have(4.2.5) p�11 (Y om) = U+m tU�m:In parti
ular, U+m (resp. U�m) is the graph of a 
orresponden
e on Y om � Y om (resp.Y om � Y o�e ). We denote their 
losures in the spe
ial �ber of SK1�SK1 by the samenotation.The morphism U+m is not quite equal to geometri
 Frobenius on Y om. Re
all from3.2.1(b) that the q-divisible OK;q-module X(A) breaks up over the divisors of q in K.The 
omponents 
orresponding to divisors of q(1) (resp. q(2)) other than q(1) (resp.q(2)) are of multipli
ative type (resp. �etale). Thus geometri
 Frobenius on Y om a
ts asmultipli
ation by q on the q(1)-fa
tors of X(A) (other than q(1)) and as the identityon the q(2)-fa
tors (other than q(2)). Moreover, the maximal 
onne
ted subgroup
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ertain shimura varieties 91X(A)01 is purely of multipli
ative type. Thus geometri
 Frobenius repla
es X(A)1 byX(A)1=X(A)01[q℄. But it follows easily from (2.1.4.2) thatX(A)1=X(A)01[q℄ = X(A00)=X(A00)[q℄:We 
ombine these observations as follows. Let [q�1℄1 denote the image of q�1 inGL(n;K0;q(1) ), whi
h we embed diagonally in GL(n;Kq(1) ). This is a 
entral elementof G(Af ), hen
e indu
es automorphisms of all Shimura varieties at �nite level thatextend trivially to SK1(q)� . Bearing in mind that in
lusions of latti
es indu
e mapsof abelian varieties in the opposite dire
tion, we 
on
lude thatProposition 4.2.6 (Congruen
e formula). We have the identity[q�1℄1 �U+m = Frob;the geometri
 Frobenius map on the s
heme Y om over k(q(1)).4.2.7. We need to explain how to relate the 
ohomologi
al 
orresponden
e de�nedbyUq in 
hara
teristi
 zero to the �nite 
orresponden
es 
al
ulated above over Y o�e andY om. This is somewhat deli
ate, sin
e the base s
heme SK1 has a singular spe
ial �berand we have not determined the stru
ture of Uq over the singular lo
us. Fortunately,we are only interested in the a
tion on R	0. It is 
onvenient to write(4.2.7.1) R	0Q` = Q` � M�6=�0 jm;!L[�℄:We 
onsider the �rst map of (4.1.2):bi : H i(SK1;�; R	0Q` ) ! H i(SK1(q)�;Q` ):We need to �nd a 
ohomologi
al 
orresponden
e U0q on R	0Q` su
h that(4.2.7.2) bi ÆU0q = Uq Æ bi:We de�ne U0q on the separate summands on the right-hand side of (4.2.7.1). Onthe summand Q` one just takes the natural 
ohomologi
al 
orresponden
e (pullba
kfollowed by push-forward) de�ned by the proper 
orresponden
e Uq. Re
all fromCorollary 4.1.5 that, if � 6= �0, then(4.2.7.3) H i(SK1;�;Q` )<>=� = H i(Ym;Q` )<>=�:NowUq 
ommutes with the diamond operators, hen
e �xes the �-eigenspa
e. We haveseen that Uq restri
ts to a sum of two 
orresponden
es U+m + U�m on Ym, and therestri
tion ofU0q toH i(Ym;Q` )<>=� is evidently the sum of the indu
ed 
ohomologi
al
orresponden
es, say U+m[�℄ and U�m[�℄.It remains to de�ne U0q on the L[�℄. In fa
t, it is enough to de�ne U0q onH i
((Y o�e )red; L[�℄). Extending s
alars to ~Sq, we 
an use the model ~SK1, and de�nea 
orresponden
e ~Uq on ~SK1� ~SK1 as above. We have seen that R~	0Q` = Q` (4.1.6),hen
e we 
an de�ne ~U0q again as the natural 
ohomologi
al 
orresponden
e on R~	0Q` .This 
ommutes with the a
tion of the diamond operators, hen
e for ea
h � de�nes anoperator on H i(~SK1;�;Q` )<>=�. Sin
e the diamond operators a
t trivially on ~Y�e\ ~Ym,it follows as before that, for � 6= �0, this breaks up asH i( ~Ym;Q` )<>=� �H i( ~Y�e;Q` )<>=� = H i(Ym;Q` )<>=� �H i
((Y o�e )red; L[�℄);
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lear that ~U0q indu
esU+m[�℄�U�m[�℄on the �rst fa
tor. On the se
ond fa
tor it suÆ
es to know that ~Uq �xes ~Y�e. By properbase 
hange, ~U0q satis�es (4.2.7.2). Hen
eLemma 4.2.8. Fix an integer i. Let � 6= �0 be a non-trivial 
hara
ter of thediamond operators. The 
orresponden
e Uq a
ts onH i(SK1(q)�;Q` )<>=� �= H i(Ym;Q` )<>=� �H i
(Y o�e ; L[�℄)via the matrix � [q�1℄�11 � Frob 00 D(�)�where [q�1℄1 is the automorphism de�ned above, Frob is geometri
 Frobenius, liftedto Kq[�q ℄, and D(�) 2 Aut(H i( ~Y�e;Q` )<>=�).Proof. Everything is 
lear ex
ept the 0 in the upper right-hand 
orner. But itfollows from Lemma 4.1.4 and Proposition 4.1.1 that the inertia group I a
ts triv-ially on H i(Ym;Q` ) and 
oin
ides with the diamond operators on H i(Y o�e ; L[�℄). The
orresponden
e Uq is de�ned over Sq, hen
e 
ommutes with inertia. The Propositionfollows.4.2.9.Proof of Theorem 2.3.5. We 
an now 
omplete the proof of Theorem 2.3.5. We aregiven an automorphi
 representation � that 
ontributes toHn�1(SK1(q)� ;Q` ) but hasno K0(q)-�xed ve
tor; i.e., we are in 
ase (b) of Proposition 1.4. Let f�; �1; : : : ; �n�1gbe the 
hara
ters de�ned there, so that � is tamely rami�ed and the �i are unrami�ed.Let � denote the restri
tion of � to the inertia subgroup; thus � 
oin
ides with the a
-tion ofK0(q)=K1(q) on theK1(q)-�xed ve
tors in �. In parti
ular, and bearing in mindthe dis
ussion in 2.1.4.6, � 
ontributes to Hn�1(SK1(q)� ;Q` )<>=��1 . De�ne M�[�f ℄as in x2.3. The two 
omponents Ym and Y�e are invariant under prime-to-q isogenies,hen
e M�[�f ℄ breaks up as above as the sum of A# = Hn�1(Ym;Q` )<>=��1 [�f ℄ andB# = Hn�1
 (Y o�e ; L[��1℄)[�f ℄. Inertia at q a
ts on the �rst fa
tor trivially and on these
ond fa
tor by the 
hara
ter ��1. Thenr�(�) ��! A# 
 �(�) �B# 
 �(�) = A�B:But �(�) = �� ÆNK=K0 = � �Yi �i:On the one hand �(�)($) = ��(NK=K0($)) = ��([q�1℄1)�1On the other hand, the restri
tion to inertia of �� is the same as that of �, namely �.It follows from Lemma 4.2.8 that4.2.9.1. Geometri
 Frobenius 
oin
ides with Uq on A. Moreover, inertia a
ts as� on A.4.2.9.2. The representation at q(1) on B is unrami�ed.These two assertions 
omplete the proof of Theorem 2.3.5.



regular models of 
ertain shimura varieties 934.2.10. In parti
ular, inertia at q(1) a
ts on the determinant of r�(�) by �dimA.But the determinant of r�(�) is given by �� at all unrami�ed pla
es, hen
e at q(1) byChebotarev density. It follows that(4.2.10.1) �dimA�1 = �0:Now suppose(4.2.10.2) q � 1 (mod `); ` > n; �j�q 6= 1;where �q denotes the `-Sylow subgroup of F�q . It follows from (4.2.10.1) that`j(dimA� 1). Under hypotheses (4.2.10.2), this is only possible if dimA = 1. ThusCorollary 4.2.10.3. Under the hypotheses (4.2.10.2), the spa
es A and B inthe statement of Theorem 2.3.5 are of dimension 1 and n� 1, respe
tively.REFERENCES[AC℄ Arthur, J. and L. Clozel, Simple Algebras, Base Change, and the Advan
ed Theory ofthe Tra
e Formula, Annals of Math Studies, 120 (1989).[BZ℄ Bernstein J. and A. Zelevinski, Indu
ed representations of redu
tive p-adi
 groups I.,Ann. S
i. E
. Norm. Sup., 10 (1977), pp. 441{472.[Ca℄ Carayol, H., Sur la mauvaise r�edu
tion des 
ourbes de Shimura, Compositio Math., 59(1986), pp. 151{230.[C1℄ Clozel, L., Repr�esentations Galoisiennes asso
i�ees aux repr�esentations automorphes au-toduales de GL(n), Publ. Math. I.H.E.S., 73 (1991), pp. 97{145.[C2℄ Clozel, L., On the 
ohomology of Kottwitz's arithmeti
 varieties, Duke Math. J., 72 (1993),pp. 757{795.[CL℄ Clozel, L. et J.-P. Labesse, Changement de base pour les repr�esentations 
ohomologiquesde 
ertains groupes unitaires, appendix to [L℄.[dJ℄ de Jong, J., The moduli spa
es of prin
ipally polarized abelian varieties with �0(p)-levelstru
ture, J. Alg. Geom., 2 (1993), pp. 667{688.[DR℄ Deligne, P. and M. Rapoport, Les s
h�emas de modules de 
ourbes elliptiques, in ModularFun
tions of One Variable II, Le
t. Notes in Math., 349 (1973), pp. 143{316.[G℄ G�ortz, U., On the 
atness of models of 
ertain Shimura varieties of PEL type, Math. Ann.,321 (2001), pp. 689-727.[Gr℄ Gross, B., A tameness 
riterion for Galois representations asso
iated to modular forms(mod p), Duke Math. J., 61 (1990), pp. 445{517.[H1℄ Harris, M., Super
uspidal representations in the 
ohomology of Drinfel'd upper half spa
es;elaboration of Carayol's program, Invent. Math., 129 (1997), pp. 75{119.[H2℄ Harris, M., The lo
al Langlands 
onje
ture for GL(n) of a p-adi
 �eld, n < p, Invent.Math., 134 (1998), pp. 177{210.[HL℄ Harris, M. and J.-P. Labesse, Conditional base 
hange for unitary groups, (in prepara-tion).[HT1℄ Harris, M. and R. Taylor, Deformations of automorphi
 Galois representations,(preprint, 1998-99).[HT2℄ Harris, M. and R. Taylor, On the geometry and 
ohomology of some simple Shimuravarieties, Annals of Mathemati
s Studies, Prin
eton: Prin
eton University Press, 151(2001).[He℄ Henniart, G., Une preuve simple des 
onje
tures de Langlands pour GLn sur un 
orpsp-adique, Invent. Math., 139 (2000), pp. 439{455.[HH℄ Henniart, G. and R. Herb, Automorphi
 indu
tion for GL(n) over lo
al non-ar
himedean�elds, Duke. Math. J., 78 (1995), pp. 131{192.[JPSS℄ Ja
quet, H., I. I. Piatetski-Shapiro, and J. Shalika, Condu
teur des repr�esentationsg�en�eriques du groupe lin�eaire,, C.R.A
ad. S
. Paris, 292 (1981), pp. 611{616.



94 m. harris and r. taylor[KM℄ Katz, N.M. and B. Mazur, Arithmeti
 Moduli of Ellipti
 Curves, Annals of Math. Studies,108 (1985 Prin
eton: Prin
eton University Press).[K1℄ Kottwitz, R., On the �-adi
 representations asso
iated to some simple Shimura varieties,Invent. Math., 108 (1992), pp. 653{665.[K2℄ Kottwitz, R., Points on some Shimura varieties over �nite �elds, J. Am. Math. So
., 5(1992), pp. 373{444.[L℄ Labesse, J.-P., Cohomologie, stabilisation et 
hangement de base (ave
 des appendi
es parClozel-Labesse et Breen), Ast�erisque, 257 (1999).[Me℄ Messing, W., The 
rystals asso
iated to Barsotti-Tate groups with appli
ations to abelians
hemes, Le
t. Notes Math., 264 (1972).[R℄ Rapoport, M., On the bad redu
tion of Shimura varieties, in L. Clozel and J.S. Milne,eds., Automorphi
 Forms, Shimura Varieties, and L-fun
tions, New York: A
ademi
Press, Vol. II (1990), pp. 253{321.[RZ1℄ Rapoport, M. and T. Zink, Uber die lokale Zetafunktion von Shimuravariet�aten Mon-odromie�ltration und vers
hwindende Zyklen in unglei
her Chara
teristik, Invent.Math., 68 (1982), pp. 21{101.[RZ2℄ Rapoport, M. and T. Zink, Period spa
es for p-divisible groups, Annals of Math. Studies,141 (1996).[SGA7℄ , Groupes de Monodromie en g�eom�etrie Alg�ebrique I, Le
t. Notes in Math., 288 (1972).[SW℄ Skinner, C. and A Wiles, Base 
hange and a problem of Serre, Duke Math. J., 107 (2001),pp. 15{25.[TO℄ Tate, J. and F. Oort, Group s
hemes of prime order, Ann. S
i. E
. Norm. Sup., 3 (1970),pp. 1{21.[TW℄ Taylor, R. and A. Wiles, Ring-theoreti
 properties of 
ertain He
ke algebras, Annals ofMath., 141 (1995), pp. 553{572.[W℄ Wiles, A., Modular ellipti
 
urves and Fermat's last theorem, Annals of Math., 142 (1995),pp. 443{551.[We1℄ Wedhorn, T., Ordinariness in good redu
tions of Shimura varieties of PEL-type, Ann. S
i.de l'ENS, 32 (1999), pp. 575{618.[We2℄ Wedhorn, T., Congruen
e relations on some Shimura varieties, J. Reine Angew. Math.,524 (2000), pp. 43{71.


