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h 2002 009TWISTED TORSION ON COMPACT HYPERBOLIC SPACES: AREPRESENTATION-THEORETIC APPROACH�MARIA G. GARGOVA FUNGyAbstra
t. In this paper we 
onsider a twisted version �� of the Ray-Singer analyti
 torsionon 
ompa
t lo
ally symmetri
 spa
es X = KnG=� (with G a non
ompa
t 
onne
ted semisimpleLie group, K its maximal 
ompa
t subgroup, and � a dis
rete torsion-free 
o
ompa
t subgroup),where � is an automorphism of X with the property that �2 = 1. We obtain a representation-theoreti
 interpretation of the twisted torsion via 
ertain irredu
ible unitary representations of G.By 
onsidering � = Cartan involution for SO0(2n + 1; 1), we show that j��j = 1 for the 
ompa
thyperboli
 spa
es asso
iated to this family of Lie groups.1. Introdu
tion. The analyti
 torsion of a 
ompa
t Riemannian manifold, in-trodu
ed �rst by Ray and Singer in [18℄, is an important invariant that allows us todistinguish between spa
es with isomorphi
 
ohomology rings and homotopy groups.It is 
omposed of the spe
tral information of the Lapla
ian operators asso
iated tothe De Rham 
omplex of the manifold. Cheeger and M�uller independently (see [5℄and [17℄) have shown that this torsion 
oin
ides with its 
ombinatorial 
ounterpart,the Reidemeister torsion.In the spe
ial 
ase when the manifold is a 
ompa
t lo
ally symmetri
 spa
e X =KnG=�, with G a real semisimple non-
ompa
t Lie group, K its maximal 
ompa
tsubgroup and � a torsion-free 
o
ompa
t dis
rete subgroup, Speh in [22℄ expressesthe analyti
 torsion in terms of representation-theoreti
 data. Inspired by work ofFried [7℄ on 
ompa
t hyperboli
 spa
es, she des
ribes the spe
trum of the Lapla
ianoperators via 
ertain irredu
ible representations in the unitary dual of G. This allowsSpeh to 
onstru
t a proof di�erent from that of Mos
ovi
i and Stanton [16℄ of thevanishing of the torsion on all 
ompa
t lo
ally symmetri
 spa
es of the type above,ex
ept in the 
ases when G has a fa
tor lo
ally isomorphi
 to SO(p; q) with pq odd,or SL(3;R).An automorphism of a 
ompa
t Riemannian manifold a
ts on the Lapla
ian op-erators asso
iated to its 
omplex of di�erential forms, and thus it a
ts on the buildingblo
ks of the analyti
 torsion. Therefore, ea
h su
h automorphism allows us to 
on-stru
t a twisted invariant analogous to the usual torsion. In this paper we do this inthe 
ase when � is an involution of a 
ompa
t lo
ally symmetri
 spa
e. We prove thefollowing vanishing result:Theorem 4.2 For the 
ompa
t lo
ally symmetri
 spa
e X = KnG=� with Glo
ally isomorphi
 to SO0(2n+1; 1), K its maximal 
ompa
t subgroup and � a dis
retetorsion-free subgroup, the twisted torsionj��j = 1for all outer automorphisms of G su
h that �2 = 1 and �(K) = K, �(�) = �.The proof of this theorem is modeled after Speh's proof of the vanishing of theanalyti
 torsion. Thus, we �rst obtain a representation-theoreti
 interpretation of thetwisted torsion on a general 
ompa
t lo
ally symmetri
 spa
e in 2.3. Then we relatethis invariant of the lo
ally symmetri
 spa
e to "twisted torsion" of �-invariant unitary�Re
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170 M. FUNGrepresentations in the dis
rete spe
trum of G=�. This twisted torsion on representa-tions is distin
t from Speh's torsion on representations only when the automorphism� is outer.We spe
ialize to the 
ase when G is lo
ally isomorphi
 to SO0(2n + 1; 1) and �is the Cartan involution, sin
e for this Lie group it is essentially (up to inner auto-morphism) the only outer involution. Moreover, in 3.1 we obtain a redu
tion of thetwisted torsion on unitary representations to that of invariant prin
ipal series repre-sentations. This allows us to get a formula relating the logarithm of twisted torsionon the manifold to spe
ial values of the twisted zeta fun
tions of �-invariant prin
ipalseries representations. In se
tions 4, 5 and 6 we show that under the assumptions ofthe theorem the twisted torsion of all �-invariant irredu
ible unitary representationsof G is 0, and hen
e the logarithm of the twisted torsion on the manifold is 0.We work with the dis
onne
ted group ~G �= SO0(2n + 1; 1) n f1; �g whose non-identity 
omponent we denote by G�. We extend ea
h �-invariant prin
ipal seriesrepresentation I of G by indu
tion to a representation of ~G with irredu
ible fa
tordenoted by ~I . We interpret the twisted torsion of su
h an invariant prin
ipal seriesrepresentation as the 
oeÆ
ient of the trivial representation in a virtual tensor prod-u
t module (see 4.5), on the K� 
omponent. At the heart of this 
hara
ter theory
omputation of the twisted torsion is the 
al
ulation of the twisted 
hara
ter tr (gIG�)performed in se
tion 5. It turns out that this 
hara
ter is a lo
ally integrable fun
tionon the maximal torus of the subgroup M �= SO(2n) of G.To get our vanishing result, we 
omplete our proof by re
ognizing the produ
t ofthe two 
hara
ters that de�ne the twisted torsion on representations as produ
ts ofsums of 
hara
ters of SL(2;R). To obtain this interpretation, we use 
ombinatorialresults in 6 to rewrite, in a suitable form, the 
hara
ters of those M -representationsthat parametrize the 
lass of �-invariant prin
ipal series for SO0(2n+ 1; 1).2. Twisted Torsion on Compa
t Lo
ally Symmetri
 Spa
es.2.1. Preliminaries. Let X be a 
ompa
t Riemannian manifold. Denote byA(X) the 
omplex of its R-valued di�erential forms. By taking the adjoint d� ofthe di�erential D we 
an de�ne the Hodge-Lapla
ian operator �j on j-forms by�j = Dd� + d�D. This operator is nonnegative and ellipti
 [24℄ and we 
an asso
iateto it the Diri
hlet series ��j =X��swhere we sum over all nonzero eigenvalues of �j . This series 
onverges absolutely forRe(s) large enough, and in fa
t it 
an be analyti
ally 
ontinued to a meromorphi
fun
tion in the 
omplex plane [21℄.We de�ne det�j = exp��� 0�j (0)�where � 0�j denotes the �rst derivative of the zeta fun
tion ��j .Definition 2.2. The square of the Ray-Singer analyti
 torsion [18℄ �21 , 
orre-sponding to the trivial representation of the fundamental group of X, is given by thequotient (det�1) (det�3)3 : : :(det�2)2 (det�4)4 : : : :



TWISTED TORSION 171We 
onsider only 
ompa
t lo
ally symmetri
 spa
es of the following kind: X =KnG=�, where G is a semisimple non
ompa
t 
onne
ted real Lie group with maximal
ompa
t subgroup K and � is a dis
rete torsion-free 
o
ompa
t subgroup of G.The Lie algebra g of G has the Cartan de
omposition g = kL p, where k is theLie algebra of K and p �= T (X)e, the tangent spa
e at the identity of X .For every (g; k)-module M of the universal enveloping algebra U (g) of g we 
an
onsider the relative Lie algebra 
omplexC� (g;M) = Homk (^�p;M)where we 
onsider p as a k-module via the adjoint a
tion. If M is unitary, there is anatural inner produ
t on Homk (^�p;M) 
oming from the Killing form on p and theinner produ
t onM . Thus, following the exposition of Chapter 2 in [2℄, we 
an de�nea Lapla
e operator �jM : Homk �^jp;M�! Homk �^jp;M� :Kuga's lemma (page 49 in [2℄) then gives us that for ea
h ! 2 ^jp� and v 2M (re
allthat Cj(g;M) �= �(^jp)� 
M�k, where we take the k-invariants in the latter term)�jM (! 
 v) = ! 
 (�Cv) ;with C being the Casimir operator asso
iated to the module M . On the other hand,A(X) is isomorphi
 to Homk (^�p; C1 (G=�)), with C1 (G=�) a module for the uni-versal enveloping algebra U(g) via right invariant di�erentiation. Thus the spe
trumof the Lapla
e operator is in one-to-one 
orresponden
e with the spe
trum of theCasimir operator C on L2(G=�).Fix dx to be the Haar measure on G=� 
oming from the Haar measure on G.Then the Hilbert spa
e L2(G=�) of square integrable fun
tions on G=� with respe
tto dx is the 
ompletion of the spa
e C1(G=�). Moreover, we 
an de
ompose L2(G=�)as a dis
rete sum of irredu
ible G-modules with �nite multipli
ities, by a theorem ofGel'fand and Piate
kii-Shapiro [9℄:L2(G=�) �= �m(�;�)H�where we sum over all irredu
ible unitary representations (�;H�) in the unitary dualĜu and m(�;�) = dimHomG �H�; L2(G=�)�.Hen
e it follows easily (see [22℄) that for � 6= 0 2 R,dim ker(�j � �) = X�2Ĝu�(C)=�m(�;�)dimHomk(^jp; H1� );where H1� denotes the C1-ve
tors in H�. We denote the dimension of this kernel bym(�; j;�).This allows us to writelog �21 = lims!0Xj (�1)jj� 0�j (s) where ��j =Xm(�; j;�)��s:(2.1)



172 M. FUNG2.3. De�nition of the Twisted Torsion and Representation-Theoreti
Interpretation. Let us �x an arbitrary automorphism � of the Lie group G su
hthat �(K) = K, �(�) = � and �2 = 1. We 
an think of � as an automorphism ofX = KnG=�, by identifying it with the indu
ed map on the lo
ally symmetri
 spa
e.The automorphism � a
ts on the 
omplex of di�erential forms A(X), whi
h weidentify with the spa
e Homk(^�p; C1(G=�)), in the following way:� � �(Y1; Y2; : : : ; Yq)(x) = �(d�Y1; d�Y2; : : : ; d�Yq)(�(x));with � 2 Homk(^qp; C1(G=�)), Y1; : : : ; Yq 2 p and x 2 G=�. Another way of writingthis k-
ovariant a
tion is: � � � = �� = ��1C1(G=�) Æ � Æ �^qp;(2.2)with �C1(G=�) and �^qp denoting the a
tion of � on C1(G=�) and ^qp, respe
tively.The automorphism � a
ts on the Lapla
ian operator �q by��q = � ��q(�) = �(�q(��1 � �)) = �(�q(� � �))sin
e the Lapla
ian is a linear map.Definition 2.4. The square of the twisted torsion �2� 
orresponding to the trivialrepresentation of � is �det��1� �det��3�3 : : :�det��2�2 �det��4�4 : : : :We would like to obtain a representation-theoreti
 interpretation of the twistedtorsion on the 
ompa
t lo
ally symmetri
 spa
e X . As a �rst step in this dire
tionwe get the analogue of Kuga's lemma.We 
all a unitary (g; k)-module (�;M) �-invariant if the module (��;M) is iso-morphi
 to the original module, with ��(X) �m = �(d�(X)) �m for X 2 g;m 2M .Lemma 2.5. Let (�;M) be a unitary, �-invariant (g; k)-module with 
orrespondingLapla
ian operator �(�). If � 2 Cq(M) = Homk(^qp;M), then(�(�)��)I = ��(C)��I ;where C denotes the Casimir element asso
iated to (�;M) and�� = ��1M Æ � Æ �^qp.Proof. The same proof as the one on p.49 in [2℄ goes through, with � repla
edby ��.Corollary 2.6. �(�)�(! 
 v) = ! 
 �(�C(� � v)) for ! 2 ^�p� and v 2M .Proof. By the above lemma we have that�(�(�)(!� 
 v�)) = �(!� 
�C(� � v)) = ! 
 �(�C(� � v)):If �(�C(v�)) = �v for some � 6= 0, then �C(v�) = �v�. Conversely, if C(v�) =�v�, then �(�C(v�)) = ��v. Thus, the spe
trum of the twisted Lapla
ian dependson the spe
trum of the Casimir element C.



TWISTED TORSION 173Re
all now the de
omposition of the unitary G-module L2(G=�) whose C1-ve
tors are C1(G=�) (see [9℄)L2(G=�) �= �m(�;�)H�;(2.3)where we sum over all irredu
ible unitary representations (�;H�) in the unitary dualĜu and m(�;�) = dimHomG �H�; L2(G=�)�. The map � a
ts on the left side ofequation (2.3) by � � f(x) = f(�(x))for all f 2 L2(G=�) and x 2 G=�. Obviously, � leaves L2(G=�) invariant.Consider now the right side of equation (2.3). There are two possibilities that 
ano

ur. First, it 
an happen that the representation H� is sent by the a
tion of � toa representation isomorphi
 to it. In this 
ase, there exists an intertwining operatorA� : H� 7! H� su
h that A��(g) = �(�(g))A�A2� = 1:Noti
e that the operator A� is thus determined up to a sign, ��. In this situation, �also a
ts on � 2 HomG(H�; L2(G=�)) by� � � = ��1L2(G=�) Æ � Æ �H�with �L2(G=�) and �H� denoting the a
tions of � on L2(G=�) and H� respe
tively.Note that this a
tion is G-
ovariant.Se
ond, it 
an happen that � sends the representation H� into a representationH�� whi
h is not isomorphi
 to it. In this 
ase, we 
an look at the dire
t sum H��H��.Clearly, this sum is invariant under �. Moreover, we 
an show the following.Lemma 2.7. If H� � H��, then the tra
e of �,tr �jHomk(^jp;H1� �(H1� )�) = 0 for all j:Proof. We 
an 
hoose a basis of the �nite dimensional ve
tor spa
eHomk(^jp; H1� � (H1� )�) 
onsisting of k-homomorphisms �1; : : : ; �l whi
h live on(H1� )� and are trivial on H1� , for some positive integer l, and k-homomorphisms�1; : : : ; �m whi
h live on H1� and are trivial on (H1� )�, for some positive integer m.Sin
e � is an invertible linear map with the property �2 = 1, it follows that in fa
tl = m. Moreover, � maps ea
h �i intoPj 
j�j (1 � j � l) for some nonzero 
onstants
j , and hen
e its tra
e on Homk(^jp; H1� � (H1� )�) is 0.Theorem 2.8. Suppose that G=� is 
ompa
t and let C be the Casimir elementin the universal enveloping algebra U(g). For � 6= 0 2 Rdimker(��j � �) = X�2Ĝu�(C)=� tr �jHomG(H�;L2(G=�)) tr �jHomk(^jp;H1� ):Proof. Sin
e the operator �j is ellipti
, so is its twisted version ��j . This impliesthat we 
an write Aj(X) as a dire
t sum of its eigenspa
es. By the 
orollary to



174 M. FUNGLemma 2.5, the a
tion of the twisted Lapla
e operator 
orresponds to the a
tionof the Casimir element on C1(G=�). By the above analysis, it follows that thede
omposition 
laimed in the theorem is pre
isely the eigenspa
e de
omposition.Remark. This theorem implies that if we want to 
al
ulate the twisted torsionon X it suÆ
es for us to 
onsider only the unitary irredu
ible representations (�;H�)and their 
orresponding modules H1� of C1-ve
tors whi
h are �-invariant.Corollary 2.9. Suppose that X = KnG=� is a 
ompa
t lo
ally symmetri
 spa
eand let tr(�; j;�) =P �2Ĝu�(C)=� tr �jHomG(H�;L2(G=�)) tr �jHomk(^j�;H1� ). Then���j (s) =X� tr(�; j;�)��s for s 2 C :Furthermore, log �2� = lims!0Xj (�1)jj� 0��j (s):Proof. Sin
e j���j j is dominated by j��j j for the zeta fun
tion of the usual torsion,it 
onverges for Re(s) large enough (the 
lassi
al 
ase is shown in [10℄) and 
an beextended to a meromorphi
 fun
tion on C . Hen
e, the two equations in the 
orollarymake sense (see also equation (2.1)). The fa
t that they hold is obvious.In view of this result, it is reasonable to 
onsider the following fun
tions on (g; k)-modules.Definition 2.10. Let (�;M) be a �-invariant (g; k)-module. De�ne the torsiontor(�) and its twisted version tor�(�) to betor(�) =Xj (�1)jj dimHomk(^jp;M)tor�(�) =Xj (�1)jj tr �jHomk(^jp;M):We would like to �nd 
onditions under whi
h these two fun
tions 
oin
ide.Proposition 2.11. Suppose that � is an automorphism of X whi
h 
omes froman inner automorphism on G, and let (�;M) be a �-invariant (g; k)-module. Thenjtor(�)j = ��tor�(�)�� :Proof. The automorphism �(g) = �g��1 is de�ned by an element � 2 G of �niteorder. This means that � 2 K. Denote by X� the 
orresponding element in k. Let! 2 Homk(^jp;M) and Y 2 ^jp. Then� � (!(Y )) = A�1� !�(Y ) = A�1� !(ad(X�)Y ) = A�1� �(X�)!(Y ):Now we 
an 
hoose A� = �(X�).Corollary 2.12. Assume � is an automorphism of X 
oming from an auto-morphism of the group G of the form � = �1 Æ �2 where �1 is an outer automorphismand �2 is an inner automorphism. Then for �-invariant (g; k)-modules (�;M),��tor�(�)�� = ��tor�1(�)�� :Proof. This is immediate from proposition 2.11 and the multipli
ative propertyof the tra
e.



TWISTED TORSION 1753. Twisted Torsion on Representations of SO0(2n+1; 1). From this pointon we are going to assume that the Lie group G is isomorphi
 to the 
onne
ted groupSO0(2n+ 1; 1).3.1. Redu
tion to the Prin
ipal Series Case. Let P =MAN be a minimalparaboli
 subgroup of G, � an irredu
ible representation of M �= SO(2n), and � a
hara
ter of Lie (A) = a. Denote the prin
ipal series representation IndGP (� 
 � 
 1)by (I(P; �; �); �). The a
tion of G here is by �(x)f(g) = f(x�1g) for x; g 2 G,f 2 I = I(P; �; �).For an admissible representation U su
h that U� = U Æ � �= U and an automor-phism � of G with the property that �2 = 1, re
all the following de�nition (in view of2.10):Definition 3.2. The twisted torsion of U with respe
t to � istor�(U) =Xi (�1)ii tr �jHomK(^ip;U):We observe that the twisted torsion tor�(I(P; �; �)) is independent of the 
hara
ter� sin
e it depends only on the K-type stru
ture of I(P; �; �). Moreover, as in lemma2.7, if U� is not isomorphi
 to U , we 
an show thattr �jHomK(^ip;U�U�) = 0:Now we 
an explore the vanishing properties of �� on the asso
iated lo
ally sym-metri
 spa
e, by 
onsidering only the twisted torsion of �-invariant modules of G.Lemma 3.3. Let U be an admissible, �-invariant representation of G. Thenthe twisted torsion tor�(U) is 
ompletely determined by tor�(I(P; �; �)) for the prin-
ipal series representations whi
h appear in the unique de
omposition of U in theGrothendie
k group of G.Proof. Write U in the Grothendie
k group uniquely asU =Xm(U; � 
 �)I(P; �; �)where m(U; � 
 �) are integral 
oeÆ
ients. As before, we may assume that I �= I�,be
ause U is �-invariant. Then the a
tion of � on U is 
ompletely determined by theoperator A� a
ting on I . The fa
t that the twisted torsion of a prin
ipal series isindependent of the parameter �, together with the linearity of the tra
e, then givesus the required result.Proposition 3.4. Suppose that X is the 
ompa
t lo
ally symmetri
 spa
e asso-
iated to G. ThenXj (�1)jj���j (s) = XU2Ĝ0u tor�(U) tr �jm(U;�)U(C)�swhere 
G0u denotes the 
olle
tion of all �-invariant irredu
ible unitary representationson whi
h the Casimir element C has a nonzero eigenvalue.Proof. This follows from 
orollary 2.9 sin
e the series are absolutely 
onvergentfor Re(s) large enough.Now we 
an 
on
lude that



176 M. FUNGCorollary 3.5. If the twisted torsion tor�(I) is zero for all �-invariant prin
ipalseries representations of G, then the twisted torsion �2� (X) equals 1 on the asso
iatedlo
ally symmetri
 spa
e X = KnG=�.Proof. By (3.3) and (3.4) it follows that the logarithm of �2� (X) is 0.3.6. The Twisted Prin
ipal Series of SO0(2n+ 1; 1). The only outer auto-morphism (up to 
omposition with an inner one) for SO0(2n + 1; 1) is the Cartaninvolution (see [19℄), and thus from now on we will �x � to be exa
tly this map. It isexpli
itly given by 
onjugation with the (2n+ 2)� (2n+ 2) matrix0BBBBB��1 0 : : : 0 00 �1 : : : 0 0... ... . . . ... ...0 0 : : : �1 00 0 : : : 0 1
1CCCCCAwith 2n+ 1 (�1)'s down the diagonal. We denote by � the Cartan involution, bothon the group and Lie algebra level.We want to 
al
ulate tor�(I(P; �; �)) = tor�(I). Re
all that � a
ts on � 2HomK(^ip; I) by �� = ��1I Æ � Æ �^ip;where �I and �^ip denote the a
tions of � on I and ^ip, respe
tively. The Cartaninvolution a
ts by �1 on the whole subspa
e p, and thus its a
tion on ^ip is given by(�1)i. The a
tion of � on (I; �) is determined by an intertwining operator A�, knownup to a sign, with the properties thatA��(x) = �(�(x))A� and A2� = 1for all x 2 G.We want to obtain an expli
it formula for A�. As noted above, we assume thatI� �= I . First we analyze the twisted representation I� = I Æ �. A 
al
ulation showsthat we 
an identify I� with the prin
ipal series I( �P ; �;��), where �P = �(P ). Wewould like this prin
ipal series to be isomorphi
 to I . By the theory of intertwiningoperators (see [13℄, [14℄) this will happen if there exists an element w0 2 NK(A) (infa
t, w0 here is a representative for an element of the Weyl groupW (G;A)) su
h thatw0 Æ � �= �, w0 Æ �� = � and w�10 ( �P ) = P . Furthermore, we 
an expli
itly exhibit themap Int : I� ! I : f(g) 7!  (g) = a�f(gw�10 )for all g 2 G. Here a� is de�ned to be a map (again determined up to a sign)a� : Vw0�� ! V� between the M -modules with the same underlying ve
tor spa
eand di�erent a
tions, en
oded by the 
orresponding subs
ripts (i.e. for v 2 Vw0��,m � v = �(w0�(m)) � v). This operator has the following properties:a��(m) = �(w0�(m))a� and a2� = 1:Now, we 
an 
ompose the two maps Int Æ � to obtain a map A� : I ! I .



TWISTED TORSION 177Lemma 3.7. The operator A� : I ! I su
h that for f 2 I,A�f(g) = a�f(�(g)w�10 );(3.1)gives expli
itly the a
tion of � on the prin
ipal series I = (I(P; �; �); �).Proof. It is trivial to 
he
k that A2� = 1 and A��(g) = �(�(g))A� . Considerf̂(xman) = A�f(xman), for x 2 G, m 2M , a 2 A and n 2 N .f̂(xman) = a�f(�(xman)w�10 )= a�f(�(x)w�10 mw0a�w0n) with gw0 denoting w0gw�10and by w0 Æ �(n) = n= a�e�(�+�I ) log a�w0�(mw0)�1f(�(x)w�10 ) sin
e f 2 I= ew0(�+�I ) log aa��(w0 Æ �(m))�1f(�(x)w�10 )= e�(�+�I) log a�(m)�1a�f(�(x)w�10 ) by the de�nition of a�and w0 Æ �� = �:Thus f̂ belongs to I .Remark. If we assume the existen
e of w0, then the 
lass of �-invariant prin
ipalseries is determined by the 
lass of tempered representations on M with the propertythat w0 Æ � �= �. In the 
ase that we are interested in, this translates into the 
lass ofirredu
ible representations of M su
h that w0 Æ � �= �.For G �= SO0(2n+ 1; 1), the element w0 
an be 
hosen to be the(2n+ 2)� (2n+ 2) matrix 0BBBBBBB��1 0 0 0 : : : 00 0 1 0 : : : 00 1 0 0 : : : 00 0 0 1 : : : 0... ... ... ... . . . ...0 0 0 0 : : : 1
1CCCCCCCAwith (2n � 1) 1's down the diagonal, starting at the 4th row. This 
hoi
e is basedon sele
ting, for the maximal abelian subspa
e a of p, the set of (2n+ 2)� (2n+ 2)matri
es (bi;j) whose only nonzero entries are the b1;2n+2 = b2n+2;1. By Frobeniusre
ipro
ity we have that for all iHomK(^ip; I(P; �; �)) �= HomM (^ip; V );with (�; V ) denoting an irredu
ible representation of M . Thus we have to 
onsideronly those representations of M that appear in the exterior powers of the (2n + 1)-dimensional ve
tor spa
e p . This is the set of M -modules 
onsisting of the trivialrepresentation Ttr, the standard representation Vst of degree 2n, ^iVst for 2 � i �(n � 1), and the two irredu
ible representations V1, V2 of degree 12�2nn � into whi
h^nVst splits. As pointed out on p.185 in [2℄, the a
tion of w0 sends V1 exa
tly intoV2, and sin
e we know these two modules are not isomorphi
 to ea
h other, we shouldnot take them into a

ount when determining the value of the twisted torsion.



178 M. FUNGTherefore, in 
al
ulating the twisted torsion for the prin
ipal series I = I(P; �; �)for SO0(2n + 1; 1), the set of �-invariant modules I is exhausted by those with �-parameters in the set of w0-invariant irredu
ible M -modules given by:fTtr; Vst;^iVst j for 2 � i � (n� 1)g:(3.2)3.8. Example. Let G = SO0(3; 1). Then we have that K �= SO(3) and M �=SO(2). By (3.2) we only need 
onsider the trivial M -module (Ttr; triv). Hen
e,tor�(I(P; triv; �)) = tor�(I) equals� tr �jHomK(p;I) + 2 tr �jHomK(^2p;I) � 3 tr �jHomK (^3p;I):Sin
e the trivial representation of M appears exa
tly on
e in ea
h of the exteriorpowers of p when 
onsidered as M -modules, it follows thatdim HomM (^ip; Ttr) = 1 for all i. Let Ej be the basis element of p whose only nonzero(4; j)-th and (j; 4)-th entries are 1, for j = 1; 2; 3. Then a basis of HomK(p; Ttr) isgiven by �M su
h that �M (E1) = v 6= 0 2 T and �M (E2) = �M (E3) = 0. We 
anpull ba
k �M to a homomorphism A 2 HomK(p; I) su
h that for X 2 p and k 2 K,A(X)(k) = �M (�(k)�1X);where � denotes the representation of K on p given by 
onjugation. By 
hoosinga� = 1, the a
tion of � maps A(X) into�I ÆA(X) Æ �p = A�(A(�X))(k) = �A(X)(k(w0)�1)= ��M (�(kw0)�1X) = ��M ((kw0)tX):The multipli
ation (kwo)t negates the entries in the �rst row of the element kt andthus produ
es a negation of X . Hen
e, we get thattr �jHomK(p;I) = (�1)(�1) = 1:A 
ompletely analogous 
al
ulation shows thattr �jHomK (^2p;I) = �1tr �jHomK (^3p;I) = �1and thus we get that tor�(I) = �1 + 2(�1)� 3(�1) = 0:Therefore, we have shown that the twisted torsion vanishes for all prin
ipal seriesrepresentations of SO0(3; 1) and thus j��j = 1 on the asso
iated lo
ally symmetri
spa
e.4. A Chara
ter Approa
h.4.1. The Vanishing Theorem. In the 
ourse of the following three se
tionswe prove the following theorem.Theorem 4.2. For the 
ompa
t lo
ally symmetri
 spa
e X = KnG=� with Glo
ally isomorphi
 to SO0(2n+1; 1), K its maximal 
ompa
t subgroup and � a dis
retetorsion-free 
o
ompa
t subgroup, the twisted torsionj��j = 1



TWISTED TORSION 179for all outer automorphisms � of G with the property that �2 = 1 and �(K) = K,�(�) = �.Sin
e in this 
ase it suÆ
es to 
onsider only the Cartan involution for the au-tomorphism �, and in view of the redu
tion to prin
ipal series, it is enough that weshowTheorem 4.3. For the Cartan involution �, the twisted torsion of all �-invariantprin
ipal series representations I(P; �; �) = I of G �= SO0(2n+ 1; 1)tor�(I) =Xi (�1)ii tr �jHomK (^ip;I) = 0:We 
hange our viewpoint by 
onsidering the dis
onne
ted group ~G given by thesemi-dire
t produ
t Gn f1; �g, with multipli
ation de�ned by(g1; �i) � (g2; �j) = (g1�i(g2); �i+j) for i; j 2 f1; 2g:This group has two 
omponents: the 
onne
ted 
omponent of the identity whi
h is
learly isomorphi
 to G, and a se
ond 
omponent 
onsisting of all elements of theform (g; �) whi
h we denote by G�.We want to extend the representation (I; �) of G to a representation on ~G. Thereare two distin
t ways to think about this extension. First, we 
an look at the indu
edrepresentation Ind ~GG(I). Sin
e we have assumed that I �= I�, this indu
ed represen-tation will have two irredu
ible 
omponents, ea
h 
orresponding to the 
hoi
e of signof the intertwining operator A�. Se
ond, we 
an de�ne the extension of I to ~G by�(g n �i) = �(g)Ai� for i 2 f1; 2g:(4.1)Just as in [1℄,we make the following de�nition:Definition 4.4. The twisted 
hara
ter of the representation (I; �) is the distri-bution on G whose value on f 2 C1
 (G) is given bytra
e(�(f)A�):Hen
e, the twisted 
hara
ter is in fa
t the tra
e of the irredu
ible fa
tor ~I of theextension of Ind ~GG(I) on the 
omponent G�.4.5. A Di�erent View of the Twisted Torsion. In the dis
onne
ted group~G the analogue of the maximal 
ompa
t subgroupK of G is the group ~K = Knf1; �g.For G �= SO0(2n+ 1; 1) we have thatLemma 4.6. ~K is isomorphi
 to the 
ompa
t group O(2n + 1), and thus is thedire
t produ
t SO(2n+ 1)�Z2.Proof. The dis
onne
ted group ~K has its identity 
omponent isomorphi
 toSO(2n+ 1) and all ~k 2 ~K are orthogonal:(k; �) � (k; �)t = (k; �) � (kt; �) = (k�(kt); 1) = (kkt; 1) = 1:The se
ond statement follows from [4℄.Just as we 
an think of dimHomK (^ip; I) as the 
oeÆ
ient of the trivial repre-sentation of K in the tensor produ
t ^ip� 
 I , we 
an interpret tr �jHomK (^ip;I) asthe 
oeÆ
ient of the trivial representation of ~K when restri
ted to its �-
omponent



180 M. FUNGin the tensor produ
t ^ip� 
 ~I . This is be
ause I extends to the �-
omponent of Kpre
isely by the intertwining operator A� (see (4.1)). Hen
e, just as the usual torsionasso
iated to the prin
ipal series I is the 
oeÆ
ient of the trivial representation in theGrothendie
k group of K of the tensor produ
tXi (�1)ii ^i p� 
 I(see [20℄), we 
an interpret the twisted torsion tor�(I) as the 
oeÆ
ient of the trivialrepresentation in the Grothendie
k group of ~K when restri
ted to the 
omponent K�of the tensor produ
t Xi (�1)ii ^i p� 
 ~I:This means that to prove the vanishing theorem 4.3 it will suÆ
e to 
al
ulate thevirtual 
hara
ter of K� onPi(�1)ii ^i p� and the twisted 
hara
ter tr (~I jG�). Then,after restri
ting the latter toK�, we 
an multiply them together as they are 
hara
tersof the non-identity 
omponent of the 
ompa
t dis
onne
ted group ~K �= O(2n+ 1).4.7. Virtual Chara
ter on Pi(�1)ii ^i p�. Let t denote a Cartan subalgebraof k. Denote the set of roots of t on p byP(t; p). Here the dimension of the maximalabelian subspa
e a of p equals the multipli
ity of the 0-weight spa
e, whi
h is 1 in our
ase. Furthermore, if a root � is an element of P(t; p), then so is ��.As shown in [20℄, the 
hara
ter of K of the virtual representationPi(�1)ii ^i p� = dE is given by ddt (�E(t))jt=1 where�E(t) = Q�2P(t;p)(1 � te�). We use this result to obtain the 
hara
ter of ~Krestri
ted to the �-
omponent.Proposition 4.8. De�ne the fun
tion ~�E(t) = Q�2P(t;p)(1 + te�). Thenddt (~�E(t))jt=1 is the 
hara
ter of ~K on the 
omponent K� of the virtual representationPi(�1)ii ^i p�.Proof. It is shown in [20℄ that �E(1) = Qe�2P(T;p)(1 � e�), for T a Cartansubgroup of K, is the 
hara
ter of K on Pi(�1)i ^i p�. We extend this to the �-
omponent of ~K: Qe�2P(T�;p)(1�e�), where T� is the �-
omponent of ~T = Tnf1; �gand P(T�; p) = f� 2 t� jAd(t�)X = e�(Xt)X g with t = eXt . If e� 2P(T�; p), then�e� 2P(T; p) and vi
e versa, sin
eAd(t�)Xt = t�Xt��1t�1 = �(tXtt�1):Therefore, Ye�2P(T;p)(1 + e�) = Ye�2P(T�;p)(1� e�):Finally, observe that the 
oeÆ
ient of ti in ~�E(t) is the 
hara
ter of K� on ^ip�multiplied with (�1)i, whi
h proves the required result.Lemma 4.9. For SO0(2n+ 1; 1) we have thatddt (~�E(t))jt=1 = (2n+ 1) nYi=1(1 + e�i)(1 + e��i)



TWISTED TORSION 181for �1; : : : ; �n in P(t; p).Proof.This is an appli
ation of the produ
t rule and the identitye�j (1 + e��j ) + e��j (1 + e�j ) = (1 + e�j )(1 + e��j )for all 1 � j � n.Remark. Note that we 
an rewrite this formula for the 
hara
ter ddt (~�E(t)j)t=1as (2n+ 1) nYi=1(e�i=2 + e��i=2)2sin
e (1 + e�i)(1 + e��i) = 2 + e�i + e��i = (e�i=2 + e��i=2)2 for all 1 � i � n.4.10. The �-regular Elements in SO0(2n+ 1; 1). For the purposes of 
al
u-lating the twisted 
hara
ter tr(~I jG�) we need to extend the notion of regularity of ele-ments to the group ~G. Following the presentation of Bouaziz in [3℄, for x 2 ~G, we 
anlook at l(x), the multipli
ity of the eigenvalue 1 of Ad(x). We put l( ~Gx) = infy2 ~Gxl(y)where ~Gx denotes the 
onne
ted 
omponent of ~G 
ontaining the element x.Definition 4.11. Consider the analyti
 fun
tion on ~G given bydet (y + 1�Ad(x)) = D(x)yl( ~Gx) mod (yl( ~Gx)+1)where y is a variable. An element x 2 ~G is regular if and only if D(x) 6= 0.This de�nition allows us to 
on
lude, just as in the 
onne
ted 
ase, that the setof regular elements ~G0 of ~G is an open ~G-invariant dense set in ~G.In the 
ase we are 
onsidering we are interested in the regular elements on the�-
omponent G� of ~G. Their 
ounterparts in the 
omponent of the identity (under theobvious 
orresponden
e (g; �) 7! g) are the elements we 
all the �-regular elements ofG �= SO0(2n+ 1; 1).We follow the pro
edure des
ribed in Lemma 1.6.3 in [3℄ to �nd the 
onjuga
y
lasses of regular elements in G�. Let x = x(�1; : : : ; �n) for 0 � �i � 2� be theelement in the maximal torus T of K given by the following matrix:0BBBBBBBBB�
1 
os�1 sin�1� sin�1 
os�1 . . . 
os�n sin�n� sin�n 
os�n 1

1CCCCCCCCCA :
We �rst look at the algebra ax� = fY 2 g jx�(Y ) = Y x g. Then the group H =Z(G; ax�) that 
onsists of the setf g 2 SO0(2n+ 1; 1) j gA = Ag for allA 2 ax� ghas two 
onne
ted 
omponents: the 
onne
ted one 
ontaining the identity is pre
iselythe maximal torus T of K, and the other 
omponent is �IdSO0(2n+1;1)T . Thus we



182 M. FUNGalready get that the elements of the form h� for h 2 H and �i 6= 0; � for all 1 � i � n,as well as their 
onjugates under G, are regular elements on G�.It is easy to verify that the only subalgebra of the form ay� � h = a� t, 
ontainedin the unique (up to 
onjuga
y 
lass) Cartan subalgebra h of G, 
omes only fromelements y 2 T .Finally, we have to determine whether there is more than one 
onjuga
y 
lassof �-Cartan subalgebras ay� � h. By Lemma 1.6.3 in [3℄ any two subalgebras are
onjugate via an element of the Weyl group W (GC ; hC ). In our 
ase this is the Weylgroup for type Dn+1, whi
h is isomorphi
 to Sn n Zn2. If we think of the elementsin h as matri
es H(a; �e) parametrized by a 2 R and �e = (e1; : : : ; en) 2 Rn , then we
an exhibit an element g 2 SO(2n+2; C ) su
h that gH(a; �e)g�1 is a diagonal matrixwith 2n imaginary eigenvalues. Then it be
omes 
lear that every element of the Weylgroup whi
h takes h into h leaves ax� invariant. Therefore, we have shown thatProposition 4.12. Every regular element in G� is 
onjugate via an element ofG to an element of the form t� or �t� for t = t(�1; : : : ; �n) 2 T , the maximal torusof K, with ea
h �i 6= 0; � for 1 � i � n.Remark. Let us denote the �-Cartan subgroup T [ (�Id)T by TG. Noti
e thenthat the above proposition says that we 
an write every �-regular element of g of G inthe form yt�(y)�1 for some y 2 G (sin
e (g; �) = (y; 1)(t; �)(y�1; 1) = (yt�(y)�1; �))and some t 2 TG with ea
h i 6= 0; � for 1 � i � n (t 2 T 0G).5. Cal
ulation of the Twisted Chara
ter. Re
all from se
tion 4 that weare 
onsidering �-invariant prin
ipal series representations I = (I(P; �; �); �) of G �=SO0(2n+ 1; 1).Proposition 5.1. For a fun
tion f 2 C1
 (G) we have thattra
e(�(f)A�) = ZKMAN ��f(kmanw�10 k�1)e(�+�) log a��(m) dmda dn dk;with �� denoting the 
hara
ter of the representation � of M .Proof. We assume the 
onventions on �xing the Haar measures on G, K, M ,A and N whi
h appear in [12℄ and [13℄. We follow the presentation of Chapter X,se
tion 3, in the latter sour
e.Using the de
omposition G = KMAN we 
an write an element x of G in anon-unique fashion as x = �(x)�(x)(expH(x))n:Then for the ve
tor-valued fun
tion ' 2 L2(K) taking its values in the Hilbert spa
eV � , in the 
ompa
t pi
ture of the prin
ipal series representation, we have that�(x)A�('(k)) = e�(�+�)H(x�1kw�10 )�(�(x�1kw�10 ))�1a�'(�(x�1kw�10 ));be
ause A�('(k)) = a�'(kw�10 ). For the proje
tion operator E given byE'(k) = ZK\M �(s)'(ks) ds;we look at �(f)E(A�')(k):ZG e�(�+�)H(x�1kw�10 )�(�(x�1kw�10 ))�1f(x)E(a�')(�(x�1kw�10 )) dx:(5.1)



TWISTED TORSION 183The 
hange of variables xkw�10 7! x of the unimodular group G followed by 8:44 in[12℄ produ
es then(5.2) ZK�M�A�N e�(���) log a�(m)�1f(kw�10 n�1a�1m�1k0�1)�E(a�'(k0)) dk dmda dn:Now we substitute the formula for E as above. After we perform the 
hange ofvariables k0s 7! k0 and observe that, by the normalization of the Haar measure onK \M , the integral there is 1, we obtainZK�MAN e(���) log a�1�(m�1)f(kw�10 (man)�1k0�1)a�'(k0) dk0 dl(man):(5.3)By 8.30 in [12℄ this 
an be written in the formZK�(MAN) e(�+�) log a�(m)f(kw�10 mank0�1)a�'(k0) dk0 dmda dn:(5.4)Sin
e the expressionZMAN f(kw�10 mank0�1)e(�+�) log a�(m) dmda dnjust as in [13℄ is a smooth 
ompa
t average of a tra
e 
lass operator, and as �� existsand �(f)E is of tra
e 
lass, then by Lemma 10.15 in the same sour
e, we 
an 
on
ludethat tra
e(�(f)A�) = ZKMAN ��f(kw�10 mank�1)e(�+�) log a��(m) dmda dn dk(5.5)with �� the 
hoi
e of sign 
oming from a�. Now the 
hange of variables kw�10 7! kgives the desired result.Before we pro
eed with the 
al
ulation of the tra
e, we need an analogue of theWeyl Integral Formula (see p. 141 in [13℄) for the twisted 
ase.Lemma 5.2. The map � : G=TG � T 0G ! Sx2G xT 0G�(x)�1 given by(x; t) 7! xt�(x)�1is an everywhere regular j jW (G; TG)j : 1 j map, with W (G; TG) denoting the Weylgroup NG(TG)=ZG(TG).Proof. Re
all that the elements of TG, as determined in the previous se
tion, are�xed by the automorphism �.Take a point y = xt�(x)�1 2 Sx2G xT 0G�(x)�1. It is 
lear that the 
ompleteinverse image under � of y 
onsists of jW (G; TG) j points (w � x;w � t) where w � x =xtwT , w � t = twt�(t�1w ) = twtt�1w for tw 2 NG(TG), whi
h are all distin
t.To show regularity of � we follow the proof of Proposition 1:4:2:3 in [25℄. A
al
ulation for p0 = (x0TG; t0) 2 G=TG � T 0G then produ
es thatj det (d�)p0 j = j det (Ad(t0)�1 � �)g=t j:



184 M. FUNGBut the latter term equals j det (Ad(t0)�1 Æ � � 1)g=t jsin
e the automorphism �2 = 1. We 
hose t0 2 T 0G, so by the observation on regularityfollowing equation 4.11, we have thatj det (d�)p0 j 6= 0and so � is regular.We know from se
tion (4.10) that the �-regular elements of G form a dense sub-set and ea
h of them 
an be expressed as a union of �-
onjugates gt�(g)�1 of T 0G.Therefore, if we normalize the Haar measures in su
h a way that for f 2 C1
 (G)ZG f(x) dG(x) = ZG=TG �ZTG f(xt) dTGt� dG=TG �x;we obtain the twisted version of the Weyl Integral Formula:(5.6) ZG f(x) dG(x) = jW (G; TG)j�1� ZTG j det (Ad(t)�1 Æ � � 1)jg=t dTGt� ZG=TG f(xt�(x)�1) dG=TG �x:To pro
eed with the derivation of the formula for tra
e(�(f)A�) we are goingto apply the twisted version of the Weyl Integral Formula to the redu
tive groupMA. First, observe that TG is still a �-Cartan subgroup in this 
ase. Let us writean element t 2 TG as t = tAtM with tA 2 A, tM 2 M . Note that tA 
an beeither the identity or the element given by the diagonal matrix where the top-mostand bottom-most entries are (�1)'s and the rest are 1's. In fa
t, the Weyl groupW (MA;TG) = W (M;TG) = W (M;T ) with T the Cartan subgroup of K and of M ,sin
e ata�1 = t for all a 2 A; t 2 TG (as t � m = Zk(a) and TG �= T � Z2). Moreover,we have that ��det (Ad(t)�1 Æ � � 1)��(m�a)=t = 2j det (Ad(tM )�1 � 1)jm=tbe
ause �(m) = m for all m 2 M , and Ad(t)�1�(Y ) � Y = �2Y for all Y 2 a.Furthermore, we have thatj det (Ad(tM )�1 � 1)jm=t = j�M (tM )j2;where following the notation in [26℄,�M (tM ) = ��M (tM ) Y�2�+(tC;mC)(1� ��(tM )�1)for the positive roots �, their exponentials ��, and their half-sum �M .



TWISTED TORSION 185We begin by applying the Twisted Weyl Integral Formula to the group MA inthe tra
e formula (5.1):(5.7) tra
e(�(f)A�) = 2��jW (M;T )j�1 ZT j�M (tM )j2��(tM ) dt� ZK ZMA=T ZN f(kmat�(ma)�1nw�10 k�1) dk dn d(ma):Lemma 5.3. Let h 2 MA be su
h that det (Ad(h)�1 � �)jdiag(n��n) 6= 0, with�n = �(n) and diag(n� �n) = f(Z; �(Z)) jZ 2 ng. Then the mapping � de�ned by(n; �(n)) 7! h�1w0�(n)hw�10 n�1is an analyti
 di�eomorphism of diag(N � �(N)) onto w0 diag(�(N)N).Proof. It is 
lear that � is analyti
. Given hw�10 = w�10 hw0, and �xing n 2 N ,Z 2 n, we have that�(n exp (tZ); �(n) exp (t�(Z))) =�(n; �(n)) exp (tAd(n(hw�10 )�1)�(Z)) exp (�tAd(n)Z):Therefore, sin
e �w�10 = �, we get thatdet (d�)n = det (Ad(hw�10 )�1 Æ � � 1)jdiag(n��n) = det (Ad(h)�1 � �)jdiag(n��n) 6= 0;whi
h implies that � is everywhere regular.An indu
tive argument with N then shows that � is in fa
t 1 � 1 and onto (seeLemma 10:16 in [13℄).Corollary 5.4. Fix h 2MA su
h that det (Ad(h)�1 � �)jdiag(n��n) 6= 0. ThenZw0N f(w0�(n)hw�10 n�1w�10 ) d(w0n)(5.8) = j det (Ad(h)�1 � �)j�1diag(n��n) ZN f(hnw�10 ) dnfor any fun
tion f 2 C1
 (G).We apply lemma 5.3 to the element h = mat�(ma)�1 of MA. Then(Ad(mat�(ma)�1)� �)jdiag(n��n) = (Ad(t�1)� �)j diag(n��n)sin
e detAd(�( ~m)) detAd( ~m)�1 = 1 for ~m 2MA. Therefore, we have thatj det (Ad(t)�1 � �)jdiag(n��n) = sN=T Y�2�+(tC;diag(nC��nC))(1� ��(t)�1)with sN=T = (�1)number of roots in�+(tC;diag(nC��nC)).Now let us substitute this 
orollary of lemma 5.3 in the equation (5.7):



186 M. FUNG(5.9) tra
e(�(f)A�) = 2��jW (M;T )j�1� ZTG j�M (tM )j2��(tM )j det (Ad(t)�1 � �)jdiag(n��n) dt� ZK ZMA=T Zw0N f(kw0�(n)w�10 mat�(ma)�1w0n�1w�10 k�1) dk d(w0n) dma:We do a 
hange of variables w0n 7! n. The observation that �(n) = w�10 nw0 andthe 
hange of variables kw�10 7! k let us rewrite the triple integral in the followingform: ZK ZN ZMA=T f(knmat�(ma)�1�(n)�1k�1) dk dn dma:(5.10)Putting it all together then we get:(5.11) tra
e(�(f)A�) = 2��jW (M;T )j�1� ZTG j�M (tM )j2��(tM )sN=T Y�2�+(tC;diag(nC��nC))(1� ��(t)�1) dt� ZG=TG f�(gt�(g)�1) d�gwhere f�(gtg�1) = f(knmat�(knma)�1), sin
e �(k) = k for all k 2 K.A dire
t 
al
ulation shows thatsN=T Y�2�+(tC;diag(nC��nC))(1� ��(t)�1) = sK=M nYi=1(1� ��i(tM )�1)for �1; : : : ; �n the positive roots for SO0(2n + 1; 1) in �+(tC ; kC ) whi
h are not in�+(tC ;mC ), and sK=M again denoting (�1) to the power equaling the number ofpositive roots in this produ
t. To keep the notation 
onsistent, set��1+���+�n2 =: ��K=Mand ��K=M (tM ) nYi=1(1� ��i(tM )�1) =: �K=M (tM ):Then we have the following equality:sG=TG��(t) = sM=T�M (tM )p2sK=M�K=M (tM );(5.12)with j det (Ad(t)�1 Æ � � 1)jg=t = j��(t)j2:



TWISTED TORSION 187By analogy with the usual invariant integral, 
onsider�f� = ��(t) ZG=TG f�(gt�(g)�1):Then the tra
e from equation (5.11) be
omesp2��jW (M;T )j�1 ZTG sG=T sM=T�M (tM )��(t)�f� (t) dt:(5.13)The integral �f� is invariant under 
onjugation by elements ofW (M;T ) and so is �� .Moreover the quotient ��K=M �����M sG=T��sM=T�M = sK=M�K=Mis invariant under 
onjugation by all of W (G; TG). Therefore we 
an rewrite equation(5.13) as(5.14) sG=T jW (G; TG)j�1� ZTG �f� (t)( ��sM=T sG=TGPw2W (G;TG)=W (M;T ) �w�(tM )�K=M (tM ) )��(t) dtHen
e, we have the followingTheorem 5.5. The twisted 
hara
ter tra
e(�(f)A�) is a lo
ally integrable fun
-tion given by ��sM=T sG=TGPw2W (G;TG)=W (M;T ) �w�(tM )�K=M (tM )on the �-regular elements of G and 0 elsewhere.Proof. Consider the fun
tion F �� on G whi
h vanishes outside the set of �-regularelements of the group and su
h that1. F �� (xt�(x)�1) = F �� (t) (t 2 TG; g 2 G);2. For t 2 TG F �� (t) = ��sM=T sG=TGPw2W (G;TG)=W (M;T ) �w�(tM )�K=M (tM ) :We 
laim that, in the sense of distribution theory, tra
e(�(f)A�) = F �� , for f 2C1
 (G). By using the Twisted Weyl Integral Formula and the expression for F �� weobtain ZG f(x)F �� (x) dx= jW (G; TG)j�1 ZTG j��(t)j2F �� (t) dt ZG=TG f(gt�(g)�1) d�g= sG=TG jW (G; TG)j�1 ZTG ��(t)F �� (t)�f� (t) dt= p2��jW (M;T )j�1 ZTG sG=TGsM=T�M (tM )��(t)�f� (t) dt:This �nal equation is exa
tly what we had in (5.13). The lo
al integrability followsfrom se
tion 11:6 in [13℄.
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lusion. We �rst rewrite the 
hara
ter formula tr ~I jG� for the groupsSO0(2n + 1; 1) n f1; �g. Re
all that the group M here is isomorphi
 to SO(2n)and T is its maximal torus. Thus we are in the situation of type Dn and hen
ejW (M;T )j = n!(2)n�1. Also, noti
e that we have in this 
ase sM=T = 1. Furthermore,observe thatW (G; TG) =W (K;T ) and thus we are in the situation of type Bn. ThenjW (G; TG)j = n!2n, so jW (G; TG)=W (M;T )j = 2:In fa
t, we 
an 
hoose the element w0 as the nontrivial representative of this quotient.For n odd we have sG=T = �1, and for n even sG=T = 1.This allows us to rewrite the numerator of the twisted 
hara
ter formula in thefollowing way: Xw2W (G;TG)=W (M;T )�w�(t) = ��(t) + �w0�(t):The 
lass of representations ofM under 
onsideration (see 3.2 in Chapter 2) are thosefor whi
h � �= w0�; in fa
t it is the set given by the n irredu
ible representationsM� = fTtr; Vst;^iVst j 2 � i � n� 1 g:Therefore, for the 
hoi
e of �� = 1 we obtain the following form of the twisted 
hara
terformula: (�1)n2���K=M (t) for � 2 M�:(6.1)We would like to write the 
hara
ters �Vst ; : : : ; �^n�1Vst in a suitable form. Let usdenote the highest weight of the irredu
ible representation ^kVst by � = �1+ � � �+�k,for 1 � k � n � 1. We use the 
ombinatorial results des
ribed on p. 469 in [8℄. Itturns out that �^kVst equals the determinant of the following matrix0BBBBBBBBBBBBBB�
h1 h2 h3 : : : hk�1 hk hk+1 : : : hn�1 hn1 h1 h2 : : : hk�2 hk�1 hk : : : hn�2 hn�10 1 h1 : : : hk�3 hk�2 hk�1 : : : hn�3 hn�2... ... ... : : : ... ... ... : : : ... ...0 0 0 : : : 1 h1 h2 : : : hn�k hn�k+10 0 0 : : : 0 1 h1 : : : hn�k�2 hn�k�1... ... ... : : : ... ... ... : : : ... ...0 0 0 : : : 0 0 0 : : : 1 h10 0 0 : : : 0 0 0 : : : 0 1

1CCCCCCCCCCCCCCA :
Here hi's are the 
omplete symmetri
 polynomials of degree i in the set of variablesf z1; : : : ; zn; z�11 ; : : : ; z�1n g where zi = e�i . By expanding along the last n � k rows,we 
on
lude that this determinant is equal to the determinant of the k � k matrix:Ak = 0BBBBB�h1 h2 : : : hk�1 hk1 h1 : : : hk�2 hk�10 1 : : : hk�3 hk�2... ... : : : ... ...0 0 : : : 1 h1

1CCCCCA :



TWISTED TORSION 189Theorem 6.1. We have detAk = ek for 1 � k � n � 1, where ek denotesthe elementary symmetri
 polynomial of degree k in the ordered set of variablesf z1; : : : ; zn; z�11 ; : : : ; z�1n g.Proof. We prove this theorem by indu
tion on k.For k = 1, we have that h1 = e1. Let us assume now that detAl = el for allpositive integers l � k � 1. Consider now detAk. We expand along the last row ofAk to get detAk = h1 detAk�1 � detBk�1(h2);with Bk�1(h2) denoting the (k � 1)� (k � 1) matrixBk�1(h2) = 0BBBBB�h1 h2 : : : hk�2 hk1 h1 : : : hk�3 hk�10 1 : : : hk�4 hk�2... ... : : : ... ...0 0 : : : 1 h2
1CCCCCA :By the indu
tion hypothesis we have that detAk�1 = ek�1. Now expand Bk�1(h2)along the last row to get:detBk�1(h2) = h2 detAk�2 � detBk�2(h3):Now 
ontinuing this pro
ess, while su

essfully applying the indu
tion hypothesis, weobtain the following equality:detAk = h1ek�1 � h2ek�2 + h3ek�1 � � � �+ (�1)khk�3 + (�1)k+1 detB3(hk�2):Here detB3(hk�2) = ������h1 h2 hk1 h1 hk�10 1 hk�2������ = hk + h21hk�2 � h2hk�2 � e1hk�1:We make use of Newton's identity (for example see [15℄):hk � e1hk�1 + e2hk�2 � � � �+ (�1)kek = 0:Thus by plugging in the expression for hk = e1hk�1 � e2hk�2 + � � � + (�1)kek andh2 = e21 � e2 in detB3(hk�2) we have thatdetAk(6.2) =ek�1h1 � ek�2h2 + ek�3h3 � � � �+ (�1)ke3hk�3+ (�1)k+1(e3hk�3 � e4hk�4 + � � �+ (�1)k+1ek)= ek:Definition 6.2. Let i � n� 1. Then we de�ne Si to beX1�j1<���<ji�n(zj1 + z�1j1 ) : : : (zji + z�1ji )
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reasing sequen
es 1 � j1 < � � � < ji � n of length iof integers between 1 and n.Theorem 6.3. We have the following expressions for the elementary symmetri
polynomials ek in the variables zj ; z�1j where 1 � j � n:ek = jXi=0 �n� 2i� 1j � i �S2i+1 if k = 2j + 1(6.3) ek = jXi=0 �n� 2ij � i �S2i if k = 2j:(6.4)Proof. Consider the spa
e of the elementary symmetri
 polynomials ek's as aboveand the spa
e of weighted sums of Si's as above. It suÆ
es to show that the dimensionsof these two spa
es are equal. In fa
t, the equality of these two numbers follows froma generating fun
tion argument, as follows.Lemma 6.4. Let n and k be positive integers with k � n� 1. Then�2nk � = jXi=0 22i+1�n� 2i� 1j � i �� n2i+ 1�; if k = 2j + 1(6.5) �2nk � = jXi=0 22i�n� 2ij � i ��n2i� if k = 2j:(6.6)Proof. Consider the generating fun
tion (1 + z)2n = (1+ 2z+ z2)n and 
omputethe 
oeÆ
ient of zk on both sides.This proves the theorem.Let us 
on
lude the proof of the vanishing theorem by 
onsidering �rst the 
aseof the trivial representation ofM . Its 
hara
ter equals 1, so with the 
hoi
e of �� = 1,the twisted 
hara
ter has the form:2(�1)n�K=M = 2(�1)nQni=1(e�i=2 � e��i=2) :The 
hara
ter formula of K� on Pi(�1)ii ^i p� is given by:(2n+ 1) nYi=1(e�i=2 + e��i=2)2:Hen
e we 
an write the produ
t of the two 
hara
ters in the following way:2(2n+ 1)(�1)n nYi=1�e�i=2 + e��i=2e�i=2 � e��i=2� (e�i=2 + e��i=2):(6.7)For ea
h 1 � i � n, we 
an interpret the terme�i=2 + e��i=2e�i=2 � e��i=2
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e of the 
hara
ters �D+2 ;�D�2 of the two dis
rete series representationsD+2 and D�2 of SL(2;R). Now we work with SO(2)-types. On the right side of (6.7)we are left with terms of the form e�i=2 + e��i=2;whi
h 
orrespond to the sum of the 
hara
ters of the two irredu
ible representationsparametrized by the integers 1 and �1. However, on the left the SO(2)-types whi
happear (all with multipli
ity 1) are the representations parametrized by 2; 4; 6; : : : and�2;�4;�6; : : : . Thus, we obtain that the 
oeÆ
ient of the trivial representation is 0,for ea
h i. Therefore, we have that the 
oeÆ
ient of the trivial representation is 0 inthe whole produ
t (6.7).Next let us look at �^kVst for 1 � k � n� 1. We assume that k is even (the 
asewhen k is odd is handled 
ompletely analogously). Write k = 2l for some positiveinteger l. We showed that �^kVst = ek = lXi=0 �n� 2il � i �S2i:Re
all that S2i = X1�j1<���<j2i�n(e�1 + e��1) : : : (e�j2i + e��j2i ):Again, after we 
hoose �� = 1, we obtain for the produ
t of the twisted 
hara
ter ofK� and its 
hara
ter on Pi(�1)ii ^i p� the following expression:(�1)n2(2n+ 1) Pli=0 �n�2il�i �S2iQnj=1(e�j=2 � e��j=2)! nYj=1(e�j=2 + e��j=2)2:We 
an rewrite this formula as:(�1)n2(2n+ 1) lXi=0 �n� 2il � i �� X1�j1<���<j2i�n0�(e�j1 + e��j1 ) : : : (e�j2i + e��j2i ) nYj=1 (e�j=2 + e��j=2)2(e�j=2 � e��j=2) 1A :(6.8)We will denote ea
h set of indi
es fj1; : : : ; j2ig appearing in S2i as J2i. Then these
ond sum in equation (6.8) 
an be taken over all possible J2i's. For ea
h su
h J2ilet us regroup the terms of the summand in the following way:0� Yj2J2i e3=2�j + e�3=2�j + e�j=2 + e��j=2e�j=2 � e��j=2 (e�j=2 + e��j=2)1A� Yj2JnJ2i e�j=2 + e��j=2e�j=2 � e��j=2 (e�j=2 + e��j=2):(6.9)Again we identify the �rst term of ea
h fa
tor as a 
hara
ter formula involving thedis
rete series representations of SL(2;R). The expressione3=2�j + e�3=2�j + e�j=2 + e��j=2e�j=2 � e��j=2
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an be viewed as �D+2 � �D�2 + �D+4 � �D�4 with � denoting the 
hara
ters of thedis
rete series representations determined by its subs
ript (see p. 345 in [13℄). Justas in the 
ase of the trivial representation, we have thate�j=2 + e��j=2e�j=2 � e��j=2 = �D+2 ��D�2 :In both 
ase when we multiply with the fa
tor e�j=2+ e��j=2 we look at SO(2)-typesto 
on
lude that the 
oeÆ
ient of the trivial representation is equal to 0 for every j.Therefore, when we sum up all the produ
ts of zeros, we get that the 
oeÆ
ient ofthe trivial representation is simply 0.Sin
e our 
hoi
e of k was arbitrary, this argument shows that for every irredu
iblerepresentation of M in the set M�, we get that the twisted torsion equals 0. This
on
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