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A NEW CONSTRUCTION OF EINSTEIN SELF-DUAL METRICS

RADU PANTILIE Y AND JOHN C. WOOD *?

Abstract.  We give a new construction of Ricci- at self-dual metrics wh ich is a natural extension
of the Gibbons{Hawking ansatz. We also give characterisati ons of both these constructions, and
explain how they come from harmonic morphisms.

Introduction. In [15, 18], G.W. Gibbons and S.W. Hawking introduced a
construction of Einstein self-dual metrics with zero scalar curvature (see [24]dr a
thorough discussion of this ansatz). The construction is in the spirit of Kaluza{Klein
theory with the projection of the (local) bundle being a Riemannian submersion
followed by a conformal transformation.

A harmonic morphism is a map between Riemannian manifolds which preserves
Laplace's equation (see Section 2 below). In [7], R.L. Bryant gave a locahormal
form for the metric on the domain of a submersive harmonic morphism with
one-dimensional bres. When the domain is four-dimensional, this local normal form
includes that of the Gibbons{Hawking ansatz.

In [26, 27], it is shown that, from an Einstein four-manifold, there are precisely
three types of harmonic morphism with one-dimensional bres. The rst two types
are due to R.L. Bryant and to P. Baird and J. Eells, respectively, and lead o the
Gibbons{Hawking construction and the well-known warped product construction of
Einstein metrics (see Theorem 1.1 and Theorem 1.2 below). The third type can be
seen as a construction of Ricci- at self-dual metrics. We present this new construction
in Section 1 (Theorem 1.3) together with the above mentioned result from [26, 2]
reformulated as a classi cation result for Einstein four-manifolds whose metic can
be written in Bryant's local normal form (Theorem 1.5). In Section 2 we review some
facts on harmonic morphisms. In Section 3 we give proofs of the results of Seoti
1 and show that our construction is a natural extension of the Gibbons{Hawking
ansatz; indeed all three constructions are characterised by an equation (3.1) whHic
generalizes the monopole equation. We also classify the harmonic morphisms thvi
one-dimensional bres on compact Einstein four-manifolds. Our new construction
involves solving equation (1.5) below, which is a particular case of the Bltrami
elds equation of hydrodynamics (see [20]). In Section 4 we describe all solutis of
(1.5), both locally and globally, on S® by a method similar to the one used in [20] to
describe solutions of the Beltrami elds equation onR® (see Remark 4.2), giving all
Einstein metrics of the form (1.4) below; in fact we show that for such metics the
Einstein condition is equivalent to the Beltrami elds equation.

We are very grateful to G.W. Gibbons and N.J. Hitchin for pointing out to us
that (1.5) is a particular case of the Beltrami elds equation and for recommending
references on this subject. We thank D.M.J. Calderbank for drawing our attention to
his paper [8], see below, and F. Belgun for useful comments.
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1. The construction.  Firstly, we recall the following ansatz of G.W. Gibbons
and S.W. Hawking [15, 18] (see also, [24]).

Theorem 1.1. Let U (R3;h) be an open subset of the Euclidean three-space.
Let u be a positive smooth function andA a one-form on U. Then, the Riemannian
metric on R U given by

(1.1) g=uh+u (dt+ A)? (t2R)
is Einstein if and only if u and A are related by the monopole equation:
(1.2) du= dA

with respect to a suitable choice of orientation onJ. Moreover, if (1.2) holds, theng
is Ricci- at and self-dual.

Note that (1.2) implies that u is a harmonic function. Moreover, if, for example,
U is an open ball then, given a harmonic functionu, we can nd a one-form A such
that (1.2) is satis ed. Also, note that A de nes a principal connectionon R U; U;R)
with curvature form F = d A which is harmonic, i.e., & =0, d F =0. Conversely,
given a harmonic two-form F on, say, an open ballU of R®, solving dA = F and
du= F gives a solution to (1.2).

Another way of obtaining Einstein metrics, to which our construction is related,
is given by the following well-known warped product construction (see [5, 9.19]).

Theorem 1.2. Let (N";h) be an Einstein manifold of dimensionn with NRicci =
cV'h. Let g be the warped product metric oM "** = R N" given byg=dt?+ 2h
where :R! (0;1) is a smooth function.

Then, (M"*1;q) is Einstein, with MRicci = cM g, if and only if satis es the
following equation:

(1.3) i

Moreover, if (N";h) has constant curvature (note that this is automatically sais ed
if dim N = 3), then (M "*!;g) also has constant curvature.

Next, we give the new construction based on theBeltrami elds equation, see
Proposition 4.1 for solutions.

Theorem 1.3. Let U (S%;h) be an open subset of the three-sphere endowed
with its canonical metric.
Let A be a one-form onU. Then, the Riemannian metric on (0;1 ) U given by

(1.4) g= *h+ ?(d +A) (2(01))
is Einstein if and only if the following Beltrami elds equation holds onU:
(1.5) dA+2 A=0

with respect to a suitable choice of orientation onJ. Moreover, if (1.5) holds, theng
is Ricci- at and self-dual.

Remark 1.4. D.M.J. Calderbank [8, Theorem V] reduces the problem of ndng
scalar at Kahler self-dual 4-manifolds to certain a ne monopole equations on an
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Einstein-Weyl 3-manifold. For suitable choice of gauge, thes equations reduce to the
Beltrami elds equation.
The proof of Theorem 1.3 will be given in Section 3.

By a local principal bundle (M "*1 ;N "; S) (with principal connection H TM)
we shall mean the restriction of a principal bundle 1"+ ;";S) (with principal
connectiont#  TK ) to an open subsetM "** of f1"*1 . Then, the above three
constructions admit the following characterisation which will be proved in Section 3.

Theorem 1.5. Let (N3;h) be a Riemannian three-manifold and let(M 4; N 3; S*)
be a local principal bundle endowed with a principal connecin H TM . Dene a
Riemannian metric g on M4 by

(1.6) 9= 2 (W+ 27

where is a positive smooth function onM 4, ' : M4 ! N3 is the projection of the
local principal bundle (M 4;N?3;S!) and is the connection form of H .
Suppose that(M #; g) is Einstein.
(&) Then one of the following assertions holds:
(i) S* acts by isometries onM # (in particular, the bres of
nian foliation);
(i) (M*;g) and (N3;h) have constant sectional curvature and, locally,g is
given by Theorem 1.2, withn = 3 ;
(iiiy (N3;h) has positive constant sectional curvature and, up to homotties,
g is locally given by Theorem 1.3.
(b) Furthermore, if (N3;h) has constant curvature then(i) can be replaced by
(i9 (N3;h) is at and g is locally given by Theorem 1.1.
Thus if (N'3;h) has constant curvature, the ansatz(1.6) gives an Einstein metric
if and only if it is one of the three constructions: Gibbons{Hawking (Theorem 1.1),
warped product (Theorem 1.2) or Beltrami elds (Theorem 1.3).

Remark 1.6.

1) If both (i) and (ii) of Theorem 1.5 occur then, locally, (M #;g) is the Rieman-
nian product R (N 2;h); whilst, if both (ii) and (iii) occur, then, locally and up to
homotheties, (N 3; h) is the three-sphere,(M #; g) is the Euclidean four-space and(1.6)
corresponds to the polar coordinates. However, (i) and (iij) cannot occur simultane-
ously.

2) Note thata map' : (M"*1;g)! (N";h) is a submersive harmonic morphism
if and only if it is locally as described in the hypothesis of ieorem 1.5 (see Theorem
2.6 below).

3) A similar result ([30]) can be given for a Riemannian manifold N of any di-
mensionn 4. Inthat case,g= 2' (h)+ 2" 4 2 (cf. [7]), and g can be as in
(1.4) only in the trivial case A =0.

4) Assertion (i) of Theorem 1.5 is equivalent to the assertim that be constant
along the bres of ' , whereas, in case (i), is constant along horizontal curves (i.e.,
tangent to H), see, also, Proposition 2.4 and Proposition 2.5, below.

5) In assertion (iii) of Theorem 1.5, we have = ! where is as in Theorem
1.3. Similarly, in assertion (i 9 of Theorem 1.5, we haveu = 2 whereu is as in
Theorem 1.1.

2. Some facts on harmonic morphisms. Both Theorem 1.3 and Theorem 1.5
have their origin in the theory of harmonic morphisms; in this section, we recdlsome

form a Rieman-
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basic facts from that theory (see [4] for a general account and [17] for a frequén
updated bibliography). For simplicity, from now on all the manifolds are assumed to
be smooth, connected and orientable

Definition 2.1. A harmonic morphism is a smooth map' : (M™;g)! (N";h)
between Riemannian manifolds which pulls back harmonic fuations to harmonic func-
tions, i.e., for any harmonic function f : (U;hj,) ! R de ned on an open subset) of
N", with * 1(U) non-empty,f ' :(" *(U);gi :))! R s aharmonic function.

To state the basic characterisation result for harmonic morphisms we als need
the following.

Definition 2.2. A smooth map' : (M™;g) ! (N";h) between Riemannian
manifolds is horizontally (weakly) conformal if, at each pointx 2 M , eitherd' , =0,
ord y : TxM ! T ()N is surjective and its restriction to the horizontal space
Hy = (kerd' x)? is a conformal (linear) map (Hy; okjn,) ! (T xyN;h () . Denote
the conformality factor by (x). The resulting function is called the dilation of
' . The dilation is smooth outside the set of critical points aml can be extended to a
continuous function on M™ , with 2 smooth, by setting it equal to zero on the set of
critical points.

A smooth map is called horizontally homothetic if it is horizontally conformal
with dilation constant along horizontal curves.

The following theorem is due to B. Fuglede [13] and T. Ishihara [19].

Theorem 2.3. A smooth map between Riemannian manifolds is a harmonic
morphism if and only if it is a harmonic map which is horizontdly weakly conformal.

Any Riemannian submersion with minimal bres is a harmonic morphism. This
can be seen either directly or by applying Theorem 2.3. Other simple examples are
radial projection R"** nfOg ! S" (n 1) dened by x 7! x=jxj and the Hopf
polynomial C2 ! R3 dened by (z1;2) 7! jz1j2 | 2j%,221Z; . Note that radial
projection is a horizontally homothetic submersion with geodesic bres, whilst the
bres of the Hopf polynomial are tangent to a Killing vector eld. Both of these
examples are particular cases of more general constructions which we now present.

Proposition 2.4 ( [2]). Let' : (M™;g)! (N";h) be a non-constant horizon-
tally weakly conformal map. IfdimN = 2, then' is a harmonic morphism if and
only if its bres are minimal at regular points. If dimN 6 2, then any two of the
following assertions imply the third:

(i) ' is a harmonic morphism;

(i) the bres of ' are minimal at regular points;

(i) * is horizontally homothetic.

From Proposition 2.4 it follows that any horizontally homothetic submersion with
minimal bres is a harmonic morphism.

Proposition 25 ( [7]). Forn 3,let' :(M"*1:g)! N" be a surjective sub-
mersion with one-dimensional bres which form an orientableRiemannian foliation.
Then the following assertions are equivalent:

(i) there exists a Riemannian metrich on N with respect to which the map
(MM g) ! (N h) is a harmonic morphism;

(i) there exists a non-zero Killing vector eld tangent to the bres of' .

From [7], we also recall the following characterisation.

Theorem 2.6. Let (M"*1;N";S!) be a principal bundle with projection'
M1 1 N and endowed with a principal connectionrH TM . Let h be a Rieman-
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nian metric on N" and a smooth positive function onM "*1
De ne a Riemannian metric on M "*! by

(2.1) g= 2 (m+ ™42

where is the connection form of H. Then' : (M"*1;g) ! (N";h) is a harmonic
morphism.

Conversely, any submersive harmonic morphism with one-dinmsional bres is
locally of this form, up to isometries.

See [25], [26] for a proof of Theorem 2.6 and a more explicit version of the caarse.

Remark 2.7.

1) In the notations of Theorem 2.6, letV be the vertical vector eld with (V) =
1. Obviously, V is the in nitesimal generator of the S? action and g(V;V)= 2" 4.
We call V the fundamental (vertical) vector eld .

2) If (M#%,g) is as in Theorem 1.1 (respectively, Theorem 1.2, Theorem 1.3
and N2 is an open subset ofR® (respectively, a constant curvature three-manifold,
S®), then the canonical projection’ : (M%;g) ! (N3;h) is a harmonic morphism.
Furthermore, if g is given by the Gibbons{Hawking construction then, obvioug, its
bres are generated by a Killing vector eld, whilst if g is given by Theorem 1.3, with
A 6 0, then neither is' horizontally homothetic nor do its bres form a Riemannian
foliation.

3) Recall [1] that any harmonic morphism with one-dimension& bres from a
Riemannian manifold of dimension at least ve is submersive whilst if the domain
has dimension four then the set of critical points is discreg.

3. Characterisations of the construction and some related results.
From the previous section it follows that classifying Einstein metrics which can be
locally written in the form (2.1) is the same as classifying harmonic norphisms
with one-dimensional bres from Einstein manifolds. Therefore the results of this
section will be given in the language of harmonic morphisms. The reader who is ho
primarily interested in harmonic morphisms can easily rewrite all these reslts in the
language of Section 1.

Proposition 3.1.  Let (M #;g) be an Einstein four-manifold and' : (M*4;g) !
(N3;h) a submersive harmonic morphism to a Riemannian three-maniftal.

Then, the following assertions are equivalent:

(i) (N3;h) has constant curvature;

(ii) the following equation holds:

(31) dH( 2) =y
here d" is the dierential followed by the orthogonal projection orto H, is the
dilation of ' , p is the Hodge star operator on H;' (h) with respect to a suitably

chosen orientation, and is the curvature form of the horizontal distribution (i.e.,
in the notation of Theorem 2.6, =d ).

Proof. The following formula is a consequence of [26, (B.0.23)].

MRiccijyy ="' VRicci 2 M(og )+ % i j& ' (h)

(32) +3 0w ho 2d'(og ) d"(log ):
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Assume (ii). Then from (3.2) and a Schur-type lemma (see [5]) it easily ftbows
that (N 3; h) is Einstein and hence of constant curvature.

Conversely, suppose that (i) holds. Recall (see [5, Theorem 5.26]) that anyiB-
stein manifold can be given a real-analytic structure. Then, as in [30, Propsition
1.4], it follows that all the objects appearing in (3.2) are real-analytc.

From (3.2) it follows that = 0 if and only if d " = 0. Otherwise, by real-
analyticity, both are non-zero on a dense open subset df1 * and we may choose a
real-analytic positive orthonormal local frame f X 1; X,; X3g for (H;" (h)) such that
Xi( ) is nowhere zero for each =1;2;3. From (3.2) it follows that

(3.3) Heo (X)W (X)) =Xi0 X P

foranyi;j =1;2;3,i 6 j. Equation (3.1) follows easily from (3.3).
Next, we give the proof of Theorem 1.5.

Proof. [Proof of Theorem 1.5] Part (a) follows from the main result of [27] Gee
[26, Corollary 3.4.5], and the proof of [30, Theorem 2.8]), by noting hat Theorem 1.5
can be viewed as a classi cation result for harmonic morphisms with one-dimensial
bres on Einstein four-manifolds.

Part (b) is a consequence of Proposition 3.1. Indeed, suppose that bothM #; g)
and (N3:h) are Einstein. If = 0 on M then, from (3.1), it follows that is
constant along horizontal curves, and Proposition 2.4 implies that, locdly, g is a
warped product. Then, (1.3) (with n = 3) follows, for example, from [5, 9.109] (see
also [26]), and hence assertion (ii) of Theorem 1.5 holds.

If 60, then, as in the previous proof, is real-analytic; hence it is non-zero
on a dense open subset df1 4. Now, note that the right hand side of (3.1) is basic.
HenceV (X ( 2)) = 0 for any basic vector eld X 2 ( H)whereV is the fundamental
vector eld (Remark 2.7(1)). But V commutes with basic vector elds (becauseH
is a local principal connection on' ), and henceV( ?) is constant along horizontal
curves. It follows that, if V( 2) is non-constant then H is integrable, equivalently,

=0. Thus we must have that V( ?2)= cfor some constantc2 R.

If c=0, then is constant along the bres of' (equivalently, g is as in assertion
(i) of Theorem 1.5), and from (3.1) it will follow that g is locally given by the Gibbons{
Hawking construction, once we have shown that K 3;h) is at; this will follow from
(3.6) below.

If c60,then (1=9d( 2)isa (at) principal connectionon ' . LetA2 (T N)
be a local connection form oH with respectto (1= d( 2), thatis, A is the one-form
on N which satis es

(3.4) =240 9+ (A):
From (3.1) and (3.4), it follows that
(3.5) c' (A)=d"( )= nw = u' (dA)=" ( dA):
Hence dA + ¢ A = 0 which implies assertion (iii), except for the fact that N2 has
constant sectional curvature equal toc2=4 which we shall now prove.
Let' :(M#g)! (N3;h)be asubmersive harmonic morphism between Rieman-

nian manifolds of dimension four and three, respectively. If (3.1) is satis ed hen,
by applying [26, Lemma B.0.19], we get that the Ricci tensors of 1;g) and (N;h)
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satisfy the following relations:

MRiccijyy =0;: MRiccijyy =0
(3.6)
MRiccijuw ="' NRicci % (h) :
From (3.6) it follows easily that, if (M #; g) is Einstein and (3.1) holds, then it is
Ricci- at and ( N 3;h) has constant sectional curvature equal toc?=4 .

Remark 3.2. The proof of Theorem 1.5 shows thaf(3.1) uni es the S'-monopole
equation and Beltrami elds equation. Therefore our constiuction may be considered
to be a natural extension of the Gibbons{Hawking ansatz.

Theorem 1.3 follows from the following result.

Theorem 3.3. Let' : (M#%g)! (N3;h) be a surjective submersive harmonic
morphism such thatd™ ( ?)= 4y with V( 2)=c(2R).

Then the following assertions are equivalent:

(i) (M*#;9) is Einstein;

(i) (N3;h) has constant sectional curvature equal t@?=4.

Moreover, if (i) or (i) holds, then(M #;g) is Ricci- at and self-dual.

Proof. The equivalence of (i) and (ii) follows from (3.6).

To establish the last statement, we may assume for simplicity that, ifc 6 O,
(N3;h) is the three-sphere of radius Zc with its canonical metric and, if ¢ = 0,
(N 3;h) is the Euclidean three-space. Takep to be the Hopf bration S® ! S? if
c6 0, or an orthogonal projection R®! R?if ¢c=0.

Then, = p ' is asubmersive harmonic morphism with two-dimensional bres.
Let F =kerd and de ne J to be the (negatively oriented) almost Hermitian struc-
ture on (M #;g) given by rotation through angle =2 on F and rotation through
angle =2 onF? .

A straightforward calculation shows that (M #;J;g) is a Kahler manifold if and
only if d"( 2)= 4 with V( 2)= c. It follows that (M#;g) is hyper-Kahler
and, in particular, Ricci- at and self-dual (see [5]). (Note that the orientatio n of M 4
is given as follows: orientV = kerd' by and then choose the orientation onM 4
such that the canonical vector bundle isomorphismsTM =V H andH =" (TN)
are orientation preserving.)

Remark 3.4. 1) The second part of the proof of Theorem 3.3 was inspired by
C. LeBrun's discussion of the Gibbons{Hawking ansatz [24]4ee also [34], [9, Theorem
3.5)).

2) In [31], the method is developed to give the following:

Let (N3;h) be a constant curvature three-manifold and let A be a real-analytic
one-form onN. De ne a Riemannian metric on (0;1) N2 by

3.7) g= h+ *(d +A)? (2(0:1)):

Then g is self-dual (respectively, anti-self-dual) if and only if the following Bel-
trami elds equation holds on N3:

(3.8) dA = A (respectively, dA = A):

Note that (N 3; h) may have constant sectional curvature of sign unrelated tohiat
in (3.8) and that g is not, in general, Einstein.
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We shall give details on this construction in [31], togetherwith another new
construction of self-dual metrics.

We end this section with the classi cation of harmonic morphisms with one-
dimensional bres on compact Einstein four-manifolds. For this we need the following
which improves one of the statements of [28, Theorem 2.9].

Proposition 3.5. Let (M4;g) be an Einstein four-manifold and let '
(M#4;g) ! (N3;h) be a harmonic morphism with one-dimensional bres to a Rie-
mannian three-manifold.

If ' has critical points, then (M #; g) is Ricci- at and there exists a (real-analytic)
Killing vector eld tangent to the bres of ' whose zero set is equal to the set of critical
points of ' .

Proof. By a result of P. Baird [1], a harmonic morphism' : (M;g)! (N;h) with
one-dimensional bres is submersive if dinM > 4, whilst, if dim M = 4, the set of
critical points of ' is discrete.

Now Theorem 1.5 is equivalent to a classi cation result for harmonic morphisns
with one-dimensional bres on Einstein four-manifolds [27, Corollary 1.9], R6, Corol-
lary 3.4.5]. As already explained, if assertion (ii) of Theorem 1.5 holds, hen' is a
harmonic map which is horizontally homothetic, and hence, by a result of B. Fuglede
[14], it is submersive.

If assertion (iii) of Theorem 1.5 holds thenV( ?) is a non-zero constant where,
as before, is the dilation of ' andV is the fundamental vector eld (Remark 2.7(1)).
Because the critical points of' are isolated, from [10] it follows that, in the neigh-
bourhood of a critical point, ' is topologically equivalent to the cone over the Hopf
bration S3®! S2. Therefore there exists a connected component of a bre of which
is di eomorphic to S?, and hence at some point we must have/(  2) =0. Thus, if
(iii) of Theorem 1.5 holds, then' is submersive.

We have thus shown that, if * has critical points, then its bres are generated
by a Killing vector eld, namely V , which can be extended to a real-analytic Killing
vector eld on (M #;g) by setting it equal to zero at the critical points (see the proof
of [27, Corollary 3.3] or [26, Corollary 3.6.3]).

Because and are basic they are locally the pull-backs of a function and a
two-form, respectively, which are de ned on N2 . For simplicity, we shall denote the
corresponding objects onN 2 by the same letters and . Recall that MRicci= cV g
and gy = 2* (h). Thus (3.2) can be written as an equation onN?2. Further-
more, by applying [26, (B.0.25)], the corresponding equation orN 2 can be written
as follows:

(3.9) NRicci=2d"  2h 14 ) ()+2 2d d:

From (3.9), it follows that any vector orthogonal to both () ! and grad is an
eigenvector forNRicci, the corresponding eigenvalue being™ 2. Hence, ifc™ 60,
this eigenvalue tends tol as we approach a critical value of , which is obviously
impossible (apply, for example, [30, Lemma 2.1]). Thug™ =0, i.e., VRicci=0.

By applying Proposition 3.5 we obtain the following result, which improves [27,
Theorem 3.8, Theorem 4.11].

Theorem 3.6. Let (M*;g) be a compact Einstein four-manifold and'
(M#4;g) ! (N3;h) a non-constant harmonic morphism to a Riemannian three-
manifold.
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Then, up to homotheties and Riemannian coverings, is the canonical projection
T4! T3 between at tori.

Proof. If ' is submersive this follows from [27, Theorem 3.8].

If * has critical points then, by Proposition 3.5, (M 4;g) is Ricci- at and there
exists a Killing vector eld V tangent to the bres of ' whose zero set is equal to
the set of critical points of ' . But, since (M “;g) is compact and Ricci- at, by a
well-known result of S. Bochner (see [5, 1.84])V is actually parallel and hence of
constant norm. It follows that ' must be submersive and the theorem is proved.

4. Solving dA+2 A =0 on S2 In what follows we regard S as the Lie
group Sp(1) of unit quaternions. Let f X; g be an orthonormal positively oriented left
invariant frame on S°, f jgits dual and :S®! S2(1) the Hopf bration chosen
so that its bres are tangent to Xg3; here Sz(%) denotes the sphere of radius 22.
For any three-dimensional submanifold (with boundary) N S® we shall denote the
space of harmonic function onN by H(N), the space of harmonic functions onN
which are basic with respectto by H,(N), and the space of harmonic one-forms on
N by HY(N).

Proposition 4.1.  There exists a subbase&l for the topology ofS® such that, for
eachU 2 U, the closureU is a three-dimensional submanifold with boundary, and we
have an isomorphism

HU) H (U) H »U)
H(U)

(4.1) A2 (TU)jdA+2 A=0onU !

given by
A=A 17 AL Ay Az+ G(Xa(A)+ X2(A)) modH(U)

where g :H(U)!H (U) is a certain injective linear map such thatX; g(u) =u
for any u2 H (U).

Proof. Firstly, we construct the subbaseU and the functor . For each closed
2-ball D in S? let s: D! S3 be a section of . Because *(D) is a solid torus
we can nd an open 3-ball U whose closureU 1(D) is a closed 3-ball such that
s(D) U and Jjg has connected bres. We de neU to be formed of all suchU.

letU2U. Todene gyletu2H(U)andtakew:U! R tobe the smooth
function characterised by

4.2) X3(w)=u; st( ) = 0:
BecauseX ; is a Killing vector eld, we have
X3( w)=( Xzgw))= u=0:
Hence we can ndw: (U)! R such that
(4.3) (W)= w:
Take w1 : (U)! R to be the unique solution of the following Dirichlet problem:

2 .
(4.4) S Wi =W, Wig @ ~ 0:
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Dene g(u)=w (w1); we show that X3 g{(u) = uand ( g(u)) =0.
Indeed, by (4.2), we have

Xz g(u) =Xsw) Xz( (wW))=u 0=u:

Also, by (4.3) and (4.4), and since intertwines Laplacians (see, for example, [4,
Chapter 4]) we have

( gup= w ( (W)
= (w) ( Sw)

= (@ Sw)=0:

For a one-formA = A; 1 onS®set A =( Aj) /. (Note that is not the
Hodge Laplacian dd+dd .) To prove that (4.1) is an isomorphism, it is su cient
to prove the following two facts:

() The map H(U) H (U) H pU)! A A=0;dA=0 givenhy
(up;uz;ug) 7! ug;uz;ug g(X1(u1) + X2(uz)) is an isomorphism;

(i) A A=0;dA=0 = A (d?+2( d) (A)=0;dA=0

The proof of (i) follows easily from the properties of  and the fact thatd A =
X1(A1) + X2(A2) + X3(A3) .

To prove (ii) we use the Dirac operator D: (S® H)! (S® H)denedby

1
0 Xj_ X2 X3

p=BX1 O X3 Xz%.
B X2 X3 0 Xl '
X3 Xo X3 0
Then,if A=ReA+Im A:S%! H we have
DA=d (ImA)+ d(ReA)+( d+2)(im A) :
Also, D? = +2D and the proof follows.

Remark 4.2. Proposition 4.1 and its proof are similar to the discussion d the
Beltrami elds equation on R2 in [20]. This discussion admits the following reformu-
lation (which we do not imagine to be new):

Let be the Hodge Laplacian on an oriented Riemannian three-maroid N 3.
Then for a coclosed one-formA the vector wave equation A = c?A, wherec is a
constant, reads

( d+o)( d ©)(A)=0 :

Therefore we have a linear map from the space of coclosed solutions of the vector
wave equation to the space of solutions of theBeltrami elds equation

dA = cA
given by

A7! ( d+¢)(A)
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which is easily seen to be surjective it 6 0 .
The following result is an immediate consequence of Proposition 4.1 (see [[26r
[27] for a di erent argument).

Corollary 4.3. The set of global solutions todA +2 A =0 on S® is equal to
the space of left invariant one-forms.

Example 4.4. If A is a left-invariant one-form on (S3;h) considered with its
canonical metric, theng= 2h+ 2( d + A)? is the Eguchi-Hanson metric Il [12].
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