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SINGULARITIES IN CR YST ALLINE CUR V A TURE FLO WS

�

Ben Andrews

y

Abstract. This pap er discusses the b eha viour of p olygonal con v ex curv es in the plane mo ving

under crystalline curv ature 
o ws, in whic h the sp eed of motion of eac h edge is determined b y a

function of its length. The b eha viour dep ends on the rate of gro wth of the sp eed as the length of the

edge approac hes zero: F or slo w gro wth | including the homogeneous case where sp eed is in v ersely

prop ortional to a p o w er � 2 (0 ; 1) of the length | there are alw a ys solutions for whic h the enclosed

area approac hes zero while the length remains p ositiv e. If � > 1, then all solutions are asymptotic

to homothetically con tracting solutions, and if � = 1 then there is a range of di�eren t kinds of

singularit y that o ccur.

1. Crystalline curv ature 
o ws. Sev eral authors ha v e considered crystalline

curv ature 
o ws of p olygonal curv es in the plane, since their in tro duction in [T]. W e

refer the reader to [TCH] and [A G] for a discussion of the geometric and ph ysical mo-

tiv ation for suc h 
o ws. F or presen t purp oses w e consider only con v ex curv es, although

the 
o ws can b e de�ned m uc h more generally . In this case the 
o ws can b e de�ned in

the follo wing w a y: Let 
 b e a closed con v ex N -sided p olygon in the plane, and lab el

the edges 


0

; : : : ; 


N � 1

in an an ticlo c kwise order. Let �

i

2 S

1

= R = 2 � Z b e the angle

of the exterior normal of 


i

, and let `

i

b e the length of 


i

. Mo ving 
 b y a crystalline

curv ature 
o w consists of �nding a con tin uous family of p olygonal curv es 
 ( t ) starting

from 
 so that eac h edge k eeps the same direction but mo v es in the out w ard normal

direction with sp eed v

i

determined b y its length:

(1) v

i

( t ) = g

i

( `

i

) :

Here g

i

is a smo oth function de�ned on (0 ; 1 ) whic h is monotone increasing for eac h

i . This pap er mostly concerns con traction 
o ws, for whic h g

i

< 0, and the condition

g

i

( z ) ! �1 as z ! 0 will b e assumed. The later parts of the pap er are concerned

particularly with the homogeneous case, de�ned b y

(2) g

i

( z ) = � f

i

z

� �

where � > 0 and f

i

is a p ositiv e real n um b er for eac h i .

A simple geometric calculation sho ws that the side lengths `

i

( t ) satisfy an au-

tonomous system of ordinary di�eren tial equations:

(3)

d

dt

`

i

=

g

i +1

( `

i +1

)

sin( �

i +1

� �

i

)

+

g

i � 1

( `

i � 1

)

sin( �

i

� �

i � 1

)

�

g

i

( `

i

) sin( �

i +1

� �

i � 1

)

sin( �

i +1

� �

i

) sin( �

i

� �

i � 1

)

where the index i is to b e read mo d N . The original geometric ev olution (1) can no w

b e discarded and replaced with the ODE system (3), as long as one b ears in mind

that eac h of the side lengths `

i

m ust b e non-negativ e, and that in order to de�ne a

closed curv e the conditions

P

N � 1

i =0

`

i

sin( �

i

) =

P

N � 1

i =0

`

i

cos ( �

i

) = 0 m ust b e satis�ed.

Note that these remain true under (3) if they hold initially . T o this end, giv en a

collection of angles �

0

< �

1

< � � � < �

N � 1

< �

N

= �

0

+ 2 � with �

i +1

� �

i

< � , de�ne

L = f ( `

0

; : : : ; `

N � 1

) : `

i

> 0 ;

P

N � 1

i =0

`

i

sin( �

i

) =

P

N � 1

i =0

`

i

cos( �

i

) = 0 g .

�
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W e review some results that ha v e b een obtained for these systems: A simple ODE

and comparison argumen t sho ws that for an y initial data in L there exists a smo oth

solution on some �nite maximal time in terv al [0 ; T ), and min

i

`

i

( t ) ! 0 as t ! T . It is

kno wn that there are only t w o p ossibilities as t ! T (see [GG]): Either max

i

`

i

( t ) ! 0,

so the curv e shrinks to a p oin t, or there are t w o parallel edges whic h ha v e strictly

p ositiv e length as t ! T while all others shrink to zero (the latter b eha viour is called

de gener ate pinching ).

A necessary criterion for degenerate pinc hing w as giv en in [GG] in terms of the

gro wth rate of the sp eed g

i

( ` ) as ` ! 0. It w as sho wn there that for symmetric 
o ws

with N = 4 this condition is also su�cien t, but it w as conjectured that for larger

N this should not b e the case, and in particular in the sp ecial case of homogeneous


o ws (2) with �

i

=

� i

k

, f

i

= 1, degenerate pinc hing should o ccur only when 0 <

� < �

k

=

1

1+2 cos( � =k )

. This is suggested b y the lo cal stabilit y of the homothetically

shrinking regular 2 k -gon solution of the 
o w. This conjecture is dispro v ed in Section

4 of this pap er, where it is sho wn that ev ery crystalline 
o w whic h satis�es the gro wth

condition of [GG] exhibits degenerate pinc hing, if there is a pair of edges whic h are

parallel (i.e. �

j

= �

i

+ � for some i; j ).

The gro wth condition from [GG] implies that the homogeneous 
o ws (2) with

� � 1 do not admit degenerate pinc hing. Section 6 of this pap er pro vides a stronger

statemen t ab out the asymptotic b eha viour for 
o ws with � > 1: The shrinking curv e

in fact has a w ell-de�ned limiting shap e, a curv e whic h ev olv es b y homothetically

con tracting to some cen tre. The corresp onding result for � = 1 is claimed in [S2],

but in fact the situation is m uc h more complicated in that case, and singularities of

v arious kinds o ccur | this is discussed in detail in Section 7, where a fairly complete

description of the asymptotic b eha viour is giv en. In particular, for symmetric 
o ws

there are t w o p ossibilities: Either there exists a symmetric homothetically shrinking

solution, in whic h case the results of [S1] imply that all other con v ex solutions ha v e

this as asymptotic shap e as they con tract to p oin ts (except in the parallelogram case

N = 4, where ev ery solution ev olv es homothetically), or there is no suc h homothetic

solution, in whic h case all solutions con tract to p oin ts while their isop erimetric ratio

approac hes in�nit y . In the latter case the minim um edge length ` satis�es either

` �

p

( T � t ) = j log( T � t ) j or ` � ( T � t )




for some 
 2 (1 = 2 ; 1). A simple criterion

distinguishes b et w een these cases and determines the asymptotics of the singularit y .

F or non-symmetric 
o ws the situation is more complicated, and some b orderline cases

are left op en. An example sho ws that these b orderline cases include examples where

all solutions con v erge to homothetically shrinking solutions, as w ell as examples with

a v ariet y of other singularities.

2. Preliminary results. Giv en a collection of angles � = ( �

0

; : : : ; �

N � 1

) with

�

i

< �

i +1

< �

i

+ � for eac h i , and an y N -tuple f = ( f

0

; : : : ; f

N � 1

), denote b y ` ( f ) =

( `

0

( f ) ; : : : ; `

N � 1

( f )) the N -tuple de�ned b y

(4) `

i

( f ) =

f

i +1

sin( �

i +1

� �

i

)

+

f

i � 1

sin( �

i

� �

i � 1

)

�

f

i

sin( �

i +1

� �

i � 1

)

sin( �

i +1

� �

i

) sin( �

i

� �

i � 1

)

:

This is linear in the comp onen ts of f , and in particular the v ariation in `

i

( f ) induced
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b y a v ariation in f is giv en b y

(5)

d

dt

`

i

( f ) = `

i

�

df

dt

�

:

The reason for the notation comes from the follo wing sp ecial case: The supp ort func-

tion of an admissible curv e is the N -tuple s de�ned b y taking s

i

to b e the p erp endic-

ular distance in the out w ard normal direction of the i th edge from the origin. Then

`

i

( s ) = `

i

.

It is immediately clear from the de�nition of the supp ort function that the en-

closed area A of the curv e has the expression

(6) A =

1

2

N � 1

X

i =0

s

i

`

i

:

If 


1

and 


2

are t w o regions in the plane b ounded b y admissible con v ex curv es,

with supp ort functions s

(1)

and s

(2)

resp ectiv ely , the Mink o wski sum is giv en b y 


1

+




2

= f x + y : x 2 


1

; y 2 


2

g . This is again a con v ex region with b oundary an

admissible curv e, and the supp ort function is giv en b y s

(1)

+ s

(2)

.

It follo ws that the area A b eha v es as a quadratic function under Mink o wski ad-

dition of admissible sets, and the mixe d volumes of 


1

and 


2

are de�ned as the

co e�cien ts of this quadratic function:

V (


1

; 


2

) =

1

2

d

2

dt

2

A (


1

+ t 


2

)

�

�

t =0

:

This can b e expressed in terms of the supp ort function as

(7) V ( s

(1)

; s

(2)

) =

X

i

s

(1)

i

`

i

( s

(2)

) :

In particular V (
 ; 
) = 2 A (
), and V (
 ; B ) is the total length of the edges of the

b oundary curv e of 
 if B is the p olygonal curv e with the same set of edge directions

with s

1

= 1 for ev ery i (equiv alen tly , B is excrib ed on the unit circle). It is also

con v enien t to de�ne

(8) E (
) =

X

i

`

i

= V (
 ; B ) :

V (


1

; 


2

) is clearly indep enden t of the order of the argumen ts. This implies a

useful summation form ula:

(9)

X

i

p

i

`

i

( q ) =

X

i

q

i

`

i

( p ) :

The Brunn-Mink o wski theorem states that the square ro ot of the enclosed area

A is a conca v e function under Mink o wski addition:

(10) A (


1

+ 


2

)

1 = 2

� A (


1

)

1 = 2

+ A (


2

)

1 = 2

;

and equalit y holds for con v ex 


1

and 


2

if and only if 


2

is a scaled translate of 


1

.

In the sp ecial situation of Mink o wksi addition of admissible regions, this amoun ts to

the inequalit y

(11) V ( f ; f ) �

V ( f ; s )

2

2 A
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for an y function f . F urthermore, if equalit y holds in (11), then equalit y holds in

(10) with s (


1

) = s and s (


2

) = s + "f , for " su�cien tly small. Therefore f

i

=

C s

1

+ A sin �

i

+ B cos �

i

for some A , B and C , since 


1

and 


2

are scaled translates.

Equiv alen tly , equalit y holds if and only if `

i

( f ) = C `

i

.

The supp ort function is particularly con v enien t in w orking with the ev olution

equation (1), since this can b e written as the ODE system

(1')

ds

i

dt

= g

i

( `

i

( s )) :

A comparison principle applies for solutions of Eq. (1'): If s

(1)

( t ) and s

(2)

( t ) are

t w o solutions with s

(1)

i

(0) � s

(2)

i

(0) for ev ery i , then s

(1)

i

( t ) � s

(2)

i

( t ) for ev ery i and

ev ery t � 0 in the common in terv al of existence.

It follo ws from (1') that the rate of c hange of A under Eq. (1) is giv en b y

(12)

dA

dt

=

X

i

`

i

g

i

( `

i

) :

Also, if f is an y �xed function, then

(13)

d

dt

V ( s ; f ) =

X

i

g

i

( `

i

) `

i

( f ) :

The later sections of this pap er will b e concerned with the situation where there

are a pair of parallel directions, (lab elled 0 and k for con v enience), with �

0

= 0 and

�

k

= � . In this situation it is con v enien t to mak e the follo wing de�nition:

(14) w = V (
 ; I ) =

1

2

X

i

`

i

j sin �

i

j =

k � 1

X

i =1

`

i

sin �

i

= �

N � 1

X

i = k +1

`

i

sin �

i

;

where I is the degenerate curv e with `

0

= `

k

= 1 and `

i

= 0 for i 6= 0 ; k . Geometrically ,

w represen ts the width of 
 in the direction p erp endicular to the edges 0 and k . The

v ariation form ula (13) giv es a simple ev olution equation for w under (1):

(15)

dw

dt

= g

0

( `

0

) + g

k

( `

k

) :

It is also con v enien t to de�ne L = ( `

0

+ `

k

) = 2. An alternativ e expression for A is

the follo wing, whic h in v olv es only the lengths ` and not the supp ort function s :

(16) A = Lw +

1

2

X

0 <i<j <k

`

i

`

j

sin( �

j

� �

i

) +

1

2

X

k <i<j <N

`

i

`

j

sin( �

j

� �

i

) :

The follo wing estimates will b e useful in the case where L is large compared to w :

The expression (14) for w implies that

(17) `

i

� C w

for i 6= 0 ; k . Then the expression (16) for A implies that

(18) j L � A=w j � C w

and the de�nition (8) of E implies

(19) E � C w � L � E :
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The iden tit y

(20) 0 =

X

i

`

i

cos �

i

= `

0

� `

k

+

X

i6 =0 ;k

`

i

cos �

i

implies that

(21) j `

0

� L j � C w ; j `

k

� L j � C w :

A simple v ersion of the maxim um principle applies for systems of the t yp e (1):

Pr oposition 2.1. Supp ose f : f 0 ; : : : ; N � 1 g � [0 ; T ) ! R satis�es an e quation

of the form

d f

i

( t )

dt

= g

i

( f ( t ))

wher e g

i

is lo c al ly Lipschitz in e ach ar gument, and g

i

( � ) � 0 whenever �

i

= max

j

�

j

=

0 . If f

i

(0) � 0 for every i , then f

i

( t ) � 0 for every i and every t 2 [0 ; T ) .

3. A gradien t estimate. The main result of this section is a gradien t estimate

for solutions of crystalline curv ature 
o ws. This result do es not require that the 
o w

b e a con traction 
o w | the estimate applies for an y solution of a 
o w of the form (1)

with g

i

non-decreasing for eac h i .

Definition 3.1. If '

i

2 R for i = 0 ; : : : ; N � 1 , we denote by ~' the Lipschitz

function on S

1

de�ne d by

~' ( � ) =

'

i

sin( �

i +1

� � ) + '

i +1

sin( � � �

i

)

sin ( �

i +1

� �

i

)

; for �

i

� � � �

i +1

.

The geometric con ten t of this de�nition is indicated b y the follo wing: If � is an

admissible con v ex p olygon with supp ort function s , then ~s satis�es

~s ( � ) = sup f x cos � + y sin � : ( x; y ) 2 � g :

The main estimate of this section is the follo wing surprising gradien t b ound for

the extension of the sp eed function:

Pr oposition 3.2. L et ` : [0 ; T ) ! L b e a solution of Eq. (3) . Then for t 2 [0 ; T )

max

� 2 S

1

f ~g ( � ; t )

2

+ ~g

�

( � ; t )

2

g � max

�

max

� 2 S

1

;t

0

� t

f ~g ( � ; t

0

)

2

g ; max

� 2 S

1

f ~g ( � ; 0)

2

+ ~g

�

( � ; 0)

2

g

�

:

Here the deriv ativ e ~g

�

is to b e in terpreted as m ulti-v alued at the p oin ts �

i

, taking

all v alues b et w een the left and righ t-hand deriv ativ es. The result is a direct generali-

sation of an estimate pro v ed for curv ature 
o ws of smo oth curv es in [A3].

Pr o of. It su�ces to pro v e ~g (

�

� ; t )

2

+ ~g

�

(

�

� ; t )

2

is non-increasing in t at t = t

0

whenev er ~g (

�

� ; t

0

)

2

+ ~g

�

(

�

� ; t

0

)

2

= max

�

f ~g ( � ; t

0

)

2

+ ~g

�

( � ; t

0

)

2

g > max

�

f ~g ( � ; t

0

)

2

g . First

observ e the follo wing:

Lemma 3.3. F or any ' : f 0 ; : : : ; N � 1 g ! R ,

~' ( � )

2

+ ~'

�

( � )

2

=

'

2

i

+ '

2

i +1

� 2 '

i

'

i +1

cos ( �

i +1

� �

i

)

sin

2

( �

i +1

� �

i

)

; �

i

< � < �

i +1
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The Lemma follo ws b y a direct calculation from the de�nition of ~' . It follo ws

that

max

� 2 S

1

f ~g ( � ; t )

2

+ ~g

�

( � ; t )

2

g = max

i

(

g

i

( t )

2

+

�

g

i +1

( t ) � g

i

( t ) cos( �

i +1

� �

i

)

sin ( �

i +1

� �

i

)

�

2

)

:

Supp ose this maxim um is ac hiev ed for some v alue of i , and

g

i

( t )

2

+

�

g

i +1

( t ) � g

i

( t ) cos( �

i +1

� �

i

)

sin( �

i +1

� �

i

)

�

2

> max

� 2 S

1

~g ( � ; t )

2

:

In particular this implies that g

i +1

( t ) � g

i

( t ) cos( �

i +1

� �

i

) 6= 0, and similarly

g

i

( t ) � g

i +1

( t ) cos( �

i +1

� �

i

) 6= 0 since

g

i

( t )

2

+

�

g

i +1

( t ) � g

i

( t ) cos( �

i +1

� �

i

)

sin( �

i +1

� �

i

)

�

2

= g

i +1

( t )

2

+

�

g

i

( t ) � g

i +1

( t ) cos ( �

i +1

� �

i

)

sin( �

i +1

� �

i

)

�

2

:

Lemma 3.4. The quantities g

i +1

( t ) � g

i

( t ) cos( �

i +1

� �

i

) and `

i

( g ( t )) do not have

opp osite signs, and the quantities g

i

( t ) � g

i +1

( t ) cos( �

i +1

� �

i

) and `

i +1

( g ( t )) do not

have opp osite signs.

Pr o of. By maximalit y ,

g

i

( t )

2

+

�

g

i +1

( t ) � g

i

( t ) cos( �

i +1

� �

i

)

sin( �

i +1

� �

i

)

�

2

� g

i

( t )

2

+

�

g

i � 1

( t ) � g

i

( t ) cos ( �

i

� �

i � 1

)

sin( �

i

� �

i � 1

)

�

2

and therefore

�

�

�

�

g

i +1

( t ) � g

i

( t ) cos ( �

i +1

� �

i

)

sin( �

i +1

� �

i

)

�

�

�

�

�

�

�

�

�

g

i � 1

( t ) � g

i

( t ) cos( �

i

� �

i � 1

)

sin( �

i

� �

i � 1

)

�

�

�

�

:

It follo ws that

`

i

( g ) =

g

i +1

( t ) � g

i

( t ) cos ( �

i +1

� �

i

)

sin( �

i +1

� �

i

)

+

g

i � 1

( t ) � g

i

( t ) cos( �

i

� �

i � 1

)

sin( �

i

� �

i � 1

)

is either zero or has the same sign as g

i +1

( t ) � g

i

( t ) cos ( �

i +1

� �

i

). Similarly ,

g

i +1

( t )

2

+

�

g

i

( t ) � g

i +1

( t ) cos( �

i +1

� �

i

)

sin( �

i +1

� �

i

)

�

2

� g

i +1

( t )

2

+

�

g

i +2

( t ) � g

i +1

( t ) cos( �

i +2

� �

i +1

)

sin( �

i +2

� �

i +1

)

�

2

;

so that

`

i +1

( g ) =

g

i +2

( t ) � g

i +1

( t ) cos ( �

i +2

� �

i +1

)

sin( �

i +2

� �

i +1

)

+

g

i

( t ) � g

i +1

( t ) cos( �

i +1

� �

i

)

sin( �

i +1

� �

i

)

is either zero or has the same sign as g

i

( t ) � g

i +1

( t ) cos ( �

i +1

� �

i

).

Lemma 3.5. The signs of the two quantities g

i +1

( t ) � g

i

( t ) cos ( �

i +1

� �

i

) and

g

i

( t ) � g

i +1

( t ) cos( �

i +1

� �

i

) ar e opp osite.

Pr o of. The function ~g ( � ; t ) on the in terv al [ �

i

; �

i +1

] satis�es

~g

�

( � ; t ) =

� g

i

( t ) cos( �

i +1

� � ) + g

i +1

( t ) cos ( � � �

i

)

sin( �

i +1

� �

i

)
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and therefore

~g

�

( �

i

; t ) =

g

i +1

( t ) � g

i

( t ) cos ( �

i +1

� �

i

)

sin( �

i +1

� �

i

)

and

~g

�

( �

i +1

; t ) = �

g

i

( t ) � g

i +1

( t ) cos ( �

i +1

� �

i

)

sin( �

i +1

� �

i

)

:

If the Lemma do es not hold, then ~g

�

c hanges sign on the in terv al [ �

i

; �

i +1

], and there-

fore there exists

�

� 2 ( �

i

; �

i +1

) suc h that ~g

�

(

�

� ; t ) = 0. Then

~g (

�

� ; t )

2

= ~g (

�

� ; t )

2

+ ~g

�

(

�

� ; t )

2

= max

� 2 S

1

f ~g ( � ; t )

2

+ ~g

�

( � ; t )

2

g ;

b y Lemma 3.3. This con tradicts the h yp otheses of Prop osition 3.2.

The time deriv ativ e of ~g

2

+ ~g

2

�

at a maxim um p oin t ma y b e computed as follo ws:

d

dt

�

g

i

( t )

2

+ g

i +1

( t )

2

� 2 g

i

( t ) g

i +1

( t ) cos( �

i +1

� �

i

)

sin

2

( �

i +1

� �

i

)

�

=

2 g

0

i

( t ) `

i

( g ( t ))

sin( �

i +1

� �

i

)

�

g

i

( t ) � g

i +1

( t ) cos ( �

i +1

� �

i

)

sin( �

i +1

� �

i

)

�

+

2 g

0

i +1

( t ) `

i +1

( g ( t ))

sin( �

i +1

� �

i

)

�

g

i +1

( t ) � g

i

( t ) cos ( �

i +1

� �

i

)

sin( �

i +1

� �

i

)

�

:

No w observ e that g

0

i

( t ) and g

0

i +1

( t ) are non-negativ e since g

i

is non-decreasing. Lem-

mas 3.4 and 3.5 imply that `

i

( g ( t )) and g

i

( t ) � g

i +1

( t ) cos ( �

i +1

� �

i

) ha v e opp osite

signs, and that `

i +1

( g ( t )) and g

i +1

( t ) � g

i

( t ) cos( �

i +1

� �

i

) ha v e opp osite signs. There-

fore the time deriv ativ e is non-p ositiv e, and Prop osition 3.2 follo ws b y an application

of the maxim um principle (Prop osition 2.1).

4. Degenerate pinc hing. This section addresses the phenomenon of degenerate

pinc hing in crystalline curv ature 
o ws. The sp eed functions g

i

in Equation (3) are

assumed to b e negativ e, lo cally Lipsc hitz con tin uous, and increasing on (0 ; 1 ) for eac h

i , with lim

z ! 0

g

i

( z ) = �1 for all i . It w as sho wn in [GG] that if

(22)

Z

1

0

g

i

( z ) dz = �1

for ev ery i , then degenerate pinc hing do es not o ccur. The main result of this section

is almost con v erse to that statemen t:

Pr oposition 4.1. Supp ose that ther e exists a p air of p ar al lel e dges, so that �

0

= 0

and �

k

= � , and assume the gr owth r estriction

(23)

Z

1

0

g

i

( z ) dz > �1

exc ept p ossibly for i = 0 ; k . Then for any L

0

> 0 ther e exists a c onstant W

1

( L

0

; � ; g )

such that for any `

0

2 L with L = L

0

and w � W

1

, the solution of (3) with initial

data `

0

has a de gener ate pinching singularity at the �nal time T : lim

t ! T

`

i

( t ) = 0

for i 6= 0 ; k , while lim

t ! T

`

0

( t ) = lim

t ! T

`

k

( t ) > 0 :

Pr o of. A �rst step is to pro v e the follo wing more restricted result:
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Pr oposition 4.2. Under the c onditions of Pr op osition 4.1, ther e exists for any

L

0

> 0 a c onstant W

0

( L

0

; � ; g ) such that for any `

0

2 L with L = L

0

and w � W

0

and satisfying

sup

� 2 S

1

�

~g ( � )

2

+ ~g

�

( � )

2

	

= sup

� 2 S

1

~g ( � )

2

;

the solution of (3) with initial data `

0

has a de gener ate pinching singularity with

lim

t ! T

`

0

( t ) = lim

t ! T

`

k

( t ) � L

0

= 2 while lim

t ! T

`

i

( t ) = 0 for i 6= 0 ; k .

Pr o of. By Prop osition 3.2, for an y t 2 [0 ; T )

sup

� 2 S

1

�

~g ( � ; t )

2

+ ~g

�

( � ; t )

2

	

= sup

� 2 S

1

; 0 � t

0

� t

~g ( � ; t

0

)

2

:

Giv en an y t > 0 for whic h L � L

0

= 4, let

�

t 2 [0 ; t ] suc h that

sup

� 2 S

1

~g ( � ;

�

t )

2

= sup

� 2 S

1

; 0 � t

0

� t

~g ( � ; t

0

)

2

:

In particular at t =

�

t ,

(24) sup

� 2 S

1

�

~g ( � )

2

+ ~g

�

( � )

2

	

= sup

� 2 S

1

~g ( � )

2

:

Lemma 4.3. Ther e exists W

2

> 0 and C

2

, C

3

> 0 dep ending only on L

0

, g and

� such that for any ` 2 L satisfying L ( ` ) � L

0

= 3 , w ( ` ) � W

2

and (24) ,

max

i

j g

i

( `

i

) j � C

2

max

j 6=0 ;k

j g

j

( C

3

w ( ` )) j :

Pr o of. First note that j g

0

( `

0

) j � j g

0

( L

0

= 4) j and j g

k

( `

k

) j � j g

k

( L

0

= 4) j since `

0

�

L � C w � L

0

= 4 and `

k

� L

0

= 4 for W

2

small enough. Let

�

� b e suc h that sup

�

j ~g ( � ) j =

j ~g (

�

� ) j . Then j ~g (

�

� ) j � max

i

j g

i

( `

i

) j � max

i6 =0 ;k

j g

i

( C w ) j , since

`

i

�

P

j 6=0 ;k

`

j

j sin �

j

j

j sin �

i

j

� C w � C W

2

for i 6= 0 ; k .

The iden tit y (24) implies

(25) j ~g ( � ) j � j ~g (

�

� ) j cos ( � �

�

� )

for all � . The cases � = 0 ; � imply that

(26) j cos

�

� j �

max fj g

0

( L

0

= 4) j ; j g

k

( L

0

= 4) jg

max

i6 =0 ;k

j g

i

( C W

2

) j

:

No w c ho ose W

2

su�cien tly small that

max fj g

0

(1 = 4) j ; j g

k

(1 = 4) jg

max

i6 =0 ;k

j g

i

( C W

2

) j

� sin

�

1

2

min f �

1

; � � �

k � 1

; �

k +1

� � ; 2 � � �

N � 1

g

�

:

Supp ose that

�

� 2 (0 ; � ) (the other p ossibilit y can b e treated similarly). The estimate

(26) yields

j

�

� � � = 2 j �

1

2

min f �

1

; � � �

k � 1

; �

k +1

� � ; 2 � � �

N � 1

g :
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Then (25) with � = �

i

, 1 � i � k � 1 yields

j g

i

( `

i

) j � j ~g (

�

� ) j cos ( �

i

�

�

� )

� j ~g (

�

� ) j sin( �

i

� (

�

� � � = 2))

� j ~g (

�

� ) j sin

�

1

2

min f �

1

; � � �

k � 1

; �

k +1

� � ; 2 � � �

N � 1

g

�

for 1 � i � k � 1. But max

i =1 ;:::;k � 1

`

i

� C w , since

P

k � 1

i =1

`

i

sin �

i

= w . Therefore

j ~g (

�

� j � C max

i6 =0 ;k

j g

i

( C w ) j . Since j g

i

( `

i

) j � j ~g (

�

� ) j for ev ery i , the pro of of the Lemma

is complete.

Cor ollar y 4.4. If t > 0 is such that L � L

0

= 3 , then (for W

0

su�ciently smal l)

max

i

j g

i

( `

i

( t )) j � C

2

max

j 6=0 ;k

j g

j

( C

3

w ( t )) j :

Pr o of. By the c hoice of

�

t ,

max

i

j g

i

( `

i

( t )) j � max

i

j g

i

( `

i

(

�

t )) j � C

2

max

j 6=0 ;k

j g

j

( C

3

w (

�

t )) j � C

2

max

j 6=0 ;k

j g

j

( C

3

w ( t )) j

where the fact that w ( t ) is decreasing in t w as used to obtain the last inequalit y .

The pro of of Prop osition 4.2 can no w b e completed: Equation (15) giv es

dw

dt

= g

0

( `

0

) + g

k

( `

k

) � �j g

0

(2 L

0

) + g

k

(2 L

0

) j

since `

0

� L + C w � 2 L

0

for W

0

su�cien tly small (b y (21)), and

(27)

dE

dt

=

X

i

c

i

g

i

( `

i

)

b y (13), where

c

i

= `

i

(1 ) =

sin( �

i

� �

i � 1

) + sin( �

i +1

� �

i

) � sin( �

i +1

� �

i � 1

)

sin( �

i

� �

i � 1

) sin( �

i +1

� �

i

)

> 0 :

F or an y t suc h that L > L

0

= 4, Corollary 4.4 implies

dE

dt

� � c

0

j g

0

( L

0

= 4) j � c

k

j g

k

( L

0

= 4) j � C max

j 6=0 ;k

j g

j

( C

3

w ) j � � C max

j 6=0 ;k

j g

j

( C

3

w ) j

if W

0

is small enough. w is decreasing in time, so a new time v ariable ma y b e de�ned

b y � = � w ( t ). Then

dE

d�

� � C max

j 6=0 ;k

j g

j

( � C

3

� ) j ;

and

E ( t ) � E (0) � C max

j 6=0 ;k

Z

�

� W

0

j g

j

( � C

3

s ) j ds � L

0

� C W

0

� C max

j 6=0 ;k

Z

W

0

=C

3

0

j g

j

( s ) j ds;

as long as L � L

0

= 3 (b y (19) ). In particular, for W

0

su�cien tly small

L ( t ) � E ( t ) � C w ( t ) � L

0

= 2

for all t suc h that � < 0. But this implies that L ( t ) � L

0

= 2 while w ( t ) ! 0, so

degenerate pinc hing o ccurs. Note also that E is nonincreasing, and j `

0

� E j � C w
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and j `

k

� E j � C w , so the limits of `

0

( t ) and `

k

( t ) exist as t ! T and are at least

L

0

= 2.

It has not y et b een demonstrated that the h yp otheses of Prop osition 4.2 can b e

ac hiev ed. Ho w ev er explicit examples of initial data satisfying these conditions will b e

pro vided in the course of the pro of of Prop osition 4.1, whic h follo ws.

If Prop osition 4.1 do es not hold, then for an y W > 0 there exists some initial

condition ` 2 L with w � W and L = L

0

, for whic h degenerate pinc hing do es not

o ccur.

It will b e sho wn that there is some time t

�

2 [0 ; T ) suc h that the conditions of

Prop osition 4.2 are satis�ed (with a smaller L

0

). First, a b ound on the sp eed ma y b e

obtained at some p ositiv e time b y constructing a barrier ( `

0

0

; : : : ; `

0

N � 1

): Cho ose

g

i

( `

0

i

) = � � sin �

i

; i = 1 ; : : : ; k � 1;

g

i

( `

0

i

) = � sin �

i

; i = k + 1 ; : : : ; N � 1;

X

i6 =0 ;k

`

0

i

j sin �

i

j =

X

i6 =0 ;k

`

i

j sin �

i

j = w :

Here � and � are determined b y w , since

P

k � 1

i =1

g

� 1

i

( � � sin �

i

) sin �

i

= w and

�

P

N � 1

i = k +1

g

� 1

i

( � sin �

i

) sin �

i

= w . In eac h of these equations the left-hand side is

monotone decreasing, de�ned and p ositiv e for � or � su�cien tly large resp ectiv ely ,

and approac hes zero as � or � approac hes in�nit y . Th us � and � are uniquely deter-

mined for w su�cien tly small, and so `

0

i

is determined for eac h i 6= 0 ; k . Also, `

0

0

and

`

0

k

are determined b y the iden tit y (20) . In particular, `

0

0

and `

0

k

are p ositiv e pro vided �

is su�cien tly small. One can then c ho ose

`

0

0

+ `

0

k

2

� L

0

� C w and obtain a curv e whic h

can b e placed inside our original curv e. Denote b y `

0

i

( t ) the solution of Eq. (3) with

this initial data.

Lemma 4.5. If w is su�ciently smal l, then

sup

� 2 S

1

�

~g

0

( � )

2

+ ~g

0

�

( � )

2

	

= sup

� 2 S

1

~g

0

( � )

2

;

wher e ~g

0

is de�ne d by De�nition 3.1 fr om g

(

`

0

i

) .

Pr o of. A direct computation giv es

~g

0

( � ) =

8

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

:

� � sin � +

g

0

( `

0

0

) sin( �

1

� � )

sin �

1

; 0 � � � �

1

;

� � sin � ; �

1

� � � �

k � 1

;

� � sin � +

g

k

( `

0

k

) sin( � � �

k � 1

)

sin �

k � 1

; �

k � 1

� � � � ;

� sin � �

g

k

( `

0

k

) sin( �

k +1

� � )

sin �

k +1

; � � � � �

k +1

;

� sin � ; �

k +1

� � � �

N � 1

;

� sin � �

g

0

( `

0

0

) sin( � � �

N � 1

)

sin �

N � 1

; �

N � 1

� � � 2 � :
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This is min us the supp ort function of a con v ex �gure (with at most six sides), pro vided

� � max

�

j g

0

( `

0

0

) j cos �

1

sin �

1

; �

j g

k

( `

0

k

) j cos �

k � 1

sin �

k � 1

�

and

� � max

�

�

j g

0

( `

0

0

) j cos �

N � 1

sin �

N � 1

;

j g

k

( `

0

k

) j cos �

k +1

sin �

k +1

�

:

If w appro c hes zero, then � and � approac h in�nit y , while `

0

0

and `

0

k

approac h 1,

and so these conditions can b e realized. Th us for w su�cien tly small (compare the

commen ts after De�nition 3.1),

sup

� 2 S

1

f ~g

0

( � )

2

+ ~g

0

�

( � )

2

g = sup

� 2 S

1

f ~g

0

( � )

2

g :

Prop osition 4.2 applies to sho w that `

0

( t ) ev olv es to a degenerate pinc hing with

`

0

k

( t ) and `

0

0

( t ) approac hing a limit no less than L

0

= 2 as w

0

approac hes zero. Consider

the time t

0

at whic h w

0

( t ) = w = 2.

F rom the pro of of Prop osition 4.2 w e ha v e t

0

� C w (from Equation (15) ) and

E ( `

0

( t

0

)) � E ( `

0

(0)) � C max

i6 =0 ;k

Z

w

w = 2

j g

j

( C

3

s ) j ds � L

0

� C w � C w max

i6 =0 ;k

j g

j

( C

4

w ) j :

Then b y the comparison principle,

E ( ` ( t

0

)) � E ( `

0

( t

0

)) � L

0

� C w max

i6 =0 ;k

j g

j

( C

4

w ) j � E ( ` (0)) � C w max

i6 =0 ;k

j g

j

( C

4

w ) j :

On the other hand

E ( ` ( t

0

)) � E ( ` (0)) =

Z

t

0

0

X

i

c

i

g ( `

i

( s )) ds;

so it follo ws that there exists t

1

2 [0 ; t

0

] suc h that

X

i

c

i

j g ( `

i

( t

1

)) j � C max

i6 =0 ;k

j g

i

( C

4

w ) j :

By Lemma 3.3 it follo ws that

sup

� 2 S

1

�

~g ( � ; t

1

)

2

+ ~g

�

( � ; t

1

)

2

	

� C max

i6 =0 ;k

j g

i

( C

4

w ) j :

No w consider the time t

2

at whic h L reac hes L

0

= 2. Suc h a time exists since

degenerate pinc hing is assumed not to o ccur, and t

2

> t

0

in view of the estimates

ab o v e on E ( ` ( t

0

)). Ho w ev er, t

2

� C w using the ev olution equation (15) for w . On

the time in terv al [0 ; t

2

],

cw � L

0

= 2 � E ( ` ( t

2

)) � E ( ` (0)) =

Z

t

2

0

X

i

c

i

g

i

( `

i

( t )) dt

and therefore for some t

3

2 ( t

0

; t

2

),

max

i

j g

i

( `

i

( t

3

)) j �

C L

0

w

:
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Lemma 4.6. F or any " > 0 ther e is a c onstant W

3

( " ) such that for any z < W

3

,

z max

i6 =0 ;k

j g

i

( z ) j � ":

Pr o of. Otherwise, there exists a sequence z

j

! 0 suc h that

z

j

max

i6 =0 ;k

j g

i

( z

j

) j � ":

Without loss of generalit y , z

k +1

� z

k

= 2. Then on the in terv al z 2 [ z

k

= 2 ; z

k

] the

monotonicit y of g

i

implies

max

i6 =0 ;k

j g

i

( z ) j � max

i6 =0 ;k

j g

i

( z

k

) j :

Therefore

max

i6 =0 ;k

Z

z

1

z

m

= 2

j g

i

( z ) j dz �

m

X

j =1

Z

z

j

z

j

= 2

"

z

dz � m" log 2 :

T aking m ! 1 con tradicts the gro wth restriction (23) .

It follo ws that C L

0

=w is larger than C max

i6 =0 ;k

j g

i

( C

4

w ) j for w su�cien tly small,

and so b y Prop osition 3.2,

sup

� 2 S

1

�

~g ( � ; t

2

)

2

+ ~g

�

( � ; t

2

)

2

	

= sup

� 2 S

1

~g ( � ; t

2

)

2

:

Also, L ( ` ( t

2

)) � L

0

= 2 and w ( ` ( t

2

)) � W

0

. Therefore the conditions of Prop osition

4.2 are satis�ed for the initial condition ` ( t

2

) pro vided W

0

� W

1

( L

0

= 2). Prop osition

4.2 implies that a degenerate pinc hing singularit y o ccurs at the �nal time. This is a

con tradiction whic h completes the pro of.

5. En trop y . In this section the en trop y asso ciated with the homogeneous crys-

talline 
o w (2) is de�ned and pro v ed to b e nondecreasing in time.

F or the 
o w (2) the asso ciated en trop y Z : L ! R is de�ned b y

Z =

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

 

N � 1

X

i =0

f

i

`

1 � �

i

!

1

1 � �

if � 6= 1;

 

N � 1

Y

i =0

`

f

i

i

!

1

P

j

f

j

if � = 1 :

In the case � = 1 these functionals w ere de�ned in [S2]. F or other � the ab o v e

de�nitions are natural generalisations of those that w ork in the smo oth case (see [A1]

and [A3]). The basic result concerning en trop y is the follo wing:

Pr oposition 5.1. F or any solution of Eq. (2) ,

d

dt

�

Z A

� 1 = 2

�

� 0

with e quality only for homothetic al ly c ontr acting solutions.

Pr o of. By Equation (12) ,

d

dt

A = �

X

i

f

i

`

� �

i
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and (for � 6= 1)

d

dt

Z = �Z

�

X

i

f

i

`

�

i

`

i

�

f

`

�

�

:

Therefore

d

dt

�

Z A

� 1 = 2

�

= �

Z

�

A

1 = 2

0

@

X

i

f

i

`

�

i

`

i

�

f

`

�

�

�

1

2 A

 

X

i

f

i

`

�

i

`

i

!

2

1

A

� 0

b y the Brunn-Mink o wksi theorem (inequalit y (11)), and equalit y holds only if

(28) `

i

�

f

`

�

�

= c`

i

for some c > 0. But a curv e satisfying (28) ev olv es homothetically under (3), with

solution giv en explicitly b y `

i

( t ) = (1 � c (1 + � ) t )

1

1+ �

`

i

(0).

6. The homogeneous case � > 1 . In the case � > 1 of Eq. (2) considerations of

en trop y allo w a complete description of the asymptotic b eha viour of con v ex solutions

of crystalline curv ature 
o ws: These alw a ys shrink to p oin ts while asymptotically

approac hing a homothetically shrinking solution.

6.1 Isop erimetric ratio b ound. Let ` ( t ) b e a solution of Eq. (2). Then the

en trop y ratio Z A

� 1 = 2

is b ounded b elo w b y its initial v alue. This pro vides an isop eri-

metric ratio b ound, since

Z =

 

X

i

f

i

`

1 � �

i

!

1

1 � �

� f

1

1 � �

min

`

min

and so `

min

� C A

1 = 2

. Since A � C `

min

`

max

b y (16), this implies `

max

� C `

min

. It

follo ws that the solution con tin ues to exist and remains smo oth while the maxim um

edge length remains p ositiv e, and therefore the solution con v erges to a p oin t p 2 R

2

.

It follo ws that

dA

dt

= �

X

i

f

i

`

1 � �

i

� � C A

1 � �

2

and therefore A � ( T � t )

2

1+ �

and `

i

( t ) � ( T � t )

1

1+ �

for ev ery i .

6.2 Con v ergence. No w consider an y sequence of times t

k

approac hing the �nal

time T at whic h the solution con tracts to p 2 R

2

. Then consider the rescaled solutions

`

( k )

( t ) de�ned b y `

( k )

i

( t ) = ( T � t

k

)

�

1

1+ �

`

i

( t

k

+ t ( T � t

k

)). F or eac h k this de�nes a

solution of Eq. (2) for t 2 [0 ; 1), with C

1

(1 � t )

1

1+ �

� `

( k )

i

( t ) � C

2

(1 � t )

1

1+ �

, C

1

and

C

2

indep enden t of k .

It follo ws that there is a subsequence on whic h these rescaled solutions con v erge

(uniformly on compact subin terv als) to a limit `

1

( t ) whic h is again a solution. Prop o-

sition 3.1 guaran tees that Z A

� 1 = 2

is non-decreasing on the limit `

1

( t ). It is in fact

constan t, for the follo wing reason: If not, then Z A

� 1 = 2

�

�

`

1

(1 = 2)

� Z A

� 1 = 2

�

�

`

1

(0)

+ "

for some " > 0. But for k large,

�

�

�

Z A

� 1 = 2

�

�

`

( k )

( t )

� Z A

� 1 = 2

�

�

`

1

( t )

�

�

�

�

"

4

for 0 � t � 1 = 2.
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Therefore on the sequence of times t

k

, Z A

� 1 = 2

is at most Z A

� 1 = 2

�

�

`

1

(0)

+

"

4

, and on

the sequence t

k

+ 1 = 2( T � t

k

), Z A

� 1 = 2

is at least Z A

� 1 = 2

�

�

`

1

(0)

+

3 "

4

. But b oth of

these sequences approac h T as k ! 1 , so Z A

� 1 = 2

cannot b e nondecreasing. This

con tradicts Prop osition 6.1.

It follo ws from the second part of Prop osition 5.1 that the limit solution is ho-

mothetically con tracting. Finally , subsequen tial con v ergence can b e impro v ed to giv e

uniform con v ergence of the rescaled solutions to the homothetic limit (this uses the

 L o jasiewicz inequalit y , via an adaptation of the argumen t in [A2]).

In the case of a symmetric 
o w, there is a unique homothetic solution, whic h

attracts all other con v ex solutions. This follo ws from the result just pro v ed (whic h

giv es existence of a symmetric homothetic solution), together with a sligh t mo di�cation

of the argumen t in [S1].

7. The homogeneous case � = 1 . This last section deals with the homoge-

neous case � = 1, whic h turns out to allo w a remark able range of di�eren t singularit y

b eha viour. The main result is the follo wing:

Pr oposition 7.1. Under e quation (2) with � = 1 :

(1) If ther e ar e no p ar al lel p airs of e dges, or if every p air of p ar al lel e dges (i.e.

i; j such that �

j

= �

i

+ � ) satis�es f

i

+ f

j

<

P

m6 = i;j

f

m

, then for any initial data in

L , the solution is asymptotic to a homothetic al ly c ontr acting solution. In p articular,

if the 
ow is symmetric (i.e. �

i + k

= �

i

+ � and f

i + k

= f

i

for every i ) then ther e exists

a unique homothetic al ly c ontr acting solution, and al l solutions ar e asymptotic to this.

In this c ase

min

m

`

m

( t ) � max

m

`

m

( t ) �

p

T � t

(2) If ther e exist e dges i; j such that �

j

= �

i

+ � , and f

i

+ f

j

>

P

m6 = i;j

f

m

, then

ther e exist solutions for which the isop erimetric r atio b e c omes unb ounde d as the �nal

time is appr o ache d, in such a way that

min

m

`

m

( t ) � ( T � t )

f

i

+ f

j

P

r

f

r

; max

m

`

m

( t ) � ( T � t )

1 �

f

i

+ f

j

P

r

f

r

:

If the 
ow is symmetric then this o c curs for al l solutions.

(3) If the 
ow is symmetric with N > 4 and ther e is a p air of p ar al lel e dges i; j

such that f

i

+ f

j

=

P

m6 = i;j

f

m

, then for every solution the isop erimetric r atio b e c omes

unb ounde d as t ! T , in such a way that

min

m

`

m

( t ) �

s

T � t

j log( T � t ) j

; max

m

`

m

( t ) �

p

( T � t ) j log( T � t ) j :

If the 
ow is symmetric with N = 4 and f

1

= f

2

, then every solution is homothetic al ly

c ontr acting.

This result do es not co v er the case of non-symmetric 
o ws in the critical case

where there is a pair of parallel edges carrying half the total of the w eigh ts f

j

.

Examples of this kind will b e pro vided b elo w where all solutions are a ymptotic to

homothetic solutions, as w ell as others sho wing div ergen t b eha viour of the same

kind as part (3) of the Prop osition, and others sho wing div ergen t b eha viour where

`

min

� ( T � t )

1 = 2

= j log ( T � t ) j

1 = 4

. It seems probable that for an y p ositiv e in teger k
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there should b e examples where `

min

� ( T � t )

1 = 2

= j log( T � t ) j

1 = 2 k

, but the criteria dis-

tinguishing these p ossibilities in terms of the w eigh ts f

j

and the angles �

j

are probably

v ery complicated.

Pr o of. In the case where there are no parallel edges, there is an automatic isop eri-

metric ratio b ound, so the argumen t of Section 6 sho ws that the solution is asymptotic

to a homothetic solution. F or symmetric 
o ws it su�ces to start with symmetric initial

data and deduce con v ergence to a symmetric homothetic solution, since the globally

attracting nature of symmetric homothetic solutions w as established in [S1].

The pro of of part (1) of the Prop osition can no w b e completed b y establishing

an isop erimetric ratio b ound under the assumption that ev ery pair of parallel edges

carries less than half the total of the w eigh ts f

j

. T ak e an y suc h pair of parallel edges,

and parametrise suc h that these are in directions �

0

= 0 and �

k

= � . F or simplicit y

one can also reparametrise time to mak e

P

i

f

i

= 1.

De�ne w =

P

k � 1

i =1

`

i

sin �

i

=

P

N � 1

i = k +1

`

i

j sin �

i

j . Then observ e that j `

0

� A=w j �

C w and j `

k

� A=w j � C w , so that

Z A

� 1 = 2

= A

� 1 = 2

`

f

0

0

`

f

k

k

k � 1

Y

i =1

`

f

i

i

N � 1

Y

j = k +1

`

f

j

j

� A

� 1 = 2

�

A

w

�

f

0

+ f

k

�

1 + C

w

2

A

�

k � 1

Y

i =1

`

f

i

i

N � 1

Y

j = k +1

`

f

j

j

:

The t w o pro ducts can b e estimated as follo ws:

k � 1

Y

i =1

`

f

i

i

= exp

(

k � 1

X

i =1

f

i

log `

i

)

= exp

(

k � 1

X

i =1

f

i

log

�

`

i

j sin �

i

j

f

i

�

)

exp

(

k � 1

X

i =1

f

i

log

�

f

i

j sin �

i

j

�

)

� exp

(

k � 1

X

i =1

f

i

log

�

f

i

j sin �

i

j

�

)  

1

P

k � 1

i =1

f

i

k � 1

X

i =1

`

i

j sin �

i

j

!

P

k � 1

i =1

f

i

=

k � 1

Y

i =1

 

f

i

j sin �

i

j

P

k � 1

j =1

f

j

!

f

i

w

P

k � 1

j =1

f

j

;

and similarly

N � 1

Y

i = k +1

`

f

i

i

�

N � 1

Y

i = k +1

 

f

i

j sin �

i

j

P

N � 1

j = k +1

f

j

!

f

i

w

P

N � 1

j = k +1

f

j

:

It follo ws that

Z A

� 1 = 2

� C

1

�

1 + C

2

w

2

A

� �

w

p

A

�

P

i6 =0 ;k

f

i

� f

0

� f

k

;
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where

C

1

=

k � 1

Y

i =1

 

f

i

j sin �

i

j

P

k � 1

j =1

f

j

!

f

i

N � 1

Y

i = k +1

 

f

i

j sin �

i

j

P

N � 1

j = k +1

f

j

!

f

i

:

In particular, since the en trop y ratio is b ounded b elo w, a lo w er b ound on r = w

2

= A

follo ws (the exp onen t

P

i6 =0 ;k

f

i

� f

0

� f

k

is p ositiv e b y h yp othesis). P art (1) of

Prop osition 7.1 no w follo ws as in Section 6.

The pro of of part (2) of Prop osition 7.1 pro ceeds as follo ws: The same argumen t

as ab o v e giv es an upp er b ound for w

2

= A in terms of the en trop y ratio, and in particular

solutions with large en trop y m ust ha v e small w

2

= A as long as they exist. The follo wing

initial data will giv e arbitrarily large v alues for the en trop y ratio: T ak e

(29)

`

0

+ `

k

2

= 1;

f

i

`

i

= � sin �

i

; i = 1 ; : : : ; k � 1;

f

i

`

i

= � � sin �

i

; i = k + 1 ; : : : ; N � 1;

k � 1

X

i =1

`

i

sin �

i

= �

N � 1

X

i = k +1

`

i

sin �

i

= �:

Th us � = �

� 1

P

k � 1

i =1

f

i

and � = �

� 1

P

N � 1

i = k +1

f

i

. `

0

and `

k

are determined b y these

conditions using the iden tit y (20) . With this c hoice, j A � � j � C �

2

, j `

0

� 1 j � C � ,

j `

k

� 1 j � C � and

Z A

� 1 = 2

� C

1

�

P

i6 =0 ;k

f

i

� f

0

� f

k

(1 � C � ) :

Therefore the en trop y ratio can b e made arbitrarily large b y taking � small, and w

2

= A

can b e made to remain as small as desired as long as the solution exists, b y c ho osing

this initial data with � small.

No w compute the ev olution of A using (12):

dA

dt

= �

X

i

f

i

;

so that A ( t ) =

P

i

f

i

( T � t ). Equation (15) giv es the ev olution of w :

dw

dt

= �

f

0

`

0

�

f

k

`

k

� � ( f

0

+ f

k

)

w

A

�

1 � C

w

2

A

�

� �

( f

0

+ f

k

� " ) w

P

i

f

i

( T � t )

;

for an y " > 0, pro vided � is su�cien tly small. This inequalit y in tegrates to giv e

w ( t ) � C ( T � t )

f

0

+ f

k

� "

P

i

f

i

:

The exp onen t here is greater than 1 = 2 for " small. Substituting this estimate for w

bac k in the ev olution equation for w giv es

d log w

dt

� �

f

0

+ f

k

P

i

f

i

�

1

( T � t )

�

C

( T � t )

1 � �

�
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for some � > 0, and therefore

w ( t ) � C ( T � t )

f

0

+ f

k

P

i

f

i

:

This pro vides an example of initial conditions where the isop erimetric ratio b ecomes

un b ounded in the w a y claimed in the Prop osition.

In the case of symmetric 
o ws, a di�eren t pro of applies, and this also giv es the

result of part (3): The metho ds of section 6 imply that an y solution either has isop eri-

metric ratio approac hing in�nit y , or con v erges to a homothetically shrinking solution

(if there is an y sequence of times approac hing the �nal time for whic h the isop erimetric

ratio remains b ounded, the metho ds of Section 6 imply con v ergence to a homothet-

ically shrinking limit). The latter p ossibilit y will b e excluded b y sho wing that there

do not exist homothetically shrinking solutions:

Supp ose ` is a homothetically shrinking solution. Then `

i

s

i

= �f

i

, whic h means

geometrically that the area subtended b y the i th edge is prop ortional to the w eigh t

f

i

. By scaling the curv e, one can assume that the area subtended b y the i th edge is

equal to f

i

, and without loss of generalit y one can assume

P

i

f

i

= 1. The h yp otheses

of the Prop osition imply f

0

> 1 = 4 in case (2) and f

0

= 1 = 4 in case (3).

Consider the area subtended b y the edges 0 and k : These are eac h equal to f

0

.

It follo ws that the p erp endicular distance of edge 0 from the origin is equal to 2 f

0

=`

0

,

and the p erp endicular distance of edge k from the origin is equal to 2 f

0

=`

k

. Therefore

the width w of the curv e is equal to 2 f

0

(1 =`

0

+ 1 =`

k

). By iden tit y (16) , the total area

satis�es

A � Lw = f

0

( `

0

+ `

k

)

2

`

0

`

k

� 4 f

0

� 1 ;

where the last inequalit y is strict in case (2), and the �rst inequalit y is strict in case

(3) unless N = 4. This con tradicts the fact that the total area is equal to

P

i

f

i

= 1.

It remains to sho w that the singularit y is alw a ys of the t yp e claimed. The next

results will sho w that the solutions asymptotically approac h curv es similar to those

de�ned in Equation (29).

Lemma 7.2. F or any solution of Eq. (2) ,

`

i

�

f

`

�

+

`

i

2 t

� 0

for every i and every 0 < t < T .

This result also holds for other 
o ws of the form (2) with � > 0, if the last term

is replaced b y �`

i

= (1 + � ) t .

Pr o of. This is true for small times. Consider the ev olution equation for `

i

( f =` ):

d

dt

`

i

= � `

i

�

f

`

�

;

so that

d

dt

�

f

i

`

i

�

=

f

i

`

2

i

`

i

�

f

`

�

;
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and

d

dt

�

`

i

�

f

`

� �

= `

i

�

f

`

2

`

�

f

`

� �

=

f

i +1

`

i +1

�

f

`

�

`

2

i +1

sin( �

i +1

� �

i

)

+

f

i � 1

`

i � 1

�

f

`

�

`

2

i � 1

sin( �

i

� �

i � 1

)

�

f

i

`

i

�

f

`

�

sin( �

i +1

� �

i � 1

)

`

2

i

sin( �

i +1

� �

i

) sin( �

i

� �

i � 1

)

If `

i

( f =` ) + `

i

= 2 t �rst reac hes zero at some p ositiv e time t then

`

i +1

( f =` ) � � `

i +1

= 2 t

and

`

i � 1

( f =` ) � � `

i � 1

= 2 t:

It follo ws that

d

dt

�

`

i

�

f

`

�

+

`

i

2 t

�

� �

f

i +1

2 t`

i +1

sin( �

i +1

� �

i

)

�

f

i � 1

2 t`

i � 1

sin( �

i

� �

i � 1

)

+

f

i

sin( �

i +1

� �

i � 1

)

2 t`

i

sin( �

i +1

� �

i

) sin( �

i

� �

i � 1

)

�

1

2 t

`

i

�

f

`

�

�

`

i

2 t

2

= �

1

t

`

i

�

f

`

�

�

`

i

2 t

2

= �

1

t

�

`

i

�

f

`

�

+

`

i

2 t

�

= 0 :

The Lemma follo ws b y the maxim um principle (Prop osition 2.1).

Lemma 7.3. F or any solution of a symmetric 
ow of the form (2) with � = 1 ,

ther e exists t

�

< T and C > 0 such that for al l t

�

� t < T ,

�

�

�

�

�

`

i

�

w f

i

sin �

i

P

k � 1

j =1

f

j

�

�

�

�

�

� C

w

3

A

for i = 1 ; : : : ; k � 1 , and

�

�

�

�

�

`

i

�

w f

i

j sin �

i

j

P

N � 1

j = k +1

f

j

�

�

�

�

�

� C

w

3

A

for i = k + 1 ; : : : ; N � 1 , while

�

�

�

�

`

0

�

A

w

+ C

1

w

�

�

�

�

� C

w

3

A

;

�

�

�

�

`

k

�

A

w

+ C

1

w

�

�

�

�

� C

w

3

A

wher e

C

1

=

1

2

X

0 <i<j <k

f

i

f

j

sin( �

j

� �

i

)

(

P

k � 1

r =1

f

r

)

2

sin �

i

sin �

j

+

1

2

X

k <i<j <N

f

i

f

j

sin( �

j

� �

i

)

(

P

N � 1

r = k +1

f

r

)

2

sin �

i

sin �

j

:
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Lemma 7.3 has the follo wing nice in terpretation: As the solutions con tract to

p oin ts, they b ecome v ery long and thin, and their asymptotic shap e at eac h of the

t w o ends is that of a curv e that ev olv es purely b y translation.

Pr o of. T o deduce estimates on `

i

for 1 � i � k � 1, the estimates from Lemma

7.2 are applied: First note that for t > T = 2,

0 � `

1

�

f

`

�

+

`

1

2 t

=

f

2

`

2

sin( �

2

� �

1

)

+

f

0

`

0

sin �

1

�

f

1

sin �

2

`

1

sin( �

2

� �

1

) sin �

1

+

`

1

2 t

:

Rearranging this and applying the estimate for `

0

and the b ound `

1

� C w , one obtains

(if necessary c ho osing t

�

su�cien tly large to mak e w

2

= A small for t > t

�

, and noting

A approac hes zero near the �nal time)

f

2

`

2

sin �

2

�

f

1

`

1

sin �

1

� C

w

A

:

Next an induction argumen t will b e giv en to sho w that

f

j +1

`

j +1

sin �

j +1

�

f

j

`

j

sin �

j

� C

w

A

for j = 1 ; : : : ; k � 2. The case j = 1 is pro v ed ab o v e. Supp ose it holds for j = 1 ; : : : ; m

for some m < k � 2. Then Lemma 7.2 with i = m giv es

f

m +1

`

m +1

sin �

m +1

�

f

m

`

m

�

cos ( �

m +1

� �

m

)

sin �

m +1

+

cos ( �

m

� �

m � 1

) sin( �

m +1

� �

m

)

sin( �

m

� �

m � 1

) sin �

m +1

�

�

f

m � 1

sin( �

m +1

� �

m

)

`

m � 1

sin( �

m

� �

m � 1

) sin �

m +1

�

`

m

sin( �

m +1

� �

m

)

2 t sin �

m +1

�

f

m

`

m

�

sin( �

m +1

� �

m � 1

) sin �

m

� sin( �

m +1

� �

m

) sin �

m � 1

sin �

m

sin( �

m

� �

m � 1

) sin �

m +1

�

� C

w

A

=

f

m

`

m

sin �

m

� C

w

A

;

where the induction h yp othesis for j = m w as applied to get the second inequalit y ,

and the iden tit y

sin B sin( C � A ) = sin A sin( C � B ) + sin C sin( B � A )

w as used to get the last equalit y . This completes the induction. The same argumen t

starting with i = k � 1 and decreasing sho ws that

f

j � 1

`

j � 1

sin �

j � 1

�

f

j

`

j

sin �

j

� C

w

A

for j = 2 ; : : : ; k � 1. It follo ws that

�

�

�

�

f

i

`

i

sin �

i

�

f

j

`

j

sin �

j

�

�

�

�

� C

w

A

for 1 � i; j � k � 1. A similar argumen t applies for k + 1 � i; j � N � 1. The �rst

t w o iden tities of the Lemma no w follo w from the expressions (14) for w .
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The last t w o iden tities of the Lemma can no w b e deduced: Iden tit y (16) giv es

(using the estimates already pro v ed)

j L � A=w + C

1

w j � C ( w

3

= A ) :

Then the iden tit y (20) giv es (since f

k + i

= f

i

and �

k + i

= �

i

+ � )

j `

0

� `

k

j =

�

�

�

�

�

�

X

i6 =0 ;k

`

i

cos �

i

�

�

�

�

�

�

=

w

P

k � 1

r =1

f

r

�

�

�

�

�

k � 1

X

i =1

�

f

i

cos �

i

sin �

i

+

f

i

cos ( �

i

+ � )

j sin( �

i

+ � ) j

�

�

�

�

�

�

+ O

�

w

3

A

�

and the terms in the brac k et cancel. The last t w o iden tities of Lemma 7.3 fol-

lo w.

In the case (2), the previous argumen t applies starting from the time t

�

.

Finally , the pro of of part (3) of the Prop osition can b e completed: It has b een

sho wn that all solutions m ust ha v e isop erimetric ratio b ecoming un b ounded as t ! T .

Lemma 7.3 implies that for t close to T ,

1

`

0

=

w

A

+ C

1

w

3

A

2

+ O

�

w

5

A

3

�

;

and similarly for 1 =`

k

. Therefore if q = w

2

= A then

dq

dt

=

w

2

A

2

 

X

i

f

i

� 2( f

0

+ f

k

)

!

+ C

1

w

4

A

3

+ O

�

w

6

A

4

�

= C

1

q

2

A

+ O

�

q

3

A

�

:

and so (since A =

P

i

f

i

( T � t ))

w

P

i

f

i

q

( T � t )

C

1

j log ( T � t ) j

! 1

as t ! T . Asymptotics for eac h of the lengths `

i

( t ) follo w from Lemma 7.3.

The follo wing example illustrates that those cases omitted from Prop osition 7.1

can still b e quite complicated.

Consider the case N = 4, with �

0

= 0, �

1

= � , �

2

= � and �

3

= 2 � � � . The cases

omitted from the theorem are then � 6= � = 2, with f

0

+ f

2

= f

1

+ f

3

. T ak e f

0

= � ,

f

1

= � , f

2

= 1 � � and f

3

= 1 � � . The geometric constrain ts imply that `

1

= `

3

and `

2

= `

0

+ 2 `

1

cos � , so there are t w o indep enden t v ariables `

0

and `

1

. These ev olv e

according to the equations

d`

0

dt

=

2 � cos �

`

0

sin �

�

1

`

1

sin �

;

d`

1

dt

= �

1

sin �

�

�

`

0

+

1 � �

`

0

+ 2 `

1

cos �

�

:

The ratio r =

`

0

`

1

ev olv es according to

dr

dt

=

2

r `

2

1

sin �

�

1 +

2 cos �

r

�

�

(2 � � 1) cos � +

2 � cos

2

�

r

�

:
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This giv es the follo wing t yp es of b eha viour: If cos � = 0, then dr =dt = 0 for an y

v alue of r , re
ecting the fact that ev ery solution is homothetically shrinking in this

case. If cos � > 0, then dr =dt < 0 for large r when � > 1 = 2, so in this case all solutions

con v erge to the homothetic solution with r = 2 � cos � = (2 � � 1). Ho w ev er if � < 1 = 2,

then dr =dt > 0 for large r , so in this case r approac hes in�nit y as the �nal time is

approac hed, and `

0

�

p

( T � t ) j log ( T � T ) j and `

1

�

p

( T � t ) = j log( T � t ) j . If � =

1 = 2, then dr =dt > 0 for large r (for an y cos � 6= 0), so r approac hes in�nit y as the �nal

time is approac hed, and `

0

�

p

T � t j log( T � t ) j

1 = 4

and `

1

�

p

T � t= j log( T � t ) j

1 = 4

.

Examples can b e constructed with six edges at equal angles, suc h that A=w

2

approac hes in�nit y as the �nal time is approac hed, with w �

p

T � t= j log ( T � t ) j

1 = 6

.

It seems unlik ely that a simple criterion can b e found in terms of the angles �

i

and

the w eigh ts f

i

whic h distinguish these more and more extreme cases of `slo w blo w-up'

from the case where all solutions are asymptotic to homothetically shrinking solutions.
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