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THE RESOLVENT TRACE FORMULA FOR RANK ONE LIE

GROUPS∗

YASURO GON† AND MASAO TSUZUKI‡

1. Introduction .

1.1. Introduction. Let X = G/K be a Riemannian symmetric space of non-
compact type with G a connected simple Lie group of real rank one and K a maximal
compact subgroup of G. In the paper [17], Miatello-Wallach introduced a family
of bi-K-invariaint functions Qs, s ∈ C on G, which satisfies the same differential
equation as the elementary spherical function φs of Harish-Chandra on the open set
G+ = G−K but has singularities along K. By making the r-fold convolution of Qs,
they defined a function Qr,s on G, which is less singular than Qs itself. Then, given
a cofinite lattice Γ of G, they introduced the distribution Pr,s(ẋ, ẏ) by forming the
Poincaré series

Pr,s(ẋ, ẏ) = cr(s)
∑

γ∈Γ

Qr,s(x
−1γy), ẋ, ẏ ∈ Γ\X (1.1)

with a suitable normalizing factor cr(s) and proved, among other things, that it
is smooth on the complement of the diagonal in (Γ\X) × (Γ\X) and satisfies the
differential equation

(△ + ρ2
0 − s2)rPr,s(ẋ,−) = δ(ẋ) (1.2)

with △ the Laplacian of Γ\X, δ(ẋ) the Dirac delta supported at ẋ. In the classical sit-
uation that X is the upper half plane, the distribution P1,s(ẋ, ẏ), the resolvent kernel
function of Laplacian for the Riemannian surface Γ\X, was intensively investigated
by several German mathematicians from the view point of real analytic automorphic
forms ([3], [19]). Based on these works, J. Fischer deduced the resolvent trace formula
by computing the integral

∫

Γ\X

(P1,s(ẋ, ẋ) − P1,s′(ẋ, ẋ)) dẋ, s, s′ ∈ C (1.3)

in two different ways ([5]).
In this paper, we show that the same type of procedure is possible for a higher

dimensional X by considering the integral
∫
Γ\X

Pr,s(ẋ, ẋ)dẋ with r greater than a half

of dimX instead of (1.3). As a result, following Fischer, we can obtain another proof of
the meromorphic continuation of the Selberg zeta function for Γ\X and its functional
equation, which was originally proved by Selberg, Gangolli and Gangolli-Warner ([7],
[8], [20]).

Although a handy formula of Qr,s in the ‘polar coordinate ’(Cartan decompo-
sition) is desirable for our purpose, it seems rather difficult to have such a formula
directly from the definition of Qr,s recalled above. Our strategy is as follows. We first
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have an explicit formula of Qs = Q1,s in terms of Gaussian hypergeometric series as
in the classical case, and then use the system of differential equations among Qr,s’s to
show that Qr,s is obtained from Qs by applying the differential operator (−1

2s
d
ds )r to it

(Proposition 3.1.7, Theorem 3.2.1). Thus a formula of Qr,s in terms of a derivative of
the hypergeometric series becomes available, which enables us to compute the integral∫
Γ\X

Pr,s(ẋ, ẋ)dẋ by dividing it into the local contributions for Γ-conjugacy classes

and by using various formulas involving the beta function and the hypergeometric se-
ries. Consequently we can evaluate the integral by means of the logarithmic derivative
of the Selberg zeta function for Γ\X. On the other hand, by the spectral expansion
of Pr,s(ẋ,−) given in [17], we compute the same integral in terms of the eigenvalues
of Laplacian on L2(Γ\X). Combining these two expressions of

∫
Γ\X

Pr,s(ẋ, ẋ)dẋ, we

arrive at the resolvent trace formula, which was studied in [5, Theorem 2.5.2, p.108]
for G = PSL2(R), in [4] for G = PSL2(C) and in [1] for Jacobi forms.

Finally, we would like to say a few words on the status of our results. The
resolvent trace formula (RTF for short) for a general compact locally symmetric space
Γ\X with rank one X is more or less known, because it is essentially the same as the
determinant expression of the Selberg zeta function obtained already in [15] together
with its explicit gamma factor. But we believe that our method, that is a slight
extension of Fischer’s, provides a more direct and elementary way to have the RTF
than the traditional method employed in [20], [7] and [8], which necessitates difficult
tools such as the Paley-Wiener theorem and the Plancherel formula for X = G/K.
We also believe that our Theorem 3.2.1, that gives an expression of Qr,s in terms of
the derivative of the hypergeometric series, is new and is interesting itself.

The authors thank Professor R. J. Miatello for his comments on the proof of
Proposition 4.1.1.

2. Preliminaries. In this section we introduce basic objects and fix notations.

2.1. Notations. We denote by N the set of natural numbers, i.e. N =
{1, 2, 3, . . .}. Put N0 = N ∪ {0}. The cardinality of a finite set S is denoted by
#S.
Let X be a set and f, g two positive real valued functions defined on X. We write

f(x) ≺ g(x), x ∈ X

if there exists a positive constant c such that f(x) 6 cg(x) for all x ∈ X.

2.2. Lie groups and Lie algebras. Let G be a connected semisimple Lie group
of real rank one with finite center. Put g = Lie(G), the real Lie algebra of G. Let K
be a maximal compact subgroup of G and θ the Cartan involution of g corresponding
to K, then we have the Cartan decomposition g = k + p with k = Lie(K). We fix an
Iwasawa decomposition G = NAK of G; A is a maximal split torus in G whose Lie
algebra a is orthogonal to k with respect to the Killing form B of G and N a maximal
unipotent subgroup of G normalized by A. Since dimA = 1 by assumption, there
exists a unique root α ∈ a∗ such that njα = {X ∈ g| ad(H)X = j · α(H)X, H ∈ a}
with j ∈ Z is zero if |j| > 2, and Lie(N) = n = nα + n2α.

LetH0 be the unique element of a such that α(H0) = 1. Let 〈 , 〉 : a×a → R be the
inner product induced by B; it gives the identification a ∼= a∗. The dual inner product
of a∗ is also denoted by 〈 , 〉. Put p = dimR nα, q = dimR n2α, ρ0 = 2−1(p + 2q),
c0 = (2p + 8q)−1 and m = 2−1 dim(G/K). Then by the classification, we have the
list:
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g p q ρ0 m
su(l, 1) 2l − 2 1 l l
so(l, 1) l − 1 0 2−1(l − 1) 2−1l
sp(l, 1) 4l − 4 1 2l − 1 2l − 1
f4(−20) 8 7 11 8

( l is a natural number greater than one.)

Lemma 2.2.1. We have

2m = p+ q + 1, 〈H0,H0〉 = c−1
0 , 〈α, α〉 = c0.

From now on we assume that m ∈ N, m > 2. In other words, we exclude the case
of g ∼= sl2(R) or so(2l + 1, 1) with l > 1.

2.3. Haar measures. Let dk be the Haar measure of the compact group K with
total mass one. Let dt be the standard Lebesgue measure of R; by the identification
R ∼= A = exp a, t 7→ exp(tH0), it gives the Haar measure of the torus A. Denote
by C0

c (N) the space of compactly supported continuous functions on N . Since N =
exp(nα + n2α) is a unipotent Lie group we can take its Haar measure dn such that
the formula

∫

N

f(n)dn =

∫

nα

∫

n2α

f(exp(X + Y )) dXdY, f ∈ C0
c (N)

holds with dX (resp. dY ) the Euclidian measure of nα (resp. n2α). (We regard njα

as a Euclidean space by the inner product −B(Z, θZ).)
Then we fix the Haar measure dg of G = ANK by dg = da · dn · dk. To handle

various bi-K-invariant functions (distributions) on G, the Cartan decomposition G =
K exp([0,∞)H0)K is indispensable. We put

G+ = G−K = KA+K with A+ = {exp(tH0)| t > 0}.

If g ∈ G+, and g = k1(g)a(g)k2(g), with k1(g), k2(g) ∈ K and a(g) ∈ A+, then a(g)
is uniquely determined by g. We choose the Riemannian metric dx on X = G/K,
induced by the restriction B|p of B to p. We then have that the hyperbolic distance
d(xK, yK) = B(tH0, tH0)

1/2 = t if x, y ∈ G and a(x−1y) = exp(tH0), with t > 0.
The measure dg on G is decomposed along the Cartan decomposition as follows.

Lemma 2.3.1. For any positive measurable function ϕ on G, the formula
∫

G

ϕ(g)dg = cG

∫

K

∫ ∞

0

∫

K

ϕ(k1 exp(tH0)k2)µ(t)dk1dtdk2 (2.1)

holds. Here

µ(t) = (sinh t)p+q(cosh t)q,

cG = 2Γ(m)−1(2−1c0)
−m+1/2πm.

Proof. Define the function f on G by

f(k1 exp(tH0)k2) = (cosh t)2s (k1, k2 ∈ K, t ∈ R).

Next integrate f in the both hand sides of (2.1). �
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3. Spherical functions. In the first subsection, after recalling the standard
properties of zonal spherical functions for G/K, we introduce a bi-K-invariant func-

tion φ
(2)
s on G+ with singularities along K, which is called the secondary spherical

function by T. Oda ([18]). We investigate its properties in some detail to show that
its r-times derivative with respect to s2 gives the function Qr,s of Miatello-Wallach
([17]).

3.1. The spherical function with singularities. For s ∈ C, the zonal spher-
ical function φs for G/K is defined by the integral

φs(g) =

∫

K

e(s+ρ0)α(H(kg))dk, g ∈ G.

Here for g ∈ G, H(g) denotes the unique vector in a such that g ∈ N exp(H(g))K.
The basic property of φs is listed below.

(a) It is bi-K-invariant C∞-function on G, i.e., φs ∈ C∞(K\G/K).
(b) It satisfies the differential equation

Ωφs(g) = (s2 − ρ2
0)φs(g), g ∈ G

with Ω the Casimir element of G corresponding to c0B.
(c) If Re(s) > 0, then

lim
t→+∞

et(ρ0−s)φs(exp(tH0)) = c(s)

with c(s) the c-function for G/K given by

c(s) = 2ρ0−sΓ(m)Γ(s)Γ

(
s+ ρ0

2

)−1

Γ

(
s− ρ0 + 2m

2

)−1

.

Put u
(1)
s (t) = φs(exp(tH0)), t ∈ R. Then by (a), u

(1)
s (t) is a C∞-function on

R which determines φs uniquely, and by (b) it satisfies the ordinary second order
differential equation

(D)s :
d2u

dt2
+

(
p

tanh t
+

q

tanh(2t)

)
du

dt
+ (ρ2

0 − s2)u = 0

which has the regular singularity at t = 0 with characteristic exponents {0, 2 −
2m}. Change the variable by z = tanh2 t and consider the function w(z) =

(cosh t)ρ0−su
(1)
s (t). Then it turns out that w is a solution of the Gaussian hyper-

geometric differential equation z(1 − z)d2w
dz2 + {c − (1 + a + b)z}dw

dz − abw = 0 with
a = 2−1(−s+ ρ0), b = 2−1(−s+ ρ0 − q + 1) and c = m. Thus we have

u(1)
s (t) = (cosh t)s−ρ0

2F1

(−s+ ρ0

2
,
−s+ ρ0 − q + 1

2
;m ; tanh2 t

)
, t ∈ R.

We are interested in another class of solutions of (D)s which admit a singularity at
t = 0. Among them, the one with the fastest decay at infinity, which we now define,
is of particular importance: For s ∈ C − {−1,−2,−3, . . .}, put

u(2)
s (t) = γ(s)(cosh t)−(s+ρ0)

2F1

(
s+ ρ0

2
,
s− ρ0 + 2m

2
; s+ 1 ;

1

cosh2 t

)
, t ∈ R − {0},

γ(s) = Γ

(
s+ ρ0

2

)
Γ

(
s− ρ0 + 2m

2

)
Γ(s+ 1)−1Γ(m− 1)−1 = 2−s+ρ0m(sc(s))−1.

Proposition 3.1.1.
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(i) If s ∈ C is not a pole of γ(s) and γ(s) 6= 0, then the family {u(1)
s , u

(2)
s } gives

a system of fundamental solutions of (D)s around t = 0.

(ii) There exists a unique family of functions {φ(2)
s | Re(s) > 0} in C∞(K\G+/K)

such that
(a)

Ωφ(2)
s (g) = (s2 − ρ2

0)φ
(2)
s (g), g ∈ G+.

(b)

φ(2)
s (exp(tH0)) = O(e−t(Re(s)+ρ0)), (t→ +∞),

(c)

lim
t→+0

t2m−2φ(2)
s (exp(tH0)) = 1.

For a given g ∈ G+ the function s 7→ φ
(2)
s (g) is holomorphic on Re(s) > 0. We have

φ
(2)
s (exp(tH0)) = u

(2)
s (t) for t ∈ R − {0}.

Proof. (i) Let us consider the Wronskian of the {u(1)
s , u

(2)
s }, put

W [u(1)
s , u(2)

s ](t) = u(1)
s (t) · d

dt
u(2)

s (t) − d

dt
u(1)

s (t) · u(2)
s (t). (3.1)

It is easy to verify that limt→+0 u
(1)
s (t) = 1, limt→+0

d
dtu

(1)
s (t) = 0,

limt→+0 t
2m−2u

(2)
s (t) = 1 and limt→+0 t

2m−1 d
dtu

(2)
s (t) = 2 − 2m. So we have

lim
t→+0

t2m−1W [u(1)
s , u(2)

s ](t)

= lim
t→+0

{
u(1)

s (t) · t2m−1 d

dt
u(2)

s (t) − t
d

dt
u(1)

s (t) · t2m−2u(2)
s (t)

}

= 2 − 2m 6= 0.

Hence there exists a t0, 0 < t0 < ǫ with a small ǫ > 0, such that W [u
(1)
s , u

(2)
s ](t0) 6= 0.

This means that the Wronskian W [u
(1)
s , u

(2)
s ](t) does not vanish identically and we

have the assertion .
(ii) By the condition (a) and the fact (i), φ

(2)
s can be written as a linear combination

of u
(1)
s and u

(2)
s as

φ(2)
s (exp(tH0)) = α1 · u(1)

s (t) + α2 · u(2)
s (t) (t > 0).

Since limt→+0 t
2m−2u

(1)
s (t) = 0 and limt→+0 t

2m−2u
(2)
s (t) = 1, the condition (c)

implies that α2 = 1. Let us check α1 = 0. Firstly we assume that Re(s) >

0. By the explicit formula, we have limt→+∞ e(ρ0−s)tu
(1)
s (t) = c(s) 6= 0 and

limt→+∞ e(ρ0−s)tu
(2)
s (t) = 0. So we obtain α1 = 0 by the condition (b). Sec-

ondly we assume that Re(s) = 0. Then we have u
(1)
s (t) = O(log(cosh t)e−ρ0t) and

u
(2)
s (t) = O(e−ρ0t) when t tends to +∞. Thus we obtain α1 = 0 by (b). �

Proposition 3.1.2. Put

c(s)

=
(−1)mπ

Γ(m)Γ(m− 1)
·

m−1∏

j=1

{(
s

2

)2

−
(
ρ0

2
− j

)2}
·
{

cot

(
s− ρ0

2
π

)
+ cot

(
s+ ρ0

2
π

)}
.
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Then for s ∈ C with |Re(s)| < 1, we have

φ
(2)
−s(g) = φ(2)

s (g) + c(s)φs(g), g ∈ G+. (3.2)

Proof. The function u
(2)
−s(t) on t > 0 is a solution of (D)s. Hence by Proposition

3.1.1, it can be written as a linear combination of u
(1)
s and u

(2)
s as

u
(2)
−s(t) = c1 · u(1)

s (t) + c2 · u(2)
s (t) (t > 0)

Since limt→+0 t
2m−2u

(1)
s (t) = 0 and limt→+0 t

2m−2u
(2)
s (t) = limt→+0 t

2m−2u
(2)
−s(t) = 1,

we have c2 = 1.
Let us determine c1. First we assume that 0 < Re(s) < 1. By the explicit formula,

we have limt→+∞ e(ρ0−s)tu
(2)
s (t) = 0 and limt→+∞ e(ρ0−s)tu

(2)
−s(t) = γ(−s) · 2ρ0−s . So

we obtain

2ρ0−sγ(−s) = c1 · 2ρ0−sΓ(s)Γ(m)Γ

(
s+ ρ0

2

)−1

Γ

(
s− ρ0 + 2m

2

)−1

.

Thus

c1 =
(
Γ(m)Γ(m− 1)Γ(s)Γ(1 − s)

)−1

×Γ

(−s+ ρ0

2

)
Γ

(
s+ ρ0

2

)
Γ

(−s− ρ0 + 2m

2

)
Γ

(
s− ρ0 + 2m

2

)
. (3.3)

Note that

Γ(s)Γ(1 − s) = π sin(πs)−1,

Γ

(
s− ρ0 + 2m

2

)
= Γ

(
m− −s+ ρ0

2

)

=
m−1∏

j=1

(
m− j − −s+ ρ0

2

)
· Γ

(
1 − −s+ ρ0

2

)
, (3.4)

Γ

(
s+ ρ0

2

)
= Γ

(
m− −s− ρ0 + 2m

2

)

=

m−1∏

j=1

(
m− j − −s− ρ0 + 2m

2

)
· Γ

(
1 − −s− ρ0 + 2m

2

)
. (3.5)

Then we have

c1 =
1

Γ(m)Γ(m− 1)

sin(πs)

π

×
m−1∏

j=1

{(
m− j − −s+ ρ0

2

)(
m− j − −s− ρ0 + 2m

2

)}

×Γ

(−s+ ρ0

2

)
Γ

(
1 − −s+ ρ0

2

)
Γ

(−s− ρ0 + 2m

2

)
Γ

(
1 − −s− ρ0 + 2m

2

)

=
1

Γ(m)Γ(m− 1)

sin(πs)

π

m−1∏

j=1

{(s
2

)2

−
(ρ0

2
− j

)2
}

× π

sin(−s+ρ0

2 π)

π

sin(−s−ρ0+2m
2 π)

.
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Since

sin(πs)

sin(−s+ρ0

2 π) sin(−s−ρ0+2m
2 π)

= (−1)m−1

{
cot

(−s+ ρ0

2
π
)

+ cot
(−s− ρ0 + 2m

2
π
)}

,

the formula (3.2) is now established for 0 < Re(s) < 1. By the analytic continuation,
the formula remains valid on |Re(s)| < 1. �

The ‘bad ’behavior of the function φ
(2)
s (exp(tH0)) near t = 0 is controlled by a

simple function. Indeed, we have

Proposition 3.1.3. There exists a function (s, t) 7→ Ys(t) on C × (R − {0})
with the following properties

(a) We can write

Ys(t) =
m−1∑

j=0

aj(s)

(sinh t)2j
+ b(s) log(sinh2 t)

+
b(s)

Γ(m)Γ(m− 1)

{
ψ

(
s+ ρ0

2

)
+ ψ

(
s− ρ0

2
+ 1

)}

with polynomial functions aj(s) and b(s) such that

aj(−s) = aj(s), deg(aj(s)) 6 2(m− j − 1), j = 0, . . . ,m− 1,

am−1(s) = 1,

b(s) = (−1)m
m−1∏

j=1

{(
s

2

)2

−
(
ρ0

2
− j

)2}
.

Here ψ(s) is the digamma function, i.e., the logarithmic derivative of the
Gamma function.

(b) There exists a family of polynomial functions {cn(s)}n>1 and {dn(s)}n>1 such
that

∑∞
n=1 cn(s)tn and

∑∞
n=1 dn(s)tn have positive radius of convergence and

such that

φ(2)
s (exp(tH0)) = Ys(t) +

∞∑

n=1

cn(s)tn + log(t)

∞∑

n=1

dn(s)tn

on 0 < t < ǫ with a small ǫ > 0.

Proof. Put u = sinh2 t, a = 2−1(s− ρ0) + 1 and b = 2−1(s+ ρ0 − 2m) + 1. Then

u(2)
s (t) = γ(s)(1 + u)(2m−ρ0−s)/2−1

2F1

(
a, b ; a+ b+m− 1 ;

1

1 + u

)
.
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By the formula [16, (9.7.5), p.257], we have

u(2)
s (t) = γ(s) · (1 + u)

2m−ρ0−s

2
−1u1−m

×
{

Γ(a+ b+m− 1)

Γ(a+m− 1)Γ(b+m− 1)

m−2∑

k=0

(−1)k(m− k − 2)!

k!
(a)k(b)k

( u

1 + u

)k

+
(−1)m−1Γ(a+ b+m− 1)

Γ(a)Γ(b)

∞∑

k=0

(a+m− 1)k(b+m− 1)k

(m+ k − 1)!k!

×
(
ψ(k + 1) + ψ(m+ k) − ψ(a+m+ k − 1) − ψ(b+m+ k − 1)

− log
( u

1 + u

))
·
( u

1 + u

)k+m−1
}

(3.6)

=

m−2∑

k=0

(−1)k(m− k − 2)!

(m− 2)!k!
(a)k(b)ku

k−m+1(1 + u)
2m−ρ0−s

2
−1−k

+(−1)m−1
∞∑

k=0

(a+m− 1)k(b+m− 1)k(a)m−1(b)m−1

k!(m− 2)!(m+ k − 1)!

×
{
ψ(k + 1) + ψ(m+ k) − ψ(a+m+ k − 1) − ψ(b+m+ k − 1)

−log
( u

1 + u

)}
uk(1 + u)−

ρ0+s

2
−k (0 < |u| < ǫ) (3.7)

with a small ǫ.

Note that γ(s) = Γ(a+m− 1)Γ(b+m− 1)Γ(a+ b+m− 1)−1Γ(m− 1)−1. Now
put

Ak(s) =
(−1)k(m− k − 2)!

k!(m− 2)!
(a)k(b)k (k = 0, . . . ,m− 2), (3.8)

Bk(s) =
(a+m− 1)k(b+m− 1)k(a)m−1(b)m−1

k!(m− 2)!(m+ k − 1)!
(k ∈ N0), (3.9)

γk = ψ(k + 1) + ψ(m+ k)

−ψ(a+m+ k − 1) − ψ(b+m+ k − 1) (k ∈ N0) (3.10)

and

(1 + u)−b−k =

∞∑

n=0

c+n,k(s)un (|u| < 1),

(1 + u)−
s+ρ0

2
−k =

∞∑

n=0

c−n,k(s)un (|u| < 1),

with c+n,k(s) =
(−1)n

n!

(s+ ρ0

2
−m+ k + 1

)

n
, c−n,k(s) =

(−1)n

n!

(s+ ρ0

2
+ k

)

n
.
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Then

u(2)
s (t) =

∞∑

n=0

m−2∑

k=0

Ak(s) c+n,k(s)uk+n−m+1

+(−1)m−1
∞∑

k=0

∞∑

n=0

Bk(s) c−n,k(s)

{
γk − log

( u

1 + u

)}
uk+n (3.11)

=

m−1∑

k=1

ak(s)

uk
+ b(s) log(u) + ã0(s)

+

{
∞∑

k=1

pk(s)uk + log(u)

∞∑

k=1

qk(s)uk

}
. (3.12)

with b(s) = (−1)mB0(s),

aj(s) =
∑

n>0, 06k<m−1
k+n−m+1=−j

Ak(s) c+n,k(s) (j = 1, . . . ,m− 1), (3.13)

ã0(s) =

m−2∑

k=0

Ak(s) c+m−1−k,k(s) + (−1)m−1B0(s) γ0, (3.14)

and pk(s), qk(s) are some polynomials. By the foumulae of Ak and c+n,k, we see that

Ak(s) c+n,k(s) with n > 0, 0 6 k < m−1, k+n−m+1 = −j is a polynomial of s such

that deg(Ak(s) c+n,k(s)) = 2k + n = k − j +m − 1. Hence aj(s) is also a polynomial
with

deg(aj(s)) 6 max
n>0, 06k<m−1
k+n−m+1=−j

{
k − j +m− 1

}
= 2m− 2j − 2 = 2(m− j − 1).

We have

B0(s) =
(a)m−1(b)m−1

(m− 2)!(m− 1)!

=
1

Γ(m− 1)Γ(m)

(s− ρ0

2
+ 1

)

m−1

(s+ ρ0 − 2m

2
+ 1

)

m−1

=
1

Γ(m− 1)Γ(m)

m−2∏

j=0

(s− ρ0

2
+ j + 1

)(s+ ρ0 − 2m

2
+ j + 1

)

=
1

Γ(m− 1)Γ(m)

m−1∏

j=1

(s− ρ0

2
+ j

)(s+ ρ0

2
−m+ j

)

=
1

Γ(m− 1)Γ(m)

m−1∏

j=1

{(s
2

)2

−
(ρ0

2
− j

)2
}
, (3.15)
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ã0(s) =
(−1)m

Γ(m− 1)Γ(m)

m−1∏

j=1

{(s
2

)2

−
(ρ0

2
− j

)2
}

×
{
ψ

(s− ρ0

2
+m

)
+ ψ

(s+ ρ0

2

)
− ψ(1) − ψ(m)

}

+

m−2∑

k=0

Ak(s) c+m−1−k,k(s). (3.16)

Using the formula

ψ(y +m) = ψ(y + 1) +

m−1∑

j=1

1

y +m− j
(m ∈ N0),

we have

ã0(s) =
(−1)m

Γ(m− 1)Γ(m)

m−1∏

j=1

{(s
2

)2

−
(ρ0

2
− j

)2
}
·
{
ψ

(s− ρ0

2
+ 1

)
+ ψ

(s+ ρ0

2

)}

+a0(s) (3.17)

with a0(s) =

m−1∏

j=1

{(s
2

)2

−
(ρ0

2
− j

)2
}
·
(m−1∑

j=1

2

s− ρ0 + 2m− 2j
− ψ(1) − ψ(m)

)

+

m−2∑

k=0

Ak(s) c+m−1−k,k(s). (3.18)

By the formulae Ak(s) and c+n,k(s), we have that a0(s) is a polynomial function with
degree no more than 2(m− 1). Put

Ys(t) :=
m−1∑

j=0

aj(s)

(sinh t)2j
+ b(s) log(sinh2 t)

+
b(s)

Γ(m)Γ(m− 1)

{
ψ

(s+ ρ0

2

)
+ ψ

(s− ρ0

2
+ 1

)}
. (3.19)

Then all the assertions in Proposition 3.1.3, except that aj(s)’s are even functions
are established. To have aj(s) = aj(−s), we use the functional equation in Proposi-
tion 3.1.2. From that equation

aj(−s) = aj(s) (j = 1, . . . ,m− 1), (3.20)

ã0(−s) = ã0(s) + c(s). (3.21)

From (3.17) and (3.21), we have

a0(−s) − a0(s)

= c(s) +
(−1)m

Γ(m− 1)Γ(m)

m−1∏

j=1

{(s
2

)2

−
(ρ0

2
− j

)2
}

×
{
ψ

(s− ρ0

2
+ 1

)
+ ψ

(s+ ρ0

2

)
− ψ

(−s− ρ0

2
+ 1

)
− ψ

(−s+ ρ0

2

)}

=
(−1)m

Γ(m− 1)Γ(m)

m−1∏

j=1

{(s
2

)2

−
(ρ0

2
− j

)2
}
· △(s) (3.22)
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with

△(s) = π cot
(s− ρ0

2
π
)

+ π cot
(s+ ρ0 − 2m

2
π
)

+ ψ
(s− ρ0

2
+ 1

)

+ψ
(s+ ρ0

2

)
− ψ

(−s− ρ0

2
+ 1

)
− ψ

(−s+ ρ0

2

)
. (3.23)

We claim △(s) ≡ 0. Indeed, the formula ψ(y) − ψ(1 − y) = −π cot(πy) gives

−ψ
(−s+ ρ0

2

)
+ ψ

(
1 − −s+ ρ0

2

)
+ π cot

(s− ρ0

2
π
)

= 0,

ψ
(s+ ρ0

2

)
− ψ

(
1 − s+ ρ0

2

)
+ π cot

(s+ ρ0

2
π
)

= 0.

Since π cot(πy +mπ) = π cot(πy), we have △(s) = 0. �

We introduce a family of functions φ
[r]
s (Re(s) > −1, r ∈ N0) as

Definition 3.1.4. For r ∈ N0, we put

φ[r]
s (g) =

c−1
G

(2 − 2m)r!

(
− 1

2s

d

ds

)r

φ(2)
s (g), g ∈ G+, Re(s) > −1.

The basic property of φ
[r]
s we need is as follows.

Proposition 3.1.5. Let r ∈ N0 and s ∈ C with Re(s) > 0.

(i) The function φ
[r]
s belongs to C∞(K\G+/K).

(ii) We have

φ[r]
s (exp(tH0)) = O(e−t(Re(s)+ρ0)),

on t > R with a large R > 0.

(iii) If r > m, then the function φ
[r]
s has a continuous extension to all of G. We

have

lim
g→e,g∈G+

φ[r]
s (g)

=
−c−1

G

2r!

(
− 1

2s

d

ds

)r[
b(s)

Γ(m)2

{
ψ

(
s+ ρ0

2

)
+ ψ

(
s− ρ0

2
+ 1

)}]
.

(iv) Let Re(s) > ρ0. Then we have

(Ω − s2 + ρ2
0)φ

[r+1]
s = −φ[r]

s , r ∈ N0,

(Ω − s2 + ρ0)φ
[0]
s = δ

in the sense of distributions on G/K with δ the Dirac delta supported at the
origin of G/K.

Proof.

(i) By the explicit formula of φ
(2)
s (exp(tH0)) = u

(2)
s (t), it follows that

φ
[r]
s (exp(tH0)) = (− 1

2s
d
ds )ru

(2)
s (t) is C∞ on t > 0 and φ

[r]
s (exp(tH0)) =

φ
[r]
s (exp(−tH0)). From this, the assertion follows.

(ii) Since 2F1(
s+ρ0

2 , s−ρ0

2 + m ; s + 1 ; z) is holomorphic with respect to (s, z)

on the domain {(s, z) |Re(s) > 0, |z| < 1}, the function z 7→ ( d
ds )j

2F1(
s+ρ0

2 , s−ρ0

2 +
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m ; s+ 1 ; z) is holomorphic on |z| < 1, especially bounded at z = 0. It is easy to see

that φ
[r]
s (exp(tH0)) is expressed as a finite sum of the functions of the form

dj(s) · (cosh t)−(s+ρ0) ·
( d

ds

)j

2F1

(
s+ ρ0

2
,
s− ρ0

2
+m ; s+ 1 ;

1

cosh2 t

)

with 0 6 j 6 r and dj(s) a holomorphic function on Re(s) > 0. Therefore we have

φ[r]
s (exp(tH0)) = O(e−(Re(s)+ρ0)t) (as t→ +∞).

(iii) By the formula of Ys(t), we have

(
− 1

2s

d

ds

)r

Ys(t) =

m−1∑

j=0

1

(sinh t)2j

(
− 1

2s

d

ds

)r

aj(s)

+
(
− 1

2s

d

ds

)r

b(s) log(sinh2 t) + y(s) (3.24)

with some y(s) independent of t. Since aj(s) and b(s) are even polynomial func-
tions of degree no more than 2(m − 1), (− 1

2s
d
ds )r

aj(s) = 0 for j = 0, . . . ,m − 1 and

(− 1
2s

d
ds )r

b(s) = 0 if r > m. Hence (− 1
2s

d
ds )r

Ys(t) becomes smooth at t = 0 as well as
on R − {0}. Since

φ[r]
s (exp(tH0)) −

c−1
G

(2 − 2m)r!

(
− 1

2s

d

ds

)r

Ys(t) (3.25)

is continuous in t on all of R (Proposition 3.1.3 (b)), φ
[r]
s (exp(tH0)) has a continuous

extention to all of R if r > m. This establishes the first part of (iii). The formula in
(iii) follows from the explicit formula of Ys(t) in Proposition 3.1.3.

(iv) If µ > 0, then we set C∞
µ (G) equal to the all functions f ∈ C∞(G) such

that

pX,µ(f) = sup
g∈G

‖g‖−µ|Xf(g)| <∞

for all X ∈ U(g). We endow C∞
µ (G) with the topology induced by the seminorms

pX,µ. (see [17, page 675].) The argument below is similar to the proof of [17, Lemma
2.2]. Let f ∈ C∞

µ (G/K) with µ > 0, and Re(s) > ρ0 + µ. By the integration formula
in Lemma 2.3.1, we have

c−1
G

∫

G

φ[r]
s (x−1y) ·

(
(Ω − s2 + ρ2

0)f
)
(y) dy

=

∫

K

∫ +∞

0

∫

K

φ[r]
s (k1 exp(tH0)k2) ·

(
(Ω − s2 + ρ2

0)f
)
(x · k1 exp(tH0)k2)µ(t) dk1dtdk2

=

∫ +∞

0

φ[r]
s (exp(tH0)) ·

(
(Ω − s2 + ρ2

0)F
)
(exp(tH0))µ(t) dt (3.26)
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with F (g) =
∫

K
f(xkg) dk (g ∈ G). For t > 0, put hr(t) = φ

[r]
s (exp(tH0)) and

F0(t) = F (exp(tH0)). Then by integration by parts, the last formula of (3.26) becomes

∫ +∞

0

hr(t) ·DtF0(t) · µ(t) dt

= lim
ζ→∞

lim
ǫ→+0

{
µ(ζ)hr(ζ)F

′

0(ζ) − µ(ζ)h
′

r(ζ)F0(ζ) − µ(ǫ)hr(ǫ)F
′

0(ǫ) + µ(ǫ)h
′

r(ǫ)F0(ǫ)

}

+

∫ +∞

0

Dthr(t) · F0(t) · µ(t) dt (3.27)

with Dt = µ(t)−1 d
dt (µ(t) d

dt ) + ρ2
0 − s2. By Proposition 3.1.5 (i), we have hr(t) ≺

e−(Re(s)+ρ0)ζ as ζ → +∞ and h
′

r(t) ≺ e−(Re(s)+ρ0)ζ as ζ → +∞. By the formula of
µ(t), we have, µ(ζ) ≺ e2ρ0s as ζ → +∞. Using the property of the norm ‖ · ‖, we have
some constants T and M0 > 0 such that

‖xk exp(tH0)‖ 6 ‖x‖ · ‖ exp(tH0)‖ 6 M0‖x‖et (∀t > T, ∀k ∈ K). (3.28)

Since f ∈ C∞
µ (G/K), we thus have

|F0(ζ)| 6 pµ(f) ·M0‖x‖eζµ (∀ζ > T ),

|F ′

0(ζ)| 6 pH0,µ(f) ·M0‖x‖eζµ (∀ζ > T ). (3.29)

Therefore the first and the second terms in the bracket of the right-hand side of (3.27)
is estimated as

|µ(ζ)hr(ζ)F0
′(ζ)| ≺ e(−Re(s)+ρ0+µ)ζ ,

|µ(ζ)hr
′(ζ)F0(ζ)| ≺ e(−Re(s)+ρ0+µ)ζ , (3.30)

so they tend to zero as ζ → +∞. We evaluate the third and the fourth term in the

right-hand side of (3.27). By the expression of φ
[r]
s (exp(tH0)) around t = 0 given in

Proposition 3.1.3, we have

|hr(ǫ)| ≺ ǫ−2(m−1) (ǫ→ +0),

h
′

r(ǫ) =
c−1
G

ǫ2m−1

(
1 +O(ǫ log ǫ)

)
(if r = 0),

|h′

r(ǫ)| ≺ ǫ−(2m−2r−1) (if r > 0).

Since µ(ǫ) ≺ ǫp+q = ǫ2m−1 and

F0(ǫ) = F0(0) +O(ǫ), F
′

0(ǫ) ≺ 1,

We have

|µ(ǫ)hr(ǫ)F
′

0(ǫ)| ≺ ǫ (ǫ→ +0),

|µ(ǫ)h
′

r(ǫ)F0(ǫ)| ≺ ǫ2r (ǫ→ +0) if r > 0,

µ(ǫ)h
′

r(ǫ)F0(ǫ) = c−1
G

(
1 +O(ǫ log ǫ)

)
F0(0) (r = 0).

Therefore, the third and the fourth term of (3.27) are equal to zero if r = 1 and are
equal to c−1

G F0(0) if r = 0. Suppose r = 0. Since the last integral in the right-hand



240 Y. GON AND M. TSUZUKI

side of (3.27) vanishes due to the differential equation Dth(t) = 0 (t > 0), we have

c−1
G

∫

G

φ[0]
s (x−1y)

(
(Ω − s2 + ρ2

0)f
)
(y) dy

= F0(0)c−1
G = f(x)c−1

G (3.31)

When r > 1, all the terms in the right-hand side of (3.27) except the last one vanish.
Consequently we have

c−1
G

∫

G

φ[r]
s (x−1y)

(
(Ω − s2 + ρ2

0)f
)
(y) dy

=

∫ ∞

0

Dthr(t) · F0(t) · µ(t) dt. (3.32)

To compute Dthr(t), we need a formula:

claim 3.1.6. For r > 1, we have

[
Dt,

(
− 1

2s

d

ds

)r
]

= −r
(
− 1

2s

d

ds

)r−1

.

Proof of the claim. Obviously it is sufficient to prove

[
s2,

(
− 1

2s

d

ds

)r
]

= r
(
− 1

2s

d

ds

)r−1

.

If r = 1, then this is checked by a direct computation. Let r > 1, and assume that
the formula for r − 1 is valid. Then,

s2
(
− 1

2s

d

ds

)r

= s2
(
− 1

2s

d

ds

)r−1

·
(
− 1

2s

d

ds

)

=

{(
− 1

2s

d

ds

)r−1

· s2 + (r − 1)
(
− 1

2s

d

ds

)r−2
}(

− 1

2s

d

ds

)

=
(
− 1

2s

d

ds

)r−1

· −s
2

d

ds
+ (r − 1)

(
− 1

2s

d

ds

)r−1

.

To have the second equality, we used the induction-assumption. Since − s
2

d
ds = 1 +

(− 1
2s

d
ds )s2, we obtain

s2
(
− 1

2s

d

ds

)r

=
(
− 1

2s

d

ds

)r−1(
1 − 1

2s

d

ds
· s2

)
+ (r − 1)

(
− 1

2s

d

ds

)r−1

= r
(
− 1

2s

d

ds

)r−1

+
(
− 1

2s

d

ds

)r

· s2.

This completes the proof of the formula for r. �
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Let us finish the proof of the proposition. We apply the claim to the function

φ
(2)
s (exp(tH0)) in s. Then

Dthr(t)

= Dt

(
− 1

2s

d

ds

)r c−1
G

(2 − 2m)r!
φ(2)

s (exp(tH0))

=

{
−r

(
− 1

2s

d

ds

)r−1

+
(
− 1

2s

d

ds

)r

Dt

}
c−1
G

(2 − 2m)r!
φ(2)

s (exp(tH0))

= −hr−1(t) +
c−1
G

(2 − 2m)r!

(
− 1

2s

d

ds

)r

Dtφ
(2)
s (exp(tH0)). (3.33)

Since Dtφ
(2)
s (exp(tH0)) = 0 for t > 0, we have

Dthr(t) = −hr−1(t) for t > 0. (3.34)

By (3.32), (3.34) and (3.26), we consequently have

c−1
G

∫

G

φ[r]
s (x−1y)

(
(Ω − s2 + ρ2

0)f
)
(y) dy

= −c−1
G

∫

G

φ[r−1]
s (x−1y) · f(y) dy (3.35)

for r > 1. By (3.31) and (3.35), we have the desired formula. �

We have a characterization of the family {φ[r]
s }.

Proposition 3.1.7. Let {ϕr,s| r ∈ N0, Re(s) > ρ0} be a family of bi-K-invariant
distributions on G with the following properties.

(i) For r ∈ N0, Re(s) > ρ0 the distribution ϕr,s is represented by a C∞-function
on G+.

(ii) For Re(s) > ρ0,

lim
t→+0

t2m−2ϕ0,s(exp(tH0)) = 1.

(iii) For r ∈ N0, Re(s) > ρ0,

ϕr,s(exp(tH0)) = O(e−t(Re(s)+ρ0)), t→ +∞.

(iv) Let Re(s) > ρ0. If we regard ϕr,s’s as distributions on G/K, they satisfy the
differential equations

(Ω − s2 + ρ2
0)ϕr+1,s = −ϕr,s, r ∈ N0,

(Ω − s2 + ρ2
0)ϕ0,s = δ.

Then for r ∈ N0 and s ∈ C, Re(s) > ρ0 we have ϕr,s(g) = φ
[r]
s (g) on G/K in the

sense of distributions.

Proof. The difference ϕ0,s −φ[0]
s , considered to be a distribution on G/K, is anni-

hilated by the elliptic differential operator Ω− s2 + ρ2
0 on G/K (see Proposition 3.1.5

(iv)). Hence by the elliptic regularity theorem ϕ0,s − φ
[0]
s is smooth on all of G. By

Proposition 3.1.1 (ii) the two distributions ϕ0,s and φ
[0]
s coincide with each other on
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the open dense set G+. Therefore ϕ0,s = φ
[0]
s on all of G. Let r > 0. We use induction

on r to show ϕr,s = φ
[r]
s . Assume ϕr−1,s = φ

[r−1]
s . Then from the property (iv) of

ϕr,s and Proposition 3.1.4 (iv), the distribution ϕr,s−φ[r]
s (on G/K) is annihilated by

the elliptic differential operator Ω− s2 + ρ2
0; hence it becomes smooth on all of G and

is actually a constant (say C0) multiple of the zonal spherical function φs. But the

property (iii) and Proposition 3.1.5 (ii) give that (ϕr,s−φ[r]
s )(exp(tH0)) is of exponen-

tial decay as t → +∞. Since φs(exp(tH0)) with Re(s) > ρ0 grows exponentially as
t → +∞, the proportionality constant C0 should be zero. This completes the proof.
�

3.2. Miatello-Wallach’s spherical functions. We recall some basic proper-
ties of the functions Qr,s, r ∈ N which Miatello-Wallach introduced and studied in
detail ([17]).

(i) For s ∈ C, Re(s) > 0, Q1,s ∈ C∞(K\G+/K) ([17, Theorem 1.1 (a)]) .
(ii) For a fixed g ∈ G+, the function s 7→ Q1,s(g) is holomorphic on Re(s) > 0

and has a meromorphic continuation to C ([17, Theorem 1.1,(b)]).
(iii)

Q1,s(exp(tH0)) ∼
c−1
G sc(s)

m− 1
· t2−2m, t→ +0

([17, Theorem 1.1, (d)]).
(iv) Let Re(s) > ρ0 and r ∈ N. Then Qr,s is bi-K-invariant and integrable

function on G satisfying the formula

Qr+1,s = Q1,s⋆Qr,s.

Here ⋆ means the convolution on G with respect to the measure dg. (see [17,
page 678]).

(v) Let Re(s) > ρ0 and r ∈ N. Then

Qr,s(exp(tH0)) = O(e−t(Re(s)+ρ0)), t→ +∞

([17, Lemma 2.4]).
(vi) Let Re(s) > ρ0. Then the distributions Qr,s on G/K satisfy the differential

equations

(Ω − s2 + ρ2
0)Qr+1,s = −2sc(s)Qr,s

for r ∈ N0 with the convention that Q0,s = δ, the Dirac delta supported at
the origin of G/K ([17, Lemma 2.2, Lemma 2.6]).

Thus the family {−(2sc(s))−(r+1)Qr+1,s| r ∈ N0, Re(s) > ρ0} possesses all the
properties (i) to (iv) in Proposition 3.1.7. Hence applying that proposition, we have
the following theorem, which is one of the main results of this article.

Theorem 3.2.1. Let Re(s) > ρ0 and r ∈ N0. Then as distributions on G/K the
equality

φ[r]
s (g) = −

(
1

2sc(s)

)r+1

Qr+1,s(g)

holds.
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4. Miatello-Wallach’s function Pr,s and its spectral expansion.

4.1. The function Pr,s. Let X = G/K. Let Γ be a neat co-finite lattice of G,
that is a discrete torsion-free subgroup of G such that Γ\G has finite volume. We
assume that if Γ is not cocompact then it satisfies the Langlands’ axiom. Here is a
notational convention: A point of the double coset space Γ\X is denoted by a letter
with a dot and any one of the lifts of that point to G is by the same letter without a
dot. For example if x ∈ G then the corresponding coset ΓxK ∈ Γ\X is ẋ.

Let △ be the Laplacian of Γ\X corresponding to −Ω.
In [17], Miatello-Wallach introduced the functions Pr,s (r ∈ N0, Re(s) > ρ0) by

Pr,s(ẋ, ẏ) = −
(

1

2sc(s)

)r ∑

γ∈Γ

Qr,s(x
−1γy), ẋ, ẏ ∈ Γ\X

with Qr,s the spherical function which we recalled in 3.2. Among other things, they
proved that

(a) the series Pr,s(ẋ, ẏ) converges absolutely and defines Pr,s(ẋ, ẏ) holomorphic
in s on Re(s) > ρ0 and smooth in ẋ, ẏ in the complement of the diagonal of
(Γ\X) × (Γ\X);

(b) for each ẋ ∈ Γ\X, as a distribution on Γ\X Pr,s(ẋ,−) satisfies

(△ + s2 − ρ2
0)

rPr,s(ẋ,−) = −δ(ẋ)

with δ(ẋ) the Dirac delta on Γ\X supported at ẋ
([17, page 685, Theorem 3.4], [2, page 621, Theorem 3.2]).

Proposition 4.1.1. Let s ∈ C with Re(s) > ρ0. If r > m, then Pr,s(ẋ, ẏ) has a
unique continuous extension to all of (Γ\X) × (Γ\X).

Proof. This is a consequence of [17, Corollary 2.5]. Indeed, by that corollary,
Qr,s ∈ L2(G) if r > m/2 and Re(s) > ρ0. Hence Qr,s is continuous on all of G if
r > m and Re(s) > ρ0, since in general the convolution of two L2-functions on G
gives a continuous function. By the discussion in [17, pp.683–687], the continuity of
Pr,s follows. �

Remark. Proposition 4.1.1 is also a corollary of our earlier results. Indeed, from
Proposition 3.1.5 (iii) and Theorem 3.2.1, the function Qr,s (r > m, Re(s) > ρ0) has
a continuous extension on G.

By this proposition, we can consider the restriction of Pr,s(ẋ, ẏ) to the diagonal
ẋ = ẏ of (Γ\X) × (Γ\X). From now on we assume that Γ is cocompact. Then
Pr,s(ẋ, ẏ) becomes bounded on (Γ\X) × (Γ\X) if r > m; in particular the function
Pr,s(ẋ, ẋ) is integrable on Γ\X. We want to evaluate the integral

∫

Γ\X

Pr+1,s(ẋ, ẋ) dẋ (4.1)

with r > m explicitly.

4.2. Spectral expansion of Pr,s(ẋ, ẏ). In this subsection we compute the in-
tegral (4.1) by using the spectral expansion of Pr+1,s(ẋ, ẏ). Since we assume that Γ is
cocompact the Laplacian △ has no continuous spectrum on L2(Γ\X). The eigenvalues
of △ forms a countable subset of non-negative reals enumerated as

0 = λ0 < λ1 6 λ2 6 . . . 6 λn 6 . . .
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so that each eigenvalue occurs in this sequence with its multiplicity. Let {ϕn}n>0 be
the orthonormal basis of L2(Γ\X) such that ϕn ∈ C∞(Γ\X) and △ϕn = λnϕn. For
each n we fix a complex number sn such that λn = ρ2

0 − s2n.

Proposition 4.2.1. Let r ∈ N0 and s ∈ C be such that r > m and Re(s) > ρ0.
Then

Pr+1,s(ẋ, ẏ) = −
∞∑

n=0

ϕn(ẋ)ϕn(ẏ)

(s2 − s2n)r+1
, ẋ, ẏ ∈ Γ\X. (4.2)

Here the infinite series in the right-hand side of this identity converges uniformly in
(ẋ, ẏ) ∈ (Γ\X) × (Γ\X).

Proof. Since r+ 1 > m and Γ\X is compact, [17, Theorem 4.2, page 689] implies
that the series

∞∑

n=0

|ϕn(ẋ)|2
|s2 − s2n|r+1

converges uniformly in ẋ ∈ Γ\X. Hence by Cauchy-Schwarz inequality, we have that
the series

Φ(ẋ, ẏ) = −
∞∑

n=0

ϕn(ẋ)ϕn(ẏ)

(s2 − s2n)r+1

converges absolutely and uniformly in (ẋ, ẏ) ∈ (Γ\X)2, which in turn means the
continuity of the function Φ(ẋ, ẏ) on (Γ\X)2. Since Γ\X is compact, for a fixed ẋ,
the function Φ(ẋ,−) is bounded on Γ\X; in particular it is in L2(Γ\X). Moreover

〈Φ(ẋ,−), ϕn〉 = − ϕn(ẋ)

(s2 − s2n)r+1

for n ∈ N0. Since the last formula equals 〈Pr,s(ẋ,−), ϕn〉 ([17, page 688]), the
difference Φ(ẋ,−) − Pr,s(ẋ,−) is orthogonal to all ϕn. Noting that the difference is
continuous on Γ\X (Proposition 4.1.1) we indeed have Φ(ẋ, ẏ) = Pr,s(ẋ, ẏ) for all ẏ.
�

By this proposition we can compute the integral (4.1) in terms of the eigenvalues
of △.

Proposition 4.2.2. If r > m and Re(s) > ρ0, then

∫

Γ\X

Pr+1,s(ẋ, ẋ) dẋ = −
∞∑

n=0

1

(s2 − s2n)r+1
. (4.3)

Proof. This is a direct consequence of Proposition 4.2.1 �

5. Computation of the integral
∫
Γ\X

Pr,s(ẋ, ẋ)dẋ and the resolvent trace

formula.
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5.1. Computation of hyperbolic term. Let Γ be as in the previous section.
Then an element γ ∈ Γ − {e} is G-conjugate to an element hγ of A+M with A+ =
exp((0,+∞)H0) and M the centralizer of A in K; hγ is not uniquely determined by
γ, but its ambiguity is unimportant for our purpose. We can write

hγ = exp(tγH0)mγ , tγ > 0, mγ ∈M.

Let Gγ be the centralizer of γ in G and put Γγ = Γ ∩ Gγ . Then Gγ is reductive
and Γγ\Gγ is compact. We fix a Haar measure dgγ on Gγ in a manner analogous
to the manner in which the Haar measure on G was fixed, following the Iwasawa
decomposition of Gγ , and put dġγ for the invariant measure on Γγ\Gγ . The group
Γγ is known to be isomorphic to Z. Hence there exists a unique generator γ0 of Γγ

and a positive integer j(γ) (the multiplicity of γ) such that γ = γ
j(γ)
0 . Let H(Γ) be

the set of Γ-conjugacy classes in Γ−{e}. We first calculate the orbital integral of φ
[r]
s

associated with a hyperbolic conjugacy class.

Proposition 5.1.1. Let r ∈ N0 and Re(s) > ρ0. For [γ] ∈ H(Γ), put

J [r]([γ] ; s) = vol(Γγ\Gγ)

∫

Gγ\G

φ[r]
s (g−1γg) dg∗γ ,

where dg∗γ is the G-invariant measure on Gγ\G normalized so that dg = dgγdg
∗
γ . Then

the integral J [r]([γ] ; s) converges absolutely and uniformly on Re(s) > ρ0 + ǫ for any
ǫ > 0 and is evaluated as

J [r]([γ] ; s) =
1

r!

(
− 1

2s

d

ds

)r{
−j(γ)−1|det(1 − Ad(hγ)−1|n)|−1 tγe

−(s+ρ0)tγ

2s

}
.

Proof. We shall compute the orbital integral

I [r]([γ] ; s) =

∫

Gγ\G

φ[r]
s (g−1γg) dg∗γ . (5.1)

Let h = hγ = exp(tγH0)mγ = exp(tH0)m ∈ A+M , to which γ is conjugate. Then
I [r]([γ] ; s) = I [r]([h] ; s) and

I [r]([h] ; s) =

∫

Gh\G

φ[r]
s (g−1hg) dg∗h = vol(A\Gh)−1

∫

A\G

φ[r]
s (g−1hg)

dg

da
, (5.2)

where vol(A\Gh) =
∫

A\Gh

dgh

da . Moreover

∫

A\G

φ[r]
s (g−1hg)

dg

da
=

∫

N

∫

K

φ[r]
s (k−1n−1hnk) dkdn

=

∫

N

φ[r]
s (n−1hn) dn = |det(1 − Ad(h)|n)|−1

∫

N

φ[r]
s (nh) dn. (5.3)

We recall a lemma (cf. [12, p.487]) to calculate the integral (5.3). Put |Z|2 =
−B(X, θX) for Z ∈ g. If n = exp(X + Y ) with X ∈ nβ , Y ∈ n2β and we write

nh = n · exp(tH0)m = k1 exp(uH0)k2 (k1, k2 ∈ K, u > 0), (5.4)

then we have

cosh2(u) =
[
cosh(t) +

c

2
e−t|X|2

]2

+ ce−2t|Y |2, (5.5)
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where c = 4−1(p+ 4q)−1 = 2−1c0. We first treat the case of r = 0. We have
∫

N

φ[0]
s (nh) dn

=

∫

N

φ[0]
s (k1 exp(uH0)k2) dn

=
c−1
G

(2 − 2m)

∫

nβ×n2β

φ(2)
s (expuH0) dXdY

=
c−1
G

(2 − 2m)
γ(s)

∫

nβ×n2β

(coshu)−(s+ρ0)
2F1

(
α, β ; s+ 1 ;

1

cosh2 u

)
dXdY

=
c−1
G

(2 − 2m)
γ(s)

∫

nβ×n2β

{(
cosh(t) +

c

2
e−t|X|2

)2

+ ce−2t|Y |2
}−

s+ρ0
2

×2F1

(
α, β ; s+ 1 ;

1

(cosh(t) + c
2e

−t|X|2)2 + ce−2t|Y |2
)
dXdY, (5.6)

where α = (s+ρ0)/2 and β = (s−ρ0+2m)/2. SubstitutingX = cosh(t)
1
2 (2−1c)−

1
2 e

t
2 ξ

and Y = cosh(t)c−
1
2 etη, we have dX = (cosh(t)

1
2 (2−1c)−

1
2 e

t
2 )pdξ, dY =

(cosh(t)c−
1
2 et)qdη and dXdY = (cosh t)ρ0eρ0t2−

p
2 c−m+ 1

2 dξdη. So the integral (5.6)
equals

c−1
G

(2 − 2m)
γ(s)

∫

Rp×Rq

{(
1 + ‖ξ‖2

)2
+ ‖η‖2

}−
s+ρ0

2 · (cosh t)−(s+ρ0)+ρ0

×2F1

(
α, β ; s+ 1 ;

(cosh t)−2

(1 + ‖ξ‖2)2 + ‖η‖2

)
eρ0t2

p
2 c−m+ 1

2 dξdη

=
c−1
G

(2 − 2m)
γ(s)(cosh t)−seρ0t2

p
2 c−m+ 1

2 I(s). (5.7)

Here, I(s) is given by

∫

Rp×Rq

{(
1+‖ξ‖2

)2
+‖η‖2

}−
s+ρ0

2

2F1

(
α, β ; s+1 ;

(cosh t)−2

(1 + ‖ξ‖2)2 + ‖η‖2

)
dξdη. (5.8)

Using polar coordinates for Rp,Rq and the power series expansion of the hyper-
geometric function, we carry out the integral term by term; this is permissible by
dominated convergence theorem. Hence,

I(s) =
2π

p
2

Γ(p
2 )

2π
q
2

Γ( q
2 )

∫ ∞

0

∫ ∞

0

ρp−1
1 ρq−1

2

{(
1 + ρ2

1

)2
+ ρ2

2

}−
s+ρ0

2

×2F1

(
α, β ; s+ 1 ;

(cosh t)−2

(
1 + ρ2

1

)2
+ ρ2

2

)
dρ1dρ2

=
2π

p
2

Γ(p
2 )

2π
q
2

Γ( q
2 )

∫ ∞

0

∫ ∞

0

ρp−1
1 ρq−1

2

{(
1 + ρ2

1

)2
+ ρ2

2

}−
s+ρ0

2

× Γ(s+ 1)

Γ(α)Γ(β)

∞∑

k=0

Γ(α+ k)Γ(β + k)

Γ(s+ 1 + k)k!

(
(cosh t)−2

(
1 + ρ2

1

)2
+ ρ2

2

)k

dρ1dρ2

=
2π

p
2

Γ(p
2 )

2π
q
2

Γ( q
2 )

Γ(s+ 1)

Γ(α)Γ(β)

∞∑

k=0

Ik(s)
Γ(α+ k)Γ(β + k)

Γ(s+ 1 + k)k!
(cosh t)−2k (5.9)
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with

Ik(s) =

∫ ∞

0

∫ ∞

0

ρp−1
1 ρq−1

2

{(
1 + ρ2

1

)2
+ ρ2

2

}−
s+ρ0

2
−k

dρ1dρ2 (k ∈ N0). (5.10)

By making the substitution ρ2 → (1 + ρ2
1)ρ2, we have the expression for Ik(s) as

∫ ∞

0

ρp−1
1

(
1 + ρ2

1

)−(s+ρ0)−2k+q
dρ1 ·

∫ ∞

0

ρq−1
2

(
1 + ρ2

2

)− s+ρ0
2

−k
dρ2. (5.11)

The relation
∫ ∞

0

ρ2x−1
(
1 + ρ2

)−x−y
dρ =

Γ(x)Γ(y)

2Γ(x+ y)
, Re(x), Re(y) > 0

gives

Ik(s) =
1

2

Γ(p
2 )Γ(s+ ρ0 + 2k − q − p

2 )

Γ(s+ ρ0 + 2k − q)
· 1

2

Γ( q
2 )Γ( s+ρ0

2 + k − q
2 )

Γ( s+ρ0

2 + k)

=
1

4
Γ
(p

2

)
Γ
(q

2

) Γ(s+ 2k)Γ( s+ρ0−q
2 + k)

Γ(s+ ρ0 − q + 2k)Γ( s+ρ0

2 + k)

=
1

4
Γ
(p

2

)
Γ
(q

2

) Γ(s+ 2k) · π 1
2 2−(s+ρ0−q+2k−1)

Γ( s+ρ0

2 + k)Γ( s+ρ0−q
2 + k + 1

2 )

=
1

4
Γ
(p

2

)
Γ
(q

2

)Γ(s+ 2k) · π 1
2 2−s−ρ0+q+1 · 2−2k

Γ(α+ k)Γ(β + k)
. (5.12)

The third equality is obtained by the duplication formula:

Γ(2z) = π− 1
2 22z−1Γ(z)Γ(z + 1

2 ), (5.13)

for 2z = s+ρ0−q+2k and the last one is by s+ρ0−q+1 = s+ p
2 +1 = s+2m−ρ0 = 2β.

Substituting (5.12) into (5.9) and using the duplication formula (5.13) for 2z = s+2k,
we have

I(s) = π
1
2
(p+q+1)2−s−ρ0+q+1 Γ(s+ 1)

Γ(α)Γ(β)

∞∑

k=0

Γ(s+ 2k)

Γ(s+ 1 + k)k!
2−2k(cosh t)−2k

= π
1
2
(p+q)2−ρ0+q Γ(s+ 1)

Γ(α)Γ(β)

∞∑

k=0

Γ( s
2 + k)Γ( s+1

2 + k)

Γ(s+ 1 + k)k!
(cosh t)−2k

= 2−ρ0+qπ
1
2
(p+q) Γ(s+ 1)

Γ(α)Γ(β)

Γ( s
2 )Γ( s+1

2 )

Γ(s+ 1)
2F1

(
s

2
,
s+ 1

2
; s+ 1 ;

1

cosh2 t

)
. (5.14)

By [16, (9.8.3) in p.259]:

2F1(α, α+ 1
2 ; 2α+ 1 ; z) =

(
1 +

√
1 − z

2

)−2α

, (5.15)

we get

I(s) = 2−ρ0+qπ
1
2
(p+q) Γ( s

2 )Γ( s+1
2 )

Γ(α)Γ(β)
e−st(2 cosh t)s. (5.16)
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By (5.6), (5.7) and (5.16), we have
∫

N

φ[0]
s (nh) dn

=
c−1
G

(2 − 2m)

∫

nβ×n2β

φ(2)
s (expuH0) dXdY

=
c−1
G

(2 − 2m)
γ(s)(cosh t)−seρ0t2

p
2 c−m+ 1

2 · I(s)

=
c−1
G

(2 − 2m)

Γ(α)Γ(β)

Γ(s+ 1)Γ(m− 1)
(cosh t)−s · eρ0t2

p
2 c−m+ 1

2

×2−ρ0+qπ
1
2
(p+q) Γ( s

2 )Γ( s+1
2 )

Γ(α)Γ(β)
e−st(2 cosh t)s

=
c−1
G

(2 − 2m)

c−m+ 1
2πm− 1

2

Γ(m− 1)

2sΓ( s
2 )Γ( s+1

2 )

Γ(s+ 1)
e−(s−ρ0)t

=
c−1
G

(2 − 2m)

2πmc−m+ 1
2

Γ(m− 1)

e−(s−ρ0)t

s

=
c−1
G

(2 − 2m)
(2m− 2)

πmc−m+ 1
2

Γ(m)

e−(s−ρ0)t

s
= −e

−(s−ρ0)t

2s
. (5.17)

The proof for r = 0 is finished by

J [0]([γ] ; s) = vol(Γγ\Gγ)I [0]([γ] ; s)

= vol(Γγ\Gγ)vol(A\Gh)−1|det(1 − Ad(hγ)|n)|−1

∫

N

φ[0]
s (nh) dn

= vol(Γγ\Gγ)vol(A\Gh)−1e−2ρ0t|det(1 − Ad(h−1
γ )|n)|−1

∫

N

φ[0]
s (nh) dn (5.18)

and [23, Theorem 11.30, p.189] (or [6]),

vol(Γγ\Gγ)vol(A\Gh)−1 = tγj(γ)
−1. (5.19)

Finally we have the formula for J [r]([γ] ; s) (r > 1), by interchanging integration and
differentiation. �

Recall the integral (4.1), which is expressed by eigenvalues of Laplacian in Propo-
sition 4.2.2. Now we obtain another expression of that integral.

Proposition 5.1.2.

(a) The infinite series

Jhyp(s) = −
∑

γ∈H(Γ)

j(γ)−1|det(1 − Ad(h−1
γ )|n)|−1 tγe

−(s+ρ0)tγ

2s

converges absolutely and uniformly on Re(s) > ρ0 + ǫ for any ǫ > 0.
(b) If r > m and Re(s) > ρ0, then we have

∫

Γ\X

Pr+1,s(ẋ, ẋ)dẋ = vol(Γ\G)

(
lim

g→e, g∈G+
φ[r]

s (g)

)
+

∑

γ∈H(Γ)

J [r]([γ] ; s),

(5.20)
where the series in the right-hand side of (5.20) converges absolutely and
uniformly on Re(s) > ρ0 + ǫ for any ǫ > 0.
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Proof. The assertion is ensured by the next lemma. �

Lemma 5.1.3. Suppose that Γ is a discrete subgroup of G such that Γ\G is
compact. Then the counting function

π0(T ) := #{{γ}Γ ∈ H(Γ) |N(γ) = etγ 6 T}, T > 0

satisfies the growth condition

π0(T ) = O(T 2ρ0) as T → ∞.

Proof. (Similar to [4, Lemma 2.6.3, p.70]) It is well known that logN(γ) =
tγ = inf{d(x, γx) |x ∈ X}. Set ax(γ) = {x ∈ X | d(x, γx) = tγ}, the axis of γ.
Since Γ\G is compact, Γ has a compact fundamental domain XΓ ⊂ X such that
ΓXΓ = X. Let γ ∈ Γ, hyperbolic and suppose that z ∈ ax(γ). Then there is an
element h0 ∈ Γ such that h0z ∈ XΓ and hence tγ = d(z, γz) = d(h0z, h0γh

−1
0 · h0z)

with h = h0γh
−1
0 ∈ {γ}Γ. Let d(A,B) := inf{d(x, y) |x ∈ A, y ∈ B} denote the

hyperbolic distance between the non-empty sets A,B ⊂ X, and B(x, r) the ball with
radius r > 0 centered at x ∈ X. Put d0 := sup{d(x, y) |x, y ∈ XΓ} and choose a point
x0 ∈ XΓ.

π0(T ) =#{{γ}Γ ∈ H(Γ) |N(γ) = etγ 6 T}
6#{h ∈ Γ | d(XΓ, hXΓ) 6 log T}
6#{h ∈ Γ | d(x0, hx0) 6 log T + 2d0}
6#{h ∈ Γ |hXΓ ⊂ B(x0, log T + 3d0)}

6
vol(B(x0, log T + 3d0))

vol(XΓ)

6
cG

vol(XΓ)

∫ log T+3d0

0

µ(t) dt

6
2−(p+2q)cG
vol(XΓ)

∫ log T+3d0

0

(et − e−t)p+q(et + e−t)q dt

6
2−(p+2q)cGe

(p+2q)3d0

(p+ 2q)vol(XΓ)
T (p+2q).

So we have the desired formula π0(T ) = O(T 2ρ0) as T → ∞. �

5.2. The resolvent trace formula. From Proposotion 4.2.2, Proposition 3.1.5
(iii) and Proposition 5.1.2, we arrive at the formula.

Theorem 5.2.1. If r > m and Re(s) > ρ0, then we have

∞∑

n=0

1

(s2 − s2n)r+1
= − 1

r!

(
− 1

2s

d

ds

)r(
Jid(s) + Jhyp(s)

)

with

Jid(s) = vol(Γ\G)
2−m−3/2π−mc

m−1/2
0

Γ(m)
(−1)m+1

×
m−1∏

j=1

{(
s

2

)2

−
(
ρ0

2
− j

)2}
·
{
ψ

(
s+ ρ0

2

)
+ ψ

(
s− ρ0

2
+ 1

)}
,

Jhyp(s) = −
∑

γ∈H(Γ)

j(γ)−1|det(1 − Ad(h−1
γ )|n)|−1 tγe

−(s+ρ0)tγ

2s
.
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6. Selberg zeta function.

6.1. Analytic continuation of the Selberg zeta function. We recall the
definition of the Selberg zeta function for Γ\X with Γ as in the previous section.
Let H be a θ-stable Cartan subgroup of G containing A. Then H = AH− with
H− = H ∩K. Let P be the set of those root β for (hC, gC) with β(H0) > 0, and Λ
the set of linear forms on hC of the form

λ =
∑

β∈P

nββ, nβ ∈ N0. (6.1)

For λ ∈ Λ let mλ denote the number of the ways to express it in the form (6.1).
Let Prim(Γ) be the set of primitive conjugacy classes in H(Γ),i.e., the set of non-

trivial Γ-conjugacy class which is not a power of any other Γ-conjugacy class. Then

for [γ] ∈ H(Γ) there exists a unique [γ0] ∈ Prim(Γ) such that [γ] = [γ
j(γ)
0 ] with j(γ)

the multiplicity of γ.
Since H− is a Cartan subgroup of the compact group M , any element of M is

M -conjugate to an element of H−. Hence the G-conjugacy class of a [γ] ∈ H(Γ)
contains an element of H expressed as

hγ = exp(tγH0)h
−
γ , tγ > 0, h−γ ∈ H−.

For λ ∈ Λ the associated character of H is denoted by ξλ : H → C∗. With these
notations, the Selberg zeta function for Γ\X is defined as the Euler product

ZΓ(s) =
∏

[γ]∈Prim(Γ)

∏

λ∈Λ

(1 − ξ−λ(hγ)e−stγ )mλ . (6.2)

It is easy to see that the logarithmic derivative of ZΓ(s) is related to the function
Jhyp(s) by the formula

− 1

2s

d

ds
logZΓ(s+ ρ0) = Jhyp(s) (6.3)

Hence by Proposition 5.1.2 (a), the infinite product (6.2) converges absolutely and
locally uniformly on Re(s) > 2ρ0 defining ZΓ(s) holomorphic in s on that half-plane.

Corollary 6.1.1. The Selberg zeta function ZΓ(s), defined for Re(s) > 2ρ0,
has the analytic continuation as a meromorphic function on the whole complex plane.
ZΓ(s) has zeros located at s = ρ0 ± sn, n > 0. If λn 6= ρ2

0, the order of the zeros at
s = ρ0 ± sn equals the multiplicity of the eigenvalue λn. If ρ2

0 is an eigenvalue of the
Laplacian △, then the order of the zero at s = ρ0 equals twice the multiplicity of the
eigenvalue λk = ρ2

0.

Proof. By (6.3) and Theorem 5.2.1, we have

∞∑

n=0

1

(s2 − s2n)r+1
= − 1

r!

(
− 1

2s

d

ds

)r(
Jid(s) − 1

2s

d

ds
logZΓ(s+ ρ0)

)
. (6.4)

The left-hand side of (6.4) is a meromorphic function of s ∈ C and its poles are
located at the points s = ±sn with order r + 1 (or 2r + 2 if sn = 0). It is simple
to see that Jid(s) is meromorphic on C and its all the residues are integers. Hence
d
ds logZΓ(s) is a meromorphic function with simple poles only at s = ρ0 ± sn and at
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points coming from Jid(s). For λn 6= ρ2
0, the residue of d

ds logZΓ(s) at s = ρ0 ± sn

is equal to the multiplicity of λn, and if ρ2
0 is an eigenvalue, the residue of the pole

at s = ρ0 equals twice the multiplicity of the eigenvalue ρ2
0. So all the residues at

s = ρ0 ± sn are non-negative integers. This completes the proof. �

Remark 1. For almost all n > 0, sn is purely imaginary.

Remark 2. We can also show that there exists a meromorphic function Zid(s)
such that

− 1

2s

d

ds
logZid(s+ ρ0) = Jid(s).

Since the left-hand side of (6.4) is invariant under s → −s, the completed Selberg

zeta function ẐΓ(s) := ZΓ(s)Zid(s) satisfy the symmetric functional equation

ẐΓ(2ρ0 − s) = ẐΓ(s).

The function Zid(s) is called gamma factors (or identity factor) of ZΓ(s). It is known
that Zid(s) is described by the multiple gamma functions. We refer [15], [21] and [9]
for this topic.
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