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ON RELATIONS BETWEEN ENTROPY AND HAUSDORFF

DIMENSION OF MEASURES ∗

ATHANASIOS BATAKIS† AND YANICK HEURTEAUX‡

Abstract. We characterize probability measures whose Hausdorff dimension or packing di-
mension can be calculated by an entropy formula. In particular, we prove that such measures are
unidimensional. We also construct examples of unidimensional measures for which entropy does not
calculate the dimension.

Let D be an integer greater than 1 and m be a probability measure in [0, 1)D.
Fix ℓ ≥ 1 and denote by Fn the family of ℓ-adic cubes of the nth generation, that is

Fn =

{

I =

D
∏

i=1

[ki/ℓn, (ki + 1)/ℓn) ; 0 ≤ ki < ℓn

}

.

For an arbitrary point x in [0, 1)D, let In(x) be the unique cube I ∈ Fn such that
x ∈ I.

We want to give estimates for the lower and the upper dimension of the measure
m. These are respectively defined by

{

dim∗(m) = inf(dim(E) ; m(E) > 0)
dim∗(m) = inf(dim(E) ; m(E) = 1)

.

It is well known that there exist some relations between these quantities and the
function τ which appears in the multifractal formalism. More precisely, if we let :

τn(t) =
1

n log ℓ
log

(

∑

I∈Fn

m(I)t

)

and τ(t) = lim sup
n→+∞

τn(t) ,

it is proved in [11] that

−τ ′
+(1) ≤ dim∗(m) ≤ h∗(m) (1)

where h∗(m) is the lower entropy (also called lower Rényi dimension) of the measure
m, defined as

h∗(m) = lim inf
n→+∞

hn(m) where hn(m) = −τ ′
n(1) =

−1

n log ℓ

∑

I∈Fn

m(I) log(m(I)) .

In [11], we also give sufficient conditions for the equality −τ ′
+(1) = dim∗(m) to hold.

In this paper we are interested in describing the measures m satisfying dim∗(m) =
h∗(m). Theorem 1.1 states that dim∗(m) = h∗(m) holds if and only if there exists a
subsequence nk such that

lim
k→+∞

log m(Ink
(x))

−nk log ℓ
= dim∗(m) dm-almost surely . (2)
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In particular, such measures are unidimensional (i.e. satisfy dim∗(m) = dim∗(m)).
If we denote by dim(m) this common value, the measure m is supported by a
set of dimension dim(m) but every set of dimension strictly less than dim(m) is
negligible. Nevertheless, unidimensionality is not a sufficient condition to have
dim∗(m) = h∗(m). An example of a measure of exact dimension (i.e. unidimen-
sional) for which dim∗(m) < h∗(m) is proposed in Proposition 3.1.

The interest of such a result is that it is not written in a dynamical context.
Nevertheless, the conclusion (2) can be interpreted as a weak form of a Shannon-
McMillan type result.

Similar results can be established, comparing the upper entropy

h∗(m) = lim sup
n→+∞

hn(m)

and the packing dimension of the measure m. Following [13], [11] or [8], we can
introduce

{

Dim∗(m) = inf(Dim(E) ; m(E) > 0)
Dim∗(m) = inf(Dim(E) ; m(E) = 1)

,

where Dim(E) is the packing dimension of the set E (for more details on packing
dimension, see [7] or the original paper of Tricot [14]). As proved in [11],

h∗(m) ≤ Dim∗(m) ≤ −τ ′
−(1) (3)

and we characterize in Theorem 1.2 of the present paper the measures for which the
equality h∗(m) = Dim∗(m) holds.

Several examples of measures satisfying dim∗(m) = h∗(m) and Dim∗(m) = h∗(m)
are also proposed. In particular, this is the case in an ergodic situation (Example 1.3),
for quasi-Bernoulli measures (Example 1.5) and in a context where the strong law of
large numbers can be applied (Example 1.6).

In the last section, we observe that the behaviour related to the Hausdorff dimen-
sion and the packing dimension can be different. We construct a measure m of exact
dimension for which

dim(m) = h∗(m) but Dim(m) > h∗(m) .

1. Main results and examples. The main result of this paper is the following.

Theorem 1.1. Let m be a probability measure in [0, 1)D. Then

dim∗(m) ≤ h∗(m) .

Moreover, the following properties are equivalent :

(i) dim∗(m) = h∗(m)
(ii) dim∗(m) = dim∗(m) = h∗(m)
(iii) There exists a subsequence (nk)k≥1 such that for dm-almost every x ∈ [0, 1)D,

lim
k→+∞

log m(Ink
(x))

−nk log ℓ
= dim∗(m) .

A similar result can also be established, comparing the upper entropy h∗(m) of a
measure m with its packing dimension Dim∗(m).
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Theorem 1.2. We also have

h∗(m) ≤ Dim∗(m),

and the following properties are equivalent :

(i) Dim∗(m) = h∗(m)
(ii) Dim∗(m) = Dim∗(m) = h∗(m)
(iii) There exists a subsequence (nk)k≥1 such that for dm-almost every x ∈ [0, 1)D,

lim
k→+∞

log m(Ink
(x))

−nk log ℓ
= Dim∗(m) .

Remark. As was pointed out in the introduction, unidimensionality is not suffi-
cient to establish the equalities dim∗(m) = h∗(m) and Dim∗(m) = h∗(m) (see Propo-
sitions 3.1 and 4.1). In fact, the statements of Theorems 1.1 and 1.2 stem from a deep
homogeneity property.

Let us now give some useful examples of measures m for which the equalities
dim∗(m) = h∗(m) and Dim∗(m) = h∗(m) hold.

Example 1.3. Suppose that the sequence

log m(In(x))

−n log ℓ
(4)

converges almost surely to a constant d. Then, the equivalent properties of Theorems
1.1 and 1.2 are satisfied and we have

d = dim(m) = Dim(m) . (5)

In particular, this is the case in an ergodic context. Let us denote the elements of Fn

by Iε1,...,εn
with εi ∈ {0, . . . , ℓD − 1} in such a way that Iε1,...,εn+1

⊂ Iε1,...,εn
. Define

J(x) to be the unique element (εi)i≥1 of the Cantor set {0, . . . , ℓD − 1}N
∗

such that
{x} =

⋂

n Iε1,...,εn
, and consider the image m̃ of m with respect to the application

J . If we suppose that the mesure m̃ is invariant and ergodic with respect to the
shift operator, Shannon-McMillan’s theorem ensures that (4) admits an almost sure
constant limit d and that (5) is satisfied (see [11] for more details and [16] for basic
facts on ergodic theory). •

Example 1.4. The following situation was described by S.M. Ngai in [12]. Sup-
pose that the function τ of the multifractal formalism admits a derivative τ ′(1). Then,
using inequalities (1) and (3), we conclude that the measure m is unidimensional and
satisfies

dim(m) = Dim(m) = h(m) = −τ ′(1)

where h(m) = h∗(m) = h∗(m) is the genuine limit of the sequence hn(m). •

Example 1.5. The case of quasi-Bernoulli measures is related to examples 1.3
and 1.4. Suppose that there exists a constant C > 0 such that for every ε1, . . . , εn+p

we have :

1

C
m (Iε1,...,εn

)m
(

Iεn+1,...,εn+p

)

≤ m
(

Iε1,...,εn+p

)

≤ C m (Iε1,...,εn
)m

(

Iεn+1,...,εn+p

)

.
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It is well known (see [6]) that such a measure is equivalent to an invariant and ergodic
measure. Moreover, it is proved in [11] that τ ′(1) exists in this case. Let us also
remember that the multifractal formalism is available for such measures (see [5] and
[11]). •

Example 1.6. Let us write

Xn(x) = log

(

m(In(x))

m(In−1(x))

)

and suppose that

lim
n→+∞

1

n

n
∑

i=1

(Xi − E(Xi)) = 0 dm a.s.

where the expectation is related to the probability m. If we remark that

hn(m) =
−1

n log ℓ

n
∑

i=1

E(Xi),

we can easily conclude that the equalities dim∗(m) = h∗(m) and Dim∗(m) = h∗(m)
are satisfied in this situation. In particular, this is the case when the random variables
Xi are bounded in L2 and uncorrelated.

A classical case (called Bernoulli product) of such measures is often described in
the literature (see for example [4], [3] or [11]). Fix a sequence (pi)i≥1 of real numbers
with 0 < pi < 1 and consider a sequence (Yi)i≥1 of independant 0,1-valued random
variables such that

P(Yi = 0) = pi and P(Yi = 1) = 1 − pi .

Then, the law m of the random variable
∑+∞

i=1
2−iYi satisfies























dim(m) = h∗(m) = lim inf
n→+∞

1

n

n
∑

i=1

s(pi)

Dim(m) = h∗(m) = lim sup
n→+∞

1

n

n
∑

i=1

s(pi)

(6)

where the function s(t) is defined by

s(t) = −[t log2 t + (1 − t) log2(1 − t)] for t ∈ [0, 1]

and log2 is the logarithm in base 2. •

2. Proof of Theorems 1.1 and 1.2. We prove Theorem 1.1. Since the proof
of Theorem 1.2 is similar, we will only sketch it at the end of the section.

The inequality dim∗(m) ≤ h∗(m) is well known (see for example [11] or [15]).
Nevertheless, let us give an elementary proof in order to make easier the study of the
equality case. If x ∈ [0, 1)D, put :

αn(x) =
log m(In(x))

−n log ℓ
and α(x) = lim inf

n→+∞
αn(x) .
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It is well known ([9], [8] or [11]) that :

dim∗(m) = sup({α ≥ 0 ; α ≥ α dm a.s.}) = inf ess(α) . (7)

We also observe that hn(m) =
∫

αn(x) dm(x). Using Fatou’s lemma and the fact that
m is a probability measure, we get

dim∗(m) ≤

∫

α(x) dm(x) ≤ h∗(m) . (8)

Proof of (iii) ⇒ (i). Suppose that there exists a subsequence (nk)k≥1 such that
for dm-almost every x ∈ [0, 1)D,

lim
k→+∞

αnk
(x) = dim∗(m) .

Using the dominated convergence theorem (see the domination φ below), we obtain

dim∗(m) =

∫

lim
k→+∞

αnk
(x) dm(x) = lim

k→+∞
hnk

(m) ≥ h∗(m)

and we are done.

Lemma 2.1. Let φ = supn≥1 αn. Then φ ∈ L1(m) .

Proof. It is sufficient to prove that the real variable function

t 7−→ m({x ; φ(x) > t})

is integrable in a neighbourhood of +∞ with respect to the Lebesgue’s measure. But
we know that αn(x) > t if and only if m(In(x)) < ℓ−nt. According to the fact that
the partition Fn contains ℓnD elements,

m({x ; αn(x) > t}) ≤ ℓnDℓ−nt .

If t > D, we obtain

m({x ; φ(x) > t}) ≤

+∞
∑

n=1

m({x ; αn(x) > t}) ≤
ℓD−t

1 − ℓD−t

which proves the integrability of φ.

Proof of (i)⇒ (ii). Suppose that dim∗(m) = h∗(m). Using (7) and (8), we remark
that for dm-almost every point x, α(x) = dim∗(m). Then, we also have

dim∗(m) = inf({α ≥ 0 ; α ≤ α dm a.s.}) = sup ess(α)

and hence dim∗(m) = dim∗(m) (see [11] or [8]). The measure m is thus unidimen-
sional.

Proof of (ii)⇒ (iii). Let d = dim∗(m) = h∗(m). We will make use of the following
lemma.

Lemma 2.2. Let η ∈ (0, 1) and n0 ≥ 1. We can choose an integer n1 ≥ n0 such

that :

m({x ; αn1
> d + η}) ≤ (2 + d) η .
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Proof. As was remarked before, the equality α = d holds dm-almost surely. We
can then find n′

0 ≥ n0 such that

m





⋂

n≥n′

0

{x ; αn(x) > d − η2}



 > 1 − η2 .

On the other hand, by hypothesis (ii), we can choose an integer n1 ≥ n′
0 such that

hn1
(m) =

∫

αn1
(x) dm(x) < d + η2 .

This integer n1 will be the right one. Let us denote

A = {x ; αn1
(x) > d − η2} and B = {x ; αn1

(x) > d + η} .

We have

d + η2 ≥

∫

αn1
(x) dm(x)

≥

∫

A\B

αn1
(x) dm(x) +

∫

B

αn1
(x) dm(x)

≥ (d − η2) (m(A) − m(B)) + (d + η)m(B) .

If we remember that m(A) ≥ 1 − η2, we get

m(B) ≤
2η2 + dη2

η + η2
≤ (2 + d) η

which is the conclusion of the lemma.
By using Lemma 2.2 with η = 2−k, we can construct a subsequence (nk)k≥1 such

that for all k ≥ 1,

m({x ; αnk
(x) > d + 2−k}) ≤ (2 + d) 2−k .

By applying Borel Cantelli’s lemma, we then obtain

lim sup
k→+∞

αnk
(x) ≤ d dm a.s. .

On the other hand,

d = α(x) ≤ lim inf
k→+∞

αnk
(x) dm a.s. .

Thus, we have proved that the subsequence (αnk
)k≥1 converges almost surely to d. �

To prove Theorem 1.2, we introduce the function

ᾱ(x) = lim sup
n→+∞

αn(x) .

As proved in [8], [11] and [13], we have :

Dim∗(m) = inf({α ≥ 0 ; ᾱ ≤ α dm a.s.}) = sup ess(ᾱ) .

The inequality h∗(m) ≤ Dim∗(m) is a consequence of Fatou’s lemma applied to the
sequence φ − αn. The study of the equality case uses the same ideas as before.
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3. An example where dim(m) < h∗(m) and Dim(m) > h∗(m). In this section,
we take D = 1 and ℓ = 2. We begin with the construction of a family of auxiliary
measures which are of the type described in Example 1.6. Let a and b be two real
numbers with 0 < a, b < 1 and fix a sequence of integers (Tk)k≥1 such that

T1 = 1, Tk < Tk+1 and lim
k→+∞

Tk+1

Tk
= +∞ .

Then, we define the family of parameters pa b(i) :

pa b(i) = a if T2n−1 ≤ i < T2n and pa b(i) = b if T2n ≤ i < T2n+1 .

If (Yi)i≥1 is a sequence of independant random variables such that

P(Yi = 0) = pa b(i) and P(Yi = 1) = 1 − pa b(i) ,

we denote by ma b the law of the random variable
∑+∞

i=1
2−iYi.

The choice of the integers Tk and the identities (6) ensure that for dma b-almost
every x ∈ [0, 1), we have :















lim inf
n→+∞

log ma b(In(x))

−n log 2
= inf(s(a), s(b))

lim sup
n→+∞

log ma b(In(x))

−n log 2
= sup(s(a), s(b))

. (9)

We can now construct our counterexamples. Let us fix a parameter β ∈ (0, 1/2]
and two real numbers p and p̃ such that 0 < p < p̃ ≤ 1/2. If F (t) is defined by

F (t) = 2t when t ∈ [0, 1/2) and F (t) = 2t − 1 when t ∈ [1/2, 1),

we are interested in the measure mβ defined by

mβ(A) = β mp p̃(F ([0, 1/2) ∩ A)) + (1 − β)mp̃ p(F ([1/2, 1) ∩ A)) .

In other words, the measure mβ assigns the mass β (resp. 1 − β) to the interval
[0, 1/2) (resp. [1/2, 1)) and is a copy, in this set, of the measure mp p̃ (resp. mp̃ p)

Measures mβ are examples of unidimensional measures whose dimension can not
be calculated with an entropy formula. More precisely, we have the following.

Proposition 3.1. The measure mβ satisfies the following properties :

(i) dim∗(mβ) = dim∗(mβ) = s(p)
(ii) Dim∗(mβ) = Dim∗(mβ) = s(p̃)
(iii) h∗(mβ) = β s(p̃) + (1 − β) s(p) and h∗(mβ) = β s(p) + (1 − β) s(p̃).

In particular, dim(mβ) < h∗(mβ) and h∗(mβ) < Dim(mβ).

Remarks. 1. For such a measure mβ , unidimensionality ensures that for almost
every point x, there exists a subsequence nk such that αnk

(x) converges to dim∗(mβ).
Nevertheless, according to Theorem 1.1, we can not find a subsequence nk such that
αnk

converges almost surely to dim∗(mβ). A similar remark can be made concerning
Dim∗(mβ).

2. In the case where β = 1/2, we obtain a unidimensional measure m (in the
Hausdorff and in the packing sense), which posseses an entropy h(m) (i.e. h∗(m) =
h∗(m) = h(m)), but verifies dim(m) < h(m) < Dim(m) .
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3. If β1 6= β2, we obtain two measures µ = mβ1
and ν = mβ2

which are unidi-
mensional, strongly equivalent (i.e. 1

c ν ≤ µ ≤ c ν), but satisfy h∗(µ) 6= h∗(ν) and
h∗(µ) 6= h∗(ν). This result indicates that entropy is a bad concept of dimension (even
for unidimensional measures) ; for a good concept of dimension, it is indeed reasonable
to demand that two equivalent measures should have the same dimension.

Proof of Proposition 3.1. Properties 1 and 2 are immediate consequences of (9).
We only have to prove property 3. Let us put pi = pp p̃(i) and p̃i = pp̃ p(i). We have

τn(t) =
1

n
log2

(

βt
n−1
∏

i=1

(pt
i + (1 − pi)

t) + (1 − β)t
n−1
∏

i=1

(p̃t
i + (1 − p̃i)

t)

)

.

If we remember that hn(mβ) = −τ ′
n(1), we obtain

hn(mβ) =
1

n

(

β

(

− log2 β +

n−1
∑

i=1

s(pi)

)

+ (1 − β)

(

− log2(1 − β) +

n−1
∑

i=1

s(p̃i)

))

.

(10)
If n0(n) is the number of integers i ≤ n−1 such that pi = p and if n1(n) = n−1−n0(n),
we can then write

hn(mβ) =
n0(n)

n
(β s(p) + (1 − β) s(p̃)) +

n1(n)

n
(β s(p̃) + (1 − β) s(p)) + O(

1

n
) .

In particular, we have

β s(p̃) + (1 − β) s(p) + O(
1

n
) ≤ hn(mβ) ≤ β s(p) + (1 − β) s(p̃) + O(

1

n
) .

To conclude, it suffices to remark that

lim sup
n→+∞

n0(n)

n
= 1 and lim sup

n→+∞

n1(n)

n
= 1 .

4. An example where dim(m) = h∗(m) but Dim(m) > h∗(m). As observed
in Example 1.6, the equalities dim∗(m) = h∗(m) and Dim∗(m) = h∗(m) hold as soon
as the sequence of random variables

Xn(x) = log

(

m(In(x))

m(In−1(x))

)

satisfies the strong law of large numbers

lim
n→+∞

1

n

n
∑

i=1

(Xi − E(Xi)) = 0 dm a.s. . (11)

We are going to construct a unidimensional measure m for which dim∗(m) = h∗(m)
but Dim∗(m) > h∗(m). Of course, such a measure does not satisfy (11).

Proposition 4.1. There exists a unidimensional probability measure m such

that

dim∗(m) = dim∗(m) = h∗(m) but h∗(m) < Dim∗(m) = Dim∗(m) .
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The notations are the same as in the previous section. Let β = 1/2. The measure
µ1 = mp p̃ is the same as before but we modify slightly the measure mp̃ p. In section
3, the measure mp̃ p was constructed in such a way that

∀n ≥ 1, ∀i ∈ {T2n−1, . . . , T2n − 1} , p̃i = pp̃ p(i) = p̃ .

We modify the value of p̃i according to the parity of n and define

{

p̃i = p̃ if i ∈ {T2n−1, . . . , T2n − 1} and n = 2k + 1
p̃i = p if i ∈ {T2n−1, . . . , T2n − 1} and n = 2k

.

We do not modify the value of p̃i when i ∈ {T2n, . . . , T2n+1 − 1}. Let µ2 be the so
constructed measure and put :

m(A) =
1

2
µ1(F ([0, 1/2) ∩ A)) +

1

2
µ2(F ([1/2, 1) ∩ A)) .

Similar computations as those made before ensure that :

dim∗(m) = dim∗(m) = s(p) and Dim∗(m) = Dim∗(m) = s(p̃) .

Let us see the evolutions of entropy. Since p < p̃, the new measure has smaller entropy
than the measure m1/2 (corresponding to the parameter β = 1/2) of Proposition 3.1.
Hence,

h∗(m) ≤
1

2
(s(p) + s(p̃)) < Dim∗(m) .

In fact, it is easy to prove that h∗(m) = (s(p) + s(p̃))/2.
Moreover, using formula (10) for the new measure m, we have :

hT4k
(m) =

1

2T4k

T4k−1
∑

i=1

(s(pi) + s(p̃i)) + O(
1

T4k
)

=
T4k − T4k−1

T4k
. s(p) + O(

T4k−1

T4k
) + O(

1

T4k
) .

It follows that

h∗(m) ≤ lim
k→+∞

hT4k
(m) = s(p) = dim∗(m),

which gives the non trivial inequality between these two numbers. Let us finaly remark
that it is easy to prove that for almost every x ∈ [0, 1),

lim
k→+∞

log m (IT4k
(x))

−T4k log 2
= s(p) .

5. An extension of Theorems 1.1 and 1.2. The ℓ-adic partition Fn of the
cube [0, 1)D is not the only situation where Theorems 1.1 and 1.2 make sense. Fix a
sequence (ℓn)n≥1 of strictly positive real numbers and construct a family (Gn)n≥0 in
such a way.

1. G0 = {B0} where B0 is a Borel set in R
D with B(0, 1/c) ⊂ B0 ⊂ B(0, c) (we

denote by B(0, r) the ball with center 0 and radius r).
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2. For every n ≥ 0, Gn is a finite family of disjoint Borel sets which are similar to
B0 in the ratio ℓn.

3. For every B ∈ Gn+1, there exists a unique B̃ ∈ Gn such that B ⊂ B̃.
Let m be a measure supported by a Borel set E and suppose that for every n ≥ 0,

E is a subset of
⋃

B∈Gn
B. If we suppose that the sequence log(ℓn)/n is bounded, then,

coverings using elements of
⋃

n Gn are sufficient to calculate the Hausdorff dimension
of subsets of E. Conclusions of Theorem 1.1 and Theorem 1.2 are also true in this
situation if we define h∗(m) (resp. h∗(m)) as the lim inf (resp. lim sup) of the sequence

hn(m) =
1

log ℓn

∑

B∈Gn

m(B) log m(B) .

In particular, our results can be applied for measures supported by Cantor sets con-
structed in the same way as those described in [1] or [2].
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