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h 2002 005THE WEAK LEFSCHETZ PRINCIPLE IS FALSE FOR AMPLECONES�BRENDAN HASSETTy, HUI-WEN LINz, AND CHIN-LUNG WANGx1. Introdu
tion. Let X be an (n+ 1)-dimensional smooth 
omplex proje
tivevariety and let D be a smooth ample divisor of X with in
lusion map i : D ! X .The well-knownWeak Lefs
hetz Theorem (see [GrHa℄) asserts that the restri
tion mapi� : Hk(X ;Z)! Hk(D;Z) is an isomorphism for k � n�1 and is 
ompatible with theHodge de
omposition. For n � 3 one dedu
es from these results that i� : Pi
(X) !Pi
(D) is also an isomorphism. Grothendie
k has shown that this statement is trueover any algebrai
ally 
losed �eld [Hart℄. While an ample line bundle on X alwaysrestri
ts to an ample line bundle on D, it is not at all 
lear whether Amp(D) �i�Amp(X), i.e., whether the Weak Lefs
hetz Prin
iple holds for the ample 
one.In this note we provide two examples showing that the Weak Lefs
hetz Prin
iplefor the ample 
one fails in general. One is obtained by blowing up (x2) and the otheris a produ
t with a P1 fa
tor (x3). We also provide some partial positive results (x4).However, a 
omplete pi
ture of how the ample 
one behaves under the Weak Lefs
hetzisomorphism remains elusive.2. A blow-up example.2.1. The 
onstru
tion. We 
onstru
t our �rst 
ounterexample (X;D). Let� : X ! P4 be the blow-up of P4 at two distin
t points p1 and p2. Let l0 be theline spanned by p1 and p2 and D0 a general smooth 
ubi
 hypersurfa
e (threefold)
ontaining p1 and p2 but not the line l0. The 
onditions satis�ed by D0 will be madepre
ise in 2.5. We take D to be the proper transform of D0 in X . We will see that Dis a very ample divisor in X but i�Amp(X) 6= Amp(D). More pre
isely, Amp(D) isstri
tly larger than i�Amp(X) if and only if the Mori 
one (the 
losure of the real 
onegenerated by numeri
ally equivalent 
lasses of e�e
tive one-
y
les) NE(X) is stri
tlylarger than i�NE(D) (by Kleiman's 
riterion for ampleness [Hart℄). Let l be the propertransform of l0 in X , whi
h is an e�e
tive one-
y
le in X . By Weak Lefs
hetz, l = i��for some one-
y
le � on D. Our main task is to show that � 62 NE(D). In fa
t we willdetermine both the ample 
ones and the Mori 
ones of X and D.2.2. Ample and Mori 
ones of X. We �rst set up some notation; we shalloften use a single letter to denote a subvariety and its homology 
lass. Let E1 and E2be the ex
eptional divisors in X , H 0 the general hyperplane in P4 
ontaining p1 andp2, and H its proper transform in X . Note that l0 = H 03 and H = ��H 0�E1�E2. Itis 
lear that Pi
(X) = ZH+ZE1+ZE2. Sin
e Ei �= P3 and �EijEi is its hyperplane
lass, E3i 
orresponds to the 
lass of a line in Ei. The group of one-
y
les (modulorational or numeri
al equivalen
e) is then given by N(X) = Z��H 03 + ZE31 + ZE32�Re
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96 B. HASSETT, H. W. LIN AND C. L. WANGand l = ��H 03 � E31 � E32 . As we blow up at only two points, it is readily seen thatNE(X) = R�0 l + R�0E31 + R�0E32 whi
h is already a rational 
losed 
one. For lateruse, we also observe that l:Ei = 1 and E4i = (EijEi)3 = �1.Proposition 2.1. The ample 
one Amp(X) is the interior of the 
one generatedby H +E1 +E2, H +E1 and H +E2. That is, a Q-divisor L = ��H 0 � a1E1 � a2E2is ample if and only if ai > 0 and a1 + a2 < 1. Moreover, all ample divisors areautomati
ally very ample.Proof. By Kleiman's 
riterion, L is ample if and only if L:l = 1�a1�a2 > 0 andL:E3i = ai > 0.For the last statement, one observes that X is naturally a smooth tori
 varietyand for smooth tori
 varieties, ample divisors are automati
ally very ample (Theoremof Demazure, see e.g. [Oda℄).Corollary 2.2. The divisor D � 3��H 0 � E1 � E2 is very ample in X but�KX � 5��H 0 � 3E1 � 3E2 is not even ample. In parti
ular, X is not Fano.2.3. The main argument. We re
all the following 
riterion for when the blow-up of a 
ubi
 surfa
e at two points is a Del Pezzo surfa
e:Proposition 2.3. Let S0 be a smooth 
ubi
 surfa
e 
ontaining distin
t pointsp1 and p2, l0 the line spanned by these points, and S the blow-up of S0 at p1 and p2.Assume that l0 \ S0 
onsists of three distin
t points, and no line 
ontaining any oneof these three points is 
ontained in S0. Then S is a Del Pezzo surfa
e.Proof. This argument is inspired by some remarks of Naruki [Nar℄. We writel0 \ S0 = fp1; p2; p3g, � 0 : T = Bl(S0)p1;p2;p3 ! S0, and � : T ! S for the indu
edmap. Let Fi � T denote the ex
eptional 
urve over the point pi, so that KT =� 0�KS0 + F1 + F2 + F3 = ��KS + F3. Proje
tion from the line l0 indu
es a morphism� : T ! P1; the �bers of � are interse
tions of S0 with hyperplanes 
ontaining l0. Inparti
ular, the general �ber is a smooth plane 
ubi
, i.e., � is an ellipti
 �bration.Sin
e S0 
ontains no lines 
ontaining any of the pi, the �bers of � are irredu
ible.Furthermore, the hyperplane 
lass of P1 pulls ba
k to �KT = ���KS � F3.To prove that �KS is ample we apply the Nakai-Moishezon 
riterion: �KS isample provided that K2S > 0 and �KSC > 0 for ea
h 
losed irredu
ible 
urve C � S.It suÆ
es to 
he
k the proper transform CT of C interse
ts ���KS positively. If �
ontra
ts CT to a point then (���KS)CT = F3CT > 0 be
ause the �bers of � areirredu
ible and F3 is a se
tion of �. On the other hand, if CT dominates P1 then�KTCT is positive. Sin
e CT 6= F3, (���KS)CT is positive as well.Remark 2.4. The 
lassi�
ation theory of surfa
es implies that a 
ubi
 surfa
eS0 is the blow-up of P2 at six general points [GrHa℄. Pre
isely, we require that notwo of the points 
oin
ide, no three are 
ollinear, and no six are 
ontained in a plane
oni
. Impli
it in our proof is a pre
ise 
ondition for when the blow-up of P2 at eightgeneral points is a Del Pezzo surfa
e. In addition to the 
onditions listed above, werequire that there exists no plane 
ubi
 passing through all eight points and singularat one of the eight. Equivalently, the pen
il of 
ubi
 
urves passing through the eightpoints should have redu
ed base lo
us. This 
riterion was suggested without proof inx26 of [Manin℄.Assumptions 2.5. We make the following generality assumptions on D0:1.The interse
tion l0 \D0 
ontains three distin
t points.2.There are a �nite number of lines 
ontained in D0 and meeting l0 \D0.



THE WEAK LEFSCHETZ PRINCIPLE IS FALSE FOR AMPLE CONES 97For a general point of a 
ubi
 threefold, there are six lines 
ontaining the pointand 
ontained in the threefold.Let S0 = D0 \ H 0 be a hyperplane se
tion of D0 
ontaining p1 and p2, a 
ubi
surfa
e in H 0 �= P3. We 
hoose S0 so that it is smooth and does not 
ontain any linesmeeting l0 \ D0 (su
h an S0 exists by our se
ond assumption above.) Let S � H beits proper transform, the blow-up of S0 at p1 and p2.Note that S = (��H 0 � E1 � E2)jD and KD = (�2��H 0 + 2E1 + 2E2)jD =�2S. Also, sin
e S0 is a 
ubi
 surfa
e inside H 0 �= P3, adjun
tion shows that KS0 =(KH0 + S0)jS0 = (�4H 0jH0 + 3H 0jH0)jS0 = �H 0jS0 . By the blow-up formula, KS =��KS0 +E1jS +E2jS = (���H 0 +E1 +E2)jS = �H jS .Proposition 2.6. Consider an e�e
tive one-
y
le ~l := ��H 03 � a1E31 � a2E32 inX with ai � 1 and a1 + a2 > 1. Let ~� be the one-
y
le 
lass in D whi
h 
orrespondsto ~l. Then ~� 62 NE(D). In parti
ular � 62 NE(D).Proof. If ~� 2 NE(D) then ~� is the limit of a sequen
e fCig of e�e
tive one-
y
leson D with rational 
oeÆ
ients. By assumption, ~�:S = 1� a1 � a2 < 0 whi
h impliesthat Ci:S < 0 for i large enough. In parti
ular this shows that Ci � S for i largeenough.On the other hand, the sequen
e Ci:KS has limit ~l:(�H) = �1 + a1 + a2 > 0.This imples that Ci:KS > 0 for i large enough, 
ontradi
ting the fa
t that �KS is anample divisor in S.Remark 2.7. To get 
ounterexamples to the Weak Lefs
hetz Prin
iple, it isessential that the 
ubi
 threefold D0 does not 
ontain l0. In fa
t, if D0 
ontains l0 thenS0 will also 
ontain l0. Thus S is not a blow-up of P2 at eight `general' points, �KSis not ample, and no 
ontradi
tion arises.2.4. Ample and Mori 
ones of D. We retain the assumptions of se
tion 2.3.Proposition 2.6 exhibits e�e
tive 
lasses in X that are not represented by e�e
tive
lasses in D. We would like to show here that all other e�e
tive 
lasses in X lie inthe image i�NE(D).
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Fig. 2.1. Mori 
ones of X and DTheorem 2.8. The image of the Mori 
one i�NE(D) is a 
losed rational poly-hedral 
one generated by l + E31 , l + E32 , E31 and E32 . The image of the ample 
one



98 B. HASSETT, H. W. LIN AND C. L. WANGi�Amp(D) is the interior of the rational polyhedral 
one generated by H, H + E1,H +E2 and H +E1 +E2 (the nef 
one).Proof. Re
all that the 
lass l + E31 = ��H 03 � E32 is represented by the propertransform of a line in P4 whi
h 
ontains p2 and is distin
t from `. Sin
e D0 is a 
ubi
threefold, through every point of D0 one may �nd lines [Harris℄. The proper transformin D of one su
h line will have the 
lass l+E31 . The same argument applies to l+E32 .Sin
e the 
one generated by l + E31 , l + E32 , E31 and E32 is pre
isely NE(X) with the
lasses 
onsidered in Proposition 2.6 removed, we 
on
lude that it is i�NE(D).The statement on the ample 
one is an appli
ation of Kleiman's 
riterion toL := H + a1E1 + a2E2; interse
ting L with l + E31 , l + E32 , E31 and E32 , we get0 < a1; a2 < 1.Remark 2.9. Szendroi [Sz℄ has 
onstru
ted examples in a similar vein, as 
oun-terexamples to 
onje
tures of Cox and Katz on the ample 
ones of anti
anoni
al hy-persurfa
es in tori
 varieties.3. A produ
t example with P1 fa
tors. Mu
h simpler examples 
an be foundif X is a produ
t. Take X = P1 � Pd (for d � 3) and let D be a divisor of type (d; b)with b 2 N. The divisor D is very ample and thus a generi
 member of jDj is smooth.It has de�ning equation xdf0 + xd�1yf1 + :::+ fdyd = 0;where x, y are 
oordinates of P1 and the fi's are polynomials of degree b in Pd. Theproje
tion p : D ! Pd has positive dimensional �bers exa
tly when f0 = f1 = ::: =fd = 0. This has no nontrivial solutions for general fi's sin
e there are more equationsthan variables. However, if p is a �nite morphism then ea
h ample divisor L on Pdpulls ba
k to an ample divisor on D (this follows from either the Nakai-Moishezon
riterion or Kleiman's 
riterion), yet this pull-ba
k divisor is the restri
tion of thedivisor P1 � L on X = P1 � Pd, whi
h is evidently not ample. This gives another(easier) 
ounterexample to the Weak Lefs
hetz Prin
iple.The presen
e of a one-dimensional fa
tor here is 
ru
ial (
f. Theorem 4.1).4. Positive results.4.1. Produ
ts. It is trivial that the Weak Lefs
hetz Prin
iple holds if X hasN�eron-Severi rank one and dimX � 4. One may generalize this in a straightforwardmanner to obtain:Theorem 4.1. Let i : D ! X = QXj be a smooth ample divisor in a �niteprodu
t of smooth proje
tive varieties, ea
h with dimension � 2 and N�eron-Severirank equal to one. Assume that dimX � 4 and Pi
(X) = L p�j Pi
(Xj), wherepj : X ! Xj is the proje
tion map. Then i�Amp(X) = Amp(D).Proof. Let Hj be an ample 
lass on Xj and let hj = p�jHj . Noti
e the followingfa
t: If nj = dimXj , then Qhmjj is an e�e
tive 
y
le if and only if mj � nj for allj and p =Q hnjj is a positive integer. It is then easy to see that P ajhj is an ample
lass on X if and only if that aj > 0 for all j: simply interse
t it with hnj�1j :Qk 6=j hnkkto get ajp > 0.Now let D be given by the ample 
lass P djhj with dj > 0. Sin
e dimX � 4, adivisor on D takes the form LjD = P ajhj jD. We need to show that LjD is ample



THE WEAK LEFSCHETZ PRINCIPLE IS FALSE FOR AMPLE CONES 99implies that aj > 0 for all j. Indeed, sin
e nj � 2, we simply interse
t LjD with thee�e
tive 
y
le hj jnj�2D :Qk 6=j hkjnkD on D to get0 < hnj�2j :Yk 6=j hnkk :X ajhj :X djhj = ajdjp:It follows that aj > 0.Remark 4.2. The 
ondition Pi
(X) = L p�j Pi
(Xj) holds if all but one of thefa
tors satisfy h1(Xj ;OXj ) = 0, or more generally, if the Ja
obians of the fa
torsadmit no nontrivial endomorphisms � : Ja
(Xi)! Ja
(Xj); i 6= j:4.2. A partial theorem on Mori 
ones. The 
ounterexample of se
tion 2suggests the following equality on the negative part of Mori 
ones ofD andX (
ompareProposition 2.1 and Theorem 2.8). The proof relies on Mori's theory of extremal rays[Mori℄ and is essentially 
ontained in [Wi�s℄ and [Koll�ar℄.Theorem 4.3. Let i : D ! X be a smooth ample divisor in a smooth variety Xwith dimX � 4. Then i�NE(D)KD�0 = NE(X)KD�0.Proof. Sin
e KD = KX jD+DjD, whi
h is numeri
ally stri
tly more positive thanKX , we know by Mori's theory that NE(X)KD�0 is a �nite polyhedral 
one generatedby extremal rays. Let R = RC with C �= P1 be su
h a ray and � : X ! Y the
orresponding 
ontra
tion. We want to show that the 
lass of C is also an e�e
tive
lass in D. If � has a �ber F of dimension at least two then D \ F has positivedimension and 
ontains a 
urve with 
lass in R. If all �bers are one-dimensional,Wi�sniewski's theorem shows that Y is smooth and either � is a blow-up of Y along asmooth 
odimension-two subvariety Z or � is in fa
t a 
oni
 bundle. These 
ases areruled out when dimX � 4 by an argument of Koll�ar (the Lemma of [Koll�ar℄).REFERENCES[GrHa℄ P. Griffiths and J. Harris, Prin
iples of Algebrai
 Geometry, Wiley-Inters
ien
e,New York, 1978.[Harris℄ J. Harris, Algebrai
 Geometry: A First Course, Graduate Texts in Math., 133(1992), Springer-Verlag, New York.[Hart℄ R. Hartshorne, Ample Subvarieties of Algebrai
 Varieties, Le
ture Notes in Math.,156 (1970), Springer-Verlag, Berlin-New York.[Koll�ar℄ J. Koll�ar, Appendix to \C. Bor
ea; Homogeneous Ve
tor bundles and families ofCalabi-Yau Threefolds, II", Pro
. Symp. Pure Math. 52 (1991).[Manin℄ Y.I. Manin, Cubi
 Forms: Algebra, Geometry, Arithmeti
, North-Holland, Ams-terdam, 1974.[Mori℄ S. Mori, Threefolds whose 
anoni
al bundles are not numeri
ally e�e
tive, Ann. ofMath. 116 (1982), pp. 133{176.[Nar℄ I. Naruki, Cross ratios as moduli of del Pezzo surfa
es of degree one, Pro
. JapanA
ad. Ser. A Mat. S
i., 56 (1980), no. 7, pp. 328{331.[Oda℄ T. Oda, Convex Bodies and Algebrai
 Geometry, Springer-Verlag, Berlin, 1988.[Sz℄ B. Szendroi, On a 
onje
ture of Cox and Katz, to appear in Math. Z.[Wi�s℄ J.A. Wi�sniewski, On 
ontra
tions of extremal rays of Fano manifolds, J. reineangew. Math. 417 (1991), pp. 141{157.
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