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 2002 International PressVol. 6, No. 1, pp. 145{168, Mar
h 2002 008AN EXTENSION OF A FUNCTIONAL EQUATION OF POINCAR�EAND MANDELBROT�QUANSHENG LIUyAbstra
t. We 
onsider the distributional equation Z d= A1Z1 + :::+ANZN ; where N;Ai; Z;Ziare independent real random variables with N 2 N and Ai � 0. Ea
h Ai is equally distributed as A1and ea
h Zi as Z; the distribution of Z is unknown. After establishing theorems about existen
e anduniqueness of solution, we show asymptoti
 properties at 0 of the distribution fun
tion P [Z � x℄,and those at 1 of the 
hara
teristi
 fun
tion EeitZ; su
h properties are also found for a randomdi�eren
e equation. In parti
ular, we prove the absolute 
ontinuity of the distribution of Z undersimple moment 
onditions. As appli
ations, new results are established for multipli
ative 
as
ades,for age-dependent bran
hing pro
esses and for bran
hing random walks.0. Introdu
tion. Let N be a random variable with law fpng on N = f0; 1; :::g,and let A be a random variable with values in R+ = [0;1). We 
onsider the distri-butional equation(E) Z d= NXi=1 AiZi;where d= means the equality in distribution, the real random variables Z;Zi; N;A;Aiare all independent to ea
h other, ea
h Ai is equally distributed as A and ea
h Zias Z; the distribution of Z is unknown. By 
onvention the empty sum is taken tobe zero. In terms of the 
hara
teristi
 fun
tion �(t) = E(eitZ) (t 2 R), the equationreads(E0) �(t) = f(E�(At));where f(t) =P1n=0 pntn is the probability generating fun
tion of N .The equation (E) generalizes 
onsiderably the notion of stable laws (and semi-stable laws) where both N and A are 
onstants. If A is a 
onstant with A = 1=ENand 1 < EN < 1, then the equation (E') redu
es to the Poin
ar�e's fun
tionalequation for Galton-Watson pro
esses, whose study is a 
lassi
al subje
t: see e.g.[20, 44, 2, 14, 9℄. If N is a 
onstant � 2, it be
omes the Mandelbrot's fun
tionalequation about multipli
ative 
as
ades [39, 40℄, and has been studied by many authors:see e.g. [27, 19, 15, 26, 41, 3℄; see also [15, 25, 5, 21, 12, 46, 30, 37, 38℄ for some other(but not all) referen
es. The general form of the equation is the basi
 equation intypi
al bran
hing random walks (see Se
tion 8), and 
an be applied to the study ofBellman-Harris pro
esses (see Se
tion 7). For many other appli
ations of the equation,see e.g. [42℄ and [31℄.Conditions for existen
e and uniqueness of positive solutions have been establishedin Liu [32℄; the spe
ial 
ase where N is 
onstant has been studied by Kahane andPeyrire [27℄, Durrett and Liggett [15℄ and Guivar
'h [19℄. In Se
tion 1 below we shallextend some of their results to solutions whi
h are not ne
essarily positive. However,our main obje
t is the study of asymptoti
 properties of the 
hara
teristi
 fun
tion�Re
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146 Q. LIUand the absolute 
ontinuity for any solution, and the asymptoti
 behavior at 0 of thedistribution fun
tion for any positive solution. To this end we �rst establish a resultfor a random di�eren
e equation whi
h is interesting by its own (see Theorem 2.1).The main results are Theorems 3.2, 3.4, 3.5, 4.1 and 4.2 where a polynomial de
ayrate is shown for the 
hara
teristi
 fun
tion EeitZ (jtj ! 1) and for the distributionfun
tion P (Z � x) (x! 0). Our results show that the behavior of Z di�ers a

ordingto P (A = 0) = p0 = p1 = 0 or not. These results extend those of Harris [20℄ (seealso Bingham [8℄), Athreya [2℄ and Dubu
 [14℄ about the Galton-Watson pro
ess,and 
omplete those of Bingham and Doney [9℄ (also for the Galton-Watson pro
ess).Exponential rates will be 
onsidered in Theorem 5.1. A des
ription of the right tailprobability P (Z > x) (x ! 1) will also be given at the end of Se
tions 4 and 5, inorder to 
ompare it with the left tail probability P (Z � x) (x! 0).Spe
i�ed to limit variables of Mandelbrot's martingales, in addition to new re-sults about the 
hara
teristi
 fun
tion and the absolute 
ontinuity, our results on theasymptoti
 behavior near 0 of the distribution fun
tion and on the existen
e of mo-ments of negative orders make pre
ise and 
omplete those of Kahane [26℄, Mol
han[41℄ and Barral [3, 4℄: see Se
tion 6; as has been shown by Mol
han [41℄ and Barral[3, 4℄, su
h results are essential in the study of multi-fra
tal stru
ture of the Mandel-brot's measure. Applied to age-dependent bran
hing pro
esses, our theorems enableus to improve an early result by the author: see Theorem 7.1. In Se
tion 8, we shallsee that our theorems 
an also be applied to obtain new results for limit variables inbran
hing random walks.In 
losing this se
tion, let us point out that some results of this paper 
an be ex-tended to the more general 
ase where fN;A1; A2; :::g is of arbitrary joint distribution[36℄, and let us introdu
e some notations. If E is a set or a statement, we write 1Efor its indi
ator fun
tion; if X is a random variable, we write PX for its probabilitylaw; if f(t) and g(t) are two (real or 
omplex) fun
tions de�ned for t > 0 large (resp.small) enough, we write f(t) = O(g(t)); t ! 1 (resp. t ! 0) to mean that for some
onstant 0 < C <1 and all t > 0 large (resp. small) enough, jf(t)j � Cg(t), and wewrite f(t) = o(g(t)) if lim f(t)=g(t) = 0, and f(t) � g(t) if lim f(t)=g(t) = 1.1. Existen
e and Uniqueness of Solutions. Let M (resp. M + ) be the set ofall Borel probability measures on R (resp. R+ ). Put�0 = P (A = 0) and ~N = NXi=1 1fAi>0g:(1.1)Then ~N is the number of non-zero terms of Ai; 1 � i � N , whose probabilitygenerating fun
tion is ~f(t) = f(�0 + (1� �0)t); t � 0:(1.2)To avoid unimportant dis
ussion, we suppose throughout the paper thatP ( ~N = 0 or 1) < 1 and P (A = 0 or 1) < 1;(1.3)the 
ontrary 
ase being easy [32, Lemma 1.1℄. For simpli
ity, we also assumef 0(1) � EN <1 and EA log+A <1;(1.4)although this is not always ne
essary. Let F (resp. F+ ) be the set of all non-trivialsolutions in M (resp. M + ). We say that a random variable Z or a 
hara
teristi
fun
tion � is an element of F or F+ if so is the 
orresponding probability measure.



A FUNCTIONAL EQUATION 147The following result gives ne
essary and suÆ
ient 
onditions for (E) to have non-trivial and non-negative solutions, and 
an be easily obtained from known results. Asusual, we put log+ x = logx if x � 1, and log+ x = 0 otherwise. Re
all that a positiveand measurable fun
tion l(t) is 
alled slowly varying at 0 (resp. 1) if it is de�ned forall t > 0 small (resp. large) enough su
h that as t ! 0 (resp. 1), l(�t)=l(t) ! 1 forea
h given � > 0.Theorem 1.1.(i) F+ 6= ; if and only if(1� �0)EN > 1; ENEA� = 1 and EA� logA � 0 for some � 2 (0; 1℄:(1.5)(ii) Assume (1.5). There is � 2 F+ with �nite mean if and only ifENEA = 1; EN log+N <1 and EA logA < 0;(1.6)when (1.6) holds, all � 2 F+ have �nite mean, and are parametrized by their means;for any given fun
tion l slowly varying at 0, there is at most one element � 2 F+whose Lapla
e transform  (t) = R e�xt�(dx) satis�es limt!0+ 1� (t)t�l(t) = 1.(i ii) If � 2 F+ , then the extin
tion probability q = �f0g is the unique �xed pointin [0; 1) of ~f .Noti
e that the number � determined by (1.5) is ne
essarily unique, and is theleast solution of the equation ENEAx = 1; x > 0.Proof of Theorem 1.1. Parts (i) and (iii) follow from Theorem 1.1 and Lemma3.1 of Liu [32℄. In part (ii), the third assertion is just Corollary 1.4(a) of Liu [32℄, these
ond assertion is a 
onsequen
e of the �rst and the uniqueness theorem of Bigginsand Kyprianou [7, Theorem 1.5℄, while the �rst 
omes from Theorem 1.1 of Liu [31℄and the fa
t thatE( NXi=1 Ai) log+( NXi=1 Ai) <1, EA log+A <1 and EN log+N <1;(1.7)whi
h 
an be proved as follows. Evidently,E( NXi=1 Ai) log+( NXi=1 Ai) = p0 + p1EA1 log+A1 +Xn�2 pnnE(A1 log+ nXi=1 Ai):Sin
e log(x + y) � logx + log y if x � 2 and y � 2, we have E(A1 log+Pni=1 Ai) �E(A1 logmax(2; A1)) +EA1E logmax(2;Pni=2Ai) for ea
h �xed n � 2; asE(logmax(2;Pni=2 Ai)) � logEmax(2;Pni=2Ai)℄ � log(2 + nEA1), this gives theimpli
ation \(" in (1.7). To see the opposite impli
ation, it suÆ
es to remark that,by the law of large numbers, for some n0 2 N and all n > n0, P (Pni=2Ai � nEA=2) >1=2, so that E[log(Pni=2 Ai)℄ � 12 log(nEA=2):We now give a theorem about existen
e and uniqueness of any non-trivial solution.Theorem 1.2.(i) The following 
ondition is suÆ
ient for F 6= ;:(1� �0)EN > 1; ENEA� = 1 and EA� logA � 0 for some � 2 (0; 2℄:(1.8)



148 Q. LIU(ii) If (1.8) holds with EA� logA < 0, then for any given 
omplex number 
, thereis at most one element � 2 F with limt!0+ 1��(t)t� = 
;(iii) Let Æ > 0 and let l : (0; Æ) ! (0;1) be a fun
tion slowly varying at 0 andbounded away from 0 and 1 on ea
h 
ompa
t subset of (0; Æ). If there is an element� 2 F with limt!0+ 1��(t)t�l(t) = 
 for some real � 2 (0; 2℄ and some 
omplex 
 6= 0, andE[A�+�℄ <1 for some � > 0, then ENEA� = 1.Remarks. (1) As a 
onsequen
e of part (ii) together with Theorem 1.1, if (1.6)holds (so that � = 1), then for any given number 
 2 R, there is only one integrablesolution Z satisfying EZ = 
; moreover almost surely (a.s.) Z � 0 if 
 > 0, Z � 0if 
 < 0, and Z = 0 if 
 = 0; so under (1.6), to 
onsider integrable elements of F, itsuÆ
es to 
onsider elements of F+ . However, the 
on
lusion does not hold any more if(1.6) fails: for example, when A = 1=p2 and N = 2 a.s. (so � = 2), both the normallaw N(0; 1) and the Dira
 measure Æ0 are solutions of (E) with mean 0. (2) In theproof, we shall see that in part (iii), when l is 
onstant, the 
ondition E(A�+�) <1
an be relaxed to E(A�) <1. (3) If we repla
e the 
onstraint � 2 (0; 2℄ by � > 0,and if instead of F, we 
onsider �F = f� : � satis�es (E') and �(t) = �+(jtj�)(8t), where�+ is the Lapla
e transform of some element � 2 M + g, then all the 
on
lusions (i),(ii) and (iii) still hold. In fa
t to see that (i) holds it suÆ
es to take �+ to be theLapla
e transform of a non-negative solution of (E) with Ai repla
ed by A�i ; the proofsfor (ii) and (iii) remain the same as in the proof of Theorem 1.2. Many results in thefollowing se
tions also hold for elements of �F , assuming only � > 0.Proof of Theorem 1.2.(i) We use an argument of Guivar
'h [19℄. By Theorem 1.1, there is a non-negativeand non-trivial random variable Y satisfyingY d= A�1 Y1 + :::+A�NYN ;(1.9)fYkg being independent 
opies of Y and independent of fN;A1; A2; :::g. Let X;Xk berandom variables with stable distribution of index �, all the random variables N;Ak,X;Xk, Y; Yk being independent ea
h other. We 
laim that Z = XY 1=� is then asolution of (E). In fa
t, by the pre
eding equation, we need only to prove thatX(A�1Y1 + :::+A�NYN )1=� d= A1X1Y 1=�1 + :::+ANXNY 1=�N :Putting Ui = AiY 1=�i , this just says X(U�1 + :::+U�N)1=� d= X1U1+ :::+XNUN ; whi
hholds by the property of stable laws with exponent �.(ii) Assume that �k are 
hara
teristi
 fun
tions satisfying (E') andlimt!0+ 1��k(t)t� = 
, k = 1; 2:Write �� = �1��2. Then by the mean value theorem,j��(t)j � f 0(1)Ej��(At)j; t > 0:Put h(t) = j��(t)jt� ; t > 0; and let B be a random variable with law PB(dx) =(EN)x�PA(dx). Then P (B > 0) = 1 and h(t) � Eh(Bt); t > 0: By iteration, ifB1; B2; ::: are independent 
opies of B, thenh(t) � Eh(B1:::Bnt); n � 1; t > 0:Let t > 0 be �xed. As E logB = ENEA� logA < 0, we have B1:::Bn ! 0 a.s. by thelaw of large numbers. Sin
elimx!0+ h(x) = limx!0+ j1� �1(x)x� � 1� �2(x)x� j = 0;



A FUNCTIONAL EQUATION 149using the pre
eding inequality on h(t) and the dominated 
onvergen
e theorem, weobtain h(t) = 0. This means �1(t) = �2(t) for all t > 0, and then for all t 2 R be
ause�k are hermitian symmetri
.(iii) By 
onsidering the distribution of A 
onditional on A > 0, we 
an assumeA > 0 a.s. (
f. the proof of Proposition 4.10). Let us extend the de�nition ofl by putting l(t) = 1 if t � Æ. Then for some 
onstant C1 > 0 and all t > 0,1� �(t) � Ct�l(t). By the fun
tional equation (E'), we have1� �(t)t�l(t) = E(1� �(At))t�l(t) 1Xi=1 pi X0�k�i�1(E�(At))k :(1.10)It is evident that we 
an assume � < �. Noti
e that by Potter's theorem [10, p.25,Theorem 1.5.6(ii)℄, there is a 
onstant C2 > 0 su
h that for all x > 0 and y > 0,l(y)=l(x) � C2maxf(y=x)�; (x=y)�g. Therefore(1� �(At))t�l(t) = (1� �(At))(At)�l(At) l(At)l(t) A� � C1C2max(A�; A��)A�;so that by the dominated 
onvergen
e theorem, limt!0 E(1��(At))t�l(t) = 
EA�. It followsby (1.10) that 
 = 
EA�P1i=1 ipi, from whi
h 1 = ENEA�. So the proof is �nished.2. A Theorem on a Random Di�eren
e Equation. In this se
tion, A;B;Zare real random variables whi
h are not ne
essarily positive. We 
onsider the randomdi�eren
e equationZ d= AZ +B; with A;B;Z independent of ea
h other;(2.1)where the law of Z is unknown. In terms of 
hara
teristi
 fun
tions, the equationreads �Z(t) = �B(t)E[�Z (At)℄; t 2 R;(2.2)where �Y (t) = EeitY if Y is a real random variable. It is well known that if Zis a solution not 
on
entrated at a point, then its distribution is either absolutely
ontinuous or singularly 
ontinuous [18℄, but in general it is not easy to prove theabsolute 
ontinuity. The following result gives a suÆ
ient 
ondition for the law of Zto have a density fun
tion with some regularity properties. For all k 2 N, we denoteby Ck the 
lass of fun
tions g : R ! R with k-fold 
ontinuous derivatives, C0 beingthe 
lass of 
ontinuous fun
tions.Theorem 2.1. Assume � := lim supjtj!1 j�B(t)j < 1 and let Z be a solution of(2.1). Let a > 0 be �xed. If �EjAj�a < 1 (whi
h reads EjAj�a < 1 when � = 0),then j�Z(t)j = O(jtj�a) (jtj ! 1) and ZR j�Z(t)j jtja�1 dt <1:(2.3)In parti
ular, if �EjAj�a < 1 for some a > 1=2, then the law of Z has a squareintegrable density (with respe
t to the Lebesgue measure); if the 
ondition holds forsome a � 1, then the law of Z has a density fun
tion of 
lass C [a℄�1, [a℄ being theintegral part of a.



150 Q. LIUProof of Theorem 2.1. Set g(t) = supjsj�t j�Z(s)j; t > 0, and let � > 0 besuÆ
iently small su
h that (� + �)EjAj�a < 1. Choose t0 > 0 large enough su
h thatj�B(t)j � � + � for all jtj > t0. Then by the equation (2.2), for all t > t0,g(t) � (� + �)Eg(jAjt):So the 
on
lusions are immediate 
onsequen
e of the following Lemma 2.2 (with C =0) whi
h extends a result of Barral ([4℄) and is also appli
able in other 
ontexts.Lemma 2.2. (i) Let g : R+ ! R+ be a bounded and measurable fun
tion satisfyingg(t) � pEg(At) + Cta ; t > t0;(2.4)where 0 < p < 1; a > 0; C � 0; t0 � 0 are 
onstants and A is a positive randomvariable with pEA�a < 1. Then as t ! 1, g(t) = O(t�a): (ii) We have moreoverR10 ta�1g(t)dt <1 if the inequality (2.4) 
an be strengthened tog(t) � pEg(At) + Ctah(t) ; t > t0;(2.5)for some mesurable fun
tion h : (t0;1)! (0;1) su
h that R1t0 1h(t)tdt <1.Proof. Part (i) has been established in [33℄ and 
an be proved as follows. We 
anassume t0 = 0 by taking C large enough if ne
essary; then by indu
tion, for all n � 1and all t > 0,g(t) � pnEg(A1:::Ant) + Ct�a[1 + pEA�a + :::+ (pEA�a)n�1℄;(2.6)where Ai are independent 
opies of A; letting n!1 gives g(t) � Ct�a=(1�pEA�a).To prove part (ii), let C1 > 0 be suÆ
iently large su
h that for all t > 0,g(t) � pEg(At) + C1(1 + t)ah1(t) ;where h1(t) = 1 if 0 < t � t0, and h1(t) = h(t) if t > t0. Put G(T ) = R T0 ta�1g(t)dtfor T > 0; and write C2 = C1 R10 ta�1(1 + t)�a=h1(t) dt. Then C2 < 1 and, by thepre
eding inequality, for all T > 0,G(T ) � pE Z T0 g(At)ta�1dt+ C2 = pE[A�a℄EG(BT )℄ + C2;where B is a random variable with distribution PB(dx) = x�aPA(dx)=EA�a. Byiteration, for all n � 1 and all T > 0 ,G(T ) � (pEA�a)nEG(B1:::BnT ) + C2[1 + pEA�a + :::+ (pEA�a)n�1℄;(2.7)where Bi are independent 
opies of B. Write kgk1 = supt jg(t)j; noti
e that(pEA�a)nEG(B1:::Bnt) = (pEA�a)nE Z B1:::Bn0 g(t)ta�1dt� kgk1(pEA�a)n(EBa)nT a=a = kgk1pnT a=a ! 0 as n!1;



A FUNCTIONAL EQUATION 151so letting n ! 1 in (2.7) gives G(T ) � C2=(1 � pEA�a): Sin
e T > 0 is arbitraryand the right side is independent of T , we obtain R10 ta�1g(t) dt � C2=(1� pEA�a);as desired.Remarks. (1) It may be useful to remark that if EA�a < 1 but pE[A�a℄ � 1and A is not a.s. 
onstant, then the assertions (i) and (ii) also hold with a repla
edby b := a log(1=p)= logEA�a. In fa
t, be
ause b=a � 1, by Jensen's inequality wehave pEA�b = pE[(A�a)b=a℄ < p[EA�a℄b=a = 1; so applying the proved results for bgives the desired assertions. If A is a.s. a 
onstant, say, A = Æ 2 (0; 1), then thenumber b de�ned above be
omes b = log p= log Æ; this time we still have g(t) = O(t�b)if the 
ondition in (ii) holds with a repla
ed by b and with h non-de
reasing (forexample if the 
ondition in (i) holds with C = 0). In fa
t we 
an assume that gis non-in
reasing by 
onsidering �g(t) = sups�t g(s) instead of g(t) if ne
essary. Byiteration, for all n = 1; 2; :::, �(t) � pn�(Ænt) + Ctb Pn�1k=0 1h(Ækt) if Ænt > t0: Noti
ethat the sum in the last display is bounded by (1� Æ)�1Pn�1k=0 R ÆktÆk+1t 1xh(x)dx, whi
his smaller than (1 � Æ)�1 R1t0 1xh(x)dx if Ænt > t0, so that g(Æ�n2t0) � C1[Æ�n2t0℄�bfor some 
onstant C1 > 0 and all n � 1; as g is monotone, this gives �(t) = O(t�b)(t ! 1). (2) If a. s. A > 0 and B � 0, then the 
on
lusion of Theorem2.1 also holds when the Fourier Transform �Z is repla
ed by the Lapla
e transform Z(t) = Ee�tZ ; t > 0: This 
an be easily seen by the proof. (3) By the remark (1)above, if jAj is not 
onstant and ��1 � E(jAj�a) <1, then the 
on
lusions hold witha repla
ed by b := a log(1=�)= logEA�a; when jAj is 
onstant, say jAj = Æ 2 (0; 1),then j�Z(t) = O(jtj�b) (jtj ! 1), where b = log �= log Æ. This remark have evident
onsequen
es in the following two se
tions, but for simpli
ity we shall not mentionthem.Let us give some 
omments for the 
ase where A = Æ is a 
onstant in (0; 1). Inthis 
ase a solution of (2.1) 
an be expressed as the sum of a random Taylor series:Z = 1Xn=0BnÆn;(2.8)where fBng is a sequen
e of independent and identi
ally distributed (i.i.d.) realrandom variables; by the formula of the radius of 
onvergen
e of a Taylor series, theseries 
onverges a.s. for ea
h Æ 2 (0; 1) if E log+ jB0j < 1 (whi
h implies that a.s.lim supn!1 log+ jBnjn = 0 by the law of large numbers).Assume Æ 2 (0; 1) and E log+ jB0j < 1, and let Z be de�ned by (2.8). Aninteresting question is to study asymptoti
 properties of the 
hara
teristi
 fun
tion ofZ, and to know when its distribution is absolutely 
ontinuous. By the se
ond remarkafter the proof of Theorem 2.1, we know that if� := lim supjtj!1 jEeitB0 j < 1;then as jtj ! 1, jEeitZ j = O(jtj�b), where b = log �= log Æ, so that the distribution ofZ has a square integrable density if �2 < Æ. Of parti
ular interest is the 
ase where thelaw of B0 is a Cantor-like measure, for whi
h K.S.Lau and T.Y.Hu [23℄ have re
entlyobtained some interesting results about the value of �. When fBng is a Radema
hersequen
e, the study of the series (2.8) is then a 
lassi
al subje
t: see for example[16℄, [24℄, [22℄ and [45℄. However in this 
ase our result gives no information (be
ause� = 1).



152 Q. LIU3. Asymptoti
 Properties of � 2 F and Absolute Continuity . In thisse
tion, for simpli
ity we assume �0 = p0 = 0; this 
ondition may be removed by anargument of redu
tion (
f. Proposition 4.10). Re
all that we always assume (1.3),(1.4), and that F (resp. F+ ) stands for the set of all non-trivial solutions (resp.non-negative solutions) of (E).For positive solutions with �nite mean, the following result is a 
onsequen
e of atheorem of Biggins and Grey [6℄. The basi
 idea in the following proof is inspired byan argument of Athreya [1℄; some similar arguments were used in [6℄.Lemma 3.1. Assume (1.8) and �0 = p0 = 0. Let � 2 F and let � be its
hara
teristi
 fun
tion. Then limjtj!1 �(t) = 0:Proof. Set l = lim supt!1 j�(t)j. Sin
e � is Hermitian symmetri
, it suÆ
es toprove that l = 0.(i) We �rst prove that l = 0 or 1: By (E'), j�(t)j � f(Ej�(At)j); t 2 R: Lettingt ! 1 and using Fatou's lemma, we obtain l � f(l). Therefore l = 0 or 1, notingthat f(x) < x if 0 < x < 1.(ii) We next prove that for all t 6= 0, j�(t)j < 1. Otherwise, by Lemma 4 ofChap.IV.1 of Feller [17℄, there is some h > 0 su
h that j�(h)j = 1 and j�(t)j < 1 if0 < t < h. So 1 = j�(h)j = f(E�(Ah)) � E�(Ah)j: Therefore, a.s. j�(Ah)j = 1.Sin
e P (0 < A < 1) > 0, it follows that for some 0 < a < 1, j�(ah)j = 1, whi
h is a
ontradi
tion with the de�nition of h.(iii) We then show that l < 1: Assume l = 1. Let 0 < t0 < 1 be arbitrary�xed, and let 0 < � < 1 � j�(t0)j: Choose t1 = t1(�) and t2 = t2(�) su
h that0 < t1 < t0 < t2 <1, withj�(t1)j = j�(t2)j = 1� � and j�(t)j � 1� � if t 2 [t1; t2℄:This is possible sin
e � is 
ontinuous and j�(0)j = lim supt!1 j�(t)j = 1: By theequation (E'), for all t 2 R, j�(t)j � Ej�(At)j. It follows that if Ai (i � 1) areindependent 
opies of A, then: j�(t)j � Ej�(A1:::Ant)j, Ej�(At)j � Ej�(A1:::Ant)j;and j�(t)j � f(Ej�(At)j) � f(Ej�(A1:::Ant)j) (n � 1; t 2 R):Therefore, using j�(A1:::Ant2)j � 1� � if t1 < A1:::Ant2 � t2 and j�(A1:::Ant2)j � 1otherwise, we obtain:Ej�(A1:::Ant2)j � (1� �)P [t1 < A1:::Ant2 � t2℄ + 1� P [t1 < A1:::Ant2 � t2℄= 1� �P [t1 < A1:::Ant2 � t2℄;1� � = j�(t2)j � f(Ej�(A1:::Ant2)j) � f(1� �P [t1 < A1:::Ant2 � t2℄);1� f(1� �P [t1 < A1:::Ant2 � t2℄)�P [t1 < A1:::Ant2 � t2℄ � 1P [t1 < A1:::Ant2 � t2℄ :Sin
e lim�!0 t1(�) = 0 (this 
an be easily veri�ed) and t1(�)=t2(�) � t1(�)! 0 (�! 0),letting �! 0 in the above inequality givesf 0(1) � 1=P [A1:::An � 1℄:



A FUNCTIONAL EQUATION 153Let � 2 (0; 2℄ be de�ned as in (1.8), so that EA� = 1=EN < 1. Then by Markov'sinequality,P [A1:::An > 1℄ = P [(A1:::An)� > 1℄ � [E(A�)℄n ! 0 as n!1:So limn!1 P [A1:::An � 1℄ = 1. Therefore, letting n!1 in the pre
eding inequalityon f 0(1) gives f 0(1) � 1: This 
ontradi
ts the hypothesis that f 0(1) = EN > 1. Sol < 1:Theorem 3.2. Assume (1.8) and �0 = p0 = 0. Let � 2 F and let � be its
hara
teristi
 fun
tion. Write m = minfi � 1 : pi > 0g and let 0 < a < 1 be apositive number.(i) If p1EA�a < 1 (whi
h reads EA�a <1 when p1 = 0), then�(t) = O(jtj�ma) (jtj ! 1) and Z 1�1 j�(t)j jtjma�1dt <1:(3.1)(ii) When p1 = 0, the 
ondition P (A � x) = O(x�a) (x ! 0) suÆ
es for �(t) =O(jtj�ma) (jtj ! 1):Proof. (i) We noti
e that the equation (E) 
an be regarded as a spe
ial 
aseof the random di�eren
e equation (2.1) with B = P2�i�N AiZi (the empty sum istaken to be 0), whose 
hara
teristi
 fun
tion is �B(t) = f1(E�(At)), f1 being theprobability generating fun
tion of N � 1. By Lemma 3.1, � := limjtj!1 j�B(t)j = p1;so by Theorem 2.1, p1EA�a < 1 implies�(t) = O(jtj�a) (jtj ! 1) and Z 1�1 j�(t)j jtja�1dt <1:(3.2)This ends the proof of (3.1) in the 
ase where p1 > 0. Assume p1 = 0. Then m � 2and by the equation (E'),j�(t)j � f(Ej�(At)j) � (Ej�(At)j)m:(3.3)By (3.2), there is a 
onstant C > 0 su
h that j�(t)j � Cjtj�a for all t 6= 0,so that Ej�(At)j � EjCAtj�a = CEA�ajtj�a. Consequently by (3.3), j�(t)j �Cm(EA�a)mjtj�ma andZ 1�1 j�(t)j jtjma�1 dt � Z 1�1 (Ej�(At)j jtja)m�1Ej�(At)j jtja�1 dt� (CEA�a)m�1E Z 1�1 j�(At)j jtja�1 dt= (CEA�a)m�1EA�a Z 1�1 j�(x)j jxja�1 dx:(3.4)The last integral is �nite by (3.2). So the proof of (i) is �nished.(ii) Under the given 
onditions, we havem � 2 and EA�a1 <1 for all 0 < a1 < a,so the 
on
lusion in part (i) implies �(t) = O(jtj�b) for for all 0 < b < ma. Now 
hooseb 2 (a;ma) and let C1 be su
h that j�(t)j � C1(1+ jtj)�b for all t 6= 0. Then a similarargument as above gives�(t) � [E�(At)℄m � Cm1 (E[(1 +Ajtj)�b℄)m = O(jtj�ma);



154 Q. LIUwhere the last step holds by the following Lemma.Lemma 3.3. [33, Lemma 4.3℄ If P (A � x) = O(xa) (x ! 0) for some a > 0,then for all b > a, E[(1 +At)�b℄ = O(t�a) as t!1:When � 2 F+ has �nite mean, a similar argument as in the proof of Theorem 3.2gives the de
ay rate of the derivative �0(t), � being the 
hara
teristi
 fun
tion of �:Theorem 3.4. Assume (1.6) and �0 = p0 = 0. Let � 2 F+ and let � be its
hara
teristi
 fun
tion. Write m = inffi � 1 : pi > 0g and let 0 � a < 1 be anon-negative number.(i) If p1EA�a < 1 (whi
h reads EA�a <1 when p1 = 0), then�0(t) = O(jtj�(1+ma)) (jtj ! 1) and Z 1�1 j�0(t)j jtjmadt <1:(3.5)(ii) When p1 = 0, the 
ondition P (A � x) = O(x�a) ( x ! 0) suÆ
es for�0(t) = O(jtj�(1+ma)) (jtj ! 1):Proof. Without loss of generality, we assume R x�(dx) = 1. Still by the equation(E'), we have �0(t) = f 0(E�(At))E�0(At)A; t 2 R:(3.6)Let ~Z and ~A be random variables with distributions x�(dx) and f 0(1)xPA(dx) re-spe
tively, and let ~B be a random variable with 
hara
teristi
 fun
tion � ~B(t) =f 0(E�(At))=f 0(1); ~Z; ~A and ~B being independent of ea
h other. Then ~Z has 
hara
-teristi
 fun
tion � ~Z(t) = �0(t)=i, and the pre
eding identity reads� ~Z(t) = � ~B(t)E� ~Z ( ~At); t 2 R:(3.7)(i) Noti
e that ~� := limjtj!1 j� ~B(t)j = f 0(0)=f 0(1) = p1=f 0(1) and ~�Ej ~Aj�(a+1) =p1EA�a < 1, so by Theorem 2.1,�0(t) = O(jtj�(1+a)) (jtj ! 1) and Z 1�1 j�0(t)j jtjadt <1:(3.8)This 
ompletes the proof of (3.5) in the 
ase where p1 > 0. Assume p1 = 0. Thenm � 2. Be
ause j� ~B(t)j � (Ej�(At)j)m�1, it follows that for all t 2 R,j� ~Z(t)j � (Ej�(At)j)m�1E[j� ~Z( ~At)j℄:(3.9)Re
all that j�(t)j = O(jtj�ma) by Theorem 3.2 and �0(t) = O(jtj�(1+a)) by (3.8); sofor some 
onstant C > 0 and all t 2 R, j�(t)j � Cjtj�a and j� ~Z j = j�0(t)j � Cjtj�(1+a):Therefore by (3.9),j� ~Z(t)j � (ECjAtj�a)m�1E[Cj ~Atj�(1+a)℄ = C1jtj�(ma+1);(3.10)where C1 = Cm(EA�a)m�1E[ ~A�(1+a)℄ = f 0(1)Cm(EA�a)m < 1. This givesthe �rst assertion in (3.5). For the se
ond assertion, we remark that for all t,(Ej�(At)jta)m�1 � (CEA�a)m�1 =: C2, so that by (3.9),Z 1�1 j� ~Z(t)j jtjma dt � C2E Z 1�1 j� ~Z( ~At)j jtja dt(3.11) = C2E ~A�(a+1) Z 1�1 j� ~Z(x)j jxja dx:
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ause E ~A�(a+1) = f 0(1)EA�a < 1, the se
ond assertion in (3.5) follows from(3.11) and (3.8).(ii) Under the given 
onditions, we havem � 2 and EA�a1 <1 for all a1 2 (0; a),so by the 
on
lusion in part (i), we know that � ~Z(t) = O(jtj�(1+mb)) (jtj ! 1) for all0 < b < a: Choose b 2 (a=m; a) and let C3 > 0 be a 
onstant su
h that for all t 2 R,j�(t)j � C3jtj�a and j�0(t)j � C3(1 + jtj)�(1+mb). Then for all t 2 R,j� ~Z(t)j � (Ej�(At)j)m�1E[j� ~Z( ~At)j℄ � (EC3jAtj�a)m�1E[C3(1 + j ~Atj)�(1+mb)℄Sin
e P ( ~A � x) = O(x1+a) (x! 0) and 1+mb > 1+a, we have E[(1+j ~Atj)�(1+mb)℄ =O(jtj�(1+a)) by Lemma 3.3; it follows by the pre
eding inequality on � ~Z(t) thatj� ~Z(t)j = O(jtj�(ma+1)):Noti
e that the 
ondition p1EA�a < 1 always holds for a = 0, so that by Theorem3.4(i), under (1.6), all � 2 F+ satis�es�0(t) = O(jtj�1) (jtj ! 1) and Z 1�1 j�0(t)jdt <1:(3.12)As an appli
ation of Theorems 3.2 and 3.4, we obtain the absolute 
ontinuity of� 2 F under simple moment 
onditions:Theorem 3.5. Assume (1.8) and �0 = p0 = 0. Let � 2 F and let � be its
hara
teristi
 fun
tion. Write m = minfi � 1 : pi > 0g. Then � has a densityfun
tion with respe
t to the Lebesgue measure if one of the following 
onditions holds 1:(a) p1 = 0 and EA�a < 1 for some a > 1=(2m); (b) p1 > 0 and p1EA�a < 1 forsome a > 1=2; (
) (1.6) and � 2 F+ ; (d) � 2 F+ , � < 1, A is not a.s. 
on
entratedon a geometri
 series, and EN1+�+EA1+� <1 for some � > 0. Moreover, if (a) or(b) holds with a � 1=m, then � has a density fun
tion of 
lass C [ma℄�1, given byx 7! 12� Z 1�1 �(t)e�itxdt;(3.13)when (
) holds, � has always a 
ontinuous density fun
tion on (0;1), given byx 7! 12�ix Z 1�1 �0(t)e�itxdt;(3.14)whi
h is of 
lass C [ma℄ if additionally (a) or (b) holds with a � 1=m.Proof. If (a) or (b) holds, then � is square integrable by the �rst assertion in part(i) of Theorem 3.2, so that � has a square integrable density fun
tion; if the 
onditionholds with a � 1=m, then by the se
ond assertion in part (i) of the same theorem,� is integrable and � has a density fun
tion of 
lass C [ma℄�1 given by (3.13). If (
)holds, then the measure x�(dx) has Fourier transform t 7! �0(t)=i, whi
h is alwaysintegrable by Theorem 3.4 (i) (
f. (3.12)), so that the measure x�(dx) has a densityfun
tion given by x 7! 12�i R1�1 �0(t)e�itxdt; this density fun
tion is of 
lass C [ma℄again by Theorem 3.4 (i). If (d) holds, then � is absolutely 
ontinuous be
ause, by[32, Theorem 7.3℄, � is the distribution of XY 1=�, where Y is a non-negative andnon-trivial solution of (1.9), X is of stable law with index � and independent of Y .We remark that in Case (
), Theorem 3.4 gives more information about the exis-ten
e of a density and its regularity than what we 
an obtain from Theorem 3.2.1Sin
e the 
ompletion of this paper, the author has re
ently proved in [36℄ (and in a more generalsetting) that � has a density fun
tion on (0;1) whenever EA�� 1fA > 0g <1 for some � > 0.



156 Q. LIU4. Polynomial Tail Behavior of � 2 F+ . In this se
tion, we 
onsider the 
asewhere P (0 < Z � x) de
ays at a polynomial rate as x ! 0+. The main results ofthis se
tion are the following two theorems. We distinguish two 
ases a

ording as�0 = p0 = p1 = 0 or not. Re
all again that we always assume (1.3) and (1.4).Theorem 4.1. Assume (1.5) and �0 = p0 = p1 = 0, and let Z be a non-trivialand non-negative solution of (E). Write m = minfi � 2 : pi > 0g. Then for ea
h�xed 0 < a <1, the following assertions hold:(i) As x! 0; P (A � x) = O(xa) if and only if P (Z � x) = O(xma):(ii) If for some 
onstants C1 > 0, C2 > 0 and all x > 0 small enough, C1xa �P (A � x) � C2xa, then there are some 
onstants C3 > 0, C4 > 0 su
h that,for all x > 0 small enough,C3xma � P (Z � x) � C4xma:(iii) If E(A�a) < 1, then E[Z�ma℄ < 1; 
onversely, if E[Z�ma℄ < 1, thenE(A�b) <1 for all 0 < b < a.(iv) Let Æ > 0 and let l : (0; Æ℄ ! (0;1) be a fun
tion slowly varying at 0 andbounded away from 0 and 1 on ea
h 
ompa
t subset of (0; Æ℄. If P (A � x) �xal(x) (x! 0) , thenP (Z � x) � pmxma[E(Z�a)℄m[l(x)℄m (x! 0):Remark. The 
onverse in part (iii) 
annot be improved to \E[Z�ma℄ < 1 )E(A�a) < 1." To see this, let A be su
h that for some a > 0; b 2 R and C > 0,P (A � x) � Cxaj logxj�b (x ! 0): Then by part (iv) of Theorem 4.1, P (Z � x) �CmxmaEm(Z�a)j logxj�mb (x ! 0): So for some 
onstants C1 > 0 and C2 > 0,E(Z�ma) = ma R10 P (Z � 1=y)yma�1dy � C1 + C2 R12 y�maj log yj�mbyma�1dy =C1 + C2 R12 dyy(log y)mb ; whi
h is �nite if mb > 1. Similarly, for some 
onstant C3 > 0,E(A�a) = a R10 P (A � 1=y)ya�1dy � C3 R12 dyy(log y)b = 1 if b � 1: So for 1=m <b � 1, E(Z�ma) <1 but E(A�a) =1:Theorem 4.2. Assume (1.5) and �0+p0+p1 > 0, and let Z be a non-trivial andnon-negative solution of (E). Write ~p1 = (1��0)f 0(�0+(1��0)q). Then 0 < ~p1 < 1,and for ea
h �xed 0 < a <1, the following assertions hold:(i) If ~p1E[A�a jA > 0℄ < 1, then E[Z�b jZ > 0℄ <1 for all 0 < b < a; 
onversely,if E[Z�a jZ > 0℄ <1, then ~p1E[A�a jA > 0℄ < 1;(ii) In the 
ase where A � 1 almost surely, ~p1E[A�a jA > 0℄ < 1 if and only ifE[Z�a jZ > 0℄ <1 .Our result gives expli
itly the 
riti
al value for existen
e of moments of negativeorders:Corollary. Under the assumptions of Theorem 4.2, If ~p1E[A�� j A > 0℄ = 1for some � > 0, thenE[Z�b jZ > 0℄� <1 when b 2 (0; �); and=1 when b 2 [�;1):Theorems 4.1 and 4.2 show that there are two essentially di�erent 
ases, a

ordingto �0 = p0 = p1 = 0 or not. For the Mandelbrot's equation, the fa
t that the situationdi�ers a

ording to P (A = 0) = 0 or not has already been remarked by Barral [3, 4℄,
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ription was not so pre
ise as is given by our results above. Forthe Poin
ar�e's equation, the results show that Z has moments of all negative ordersif p0 = p1 = 0, and that there is an 
riti
al value for existen
e of negative ordersif p0 + p1 > 0; in fa
t it is known [8℄ that as x ! 0, P (0 < Z � x) de
ays atan exponential rate if p0 = p1 = 0 (see also Theorem 5.1 in Se
tion 5), and at apolynomial rate if p0 + p1 > 0.We pro
eed towards the proof of Theorems 4.1 and 4.2 by a series of lemmas andpropositions. In the following, we always assume (1.5) and let Z be a non-trivial andnon-negative solution of (E).Lemma 4.3. [33℄ Let X > 0 be a positive random variable. For ea
h �xed0 < a < 1, 
onsider the following statements: (i) E[X�a℄ < 1; (ii) E[e�tX ℄ =O(t�a) (t ! 1); (iii) P [X � x℄ = O(xa) (x ! 0); (iv) 8b 2 (0; a); E[X�b℄ < 1.Then the following impli
ations hold: (i)) (ii), (iii)) (iv):Proposition 4.4. Assume �0 = p0 = 0 and write m = minfi � 1 : pi > 0g.Let 0 < a < 1 be a positive number. (i) If Ee�Zt = O(t�a) (t ! 1), thenEe�At = O(t�a=m) (t ! 1). (ii) If EZ�a <1, then EA�a <1 when m = 1, andEA�b=m <1 when b 2 (0; a) and m > 1.Proof. Write �A(t) = E[e�At℄: Let 0 < 
 <1 be su
h that P (Z � 
) > 0. Thenby (E), for all t > 0,E[e�tZ ℄ = E[e�tPNi=1AiZi ℄= 1Xi=m pi[E�A(Zt)℄i � pm[E�A(Zt)℄m � pm[P (Z � 
)�A(
t)℄m:Therefore E[e�tZ ℄ = O(t�a) implies �A(t) = O(t�a=m) (t ! 1); whi
h ends theproof of (i). To prove (ii), we assume EZ�a <1 and write Z 0 = A1Z1+ :::+ANZN .Then we have 
onse
utively,Z 0 � maxfA1; :::; ANg(Z1 + :::+ ZN );(Z 0)�a � (maxfA1; :::; ANg)�a(Z1 + :::+ ZN)�a;EZ�a = E(Z 0)�a � E[(maxfA1; :::; ANg)�a(Z1 + :::+ ZN )�a1fN = mg℄= E[maxfA1; :::; Amg℄�aE(Z1 + :::+ Zm)�apm:Therefore E(maxfA1; :::; Amg)�a <1: If m = 1, this just says EA�a <1; if m > 1,then as x ! 0, P [maxfA1; :::; Amg � x℄ = O(xa), so that P [A � x℄ = O(xa=m)(x! 0) and EA�b=m <1 for all 0 < b < a by Lemma 4.3.Proposition 4.5. Assume �0 = p0 = p1 = 0 and write m = minfi � 1 : pi > 0g.Let 0 < a < 1 be a positive number. If either (i) p1 = 0 and P (A � x) = O(xa) asx! 0, or (ii) p1 > 0 and p1EA�a < 1, then Ee�Zt = O(t�ma) as t!1:Proof. The same as in the proof of Theorem 4.2, using the Lapla
e transforminstead of the 
hara
teristi
 fun
tion, together with the remark (2) following theproof of Theorem 2.1.Lemma 4.6. Assume p0 = 0 and put m = minfk � 1 : pk > 0g. Then for all�xed K > 0 and all x > 0, P (Z � x) � pm[P (Z � K)℄m[P (A � xKm)℄m:Proof. It suÆ
es to use (E) and the fa
t thatP (A1Z1+:::+ANZN � x) � P (N = m;Zi � K and AiK � x=m for all i = 1; :::;m):



158 Q. LIULemma 4.7. Let n � 2 be an integer and let X1; :::; Xn be a sequen
e of i.i.d.positive random variables. Then for all a > 0, E[(X1 + :::+Xn)�na℄ � n[E(X�a1 )℄n:Proof. If E(X�a1 ) = 1, there is nothing to prove. Assume that E(X�a1 ) < 1.Then E(X�a1 ) = Z 10 P (X�a1 > x)dx = a Z 10 P (X1 < 1=y)ya�1dy:Similarly, E[(X1 + ::: + Xn)�na℄ = na R10 P (X1 + ::: + Xn < 1=y)yna�1dy �na R10 [P (X1 < 1=y)℄nyna�1dy: Sin
e P (X1 < 1=y) = P (X�a1 > ya) � y�aE(X�a1 ),it follows thatE[(X1 + :::+Xn)�na℄ � na Z 10 [y�aE(X�a1 )℄n�1[P (X1 < 1=y)℄yna�1dy= n[E(X�a1 )℄n�1a Z 10 P (X1 < 1=y)ya�1dy = n[E(X�a1 )℄n:Proposition 4.8. Assume �0 = p0 = p1 = 0 and write m = minfi � 2 :pi > 0g. Let 0 < a < 1 be a positive number. Then: (i) If E(A�a) < 1, thenE(Z�ma) < 1; (ii) Let t0 > 0 and let l : [t0;1) ! (0;1) be a fun
tion slowlyvarying at 1 and bounded away from 0 and 1 on every 
ompa
t subset of [t0;1): IfEe�At � t�al(t) (t!1); thenEe�Zt � pmt�ma[E(Z�a)℄m[l(t)℄m; t!1:Proof. (i) Assume E(A�a) < 1. Then P (A � x) = O(xa) (x ! 0): So byLemma 4.3 and Proposition 4.5, P (Z � x) = O(xma) (x! 0) and E(Z�mb) <1 forall 0 < b < a. In parti
ular, E[(AZ)�a℄ = E[A�a℄E[Z�a℄ < 1. So by the equation(E) and Lemma 4.7,E[Z�ma℄ = E[(A1Z1 + :::+ANZN )�ma℄� E[(A1Z1 + :::+AmZm)�ma℄ � m(E[(AZ)�a℄)m <1:(ii) Write �(t) = Ee�tZ and �A(t) = Ee�tA: For simpli
ity we 
an assume t0 = 0;otherwise we 
onsider ~l instead of l, where ~l(t) = 1 if 0 � t < t0 and ~l(t) = l(t) ift � t0.Let 0 < � < a. So EZ�(a+�) < 1 by part (i). By Potter's theorem [10, p.25,Theorem 1.5.6(ii)℄, there exists C1 = C1(�) > 0 su
h that for all x > 0 and y > 0,l(y)=l(x) � C1maxf(y=x)�; (x=y)�g:Sin
e �A(t) � t�al(t), we 
an suppose that there is some 
onstant C2 > 0 su
h that,for all t > 0, �A(t)ta=l(t) � C2: As �A(Zt)ta=l(t)! Z�a (t!1) and�A(Zt)tal(t) = �A(Zt)(Zt)al(Zt) l(Zt)l(t) Z�a� C2C1max(Z�; Z��)Z�a � C2C1(Z�(a��) + Z�(a+�));



A FUNCTIONAL EQUATION 159by the dominated 
onvergen
e theorem we obtain limt!1 E�A(Zt)tal(t) = EZ�a: SoE�(At) = E�A(Zt) � t�aE(Z�a)l(t): Therefore, by the equation (E'), as t!1;�(t) � pm[E�(At)℄m � pmt�am[E(Z�a)℄m[l(t)℄m:Proposition 4.9. Assume �0 = p0 = 0 and p1 > 0. Let 0 < a < 1 be apositive number. Then: (i) If p1E(A�a) < 1, then for all 0 < b < a, EZ�b < 1;if additionally A � 1 a.s., then EZ�a < 1. (ii) Conversely, if E(Z�a) < 1, thenp1E(A�a) < 1.Proof. (i) If p1E(A�a) < 1, then Ee�tZ = O(t�a) (t ! 1) by Lemma 3.5.So for all 0 < b < a, EZ�b < 1. This gives the �rst 
on
lusion. Now assumeP (A � 1) = 1. Then for all 0 < b < a, E(AiZi)�b <1, Ee�t(A1Z1+A2Z2) = O(t�2b),so that E[(A1Z1 +A2Z2)�a℄ <1 by Lemma 4.3. Now for all T > 0,EZ�a1fZ > Tg = E( NXi=1 AiZi)1f NXi=1 AiZi > Tg� E[(A1Z1)�a1fA1Z1 > T )g1fN = 1g℄ +E[(A1Z1 +A2Z2)�a℄P (N > 1):Be
ause a. s. A1 � 1, 1fA1Z1 > T )g � 1fZ1 > T )g, it follows that(1� p1EA�a)E[Z�a1fZ > Tg℄ � (1� p1)E[(A1Z1 +A2Z2)�a℄:Sin
e T > 0 is arbitrary, this givesEZ�a � (1�p1)E[(A1Z1+A2Z2)�a℄=(1�p1EA�a):(ii) Conversely, if E(Z�a) <1, then by the equation (E),E[Z�a℄ = E[(A1Z1 + :::+ANZN)�a℄ > E[(A1Z1)�a1fN = 1g℄ = p1E[A�a℄E[Z�a℄:Therefore p1E[A�a℄ < 1:We now give a prin
iple of redu
tion, whi
h says that the 
ase where �0 > 0 orp0 > 0 
an be redu
ed to the 
ase where �0 = p0 = 0.Proposition 4.10. Let �A (resp. �Z) be a random variable whose distribution isthat of A (resp. Z) 
onditional on A > 0 (resp. Z > 0). Let �� be the 
hara
teristi
fun
tion of �Z and put �f(t) = ~f(q + (1� q)t)� q1� q ;where q = P (Z = 0) is the unique �xed point in [0; 1) of ~f(t) = f(�0 + (1 � �0)t).Then the fun
tional equation (E') redu
es to��(t) = �f(E ��( �At)); t 2 R;(4.1)with P ( �A = 0) = �f(0) = 0. Moreover, �f 0(0) = (1 � �0)f 0(�0 + (1 � �0)q), so that�f 0(0) = 0 if and only if �0 = p0 = p1 = 0.Proof. It suÆ
es to remark that E�(At) = E�(At)1fA > 0g + E�(At)1fA =0g = �0+ (1��0)E�( �At); that �(t) = q+ (1� q)��(t), and that f 0(�0 + (1��0)q) =0, f 0(0) = 0 and �0 + (1� �0)q = 0:



160 Q. LIUFor the Mandelbrot's equation (N is 
onstant), the idea to 
onsider the distribu-tion of A 
onditional on A > 0 has been used by Barral [3℄; for the Poin
ar�e's equation(A is 
onstant), the prin
iple redu
es to the famous transformation of Harris [20℄.Proof of Theorem 4.1. Part (i) is a 
ombination of Lemma 4.3, Proposition 4.5(i)and Lemma 4.6; part (ii) is a sequen
e of part (i) and Lemma 4.6; part (iii) 
omesfrom Propositions 4.5 and 4.8(i), together with Lemma 4.3; part (iv) follows fromProposition 4.8(ii) and a 
lassi
al Tauberian theorem [10, Theorem 1.7.1℄.Proof of Theorem 4.2. By the prin
iple of redu
tion (Proposition 4.10), we 
anassume p0 = �0 = 0; the theorem is then Proposition 4.9.It will be interesting to 
ompare the left tail behavior with the right tail behavior;to this end let us state a theorem about the right tail behavior. The problem is 
alledlatti
e if for some h > 0, logA is almost surely an integer multiple of h wheneverA > 0; otherwise, it is 
alled non-latti
e. The following result is a dire
t 
onsequen
eof Theorems 1 and 2 of Liu [35℄:Proposition 4.11. Assume (1.6) and let Z be a non-trivial and non-negativesolution of (E).(i) For ea
h �xed p > 1, E[Zp℄ <1 if and only if E[Np℄ <1 and ENE[Ap℄ < 1:(ii) Suppose that for some � > 1, ENE[A�℄ = 1; E[A� log+A℄ < 1 and E[N�℄ <1: If the problem is non-latti
e, then limx!1 x�P (Z > x) existsand is stri
tly positive and �nite; if the problem is latti
e, then 0 <lim infx!+1 x�P (Z > x) � lim supx!+1 x�P (Z > x) <1:The result shows that if P (A � 1) = 1, then the right tail of Z behaves like thatof N : for all p > 1, E[Zp℄ < 1 if and only if E[Np℄ < 1; if P (A � 1) < 1, thenthere is a 
riti
al value � > 1 determined by the equation ENE[A�℄ = 1 su
h thatthe right tail of Z behaves like x�� as x ! 1. Theorems 4.1 and 4.2 tell us thatthere is a similar phenomenon for the left tail of Z: if �0 + p0 + p1 = 0, then the lefttail of Z behaves like that of A; if �0+ p0+ p1 > 0 then there is a 
riti
al value � > 0determined by ~p1E[A��jA > 0℄ = 1, su
h that the left tail of Z behaves like x� asx! 0.5. Exponential Tail Behavior of � 2 F+ . This se
tion deals with the 
asewhere P (Z � x) de
ays exponentially when x ! 0+. As usual, we always assume(1.3) and (1.4).Theorem 5.1. Suppose thatm := ess inf N > 1 and a := ess inf A > 0;(5.1)and put 
 = � logm= log a: Then the following assertions hold:(i) Assume (1.5) and that either N or A is not a. s. 
onstant, and let Z be anon-trivial and non-negative solution of (E). Then 0 < 
 < 1 and, for all � > 0, thereare some 
onstants C1 > 0 and C2 > 0 su
h that for all x > 0 small enough,expf�C1x�( 
1�
+�)g � P (Z � x) � expf�C2x�( 
1�
 )g;(5.2)moreover, the 
on
lusion is also valid for � = 0 if additionally P (A = kAk�1) > 0.(ii) Assume (1.8) and let Z be any non-trivial solution of (E). Then for some
onstant K > 0 and all t 2 R with jtj � 1,jEeitZ j � e�Kjtj
 :
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an be applied to the study of exa
t pa
king measures of somerandom Cantor- like sets [34℄. In the 
ontext of Galton-Watson pro
ess (thus A is
onstant), part (ii) is due to Harris (1948), and part (i) was dedu
ed from a result ofHarris (1948) by Bingham (1988), using Tauberian theorems. For the proof, we needthe following proposition.Proposition 5.2. Assume (1.5) and (5.1), and let Z be a non-trivial and non-negative solution of (E). Then the following assertions hold:(i) For some 
onstant K1 > 0 and all t � 1, Ee�tZ � e�K1t
 :(ii) For all � > 0, there exists some 
onstant K2 > 0 su
h that for all t � 1,Ee�tZ � e�K2t
+� ; the 
on
lusion also holds for � = 0 if P (A = a) > 0.Proof. We �rst remark that a < 1 by (1.5). Write �(t) = Ee�tZ . By (E'), wehave �(t) � [�(at)℄m for all t > 0:So for b = 1=a and t > 0, �(bt) � [�(t)℄m and, by iteration, for all k = 0; 1; :::;�(bk) � [�(1)℄mk : Sin
e m = a�
 = b
 , it shows that, for all k = 0; 1; :::,� log�(bk) � K(bk)
 ; where K = � log�(1) > 0:For all t � 1, let k 2 f0; 1; :::g be su
h that bk � x < bk+1. Then by the monotoni
ityof �, � log�(t) � � log�(bk) � K(bk)
 � Ka
(bk+1)
 � Ka
t
 :This ends the proof of part (i). We now 
ome to the proof of part (ii). Let � > 0 besu
h that a+ � < 1. Again by the equation (E'), we have�(t) � pm(E[�(At)℄)m � pm(E[�(At)1fA � a+ �g℄)m� pm(PfA � a+ �g))m[�((a+ �)t)℄m:Therefore, for b = b� := 1=(a+ �) > 1, p = p� := pm(PfA � a+ �g))m 2 (0; 1) and allt > 0, �(bt) � p[�(t)℄m: Iterating, we obtain�(bk) � [�(1)℄mkpP1�i�kmi ; k = 0; 1; :::(where the empty sum is taken to be 0). It follows that for all k = 0; 1; :::,� log�(bk) � mk[� log�(1) + (� log p)m�k X1�i�kmi℄= mk[� log�(1) + (� log p)m�km(mk � 1)=(m� 1)℄ � (bk)
�K�;where 
� := logm= log 1a+� and K� := � log�(1)+(� log p)m=(m�1). As in the proofof part (i), together with the monotoni
ity of �, this implies that, for all t � 1,� log�(t) � K�a�
�t
� :As � > 0 is arbitrary, this gives the �rst assertion in part (ii) of the theorem. Ifadditionally P (A = a) > 0, it is easily seen that the pre
eding argument also holdsfor � = 0, giving the se
ond assertion in part (ii). So the proof is �nished.



162 Q. LIUIn the 
ontext of Mandelbrot's 
as
ades (thus N is 
onstant), part (i) was estab-lished by Holley and Waymire [21℄; in the 
ontext of Galton-Watson pro
ess (thus Ais 
onstant), both parts are due to Harris [20℄.Proof of Theorem 5.1. By (1.5) and the 
ondition that either N or A is not a.s. 
onstant, we know that 
 < 1. So part (i) follows from Tauberian theorems ofexponential type [28, Theorem 3 (ii) & (iii)℄. Part (ii) 
an be shown in a similar wayas in the proof of part (i) of Proposition 5.2 by 
onsidering ��(t) = supjsj�t jEeisZ jinstead of �(t):The following results are 
onsequen
es of Theorem 5.1, again by Tauberian the-orems [30℄.Corollary. Assume (1.5), (5.1) and that either N or A is not a. s. 
onstant,and let Z be a non-trivial and non-negative solution of (E). Then:(i) For all � > 0, there exist some 
onstants Ci > 0 (i = 3; 4) su
h that forall k � 1, C3k 1�

 �� � kZ�1kk � C4k 1�

 ; where kZ�1kk = (E[Z�k℄)1=k.Consequently, limk!1 log kZ�1kk= log k = (1� 
)=
:(ii) If 
 > 1=2, then for all � > 0, there are some 
onstants C5 > 0 and C6 > 0su
h that, for all t > 0 large enough, C5t 
2
�1�� � logEetZ�1 � C6t 
2
�1 (sothat Z�1 has an entire 
hara
teristi
 fun
tion of order 
2
�1 > 1).(iii) E exp(Z�q) <1 if q < 
1�
 ; and E exp(Z�q) =1 if q > 
1�
 :(iv) If P (A = a) > 0, then the 
on
lusions in (i) and (ii) also hold for � = 0,and the assertion (iii) 
an be improved to the following: for some but not allr > 0, E exp(rZ�
=(1�
)) <1:Again it is interesting to 
ompare exponential left tail with exponential right tail.The 
orresponding results for the right tail are the following:Proposition 5.3. Assume (1.6) and let Z be a non-trivial and non-negativesolution of (E). Suppose that either N or A is not almost surely 
onstant, and that�m := ess supN < 1 and �a := ess supA < 1. Write �
 = � log �m= log �a: Then �
 > 1and for any � > 0, there exist some 
onstants Ci > 0 (1 � i � 6) su
h that thefollowing assertions hold:(i) For all t � 1, C1t�
+� � logEetZ � C2t�
 (therefore Z has an entire 
hara
-teristi
 fun
tion of regular growth with order �
).(ii) For all x > 0 large enough, expf�C3x( �
�
�1+�)g � P (Z > x) �expf�C4x( �
�
�1 )g:(iii) For all k � 1, C5k �
�1�
 �� � kZkk � C6k �
�1�
 ; where kZkk = (E[Zk℄)1=k.Consequently,limk!1 log kZkk= log k = (�
 � 1)=�
:(iv) E exp(Zq) <1 if q < �
�
�1 ; and E exp(Zq) =1 if q > �
�
�1 :(v) If additionally P (Z = �a) > 0, then the 
on
lusions in (i), (ii) and (iii) alsohold for � = 0, and the 
on
lusions in (iv) 
an be improved to the following:for some but not all r > 0, E exp(rZ�
=(�
�1)) <1:Part (i) 
an be obtained in a similar way as in the proof of Proposition 5.2 by
onsidering EetZ (whi
h 
an be shown �nite) instead of Ee�tZ , t > 0; other parts are
onsequen
es of Part (i) by Tauberian Theorems [30℄. In fa
t, by [30, Corollary 1.2℄,the 
ondition P (Z = �a) > 0 in (v) 
an be relaxed to the following: for some 
onstants
 > 0, a � 0 and all x > 0 small enough,P (A=�a > 1� x) � 
xa:(5.3)
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ause the proof in [30℄ is not easy, the new approa
h seems to be of interest.6. Martingales in Self-similar Cas
ades. Fix an integer r � 2, and writeT = [1n=0f1; :::; rgn for the set of �nite sequen
es of integers between 1 and r. LetfAugu2T be a family of independent random variables, ea
h distributed as A � 0with EA = 1=r. PutYn = Xu2T;juj=nXu; where Xu = Au1 :::Au1:::un if u = u1:::un; n � 1(6.1)(juj being the length of the sequen
e u). Then fYng is a non-negative martingale(asso
iated with the natural �-algebra), whi
h 
onverges (when n!1) almost surelyto a random variable Y1 � 0 satisfying the equation (E) with N = r (we shall alwaysassume this in this se
tion) and EY1 � 1. The study of the limit variable Y1 and theequation (E) plays an essential role in the investigation of the Mandelbrot's 
as
ade[39, 40, 27, 19℄. It has been known [27℄ that EY1 = 1 ifEA logA < 0;(6.2)and Y1 = 0 a.s. otherwise. It has also been known that [35℄ ifEA logA = 0 and EA1+� <1 for some � > 0;(6.3)then Y �n = Xu2T;juj=nXu log 1Xu(6.4)is a martingale, and 
onverges to a a solution Y �1 � 0 of (E) with limt!0+ 1�Ee�tY �1tj log tj =1, so that EY �1 = 1. Sin
e both Y1 and Y �1 are non-negative solutions of (E), ourtheorems 
an be applied to get new results on them; as examples, let us dedu
esome of these results in the following. Remark that by our notations, we have: (i)~p1 = (1� �0)rq=[�0 + (1� �0)q℄ where �0 = P (A = 0), q = P (Z = 0) is the unique�xed point in [0; 1) of ~f(t) = [�0 + (1 � �0)t℄r; (ii) m = r if �0 = 0 and m = 1 if�0 > 0.Theorem 6.1.We assume (6.2) if Y1 is 
on
erned and (6.3) if Y �1 is 
on
erned.(i) Let �1 be the 
hara
teristi
 fun
tion of Y1, and let �01 be its derivative. Then�01(t) = O(jtj�1) (jtj ! 1) and RR j�01(t)jdt < 1, so that the distri-bution of Y1 has a 
ontinuous density fun
tion on (0;1), given by x 7!12�ix RR�01(t)e�ixtdt. If for some a � 0, either (a) �0 = 0 and EA�a <1 or(b) �0 > 0 and ~p1E[A�ajA > 0℄ < 1, then �0(t) = O(jtj�(ma+1)) ( jtj ! 1)and RR j�01(t)j jtjmadt < 1, so that the density fun
tion given above is of
lass C [ma℄.(ii) If for some a > 0 either (a) or (b) of (i) holds, then E[eitY �1 jY �1 > 0℄ =O(jtj�ma) (jtj ! 1) and RR jE[eitY �1 jY �1 > 0℄j jtjma�1dt < 1, so that thedistribution of Y �1 has a square integrable density fun
tion on (0;1) if a >1=(2m), and has a density fun
tion of 
lass C [ma℄�1 if a � 1=m.Noti
e that the assertion (ii) also holds for Y1 instead of Y �1. The results followfrom Theorems 3.2, 3.4, 3.5 and the prin
iple of redu
tion (Proposition 4.10). The
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t that Y1 has always a 
ontinuous density fun
tion on (0;1) is also a 
onsequen
eof a result of Biggins and Grey [6℄.Theorem 6.2. Assume (6.2) if Y1 is 
on
erned and (6.3) if Y �1 is 
on
erned,and let Z be either Y1 or Y �1. If �0 = 0, then for ea
h �xed 0 < a <1, the followingassertions hold:(i) As x! 0; P (A � x) = O(xa) if and only if P (Z � x) = O(xra):(ii) If for some 
onstants C1 > 0, C2 > 0 and all x > 0 small enough, C1xa �P (A � x) � C2xa, then there are some 
onstants C3 > 0, C4 > 0 su
h that,for all x > 0 small enough,C3xra � P (Z � x) � C4xra:(iii) If E(A�a) < 1, then E[Z�ra℄ < 1; 
onversely, if E[Z�ra℄ < 1, thenE(A�b) <1 for all 0 < b < a.(iv) Let Æ > 0 and let l : (0; Æ℄ ! (0;1) be a fun
tion slowly varying at 0 andbounded away from 0 and 1 on ea
h 
ompa
t subset of (0; Æ℄. If P (A � x) �xal(x) (x! 0) , thenP (Z � x) � xra[E(Z�a)℄r[l(x)℄r (x! 0):The results follow from Theorem 4.1. By the remark following Theorem 4.1, the
onverse in (iii) 
annot be improved to \EZ�ra < 1 ) EA�a < 1". In (i), the\only if" part was shown independently by Kahane [26℄, Mol
han [41℄ and Barral[3, 4℄, and the \if" part 
an be dedu
ed from the proof of Theorem II.A' of Barral [4℄;in (iii), the �rst 
on
lusion was due to Mol
han [41, Theorem 4℄ and the se
ond dueto Barral [3, 4℄; other results are new.Theorem 6.3. Assume (6.2) if Y1 is 
on
erned, and (6.3) if Y �1 is 
on
erned.Let Z be either Y1 or Y �1. If �0 > 0, then 0 < ~p1 < 1, and for ea
h �xed 0 < a <1,the following assertions hold:(i) If ~p1E[A�a jA > 0℄ < 1, then E[Z�b jZ > 0℄ <1 for all 0 < b < a; 
onversely,if E[Z�a jZ > 0℄ <1, then ~p1E[A�a jA > 0℄ < 1;(ii) In the 
ase where A � 1 almost surely, ~p1E[A�a jA > 0℄ < 1 if and only ifE[Z�a jZ > 0℄ <1The results follow from Theorem 4.2. Barral [3, 4℄ showed that when �0 > 0,E[Y �b1 jY1 > 0℄ = 1 if b is suÆ
iently large. Our result gives expli
itly the 
riti
alvalue for existen
e of moments of negative orders:Corollary. Under the hypotheses of Theorem 6.3, If ~p1E[A�� j A > 0℄ = 1 forsome � > 0, then E[Z�b jZ > 0℄� <1 when b 2 (0; �); and=1 when b 2 [�;1):Noti
e that this result is useful in the study of multi-fra
tal stru
ture of Mandel-brot's measures [3, 4, 41℄.7. Appli
ations to age-dependent pro
esses . An age-dependent bran
hingpro
ess - the Bellman-Harris pro
ess - 
an be des
ribed as follows. A parti
le existingat time 0 is assumed to have a life-length, L, with values in [0;1) and probabilitydistribution G(x) = P (L � x). At the end of its life, it is transformed into Nparti
les a

ording as a probability law fpn : n � 0g on N = f0; 1; :::g: P (N =



A FUNCTIONAL EQUATION 165n) = pn;Pn2N pn = 1: These new parti
les are taken to have the same life-lengthdistribution and transformation probabilities as the original one. We assume thatthe life-length distribution and the transformation probabilities for ea
h parti
le isindependent of its time of birth and the number of other parti
les existing at thetime. Let Z(t) be the number of parti
les existing at time t � 0. As usual, we assumep0 + p1 < 1; 1 < EN <1 and P (L = 0) < 1:(7.1)It is well-known that the limit W = limt!1Z(t)=EZ(t)(7.2)exists a.s., and its Lapla
e transform �(s) = Ee�sW satis�es the fun
tional equation�(s) = Z 10 f(�(se��x))dG(x); s > 0;(7.3)where f(x) = P1n=0 pnxn is the probability generating fun
tion of N , and � is theMalthus parameter de�ned by (EN) R10 e��xdG(x) = 1: Noti
e that this equationalso reads �(t) = Ef(�(At));(7.4)with A = e��L (so that ENEA = 1); this 
orresponds to the equation (E) with allthe 
oeÆ
ients Ai repla
ed by A. It is known that EW = 1 if EN log+N <1, andW = 0 almost surely otherwise; when EN log+N = 1, there are positive 
onstantsfC(t)g su
h that limt!1Z(t)=C(t) =W 0 almost surely(7.5)for some non-degenerate random variable W 0 whose Lapla
e transform � satis�es(7.4)(Cf. [13℄ or [43℄). The equations (E') and (7.4) are 
losely related. In fa
t, if� is a solution of (7.4), then �1 = f(�(t)) is a solution of (E'); 
onversely, if �1 is asolution of (7.4), then �(t) = E�1(At) is a solution of (E). So properties of solutionsof (E) 
an be transfered to solutions of (7.4). Let us give an example to explain this.Theorem 7.1. Assume p0 = p1 = 0 and let Z = W if EN logN < 1 andZ = W 0 if EN logN = 1. Then for ea
h �xed 0 < a < 1, the following assertionshold:(i) As x! 0; P (A � x) = O(xa) if and only if P (Z � x) = O(xa):(ii) Let Æ > 0 and let l : (0; Æ℄ ! (0;1) be a fun
tion slowly varying at 0 andbounded away from 0 and 1 on ea
h 
ompa
t subset of (0; Æ℄. If P (A � x) �xal(x) (x! 0) , then P (Z � x) � 
xal(x) (x! 0);where 0 < 
 = E(Z1 + ::: + ZN )�a < 1, Zk being independent 
opies of Zand independent of N .Proof. Write m = minfi � 2 : pi > 0g and let � be the Lapla
e transform ofZ. Sin
e Z 0 = Z1 + ::: + ZN is a solution of (E) with Lapla
e transform f(�(t)) �pm(�(t))m as t ! 1, the results follow from Theorem 4.1 and Tauberian theorems.Part (i) was established in [33℄; part (ii) is new. Some other known results on Wand W 0 
an also be obtained from our results on the equation (E). The equation (7.4)
an also be 
onsidered for any given random variable A � 0 [33℄.



166 Q. LIU8. Appli
ations to bran
hing random walks. An i.i.d. bran
hing randomwalk 
an be des
ribed as follows. Let N� = f1; 2; � � � g be the set of positive integersand let U = f;g [ [1k=1(N� )k be the set of all �nite sequen
es in
luding the nullsequen
e ;. Let (
; F; P ) be a probability spa
e and let fNu : u 2 Ug and fLu : u 2Ug be two independent families of independent random variables de�ned on (
; F; P ),the N 0us are distributed as N = N; and with values on f0; 1; :::g, and the L0us aredistributed as L = L;) and with values on R = (�1;1). (L is now not ne
essarilynon-negative. ) Let T = T(!) be the Galton -Watson tree with de�ning elementsfNug - we have ; 2 T and, if u 2 T and i 2 N, then ui 2 T if and only if 1 � i � Nu-. The initial parti
le ; 2 T is pla
ed at S; = 0 of the real line R = (�1;1). Itgives birth to N; new parti
les i (1 � i � N;) with displa
ements Li; 1 � i � N . Ingeneral, if u = u1:::un 2 T is a parti
le in n-th generation (u = ; if n = 0), then itsposition is given by Su = Lu1 + :::+ Lu1:::un :Assume (7.1) and let � 2 R be su
h that m(�) := ENEe��L < 1: Then thesequen
e Yn := m(�)�n Xu=u1:::un2T e��Su ; n � 1;is a martingale, so that the limit Z := limn!1 Yn(8.1)exists almost surely. By 
onsidering the sub-trees beginning at i 2 f1; :::; Ng, we seeeasily that Z satis�es the distributional equation (E) with Ai = e��Li=m(�). In thefollowing, we always write A = e��L=m(�), so ENEA = 1.Let Z be the random variable de�ned by (8.1). It is known (see for example [31℄)that the distribution of Z is the unique non-negative solution of (E) with mean 1 ifEN log+N <1 and EA log+A <1 with EA logA < 0;(8.2)and Z = 0 a. s. otherwise. In the 
ase where (8.2) fails, (E) has no non-negative andnon-trivial solution with �nite mean, but it does have non-negative and non-trivialsolutions with in�nite mean by Theorem 1.1. In fa
t, ifEN log+N =1 and EA log+A <1 with EA logA < 0;(8.3)then there is a sequen
e of 
onstants f
ng su
h that Yn=
n 
onverges in probabilityto a solution Z 0 � 0 of (E) with EZ 0 =1 [7℄; ifE(N1+Æ) +E(A1+Æ) <1 for some Æ > 0 and EA logA = 0;(8.4)then Y �n := Xu=u1:::un2T (!)Xu log 1Xu ; where Xu = m(�)�ne��Su ;(8.5)is a martingale, and 
onverges to a solution Z� � 0 of (E) with limt!0(1 �Ee�tZ�)=jt log tj = 1; so that EZ� =1 [35℄.
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e Z;Z 0 and Z� are all solutions of (E) with �0 = P (A = 0) = 0, our Theorems3.2, 3.4, 3.5, 4.1, 4.2, 5.1 show asymptoti
 properties of their distributional fun
tions or
hara
teristi
 fun
tions, and prove the existen
e of a density fun
tion and its regularityunder simple moment 
onditions. To my knowledge all these results are new, ex
eptfor the absolute 
ontinuity of Z (de�ned by (8.1)) whi
h was shown by Biggins andGrey [6℄.A
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