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h 2002 007SYMPLECTIC GENUS, MINIMAL GENUS ANDDIFFEOMORPHISMS*BANG-HE LIy AND TIAN-JUN LIzAbstra
t. In this paper, the symple
ti
 genus for any 2�dimensional 
lass in a 4�manifoldadmitting a symple
ti
 stru
ture is introdu
ed, and its relation with the minimal genus is studied. Itis used to des
ribe whi
h 
lasses in rational and irrational ruled manifolds are realized by 
onne
tedsymple
ti
 surfa
es. In parti
ular, we 
ompletely determine whi
h 
lasses with square at least �1 insu
h manifolds 
an be represented by embedded spheres. Moreover, based on a new 
hara
terizationof the a
tion of the di�eomorphism group on the interse
tion forms of a rational manifold, we are ableto determine the orbits of the di�eomorphism group on the set of 
lasses represented by embeddedspheres of square at least �1 in any 4�manifold admitting a symple
ti
 stru
ture.1. Introdu
tion. Let M be a smooth, 
losed oriented 4�manifold. An orien-tation-
ompatible symple
ti
 form on M is a 
losed two�form ! su
h that ! ^ ! isnowhere vanishing and agrees with the orientation. For any oriented 4�manifold M ,its symple
ti
 
one CM is de�ned as the set of 
ohomology 
lasses whi
h are representedby orientation-
ompatible symple
ti
 forms.For any 
lass e 2 H2(M ;Z), its minimal genus m(e) is the minimal genus of asmoothly embedded 
onne
ted surfa
e representing the Poin
ar�e dual PD(e). Theproblem of determining the minimal genus has involved many of the important te
h-niques in 4�manifold topology, and it bears its origin in the older problem of repre-senting the Poin
ar�e dual to a 
lass by an embedded sphere (See the ex
ellent surveypapers [La1-2℄ and [Kr1℄ on these two problems).We are here interested in studying both these problems for 4�manifolds withnon-empty symple
ti
 
one. We will introdu
e the notion of the symple
ti
 genus�(e) for 4�manifolds with non-empty symple
ti
 
one. Re
all that any symple
ti
stru
ture ! determines a homotopy 
lass of 
ompatible almost 
omplex stru
tureson the 
otangent bundle, whose �rst Chern 
lass is 
alled the 
anoni
al 
lass of !.Roughly, the symple
ti
 genus �(e) of a 
lass e is given by the formula [e2+K � e℄=2+1, where K has largest pairing against e amongst 
anoni
al 
lasses of symple
ti
stru
tures for whi
h the symple
ti
 area of e is positive.�(e) has many ni
e properties, among whi
h are (i) invarian
e under the a
tion ofdi�eomorphism group and (ii) bounding the minimal genus from below. We spe
ulatethat, for most 
lass of positive square, the symple
ti
 genus is in fa
t the minimalgenus, at least when b+(M) = 1 (b+(M) is the maximal dimension of a positivede�nite subspa
e of H2(M ;R)). The minimal genus, by de�nition, is non-negative.And it is easy to see that the symple
ti
 genus of a suÆ
iently large multiple of a 
lassof positive square is positive. However it is not obvious that the symple
ti
 genus ofany 
lass of positive square is non-negative. In this paper we proveTheorem A. Let M be a smooth, 
losed oriented 4�manifold with non-emptysymple
ti
 
one and b+(M) = 1. Then the symple
ti
 genus of any 
lass of positive*Re
eived August 14, 2001; a

epted for publi
ation O
tober 31, 2001.yA
ademy of Mathemati
s and Systems S
ien
e, A
ademia Sini
a, Beijing, 100080, P.R. China(libh�iss06.iss.a
.
n).zDepartment of Mathemati
s, Prin
eton University, Prin
eton, NJ 08544, USA(tli�math.prin
eton.edu). 123



124 BANG-HE LI AND TIAN-JUN LIsquare is non-negative, and it 
oin
ides with the minimal genus for any suÆ
ientlylarge multiple of su
h a 
lass.The proof of Theorem A is not very diÆ
ult ex
ept when the manifold is a non-minimal rational or irrational ruled manifold. In fa
t, for this kind of manifold we areable to obtain a mu
h stronger result. Let us explain what su
h a manifold is. LetEM be the set of integral 
ohomology 
lasses whose Poin
ar�e duals are representedby smoothly embedded spheres of squares �1. M is said to be (smoothly) minimalif EM is the empty set. Any manifold M 
an be de
omposed as a 
onne
ted sum ofa minimal manifold N with some number of CP 2. Su
h a de
omposition is 
alled a(smooth) minimal redu
tion of M , and N is a minimal model of M . M is said to berational if one of its minimal models is CP 2 or S2 � S2; and irrational ruled if one ofits minimal models is an S2�bundle over a Riemann surfa
e of positive genus. WhenM has non-empty symple
ti
 
one and is not rational or irrational ruled, M has aunique minimal redu
tion (see [L1℄ and [M
3℄). Using the invarian
e of the symple
ti
genus under di�eomorphisms and the Taubes-Seiberg-Witten theory, we are able toshowTheorem B. Let M be a rational or irrational ruled 4�manifold. If e is a 
lasswith square at least one, then its symple
ti
 genus is non-negative and 
omputable.Furthermore, if e � e � �(e)� 1, then PD(e) is represented by a 
onne
ted symple
ti
surfa
e, and therefore its minimal genus 
oin
ides with its symple
ti
 genus.For 
lasses with square zero and �1 on rational and irrational ruled manifolds,we have similar results.Observe that if PD(e) is represented by an embedded sphere, then m(e) = 0and therefore �(e) is zero as well. It turns out that this simple fa
t enables us to
ompletely determine whi
h 
lass of square at least �1 is represented by a smoothlyembedded sphere in any symple
ti
 4�manifold. When M has nonempty CM and isnot rational or irrational ruled, su
h a des
ription is known (see [T2℄, [M
3℄ and [L1℄).Let N#nCP 2 be the unique minimal redu
tion ofM , then, if e has square at least �1,PD(e) is represented by a smoothly embedded sphere if and only if e is a generator ofone of the CP 2. For rational and ruled manifolds, we haveTheorem C. LetM be a rational or irrational ruled manifold and e 2 H2(M) bea 
lass with square at least �1. If �(e) = 0, then PD(e) is represented by a smoothlyembedded sphere. Furthermore, if PD(e) is represented by a smoothly embeddedsphere, then either �(e) = 0 or e is a non-primitive 
lass of square zero with e = pe0and �(e0) = 0.We would like to remark that the proofs of Theorems A, B and C are built out ofthe work Taubes on Seiberg-Witten invariants realizing symple
ti
 surfa
es, the wall
rossing formula for proving the non-triviality of the Seiberg-Witten invariants, andthe fa
t that for minimal manifolds with b+ = 1 it is easy to for
e symple
ti
 surfa
esto be 
onne
ted. For non-minimal manifolds, we need the additional te
hini
al notionof the redu
ed 
lass.Beyond determining the set of 
lasses represented by spheres and with square atleast �1, we are also able to determine the a
tion of the di�eomorphism group on thisset. Let us 
all a 
lass spheri
ally representable if its Poin
ar�e dual is represented bya smoothly embedded sphere. Let SPH(M) be the set of spheri
ally representable
lasses and SPH��1 be the subset of 
lasses with square at least �1. ObviouslyDi�(M) a
ts on SPH(M) and preserves SPH��1. We are able to 
ompletely deter-mine the orbits of SPH��1 under Di�(M). To state the result we need to introdu
e



SYMPLECTIC GENUS, MINIMAL GENUS AND DIFFEOMORPHISMS 125more notations. We say a 
lass e is of divisibility p if e = p~e with ~e a primitive 
lass.Let SPHs;p(M) be the subset of 
lasses in SPH(M) with square s and divisibility p.SPHs;p(M) 
an be further de
omposed depending on the type, i.e. whether a 
lass is
hara
teristi
 or ordinary. Re
all a 
lass is 
alled 
hara
teristi
 if it is an integral lift ofthe se
ond Stie�el-Whitney 
lass. Su
h a 
lass v satis�es v �u = u �u (mod 2) for any
lass u. A 
lass is 
alled ordinary if it is not 
hara
teristi
. De�ne SPHos;p(M) andSPH
s;p(M) to be the subsets of ordinary and 
hara
teristi
 
lasses in SPHs;p(M).When the group of di�eomorphisms Di�(M) a
ts on H2(M), it preserves the square,the divisibility and the type. Therefore, Di�(M) a
ts on SPHos;p(M) and SPH
s;p(M)separately. Remarkably this a
tion is transitive if s � �1.Theorem D. LetM be a smooth, 
losed oriented 4�manifold with CM nonempty.Then Di�(M) a
ts transitively on SPHos;p(M) and SPH
s;p when s � �1.The diÆ
ult 
ase in Theorem D is whenM is a rational manifold and s � 0. Theproof in this 
ase relies 
ru
ially on a new 
hara
terization of the a
tion of Di�(M)on H2(M ;Z) in terms of the K�symple
ti
 
ones.We do not know whether the transitivity 
ontinues to hold when s is less than�1. The 
ase s = �2 is parti
ularly interesting and will be the subje
t of furtherinvestigation. We remark that Theorem D will be applied in [L2℄ to prove that the�ber sums of relatively minimal Lefs
hetz �brations are minimal manifolds.Convention. From now on, when we say an integral 
ohomology 
lass is repre-sented by a surfa
e, we mean its Poin
ar�e dual is represented by a surfa
e.The organization of the paper is as follows. In x2, we study whi
h automorphismsof the 
ohomology latti
e of a rational manifold are realized by di�eomorphisms. Basedon a 
hara
terization by Friedman and Morgan in [FM1-2℄, we give a new 
hara
ter-ization in terms of the K�symple
ti
 
ones. This new 
hara
terization will be usedin x4 and is one major new theoreti
al input in this paper. In x3, we systemati
allystudy the symple
ti
 genus and prove Theorem A and B. Most of this se
tion is aseries of 
omputational lemmas whi
h give enough 
ase-by-
ase 
ontrol to prove thetheorems. In x4, we study the problem of representing a 
lass by spheres and deter-mine the a
tion of di�eomorphism groups on SPH(M). Theorems C and D will beproved there.The authors would like to thank Janos Koll�ar, Ronnie Lee, Robert Friedman andGang Tian for helpful dis
ussions. This resear
h is partially supported by NSF.2. Di�eomorphism group of rational and K�symple
ti
 
ones. On amanifoldM , ea
h di�eomorphism indu
es an automorphism of the latti
e of the se
ondintegral 
ohomology. Hen
e there is a natural map from Di�(M) to the automorphismgroup of the latti
e. Let D(M) be the image of this natural map. In other words, anautomorphism is in D(M) if it is realized by an orientation-preserving di�eomorphism.We will des
ribe D(M) for both rational and irrational ruled manifolds.On ea
h irrational ruled manifold M , there is a 
lass (unique up to sign) withsquare zero whose Poin
�are dual is represented by an embedded sphere. It is provedin [FM2℄ that an automorphism of the 
ohomology latti
e is in D(M) if and only ifthat 
lass is preserved up to sign. In parti
ular, the -Id automorphism is in D(M).The 
ase for rational manifolds is rather 
ompli
ated. Ea
h rational manifoldM is of the form CP 2#nCP 2. When n � 9, a result of Wall states that any auto-morphism is realized by a di�eomorphism. The more diÆ
ult 
ase n � 10 requiresthe 
on
epts of P�
ell and super P�
ell introdu
ed by Friedman and Morgan [FM1℄,and a 
hara
terization of the di�eomorphism group via these terms. In fa
t they are



126 BANG-HE LI AND TIAN-JUN LInot adequate for the purpose of this paper, and we need to 
onsider their partial
ompa
ti�
ations and relate them to the K�symple
ti
 
ones.Suppose M is an oriented 
losed manifold with b+ = 1, b� = n and no torsionin H2(M ;Z). A basis (x; �1; :::; �n) for H2(M ;Z) is 
alled standard if x2 = 1, and�2i = �1 for ea
h i = 1; :::; n. LetP = fe 2 H2(M ;R)je � e > 0gB = fe 2 H2(M ;R)je � e = 0gP = fe 2 H2(M ;R)je � e � 0g:For ea
h 
lass x 2 H2(M ;Z) with x2 < 0, we de�ne x? 2 H2(M ;R) to be theorthogonal subspa
e to x with respe
t to the 
up produ
t, and we 
all (x?) \ P thewall in P de�ned by x. Let W1 be the set of walls in P de�ned by integral 
lasseswith square �1. A 
hamber for W1 is the 
losure in P of a 
onne
ted 
omponent ofP � [W2W1W:Any point x 2 P with square 1 at whi
h n mutually perpendi
ular walls of W1meet is 
alled a 
orner. Any 
orner is an integral 
lass (see Lemma 2.2 in [FM1℄).Suppose C is a 
hamber for W1. If x is a 
orner in C, a standard basis (x; �1; : : : ; �n)for H2(M ;Z) is 
alled a standard basis adapted to C if �i � C � 0 for ea
h i. The
anoni
al 
lass of the pair (x;C) is de�ned to be �(x;C) = 3x�Pi �i. Suppose C isa 
hamber for W1 and x is a 
orner in C, we de�neP (x;C) = C \ fe 2 Pj�(x;C) � e � 0g:Any subset of P of the form P (x;C) is 
alled a P�
ell.Notation. For any U � P (similarly B, P), we will use intP (U) (similarlyintB(U), intP(U)) to denote U\int(P) (similarly U\int(B), U\int(P)). For any V �P (respe
tively P), we will use �V (similarly V̂ ) to denote its 
losure in P (similarlyP). The basi
 properties of P�
ells are summarized in the following lemma.Lemma 2.1.1. A P�
ell is a 
hamber for the set of walls W1 [ f�(x;C)? \ Pg.2. If P (x;C) = P (x0; C 0), then �(x;C) = �(x0; C 0). Thus for ea
h P�
ell P we
an assign a unique 
anoni
al 
lass of the form �(x;C), whi
h will be written as �(P ).3. If  is an automorphism of the latti
e and P is a P�
ell with 
anoni
al 
lass�, then  � P is also a P�
ell with 
anoni
al 
lass  (�).4. If P and P 0 are distin
t P�
ells, then intP(P ) and intP(P 0) are disjoint.5. If P and P 0 are distin
t P�
ells, then intB(P \B) and intB(P 0\B) are disjoint.In other words, the interiors of the B�boundaries of the 
losure of distin
t P�
ellsare also disjoint.Proof. The proofs of the �rst 4 properties 
an be found in 
hapter II in [FM 1℄.Here we prove property 5. Noti
e that P = P [ B. If x is any point in intB(P \ B),then the interse
tion of P with any suÆ
iently small neighborhood in P of x is non-empty and is 
ontained in intP(P ). Thus if intB(P \ B) and intB(P 0 \ B) interse
t,then intP(P ) and intP(P 0) overlap and hen
e they are the same P�
ells by property4. Therefore distin
t P�
ells have disjoint B�boundaries.It turns out that P�
ells are 
losely related to theK�symple
ti
 
one introdu
edin [LLiu1℄. Let us re
all the de�nition of K�symple
ti
 
one. A 
lass K 2 H2(M ;Z)
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alled a symple
ti
 
anoni
al 
lass if it is the 
anoni
al 
lass of some orientation-
ompatible symple
ti
 stru
tures. Let K be the set of symple
ti
 
anoni
al 
lasses.For any K 2 K we introdu
e the K�symple
ti
 
one:CK = fe 2 CM j e = [!℄ for some ! 2 
K g;where 
K is the set of orientation-
ompatible symple
ti
 forms with K as the sym-ple
ti
 
anoni
al 
lass. It is shown in [LLiu2℄ that CK is disjoint from CK0 if K 6= K 0.For a manifold with b+ = 1 and any K 2 K, we 
an in fa
t determine CK in termsof a 
ertain subset of EM . Re
all that EM is the set of integral 
ohomology 
lassesrepresented by smoothly embedded spheres of square �1. When there is no 
onfusionwe will omit the subs
ript M . Introdu
e the set of K�ex
eptional spheres asEK = fE 2 EjK � E = �1g:It is proved in Theorem 4 in [LLiu1℄ thatCK = fe 2 Pje � E > 0 for any E 2 EK g:Let ĈK be the 
losure of CK in P . Then it is not hard to proveĈK = fe 2 Pje � E � 0 for any E 2 EK g:In order to link the P�
ells and the symple
ti
 
ones, we also need to 
onsidergood generi
 surfa
es as in [FM1℄. A good generi
 surfa
e X is an algebrai
 surfa
esu
h that the anti-
anoni
al divisor is e�e
tive and smooth, and that any smoothrational 
urve has square no less than �1. All su
h surfa
es are rational surfa
es and
an be holomorphi
ally blown down to CP 2 (see I.2 in [FM1℄). Let � : X �! CP 2be a holomorphi
 blow down with ex
eptional �bers F1; :::; Fn, where ea
h Fi is anembedded rational 
urve with square �1. Let KX be the 
anoni
al 
lass of X . Then�KX = 3��(H)�Pni=1 Fi, where H is a hyperplane se
tion of CP 2.The surfa
e X has many K�ahler metri
s. Asso
iated with ea
h su
h metri
 is itsK�ahler form and asso
iated 
ohomology 
lass in H2(X ;R). The K�ahler 
one A(X) ofX is then the set of all K�ahler 
ohomology 
lasses. By the Nakai-Moishezon 
riterion,the K�ahler 
one A(X) 
onsists of all the 
lasses in P whi
h pair positively on anyholomorphi
 
urve. Let Â(X) be the 
losure of A(X) in P .Proposition 2.2. Let X be a good generi
 surfa
e. Let P0 be the P�
ell 
on-taining the 
lass ��H . Then P0 
oin
ides with Â(X), and �(P0) = �KX . Moreover,P0 = fe 2 ĈKX je � (�KX) � 0g:Proof. The �rst statement is proved in II. 3 and II.4 in [FM1℄. So we only need toshow that Â(X) 
onsists of all 
lasses in ĈKX whi
h pair non-negatively with (�KX).Sin
e a K�ahler form is a symple
ti
 form, the K�ahler 
one A(X) is 
ertainly asubset of the KX�symple
ti
 
one CKX . Therefore Â(X) is a subset of ĈKX . To provethe in
lusion in the other dire
tion, we need the following result:Â(X) = fe 2 Pje � (�K) � 0 and e �E � 0 for any E 2 Ehol(X) g;



128 BANG-HE LI AND TIAN-JUN LIwhi
h is Proposition 3.4 in [FM1℄. Here Ehol(X) is the set of embedded rational 
urveswith square �1. With this 
hara
terization of Â(X) we just have to show that, on agood generi
 surfa
e, any 
lass e 2 ĈKX with e � (�KX) � 0 is non-negative on any
lass in Ehol(X). This follows from the obvious in
lusion Ehol(X) � EKX . The proofis 
omplete.Remark 2.3. From Proposition 2.2, we �ndP0 = fe 2 Pje � (�KX) � 0 and e �E � 0 for any E 2 Ehol(X) g:Sin
e P0 
oin
ides with Â(X), it is possible that the two sets Ehol(X) and EKX arethe same.Lemma 2.4. Let M be a rational 4�manifold. For ea
h K 2 K, there exists aP�
ell PK su
h that �(PK) = �K andPK = fe 2 ĈK je � (�K) � 0g:Proof. Suppose X is a good generi
 surfa
e and M is the underlying rational4�manifold. By the result in [LLiu1℄ that Di�(M) a
ts transitively on K, there isa di�eomorphism � of M su
h that ��(KX) = K. Sin
e ��! 2 
��(KX) for any! 2 
KX , we have CK = ��CKX . Thus by Proposition 2.2 we have��(P0) = fe 2 ĈK je � (�K) � 0g:Let PK = ��P0. By Lemma 2.1(2-3), PK is still a P�
ell with 
anoni
al 
lass K. Theproof is 
omplete.Now we introdu
e super P�
ell, whi
h is de�ned via a re
e
tion group asso
i-ated to a P�
ell. Suppose 
 is a 
lass with square �1 or �2. We 
an de�ne anautomorphism of the latti
e as follows,R(
)� = � + 2(
 � �)j
 � 
j 
:This automorphism R(
) is 
alled the re
e
tion along 
. For a P�
ell P de�ne GP tobe the set f�j�2 = �1; � 6= �(P ) and � de�nes a wall of Pg:Let R(P ) be the group generated by re
e
tions along 
lasses in GP .The super P�
ell of P is de�ned asS(P ) = [ 2R(P ) (P ):We will need the following simple fa
t on re
e
tions.Lemma 2.5. Suppose F =  (F0) for some F0 2 GP . Then R(F ) =  ÆR(F0)Æ �1.In parti
ular, R(F ) 2 R(P ).Proof. For any 
lass x, we haveR(F ) Æ  (x) =  (x) + 2(F �  (x))F =  (x) + 2( (F0) �  (x)) (F0) ÆR(F0)(x) =  (x+ 2(F0 � x)F0) =  (x) + 2( (F0) �  (x) (F0):



SYMPLECTIC GENUS, MINIMAL GENUS AND DIFFEOMORPHISMS 129So R(F ) Æ  =  ÆR(F0); and the statements follow.Proposition 2.6. Let M be a rational 4�manifold. Any good generi
 surfa
eX with M as the underlying manifold gives rise to a P�
ell of M , denoted by P0.1. If � is an automorphism, then �(S(P )) is also a super P�
ell. In parti
ular,�S(P ) is a super P�
ell.2. An automorphism is in D(M) if and only if it preserves the distinguishedsuper P�
ell S(P0) up to sign. Consequently, D(M) is generated by -Id, R(P0) andthe isotropy subgroup of P0.3. If intP(S(P ))\ intP (S(P 0)) is not empty, then S(P ) = S(P 0).4. If intB(S(P ) \ B) and intB(S(P 0) \ B) interse
t, then S(P ) = S(P 0).5. If intP(�(S(P ))) and intP(�(S(P 0))) interse
t, then S(P ) = S(P 0).Proof. The �rst three properties are in 
hapter II in [FM1℄. The proof of property4 goes exa
tly along the line of the proof of the analogous property for the P�
ells inLemma 2.1. If x is any point in intB(S(P ) \ B), then the interse
tion of P with anysuÆ
iently small neighborhood in P of x is non-empty and is 
ontained in intP (S(P )).Thus if intB(S(P ) \ B) and intB(S(P 0) \ B) interse
t, then S(P ) and S(P 0) haveoverlapping interiors and hen
e they are the same super P�
ells by property 3.Noti
e that intP(�(S(P ))) = intP(S(P )) [ intB(S(P ) \ B):The last statement follows immediately from the properties 3 and 4. The proof is
omplete.In the next proposition we are going to relate the super P�
ells �S(P0) to theK�symple
ti
 
ones.Proposition 2.7. De�ne M and X as in Proposition 2.5. Let K0 be the 
anon-i
al 
lass of P0. Then every K 2 K is of the form � (K0), where  2 R(P0).Consequently, S(P0) [�S(P0) = [K2KPKS(P0) [ �S(P0) \ B = [K2KPK \ B:Proof. This is a 
onsequen
e of the result in [LLiu1℄ whi
h states that D(M)a
ts transitively on K. The positive 
one P has two 
onne
ted 
omponents. LetK be a symple
ti
 
anoni
al 
lass su
h that CK and CK0 are in the same 
onne
ted
omponent of P . Sin
e D(M) a
ts transitively on K, there exists  0 2D(M) su
hthat  (K0) = K. By Proposition 2.6(2),  0(S(P0)) = �S(P0). Sin
e  0(P0) is still inthe same 
omponent of P0,  0(S(P0)) = S(P0). Therefore  0(P0) is a P�
ell withinS(P0). By the de�nition of a super P�
ell,  0(P0) =  (P0) for some  2 R(P ).Therefore K =  (K0). By Lemma 2.1,  (PK0) and PK have the same 
anoni
al 
lassand therefore they are identi
al. Noti
e we have shown that[K2KPK � S(P0) [ �S(P0):To prove the in
lusion in the other dire
tion, we just need to show that, for any 2 R(P ),  (P0) = PK for some K 2 K: This is obvious sin
e K =  (K0) is 
ertainlya symple
ti
 
anoni
al 
lass. The proof is �nished.It is mentioned in [FM2℄ that super P�
ells are 
hambers for the walls given byprimitive 
hara
teristi
 
lasses with square 9� n. We 
an in fa
t show that the set ofwalls for S(P0) and �S(P0) is just the set of the symple
ti
 
anoni
al 
lasses.



130 BANG-HE LI AND TIAN-JUN LINow we are able to present the main result of this se
tion, a 
hara
terization ofD(M) in terms of K�symple
ti
 
ones.Theorem 2.8. LetM be a rational 4�manifold. An automorphism � is in D(M)if and only if there are K and K 0 in K and1. either there are 
lasses e 2 ĈK and e0 2 ĈK0 with e�(�K) > 0 and e0�(�K 0) > 0,su
h that e is mapped to e0 by �,2. or there are 
lasses e 2 CK \ B and e0 2 CK0 \ B with e � (�K) > 0 ande0 � (�K 0) > 0, su
h that e is mapped to e0 by �.Proof. Due to Proposition 2.7, in the �rst 
ase, we just have to show that e ande0 are in the interior of S(P0) [ �S(P0). The arguments for e and e0 are exa
tly thesame, so we will only argue for e. By Lemma 2.4, e 2 PK . If e is in the interior of PK ,then e is in the interior of S(P0)[�S(P0) by Proposition 2.7. e may fail to be in theinterior of PK only when e �E = 0 for some E 2 EK . Suppose PK = � (P0) for some 2 R(P0), then E =  (E0) for some E0 2 GP0 . By Lemma 2.5, the P�
ell obtainedby re
e
ting PK along E is still in S(P0) [ �S(P0). Thus we see that e must be inthe interior of S(P0) [ �S(P0).The proof in the se
ond 
ase is similar. We just have to show that e and e0are in intB(S(P0) [ �S(P0) \ B) and we only have to argue for e. By Lemma 2.4,e 2 PK \ B. e may fail to be in the interior of PK \ B only when e � E = 0 for someE 2 EK . However by Lemma 2.5, the re
e
tion of PK \B along E is still in S(P0)\B.Thus we see that e must be in the interior of S(P0) [ �S(P0) \ B. The theorem isproved.3. Symple
ti
 genus. We �rst give the formal de�nition of the symple
ti
genus for manifolds with non-empty symple
ti
 
one. For any integral 
lass e 2 P , we�rst de�ne a subset of K,Ke = fK 2 Kjthere exists a 
lass � 2 CK su
h that � � e > 0g:We further de�ne a subset of Ke,K(e) = fK 2 KejK � e � K 0 � e for any K 0 2 Keg:Definition 3.1. Let K be any 
lass in K(e). The symple
ti
 genus of e is de�nedto be �(e) = 12(e �K + e2) + 1:We now list some simple properties of symple
ti
 genus.Lemma 3.2.1. The symple
ti
 genus is no bigger than the minimal genus. Furthermore, ifa 
lass is represented by a 
onne
ted symple
ti
 surfa
e, then its symple
ti
 genus isequal to its minimal genus.2. �(�e) = �(e).3. For any positive integer p,�(pe) = p�(e)� (p� 1) + (p2 � p)2 e � e:In parti
ular, �(pe) 6= 0 when e � e = 0 and p � 2.
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ti
 genus is invariant under the a
tion of the group of orientation-preserving di�eomorphisms.5. The symple
ti
 genus of any 
lass of a suÆ
iently large multiple of any 
lassof positive square is positive.Proof. Property 1 is a 
onsequen
e of the adjun
tion inequalities. When b+ > 1the adjun
tion inequality in [KM℄, [MST℄, [OS℄ and [T2℄ asserts that the genus g ofany embedded surfa
e representing e satis�es2g � 2 � jK � ej+ e � e (3:1)for any symple
ti
 
anoni
al 
lass K.When b+ = 1 and e has non-negative square, the adjun
tion inequality in [LLiu2℄asserts that 2g � 2 � K � e+ e � e (3:2)for any symple
ti
 
anoni
al 
lass K 2 Ke.When e has negative square, inequality (3.2) still holds and is basi
ally provedin x3 in [OS℄. We explain here brie
y. Suppose ! is a symple
ti
 form whose 
lass �pairs positively with e, and let K(!) be its symple
ti
al 
anoni
al 
lass. Let s0 bethe 
anoni
al Spin
 stru
ture with 
1(s0) = �K(!). The 
lass e determines anotherSpin
 stru
ture, denoted by s0 � e. Suppose e is represented by an embedded surfa
eof genus h su
h that 2h� 2 < K(!) � e+ e � e:Then, by Theorem 1.3 in [OS℄ and the 
orresponding result in [FS℄, in a 
ommon
hamber for both s0 and s0 � e whi
h is perpendi
ular to e, the Seiberg-Witten in-variant of s0 being nontrivial implies that the invariant of s0 � e is nontrivial as well.The !�symple
ti
 
hamber is su
h a 
hamber. Moreover, a

ording to Taubes ([T1℄),in this 
hamber, the Seiberg-Witten invariant of s0 is nontrivial. Therefore, in the!�symple
ti
 
hamber, the Seiberg-Witten invariant of s0 � e is nontrivial as well.By another result of Taubes ([T2℄), � � (�e) > 0. This 
ontradi
ts our assumption, soinequality (3.2) still holds in this 
ase. Therefore, in any 
ase, we have m(e) � �(e).Suppose that e is represented by a genus h symple
ti
 surfa
e with respe
t toa symple
ti
 form !. Then ! is positive on this surfa
e. If K(!) is the symple
ti

anoni
al 
lass of !, then K(!) 2 Ke and 2h � 2 = K(!) � e + e � e: Together withinequalities (3.1) and (3.2), we see that h = m(e) = �(e).If K is the symple
ti
 
anoni
al 
lass of a symple
ti
 form !, then �K is thesymple
ti
 
anoni
al 
lass of the symple
ti
 form �!. Therefore,K�e = f�KjK 2 Keg and K(�e) = f�KjK 2 K(e)g (3:3):And �(�e) = �(e) is an immediate 
onsequen
e of equation (3.3).For any positive integer p, we haveKe = Kpe and K(e) = K(pe) (3:4):The formula for �(e) then follows from equation (3.4) with a straightforward 
al
ula-tion. When e � e = 0, �(pe) is therefore given by p(�(e) � 1) + 1. Evidently it is notdivisible by p and 
on
equently 
annot be zero if p � 2.



132 BANG-HE LI AND TIAN-JUN LIIt is shown in Proposition 4.1 in [LLiu1℄ that, if � is an orientation-preservingdi�eomorphism, then ��CK = C��K : It follows that��Ke = K��e and ��K(e) = K(��e) (3:5):Property 4, then, is an immediate 
onsequen
e of equation (3.5).The last property follows dire
tly from the de�nition. Let e be a 
lass withpositive square. When N is large, Ne �Ne dominates Ne �K for any K 2 K(e), andtherefore Ne has positive symple
ti
 genus. Lemma 3.2 is proved.Now we set out to prove Theorem B. The proof requires the notion of redu
ed
lasses for non-minimal rational and irrational ruled manifolds (for rational manifolds,it is introdu
ed in [Ki℄ and [G℄). A ni
e property of this notion is that every 
lasswith positive square 
an be transformed in an expli
it way to a redu
ed 
lass viadi�eomorphisms. Thus by Lemma 3.2(4) we only have to show that Theorem B holdsfor any redu
ed 
lass e.To introdu
e the redu
ed 
lass let us review the minimal redu
tions of a rational orirrational ruled manifold. The only minimal rational manifolds are CP 2 and S2�S2.And a non-minimal rational manifold has two kinds of de
omposition- it is eitherde
omposed as CP 2#nCP 2 or as S2 � S2#(n � 1)CP 2. We will always use the�rst de
omposition and 
all it a standard de
omposition. The pi
ture for irrationalruled manifolds is similar. S2�bundles over a Riemann surfa
e of positive genus arethe only minimal irrational ruled manifolds. Fix the base surfa
e �g , there are twoS2�bundles over it, the trivial one S2��g and the unique non-trivial one S2 ~��g . Anon-minimal irrational ruled manifold also has two types of de
omposition, either asS2 � �g#nCP 2 or as S2 ~��g#nCP 2. We will use the �rst de
omposition and 
all ita standard de
omposition.Let H be a generator of H2(CP 2;Z) and E1; : : : ; En be the generators of theCP 2. Let U and T be 
lasses in S2 � �g represented by fptg � �g and S2 � fptgrespe
tively. H;E1; : : : ; En are naturally 
onsidered as 
lasses in H2(CP 2#nCP 2;Z)and form a basis. We will 
all su
h a basis a standard basis. Similarly, U; T;E1; : : : ; Enare naturally 
onsidered as 
lasses in H2(S2 ��g#nCP 2;Z) and form a basis. Su
ha basis is also 
alled a standard basis. Given su
h a basis, a

ording to Wall ([W℄),an automorphism is 
alled trivial if either it permutes the Ei or it is a re
e
tion alongan Ei. It was shown in [W℄ that trivial automorphisms are in D(M).On CP 2#nCP 2, let K0 = �3H +Pi Ei; and on S2 � �g#nCP 2, let K0 =�2U + (2g � 2)T +PiEi. By the blow up 
onstru
tion (see e.g. [M
1℄) K0 is asymple
ti
 
anoni
al 
lass.Definition 3.3. For a non-minimal rational manifold with a standard de
ompo-sition CP 2#nCP 2 and a standard basis fH;E1; : : : ; Eng, a 
lass � = aH �Pni=1 biEiis 
alled redu
ed if � b1 � b2 � � � � � bn � 0a � b1 + b2 + b3:For a non-minimal irrational ruled manifold with a standard de
omposition S2 ��g#nCP 2 and a standard basis fU; T;E1; : : : ; Eng, a 
lass e = aU + bT �P 
iEi is
alled redu
ed if � a � 0; 
1 � 
2 � � � � � 
n � 0a � 
i for any i:
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ed 
lasses have the following properties:Lemma 3.4. Let M be a non-minimal rational or irrational ruled manifold witha standard de
omposition and a standard basis.1. Any 
lass of non-negative square is equivalent to a redu
ed 
lass under thea
tion of orientation-preserving di�eomorphisms. Moreover we 
an �nd su
h a di�eo-morphism by a simple algorithm.2. For a 
lass with square �1, when b�(M) 6= 2, it either has redu
ed formor is equivalent to the 
lass E1; when b�(M) = 2, another possibility is that it is
hara
teristi
, and equivalent to H � E1 � E2 in the rational 
ase and to T � E1in the ruled 
ase. Similarly, for a 
lass with square �2, when b�(M) 6= 3, it eitherhas redu
ed form or is equivalent to the 
lass E1 + E2; when b�(M) = 3, anotherpossibility is that it is 
hara
teristi
, and equivalent to H � E1 � E2 � E3 in therational 
ase and to T �E1 �E2 in the irrational ruled 
ase.3. If e is redu
ed, then e � F � 0 for any F 2 EK0 .4. If e is redu
ed, then K0 2 Ke.5. If e is a redu
ed 
lass with non-negative square, then K0 2 K(e), and 
onse-quently �(e) is given by (K0 � e+ e � e)=2 + 1.Proof. We divide the proof into two 
ases.(i). First 
onsider a non-minimal rational manifold with a standard de
omposi-tion CP 2#nCP 2 and a standard basis. When n � 9, all the properties have beenestablished (for 1 and 4 see [Li1℄, for 2 see [LiL2℄). So we assume that n � 10.Property 1. In fa
t, it was also proved in [Li1℄. Sin
e we will use the similararguments to prove property 2, we provide some details here. Suppose e = aH �Pi biEi is a 
lass with non-negative square. First of all, by the trivial automorphisms,we 
an arrange so that a � 0 and b1 � b2 � ::: � bn � 0. When n � 3, the
lass H � E1 � E2 � E3 is represented by an embedded sphere with square �2. Sothe re
e
tion along H � E1 � E2 � E3 is an automorphism in D(M). Under thisre
e
tion, a is mapped to a0 = 2a � (b1 + b2 + b3). If e is not already redu
ed and2a� (b1+ b2+ b3) � 0, then 0 � a0 < a. From this we see the pro
ess 
an be repeatedeither to lead to a redu
ed 
lass or to a 
lass with 2~a� (~b1 +~b2 +~b3) < 0. However,if 2~a < (~b1 +~b2 +~b3), then from~a2 �Xi ~b2i and (~b1 +~b2 +~b3)2 � 3(~b21 +~b22 +~b23);we have (~b21 +~b22 +~b23) � ~a2 < (3=4)(~b21 +~b22 +~b23):This is an obvious 
ontradi
tion.Property 2. Suppose we have a 
lass e of square �1. The same argument as aboveproves that e is either equivalent to a redu
ed 
lass or a 
lass with(~b21 +~b22 +~b23)� 1 � ~a2 < (3=4)(~b21 +~b22 +~b23):In the latter 
ase (~b21 + ~b22 + ~b23) < 4 and we easily dedu
e that, up to trivial auto-morphisms, the only su
h 
lass is E1. For a 
lass with square �2, the same argumentagain proves that e is either equivalent to a redu
ed 
lass or a 
lass with(~b21 +~b22 +~b23)� 2 � ~a2 < (3=4)(~b21 +~b22 +~b23):



134 BANG-HE LI AND TIAN-JUN LIIn the latter 
ase we easily �nd that there are only two possibilities up to trivialautomorphisms: H�E1�E2�E3 and E1+E2. HoweverH�E1�E2�E3 is equivalentto E1 +E2 under the re
e
tion along H �E2 �E3 �E4 and trivial automorphisms.Property 3. Assume that F = tH �P siEi. ThenK0 � F = �3t+X si = �1 and e � F = at�X sibi:It was shown in [LLiu2℄ that F;E1; :::; En and H are all represented by 
onne
tedsmooth J�holomorphi
 spheres for some almost 
omplex stru
ture J . By the positiv-ity of interse
tion of distin
t J�holomorphi
 
urves, t � 0, and si � 0 unless F = Ei.If F = Ei for some i, 
learly we have e � F � 0. If F 6= Ei, then t > 0 and t � si � 0.We 
an divide the bi into t groups, ea
h 
onsisting of no more than three bi. Sin
esi is no bigger than t, the division 
an be made su
h that the bi in ea
h group havedistin
t indi
es. The 
ondition of e being redu
ed implies that a� bi� bj � bk � 0 forany i; j; k whi
h are mutually distin
t. The property follows.Property 4. Noti
e that for any suÆ
iently small �, !� = H�P �Ei is a symple
ti
form with 
anoni
al 
lass K0. Sin
e !� � e > 0 for � small, we have K0 2 Ke.Property 5. Sin
e a redu
ed 
lass e with non-negative square has a positive Hterm, by the light 
one lemma in [LLiu2℄, the 
lass of a symple
ti
 form is positiveon e only when it has a positive H term as well. Therefore, if K is any symple
ti

anoni
al 
lass in Ke, then it has a negative H term. By Proposition 2.5, any K 2 Keis of the form  (K0) for some  2 R(P0). We 
laim that K � e � K0 � e for any K ofthe form K 2 Ke. On
e this is established it is 
lear that K0 2 K(e) and property 4follows. Now we pro
eed to prove the above 
laim. Write  as R(Fk) Æ : : : ÆR(F1)(K0)where Fi 2 EK0 . Sin
e K0 � Fi = �1, we haveR(F1)(K0) = K0 + 2(K0 � F1)F1 = K0 � 2F1R(F2)(K0 � F1) = [K0 � F1℄ + 2[(K0 � F1) � F2℄F2 = K0 � F1 � (1 + F1 � F2)F2:This, together with the fa
t Fi � Fj � 0 due to positivity of interse
tion, we haveK = K0 � 2F1 � kXi=2 2
iFi; 
i � 1:Now the 
laim follows from property 3.(ii). Now 
onsider a non-minimal irrational ruled manifold with a standard de-
omposition and a standard basis. Suppose e = aU + bT �Pi 
iEi is a 
lass.Properties 1 and 2. We will prove the �rst two properties together. As we havementioned, the -Id automorphism is realized by an orientation-preserving di�eomor-phism. Therefore we 
an assume that a � 0.The easier 
ase is when a = 0. In this 
ase, e � e = �Pi 
2i . If e has non-negativesquare, then 
i = 0 for ea
h i and e is simply the 
lass bT , whi
h is 
ertainly redu
ed.If e has square �1. then 
i = �1 for some i and 
j = 0 for any j 6= i. Consider there
e
tion along [b=2℄T �Ei whi
h maps e to Ei or T +Ei. When n � 1, the re
e
tionalong T+E1�E2 maps T+Ei to the 
lass E2. If e has square �2, we have 
i = 
j = 1for some i 6= j and 
k = 0 for any k di�erent from i and j.
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tly positive, we will show that under an orientation-preservingdi�eomorphism whi
h is a 
omposition of re
e
tions along 
lasses represented by em-bedded spheres with square �1, e is equivalent to a 
lass ~e = aU +~b�Pi ~
iEi witha � ~
i for ea
h i. For any ri � 0 and �i = �1 to be determined, it is easy to see, viathe tube 
onstru
tion, that �i = riT+�iEi is represented by an embedded sphere withsquare �1. Therefore, the re
e
tion along �i is realized by an orientation-preservingdi�eomorphism. Sin
e e � �i = ari + �i
i, under the re
e
tion,
i �! 
0i = 
i � 2ari�i � 2
i = �
i � 2ari�iand a is invariant. We �rst assume that a is positive. In order for j
0ij � ai, we �ndthat ri and �i should satisfy �12 � 
2a � ri�i � 12 � 
2a:Clearly, su
h a pair (ri; �i) exists, and there is a unique solution when 
=a is not anodd integer, and there are two solutions when 
=(2a) is an odd integer. By applyingthis pro
ess for ea
h i, we obtain a desired 
lass ~e. Noti
e that ~e is equivalent to aredu
ed 
lass under trivial automorphisms. So we have proved that e is equivalent toa redu
ed 
lass if a > 0.Property 3. It is a immediate 
onsequen
e of the fa
t (see [Bi℄ or [LLiu1℄) thatEK0 = fE1; :::; En; T �E1; :::; T �Eng:Indeed, e � Ei = 
i and e � (U � Ei) = a � 
i, both of whi
h are positive be
ause e isredu
ed.Property 4. Consider symple
ti
 forms !� = U+T�P �Ei. Their 
anoni
al 
lassis K0 = �2U + (2g � 2)T +Pi Ei, and for � small, !� � e > 0 for any redu
ed 
lasse = aU + bT �Pi 
iEi. Therefore, K0 is in Ke.Property 5. Suppose now e = aU + bT �Pi 
iEi is a redu
ed 
lass with non-negative square. Let � be the 
lass of a symple
ti
 form whi
h is positive on e. Sin
eboth a and b are non-negative and one of them is positive, by the light 
one lemma, �must have a positive U term as well. Therefore any symple
ti
 
anoni
al 
lass in Keis of the form K = �2U + bT +P siEi with si being odd. Sin
e K2 = 8 � 8g � n,b = 2g � 2� [(Pi 
2i � n)=4℄. Thus we have K0 �K = [(Pi s2i � n)=4℄T + (1� si)Ei,and 
onsequently(K0 �K) � e = aXi (s2i � 1)=4 +Xi (1� si)=Xi (1� si)[ (3� si) + (1� a)(1 + si)4 ℄:Let Si = (1�si)[(3� si) + (1� a)(1 + si)℄. We will show that Si � 0 for ea
h i. Whensi � 3, the two fa
tors of Si are both non-positive, so Si is non-negative. When si = 1,Si = 0. Finally, when si � �1, the two fa
tors are both non-negative, and thereforeSi is non-negative. We have �nished the proof of property 5 for a non-minimal ruledmanifold and hen
e the proof of Lemma 3.4.



136 BANG-HE LI AND TIAN-JUN LIWe will now prove a rather general result relating the symple
ti
 genus and theminimal genus of a redu
ed 
lass, using Taubes' equivalen
e between Seiberg-Witteninvariants and Gromov-Taubes invariants ([T2℄). Let us �rst provide some ba
kgroundof this equivalen
e (see e.g. [LLiu1℄ and [T2℄).Re
all that Seiberg-Witten invariants are de�ned on Spin
 stru
tures. For mani-folds without torsion-free homology group, like rational and irrational ruled manifolds,the Spin
stru
tures 
orrespond to 
hara
teristi
 
lasses. For this reason, we will sim-ply speak of the Seiberg-Witten invariants of the 
hara
teristi
 
lasses. Suppose K isa symple
ti
 
anoni
al 
lass, then any 
lass of the form �K + 2e is a 
hara
teristi

lass. The Seiberg-Witten invariant of �K + 2e is de�ned when its Seiberg-Wittendimension �K �e+e �e is non-negative. For manifolds with b+ = 1, the Seiberg-Witteninvariants also depend on the 
hambers. In the presen
e of a symple
ti
 form !, thereis an !�symple
ti
 
hamber. On su
h a manifold, the Gromov-Taubes invariant of a
lass e is a suitable 
ount of !�symple
ti
 surfa
es representing e. The surfa
e is notrequired to be 
onne
ted, but is required to be embedded and any 
omponent withnegative square is a !�symple
ti
 sphere with square �1.When K is the symple
ti
 
anoni
al 
lass of !, a fundamental theorem of Taubesstates that, if the Seiberg-Witten invariant of �K +2e in the !�symple
ti
 
hamberis nontrivial, then (i) e is represented by a J�holomorphi
 
urve (possibly singular)for any !�
ompatible almost 
omplex stru
ture J ; (ii) the Seiberg-Witten invariantis the same as the Gromov-Taubes invariant of e provided e �E � 0 for any E 2 EK .Proposition 3.5. Let M be a non-minimal rational or irrational ruled manifoldwith a standard de
omposition and a standard basis. Suppose e is a redu
ed 
lass. Ife � e is no less than �(e)�1, then e � e � 0 and e is represented by a symple
ti
 surfa
e.Moreover, if e is either a 
lass of positive square or a primitive 
lass with square 0, eis represented by a 
onne
ted symple
ti
 surfa
e, and therefore its minimal genus isgiven by its symple
ti
 genus.Proof. We will �rst prove that e is represented by a symple
ti
 surfa
e. By thede�nition of the symple
ti
 genus and Lemma 3.4(4)K0 � e+ e � e � 2�(e)� 2:Therefore, under our assumption, the Seiberg-Witten dimension of the 
lass �K0+2esatis�es �K0 � e+ e � e � 2(e � e+ 1� �(e)) � 0:Now we divide the proof into two 
ases.In the 
ase of rational manifold, for a symple
ti
 from ! with �K0 = 3H�PiEias its 
anoni
al 
lass, it is shown in [LLiu2℄ that H is represented by an embeddedJ�holomorphi
 sphere for a generi
 almost 
omplex stru
ture J 
ompatible with !.Sin
e the redu
ed 
lass e = aH �P biEi has a positive a term, (K0 � e) has anegative a term and so (K0 � e) � H < 0. Therefore, K0 � e is not represented by aJ�holomorphi
 
urve, be
ause the interse
tion number of two distin
t J�holomorphi

urves is non-negative. So the Seiberg-Witten invariant of �K0+2(K0�e) = K0�2eis trivial by the result of Taubes. By the symmetry of Seiberg-Witten invariants (seeLemma 2.3 in [LLiu1℄), the Seiberg-Witten invariant of �K0+2e in the non-symple
ti

hamber is trivial. By the wall 
rossing formula of Seiberg-Witten invariants (see[KM℄ and Lemma 3.3 in [LLiu1℄), the Seiberg-Witten invariant SW!(�K0+2e) in the!�symple
ti
 
hamber is non-trivial. Sin
e e is redu
ed, by Lemma 2.3(3), we have



SYMPLECTIC GENUS, MINIMAL GENUS AND DIFFEOMORPHISMS 137e �E � 0 for any E 2 EK0 . Thus, e is represented by an embedded symple
ti
 surfa
eby the result of Taubes.In the 
ase of irrational ruled manifold, by [LLiu2℄, for any symple
ti
 form ! withK0 as its 
anoni
al 
lass, T is represented by a J�holomorphi
 sphere for a generi
!�
ompatible almost 
omplex stru
ture J . Sin
e a redu
ed 
lass has a positive Uterm and U � T = 1, we 
an show that K0 � e has trivial Seiberg-Witten invariant inthe !�symple
ti
 
hamber. Applying Lemma 2.3 and Lemma 3.3 in [LLiu1℄ as above,and noti
e that �K0+2e has a positive U term and that the 
lass 
 in Lemma 3.3 in[LLiu1℄ is just the 
lass T here, we �nd that the Seiberg-Witten invariant of �K0+2eis nontrivial. Taubes's result and Lemma 2.3(3) then 
an be applied to show that e isrepresented by an embedded symple
ti
 surfa
e.We have shown that e is represented by a symple
ti
 surfa
e. This surfa
e mayhave many 
omponents. Any 
omponent with negative square is a symple
ti
 spherewith square �1. However, sin
e e � E � 0 for any E 2 EK0 , no su
h 
omponentexists. Thus, e is represented by a symple
ti
 surfa
e the 
omponents of whi
h allhave non-negative square, and therefore e � e is non-negative. If e � e > 0, there 
anonly be one 
omponent by the light 
one lemma. If e � e = 0, again by the light 
onelemma, there might be several 
omponents, all of whi
h are multiples of the same
lass. All the multipli
ities have to be one be
ause of the adjun
tion formula. Thus,if e is primitive, there is only one 
omponent. The proof is 
omplete.Noti
e that, as an immediate 
onsequen
e of Proposition 3.5, the symple
ti
 genusof 
ertain redu
ed 
lass is non-negative. In fa
t, this weaker assertion holds in mu
hgreater generality.Lemma 3.6. Let M be a non-minimal rational or irrational ruled manifold witha standard de
omposition and a standard basis.1. The symple
ti
 genus of any 
lass with positive square or a primitive 
lasswith square 0 is non-negative.2. Any 
lass with square�1 or�2 has non-negative symple
ti
 genus. In addition,the 
lasses whi
h are equivalent to redu
ed 
lasses have positive symple
ti
 genus, andthose whi
h are not equivalent to redu
ed 
lasses have symple
ti
 genus 0.Proof. Let e be a 
lass with square at least 0 and equivalent to a redu
ed 
lasse0. Due to Lemma 3.2(1), e and e0 have the same symple
ti
 genus. Suppose that thesymple
ti
 genus of e is negative, then e � e � �1 � �(e) � 1. By Proposition 3.5, e0is represented by a symple
ti
 surfa
e and hen
e the 
onne
ted symple
ti
 genus isnon-negative. This is a 
ontradi
tion.When e � e = �1, by Lemma 3.4(2), e is either equivalent to a redu
ed 
lass, orequivalent to E1; H � E1 � E2 or T � E1. It is easy to see that E1; H � E1 � E2or T � E1 are all spheri
ally representable and have symple
ti
 genus zero. Supposee is a redu
ed 
lass and �(e) � 0. Sin
e e � e = �1, it satis�es the assumptionof Proposition 3.5, and we 
an 
on
lude that e � e � 0. This 
ontradi
ts with ourassumption. Therefore, by Lemma 3.2(1), any 
lass equivalent to a redu
ed 
lass haspositive symple
ti
 genus.For the 
ase of a 
lass of square �2, the same argument as in the previous para-graph proves that the symple
ti
 genus 
an not be smaller than zero. What we stillneed to show is that there does not exist any redu
ed 
lass e with symple
ti
 genus0. Suppose e is su
h a 
lass. Then by de�nition there is a K 2 K su
h that K � e = 0.In light of Lemma 3.4(4), it is also ne
essary that K0 � e � 0. We �rst ex
lude the
ase K0 � e < 0. Let K 0 be a symple
ti
 
anoni
al 
lass su
h that CK0 and CK0 are in
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omponent of the positive 
one P . Noti
e that the argument in the proofof Lemma 3.4(5) a
tually proves that K 0 � e � K0 � e for any redu
ed 
lass e. There-fore all su
h K 0 satis�es K 0 � e < 0. It is 
lear that any symple
ti
 
anoni
al 
lassis either a K 0 or a �K 0. Thus, there is no symple
ti
 
anoni
al 
lass K satisfyingK � e = 0. This 
ontradi
tion leaves the 
ase K0 � e = 0 as the only possibility. In this
ase, the re
e
tion Re along e preserves EK0 sin
e it preserves K0. So, if F 2 EK0 ,then F 0 = Re(F ) 2 EK0 , and F 0 = F + (e � F )e: By [LLiu2℄, for any symple
ti
 form! 2 CK0 , F and F 0 are both represented by smooth J�holomorphi
 spheres for somegeneri
 !�
ompatible almost 
omplex stru
ture J , we have F � F 0 � 0 by the posi-tivity of interse
tion. This fa
t, together with Lemma 3.4(3), leads to the following
ontradi
tion �1 = F 0 � F 0 = F � F 0 + (e � F )e � F 0 � 0:The lemma is proved.We are ready to prove Theorem B. In fa
t, we will prove the following moregeneral result.Theorem B'. Let M be a rational or irrational ruled four�manifold. Suppose eis a 
lass with square at least �1, and in the 
ase that e has square one, we furtherassume that e is a primitive 
lass. Then its symple
ti
 genus is non-negative and thereis an algorithm to 
al
ulate its symple
ti
 genus. Furthermore, if e � e � �(e)� 1, thene is represented by a 
onne
ted symple
ti
 surfa
e, and therefore its minimal genus
oin
ides with its symple
ti
 genus.Proof. When M is minimal, M is either CP 2; S2 � S2 or an S2�bundle over aRiemann surfa
e. The minimal genus problem for these manifolds has been 
ompletelysolved in [LiL3-4℄.When M is non-minimal, with a 
hoi
e of a standard de
omposition and a stan-dard basis, we 
an de�ne redu
ed 
lasses. Suppose e is a 
lass satisfying the 
onditionsof Theorem B'. By Lemma 3.4, under an algorithm, e 
an be transformed to a redu
ed
lass ~e or a 
lass e0 whi
h 
an be represented by a symple
ti
 sphere.Sin
e e � e = ~e � ~e, and �(~e) = �(e) by Lemma 3.2(4), we see that ~e satis�es the
onditions of Proposition 3.5 and Lemma 3.6(1). By Lemma 3.4(4), the symple
ti
genus of ~e 
an be 
al
ulated with a simple formula. And by Lemma 3.6(1), thesymple
ti
 genus of ~e is non-negative. Finally, by Proposition 3.5, ~e is represented bya 
onne
ted symple
ti
 surfa
e. The proof of Theorem B' is 
omplete.Theorem A. Let M be a smooth, 
losed oriented 4�manifold with non-emptysymple
ti
 
one and b+(M) = 1. Then the symple
ti
 genus of any 
lass of positivesquare is non-negative, and it 
oin
ides with the minimal genus for any suÆ
ientlylarge multiple of su
h a 
lass.Proof. In the rational and irrational ruled 
ases, by Theorem B', every 
lass withpositive square has positive symple
ti
 genus. If M is neither rational nor irrationalruled, we examine the minimal 
ase �rst. Given a 
lass e with positive square anda symple
ti
 form !, by the light 
one lemma, either ! � e > 0 or �! � e > 0. Letus assume that we are in the �rst situation. By a result in [Liu℄, K(!) � ! � 0 ifK is the 
anoni
al 
lass of a symple
ti
 form !. Then, by the light 
one lemma,K(!) � e � 0. Thus it follows dire
tly from inequality (3.2) that the symple
ti
 genusof e is positive. For the non-minimal 
ase, we 
laim that one 
an �nd K 2 Ke su
hthat K � e � 0 if e � e � 0. The positivity of �(e) then follows immediately from it.Suppose M = N#nCP 2 is the (unique) minimal redu
tion of M . Let E1; :::; En be



SYMPLECTIC GENUS, MINIMAL GENUS AND DIFFEOMORPHISMS 139the generators of H2 of the n CP 2. Write e = em � r1E1 � ::: � rnEn, where emis the pull ba
k of a 
lass in H2(N ;Z) also denoted by em. Pi
k a symple
ti
 form!m on N su
h that !m � em > 0. Let Km be a symple
ti
 
anoni
al 
lass of !m.Then, as above, we have em �Km � 0. By the blow up 
onstru
tion, for suÆ
ientlysmall �, the 
lass [!m℄ � �E1 � ::: � �En is realized by a symple
ti
 form on M withsymple
ti
 
anoni
al 
lass Km +E1 + :::+En. Applying the re
e
tions along the Ei,we see that [!m℄ � �E1 � ::: � �En are realized by symple
ti
 forms with symple
ti

anoni
al 
lasses Km � E1 � :::;�En: For possibly smaller �, the pairing between eand [!m℄� �E1� :::� �En is positive. Therefore, any symple
ti
 
anoni
al 
lass of theform K = Km � E1 � ::: � En is in Ke. Sin
e Km � em � 0, by 
hoosing Ei or �Eiappropriately, we 
an easily �nd a K 2 Ke su
h that K � e � 0.The last statement of the theorem (for a 
lass e satisfying e �E 6= 0 for any E 2 E)is a dire
t 
onsequen
e of the following two results, together with Lemma 3.2(1). Oneresult is in [LLiu1℄ thatCM = fe 2 Pj0 < je �Ej for all E 2 EM g:The other is due to Donaldson (see [D℄). It states that, for any suÆ
iently large integerN , N [!℄ 
an be represented by 
onne
ted symple
ti
 submanifolds. Now suppose thate � E = 0 for some E 2 E . By the result in [L1℄, there exists a symple
ti
 form !su
h that E is represented by an !�symple
ti
 sphere. Blowing down that sphere,we obtain a new symple
ti
 manifold M 0. There is a 
lass e0 in M 0 whi
h is pulledba
k to e. It is easy to see that m(le0) � m(le) and �(le0) = �(le) for any integer l.If e0 � E0 6= 0 for any E0 2 EM 0 , then �(le0) = m(le0) for suÆ
iently large l. Therefore�(le) = �(le0) = m(le0) � m(le). Together with Lemma 3.2(1) we arrive at the
on
lusion that �(le) = m(le). If there is still a 
lass E0 2 EM 0 su
h that e0 � E0 = 0,we 
an 
ontinue the pro
ess above. However, this pro
ess 
an only be repeated �nitelymany times. The proof of Theorem A is 
omplete.We remark that, using some of the arguments in [LLiu1℄, in fa
t we are able toget an e�e
tive estimate on how large a multiple N is allowed in the last statement ofTheorem A. Here we just mention, in the 
ase of a minimal manifold with b+ = 1 whi
his neither rational nor irrational ruled, it suÆ
es to takeN = 2je�Kj=e2, where �K arethe only two symple
ti
 
anoni
al 
lasses. In parti
ular, when a manifold with b+ = 1has a torsion symple
ti
 
anoni
al 
lass, we are able to 
on
lude that the minimalgenus of every 
lass e with positive square 
oin
ides with its symple
ti
 genus (whi
his simply (e � e)=2 + 1). Su
h manifolds in
lude the Enriques surfa
e, hyperellipti
surfa
es, any torus bundle over torus whi
h has b+ = 1. In addition, from the resultsin [LiL4℄, [Li1℄ and [Kr2℄, manifolds with the property that two genera 
oin
ide for any
lass of positive square in
lude minimal irrational ruled manifold, rational manifoldwith b� � 9 and the produ
t of a 
ir
le with a �bered 3�manifold Y with b1(Y ) = 1.We 
lose this se
tion with another remark. There are 
lasses of positive square,whi
h do not satisfy the 
onditions of Theorem B but still have the same symple
ti
genus and minimal genus. Some of them are a
tually represented by 
onne
ted sym-ple
ti
 surfa
es. For any positive integer a bigger than 4, 
onsider the redu
ed 
lassaH�Pa2�1i=1 Ei. Its square is 1 and symple
ti
 genus (a2�3a)=2. If we blow up a2�1points on a smooth 
urve of degree a, then the proper transform is a smooth 
urvein this given 
lass. Others, in
luding some 
lasses in the non-trivial S2�bundles overRiemann surfa
es are not known to be represented by 
onne
ted symple
ti
 surfa
es.To deal with su
h 
lasses, we may need to �nd more 
onstru
tive te
hniques as in[LiL3-4℄ and [Li1℄.
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lasses represented by spheres. In this se
tion we determine the setof 
lasses represented by spheres and the orbits of Di�(M) on this set. We start withTheorem C. LetM be a rational or irrational ruled manifold and e 2 H2(M) bea 
lass with square at least �1. If �(e) = 0, then PD(e) is represented by a smoothlyembedded sphere. Furthermore, if PD(e) is represented by a smoothly embeddedsphere, then either �(e) = 0 or e is a non-primitive 
lass of square zero with e = pe0and �(e0) = 0.Proof. Suppose a standard de
omposition and a standard basis are given. Let us�rst deal with the 
ase e � e � 0. Now suppose m(e) = 0. Then by Lemma 3.2(1),�(e) � 0. By Lemma 3.6(1), �(e) = 0 unless e is a divisible 
lass with square zero,ie. e = pe0 for some p � 2 and some e0 with e0 � e0 = 0. Sin
e �(pe0) = �(e) � 0, byLemma 3.2(3), �(e0) 
an not be positive. In this 
ase, by Lemmas 3.2(4) and 3.4(1),there is a redu
ed primitive 
lass ~e0 with the same square, the same symple
ti
 genusand the same symple
ti
 minimal genus as e0. Sin
e ~e0 is primitive and redu
ed with~e0 � ~e0 = 0 > �(~e0) � 1, we 
an apply Proposition 3.5 to 
on
lude that �(~e0) 
oin
ideswith m(~e0). Sin
e �(~e0) � 0, and m(~e0) � 0 by de�nition, both of them are equal tozero. Therefore, in this 
ase, e0 has symple
ti
 genus zero as well.Suppose the symple
ti
 genus �(e) is zero. Again, there is a redu
ed 
lass ~ewith the same square, the same divisibility, the same symple
ti
 genus and the samesymple
ti
 minimal genus. Applying Proposition 3.5 to ~e, together with Lemma 3.2(3),whi
h ex
ludes the 
ase when ~e is a divisible 
lass with square zero, we 
on
lude thatm(~e) = 0. Therefore, m(e) is zero as well.Finally we deal with the 
ase that e � e = �1. By Lemma 3.6(2), either e haspositive symple
ti
 genus, or �(e) = 0 and e is spheri
ally representable. When�(e) > 0, e is not spheri
ally representable by a sphere due to Lemma 3.2(1). Thus, eis spheri
ally representable if and only if �(e) = 0. The proof is �nished.For the 
onvenien
e of the proof of Theorem D, we state the following 
orollary.Corollary 4.1. Let M be a rational or irrational ruled 4�manifold. Supposee is a 
lass with positive square or a primitive 
lass with square zero, the followingstatements are equivalent:1. e is represented by a smoothly embedded sphere.2. �(e) is zero.3. e is represented by a symple
ti
ally embedded sphere with respe
t to somesymple
ti
 form.Proof. The equivalen
e of the �rst two statements follows from Theorem C. Theequivalen
e of last two statements follows dire
tly from Proposition 3.5 and Lemma3.4(1).We remark that Corollary 4.1 holds for 
lasses with square �1 and �2 as well.Having determined the set SPH��1(M), we are going to 
lassify the orbits ofDi�(M) on this set. We begin with the diÆ
ult 
ase when M is rational.Theorem 4.2. LetM be a rational manifold with a standard de
omposition anda standard basis. Then the following 
lasses are spheri
ally representable:1. 2H ,2. (k + 1)H � kE1; k � 0;3. (k + 1)H � kE1 �E2; k � 1;4. kH � kE1; k � 1:
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ally representable 
lass with non-negative squares is equivalent to one of the above.Proof. The �rst 
laim is well known. We just give a sket
h here. H and theEi are all spheri
ally representable. Moreover, the spheres representing them 
an be
hosen to be pairwisely disjoint. The �rst 
laim now follows from the elementary fa
t:if A1 and A2 are represented by two spheres whi
h interse
t at most at one point,then A1 +A2 is spheri
ally representable.To prove the last 
laim, we need the following two results.Proposition 4.3. Up to automorphisms of H2, the set of spheri
ally repre-sentable 
lasses with non-negative square are given as above.Lemma 4.4. Let ! be a symple
ti
 form with symple
ti
 
anoni
al 
lass K.1. Any 
lass R with positive square and represented by an !�symple
ti
 sphereis in ĈK and satis�es R � (�K) > 0.2. Any R with square 0 and represented by an !�symple
ti
 sphere is in CK \Band satis�es R � (�K) > 0.Proof of Proposition 4.3. The 
lasses in the �rst three 
ases have positive square.In this 
ase, the 
laim was proved by Kiku
hi in [K1℄. For 
lasses of square 0, this wasimpli
itly shown in [Li2℄. In fa
t, it was shown in [Li2℄ that if y is a primitive 
lassrepresented by an embedded sphere, then there exists x; z1; : : : ; zn�1 su
h thatH2(M ;Z) = � 0 11 t �� (n� 1)(�1)with respe
t to the basis < y; x; z1; : : : ; zn�1 >. If t is odd, let ~x = x � [(t � 1)=2℄y,~zi = zi for i = 1; :::; n� 1; if t is even, let ~x = x� [(t� 2)=2℄y+ z1, ~z1 = z1+ y; ~zi = zifor i = 2; :::; n� 1: Then, with respe
t to the new basis < y; ~x; ~z1; :::; ~zn�1 >;H2(M ;Z) = � 0 11 1�� (n� 1)(�1):Sin
e H2(M ;Z) has the same de
omposition with respe
t to the basis< H�E1; H;E2; :::; En >, there is an automorphism of H2(M ;Z) sending y toH�E1.The non-primitive 
ase follows immediately.Proof of Lemma 4.4. For any !�
ompatible almost 
omplex stru
ture J , the!�symple
ti
 sphere representing R 
an be taken J�holomorphi
. Moreover, for ageneri
 !�
ompatible almost 
omplex stru
ture J , any E � EK is represented by asmooth J�holomorphi
 sphere. Then R � E � 0 for any E 2 EK by the positivity ofinterse
tion of pseudo-holomorphi
 
urves. Thus, when R has positive square, it isĈK , and when R has square zero, it is in the CK \B. In either 
ase, by the adjun
tionformula, R � (�K) = 2 +R �R � 2. The lemma is proved.We now 
ontinue the proof of Theorem 4.2. Suppose R is a 
lass with non-negative square and represented by a sphere. Let R0 be a 
lass in the list of Theorem4.2 with the same square and the same divisibility. By Proposition 4.3, there existsan automorphism � su
h that ��(R) = R0. By Corollary 4.1, both R and R0 arerepresented by symple
ti
 spheres (possibly with respe
t to di�erent symple
ti
 forms).By Lemma 4.4 and Theorem 2.8, we see that � is realized by an orientation-preservingdi�eomorphism. The proof of Theorem 4.2 is 
omplete.



142 BANG-HE LI AND TIAN-JUN LIWe remark that, for a rational manifold with b� � 9, Theorem 4.2 has been provedin [K℄ and [Li1-2℄. In fa
t, in this 
ase, it follows immediately from the fa
t that everyautomorphism is realized by an orientation-preserving di�eomorphism. Kiku
hi ([K2℄)also 
onje
tured that Theorem 4.2 would hold in general.Now we are ready to prove Theorem D.Proof of Theorem D. When M is neither rational nor irrational ruled, M has aunique minimal redu
tionM = N#nCP 2: Let E1; :::; En be the generators of the CP 2.The only spheri
ally representable 
lasses with square at least �1 are �E1; :::;�En.They are 
arried to ea
h other by trivial automorphisms.On a minimal irrational ruled manifold M , among all 
lasses with square at least�1, up to sign, there is a unique primitive 
lass whi
h is spheri
ally representable (see[LiL4℄). Sin
e �Id is in D(M), again there is a unique orbit when the square and thedivisibility are �xed.A minimal rational manifold is either CP 2 or S2 � S2. Let H be a generatorof H2(CP 2;Z). �H and �2H are the only spheri
ally representable 
lasses, withsquare 1 and 4 respe
tively (see [KM℄). Sin
e -Id2 D(CP 2), there is only one orbitwhen the square is �xed. Let x be the 
lass represented by S2 � fptg and y be the
lass represented by fptg � S2. For ea
h even number 2l, there are four spheri
allyrepresentable 
lasses with square 2l: �(x + ly) and �(lx + y) (see [Ku℄). Sin
e �Idand the automorphism swit
hing the two fa
tors are in D(M), the uniqueness of theorbits for �xed square is obvious.Finally, let us 
onsider the non-minimal manifolds. In the rational 
ase, supposeM is given a minimal redu
tion M = CP 2#nCP 2 and a standard basis; and in theirrational 
ase, suppose M is given a minimal redu
tion of the form S2 � �h#(n �1)CP 2 and a standard basis. We �rst treat the 
ase of negative square.Proposition 4.5. Di�(M) has one orbit on SPH�1(M) when n = 1 and n � 3,in the ex
eptional 
ase n = 2, Di�(M) has two orbits, one ordinary and one 
hara
ter-isti
. Di�(M) has one orbit on SPH�2(M) when n = 2 and n � 4, in the ex
eptional
ase n = 3, Di�(M) has two orbits, one ordinary and one 
hara
teristi
.Proof. This follows from Lemma 3.4(2) and Lemma 3.6(2).For an irrational ruled manifold, the only spheri
ally representable 
lasses withnon-negative square are �kT .From Theorem C we 
an list all the possible orbits with non-negative square.For a given square, when there are more than one orbit, they are distinguished bydivisibility.s = 0: Di�(M) has in�nitely many orbits on SPHs(M), represented by k(H�E1),s � 1 and odd: Di�(M) has one orbit on SPHs(M), represented by [(s+1)=2℄H�[(s� 1)=2℄E1,s = 2 or s � 6 and even: Di�(M) has one orbit on SPHs(M) if l � 2, representedby [(s+ 2)=2℄H � ([s=2)℄E1 �E2,s = 4: Di�(M) has one orbit on SPHs(M) if l � 1, represented by 2H ; twoorbits if l � 2, represented by 2H and 3H � 2E1 �E2.Theorem D is thus proved for all 
ases.
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