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QRARATIC SHEAVES AND SELF-LINKAGE*

GIANFRANCO CASNATI' AND FABRIZIO CATANESE?

0. Introduction and first results. The present paper is devoted to the proof
of a structure theorem for self-linked pure subschemes C C P} of codimension 2 over
a field k of characteristic p # 2.

We use the symbol C' because the classical case to be studied was the one of
reduced curves in P;. In this case, one can describe the notion of self-linkage in non-
technical terms, saying that C' is self-linked if and only if there are surfaces F and G
such that their complete intersection is the curve C counted with multiplicity 2. This
is a special case of the notion of linkage (C' is linked to C” if C' U C’ is the complete
intersection of two surfaces F and G), classically introduced by R. Apery, F. Gaeta
(see [Ap], [Gae]) and later deeply investigated by the algebraic point of view by Ch.
Peskine and L. Szpiro and by P. Rao (see [P-S], [Raol]). The special case of self-
linkage was however studied before, in the work of E. Togliatti (see [Tol], [To2] ), and
later D. Gallarati (see [Gal]), in the form of the theory of contact between surfaces.

In [Cal] the theory of contact was related to a new theory, of the so called even sets
of nodes, and later Rao used these ideas to obtain a structure theorem for projectively
Cohen—Macaulay self-linked subschemes of codimension 2 in projective spaces (see
[Rao2]).

Recently, Walter’s structure theorem (see [Wal) for subcanonical subschemes of
codimension 3 opened the way to solving some old conjectures about even sets of nodes
and contact of hypersurfaces (see [C—C]).

A basic ingredient was the algebraic concept of quadratic sheaves, generalizing
to a greater extent the geometric notion of contact and even sets. This notion was
applied in [C-C] to the classification of even sets of nodes on a surface F' C P% for low
values of the degree d.

On the other hand, let ' C P} be a surface whose only singularities are an even
set of nodes A. Then there is a curve C on F' passing through the points of A, and a
surface G such that F NG = 2C as cycles (see [Cal], [Gal]). With this in mind it is
therefore only natural to apply the structure theorem for quadratic sheaves in order
to obtain a structure theorem for self-linkage.

This is done in the present paper, where we generalize the previously cited result
of P. Rao to arbitrary pure subschemes of P} of codimension 2, (see also the survey
[Ca2] of the second author for a preliminary version of these results).

MAIN THEOREM. Let k be a field of characteristic p # 2 and C C P} be a pure
subscheme of codimension 2 which is self-linked through hypersurfaces F := {f = 0}
and G := {g = 0} of respective degrees d, m. Let S be its sheaf of ideals and set
.7:F = gc/fOpg(—d), ]:G = %C/g(’)pz(—m).
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Assume moreover that if n =1 mod 4 and d+m —n—1 = 29, then the following
two equivalent congruences hold:

X(Opr (0)) = x(Opp (0 — d)) — x(Oc(e)) =0 mod 2,
X(Opr (0)) = x(Opp (0 —m)) = x(Oc(0)) =0 mod 2.

Then there exist a locally free Opr —sheaf £, a symmetric map a: S(fd —m)— &
and a resolution )
G 2)

(1) 0—>O]pz(fd)®g(fdfm) 3 Opr(—m)® & — Fr —0

inducing eract sequences

(2) 0—>€(—d—m)(;“)>(’)pz(—m)@€—>gc—>0,

(3) 0— &(—d—m) & — Fg — 0.

Conversely, given a subscheme C of codimension 2, assume that there does exist
a sequence (2) with the above property of a being symmetric and deg(det(a)) = m.
Then C is self-linked through the hypersurfaces F' and G of respective equations f :=

t

det (())\ 2) and g := det(a). o

It was conjectured by Ph. Ellia that if moreover C is subcanonical then C' is the
complete intersection of two hypersurfaces (see [E-B]). We have been trying to deduce
this statement from our main theorem. In the meantime, Ellia’s conjecture has been
proven in [Ar] if n > 4, and in [F-L-K] when n > 3 and k = C.

Moreover, in section 3 we discuss the problem whether the self-linkage ideal (f, g)
is uniquely determined once the generator g of higher degree is fixed, and prove that
the answer is positive under the condition that the subscheme be locally Gorenstein.

Acknowledgements. Both the authors acknowledge support from the projects
AGE, EAGER and Vigoni.

First results. For the reader’s benefit we recall the following definitions and
results proved from [C—C]. From now on we always assume that & is a field of charac-
teristic p # 2.

DEFINITION 0.1. Let X be a projective, locally Cohen—Macaulay scheme. We say
that a coherent, locally Cohen—-Macaulay sheaf of Ox-modules F is a §/2—quadratic
sheaf on X, 6 =0, 1, if there exists a symmetric bilinear map

FxF — Ox(=9)
inducing an isomorphism o: F(8) — Homo, (F, Ox).

REMARK 0.2. If F is §/2-quadratic, then it is reflexive since the natural map
F — F~ equals 67 oo (—06).

Assume now that F' C P} is a hypersurface of degree d and that F is a §/2-
quadratic sheaf on F'.

The main result of sections 1 and 2 of [C—C] concerns a characterization of qua-
dratic sheaves on hypersurfaces in P} (including the needed parity condition as pointed
out in theorem 9.1 of [E-P-W]).
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THEOREM 0.3. Let F' C P} be a hypersurface of degree d and let F be a 6/2-
quadratic sheaf on F'. Then F fits into an exact sequence of the form

(0.3.1) 0—&(-d—06)5E—F—0

where & is a locally free Opyp—sheaf and ¢ is a symmetric map if and only if the
following parity condition holds: if n =1 mod 4 and n+ 1 —d — 6 = 2r, then also
X(F(—r)) is even.

Moreover we can choose € such that H (PrE) =0 forn>j>(n—1)/2. g

REMARK 0.4. Following [Cal] we say that F is split symmetric if one can choose
& to be a direct sum of line bundles. This is possible if and only if F is arithmetically
Cohen-Macaulay i.e., if and only if H?! (IE”Z7 _7-') =0foreachi=1,...,n—2.

1. From self-linkage to quadratic sheaves. Our first main theorem is an
application of the theory of quadratic sheaves. For another application see [C-C].

DEFINITION 1.1. Let C' C P} be a pure subscheme of codimension 2 and let
Se C O]PZ be its sheaf of ideals: C is said to be self-linked with respect to the
complete intersection X := F'N G of the two hypersurfaces F', G of respective degrees
d, m, if C' C X and one of the following equivalent conditions holds
1) Sxt %C = %0;
ii) SC/%X = HOM@PLL (Oc, Ox)
For the above well-known equivalence see e.g. theorem 21.23 of [Ei] (see also
[P-S)).
REMARK 1.2. Indeed, since S¢ and Sx coincide with Opy in codimension 1 and
are torsion free, every ¢ € Hom@Pg (%C, N X) is given by a rational function, which is

in turn regular by the normality of Opy.
Condition i) of definition 1.1 can be thus rewritten as (see [Ca2], proposition 2.6)

(1.2.1) So = Homo,, (%C, C\}X).
k
By duality for finite maps (see [Hal, exercise 11.6.10),
(1.2.2) Homomz, (Oc,0x) = Hom@pg (Oc,wx(n+1-=m—d)) =wc(n+1—m—d).

Finally, let C, F := {f = 0}, G := {g = 0} be as above, and assume m =
deg(G) > d = deg(F). Then we can replace g by g+af (a is a homogeneous polynomial
of degree m —d), and obtain by Bertini’s theorem that G is smooth outside C'. Indeed,
if C is reduced we can even have that G is smooth at the generic points of C, so that
G is a normal, whence irreducible, hypersurface. Moreover in this case (cfr. [Cal],
proposition 2.6) condition i) is equivalent to cycle(X) = 2C.

DEFINITION 1.3. Let Fg = Sc/gO0pp (—m), Fr = Sc/ fOpn (—d).
By the above definition it follows that both Fg and Fr are obviously locally
Cohen—Macaulay. By remark 1.2, since

Sx/g0pp (—m) = (fOpp (—d) + gOpp (—m))/gOpy (—m) = fOc(—d),

we have pairings
Fa x Fa — Sx/g0p (—m) = fOc(—d),
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and analogously
}—F X .7:F — g@p(—m).

To verify that a twist of F¢ yields a quadratic sheaf on G (similarly for Fr on F') we
have to show that the pairing is perfect, i.e. Fg = Homo,., (fg, O(;(fd)).
k

Let ¢ € Homogn (}'G7 Og(—d)), then ¢ induces ¢’ : S¢ — Og(—d) = %X/gopz(—m).
k
If 4" is in the image of a ¢ € Homo,, (%C,%X), then, by remark 1.2, ¢ € S¢, and
k

clearly ¢ induces a zero v if and only if ¢ € gOpn (—m).
Thus, we are left with the verification that

’HomOPZ (%C, Sx) — 'Homopg (So, Sx/g0pr (—m))
is surjective. By the &zt .. —€Xact sequence, the above surjectivity is equivalent to
k
the injectivity of j: &:tépn (Se, gOpZ(—m)) — Ext%gnm (Se, Sx).
k k
To this purpose, consider
0 — &t (Oc,Sx) —= Eath,, (Oc, Og(—d)) —
k k

— Ext?gpz (Oc, gO[pLL (7771)) J—/> 5:Et2 > (Oc, Sx)

Z
where j’ corresponds to j via the natural equivalence Ext} o (%C, ) = &ctfgw (OC, )
k

It follows that j is injective if and only if ¢ is an isomorphism. We have the exact
sequence

Hom(gu,,g (OPE’ %X) — Homo% (%07 %X) —
— &Et}gw (O¢,Sx) — &:téw (Opg, Sx) 0.
k k

o~

Since Homoe,n (O]pz, %X) =~ $x and Homo,, (%c, Sx) Q¢ then
k %

c‘,’xt}g% ((’)C, %X) > Go/Sx & Homoﬂ,g (OC, (’)X) Ywen+1-—m—d).
We also have
Sxtb% (Oc, (’)pg(—d)) — &vtbw)g (Oc, Oc(—d)) —
— &ct?gﬂ)g (Oc, g0y (—m — d)) L &Ut?gpz (Oc, Opp (—d)).
Since C' C G, then the multiplication by g is zero. Moreover, &zrt}opz (Oc, Opr (—d)) =
0 since C' is locally Cohen—Macaulay. We obtain that
Extémg (Oc, Og(—d)) = Smt%mz’ ((’)C,g(’)pg(—m —d)) 2wc(n+1—m—d).

The following easy lemma thus concludes the proof that i:wec(m +d —n —1) —
we(m+d—n —1) is an isomorphism.

LEMMA 1.4. If H s a coherent Opy—sheaf and o: H — 'H 1is either injective or
surjective, then it is an isomorphism.

Proof. Let p be injective (resp. surjective) and K := coker(p) (resp. K := ker(p)).
By Serre’stheorem B we get h' (P}, H(t)) = 0 (resp. h' (P}, K(t)) = 0) for each t large
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enough, hence h° (IP’,;L, IC(t)) = 0 for ¢ large enough, whence I = 0 by Serre’s theorem
A. O

Set d = 2d' + 6, m = 2m/ + u, §, u € {0,1}. Then Fg(d') is a §/2—quadratic sheaf
on G, and similarly Fr(m’) is a u/2—-quadratic sheaf on F. According to theorem 0.3,
we obtain two locally free Opr-sheaves &, and & provided that the respective parity
conditions hold.

It is convenient to rewrite such conditions. If n =1 mod 4 and d+m—n—1 = 2p,
then we want that x(Fr(0)) = x(Fa(0)) =0 mod 2. By two obvious exact sequences
the above conditions are equivalent to the two congruences

X(Opp (0)) — x(Opy (0 — d)) — x(Oc(0)) =0 mod 2,
X(Opr(0)) — x(Opr (0 —m)) — x(Oc(e)) =0 mod 2.

In turn the two congruences above are equivalent each other. In fact, it suffices to
show that

(1.5)

X(Opp (0 — d)) + x(Opy (0 —m)) = 0.
To this purpose recall that
(h+n)...(h+1)

n!

X(Opp (k) =

In our case n = 4a + 1 and p is even. Since, by the linkage condition, dm is even too,
the parity of d + m —n — 1 yields d = 2d’, m = 2m/, hence
(2a+1)...(—2a+1) (2a —14)...(—2a —1)

X(Opp (0 —d)) = (dat 1! = - (ot 1! = x(Opy (0 — m)),

where i =m/ — d'.
We define &g = EL(—d') and Ep := Ep(—m'). Then theorem 0.3 rewrites as
follows.

PROPOSITION 1.6. Assume that if n =1 mod 4 and n+1—d—m = 20 then
the two equivalent congruences (1.5) above hold.
Then there exist two locally free OPZ ~sheaves Eg and Er, such that H! (IP’Z, Eg) =
Hi(PE,Er) =0 forn >1i> (n—1)/2, fitting into exact sequences
0— Ep(—d—m) 5 Ep — Fp — 0,

1.6.1 .
(1.6-1) 0 — Eq(—d—m) 2% Eq — Fg — 0,

where tap = ap, tag = ag. O

In the above proposition and in what follows, the superscript ¢ denotes the dual
morphism twisted by —d — m.

REMARK 1.7. Let £ C P} be a line disjoint from C. Then the restrictions
of the sequences (1.6.1) to £ are still exact. On the other hand Fr|, = Opn, and
Fae = Ogre, hence

ci(ér) = —% tk(Ep)(d+m) + ; ca(&g) = —% tk(€Eq)(d+m) + %
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2. From quadratic sheaves to self-linkage. From now on we will assume
that the parity condition holds.

Let Opr (7d)i>O]P>Z be the multiplication by f. Then it induces a map ¥J: Opy (—d) —
Fe. Since we have a chain of homomorphisms

(2.1)
Homopg (Opz(—d),g(;) i Homoﬂ,g (Opg(—d),fg) —

2, Exto,, (Org(—d), Eo(~d —m)) =
(B Ea(-m)) ~ H™ (B, Elm+ d — n — 1)) =0
we can lift 9 to a map A: Opn(—d) — &g
Argueing as in (2.1) we obtain that the natural map
Homomg (5@, Sc) - HOHI@PZ (gg, fG)

is surjective whence we infer that the surjection Ea — Fq can be lifted to v: Eg — Sc.
Notice that the map v o \ is given by f € H° (P, Opr (d)) congruent f mod g.

Let r :=rk(€g). We have a map

Ar_l(OéG)Z AT_l(gg(—d —m)) — Ar_lgc.

Since A" 1Eq = Eg@det(Eq) ! and AT Eq = Eg@det(Eg), twisting by det(Eq) ! (—d)
and taking remark 1.7 into account, we obtain a map ozgdjzé'g — Eq(—d) such that
agoal¥(—m):Eq(—m) — Eg is the multiplication by g and o (d) = a%¥ since ag,
hence aaGd] , is symmetric.

We can then define
= MN—d)oalV: &6 — Opy.

PROPOSITION 2.2. Q¢ coincides with the sheaf of ideals of Opy generated by g
and im(p).

Proof. Let us consider the second sequence in (1.6.1). We have a chain map
0—Eq(—d—m) 2% Eq — Fa—0
(2.2.1) la lu lid
0— Opz(—m) LS80 — Fe—0
where 3 is induced by the restriction of v.
By the mapping cone construction we obtain a resolution

0 —>gG(—d—m) L’OPQ(—m)@SG — e — 0

where s has components 3, ag. Recall that ag(m) o aaGdj is the multiplication by g
whence (v o0 ag)(m) o @l = gu, since (v o g)(m) = gu.
Diagram (2.2.1) yields g8 = v o ag. Composing on the right with aédj o\ we
obtain 4
gB(m) o ozgd] oA = gvo\:Opy(—d) — Sc(m) C Opp(m).

Since g is obviously a non—zero divisor in S¢, then vo A = f(m)o a‘édj o\: Opr (—d) —

Opp and since v o A is given by fz f mod g the same is true for §(m) o a“Gdj o\
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It follows from the above identities that sofu = (voA(—m), gA(—m)) is represented

by the product matrix
1 o\/(f
0 A g/

Thus we obtain the following commutative diagram
()

(2.2.2) yu l(é 2 l
0— Eg(—d—m) = Opr(-m)®&c —Sc—0

whose right column is the inclusion.

The mapping cone of (2.2.2) is a resolution of S¢/Sx Zwe(n+1—d—m) (see
(1.2.2)). Therefore the dual of the mapping cone of diagram (2.2.2) yields a resolution
of S¢ (see proposition 2.5 of [P—S]) and S¢ coincides with the sheaf of ideals locally
generated by the maximal minors of

6 1 0
[e7¢ 0 A
which is the ideal locally generated by the maximal minors of (ag, A). Our statement

follows then from the very definition of y and the identity det(ag) = g. o

Since p o ag = g(*)), then p induces an endomorphism 1 of F¢ fitting into the
following commutative diagram

0—>gg(—d—m)&>5(; —>.7:G —0

‘A [ |

0— Opp(—m) 230 — Fa—0.

Since F¢ := Sc/gOpp (—m), proposition 2.2 implies the surjectivity of ¢. More-
over v is also injective by lemma 1.4 above. We can replace the given surjection
mE€c — Fg with ¢ o m, whence we may also replace v by p in the arguments of
proposition 2.2, thus obtaining the following

PROPOSITION 2.3. There exists v € HO (P}, Opy (d — m)) such that

Cqet (7 A
f—det()\ O[G>.

Proof. Recall that we are now assuming v = u, whence by the very definition of

i, poX=f mod g. Since
0 A
MO)\—det()\ aG),

then we obtain the existence of a v such that

B 0 ‘A B 0 A v vooEA
f—det</\ aG)—&-'yg—det()\ aG)—I—det(O aG)—det<)\ ac ) O
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Since f # 0 we get a coherent sheaf F supported on F' and an exact sequence

(3 ag)
A ag

0 — Ory () @ E(~d —m) 25’ Oy (-m) © 6 — F — 0.

It follows that F(m') is 1/2—quadratic and we can easily construct the following exact
sequence of the vertical complexes C;’s

C 1 02 C'3

0 — Ea(—d—m) — Opz(*ﬁl)@gc — ¢ — 0

L@ [ K

0 — OPZ(—d)EBgG(—d—m) — OPZ(_m)@gG . F .

The associated long exact sequence gives Opr (—d) = H1(C1) = Ho(Cs) = ker(n).
On the other hand f € ker(n), thus F = Fp.

If we set £ := &g and a := ag, the above discussion proves the “only if” part of
the statement of the following main theorem.

THEOREM 2.4. Let k be a field of characteristic p # 2 and C C P} be a pure
subscheme of codimension 2 which is self-linked through hypersurfaces F := {f = 0}
and G := {g = 0} of respective degrees d, m. Let S¢ be its sheaf of ideals and set
Fr :=Sc/fOp(=d), Fa :=Sc/gOpp (—m).

Assume that if n =1 mod 4 and d +m —n — 1 = 29, then the following two
equivalent congruences hold:

X(Opr (0)) = x(Opp (0 — d)) — x(Oc(e)) =0 mod 2,
X(Opp(0)) = x(Opp (0 —m)) = x(Oc(e)) =0 mod 2.

Then there exist a locally free Opr —sheaf €, a symmetric map a: E(—d—m) — &
and a resolution

v A
(2.4.1) 00— O]}»g(-d) &) g(—d — m) (A—%) OPQ(—TTL) PE — Fr—0

inducing exact sequences

X
(2.4.2) 0— E(—d—m) () Opy(—m) & € — ¢ — 0,

(2.4.3) 0— &(—d—m) & — Fg — 0.

Conversely, given a subscheme C of codimension 2, assume that there does exist
a sequence (2.4.2) with the above property of « being symmetric and deg(det(«)) =
m. Then C is self-linked through the hypersurfaces F' and G of respective equations

0 A
fi=det ()\ N ) and g := det(a).

Proof. There remains to prove the converse assertion. Let P € P} and consider in
Opr p the maximal minors f; of the matrix (A o) obtained by deleting the i*" column:
in particular g = f1. Recall that Scp = (f1,..., fr+1) In O[P';;’P, hence for each pair
of indices i,j = 2,...7 + 1 we have

Ui f +vij9 = fif;
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for suitable u; j,v; ; € Opp p (the determinantal identity (1.2) of [Cal] with k = j =
1).

It follows that neither f nor g are identically zero, else C would have a codimension
one component. The same identity shows that $% C Sx. Moreover it is always true
that Sx C S¢, thus F and G have no common components.

We now prove that Sx : S¢ = S¢. To this purpose we first check that F :=
coker(a) = ¢ /gOpp (—m). Indeed the diagram

0 — &g(—-d—m) — Opr(-m)®éc — Sc¢ — 0
[ |
0 — (‘jg(—d—m) — 8@ I F — 0.
induces a surjection S¢ — F. Argueing as above we obtain that its kernel is
gOpr (—m).
The map « induces an isomorphism F = Homo,, (F, Oc(—d)), since deg(f) = d.
k
We have h € Sx p : S¢,p if and only if hSc p C Sx p.
Taking residue classes mod g, this is equivalent to hFp C Sx p/ gOkpr, p(—m)
Og¢,p(—d), since g € Sx, hence to the fact that A mod ¢ is in Homoe,, , (}'p, ngp(—d)) >
n,
Fp, ie. hE%C,p. O

o~

3. Self-linkage of generically Gorenstein subschemes. In this section we
shall inspect more deeply the case when C' is a generically Gorenstein pure subscheme
of codimension 2 of P} which is self-linked through two hypersurfaces F := {f = 0}
and G := {g = 0} of degrees deg(F) =: d < m := deg(G).

The first hypothesys implies that C'is also generically locally complete intersection
since its codimension is 2. Owing to the isomorphism (1.2.2) we have

Se/Sx HXwe(n+1—m—d)

whence at each generic point P € C the sheaf wc p is invertible and a lift of a generator
yields y such that Sc p = (f, g,y)Opn p. Since C is generically complete intersection
and Sx = (f, g) then S¢ is either (f,y) or (g,y) at P. In the first case we have locally
g = af + by. By changing globally g with g + c¢f for a suitable ¢ we can assume that
a is invertible at each generic point of C, hence at each generic point P € C' we may
assume that we are in the case S¢ = (g, y) holds generically.

Let now H := {h = 0} be another hypersurface such that C is also self-linked
through H and G. Recall that we defined X := FNG. If we set X := HN G, then
the following proposition holds.

PROPOSITION 3.1. Let C be a generically Gorenstein pure subscheme of codimen-
sion 2 of P} which is self-linked through the two complete intersections X = F NG
and X = HNG. If deg(F) < deg(G) then X = X

Proof. At each generic point P € C' we have S¢ = (y,¢9) and Sx = (f,g). By
the factoriality of Opy p and since (y, g) is a system of parameters for the regular local
ring Opp p, the condition x:J¢ = ¢ amounts to the identity f = gz — y? up to
units.

Moreover C' is self-linked with respect to both X and Y, whence in O]p;;7 P

(f,9): (v, 9) = (v,9) = (h,9): (y,9)-
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It follows that y* € (h,g), hence (f,9) = (y*,9) € (h,g) in Opy p. Since such an
inclusion holds at each generic point P € C then (f,g) C (h,g). Changing the roles
of f and h we obtain (h,g) C (f,g), hence equality must hold. O

REMARK 3.2. The condition deg(F') < deg(G) is necessary as shows the following
easy example. Let C be the origin in the affine plane with coordinates h,g. Let

f="h*—g* Then (f,g) # (f,h).

In order to clarify the role of the hypothesys that C' is generically Gorenstein in

proposition 3.1, in the remaining part of this section we shall give an example where:

a) C is a pure subscheme of codimension 2 of P}, which is not generically
Gorenstein;

b) C is self-linked through X := F NG, with F := {f =0} and G := {g = 0}
of degrees deg(F) =: d < m := deg(G);

¢) for each choice of the second generator g := af + g of Sx, there exists h with
deg(h) = deg(f) such that C is self-linked through X := H N @, where G := {§ = 0}
and H := {h =0},

d) but X # X.

EXAMPLE 3.3. Let n > 2,  and y independent linear forms in P} and C' C P}
the subscheme associated to the ideal (22, zy,y?). Notice that C is not generically
Gorenstein.

Cram 3.3.1. Let C be as above. Assume that C is self-linked through two hy-
persurfaces F' = {f = 0} and G := {g = 0}, with deg(F') =: d < m := deg(G).
Then d = 2, m = 3 and there exist two other linear forms x',y" on P} such that
(,y) = (¢ y') and

i) either f = 2'? and g = y'3 mod f,
ii) or f =2y and g = 2> — 3’3 mod f.

Proof. Since deg(C) = 3 then deg(F N G) = 6 hence d = 2 and m = 3. There
exists a Hilbert—Burch resolution of S¢

0 — Opp(=3)2 -5 Opp (~2)* 25 3¢ — 0

where
Y 0
A= -2 vy |, B = (2% zy,y?).
0 -z

Then the module wo (n —4) := Exty, (Sc, Opp (—5)) has a dual resolution
k

0 — Opy (—5) 2 Oy (=3)° — Opy (—2)? — we(n — 4) — 0.

In particular we(n — 4) has two generators ej, e3 subject to the relations ye; =
xeg = xep —yez = 0. On the other hand we have an isomorphism S¢/Sx = we(n—4).

Therefore S¢/Sx has two generators, which lie in degree 2, satisfying the above
relations.

Up to a linear change (z,y) — (2/,9’) of generators we can assume f = z'? or
f=a'(a +ey).

We consider then the two possible cases.
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¢ = 0, whence f = z'2.

Hence, modulo f, we can find 3’ = ay + bz’ such that
either g = 2'y’2 or g = y'3. The first case is impossible since (f,g) must be a regular
sequence. In the second case let e; = /2, es = 2'y/ mod Jx. We obtain therefore a
self-linkage of C.

¢ # 0 whence we may set 3’ = x’ + cy and therefore f = z’y’. Hence, modulo
f, g = ax’® + by’ where ab # 0, thus we can assume g = 2’3 — 3’3, In this case

e1 =2'2, e = y'? mod . O

CLAIM 3.3.2. For each linear form L € k[x,y] there exist linear forms & n, M €
k[x,y] such that
y3+Ll’2 :n3+M£2

where © and & (resp. & and n) are linearly independent.

Proof. Let L := Loz + L1y.
Assume that Lo # 0. Then we may set

Iy L? L3
=R — = M.=-—L  [—
n:=2R <x+ 3L09>, £=v, 3L0fc+( o712 ) ¥
where R’ is a fixed cube root of L.
Next consider the case Ly = L; = 0. Then we may take n = y, & arbitrary and
M =0.
Finally let Ly = 0 and L1 # 0. Let a be such that

(3.3.2.1) (3a* — Ly)? — 12a* = 0.

Notice that a # 0. It follows that 3ay? + 3a?xy + a®x? — Lixy is the square of a linear
form ¢ := R"(6ay + (3a® — L;)z), where R” is a fixed square root of (12a)~!. Setting
n:=y+axr and M := —z, then y> + Lz? = 1 + ME2. Notice that = and & are
independent, else a = 0 which is not a root of equation (3.3.2.1). On the other hand
also ¢ and 7 are independent for L; # —3a?, in which case substituting in (3.3.2.1)
we would obtain 24a* = 0, a contradiction. O

Set now f := 22, g := 3%, g := y>+La? and h := £2. Since £ and 7 are independent
(h, ) = (13, €2) so that C is self-linked through H := {h = 0} and G := {§ = 0}, but
f & (h,g), since x and £ are independent.

Thus we have checked that our example satisfies conditions a), b), ¢) and d)
above.
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