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QRARATIC SHEAVES AND SELF{LINKAGE

GIANFRANCO CASNATI ¥ AND FABRIZIO CATANESE z

0. Introduction and rst results. The present paper is devoted to the proof
of a structure theorem for self{linked pure subscheme€ P} of codimension 2 over
a eld k of characteristic p 6 2.

We use the symbolC because the classical case to be studied was the one of
reduced curves inP{. In this case, one can describe the notion of self{linkage in non{
technical terms, saying that C is self{linked if and only if there are surfacesF and G
such that their complete intersection is the curve C counted with multiplicity 2. This
is a special case of the notion of linkage is linked to C°if C[ C°is the complete
intersection of two surfacesF and G), classically introduced by R. Apery, F. Gaeta
(see [Ap], [Gae]) and later deeply investigated by the algebraic point of viewby Ch.
Peskine and L. Szpiro and by P. Rao (see [P{S], [Raol]). The special case of f§el
linkage was however studied before, in the work of E. Togliatti (see [To1][To2] ), and
later D. Gallarati (see [Gal]), in the form of the theory of contact between surfaces.

In [Cal] the theory of contact was related to a new theory, of the so called even set
of nodes, and later Rao used these ideas to obtain a structure theorem for projectively
Cohen{Macaulay self{linked subschemes of codimension 2 in projective spaces (see
[Rao2)).

Recently, Walter's structure theorem (see [Wa]) for subcanonical subschemes of
codimension 3 opened the way to solving some old conjectures about even sets of nodes
and contact of hypersurfaces (see [C{C]).

A basic ingredient was the algebraic concept of quadratic sheaves, generalizing
to a greater extent the geometric notion of contact and even sets. This notion wa
applied in [C{C] to the classi cation of even sets of nodes on a surfac& Pﬁ for low
values of the degreed.

On the other hand, let F P} be a surface whose only singularities are an even
set of nodes . Then there is a curve C on F passing through the points of , and a
surface G such that F \ G = 2C as cycles (see [Cal], [Gal]). With this in mind it is
therefore only natural to apply the structure theorem for quadratic sheaves in order
to obtain a structure theorem for self{linkage.

This is done in the present paper, where we generalize the previously cited result
of P. Rao to arbitrary pure subschemes ofP; of codimension 2, (see also the survey
[Ca?] of the second author for a preliminary version of these results).

Main Theorem. Let k be a eld of characteristic p6 2 andC P} be a pure
subscheme of codimensio2 which is self{linked through hypersurfaced= := ff =0g
and G := fg = 0g of respective degreesl, m. Let =¢ be its sheaf of ideals and set
Fr = =c=fOm ( d), Fc = =c=00p ( m).
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Assume moreover thatifn 1 mod 4andd+ m n 1= 2% then the following
two equivalent congruences hold:

(Om (%) (O (% d)  (Oc(%) 0 mod?2
(Or () (O (% m))  (Oc(%) O mod 2

Then there exist a locally freeOp: {sheaf E, a symmetric map :E( d m)!'E
and a resolution

Q) 0!'o pE( d E(d m)(!d pE( m) EI!F ! 0
inducing exact sequences

(2 0! E(d m)fo? pE( m) E!= c! O

3) 0! E(d m!E!F c! O

Conversely, given a subschem€ of codimension 2, assume that there does exist
a sequence (2) with the above property of being symmetric anddeg(det( )) = m.

Then C is self{linked through the hypersurfaces= and G of respective equationd :=
t

det 0 and g :=det( ). O

It was conjectured by Ph. Ellia that if moreover C is subcanonical thenC is the
complete intersection of two hypersurfaces (see [E{B]). We have been tryinga deduce
this statement from our main theorem. In the meantime, Ellia’'s conjecture has lkeen
proven in [Ar]if n 4, and in [F{L{K] when n 3 andk = C.

Moreover, in section 3 we discuss the problem whether the self{linkage ideaf;(g)
is uniquely determined once the generatog of higher degree is xed, and prove that
the answer is positive under the condition that the subscheme be locally Gorenstein.

Acknowledgements.  Both the authors acknowledge support from the projects
AGE, EAGER and Vigoni.

First results.  For the reader's benet we recall the following de nitions and
results proved from [C{C]. From now on we always assume thak is a eld of charac-
teristic p 6 2.

Definition 0.1. Let X be a projective, locally Cohen{Macaulay scheme. We say
that a coherent, locally Cohen{Macaulay sheaf ofOx {modules F is a =2{quadratic
sheaf onX, =0;1, if there exists a symmetric bilinear map

FFIO x( )
inducing an isomorphism :F( )!H omg, F;Ox .

Remark 0.2. If F is =2{quadratic, then it is re exive since the natural map
FIF equals ' ( ).

Assume now that F ¢ is a hypersurface of degreal and that F is a =2
quadratic sheaf onF.

The main result of sections 1 and 2 of [C{C] concerns a characterization of qua-
dratic sheaves on hypersurfaces iRy (including the needed parity condition as pointed
out in theorem 9.1 of [E{P{W]).



graratic sheaves and self{linkage 733

Theorem 0.3. Let F Py be a hypersurface of degreel and let F be a =2{
quadratic sheaf onF. Then F ts into an exact sequence of the form

(0.3.1) 0! E(d )IEIF! 0
where E is a locally free Opy {sheaf and ' is a symmetric map if and only if the
following parity condition holds: if n 1 mod4andn+1 d = 2r, then also
(F( r)) is even. A
Moreover we can choosé& such thatH' PJ;E =0 forn>j> (n 1)=2 0

Remark 0.4. Following [Cal] we say thatF is split symmetric if one can choose
E to be a direct sum of line bundles. This is possible if and only if is arithmetically
Cohen-Macaulay i.e., if and only ifH' P;F =0foreachi=1;:::;n 2.

1. From self{linkage to quadratic sheaves. Our rst main theorem is an
application of the theory of quadratic sheaves. For another application see [C{

Definition 1.1. Let C P} be a pure subscheme of codimension 2 and let
=c Onpm be its sheaf of ideals: C is said to be self-linked with respect to the
complete intersectionX := F\ G of the two hypersurfacesF, G of respective degrees
d, m,if C X and one of the following equivalent conditions holds

) =x:=c = =c;
II) =c=x = HomoPE Oc;Ox .
For the above well-known equivalence see e.g. theorem 21.23 of [Ei] (see also
[P{S]).
Remark 1.2. Indeed, since=¢c and =x coincide with Opy in codimension 1 and
are torsion free, every 2 HomopE =c;=x Is given by a rational function, which is
in turn regular by the normality of Opy .
Condition i) of de nition 1.1 can be thus rewritten as (see [Ca2], proposiion 2.6)

(121) =c - HomoPE =c,=x -
By duality for nite maps (see [Ha], exercise 11.6.10),
(1.2.2) Homg,, Oc;Ox = Homg,, Oc¢;!x(n+1 m d) =!c(n+l m d):
k k

Finally, let C, F := ff = 0g, G := fg = 0g be as above, and assumen =
deg(G) d=deg(F). Thenwe canreplacegby g+ af (ais a homogeneous polynomial
of degreem d), and obtain by Bertini's theorem that G is smooth outsideC. Indeed,
if C is reduced we can even have thaG is smooth at the generic points ofC, so that
G is a normal, whence irreducible, hypersurface. Moreover in this case (cfr. [Cal],
proposition 2.6) condition i) is equivalent to cyclg(X)=2C.

Definition 1.3. Let Fg := :C:gOpE( m), Fg := :C:fOpE( d).
By the above de nition it follows that both Fg and Fg are obviously locally
Cohen{Macaulay. By remark 1.2, since

=y :g)PE( m) = (f Opy (d+ gOpg( m)):q)PE ( m)=1f0c( d)
we have pairings
Fe Fc!= x=g0p( m)=1fOg( d);
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and analogously
FE F ! gOF( m):

To verify that a twist of F¢ yields a quadratic sheaf onG (similarly for Fg on F) we
have to show that the pairing is perfect, i.e. Fc = Homo,, Fg;Oc( d) .
k

Let 2Homo,, Fg;Oc( d) ,then induces °:=c !0 g( d)==x=gOpm( m).
k
If Oisin the image ofa 2 HomopE =c;=x , then, by remark 1.2, 2 =, and

clearly induces a zero if and only if 2 gOpn ( m).
Thus, we are left with the veri cation that

Homo,, =ci=x !'H omo, =c;=x=gOp ( m)
is surjective. By the Ext‘opn {exact sequence, the above surjectivity is equivalent to
k
the injectivity of j:Bxtg , =c;g0m ( m) 'E xtg, =c;=x .
k k
To this purpose, consider
0'E xtlpE Oc;=x !E xtg,PE Oc;O¢( d) !
0
IE xtgpE Oc;gOp ( m) VE xt3

Oc;=x

n
k

wherej © corresponds toj via the natural equivalence Bxtg , =c; = Bxt3 , Oc;

k k
It follows that j is injective if and only if i is an isomorphism. We have the exact
sequence

HomoPE Op;=x !H OMop =ci=x !
IE xtgpE Oc:=x !'E xtgpE Op;=x =0
SinceHomoF,E Opr;=x = =x and HomopE =c;=x = =c then
EXtéPE Oc;=x ==c=x = Homopﬂ Oc;O0x =!¢c(n+1l m d):
We also have
ExtgpE Oc;Om( d) 'E xtgPE Oc;Og( d) !
'E xtéPE Oc;gOm ( m d) !E thOPE Oc;Op ( 0) :
SinceC G, then the multiplication by g is zero. Moreover,Extlp
0 sinceC is locally Cohen{Macaulay. We obtain that

ExtépE Oc:;0g( d) = ExtéPE Oc;g0p( m d) =!c(n+l m d):

Oc;Om ( d) =

n
k

The following easy lemma thus concludes the proof thati:!'c(m+d n 1)!
lc(m+d n 1)is an isomorphism.

Lemma 1.4. If H is a coherent Opy {sheaf and %H ! H is either injective or
surjective, then it is an isomorphism.

Proof. Let %be injective (resp. surjective) andK := coker(% (resp. K := ker(%).
By Serre'stheorem B we geth! PJ;H(t) =0 (resp. h! P§;K(t) =0) for eacht large
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enough, henceh® P;K(t) =0 for t large enough, whenceK = 0 by Serre's theorem
A. a

Setd=2d%+ ,m=2m% , ; 2f0;1g. Then F¢(d) is a =2{quadratic sheaf
on G, and similarly Fr (m9 is a = 2{quadratic sheaf onF. According to theorem 0.3,
we obtain two locally free Opp {sheavesEQ and E? provided that the respective parity
conditions hold.

It is convenient to rewrite such conditions. Ifn 1 mod 4andd+m n 1=2%
then we want that (Fg (%) (Fs(%) 0 mod 2. By two obvious exact sequences
the above conditions are equivalent to the two congruences

(Orp (W) (O (% d))  (Oc(®%) 0 mod?2

(1.5) O () (O (% m)  (Oc(#) 0 mod2

In turn the two congruences above are equivalent each other. In fact, it suces to
show that

(Op (% d)+ (O (% m))=0:
To this purpose recall that

(h+n):::(h+1)
n! '

(Opp (M) =

In our casen =4a+1 and %is even. Since, by the linkage conditiondm is even too,
the parity of d+ m n 1 yieldsd=2d% m =2m& hence

(a+i):::( 2a+i) _ (2a i):::( 2a i) _

(4a+1)! - (4a+1)! -

(Opp (% d)) = (Opp (% m));
wherei = m® d°

We dene Eg = E2( d) and B := E2( m9. Then theorem 0.3 rewrites as
follows.

Proposition 1.6.  Assume thatifn 1 mod4andn+1 d m = 2%then
the two equivalent congruences (1.5) above hold. .
Then there exist two locally freeOpE {sheavesEks and E-, such thatH' P};Eg =
H' PI;E- =0 forn>i> (n 1)=2, tting into exact sequences
0! EE(d m!E !'F ! 0

1.6.1
(16.1) 0! Es(d m!E g!F g! O
where! = ¢, ' ¢= . O

In the above proposition and in what follows, the superscriptt denotes the dual
morphism twisted by d m.

Remark 1.7. Let ° Pr be a line disjoint from C. Then the restrictions
of the sequences (1.6.1) to are still exact. On the other hand Fr;» = O\ and
Fej = Og\ -, hence

Q)= SKENdrm+ D a(E)= SkE)d+m)+ D
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2. From quadratic sheaves to self{linkage. From now on we will assume
that the parity condition holds.
Let Opn ( d)!b pr be the multiplication by f. Thenitinduces a map#: Op ( d) !
Fs. Since we have a chain of homomorphisms
(2.1)
Homopz Op{(\( d), Es ! Homopﬂ OPE( d), Fg !

1@ Exty, Op( d);Es( d m) =
k
=H!P};Es( m) =H" ' Pl;Es(m+d n 1) =0

we can lift #toamap :Op( d)!'E G.
Argueing as in (2.1) we obtain that the natural map

HomoPE Eg;=c ! HomoPE Ec;Fg

is surjective whence we infer that the surjectionEs ! F ¢ can beliftedto :Eg!'= ¢.
Notice that the map is given by €2 HO Pg; Opr (d) congruentf mod g.
Let r :=rk( Eg). We have a map
"ok T ME(d m)! s

Since " Eg = E; det(Ez) tand " Es = E; det(Eg), twisting by det( Eg) *( d)
and taking remark 1.7 into account, we obtain a map éd 'Ec ! Eg( d) such that
6 M ( m)Es( m)!E g isthe multiplication by gand 3 (d)= 2 since g,
hence &, is symmetric.
We can then de ne
= (d ¥:E'0 po:

Proposition 2.2.  =¢ coincides with the sheaf of ideals 0Dpy generated byg
and im( ).
Proof. Let us consider the second sequence in (1.6.1). We have a chain map
0! Es(dg mM!'E g!F ! 0
? ? ?
(2.2.1) y y yid
000 m(m 2 cIF g! ©

where is induced by the restriction of
By the mapping cone construction we obtain a resolution

0! E(d m!D pm(mEg!= ¢! 0

where s has components , . Recall that g(m) é‘* is the multiplication by ¢
whence ( c)(m) é‘i =g,since( g(m)=g.

Diagram (2.2.1) yieldsg = . Composing on the right with g‘* , we
obtain
g(m & =g Om( d!= c(m) O p(m):
Sinceg is obviously a non{zero divisor in=¢, then = (m) g‘* :Opp () !

Opy and since is given by f mod g the same is true for (m) gd
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It follows from the above identities that s ' = ( ( m);g ( m))isrepresented
by the product matrix
10 f
0 g

Thus we obtain the following commutative diagram

? 2 2
(2.2.2) v y(®) y
0! E(d m!°>0 m(mEg != ¢! 0
whose right column is the inclusion.
The mapping cone of (2.2.2) is a resolution oEc=yx =!¢c(n+1 d m) (see
(1.2.2)). Therefore the dual of the mapping cone of diagram (2.2.2) yields a redution

of =¢ (see proposition 2.5 of [P{S]) and=¢ coincides with the sheaf of ideals locally
generated by the maximal minors of

10
c O

which is the ideal locally generated by the maximal minors of ( g; ). Our statement
follows then from the very de nition of  and the identity det( ¢)= g. O

Since c = g(* ), then induces an endomorphism of Fg tting into the
following commutative diagram

0! Es( g m!®Bg!F g! 0
? 2 :
yt y

00 0 m(m 2 cIF gt o

<0

SinceFg := =c=gO0pr (M), proposition 2.2 implies the surjectivity of . More-
over is also injective by lemma 1.4 above. We can replace the given surjection
Ec ' F g with , whence we may also replace by in the arguments of

proposition 2.2, thus obtaining the following

Proposition 2.3.  There exists 2 H° k:Opp(d  m) such that

t

f =det

G

Proof. Recall that we are now assuming = , whence by the very de nition of
, f mod g. Since
t
= det 0 ;
G
then we obtain the existence of a such that
t t t t

0 0 : 0

f =det + g =det +det = det
G G 0 ¢ G
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Sincef 6 0 we get a coherent sheaf supported onF and an exact sequence

0!0 pm(d E(d m)(!©) pp( m) Eg!F! 0:

It follows that F (m9 is = 2{quadratic and we can easily construct the following exact
sequence of the vertical complexe€;'s

Cl CZ C3

0o ! Es( g m) I O PE( l:;]) Ecg ! = < ! 0
? 0 ?. ?
Y i yid y

oO! O pE( d E(d m) ! O pE( m) Eg ! F ! 0:

The associated long exact sequence giv€ ( d) = H1(C1) = Ho(Cs) = ker( ).
On the other hand f 2 ker( ), thus F = Fg.

If we setE:= Eg and := g, the above discussion proves the \only if" part of
the statement of the following main theorem.

Theorem 2.4. Let k be a eld of characteristic p 6 2 and C P} be a pure
subscheme of codimensio2 which is self{linked through hypersurfaced= := ff =0g
and G := fg = 0g of respective degreesl, m. Let =¢ be its sheaf of ideals and set
Fr = =c=fOm ( d), Fc 1= =c=gOp ( m).

Assume thatifn 1 mod4andd+ m n 1= 2% then the following two
equivalent congruences hold:

(Or (%) (O (% d)  (Oc(®) 0 mod?2
(Or () (O (% m))  (Oc(%) O mod2

Then there exist a locally freeOpy {sheaf E, a symmetric map :E( d m)!'E
and a resolution

(2.4.2) 0!0 m(d Ed m)(! O> pm(m E!'F ¢! O
inducing exact sequences

(2.4.2) 0! E(d m)?& p(m) El= ¢! 0

(2.4.3) 0! E(d m!EIF c! O

Conversely, given a subschem€& of codimension 2, assume that there does exist
a sequence (2.4.2) with the above property of being symmetric anddeg(det( )) =

m. Then C is self{linked through the hypersurfaced= and G of respective equations
t

f :=det 0 and g :=det( ).

Proof. There remains to prove the converse assertion. Le® 2 Py and consider in
Opr.p the maximal minors f; of the matrix () obtained by deleting the ith column:

of indicesi;j =2;:::r +1 we have

Ui;j f + Vij 9= fifj
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for suitable ujj ;vij 2 Oppp (the determinantal identity (1.2) of [Cal] with k = | =
1).
It follows that neither f nor g are identically zero, elseC would have a codimension

one component. The same identity shows that=2 = x . Moreover it is always true
that =x = ¢, thus F and G have no common components.
We now prove that =x : =¢ = =¢. To this purpose we rst check that F :=
coker( ) = =c=gOpy ( m). Indeed the diagram
0 ! Es( g m) ! O m( ) Eg ! = ¢ ! 0
? ?
yid y (0 id)
0 ! Ec( d m) ! E & I F ! 0:
induces a surjection=¢c ! F . Argueing as above we obtain that its kernel is
gOe; (- M).
The map induces an isomorphismF = Homg,, F;Og( d) , since deg{) = d.
k
We haveh 2=yx.p :=cp ifandonly if h=cp = xp .
Taking residue classes modj, this is equivalentto hFp = xp =gOpr:p ( M) =
Ogp ( d), sinceg 2 =, hence to the factthath mod gisin Homg,,, Fp;Ogp ( d) =
n
Fp,i.e.hzzc;p. O
3. Self{linkage of generically Gorenstein subschemes. In this section we

shall inspect more deeply the case whef is a generically Gorenstein pure subscheme
of codimension 2 ofP; which is self{linked through two hypersurfacesF := ff =0g
and G := fg=0g of degrees dedf) =: d m :=deg(G).

The rst hypothesys implies that C is also generically locally complete intersection
since its codimension is 2. Owing to the isomorphism (1.2.2) we have

=c=—x :!C(I’]+l m d)

whence at each generic poinP 2 C the sheaf! ¢p isinvertible and a lift of a generator
yields y such that =cp =(f;g;y)Opyp. SinceC is generically complete intersection
and =x = (f;g)then =¢ is either (f;y) or (g;y) at P. In the rst case we have locally
g = af + by. By changing globally g with g+ cf for a suitable c we can assume that
a is invertible at each generic point of C, hence at each generic poinP 2 C we may
assume that we are in the case¢c = (g;y) holds generically.

Let now H := fh = 0g be another hypersurface such thatC is also self{linked
through H and G. Recall that we dened X := F\ G. Ifwe setX := H\ G, then
the following proposition holds.

Proposition 3.1.  Let C be a generically Gorenstein pure subscheme of codimen-
sion 2 of P} which is self{linked through the two complete intersectioa X = F\ G
andX = H\ G. If degF) deg(G) thenX = X

Proof. At each generic pointP 2 C we have=¢ = (y;g) and =x = (f;g). By
the factoriality of Opr.p and since {/; g) is a system of parameters for the regular local
ring Opy;p, the condition =x :=c = =c amounts to the identity f = gz y? up to
units.

Moreover C is self{linked with respect to both X and X, whence in Opp

(f;9):(y;9) = (y;9) =(h;0):(y;9):



740 g. casnati and f. catanese

It follows that y? 2 (h;g), hence ;g) = (y%;9) (h;g) in Opp;p. Since such an
inclusion holds at each generic pointP 2 C then (f;g) (h;g). Changing the roles
of f and h we obtain (h;g) (f;g), hence equality must hold. 0

Remark 3.2. The condition deg(F) deg(G) is necessary as shows the following
easy example. LetC be the origin in the ane plane with coordinates h;g. Let
f =h? ¢° Then (f;g) 6 (f;h).

In order to clarify the role of the hypothesys that C is generically Gorenstein in

proposition 3.1, in the remaining part of this section we shall give an exmple where:

a) C is a pure subscheme of codimension 2 d?;, which is not generically
Gorenstein;

b) C is self{linked through X = F\ G, with F := ff =0gand G := fg=0g
of degrees dedf) =: d m :=deg(G);

c¢) for each choice of the second generatdy := af + g of = , there existsh with
deg(h) = deg(f ) such that C is self{linked through X := H\ ®, where® := fg=0g
andH := fh=0g,

d) but X 8 X.

Example 3.3. Letn 2, x andy independent linear forms inP; and C P}
the subscheme associated to the idealxg; xy;y?). Notice that C is not generically
Gorenstein.

Claim 3.3.1. Let C be as above. Assume that is self{linked through two hy-
persurfacesF = ff = 0g and G := fg = 0g, with degF) == d m := deg(G).
Then d = 2, m = 3 and there exist two other linear formsx%y® on P} such that
(xy) =(x%y9 and

i) either f = x® andg= y® mod f,
i) or f =x%%andg=x%® y%® modf.

Proof. Since degC) = 3 then deg(F \ G) = 6 henced =2 and m = 3. There
exists a Hilbert{Burch resolution of =¢

010 m( 3210 wm( 2% ¢t o0

where

0 1
y 0
A=@ x y A, B := (x%;xy:y?):
0 X

Then the module! ¢c(n  4) = Ext%)Pn =c;Op ( 5) has a dual resolution
k

010 m( 5B m( 310 m( 221 1cn 4! o

In particular ! c(n 4) has two generatorse;, e, subject to the relations ye; =
xe; = xe; ye; =0. On the other hand we have an isomorphismec=x = ! c(n 4).

Therefore =c =x has two generators, which lie in degree 2, satisfying the above
relations.

Up to a linear change &;y) ! (x%y9 of generators we can assumé = x% or
f = xq(x%+ cy).

We consider then the two possible cases.
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c =0, whencef = x®. Hence, modulof, we can nd y°= ay + bx° such that
either g = x%® or g = y®. The rst case is impossible since {;g) must be a regular
sequence. In the second case let = y%; e, = xX%%mod =x . We obtain therefore a
self{linkage of C.

c 6 0 whence we may sety® = x°+ cy and thereforef = x%° Hence, modulo
f, g = ax® + by® where ab 6 0, thus we can assumeg = x® y®, In this case
e = x% & =y® mod=y. O

Claim 3.3.2. For each linear form L 2 k[x;y] there exist linear forms ; ;M 2
k[x;y] such that

y3 + LX2 - 3 +M 2

wherex and (resp. and ) are linearly independent.

Proof. Let L := Lox + L1y.
Assume that Lo 6 0. Then we may set

L1 L? L3S
= RO x+ ——y =y M= —Llx+ 1 1 :
XT3y y 3" oz ¥
where R%is a xed cube root of L.
Next consider the caseLg = L; = 0. Then we may take =y, arbitrary and
M =0.
Finally let Lo =0 and L, 6 0. Let a be such that
(3.3.2.1) (3% L) 12a*=0:
Notice that a 6 0. It follows that 3 ay? +3a®xy + a3x? Lixy is the square of a linear
form = R%6ay+(3a® Li)x), where R%is a xed square root of (12a) *. Setting
=y+axandM = x,theny®+ Lx?= 3+ M 2. Notice that x and are

independent, elsea = 0 which is not a root of equation (3.3.2.1). On the other hand
also and are independent forL; 6 3a?, in which case substituting in (3.3.2.1)
we would obtain 24a* = 0, a contradiction. g

Setnowf := x?,g:= y3,§:= y3+Lx?andh:= 2. Since and areindependent
(h;b) = ( 3; 2)sothat C is self{linked through H := fh=0gand ® := fg=0g, but
f 62h;qg), sincex and are independent.

Thus we have checked that our example satis es conditions a), b), c) and d)
above.
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