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MOMENT MAPS AND SYMMETRIC MULTILINEAR FORMS

ASSOCIATED WITH SYMPLECTIC CLASSES∗

AKITO FUTAKI† AND TOSHIKI MABUCHI‡

1. Introduction. For a compact connected symplectic 2n-dimensional manifold
(M,ω) with a Hamiltonian action of a compact connected Lie group G, we have a
moment map µ : M → g∗ such that the Hamiltonian functions µX := < µ,X >,
X ∈ g, satisfy the condition

∫

M

µX ωn = 0,

where g denotes the Lie algebra of G. This µ is uniquely determined by the G-action
on M as above, and is called the reduced moment map.

Let us first consider the case where G is a k-dimensional torus T = (S1)k with
the associated Lie algebra t. Then the image µ(M) of the moment map is a compact
convex polytope (cf. Atiyah [1], Guillemin and Sternberg [14]). The kernel, denoted
by tZ, of the exponential map exp : t → T is called the lattice in t, and points in the
lattice are called integral points. They in turn define the dual lattice t∗Z and integral
points in t∗. By setting tQ := tZ ⊗Z Q and t∗Q := t∗Z ⊗Z Q, we have rational points in
t and t∗. A convex polytope in t∗ is said to be integral or rational, according as all
vertices are integral points or rational points, respectively. The fixed point set MT of
the T -action on M sits in the critical point set for µ, and the image µ(MT ) is a finite
subset of t∗. The following proposition, which was originally conjectured by Atiyah
[1] in the special case of projective algebraic manifolds, plays a key role in our work:

Proposition A. Assume that ω represents an integral cohomology class of M
modulo torsion. For G = T = (S1)k, let µ : M → t∗ be the reduced moment map.

Then µ(MT ) ⊂ t∗Q, and in particular, the convex polytope µ(M) is rational.

In this paper, by giving a proof of this proposition, we generalize the results in
[10] to symplectic cases. Take a general compact Lie group G, and let µ : M → g∗ be
the reduced moment map as above. We here observe that the underlying differentiable
structure of a compact symplectic manifold does not necessarily admit a compatible
complex structure (see [13]). For the symplectic class [ω], just like the ℓ-th moment
for a probability distribution, we define a symmetric multilinear form Φℓ : ⊗ℓg → R

by

Φℓ(Y1, · · · , Yℓ) =

∫

M

µY1
· · · µYℓ

ωn, Y1, . . . , Yℓ ∈ g.

Let gQ be the set of all X ∈ g such that mX is in the kernel of exp : g → G for some
positive integer m. In view of Proposition A, we obtain
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Theorem B. (a) For a fixed symplectic class, the multilinear form Φℓ is inde-

pendent of the choice of ω in the class.

(b) Assume that X ∈ gQ. If ω represents an integral cohomology class of M modulo

torsion, then Φℓ(X,X, . . . ,X) is a rational number.

Now, by changing notations, we consider the case where M is a compact complex
connected manifold on which a complex Lie group H specified later will act in place
of G. We further assume that M admits a symplectic form ω0 of type (1, 1), namely
a pseudo-Kähler form. Let S denote the set of all symplectic forms on M expressible
as

ωϕ := ω0 + (
√
−1/2π) ∂∂ϕ

for some real-valued smooth functions ϕ ∈ C∞(M)R on M . By T 1,0M , we denote the
holomorphic tangent bundle of M , and let Aut(M) be the group of all holomorphic
automorphisms of M . Then the linear map

φ : H0(M,O(T 1,0M)) → H1(M,O), ξ 7→ φ(ξ) := [i(ξ)ω],

is independent of the choice of ω in S. The kernel h := Kerφ is called the space
of the Hamiltonian holomorphic vector fields on M , and will be studied in Theorem
6.1 which generalizes a theorem of Fujiki (cf. Remark 6.2). Here, h is not necessar-
ily a complexification of a compactly embedded Lie subalgebra. As in the case of
Φℓ : ⊗ℓg → R above, using the same notation Φℓ by abuse of terminology, we can
similarly define a symmetric multilinear form Φℓ : ⊗ℓh → C which depends only on
the class S (cf. Theorem 6.3). Let H be the complex connected Lie subgroup of
Aut(M) associated to the complex Lie subalgebra h of H0(M,O(T 1,0M)). Then, as
an analogue of the Bando-Calabi-Futaki character in Kähler cases, we obtain a Lie
algebra character (cf. (20) in Section 6)

FS : h → C

which is an obstruction to the existence of a symplectic form in S with constant scalar
curvature. Choose a maximal compact subgroup K of H, and let k be the associated
Lie subalgebra of h, and kC := k +

√
−1 k the complexification of k in h. Again as

in Kähler cases, the symmetric bilinear form Φ2 : ⊗2h → C allows us to obtain an
analogue of an extremal Kähler vector field (cf. [10]) as follows:

Theorem C. If the identity component of the center of K fixes some element

of S, then there exists ξS in the center of k, uniquely determined by the choice of K,

such that

FS(ζ) = Φ2(ζ, ξS), for all ζ ∈ kC.

Since K is unique up to conjugacy in H, so is ξS in h. If the symplectic class of S is

integral modulo torsion, then exp(νξS) = 1 for some positive integer ν.

To each symplectic form ω ∈ S, we associate a vector filed τω := gradC
ω σ(ω) (see

Section 6), where σ(ω) is the scalar curvature of ω (cf. Appendix). Then ω is said to
be extremal or strictly extremal, according as τω is holomorphic (i.e., τω ∈ h) or the
one-parameter group {exp(t τω) ; t ∈ R} sits in a compact subgroup of H, respectively.
Now, let ω be an element of S fixed by the identity component of the center of K
above. Then
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Corollary D. (a) If ω is strictly extremal, then τω coincides with ξS above up

to conjugacy in h, and in particular, both maxM σ(ω) and minM σ(ω) are rational

numbers.

(b) Assume that ω is extremal. Then ω is strictly extremal if, for instance, H is a

reductive algebraic group or ω is a Kähler form.

2. Preliminaries. In this paper, with the only exception in Appendix, all sym-
plecic forms are assumed to be real. Furthermore, M is always a compact connected
symplectic manifold of dimension 2n with symplectic class [ω]. (In this section, the
cohomology class [ω0] is assumed to be integral modulo torsion, where the terminology
“modulo torsion” is often omitted for simplicity.) Take a complex line bundle L with
c1(L) = [ω] and denote by P the principal S1-bundle associated with L. Assume that
we have a Hamiltonian action of the k-dimensional torus T = (S1)k on M , where T
is regarded as the only maximal compact subgroup of (C∗)k. In particular, the action
of T on M is symplectic, i.e., it preserves the symplectic form ω. Identify t with Rk

and the lattice in t with Zk sitting in Rk. Then the the exponential map exp : t → T
is written as

(x1, x2, . . . , xk) 7→ (e2π
√
−1 x1 , e2π

√
−1 x2 , . . . , e2π

√
−1 xk).

Each X ∈ t induces a symplectic vector field, denoted also by X, on M . We further
have a moment map µ : M → t∗ which is, in general, unique only up to translation.
Then

d < µ, X > = i(X)ω,

and µ is equivariant. The function µX :=< µ,X > is T -invariant, and is called the
Hamiltonian function for X ∈ t. Given a Hamiltonian T -action on M , if µ : M → t is
a reduced moment map, it is uniquely determined by the action.

Suppose for a moment that the symplectic action is given by a general compact
Lie group G with Lie algebra g instead of the torus T (this is just to make clear
the motivation of the construction (2.2) below). Let L be a complex line bundle
with c1(L) = [ω]. Take a connection ∇ of L such that its curvature R(∇) is equal
to −2π

√
−1ω. Now we will see that a moment map gives rise to a Lie algebra

homomorphism g → X(L) where X(L) denotes the Lie algebra of all vector fields on
L. It is also possible to replace L by the associated principal bundle P . Namely a
moment map gives rise to a Lie algebra homomorphism g → X(P ). We will explain
this in the case of P ; the case of L is quite similar. For any X ∈ g considered as a
vector field on M , there is a horizontal lift Xh on P with respect to the connecion
induced from ∇. Locally this is expressed as follows. Let U be an open set, and let
P |U ∼= U × S1 and L|U ∼= U × C be local trivializations. Let θU be the connection
form on M with respect to this trivialization. Then the associated connection form
in P is expressible as

(2.1) θ̃ =
dz

z
+ θU ,

and the horizontal lift of X is given by

Xh = −θU (X) z
∂

∂z
+X,
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where z denotes the fiber coordinate of L|U ∼= U × C and dz/z is the Maurer-Cartan
form of S1 ⊂ C. This lift gives a map g → X(P ) which is however not a Lie algebra
homomorphism. We add 2πµX

√
−1 z ∂/∂z to define g → X(P ) by

(2.2) X 7→ X♯ := 2πµX

√
−1 z

∂

∂z
+Xh,

which is easily seen to be a Lie algebra homomorphism. Now we again return to the
case of symplectic torus action. To fix our notation, we give a geometric proof to the
following fact (see Ono [21; Lemma (4.8) ]):

Proposition 2.1. The action of T = (S1)k lifts to bundle actions on P and L.

Proof. Clearly we have only to show this for P . Let X be a generator of the lattice
in t, and {ψt}t∈R be the one-parameter group generated byX♯. Since ψt covers the S1-
action on M generated by X, we see that ψ1 defines a gauge transformation (denoted
also by ψ1 by abuse of terminology) of P , i.e., a smooth map from M to S1.

We claim that this gauge transformation is homotopic to a constant map. To
see this, note that the set of homotopy classes of maps from M to S1 is isomorphic
to H1(M ; Z) by assigning φ : M → S1 to φ∗α ∈ H1(M ; Z), where α denotes the
generator of H1(S1; Z). Thus it suffices to see ψ∗

1α = 0. Since µX is a perfect Morse
function,

H1(M ; Z) ∼= H2n−1(M ; Z) ∼= ⊕iH2n−1−2λi
(Fi; Z)

where Fi are connected componets of the set of critical points of µX , and 2λi is the
index of Fi. Let 2di be the dimension of Fi. Since 2n− 2λi ≥ 2di, the only non-zero
contribution of the last term is

⊕iH2di−1(Fi; Z) ∼= ⊕iH
1(Fi; Z).

Thus it suffices to see ψ1|Fi
: Fi (→֒ M) → S1 is homotopic to a constant map. But

this is the case, since X vanishes and µX is constant along Fi.
It follows that ψ1 lifts to a map ψ̃ : M → R. Put X̃ := X♯−ψ̃

√
−1 z∂/∂z. Noting

that ψ1 and ψ̃ are S1-invariant under the S1-action on M , we see that X̃ generates
an S1-action on L covering that on M . �

Remark 2.2. As the proof shows, the lifting in Proposition 2.1 is not unique.
In fact, the choice of ψ̃ is determined up to modulo 2πZ. We will see in Theorem 2.4
that a choice of lifting reflects on a translation of the image of moment maps (see also
the example given at the end of this section). We may also interpret this as the exact
sequence over Z given in Fujiki [7; Lemma 3.1].

Remark 2.3. Let M be a compact complex manifold with a pseudo-Kähler form
ω (cf. Section 6) in an integral class, and take a holomorphic line bundle L such
that c1(L) = [ω]. Choose a Hermitian connection θ on L such that dθ = −2π

√
−1ω.

Then for a holomorphic vector field ξ on M which generates a Hamiltonian S1-action
on M , the associated lifting ξ♯ on L induced by (2.2) is holomorphic on L, since
∂µX = i(ξ)ω and ∂(θ(X)) = −2π

√
−1 i(ξ)ω, where X := ξ+ ξ̄ and X♯ = ξ♯ + ξ̄♯. In

this case, Proposition 2.1 is written as follows (see also [15]):

Let M be a compact complex manifold with a pseudo-Kähler form ω in an integral

cohomology class, and let P and L be as above. Then a holomorphic (C∗)k-action on

M extending a Hamiltonian torus action lifts to a holomorphic bundle action on L.
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Next, coming back to general symplectic situations, we recall a result of Berline-
Vergne [3]. Let G and G′ be compact Lie groups with Lie algebras g and g′, and let
P → M be a principal G-bundle endowed with a left G′-action on P which covers a
G′-action on M and commutes with the G-action on P . Assume dimR M = 2n. For
integers j ≥ 0, put

Ij(G) = Sj(g∗)G, and Ij(G′) = Sj(g′
∗
)G,

i.e., the former (resp. the latter) is the set of all G-invariant (resp. G′-invariant)
symmetric polynomials of degree j with coefficients in C and with variables in g∗

(resp. g′∗). Choose a G′-invariant connection θ̃ of P → M . For any φ ∈ Ij(G), we
define

(2.3) fφ(X) =

∫

M

φ(θ̃(X) + Θ)

where X ∈ g′ is regarded as a vector field on P , and Θ denotes the curvature form
of θ̃. Then fφ turns out to be independent of the choice of θ, and defines an element
of Ij(G′). We apply this result to our symplectic situation. By setting G = S1 and
G′ = T = (S1)k, let (M,ω) be a compact symplectic manifold with a Hamiltonian
T -action. Let L over (M,ω) be a complex line bundle with c1(L) = [ω]. Then by
Proposition 2.1, the T -action onM lifts to a bundle action on L. Choose such a lifting.
For the associated S1-bundle P , we consider the invariant polynomial cn+1

1 ∈ In+1(S1)
defined by

cn+1
1 (x) :=

(√
−1x

2π

)n+1

.

Then fL

cn+1
1

∈ In+1(T ) is written as

fL

cn+1
1

(X) =

(√
−1

2π

)n+1 ∫

M

(θ̃(X) + Θ)n+1(2.4)

= (n+ 1)

∫

M

√
−1

2π
θ̃(X) ωn,(2.5)

where θ is a T -invariant connection with Θ = dθ = −2π
√
−1ω and θ̃ is the connection

form in P which of course is locally equal to the Maurer-Cartan form plus θ. Moreover,
X denotes the vector field (denoted by X̃ in the proof of Proposition 2.1) on P
corresponding to X ∈ t. Let X1, · · · , Xk be the generators of the lattice of t. We set

(2.6) di = − (n+ 1)−1fL

cn+1
1

(Xi).

It should be noted that d1, · · · , dk depend on the lifting to L of the T -action on M .

Lemma 2.4. Let µXi
be such that µXi

= {2π
√
−1 }−1θ̃(Xi). This amounts to

normalizing µXi
by

(2.7)

∫

M

µXi
ωn = di.

Proof. Since θ̃ is T -invariant, LX θ̃ = 0. But LX θ̃ = d(θ̃(X)) + i(X)Θ and hence

i(X)ω = d
(
{2π

√
−1 }−1θ̃(X)

)
.
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Now (2.7) follows from (2.5) and (2.6). �

We now consider the integrality of the image of the moment map. This is well-
known for toric varieties and Delzant spaces [4]. More generally, Guillemin and Stern-
berg show in [14] that the integrality holds for prequantizable Hamiltonian torus
actions. The following theorem is proved essentially by showing that such a prequan-
tization is realized by the normalization (2.7) of the Hamiltonian functions:

Theorem 2.5. (a) Let M be a compact connected symplectic manifold with

integral symplectic class [ω]. Suppose that M admits a Hamiltonian action of T =
(S1)k. Let L be a complex line bundle with c1(L) = [ω], and choose a lifting of

the T -action on M to a bundle action on L. Normalize the Hamiltonian functions

µXi
, 1 ≤ i ≤ k, such that (2.7) is satisfied with respect to the lifting. Then each

critical value of µXi
is the integer obtained as the common weight of the isotropy

action of S1 generated by Xi on the fibers of L over the associated critical points, and

the image of the moment map µ = (µX1
, . . . , µXk

) is an integral convex polytope.

(b) Moreover, for any translation of the image of the moment map to an integral

convex polytope, there exists a lifting of the T -action to a bundle action on L such

that the translated Hamiltonian functions satisfies (2.7) with respect to the lifting.

Proof. (a) For a generator Xi ∈ t, the associated vector field on P induced from
the lifting of the T k-action will be denoted by the same letter Xi. By the previous
lemma, under the normalization (2.7), we have µXi

= (2π
√
−1)−1θ̃(Xi). For a critical

point p ∈M of µXi
,

µXi
(p) =

1

2π
√
−1

θ̃(Xi)p =
1

2π
√
−1

dz

z
(Xi)p

is the weight of the isotropy action of S1 generated by Xi on the fiber Lp over p. Thus
the critical values of µXi

are integers. Now for a vertex v = (v1, · · · , vk) ∈ t∗ of
the image of the moment map, vi is a critical value of µXi

, and hence v is an integral
point.

(b) To prove the last statement, recall the proof of Proposition 2.1. By Remark 2.2

ψ̃ is unique up to modulo 2πZ. Let p be a critical point of µXi
. Then for the S1-

action on M generated by Xi, any integer can be taken as the weight of the isotropy
S1-action on Lp for some lifting to L of the S1-action. Hence any translation to an
integral polytope is obtained by choosing a some another lifting of the T -action to L.
�

Remark 2.6. Theorem 2.5 implies, for each µXi
, that if one critical value is an

integer then all other critical values are integers.

Let us look at an example. Take M to be the 1-dimensional complex projective
space P = P1(C), and S1 to be in the center of PGL(2,C). Let (z0, z1) be the
homogeneous coordinates and u = z1/z0 be the inhomogeneous coordinate on the
open set { z0 6= 0}. Then the S1-action is given by u 7→ e2πitu. The Kähler form

ωFS :=

√
−1

π

du ∧ du
(1 + |u|2)2

represents the first Chern class of M, i.e. c1(T
1,0P) = [ωFS ]. For the generator

X = 2π
√
−1u

∂

∂u
− 2π

√
−1u

∂

∂u
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of the S1-action we have i(X)ωFS = d{ (1 − |u|2)/(1 + |u|2) }, and thus

µ(z0 : z1) =
|z0|2 − |z1|2
|z0|2 + |z1|2

is the moment map, whose image is clearly an interval with integral end points. How-
ever, ω := ωFS/2 is still an integral class which is the Chern class of the hyperplane
bundle L, i.e. the square root of T 1,0P. The moment map for ω is µ/2 whose image is
the interval [−1/2, 1/2]. We now see what was done in the proof of Proposition 2.1.

The connections θ, θ̃ and X♯ are respectively given as follows:

θ =
−1

2

(
udu

1 + |u|2 − udu

1 + |u|2
)
,

where θ is the Hermitian connection of the standard metric of L, and on the associated
S1-bundle P , we have θ̃ =

√
−1 dλ + θ for the fiber coordinate z = e

√
−1 λ of P .

Moreover,

X♯ = (2πµ/2 +
√
−1θ(X))

∂

∂λ
+X = π

∂

∂λ
+X.

From this, it follows that ψ1 = π. Choose ψ̃ = (−2m + 1)π for an integer m. Then

X̃ = 2mπ∂/∂λ+X. The resulting lifting gives the moment map

u 7→ 1

2π
√
−1

θ̃(X̃) = m− |u|2
1 + |u|2 ,

whose image is the interval [m− 1, m].

3. The localization formula. In this section, let k = 1, i.e., we consider a
compact symplectic manifold (M,ω) with a Hamiltonian action of T = S1, where
µ : M → t∗ is the associated reduced moment map. For 0 6= X ∈ t, the zero set N of
Y is written as a finite disjoint union

N =
⋃

γ∈Γ

Nγ

of the connected components Nγ . Then N is a symplectic submanifold of M , and
its normal bundle E is a symplectic vector bundle which naturally becomes a com-
plex vector bundle. The restriction to E of minus Lie derivative −LX is a complex
endomorphism, which we denote by LX. In fact, when we write ω as the standard
symplectic form on Cn using the Darboux-Weinstein theorem, the type (1,0) part of
X can be written locally as a holomorphic vector field

ξ = 2π
√
−1

∑

i

ξi ∂

∂zi
,

on an open set of Cn. Thus for a normal vector ∂/∂zλ,

(LX)
∂

∂zλ
= −2π

√
−1

[
ξ + ξ, ∂/∂zλ

]
= 2π

√
−1

∑

τ

∂ξτ

∂zλ

∂

∂zτ
mod TN
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where zτ runs over coordinates in the normal direction to N . Let ℓ be a positive
integer and C an arbitrary real constant. By the well-known residue formula (see for
exponential case [5; Addendum ]), we obtain

(3.1)

∫

M

(µX + C + ω)n+ℓ =
∑

γ∈Γ

∫

Nγ

(µX + C + ω)n+ℓ

det
{

(LX + ΘE)/(2π
√
−1)

} ,

where ΘE denotes the curvature of the conncetion for the normal bundle E of N .
Since X generates an S1-action, all eigenvalues of LX/2π

√
−1 are real constants,

while the function µX := < µ,X > are constant on each Nγ . It then follows that

δγ(X,C, ℓ) :=
n! ℓ!

(n+ ℓ)!

∫

Nγ

(µX + C + ω)n+ℓ

det
{

(LX + ΘE)/(2π
√
−1)

} , γ ∈ Γ,

are real constants. Then by (3.1), we obtain the following localization formula:

Proposition 3.1.
∫

M
(µX + C)ℓ ωn =

∑
γ∈Γ δγ(X,C, ℓ).

4. Proof of Proposition A. In this section, we give some consequeces of The-
orem 2.5. We shall first prove Proposition A. Let M , ω, G and µ be as in Proposition
A in the introduction.

Proof of Proposition A. For L as in (a) of Theorem 2.5, we choose a lifting
of the action of T = (S1)k to L. This determines a normalization of the moment
map ν : M → t∗ whose image is an integral convex polytope. Apply Proposition 3.1
to ℓ = 1 and C := νX − µX with X = Xi, where X1, . . . , Xk are as in Theorem
2.5. By Xi ∈ tZ, all eigenvalues of LXi/2π

√
−1 are integers, and corresponding to

the eigenspace decomposition, E splits into a direct sum of complex vector bundles.
Moreover, by Theorem 2.5, the function νX := < ν,X > = µX + C takes integer
values on N . Therefore

δγ(Xi, C, 1) ∈ Q, γ ∈ Γ,

because [ω] is an integral class. Then by Proposition 3.1,
∫

M
νXi

ωn =
∫

M
(µX +

C)ωn ∈ Q, and hence by Theorem 2.5, we conclude that µXi
= νXi

−
{
∫

M
ωn}−1

∫
M
νXi

ωn takes values in Q on MT , as required. �

Remark 4.1. This proof shows that di, i = 1, 2, . . . , k, in (2.6) are rational num-
bers. Later, we see that this rationality follows also from the viewpoints of equivariant
cohomologies.

We now study Fano cases. A compact complex manifold is called a Fano man-
ifold if the first Chern class c1(M)R is represented by a positive closed (1,1)-form
ω, so that we may regard c1(M)R as a Kähler class. The Ricci form Ric(ω) =
(
√
−1/2π) ∂∂ logωn also represents c1(M)R by the Chern-Weil theory. Thus there

exists a unique smooth function F on M , satisfying
∫

M
eFωn =

∫
M
ωn, such that

Ric(ω) − ω = (
√
−1/2π) ∂∂F.

Suppose that T = (S1)k acts on M as isometries. Since M is a Fano manifold, it is
well-known that such an action is holomorphic and Hamitonian (see [18]). The action
naturally lifts to the anti-canonical bundle K−1

M . For each X ∈ t, we consider the
invariant fcn+1

1
(X) with respect to the natural lifting to K−1

M of the T -action on M .
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Proposition 4.2. For a Hamiltonian function µX for X ∈ t with respect to ω,

which is unique up to a constant, the normalization

(4.1)

∫

M

µX ωn = − (n+ 1)−1fcn+1
1

(X)

is equivalent to

(4.2)

∫

M

µX eF ωn = 0.

Proof. By the Calabi-Yau theorem there exists a Kähler form h in the Kähler
class c1(M) such that Ric(h) = ω. Then hn defines a Hermitian metric on K−1

M , and
let θ be the associated Hermitian connection and Θ its curvature form. Obviously
(
√
−1 /2π)Θ = Ric(h) = ω. As usual, we denote by X the vector field on K−1

M induced

by X ∈ t. Then θ̃(X) is the divergence divh(X) with respect to h. By Lemma 2.4,
the equality (4.1) holds if and only if

µX = (2π
√
−1 )−1 θ̃(X) = (2π

√
−1 )−1 divh(X),

which in turn is equivalent to

(4.3)

∫

M

µX hn =

∫

M

divh(X)hn = 0.

But, since Ric(h) = ω, we have Ric(h) = Ric(ω) − (
√
−1/2π) ∂∂F , i.e., hn = eF ωn.

Hence, (4.3) is equivalent to (4.2). This completes the proof. �

Corollary 4.3. Let M be a Fano manifold with a Kähler form ω in the class

c1(M)R. Suppose that T = (S1)k acts on (M,ω) in a Hamiltonian way with generators

X1, · · · , Xk for the lattice in t. If we normalize the Hamiltonian functions µXi
by

∫

M

µXi
eF ωn = 0

for the function F as above, then the image of the moment map is an integral convex

polytope. In particular, if M admits a Kähler-Einstein form ω, then the image of the

reduced moment map is an integral convex polytope.

Proof. The first assertion follows from Theorem 2.5 and Proposition 4.2. For
Kähler-Einstein forms ω, we have Ric(ω) = ω and hence F is a constant function,
and therefore the second assertion follows. �

Remark 4.4. (a) In view of a theorem of Futaki and Morita [11], fcn+1
1

(X) is an

obstruction to the existence of Kähler-Einstein metrics (cf. [8]). In particular

di = −(n+ 1)−1fcn+1
1

(Xi) = 0

for Kähler-Einstein forms ω. Thus, without using Proposition 4.2, we have the second
assertion of Corollary 4.3 immediately from Theorem 2.5.

(b) Even without Theorem 2.5 and Proposition 4.2, we obtain the first assertion of
Corollary 4.3 as follows: For a Kähler form ω in the class c1(M)R on a Fano manifold
M , using the same notation as in Section 5, we can write every holomorphic vector
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field ξ on M as ξ = gradC
ω u for some complex-valued smooth function u on M

satisfying the equation

∆ωu+
∑

α,β

gαβ ∂F

∂zα

∂u

∂zβ
+ u = 0, (cf. [9; 2.4])

where ∆ω denotes the complex Laplacian Σα,β g
αβ(∂2/∂zα∂zβ). Such a function u

obviously satisfies

∫

M

u eF ωn = 0.

For the generators X1, X2, . . . , Xk of the lattice in t in Corollary 4.3, let ξi be the
associated holomorphic vector field such that Xi = ξi + ξi, i = 1, 2, . . . , k. Denote by
ui the function in V corresponding to ξi, so that we have ξi = gradC

ω ui. Then

µXi
= ui, i = 1, 2, . . . , k.

Let p ∈ M be a critical point of µXi
. Since gradC

ω ui = 0 at p, by using the equation
above, we obtain

−µXi
(p) = −ui(p) = (∆ωui)(p).

But the right-hand side is an integer because it is the sum of the weigts of the S1-
action on the normal bundle of the component containing p of the fixed point set, or
equivalently the weight of the action on (K−1

M )p. Thus µXi
takes values in Z on the

critical point set. Therefore, the image of the moment map is a convex polytope with
integral vertices.

5. Proof of Theorem B. Let M be a compact symplectic manifold with a
Hamiltonian action of a compact Lie group G. In this section, we fix a (possibly
non-integral) symplectic class [ω0], and consider the set of all G-invariant symplectic
forms in the class [ω0]. Two G-invariant symplectic forms ω0, ω1 in the class are
joined by a path

ωt = ω0 + tdα, 0 ≤ t ≤ 1,

where α is a G-invariant 1-form onM , and ωt is a 2-form onM which is not necessarily
symplectic in general. Let µX,0 be a Hamiltonian function for X ∈ g with respect to
ω0 defined by dµX,0 = i(X)ω0. Put

(5.1) µX,t = µX,0 − tα(X), 0 ≤ t ≤ 1.

Proposition 5.1. For each X ∈ g, the function µX,t is a Hamiltonian function

for X with respect to ωt, i.e., for all 0 ≤ t ≤ 1,

(5.2) dµX,t = i(X)ωt,

and it satisfies

(5.3)

∫

M

µX,t ω
n
t =

∫

M

µX,0 ω
n
0 .
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Moreover, for any point p ∈M in the zeroes of X, the value µX,t(p) depends only on

p and is independent of t.

Proof. For p in the zeroes of X, the value µX,t(p) is independent of t by (5.1).
Furthermore, from LXα = 0, we obtain (5.2) as follows:

dµX,t = dµX,0 − td{α(X)} = i(X)ω0 + t i(X)dα = i(X)ωt.

Hence, the proof is reduced to showing (5.3). It then suffices to show that the deriva-
tive with respect to t of the left-hand side of (5.3) vanishes identically. In fact, by
(5.2),

d

dt

∫

M

µX,t(ω0 + tdα)n =

∫

M

{−α(X)ωn
t + µX,t ndα ∧ ωn−1

t },

where the right-hand side is
∫

M
{−α(X)ωn

t − dµX,t ∧ nα∧ ωn−1
t } =

∫
M
{−α(X)ωn

t +
α ∧ i(X)ωn

t } = −
∫

M
i(X){α ∧ ωn

t } = 0, as required. �

Theorem 5.2. Let µ : M → g∗ be the reduced moment map for a symplectic

form ω in the class [ω0]. For each real-valued smooth function φ = φ(x1, · · · , xℓ) on

Rℓ, the function Φφ
ℓ : gℓ → R defined by Φφ

ℓ (Y1, · · · , Yℓ) :=
∫

M
φ(µY1

, . . . , µYℓ
)ωn is

independent of the choice of ω in the class [ω0].

Proof. Let ωt = ω0 + tdα, 0 ≤ t ≤ 1, be the path between ω0 and ω, where
ω1 = ω. For each Y ∈ g, the Hamiltonian function µY,t for Y with respect to ωt with
normaliztion

∫

M

µY,t ω
n
t = 0

is written in the form (5.1) by Proposition 5.1. Put φj := ∂φ/∂xj and µj,t := µYj ,t

for simplicity. Then, for all 0 ≤ t ≤ 1,

d

dt

∫

M

φ(µ1,t, · · · , µℓ,t)ω
n
t

= −
∫

M

ℓ∑

j=1

φj(µ1,t, · · · , µℓ,t)α(Yj)ω
n
t +

∫

M

φ(µ1,t, · · · , µℓ,t) dα ∧ nωn−1
t

= −
∫

M

ℓ∑

j=1

φj(µ1,t, · · · , µℓ,t)α(Yj)ω
n
t −

∫

M

d{φ(µ1,t, · · · , µℓ,t) } ∧ α ∧ nωn−1
t

= −
∫

M

ℓ∑

j=1

φj(µ1,t, · · · , µℓ,t) {α(Yj) − α ∧ dµj,t ∧ nωn−1
t }

= −
∫

M

ℓ∑

j=1

φj(µ1,t, · · · , µℓ,t) i(Yj) (α ∧ ωn
t ) = 0,

i.e.,
∫

M
φ(µY1

, . . . , µYℓ
)ωn is independent of the choice of ω in the class [ω0]. �

Proof of Theorem B. (a) immediately follows from Theorem 5.2 applied to φ =
Πℓ

j=1xj .
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(b) Assume that [ω] is an integral class. For the S1-action on M generated by 0 6=
X ∈ gQ, we apply Proposition 3.1 to C = 0. In view of Proposition A, we have

δγ(X, 0, ℓ) ∈ Q, γ ∈ Γ,

because by 0 6= X ∈ gQ, all eigenvalues of LXi/2π
√
−1 are rational numbers. Then

by Proposition 3.1, Φℓ(X,X, · · · ,X) =
∫

M
(µX)ℓωn ∈ Q, as required. �

Remark 5.3. (a) Let 0 6= Y ∈ g. Then the closure of { exp(tY ) ; t ∈ R } in the
compact Lie group G is a compact torus whose dimension is denoted by k(Y ). Then
it is easily seen that k(Y ) = 1 if and only if Y ∈ gQ.

(b) By the G-equivariance of the moment map µ, the symmetric polynomial Φℓ in (a)
of Theorem B is an invariant polynomial in g∗ for the coadjoint action of G on g∗.

(c) In the situation of (b) of Theorem B, suppose that G is the torus T = (S1)k. Then
obviously, Φℓ is defined over Q, i.e., Φℓ takes values in Q on ⊗ℓtQ.

Remark 5.4. Replacing the localization principle by the method of equivariant
cohomologies, we have an alternative proof for both Proposition A and (b) of Theorem
B. We also have another proof for (a) of Theorem B if [ω] is integral. To see these,
we first assume the situation in Proposition A, so that [ω] is integral and the action
of T = (S1)k on M lifts to a bundle action on P . As in [11], let ET → BT be the
universal T -bundle. Put MT := ET ×T M . Then PT := ET ×T P is the associated
principal bundle over MT . Then via the identification of Iℓ(T ) with H2ℓ(BT ; C), we
have the linear map pr∗ ◦W : In+ℓ(S1) → Iℓ(T ) such that the diagram

In+ℓ(S1)
pr

∗
◦W−−−−−→ Iℓ(T )

W

y
y∼=

H2n+2ℓ(MS1; C)
pr

∗−−−−→ H2ℓ(BT ; C).

commutes, where W is the Weil homomorphism associated to PT →MT , and pr∗ is
the Gysin map for pr : MT → BT . Let ν : M → g∗ be the moment map (as in (a) of
Theorem 2.5) for (M,ω) such that ν(M) is an integral convex polytope. Then

(5.4)

∫

M

(νY )j ωn =
n! j!

(n+ j)!
{ (pr∗ ◦W )(cn+j

1 ) } (Y, · · · , Y ), Y ∈ t,

for each nonnegative integer j. Let µ : M → g be the reduced moment map. Put
C := {

∫
M
ωn}−1

∫
M
νY ω

n. By µY = νY − C, we have

(5.5)

∫

M

(µY )ℓ ωn =
ℓ∑

j=0

ℓ! (−C)ℓ−j

j! (ℓ− j)!

∫

M

(νY )j ωn.

Now, let 0 6= Y ∈ tZ, and we consider the subtorus T 1 := S1 = { exp tY ; t ∈ R }
of T generated by Y . Replacing T by this one-dimensional torus T 1 in the above
diagram with cohomologies considered over Z, we obtain

H2ℓ(BT 1; Z) ∼= Z

(pr∗ ◦W ) (cn+ℓ
1 ) ↔ fL

cn+ℓ
1

(Y )
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where pr∗ denotes the corresponding Gysin map of H2n+2ℓ(MS1; Z) to H2ℓ(BT 1; Z)
by abuse of terminology. Hence, for ℓ = 1,

∫

M

νY ω
n = −(n+ 1)−1fL

cn+1
1

(Y ) ∈ Q.

Since [ω] is integral, we obtain C ∈ Q. Then by µY = νY − C and (a) of Theorem
2.5, we now see that µ(MT ) ⊂ t∗Q, as required.

We next consider the situation in (b) of Theorem B. Let 0 6= X ∈ gQ. Then for
some positive integer m, the multiple Y := mX satisfies expY = 1, so that Y is in
the lattice for the one-dimensional torus T 1 generated by Y . Then by the argument
above,

(n+ ℓ)!

n! ℓ!

∫

M

(νY )ℓ ωn = fL

cn+ℓ
1

(Y ) ∈ Z, ℓ = 0, 1, 2, . . . .

Hence, in view of µY = mµX together with m ∈ Z+ and (5.5) above, we obtain∫
M

(µX)ℓ ωn ∈ Q, as required.
By a similar method, we now prove (a) of Theorem B under the assumption that

[ω] is integral. Let Y1, . . . , Yℓ ∈ g, and let s1, . . . , sℓ ∈ R. Put Y := s1Y1 + · · ·+ sℓYℓ.
Then by (a) of Remark 5.3, Y ∈ t for some toral subalgebra t of g. Since the right-
hand side of (5.4) is independent of the choice of ω in S, we now see from (5.4) and
(5.5) that the left-hand side

∫
M

(s1µY1
+ · · · + sℓµYℓ

)ℓ ωn of (5.5) is independent of
the choice of ω in the symplectic class. Since s1, . . . , sℓ are arbitrary, its coefficient∫

M
µY1

· · ·µYℓ
ωn in s1 · · · sℓ is also independent of the choice of ω in the class, as

required.

6. Complex manifolds with symplectic forms of type (1, 1). Finally, we
consider a compact complex manifold M of complex dimension n endowed with a
pseudo-Kähler form ω0, i.e., a possibly non-Kähler symplectic form ω0 of type (1, 1).
For S as in the introduction, each element ω in S is written locally in the form

ω =

√
−1

2π

∑

α,β

g
αβ̄
dzα ∧ dz̄β

for a system (z1, z2, . . . , zn) of holomorphic local coordinates on M . Here det(g
αβ̄

)

is nonvanishing wherever it is defined. To each u ∈ C∞(M)C, we can associate a
complex vector field gradC

ω u of type (1, 0) on M by

gradC
ω u :=

2π√
−1

∑

α,β

gβ̄α ∂u

∂z̄β

∂

∂zα
.

Let hω denote the space of all holomorphic vector fields onM expressible as gradC
ω v for

some v ∈ C∞(M)C, where we always normalize v in such a way that
∫

M
v ωn = 0. By

the notation in the introduction, all ω in S are written as ωϕ for some ϕ ∈ C∞(M)R.

Then we shall show that every element ξ = gradC
ω0
v0 in h is rewritten as

(6.1) ξ = gradC
ω v, where v := v0 + (

√
−1 /2π) ξϕ.

Proof. For 0 ≤ t ≤ 1, put ω(t) := ω0 + (
√
−1 /2π) t ∂∂ϕ and v(t) := v0 +

(
√
−1 /2π) t ξϕ. Then by the same computation as in [10; p.208], we obtain i(ξ)ω(t) =
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∂ v(t) for all t. Hence, the proof is reduced to showing q(t) :=
∫

M
v(t)ω(t)n vanishes

for all t.

q̇(t) =

∫

M

(
√
−1 /2π) { (i(ξ)∂ϕ)ω(t)n + v(t) ∂∂ϕ ∧ nω(t)n−1 }

=

∫

M

(
√
−1 /2π) { ∂ϕ ∧ (i(ξ)ω(t)) ∧ nω(t)n−1 + ∂v(t) ∧ ∂ϕ ∧ nω(t)n−1 }

= 0,

where we used the identities ξϕ = i(ξ)∂ϕ and i(ξ)ω(t) = ∂ v(t). Since q(0) =∫
M
v0 ω

n
0 = 0, we now obtain q(t) = 0 for all t, as required. �

Now by (6.1), we obtain hω = hω0
. Hence, hω is independent of the choice of

ω in S, and is simply written as h in this section (see (6.2) below for another char-
acterization as in the introduction). Moreover, let G0 denote the identity component
Aut0(M) of the group of all holomorphic automorphisms of M . Then the associated
Lie algebra is the space g0 := H0(M,O(T 1,0M)) of all holomorphic vector fields on
M . Identify H1(M,O) with the Dolbeault cohomology group H0,1(M). Then for the
natural complex Lie group homomorphism

ρ : G0 → GL(H1(M,O),C)

and the associated Lie algebra homomorphism ρ∗ : g0 → glC(H1(M,O)), we put
g1 := Ker ρ∗ and g2 := g1 ∩ h. Then g0 ⊃ g1 ⊃ g2 and g0/g1

∼= Image ρ∗. We further
obtain

Theorem 6.1. (a) Both g1 and g2 are ideals of the complex Lie algebra g0.

(b) [g1, g1] ⊂ g2. In paricular, g1/g2 is an abelian Lie algebra.

(c) In view of the natural inclusions g1/g2 ⊂ g0/h ⊂ H1(M,O), the quotient g1/g2 is

regarded as a complex vector subspace of H1(M,O).

Before proving this theorem, we consider the following situation. Let us choose
a fine open cover U = {Uλ}λ∈Λ of M = ∪λ∈Λ Uλ in such a way that each Uλ is
a sufficiently small Stein open subset of M with a system zλ = (z1

λ, z
2
λ, . . . , z

n
λ) of

holomorphic local coordinates. Let ξ ∈ g0 and on each Uλ, we write

ξ =
2π√
−1

∑

α

aλ
α

∂

∂zα
λ

.

By ∂(i(ξ)ω) = −i(ξ)∂ω = 0, we can write i(ξ)ω = ∂uλ for some uλ ∈ C∞(Uλ)C,
λ ∈ Λ. Then on Uλ, using the metric tensor of the pseudo-Kähler form ω, we have

aλ
α =

∑

β

gαβ̄
λ

∂uλ

∂z̄β
λ

, α = 1, 2, . . . , n.

Since ∂uν −∂uλ = i(ξ)ω− i(ξ)ω = 0 on Uλ∩Uν , by setting uλν := uν −uλ ∈ H0(Uλ∩
Uν ,O), we have a Cĕch 1-cocycle (uλν) ∈ Z1(U ,O) and the corresponding class
[(uλν)] ∈ H1(M,O). We now have a natural map φ : g0 → H1(M,O) which sends
ξ ∈ g0 to φ(ξ) := [(uλν)] ∈ H1(M,O). Now, in terms of the Dolbeault cohomology,
this φ(ξ) is written as the class [i(ξ)ω] ∈ H1(M,O) in the introduction. We now claim
that

(6.2) Ker φ = h.
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Since the inclusion h ⊂ Ker φ obviously holds, it suffices to show Ker φ ⊂ h. Let
ξ ∈ Ker φ. Then the Dolbeault cohomology class [i(ξ)ω] vanishes, i.e., i(ξ)ω is written
as ∂ũ on M for some ũ ∈ C∞(M)C. Hence ξ = gradC

ω ũ and Ker φ ⊂ h, as required.

Proof of (c). By (6.2) above, we immediate obtain g1/g2 = g1/(g1 ∩ h) = (g1 +
h)/h ⊂ g0/h = Image φ ⊂ H1(M,O), as required. �

Proof of (a). Since g1 = Ker ρ∗, the Lie algebra g1 is obviously an ideal of the Lie
algebra g0. Next, let ξ ∈ g0 and ζ ∈ g2. Then i(ξ)ω = ∂uλ for some uλ ∈ C∞(Uλ)C

on each Uλ. We further have ζ = gradC
ω v for some v ∈ C∞(M)C. In terms of the

symplectic form ω, we consider the Poisson bracket

[uλ, v] := 2π
√
−1

∑

α,β

gαβ̄
λ

(
∂uλ

∂zα

∂v

∂z̄β
− ∂uλ

∂z̄β

∂v

∂zα

)
= ξv − ζuλ

on Uλ, λ ∈ Λ. Then i([ξ, ζ])ω = ∂[uλ, v] on each Uλ. Now by ζ ∈ g2 ⊂ g1, the
1-cocycle (ζuλν) ∈ Z1(U ,O) is cohomologous to zero, i.e., ζuλν = wν −wλ on Uλ∩Uν

for some wλ ∈ H0(Uλ,O), λ ∈ Λ. Then by setting ηλ := ξv − ζuλ + wλ, λ ∈ Λ, we
have a smooth function η ∈ C∞(M)C such that

η|Uλ
= ηλ, λ ∈ Λ.

Then i([ξ, ζ])ω = ∂[uλ, v] = ∂([uλ, v] + wλ) = ∂ηλ = ∂η. Hence, [ξ, ζ] = gradC
ω η and

[ξ, ζ] ∈ h. Since g1 is an ideal of g0, we therefore obtain [ξ, ζ] ∈ g1 ∩ h = g2. This
shows that g2 is an ideal of g0. �

Proof of (b). Let ξ, ξ′ ∈ g1. Then i(ξ)ω = ∂uλ and i(ξ′)ω = ∂u′λ for some
uλ, u

′
λ ∈ C∞(M)C on each Uλ. In terms of the symplectic form ω, we consider the

Poisson bracket

[uλ, u
′
λ] = 2π

√
−1

∑

α,β

gαβ̄
λ

(
∂uλ

∂zα

∂u′λ
∂z̄β

− ∂uλ

∂z̄β

∂u′λ
∂zα

)
= ξu′λ − ξ′uλ

on Uλ, λ ∈ Λ. Then i([ξ, ξ′])ω = ∂[uλ, u
′
λ] on each Uλ. By ξ, ξ′ ∈ g1, the 1-cocycles

(ξ′uλν), (ξu′λν) ∈ Z1(U ,O) are cohomologous to zero (where uλν := uν − uλ, u′λν :=
u′ν − u′λ on Uλ ∩Uν), i.e., ξ′uλν = wν −wλ and ξu′λν = w′

ν −w′
λ on Uλ ∩Uν for some

wλ, w′
λ ∈ H0(Uλ,O), λ ∈ Λ. Then by setting τλ := ξu′λ − ξ′uλ − w′

λ + wλ, λ ∈ Λ, we
have a smooth function τ ∈ C∞(M)C such that

τ|Uλ
= τλ, λ ∈ Λ.

Then i([ξ, ξ′])ω = ∂[uλ, u
′
λ] = ∂([uλ, u

′
λ] − w′

λ + wλ) = ∂τλ = ∂τ . Hence [ξ, ξ′] =

gradC
ω τ and [ξ, ξ′] ∈ h. Since g1 is an ideal of g0, it now follows that [ξ, ξ′] ∈ g1∩h = g2,

as required. �

Remark 6.2. In the above theorem, consider the special case where (M,ω) is
a Kähler manifold. Then by the Hodge theory, ρ above is a trivial map, and hence
g0 = g1. In particular, g2 is the Lie subalgebra h of g0 associated to the kernel of the
Jacobi homomorphism α : Aut0(M) → Aut0(Alb(M)) (∼= Alb(M)) (cf. [6]).

Let ξ1, ξ2, . . . , ξℓ ∈ h. By writing ξi = gradC
ω vi, i = 1, 2, . . . , ℓ, as in (6.1), we

define a multilinear form Φℓ : ⊗ℓh → C by

(6.3) Φℓ(ξ1, ξ2, · · · , ξℓ) =

∫

M

v1v2 · · · vℓ ω
n.
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Theorem 6.3. The multilinear form Φℓ in (6.3) above can depend only on S,

and is independent of the choice of ω in S.

Proof. For each ω ∈ S, we write ω = ωϕ for some ϕ ∈ C∞(M)R. For vi above,
put

ω(t) := ω + (
√
−1 /2π) t ∂∂(−ϕ),

vi(t) := vi + (
√
−1 /2π) t ξi(−ϕ), i = 1, 2, . . . , ℓ,

for all 0 ≤ t ≤ 1. As in the proof of (6.1), we have ξi = gradC
ω(t) vi(t). For each i,

we put v̂i(t) := Πj 6=i vj(t), where the product in the right-hand side is taken over all

j ∈ {1, 2, . . . , ℓ} such that j 6= i. Put v̂(t) := Πℓ
i=1 vi(t) and q(t) :=

∫
M
v̂(t)ω(t)n.

Then

q̇(t) = −
∫

M

(
√
−1/2π)

{
v̂(t) ∂∂ϕ ∧ nω(t)n−1 +

ℓ∑

i=1

(ξiϕ) v̂i(t)ω(t)n

}

= −
∫

M

(
√
−1/2π)

{
∂ v̂(t) ∧ ∂ϕ ∧ nω(t)n−1 +

ℓ∑

i=1

( i(ξi)∂ϕ) ∧ v̂i(t)ω(t)n

}

= −
∫

M

(
√
−1/2π)

{
− ∂ϕ ∧ ∂ v̂(t) ∧ nω(t)n−1 +

ℓ∑

i=1

( i(ξi)∂ϕ) ∧ v̂i(t)ω(t)n

}

= −
∫

M

(
√
−1/2π)

ℓ∑

i=1

i(ξi) { ∂ϕ ∧ v̂i(t)ω(t)n + ∂ϕ ∧ v̂i(t)ω(t)n} = 0,

where we used i(ξi)ω(t) = ∂vi(t) to obtain the last line. Since ω(0) = ω0, we now
conclude that the multilinear form Φℓ above is independent of the choice of ω in S.
�

Remark 6.4. More generally, given a complex-valued smooth function φ =
φ(z1, · · · , zℓ) on Cℓ, the function Φφ

ℓ : gℓ → C defined by Φφ
ℓ (Y1, · · · , Yℓ) =∫

M
φ(µY1

, . . . µYℓ
)ωn is independent of the choice of ω in S

Remark 6.5. (a) Recall that the group H in the introduction is the Lie subgroup
of Aut0(M) associated to the Lie subalgebra h of H0(M,O(T 1,0(M)). Then Φℓ in
(6.3) is regarded as an invariant polynomial in h∗ for the natural coadjoint action of
H on h∗.

(b) If G is a compact real Lie subgroup of H, then the associated Lie algebra g is
regarded as a Lie subalgebra of h by

g →֒ h, ξR 7→ ξ,

where each element in g is written as ξR := ξ+ ξ̄ for some unique ξ ∈ h. We obviously
see that the multilinear form Φℓ in (6.3) above, when restricted to ⊗ℓg, coincides with
the one in (a) of Theorem B.

For each ω ∈ S, let σ(ω) denote the scalar curvature of ω defined in Appendix.
Moreover, to S, we associate constants c and c0 as in Appendix. Recall that we fixed
an element ω0 in S. Then the functional S ∋ ω 7→ c0 κ(ω0, ω) ∈ R is an analogue
of the K-energy map (see (A.4) in Appendix). Obviously, ω ∈ S is a critical point of
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this functional if and only if the scalar curvature σ(ω) is constant on M . As in [19;
(5.5) ] and [10; (2.1) ], the linear map FS : h → C defined by

FS(ξ) :=

∫

M

v(ξ, ω)σ(ω)ωn =

∫

M

v(ξ, ω) {σ(ω) − n c}ωn, ξ ∈ h,

is a Lie algebra character independent of the choice of ω in S, where v(ξ, ω) ∈ C∞(M)C

is such that the equalities ξ = gradC
ω v(ξ, ω) and

∫
M
v(ξ, ω)ωn = 0 are satisfied.

For the complex Lie group C∗ = {t; 0 6= t ∈ C }, the associated Lie algebra is
C ζ ∼= C, where ζ := 2π

√
−1 t∂/∂t. Let S1 ⊂ C∗ be the maximal compact torus.

Then

Lemma 6.6. Let ι : C∗ →֒ H be a complex Lie subgroup such that some symplectic

form ω in S is preserved by the action of ι(S1). If the symplectic class of S is integral,

then the associated character ι∗ : C → g satisfies FS(ι∗ζ) ∈ Q.

Proof. For the integral symplectic class of S, we have a holomorphic line bundle
L on M such that ω represents c1(L). Then by Proposition 2.1, the action of ι(S1) on
M lifts to a holomorphic bundle action on L. Let n0 be a sufficiently large positive
integer. For the anticanonical bundle K−1

M of M , put Lj := K−1
M ⊗ Ln0+n−2j for

integers j. Then by n0 ≫ 1, the classes c1(Lj)R, j = 0, 1, . . . , n, admit symplectic
forms which are preserved by the action of ι(S1). Now, the real vector field X := ζ+ζ̄,
when restricted to S1 ⊂ C∗, is a generator of the lattice Z in the Lie algebra (∼= R)
of S1. Hence,

FS(ι∗ζ) =
n c

n+ 1
fL

cn+1
1

(ι∗X) −
n∑

j=0

(−1)j

2n(n+ 1)!

(
n
j

)
f

Lj

cn+1
1

(ι∗X) ∈ Q,

where we obtained the last equality by translating, word for word, Nakagawa’s mod-
ified version [22; (3.2)] of Tian’s formula to our case. �

Proof of Theorem C. Let z(k) be the center of k. Since the identity component of
the center ofK fixes some element ω of S, every element η in z(k) is written as gradC

ω uη

for some real-valued smooth function uη on M . Then the restriction of the bilinear
form Φ2 : ⊗2h → C to ⊗2z(k) defines a positive definite real-valued quadratic form on
z(k). Hence, there exists a unique element ξS of z(k) such that FS(ζ) = Φ2(ζ, ξS) for
all ζ ∈ z(k). Moreover, as in [9; (2.1)], Φ2([kC, kC], z(k)) = Φ2(kC, [kC, z(k)]) = {0} =
FS([kC, kC]). Hence, we have

FS(ζ) = Φ2(ζ, ξS) for all ζ ∈ kC,

Now the same arguments as in [9; (3.3)] show that, if the symplectic class of S is
integral, then by Lemma 6.6, Remark 5.3 (c) and Remark 6.5 (b), we have exp(νξS) =
1 for some positive integer ν, as required. �

Proof of Corollary D. (a) Let ω be strictly extremal. Then Ad(h)τω ∈ k for some
h ∈ H. Further by (6.2), FS(ζ) = Φ2(ζ, τω) for all ζ ∈ h. Hence, if ζ ∈ kC, then by
setting ζ ′ := Ad(h−1)ζ, we have

Φ2(ζ, ξS) = FS(ζ) = FS(ζ ′) = Φ2(ζ
′, τω) = Φ2(Ad(h)ζ ′,Ad(h)τω) = Φ2(ζ,Ad(h)τω).

Thus, ξS = Ad(h)τω. Now by Theorem C, exp(ντω) = 1 for some positive integer ν.
Then by Proposition A applied to the S1 generated by τω, both maxM{σ(ω)−nc} and
minM{σ(ω)−nc} are rational. Since nc is rational, so are maxM σ(ω) and minM σ(ω).
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(b) If ω is a Kähler form, then the one-parameter group {exp(t τω) ; t ∈ R} obviously
sits in the compact group of the isometries of (M,ω). So, we next assume that H is a
reductive algebraic group, and it suffices to show τω ∈ z(k). Then h = [kC, kC] ⊕ zC(k)
for the complexification zC(h) of z(k) in h. Further by

Φ2([kC, kC], τω) = FS([kC, kC]) = {0},

together with Φ2([kC, kC], zC(k) ) = Φ2(kC, [kC, zC(k)]) = {0}, it follows that τω ∈
zC(k). Since σ(ω) is a real-valued function, we obtain τω ∈ z(k), as required. �

Remark 6.7. Let M1 be a Fano manifold as in [16] with an extremal Kähler
metric in the class c1(M1)R such that Aut0(M1) is a reductive algebraic group. Put
M := M1 ×M2 for a Kähler-Einstein manifold M2 with c1(M) < 0, while c1(M)R

is chosen as the symplectic class of S. Then this gives a rather trivial example of
Theorem C and Corollary D above.

Appendix. K-energy maps. In this appendix, we generalize K-energy maps to
complex symplectic cases. Fix a compact complex connected manifold M of complex
dimension n with a complex symplectic form ω0 of type (1, 1), i.e., with a d-closed C∞

(1, 1)-form ω0 with complex coefficients such that ωn
0 is nowhere vanishing on M . Put

ωϕ := ω0 + (
√
−1/2π) ∂∂ϕ for each complex-valued smooth function ϕ ∈ C∞(M)C.

Let SC denote the set of all complex symplectic forms on M expressible as ωϕ such
that

|ωn
ϕ/ω

n
0 |−1(ωn

ϕ/ω
n
0 ) ∈ Map(M,S1)

is homotopic to a trivial map. Hence, if ω ∈ SC, then log(ωn/ωn
0 ) is a possibly

complex-valued smooth function on M which is uniquely determined by ω up to
2π

√
−1 Z. For each ω ∈ SC, we put Ric(ω) := (

√
−1/2π) ∂∂ logωn, and let σ(ω) be

the scalar curvature of ω defined by σ(ω) := n Ric(ω) ∧ ωn−1/ωn. Put c0 :=
∫

M
ωn.

Let c be the constant

c := c−1
0

∫

M

Ric(ω) ∧ ωn−1 ∈ C,

which is independent of the choice of ω in SC. For ω, ω′ ∈ SC, there exists ζ ∈
C∞(M)C such that ω′ = ω + (

√
−1/2π)∂∂ζ. As in the explicit formula of Bando

[2] (see also [12]) for the K-energy map in Kähler cases, we can similarly define a
functional κ : SC × SC → C/

√
−1 Z by setting, modulo

√
−1 Z,

κ(ω, ω′)

:= c−1
0

∫

M

{
log(ω′n/ωn)

2π
ω′n − ζ Ric(ω)

n−1∑

i=0

ωn−1−iω′i +
n c ζ

n+ 1

n∑

i=0

ωn−iω′i
}
.

Lemma A.1. The functional κ satisfies the 1-cocycle conditions, i.e., for all ω,
ω′, ω′′ ∈ SC, the following equalities hold:

(a) κ(ω, ω) = 0;
(b) κ(ω, ω′) + κ(ω′, ω′′) = κ(ω, ω′′).

Proof. (a) is straightforward from the definition of c. To see (b), let S̃C denote
the set of all ϕ ∈ C∞(M)C such that ωϕ ∈ SC. Then for ϕ, ϕ′ ∈ S̃C with ω = ωϕ and
ω′ = ωϕ′ ,

κ(ω, ω′) = c−1
0 κ1(ϕ,ϕ

′) + (n+ 1)−1c−1
0 n c κ2(ϕ,ϕ

′),
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modulo
√
−1 Z, where κ1 : S̃C × S̃C → C/

√
−1 c0 Z and κ2 : S̃C × S̃C → C are the

functionals defined by setting

κ1(ϕ,ϕ
′) :=

∫

M

{
log(ω′n/ωn)

2π
ω′n − (ϕ′ − ϕ)Ric(ω)

n−1∑

i=0

ωn−1−iω′i
}
,

κ2(ϕ,ϕ
′) :=

∫

M

(ϕ′ − ϕ)

n∑

i=0

ωn−iω′i,

for all ϕ, ϕ′ ∈ S̃C. Here, in the first identity for κ1, the right-hand side is taken
modulo

√
−1 c0 Z. Now, the proof of (b) above is reduced to showing the 1-cocycle

conditions

κ1(ϕ,ϕ
′) + κ1(ϕ

′, ϕ′′) = κ1(ϕ,ϕ
′′),(A.2)

κ2(ϕ,ϕ
′) + κ2(ϕ

′, ϕ′′) = κ2(ϕ,ϕ
′′),(A.3)

for all ϕ, ϕ′, ϕ′′ ∈ S̃C. For simplicity, put ζ = ϕ′ − ϕ, ζ ′ = ϕ′′ − ϕ′, ω = ωϕ, ω′ = ωϕ′

and ω′′ = ωϕ′′ . Then

−κ1(ϕ,ϕ
′) − κ1(ϕ

′, ϕ′′) + κ1(ϕ,ϕ
′′)

=

∫

M

{
− log(ω′n/ωn)

2π
ω′n − log(ω′′n/ω′n)

2π
ω′′n +

log(ω′′n/ωn)

2π
ω′′n

}
+

∫

M

{
ζ Ric(ω)

n−1∑

i=0

ωn−i−1ω′i + ζ ′ Ric(ω′)
n−1∑

i=0

ω′n−i−1
ω′′i − (ζ + ζ ′)Ric(ω)

n−1∑

i=0

ωn−i−1ω′′i
}

=

∫

M

log(ω′n/ωn)

2π
(ω′′ − ω′)

n−1∑

i=0

ω′iω′′n−1−i
+

∫

M

ζ ′
n−1∑

i=0

{
Ric(ω′)ω′n−i−1−

Ric(ω)ωn−i−1
}
ω′′i −

∫

M

ζ Ric(ω)

n−1∑

i=1

ωn−i−1



(ω′′ − ω′)

i−1∑

j=0

ω′jω′′i−1−j



 .

Since ω′′ − ω′ =
√
−1 ∂∂ζ ′ and

√
−1 ∂∂ζ = ω′ − ω, taking integration by parts, we

now obtain (A.2) as follows:

−κ1(ϕ,ϕ
′) − κ1(ϕ

′, ϕ′′) + κ1(ϕ,ϕ
′′)

=

∫

M

ζ ′{Ric(ω) − Ric(ω′) }
n−1∑

i=0

ω′iω′′n−1−i
+

∫

M

ζ ′
n−1∑

i=0

{
Ric(ω′)ω′n−i−1 −

Ric(ω)ωn−i−1
}
ω′′i −

∫

M



ζ

′(ω′ − ω)Ric(ω)

n−1∑

i=1

ωn−i−1
i−1∑

j=0

ω′jω′′i−1−j





=

∫

M

ζ ′ Ric(ω)





n−1∑

i=0

(ω′iω′′n−1−i − ωn−i−1ω′′i) +

n−1∑

i=1

i−1∑

j=0

(ω − ω′)ωn−i−1ω′jω′′i−1−j





= 0.
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Similarly, we obtain (A.3) as follows:

−κ2(ϕ,ϕ
′) − κ2(ϕ

′, ϕ′′) + κ2(ϕ,ϕ
′′)

=

∫

M

{
− ζ

n∑

i=0

ωn−iω′i − ζ ′
n∑

i=0

ω′n−i
ω′′i + (ζ + ζ ′)

n∑

i=0

ωn−iω′′i
}

=

∫

M



ζ

n∑

i=1

ωn−i(ω′′ − ω′)
i−1∑

j=0

ω′i−j−1
ω′′j − ζ ′

n∑

i=1

ω′′n−i
(ω′ − ω)

i∑

j=1

ωj−1ω′i−j





=

∫

M

ζ ′(ω′ − ω)




n∑

i=1

i−1∑

j=0

ωn−iω′i−j−1
ω′′j −

n∑

i=1

i∑

j=1

ωj−1ω′i−j
ω′′n−i


 = 0.

�

Let {ϕt ; a ≤ t ≤ b} be an arbitrary smooth path in S̃C. Along the corresponding
path in SC, we differentiate the identity defining κ(ω, ω′). In view of Lemma A.1, we
obtain

(A.4)
∂

∂t
κ(ω0, ωϕt

) =
∂

∂ǫ |ǫ=0

κ(ωϕt
, ωϕt+ǫ

) = c−1
0

∫

M

ϕ̇t{σ(ωϕt
) − n c}ωn

ϕt
,

where ϕ̇t = (d/dt)ϕt. Hence, the functional SC ∋ ω 7→ κ(ω0, ω) ∈ C is a symplectic
analogue of the K-energy map. Obviously, ω ∈ SC is a critical point of the functional
if and only if the scalar curvature σ(ω) is constant on M .

Remark A.5. For ω, ω′ ∈ SC, we put χ(ω, ω′) := e2πκ(ω,ω′). Then χ : SC×SC →
C∗ is a functional satisfying the 1-cocycle condition multiplicatively, i.e., for all ω, ω′,
ω′′ ∈ SC,

(a) χ(ω, ω) = 1;
(b) χ(ω, ω′)χ(ω′, ω′′) = χ(ω, ω′′).

Let us now assume that ω0 above is a real form, and let S denote the set of all real
forms in SC. Then it coincides with the definition of S in Section 5. Take a smooth
path {ϕt ; 0 ≤ t ≤ 1} in S, and put

ω = ωϕ0
, ω′ = ωϕ1

, ζ = ϕ1 − ϕ0,

and hence ω′ = ω+(
√
−1/2π)∂∂ζ. In Kähler cases, the following formal computation
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allows Bando to obtain the explicit formula for the K-energy map:

√
−1∂∂

∫ 1

0

−ϕ̇t{σ(ωϕt
) − n c}ωn

ϕt
dt =

√
−1∂∂

∫ 1

0

−nϕ̇t{Ric(ωϕt
) − cωϕt

}ωn−1
ϕt

dt

=

∫ 1

0

−{Ric(ωϕt
) − cωϕt

} d

dt
ωn

ϕt
dt = −

∫ 1

0

Ric(ωϕt
)
d

dt
ωn

ϕt
dt +

[
n c

n+ 1
ωn+1

ϕt

]t=1

t=0

=

[
−Ric(ωϕt

)ωn
ϕt

]t=1

t=0

+

∫ 1

0

{
d

dt
Ric(ωϕt

)

}
ωn

ϕt
dt +

[
n c

n+ 1
ωn+1

ϕt

]t=1

t=0

=

[
−Ric(ωϕt

)ωn
ϕt

]t=1

t=0

+
√
−1∂∂

∫ 1

0

{
(ωn

ϕt
)−1 d

dt
ωn

ϕt

}
ωn

ϕt
dt +

[
n c

n+ 1
ωn+1

ϕt

]t=1

t=0

=
{
−Ric(ω′)ω′n + Ric(ω)ωn

}
+ (n+ 1)

−1
n c (ω′n+1 − ωn+1)

= {Ric(ω) − Ric(ω′) }ω′n − Ric(ω)(ω′n − ωn) + (n+ 1)
−1
n c (ω′n+1 − ωn+1)

= {Ric(ω) − Ric(ω′) }ω′n − (ω′ − ω)Ric(ω)
n−1∑

i=0

ωn−1−iω′i +
n c (ω′ − ω)

n+ 1

n∑

i=0

ωn−iω′i

=
√
−1∂∂

{
log(ω′n/ωn)

2π
ω′n − ζ Ric(ω)

n−1∑

i=0

ωn−1−iω′i +
n c ζ

n+ 1

n∑

i=0

ωn−iω′i
}
.

This formal computation, as well as the action of the operator
√
−1∂∂, should be taken

over some ‘imaginary’ space sitting overM , where Bando asked why this kind of formal
computation is valid after all. By complexifying the smooth path {ϕt ; 0 ≤ t ≤ 1}, we
shall now give some geometric answer to this in our symplectic situation. By (A.4),
this consequently gives another proof of Lemma A.1 not only in Kähler cases, but also
in the case where the above ω, ω′, ω′′ are pseudo-Kähler forms on M joined together
by piecewise-smooth paths of pseudo-Kähler forms in the symplectic class.

(A.6) Justification of the formal computation: For the annulus D := {z ∈ C ; 1 ≤
|z| ≤ e}, we define a real-valued smooth function s = s(z) on D by setting s := log |z|
for each z ∈ D. Then by

S1 × D → D, (e
√
−1θ, z) 7→ e

√
−1θz,

the group S1 acts on D. Put ϕs,t := ϕst and ζs := ϕs,1 − ϕs,0 = ϕs − ϕ0. For
0 ≤ s ≤ 1, we further put

η(s) :=
log(ωn

ϕs
/ωn)

2π
ωn

ϕs
− ζs Ric(ω)

n−1∑

i=0

ωn−1−iωi
ϕs

+
n c ζs
n+ 1

n∑

i=0

ωn−iωi
ϕs
,

τ1(s) :=
1

2π

∫ 1

0

(∫

M

−∂ϕs,t

∂t

{
σ(ωϕs,t

) − n c
}
ωn

ϕs,t

)
dt,

and define τ2(s) :=
∫

M
η(s). Then τ1(s(z)) and τ2(s(z)) are S1-invariant real-valued

smooth functions on D. Define a real (1, 1)-form ω̃ϕs,t
and R̃ic(ωϕs,t

) on D ×M by

ω̃ϕs,t
= ω0 + (

√
−1/2π)∂∂ϕs,t,

R̃ic(ωϕs,t
) = (−

√
−1/2π)∂∂ logωn

ϕs,t
,
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where the operator ∂∂ is taken on the complex manifold D ×M , and ω̃ϕs,t
is distin-

guished from the realtive (1, 1)-form ωϕs,t
on D ×M over D. Define

η̃(s) :=
log(ω̃n

ϕs,1
/ω̃ϕn

s,0
)

2π
ω̃n

ϕs,1
− ζs Ric(ω̃ϕs,0

)

n−1∑

i=0

ω̃n−1−i
ϕs,0

ω̃i
ϕs,1

+
n c ζs
n+ 1

n∑

i=0

ω̃n−i
ϕs,0

ω̃i
ϕs,1

,

where we here observe that ωϕs,0
= ω and ωϕs,1

= ωϕs
. For every smooth real-

valued function φ = φ(z) on D whose support is a compact subset of the interior
{z ∈ C ; 1 < |z| < e } of D, we have (see [23] for a similar computation in a different
context):

∫

D

φ(z)
√
−1 ∂∂τ1(s(z)) =

∫

D

τ1(s(z))
√
−1 ∂∂φ(z)

=
1

2π

∫ 1

0

{∫

D×M

−n ∂ϕs,t

∂t

{
R̃ic(ωϕs,t

) − c ω̃ϕs,t

}
ω̃n−1

ϕs,t
∧
√
−1 ∂∂φ(z)

}
dt

=
1

2π

∫ 1

0

{∫

D×M

−nφ(z)
√
−1 ∂∂

(
∂ϕs,t

∂t

){
R̃ic(ωϕs,t

) − c ω̃ϕs,t

}
ω̃n−1

ϕs,t

}
dt

=

∫

D×M

{
φ(z)

∫ 1

0

−{R̃ic(ωϕs,t
) − c ω̃ϕs,t

} ∂

∂t
ω̃n

ϕs,t

}
dt

=

∫

D×M

φ(z)

{∫ 1

0

−R̃ic(ωϕs,t
)
∂

∂t
ω̃n

ϕs,t
dt +

[
n c

n+ 1
ω̃n+1

ϕs,t

]t=1

t=0

}

=

∫

D×M

φ(z)

{[
−R̃ic(ωϕs,t

)ω̃n
ϕs,t

]t=1

t=0

+

∫ 1

0

{
∂

∂t
R̃ic(ωϕs,t

)

}
ω̃n

ϕs,t
dt+

[
n c

n+ 1
ω̃n+1

ϕs,t

]t=1

t=0

}
,

where in the last line, we have
∫

D×M

φ(z)

∫ 1

0

{
∂

∂t
R̃ic(ωϕs,t

)

}
ω̃n

ϕs,t
dt

= −
∫

D×M

φ(z)

∫ 1

0

√
−1 ∂∂

{(
ωn

ϕs,t

)−1 ∂

∂t
ωn

ϕs,t

}
ω̃n

ϕs,t
dt

= −
∫

D×M

√
−1 ∂∂ φ(z)

∫ 1

0

{(
ωn

ϕs,t

)−1 ∂

∂t
ωn

ϕs,t

}
ω̃n

ϕs,t
dt

= −
∫

D×M

√
−1 ∂∂ φ(z)

∫ 1

0

{(
ωn

ϕs,t

)−1 ∂

∂t
ωn

ϕs,t

}
ωn

ϕs,t
dt

= −
∫

D×M

√
−1 ∂∂ φ(z)

[
ωn

ϕs,t

]t=1

t=0
= −

∫

D×M

√
−1φ(z) ∂∂

[
ωn

ϕs,t

]t=1

t=0
= 0.

Hence, in view of the original formal computation above, we obtain

∫

D

φ(z)
√
−1 ∂∂τ1(s(z)) =

∫

D×M

φ(z)

{[
−R̃ic(ωϕs,t

)ω̃n
ϕs,t

]t=1

t=0

+

[
n c

n+ 1
ω̃n+1

ϕs,t

]t=1

t=0

}

=

∫

D×M

φ(z)
{
−R̃ic(ωϕs,1

) ω̃n
ϕs,1

+ R̃ic(ωϕs,0
) ω̃n

ϕs,0
+ (n+ 1)

−1
n c (ω̃n+1

ϕs,1
− ω̃n+1

ϕs,0
)
}

=

∫

D×M

φ(z)
√
−1 ∂∂ η̃(s) =

∫

D×M

{
√
−1 ∂∂φ(z)} η̃(s) =

∫

D×M

{
√
−1 ∂∂φ(z)} η(s)

=

∫

D

{
√
−1 ∂∂φ(z)}τ2(s) =

∫

D

φ(z)
√
−1 ∂∂τ2(s(z)).
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Therefore, ∂∂{τ2(s(z)) − τ1(s(z)) } = 0 on D. Since the function τ2(s(z)) − τ1(s(z))
on the annulus D is S1-invariant, it then follows that

∂2

∂s2
{ τ2(s) − τ1(s) } = 0, 0 ≤ s ≤ 1.

On the other hand, the equality τ1(0) = 0 = τ2(0) obviously holds. Furthermore, by
the same computation as in (A.4), we have τ̇1(0) = τ̇2(0). Hence, τ1(s) = τ2(s) for all
0 ≤ s ≤ 1. Thus τ1(1) = τ2(1), as required.
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(Japanese) Sûgaku, 50 (1998), pp. 358–367.

[3] N. Berline et M. Vergne, Zeros d’un champ de vecteurs et classes characteristiques equiv-

ariantes, Duke Math. J., 50 (1983), pp. 539–549.
[4] T. Delzant, Hamiltoniens périodiques et image convexe de l’application moment, Bull. Soc.

Math. France, 116 (1988), pp. 315–339.
[5] J.J. Duistermaat and G.D. Heckman, On the variation in the cohomology of the symplectic

form of the reduced phase space, Invent. Math., 69 (1982), pp. 259–268; Addendum, Invent.
Math., 72 (1983), pp. 153–158.

[6] A. Fujiki, On automorphism groups of compact Kähler manifolds, Invent. Math., 44 (1978),
pp. 225–258.

[7] A. Fujiki, Kähler quotient and equivariant cohomology, in “Moduli of vector bundles” (M.
Maruyama, ed.), Marcel Dekker, New York-Basel-Hong Kong, 1996.

[8] A. Futaki, An obstruction to the existence of Einstein Kähler metrics, Invent. Math., 73
(1983), pp. 437–443.

[9] A. Futaki, Kähler-Einstein metrics and integral invariants, Lecture Notes in Math., 1314
(1988), Springer-Verlag, Heidelberg-New York-Paris-Tokyo.

[10] A. Futaki and T. Mabuchi, Bilinear forms and extremal Kähler vector fields associated with

Kähler classes, Math. Ann., 301 (1995), pp. 199–210.
[11] A. Futaki and S. Morita, Invariant polynomials of the automophism group of a compact

complex manifold, J. Diff. Geom., 21 (1985), pp. 135–142.
[12] A. Futaki and Y. Nakagawa, Characters of automorphism groups associated with Kähler

classes and functionals with cocycle conditions, Kodai Math. J., 24 (2001), pp. 1–14.
[13] R.E. Gompf, A new construction of symplectic manifolds, Annals of Math., 142 (1995), pp.

527–595.
[14] V. Guillemin and S. Sternberg, Convexity properties of the momentum mapping, Invent.

Math., 67 (1982), pp. 491–513.
[15] V. Guillemin and S. Sternberg, Geometric quantization and multiplicities of group repre-

sentation, Invent. Math., 67 (1982), pp. 515–538.
[16] A.D. Hwang, On existence of Kähler metrics with constant scalar curvature, Osaka J. Math.,

31 (1994), pp. 561–595.
[17] F. C. Kirwan, Cohomology of quotients in symplectic and algebraic geometry, Princeton Uni-

versity Press, New Jersey, (1984).
[18] S. Kobayashi, Transformation groups in differential geometry, Springer Verlag, Berlin-

Heidelberg-New York, 1972.
[19] T. Mabuchi, K-energy maps integrating Futaki invariants, Tôhoku Math. J., 38 (1986), pp.
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