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ON RELATIONS BETWEEN ENTROPY AND HAUSDORFF
DIMENSION OF MEASURES

ATHANASIOS BATAKIS Y AND YANICK HEURTEAUX *?

Abstract. We characterize probability measures whose Hausdor dimen sion or packing di-
mension can be calculated by an entropy formula. In particul ar, we prove that such measures are
unidimensional. We also construct examples of unidimensio nal measures for which entropy does not
calculate the dimension.

Let D be an integer greater than 1 andm be a probability measure in [Q1)P.
Fix =1 and denote byF,, the family of “-adic cubes of thent" generation, that is

1 1
Fn= | = [ki:‘n;(ki+l):‘n) iy OSki <N
i=1
For an arbitrary point x in [0;1)P, let 1,,(x) be the unique cubel [H, such that
x [

We want to give estimates for the lower and the upper dimension of the measure
m. These are respectively de ned by

dim (m) =inf(dim( E) ; m(E) > 0) .
dim (m) =inf(dim( E) ; m(E)=1) -
It is well known that there exist some relations between these quantities and the
function  which appears in the multifractal formalism. More precisely, if we let :
1 1
1 1 _
n(t) = —=—— log m(t and () =limsup (%) ;
n log 12F n' +1
it is proved in [11] that
- %91) =dim (m)<h (m) (1)

whereh (m) is the lower entropy (also called lower Renyi dimension) of the measure
m, de ned as

 —
m(1) log(m(1)) :

12F

— [imi — _ 01y =
h (m)—IquHDI hn(m) where hp(m)= — (1) nlog®

In [11], we also give su cient conditions for the equality — 2(1) = dim (m) to hold.

In this paper we are interested in describing the measurem satisfying dim (m) =
h (m). Theorem 1.1 states that dim (m) = h (m) holds if and only if there exists a
subsequence such that

logm(ln, (X .
Lnk(‘)) =dim (m) dm-almost surely: )
ki +1  —ng log

Received August 19, 2001; accepted for publication May 7, 20 02.

YDepartement de Matlematiques, Universie d'Oreans, B.P. 6759, F-45067 Orkans cedex 2,
France (Athanasios.Batakis@labomath.univ-orleans.fr).

ZLaboratoire de Mattematiques pures, Universie Blaise Pa  scal, F-63177 Aubere cedex, France
(Yanick.Heurteaux@math.univ-bpclermont.fr).

399



400 A. BATAKIS AND Y. HEURTEAUX

In particular, such measures are unidimensional (i.e. satisfy dim(m) = dim (m)).
If we denote by dim(m) this common value, the measurem is supported by a
set of dimension dim{n) but every set of dimension strictly less than dim(m) is
negligible. Nevertheless, unidimensionality is not a su cient condition to have
dim (m) = h (m). An example of a measure of exact dimension (i.e. unidimen-
sional) for which dim (m) < h (m) is proposed in Proposition 3.1.

The interest of such a result is that it is not written in a dynamical context.
Nevertheless, the conclusion (2) can be interpreted as a weak form of a Shannon-
McMillan type result.

Similar results can be established, comparing the upper entropy

h (m) =Ilimsup hy(m)
n! +1

and the packing dimension of the measurem. Following [13], [11] or [8], we can
introduce

%Im (m) =inf(Dim( E) ; m(E) >0) .
Dim (m) =inf(Dim( E) ; m(E)=1)

where Dim(E) is the packing dimension of the setE (for more details on packing
dimension, see [7] or the original paper of Tricot [14]). As proved in [11],

h (m) < Dim (m) < — °(1) 3)

and we characterize in Theorem 1.2 of the present paper the measures for which the
equality h (m) =Dim (m) holds.

Several examples of measures satisfying difim) = h (m) and Dim (m) = h (m)
are also proposed. In particular, this is the case in an ergodic situationExample 1.3),
for quasi-Bernoulli measures (Example 1.5) and in a context where the strong ia of
large numbers can be applied (Example 1.6).

In the last section, we observe that the behaviour related to the Hausdor dimen-
sion and the packing dimension can be di erent. We construct a measuren of exact
dimension for which

dim(m)= h (m) but Dim(m)=>h (m):

1. Main results and examples. The main result of this paper is the following.

Theorem 1.1. Let m be a probability measure in [0;1)P. Then
dim (m)<h (m) :

Moreover, the following properties are equivalent :
(i) dim (m)= h (m)
(i) dim (m)=dim (m)= h (m)
(iii)y There exists a subsequence (Nk)x 1 such that for dm-almost every x []Q; 1)P,

logm(1n, (X))

ki +1  —ng log* =dim (m) :

A similar result can also be established, comparing the upper entropyn (m) of a
measurem with its packing dimension Dim (m).
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Theorem 1.2. We also have
h (m) < Dim (m);

and the following properties are equivalent :
(i) Dim (m)= h (m)
(i) Dim (m)=Dim (m)= h (m)
(i) There exists a subsequence (Nk)k 1 such that for dm-almost every x []Q; 1)P,

fim 129MUn (D _ gy
ki +1 —nk log*
Remark. As was pointed out in the introduction, unidimensionality is not su -
cient to establish the equalities dim (m) = h (m) and Dim (m) = h (m) (see Propo-
sitions 3.1 and 4.1). In fact, the statements of Theorems 1.1 and 1.2 stermdm a deep
homogeneity property.
Let us now give some useful examples of measures for which the equalities
dim (m)= h (m) and Dim (m)= h (m) hold.

Example 1.3. Suppose that the sequence

logm(In(X))
—n log*

4

converges almost surely to a constant. Then, the equivalent properties of Theorems
1.1 and 1.2 are satis ed and we have

d =dim( m)=Dim( m) : (5)

In particular, this is the case in an ergodic context. Let us denote the elements of
by lg, .. e, with " [{0;:::; ‘P — 1} in such a way that le,....enea Ll . e,. DeNE

{x} = ,le.,..e., and consider the imagem-of m with respect to the application
J. If we suppose that the mesurem~is invariant and ergodic with respect to the
shift operator, Shannon-McMillan's theorem ensures that (4) admits an almost sure
constant limit d and that (5) is satis ed (see [11] for more details and [16] for basic
facts on ergodic theory).

Example 1.4. The following situation was described by S.M. Ngai in [12]. Sup-
pose that the function  of the multifractal formalism admits a derivative 91). Then,
using inequalities (1) and (3), we conclude that the measurem is unidimensional and
satis es

dim(m) = Dim( m) = h(m) = — Y1)

whereh(m) = h (m) = h (m) is the genuine limit of the sequenceh,(m). -

Example 1.5. The case of quasi-Bernoulli measures is related to examples 1.3

and 1.4. Suppose that there exists a constan€C > 0 such that for every "1;:::; "n+p
we have :

1 (I R (|
~ m(IEJ_ ..... Sn) m |8n+1 ..... En+p =m IS]_ ..... En+p = C m (|81 ----- En) m I“3n+1 ----- En—+p
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It is well known (see [6]) that such a measure is equivalent to an invariahand ergodic
measure. Moreover, it is proved in [11] that 1) exists in this case. Let us also
remember that the multifractal formalism is available for such measures ¢ee [5] and
[11]). -

Example 1.6. Let us write

o TM(a()
=100 00
and suppose that
1 1
n!Iirﬂl a (Xi —E(Xj))=0 dm as:

i=1
where the expectation is related to the probability m. If we remark that

_ 1
E(Xi);

() = Sioge

we can easily conclude that the equalities dim(m) = h (m) and Dim (m) = h (m)
are satis ed in this situation. In particular, this is the case when the random variables
X; are bounded inL2 and uncorrelated.

A classical case (called Bernoulli product) of such measures is often described in
the literature (see for example [4], [3] or [11]). Fix a sequencep(); 1 of real numbers
with 0 < p; < 1 and consider a sequenceY{); 1 of independant 0,1-valued random
variables such that

P(Yi=0)= p;j and P(Yi=1)=1 —p;:
(B

Then, the law m of the random variable =, 2 'Y; satis es

1 1
SSm)(m) = h (m)=liminf ©  s(p)
’ i=1 (6)
1 1
fi(m) = h (m) = Iimsulp o s(pi)
nt o+ i=1

Y
=4

where the function s(t) is de ned by

S(t) = —[tlog, t+ (1 —t)log,(1—t)] for t [JQ;1]
and log, is the logarithm in base 2. -

2. Proof of Theorems 1.1 and 1.2. We prove Theorem 1.1. Since the proof
of Theorem 1.2 is similar, we will only sketch it at the end of the section.

The inequality dim (m) < h (m) is well known (see for example [11] or [15]).
Nevertheless, let us give an elementary proof in order to make easier the study ofi¢
equality case. Ifx []Q; 1)P, put :

logm(In(x))

n(X) = ~nlog*

and _(X)=liminf L(X):
n! +1
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It is well known ([9], [8] or [11]) that :
dm (m)=sup({ =0; = dmas:}) =infess(): @)

IZI
We also observe thathn,(m) = n(X) dm(x). Using Fatou's lemma and the fact that
m is a probability measure, we get
1

dm (m)= _(x)dm(x) <h (m) : (8)

Proof of (iii) [{i)l1 Suppose that there exists a subsequencenf)x 1 such that
for dm-almost every x []Q; 1)°,

k!“T1 n(X) =dim (m) :

Using the dominated convergence theorem (see the domination below), we obtain
[

dim (m) = k!"T1 ne(X) dm(x) = I(I[irrl1 hn, (M) = h (m)

and we are done.
Lemma 2.1. Let =sup, ; n. Then [LF(m) .

Proof. It is su cient to prove that the real variable function
tB- m({x; (xX)>1})

is integrable in a neighbourhood of +oo with respect to the Lebesgue's measure. But
we know that ,(x) > tif and only if m(1,(x)) < ¢ ™. According to the fact that
the partition F, contains ‘"D elements,

mEX; n(x) >t} <P "ty
If t> D, we obtain

p S— ot
m{x; >th=  mx; 200> =5

n=1
which proves the integrability of
Proof of (i) [(i)l. Suppose that dim (m) = h (m). Using (7) and (8), we remark
that for dm-almost every point X, _(x) =dim (m). Then, we also have
dm (m)=inf({ =0; _=< dma:s:})=supess()
apd hlence dim(m) = dim (m) (see [11] or [8]). The measurem is thus unidimen-
sional.

Proof of (i) (i) . Let d =dim (m) = h (m). We will make use of the following
lemma.

Lemma 2.2. Let [{0;1) and ng = 1. We can choose an integer n; = ng such
that :

m{x; n,>d+ })=(2+d)
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Proof. As was remarked before, the equality = d holds dm-almost surely. We
can then nd n$ = ny such that

1 1
L1

mL 1 {x; .(x)>d-— 2yL=h- 2:
n n§’

On the other hand, by hypothesis (ii), we can choose an integen; = ng such that
1

hny(M)=  n, () dm(x) <d+ 2

This integer ny will be the right one. Let us denote

A={x; n(>d— 2} and B={x; n()>d+ }:

We have
1
d+ 2= n, (X) dm(x)
1 1
= n, (X) dm(x) + ny (X) dm(x)
AnB B

=(d= ?)(m(A)—m(B))+(d+ )m(B):
If we remember that m(A) =1— 2, we get

22+d?2
mB) < ——— =<2+ d)

which is the conclusion of the lemma.
By using Lemma 2.2 with =2 K, we can construct a subsequencen)x 1 such
that for all k=1,

mEX; n(X)>d+2 H=@+d2
By applying Borel Cantelli's lemma, we then obtain

limsup n.(X)<d dm as::

k! +1
On the other hand,

d=_(x) < IILminlf n(X) dm as: :

Thus, we have proved that the subsequence (,. )k 1 converges almost surely tad.
To prove Theorem 1.2, we introduce the function

(x) = Iin|1 sulp n(X) :
As proved in [8], [11] and [13], we have :
Dim (m)=inf({ =0; < dmas:})=supess():

The inequality h (m) < Dim (m) is a consequence of Fatou's lemma applied to the
sequence — . The study of the equality case uses the same ideas as before.
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3. An example where dim(m) < h (m) and Dim(m) > h (m). In this section,
we take D = 1 and * = 2. We begin with the construction of a family of auxiliary
measures which are of the type described in Example 1.6. Led and b be two real
numbers with 0 < a;b <1 and x a sequence of integers Tk)k 1 such that

Ter1 _
Ty

Ti=1; Tk <Tk+1 and lim
k!l +1

Then, we de ne the family of parameters pap(i) :
Pap(i)=a if Ton 1 <i<Ton and pap(i)=Db if Ton <i<Ton+r1:
If (Yi)i 1 is a sequence of independant random variables such that
P(Yi =0) = pap(i) and P(Yi=1)=1 —pap(i) ;

we denote bym,y, the law of the random variable iijl 2 y;.

The choice of the integersTyx and the identities (6) ensure that for dmg,-almost
every x [JQ; 1), we have :

—
Bimmlin 29 MabUn0) _ e s (b))

nl+1 —n log2 . 9)
F—] logmap(In(X) _ . '
Himisup —— Nlog2 - SuP(s(a);s(b)

We can now construct our counterexamples. Let us x a parameter [(0;1=2]
and two real numbersp and p-such that 0 < p < p< 1=2. If F(t) is de ned by

F(t)=2t when t [J0;1=2) and F(t)=2t—1 when t [[1=2;1);
we are interested in the measureng de ned by
mp(A) = mMp(F([0;1=2) n A)) + (1 — )mpp(F([1=2,1) n A)) :

In other words, the measuremg assigns the mass (resp. 1— ) to the interval

[0; 1=2) (resp. [1=2;1)) and is a copy, in this set, of the measurem, 5 (resp. mgp)
Measuresmg are examples of unidimensional measures whose dimension can not

be calculated with an entropy formula. More precisely, we have the followng.

Proposition 3.1. The measure mg satisfies the following properties :

(i) dim (mg) =dim (mg) = s(p)

(i) Dim (mg) = Dim (mg) = s(p)

(i) h(mg)= s(E)+(@ — )s(p) and h (mg)= s(p)+(1 — )s(p).
In particular, dim(mg) <h (mg) and h (mg) < Dim(mg).

Remarks. 1. For such a measurang, unidimensionality ensures that for almost
every point x, there exists a subsequencey such that ,, (x) converges to dim (mg).
Nevertheless, according to Theorem 1.1, we can not nd a subsequenceg such that

ne converges almost surely to dim(mg). A similar remark can be made concerning
Dim (mg).

2. In the case where = 1=2, we obtain a unidimensional measurem (in the
Hausdor and in the packing sense), which posseses an entropg(m) (i.e. h (m) =
h (m) = h(m)), but veri es dim( m) < h(m) < Dim(m) :
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3. If 18 », we obtain two measures = mg, and = mg, which are unidi-
mensional, strongly equivalent (i.e. % < <¢c ) butsatisfy h( )8 h () and
h () & h (). This result indicates that entropy is a bad concept of dimension (even
for unidimensional measures) ; for a good concept of dimension, it is indeed reasonable

to demand that two equivalent measures should have the same dimension.

Proof of Proposition 3.1. Properties 1 and 2 are immediate consequences of (9).
We only have to prove property 3. Let us put p;j = ppp(i) and p; = ppp(i). We have

1 1
1 t nI_J;I t t nl_l——tl t
n(t) = ﬁlogz (Pi+ (@ —pi))+(@Q — ) (pi +(1 —pi))
i=1 i=1
If we remember that hn(mg) = — 2(1), we obtain
1T 1 1 1 [IT11
1 o] E— N
hn(mg) = a —log, + s(pi) +(1 — ) —logy(1— )+ s(pi)
i=1 i=1

(10)
If ng(n) is the number of integersi < n—1 such thatp; = p andif ny(n) = n—1—ngy(n),
we can then write

ny(n)
n

( s(p)+@ — )s(p)+

No(Nn)
n

hn(mg) = ( s+ = )s(p)+ O3 :

In particular, we have

S+ (1 = )s(p)+ O(Z) <ha(mg) < S(p)+(1 = )s(p) + O(7)

To conclude, it su ces to remark that

ny(n)
n

lim sup Mo(n) =1 and limsup =1:

n' +1 n n' +1

4. An example where dim(m) = h (m) but Dim(m) > h (m). As observed
in Example 1.6, the equalities dim (m) = h (m) and Dim (m) = h (m) hold as soon
as the sequence of random variables

1 1
(0 =log _MIn0Y)

m(ln 1(x))
satis es the strong law of large numbers
_ 1 1
lim — (X—EX)=0 dmas:: (11)
n +1 N

i=1

We are going to construct a unidimensional measuren for which dim (m) = h (m)
but Dim (m) > h (m). Of course, such a measure does not satisfy (11).

Proposition 4.1. There exists a unidimensional probability measure m such
that

dim (m)=dim (m)= h (m) but h (m)<Dim (m)=Dim (m):
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The notations are the same as in the previous section. Let = 1=2. The measure
1 = Mpp is the same as before but we modify slightly the measureng,. In section
3, the measuremg,, was constructed in such a way that

=1, O0{Ton 1;::5Ton— 1}, pi = ppp(i) =P :

We modify the value of p; according to the parity of n and de ne

We do not modify the value of p; wheni [C{Ton;:::; Ton+1 — 1}. Let » be the so
constructed measure and put :

mA) = 2 1(FI01=2) 0 A)+ 5 2(F(1=21) 0 A)
Similar computations as those made before ensure that :
dim (m)=dim (m)= s(p) and Dim (m)=Dim (m)= s(p):
Let us see the evolutions of entropy. Sincg < p, the new measure has smaller entropy

than the measurem,,, (corresponding to the parameter = 1=2) of Proposition 3.1.
Hence,

h (m) < 2 (s(p) + S(p) < Dim (m) :

In fact, it is easy to prove that h (m) = ('s(p) + s(p))=2.
Moreover, using formula (10) for the new measuran, we have :

1 1
hr, (M) = — s(pi) + s(pi)) + O(=—
Tac (M) Tae (s(pi) + s(pi)) (T4k)
_ Tak—Tak 1, Tak 1 1.
S T T :s(p) + O T )+ O(_T4k) :

It follows that

h (m)< lim hr,(m)= s(p)=dim (m);

which gives the non trivial inequality between these two numbers. Let us naly remak
that it is easy to prove that for almost every x []Q; 1),

Iogm(|T4k(X)) _ .
ki +1  —Taclog2 s(p) -

5. An extension of Theorems 1.1 and 1.2. The “-adic partition Fp of the
cube [Q1)P is not the only situation where Theorems 1.1 and 1.2 make sense. Fix a
sequence {,)n 1 of strictly positive real numbers and construct a family (Gn)n o in
such a way.

1. Go = {Bo} where By is a Borel set inRP with B(0;1=c) B} [BI0;c) (we
denote by B(0; r) the ball with center 0 and radius r).
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2. Foreveryn =0, G, is a nite family of disjoint Borel sets which are similar to
Bg in the ratio “,.

3. For every B [G},+1, there exists a uniqueB [G}, such that B Bl

Let mbe a pegsure supported by a Borel seE and suppose that for everyn = 0,
Eisasubsetof 5,5 B. If\ﬁuppose that the sequence lod{,)=n is bounded, then,
coverings using elements of |G, are su cient to calculate the Hausdor dimension
of subsets ofE. Conclusions of Theorem 1.1 and Theorem 1.2 are also true in this
situation if we de ne h (m) (resp. h (m)) as the liminf (resp. lim sup) of the sequence

hn(m) = m(B) logm(B) :

log *
9n B2Gn

In particular, our results can be applied for measures supported by Cantor sets ¢B
structed in the same way as those described in [1] or [2].
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