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ROUGH MARCINKIEWICZ INTEGRALS RELATED TO

SURFACES OF REVOLUTION
∗

HUSSAIN AL-QASSEM† AND AHMAD AL-SALMAN†

Abstract. In this paper, we present a systematic treatment of Marcinkiewicz integrals with block
space function kernels and prove the Lp boundedness of several classes of Marcinkiewicz integrals
along surfaces of revolution. The results in this paper extend as well as improve previously known
results.

1. Introduction and results. Let R
n, n ≥ 2 be the n−dimensional Euclidean

space and S
n−1 be the unit sphere in R

n equipped with the normalized Lebesgue
measure dσ.

For a suitable mapping Ψ : R
n → R

m, we define the Marcinkiewicz integral
operator MΨ,Ω,h by

(1.1) MΨ,Ω,hf(x) = (

∫

R

|ζt,Ψf(x)|2 dt) 1
2 ,

where

ζt,Ψf(x) =
1

2t

∫

|y|≤2t

f(x− Ψ(y))h(|y|) Ω(y)

|y|n−1 dy,

h(·) is a measurable function on R
+, and Ω is a homogeneous function of degree 0,

integrable over S
n−1, and satisfies

(1.2)

∫

Sn−1

Ω(x)dσ(x) = 0.

If h = 1, m = n, and Ψ(y) = (y1, . . . , yn) we shall denote the operator MΨ,Ω,h

by MΩ.
E. M. Stein introduced the operator MΩ and showed that if Ω ∈ Lipα(Sn−1),

(0 < α ≤ 1), then MΩ is of type (p, p) for p ∈ (1, 2] and of weak type (1, 1) (see
[St1]). Subsequently, A. Benedek, A. Calderón, and R. Panzone proved that MΩ is
of type (p, p) for p ∈ (1,∞) if Ω ∈ C1

(

S
n−1

)

(see [BCP]).Very recently, the study of
the more general class of operators MΨ,Ω,h for various mappings Ψ and under various
conditions on Ω has attracted the attention of many authors (see, for example, [AsAq],
[CFP], [DFP], [DP]).

On the other hand, there has been a considerable amount of research concerning
the Lp boundedness of singular integrals along surfaces of revolution. For relevant
results one may consult [AqP], [AsP], [CF], [KWWZ], [LPY], among others.

In this paper, we shall investigate the Lp boundedness of Marcinkiewicz integrals
along surfaces of revolution Ψ = Ψφ = {(y, φ(|y|)) : y ∈ R

n} for various mappings φ
and when Ω ∈ B0,0

q (Sn−1), q > 1, where B0,0
q (Sn−1) represents a special class of block

spaces which will be recalled in Section 3. Here our Marcinkiewicz integral operator
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MΨφ,Ω,h will be denoted by Mφ,Ω,h. It should be remarked that B0,0
q (Sn−1) contains

Lq(Sn−1) as a proper subspace for each q > 1 and

⋃

q>1

Lq(Sn−1)
⊂

6=
⋃

q>1

B0,0
q (Sn−1).

For a measurable real valued function h on R
+, we say that h ∈ ∆

γ
(R+), γ > 1,

if

‖h‖∆γ
= sup

R>0
{R−1

∫ 2R

R

|h (t)|
γ

dt}
1
γ

<∞.

Our main results are the following:

Theorem 1.1. Assume that Ω ∈ B0,0
q (Sn−1), h ∈ ∆

γ
(R+) for some q, γ > 1

and φ is in C2([0,∞)), convex, and increasing . Then for every p satisfying

|1/p− 1/2| < min {1/2, 1/γ′} , there exists a constant Cp such that

(1.3) ‖Mφ,Ω,h (f)‖
Lp(Rn+1) ≤ Cp ‖f‖Lp(Rn+1)

for every f ∈ Lp
(

R
n+1

)

.

Theorem 1.2. Suppose that Ω ∈ B0,0
q (Sn−1), and h ∈ ∆

γ
(R+) for some

q, γ > 1. Suppose that φ is a continuous function on [0,∞) and φ ∈ C1((0,∞)) such

that (i) φ is strictly increasing function on [0,∞); (ii) φ
′

(t) ≥ C φ(t)
t

for t > 0 and
C > 0, and (iii) φ(2t) ≤ cφ(t) for t > 0 and c > 0. Then (1.3) holds for every
f ∈ Lp

(

R
n+1

)

.

Theorem 1.3. Assume that Ω ∈ B0,0
q (Sn−1), h ∈ ∆

γ
(R+) for some q, γ > 1 and

φ : (0, ∞) → R is a smooth function which satisfies the following growth conditions:
(i) |φ(t)| ≤ C1t

d, (ii) C2t
d−1 ≤ |φ′(t)| ≤ C3t

d−1, (iii)|φ′′(t)| ≤ C4t
d−2, for some d 6= 0

and t ∈ (0, ∞), where C1, C2, C3, and C4 are positive constants independent of t.
Then (1.3) holds for every f ∈ Lp

(

R
n+1

)

.

Theorem 1.4. Assume that Ω ∈ B0,0
q (Sn−1), h ∈ ∆

γ
(R+) for some q, γ > 1

and φ is a polynomial. Then (1.3) holds for every f ∈ Lp
(

R
n+1

)

.

It is worth pointing out that using the same argument as in [DFP] we are only
able to obtain Theorems 1.1-1.3 under the stronger condition Ω ∈ Lq(Sn−1), q > 1.

Therefore, it is imperative to attack the problems under considerations through a
proper decomposition of our operators along with keeping track of certain constants.
In fact, the proof of our results will be a consequence of two general theorems stated
in Section 2. We shall present a systematic method which not only allows us to obtain
the Lp boundedness of Macinkiewicz integral operators under considerations, but also
has shown to be useful in handling some other problems in this area which will appear
in forth coming papers.
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2. General results. Given a family of measures {σt : t ∈ R}, we define the
maximal operator σ∗ by σ∗(f) = sup

t∈R

||σt| ∗ f | . Also, we write t±α = inf {tα, t−α} and

|σ| for the total variation of σ, which is a positive measure.

Lemma 2.1. Let {σt : t ∈ R} be a family of Borel measures on R
n such that

‖σt‖ ≤ 1. Assume that

(2.1) ‖σ∗(f)‖q ≤ B ‖f‖q for some q > 1 and B > 1.

Then the inequality

(2.2)

∥

∥

∥

∥

(

∫ ∞

−∞

|σt ∗ gt|2 dt)
1
2

∥

∥

∥

∥

p0

≤
√
B

∥

∥

∥

∥

(

∫ ∞

−∞

|gt|2 dt)
1
2

∥

∥

∥

∥

p0

holds for |1/p0 − 1/2| = 1/(2q) and for arbitrary measurable functions g(t, x) = gt(x)
defined on R × R

n.

Proof. We use a similar argument as in [Du]. Since ‖σt‖ ≤ 1 we immediately get

(2.3)

∥

∥

∥

∥

∫ ∞

−∞

|σt ∗ gt| dt
∥

∥

∥

∥

1

≤
∥

∥

∥

∥

∫ ∞

−∞

|gt| dt
∥

∥

∥

∥

1

.

On the other hand,

(2.4)

∥

∥

∥

∥

sup
t∈R

|σt ∗ gt|
∥

∥

∥

∥

q

≤
∥

∥

∥

∥

σ∗(sup
t∈R

|gt|)
∥

∥

∥

∥

q

≤ B

∥

∥

∥

∥

sup
t∈R

(|gt|)
∥

∥

∥

∥

q

.

By interpolation between (2.3) and (2.4) we get (2.2) when 1/p0 = (1/2)(1 + 1/q).
The case p0 > 2 follows by duality.

Theorem 2.2. Let L : R
n → R

m be a linear transformation and {σt : t ∈ R}
be a family of Borel measures on R

n such that

(i) ‖σt‖ ≤ 1;

(ii) |σ̂t(ξ)| ≤ (at |L(ξ)|)±
α
B

for some constants a ≥ 2 and B > 1. Assume that for some p0 > 2 and for
arbitrary functions gt(x) defined on R × R

n, we have

(2.5) (iii)

∥

∥

∥

∥

(

∫ ∞

−∞

|σt ∗ gt|2 dt)
1
2

∥

∥

∥

∥

p0

≤
√
B

∥

∥

∥

∥

(

∫ ∞

−∞

|gt|2 dt)
1
2

∥

∥

∥

∥

p0

.

Then for p′0 < p < p0, there exists a positive constant Cp such that

(2.6)

∥

∥

∥

∥

(

∫ ∞

−∞

|σt ∗ f |2 dt)
1
2

∥

∥

∥

∥

p

≤ CpB ‖f‖p

for all f ∈ Lp(Rn). The constant Cp is independent of B and the linear transforma-
tion L.

Proof. Clearly, we may assume that 0 < α ≤ 1. By the arguments in the
proof of Lemma 6.2 in [FP], we may assume without loss of generality that m ≤ n
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and L = πn
m. By an elementary procedure choose a collection of smooth functions

{Φt,B}t∈R on (0,∞) with the following properties: for each t ∈ R,

0 ≤ Φt,B ≤ 1,
∑

k∈Z

Φk+t,B (u) = 1,

supp Φt,B ⊆
{

u : a−(t+1)B < u < a−(t−1)B
}

,

∣

∣

∣

∣

dsΦt,B (u)

dus

∣

∣

∣

∣

≤ C

us

where C can be chosen to be independent of the constant B.
Let T (f) = (

∫ ∞

−∞
|σt ∗ f |2 dt)

1
2 and Tk,B(f) = (

∫ ∞

−∞
|σBt ∗ Ψk+t,B ∗ f |2 dt) 1

2

where Ψ̂t,B(ξ) = Φt,B(|πn
m ξ|). Then it is easy to see that the following inequality

Tf(x) ≤
√
B

∑

k∈Z

Tk,Bf(x)

holds for f ∈ S(Rn). Therefore, to prove (2.6), it suffices to prove

(2.7) ‖Tk,B(f)‖
p
≤ Cp

√
B2−αβp(|k|−1) ‖f‖p

for some positive constants βp and Cp and for all p′0 < p < p0.
The proof of (2.7) follows by interpolation between a sharp L2 estimate and a

cruder Lp0 estimate.
First,

‖Tk,B(f)‖
p0

=
1√
B

∥

∥

∥

∥

(

∫ ∞

−∞

∣

∣

∣
σt ∗ Ψk+ t

B
,B ∗ f

∣

∣

∣

2

dt)
1
2

∥

∥

∥

∥

p0

≤
∥

∥

∥

∥

(

∫ ∞

−∞

∣

∣

∣
Ψk+ t

B
,B ∗ f

∣

∣

∣

2

dt)
1
2

∥

∥

∥

∥

p0

≤ Cp0

√
B ‖f‖p0

.(2.8)

The first inequality follows by (2.5) and the second inequality follows by a trivial
change of variable and the same argument as in the proof of (20) in [St2], page 27.

On the other hand, the L2 boundedness of Tk,B is provided by a simple application
of Plancherel’s theorem. If k ≥ 0,

‖Tk,B(f)‖2
2 =

∫ ∞

−∞

∫

Rn

|Φk+t,B(|πn
mξ|)|2 |σ̂Bt(ξ)|2

∣

∣

∣
f̂(ξ)

∣

∣

∣

2

dξdt

≤
∫

Rn

∣

∣

∣
f̂(ξ)

∣

∣

∣

2

(

∫ (log aA)−1 log(a−(k−1)B |πn
mξ|−1)

(log aA)−1 log(a−(k+1)B |πn
mξ)|−1)

(atB |πn
mξ|)

2α
B dt)dξ

≤ 2a−2α(k−1) ‖f‖2
2 .(2.9)

Similarly, if k < 0, we get

(2.10) ‖Tk,B(f)‖2 ≤
√

2aαaαk ‖f‖2 .

By combining (2.9) and (2.10), we obtain

(2.11) ‖Tk,B(f)‖2 ≤
√

2aαa−α|k| ‖f‖2 .
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By (2.8), (2.11) and applying the Riesz-Thorin Interpolation Theorem for sublinear
operators we get (2.7). This finishes the proof of our theorem.

Let us now establish the following theorem on maximal functions.
For given two families {µt : t ∈ R} and {τt : t ∈ R} of non negative Borel mea-

sures on R
n we define the corresponding maximal functions µ∗ and τ∗ by

µ∗ (f) = sup
t∈R

|µt ∗ f | and τ∗ (f) = sup
t∈R

|τt ∗ f | .

We have the following theorem.

Theorem 2.3. Let {µt} t∈R
and {τt} t∈R

be families of non negative Borel
measures on R

n. Let L: R
n → R

m be a linear transformation. Suppose that for all
t ∈ R, ξ∈ R

n, for some a ≥ 2, α,C > 0 and for some constant B > 1 we have

(i) ‖µt‖ ≤ 1; ‖τt‖ ≤ 1;

(ii) |µ̂t(ξ)| ≤ C(at |L(ξ)|)− α
B ;

(iii) |µ̂t(ξ)−τ̂t(ξ)| ≤ C(at |L(ξ)|) α
B ;

(iv) For any nonnegative function f, x ∈ R
n, the function hx(t) = at |µt ∗ f(x)|

is an increasing function in t;

(v) For all 1 < p ≤ ∞ and f ∈ Lp(Rn),

(2.12) ‖τ∗ (f)‖p ≤ B ‖f‖p .

Then the inequality

(2.13) ‖µ∗ (f)‖p ≤ B ‖f‖p

holds for all 1 < p ≤ ∞ and f in Lp(Rn). The constant Cp is independent of B and
the linear transformation L.

Proof. Without loss of generality we may assume that m ≤ n, L = πn
m and

0 < α ≤ 1. Let ψ ∈ S (Rm) be a Schwartz function such that ψ̂ (x) = 1 for |x| ≤ 1/2

and ψ̂ (x) = 0 for |x| ≥ 1. Define the family of measures {λt : t ∈ R} by

(2.14) λ̂t(ξ) = µ̂t(ξ) − ψ̂(atπn
mξ)τ̂t(ξ).

By (i)-(iii) and (2.14) we get

(2.15)
∣

∣

∣
λ̂t(ξ)

∣

∣

∣
≤ C(at |πn

mξ|)
± α

B for ξ ∈ R
n.

Let

g
λ

(f) (x) = (

∫ ∞

−∞

|λt ∗ f(x)|2 dt)
1
2 and λ∗ (f) = sup

t∈R

||λt| ∗ f | .

Then by condition (iv) and (2.14) we have

(2.16) µ∗ (f) (x) ≤ g
λ

(f) (x) + C(MRm ⊗ idRn−m)(τ∗ (f) (x)),
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(2.17) λ∗ (f) (x) ≤ g
λ

(f) (x) + 2C(MRm ⊗ idRn−m)(τ∗ (f) (x))

where MRm is the classical Hardy-Littlewood maximal function on R
m which is

bounded in Lp (Rm) for 1 < p ≤ ∞. By (2.15) and Plancherel’s theorem we obtain

(2.18) ‖g
λ

(f)‖2 ≤ C
√
B ‖f‖2

which when combined with (2.12) and (2.17) gives that

(2.19) ‖λ∗(f)‖2 ≤ CB ‖f‖2

with C independent of B. Thus, by applying Lemma 2.1 with p0 = 4 and q = 2, we
have

(2.20)

∥

∥

∥

∥

(

∫ ∞

−∞

|σt ∗ gt|2 dt)
1
2

∥

∥

∥

∥

p0

≤ C
√
B

∥

∥

∥

∥

(

∫ ∞

−∞

|gt|2 dt)
1
2

∥

∥

∥

∥

p0

for arbitrary functions gt(x) defined on R × R
n. By taking p0 = 4 and invoking

Theorem 2.2, we get that

(2.21) ‖g
λ

(f)‖p ≤ CpB ‖f‖p

for 4/3 < p < 4 and f ∈ Lp(Rn) with a positive constant Cp independent of B. A
new application of Theorem 2.2 gives

(2.22) ‖g
λ

(f)‖p ≤ CpB ‖f‖p

for 8/7 < p < 8. By repeating this process, we obtain that

(2.23) ‖g
λ

(f)‖p ≤ CpB ‖f‖p

for 1 < p < ∞ and f ∈ Lp(Rn). Therefore, by (2.12), (2.16) and (2.23) we obtain
(2.13) for 1 < p <∞ and f ∈ Lp(Rn). The proof of our theorem in now complete.

3. Definitions and some basic lemmas. Let us begin by recalling the defini-
tion of a block function on S

n−1.

Definition 3.1. For 1 < q ≤ ∞ we say that a measurable function b (·) on S
n−1

is a q−block if it satisfies the following: (i) supp (b) ⊆ I and (ii) ‖b‖Lq ≤ |I|−
1
q′ ,

where I is an interval on S
n−1; i.e.,

I = {x′ ∈ S
n−1 : |x′ − x′0| < α for some α > 0, x′0 ∈ S

n−1} and |I| = σ(I).

The block spaces B0,0
q on S

n−1 are defined as follows:

Definition 3.2. The function space B0,0
q (Sn−1), 1 < q ≤ ∞, consists of all

functions Ω ∈ L1(Sn−1) of the form Ω =
∑∞

µ=1 cµ
b

µ
where c

µ
∈ C; each b

µ
is a

q−block supported in an interval I
µ
; and

(3.1) M0,0
q

({

c
µ

})

=

∞
∑

µ=1

∣

∣c
µ

∣

∣ (1 + log
∣

∣I
µ

∣

∣

−1
) <∞.
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The special class of functions B0,0
q were first introduced by Jiang and Lu in their

study of singular integral operators of Calderón-Zygmund type (see [LTW]).
For suitable mappings φ : [0,∞) → R, h : R+ → R and b̃ : Sn−1 → R, we define

the family of measures
{

σt,b̃,h : t ∈ R

}

and the related maximal operator σ∗
b̃,h

on R
n+1

by

∫

Rn+1

f dσt,b̃,h = 2−t

∫

|y|<2t

f (y, φ (|y|))h (|y|) b̃ (y′)

|y|n−1 dy,(3.2)

σ∗
b̃,h

(f) = sup
t∈R

∣

∣

∣

∣

∣

∣
σt,b̃,h

∣

∣

∣
∗ f

∣

∣

∣
.(3.3)

Lemma 3.3. Let h ∈ ∆
γ

(R+) for some γ, 1 < γ ≤ 2, φ(·) is in C1 of (0,∞)

and b̃ be a function on S
n−1 satisfying the following conditions: (i)

∥

∥

∥
b̃
∥

∥

∥

q
≤ |I|−

1
q′ for

some q > 1 and for some interval I on S
n−1; (ii)

∫

Sn−1 b̃ (u) dσ (u) = 0; (iii)
∥

∥

∥
b̃
∥

∥

∥

1
≤

1. Then there exist constants C and 0 < β < 1/q′ such that

∣

∣

∣
σ̂t,b̃,h(ξ, τ)

∣

∣

∣
≤ C ‖h‖∆γ

∣

∣2t ξ
∣

∣

± β

γ′ log|I| if |I| < e−1 and(3.4)
∣

∣

∣
σ̂t,b̃,h(ξ, τ)

∣

∣

∣
≤ C ‖h‖∆γ

∣

∣2t ξ
∣

∣

± β

γ′ if |I| ≥ e−1(3.5)

for all t ∈ R,ξ ∈ R
n, and τ ∈ R. The constant C is independent of t, b̃, ξ, τ and

φ (·).
Proof. We shall only prove (3.4) and the proof of (3.5) will be easier. By Hölder’s

inequality and noticing that |It(s, ξ)| ≤ 1 we have

∣

∣

∣
σ̂t,b̃,h(ξ, τ)

∣

∣

∣
≤ ‖h‖∆γ

(

∫ 1

0

|It (s, ξ)|
2

dt)
1

γ′

where

It(s, ξ) =

∫

Sn−1

ei(2tsξ·x+τφ(2ts))b̃(x)dσ (x) .

However,

∣

∣

∣

∣

∫ 1

0

ei2tsξ·(x−y) ds

∣

∣

∣

∣

≤ Cmin
{

1,
∣

∣2tξ · (x− y)
∣

∣

−1
}

≤ C
∣

∣2tξ
∣

∣

−β |ξ′ · (x− y)|−β

and

|It(s, ξ)|
2

=

∫

Sn−1×Sn−1

b̃(x) b̃(y)ei2ts(x−y)·ξ dσ (x) dσ(y)

where ξ′ = ξ/ |ξ| , and β > 0 with 0 < βq′ < 1. Therefore, by Hölder’s inequality we
get

∣

∣

∣
σ̂t,b̃,h(ξ, τ)

∣

∣

∣
≤ C ‖h‖∆γ

∣

∣2tξ
∣

∣

− β

γ′

∥

∥

∥
b̃
∥

∥

∥

2
γ′

q

{
∫

Sn−1×Sn−1

|x1 − y1|−βq′

dσ (x) dσ(y)

}
1

γq′
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By using (i) and noticing that the last integral is finite, one obtains that
∣

∣

∣
σ̂t,b̃,h(ξ, τ)

∣

∣

∣
≤ C ‖h‖∆γ

|I|−
2

q′γ′
∣

∣2tξ
∣

∣

− β

γ′ .

By combining the preceding estimate with the trivial estimate
∣

∣

∣
σ̂t,b̃,h(ξ, τ)

∣

∣

∣
≤ ‖h‖∆γ

we obtain (3.4) with a plus sign in the exponent.
On the other hand, by the conditions (ii)-(iii) on b̃ we obtain

∣

∣

∣
σ̂t,b̃,h(ξ, τ)

∣

∣

∣
≤ ‖h‖∆γ

∣

∣2tξ
∣

∣

which, when combined with the trivial estimate
∣

∣

∣
σ̂t,b̃,h(ξ, τ)

∣

∣

∣
≤ ‖h‖∆γ

, yields the

second estimate in (3.4). This finishes the proof of our lemma.

Lemma 3.4. Let φ be a function given as in any one of the Theorems 1.1-1.3.
Define the maximal function M

φ
by

M
φ
f(u) = sup

t∈R

∣

∣

∣

∣

∣

2−t

∫ 2t

0

f(u− φ(s))ds

∣

∣

∣

∣

∣

.

Then,

(3.6)
∥

∥M
φ

(f)
∥

∥

p
≤ Cp ‖f‖p

for 1 < p ≤ ∞ and some positive constant Cp.

Proof. First, assume φ is a function given as in Theorem 1.1. Without loss of
generality, we may assume that φ(t) > φ(0) for all t > 0. For f ≥ 0 and u ∈ R, we
have

M
φ
f(u) = sup

t∈R

(2−t

∫ φ(2t)

φ(0)

f(u− s)
ds

φ′(φ−1(s))
).

Since the function 1
2tφ′(φ−1(t)) is non-negative, decreasing and its integral over [φ(0),

φ(2t)] is equal to 1 we have

(3.7) M
φ
f(u) ≤MRf(u)

which implies (3.6) by the boundedness of MR in Lp (R) for 1 < p ≤ ∞. This
completes the proof of the lemma for the case that φ is given as in Theorem 1.1.

Next, assume φ is given as in Theorem 1.2. Then, for f ≥ 0,

M
φ
f(u) ≤ 2 sup

t∈R

(2−t

∫ 2t+1

2t

f(u− φ(s))ds).

By the conditions on φ, we get

M
φ
f(u) ≤ C sup

t∈R

(

∫ φ(2t+1)

φ(2t)

f(u− s)
ds

s
).

≤ C sup
t∈R

(

∫ cφ(2t+1)

φ(2t)

f(u− s)
ds

s
).

≤ CMRf(u)
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which easily implies (3.6)
Finally, to prove (3.6) for φ given as in Theorem 1.3, we define a family of measures

λt on R by

λ̂t(ζ) = 2−t

∫ 2t

0

e−iζφ(s)ds.

Then by the conditions on φ, it is easy to see that

(3.8)
∣

∣

∣
λ̂t(ζ) − λ̂t(0)

∣

∣

∣
≤ C

∣

∣2tdζ
∣

∣ and
∣

∣

∣
λ̂t(ζ)

∣

∣

∣
≤ C

∣

∣2tdζ
∣

∣

−1
.

By (3.8) and the same argument as in the proof of Theorem 2.3 we get (3.6). The
lemma is proved.

Theorem 3.5. Let h ∈ ∆
γ

(R+) for some γ > 1, φ be given as in any one

of the Theorems 1.1-1.4 and b̃ be as in Lemma 3.3. Then for γ′ < p ≤ ∞ and
f ∈ Lp

(

R
n+1

)

there exists a positive constant Cp which is independent of b̃ such
that

∥

∥

∥
σ∗

b̃,h
(f)

∥

∥

∥

p
≤ C log(|I|−1

) ‖f‖p if |I| < e−1;(3.9)
∥

∥

∥
σ∗

b̃,h
(f)

∥

∥

∥

p
≤ C ‖f‖p if |I| ≥ e−1.(3.10)

Proof. We shall only present the proof of (3.9). Without loss of generality we
may assume that b̃ ≥ 0 and h ≥ 0. By Hölder’s inequality we have

σ∗
b̃,h

(f) ≤ ‖h‖∆γ
(Υ∗

b̃
(|f |γ

′

))
1

γ′

where

∫

Rn+1

fdΥt,b̃ = 2−t

∫

|u|<2t

f(u, φ(|u|)) b̃ (u)

|u|n−1 du and Υ∗
b̃
(f) = sup

t∈R

∣

∣

∣

∣

∣

∣
Υt,b̃

∣

∣

∣
∗ f

∣

∣

∣
.

So we only need to prove that

(3.11)
∥

∥Υ∗
b̃
(f)

∥

∥

p
≤ C log(|I|−1

) ‖f‖p for γ′ < p ≤ ∞.

If φ is given as in any one of the Theorems 1.1-1.3, then the inequality (3.11)
follows by Lemma 3.3, Lemma 3.4 and Theorem 2.3.

On the other hand, if φ is a polynomial, (3.11) follows by a theorem of Stein
and Wainger on maximal operators along curves (see [St2], p. 477). The theorem is
proved.

4. Proof of theorems. Since Ω ∈ B0,0
q (Sn−1), we can write Ω =

∑∞
µ=1 cµ

b
µ
,

where each b
µ

is a q−block function, and M0,0
q (

{

c
µ

}

) <∞. Without loss of generality,
we may assume that h ∈ ∆γ for some γ, 1 < γ ≤ 2 and p satisfies |1/p− 1/2| < 1/γ′.

To prove our theorems, we shall need to decompose Ω as follows: For each block
function b

µ
, let

(4.1) b̃
µ
(x) = b

µ
(x) −

∫

Sn−1

b
µ
(u)dσ(u).
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Then one can verify that each b̃
µ

enjoys the following properties:

∫

Sn−1

b̃
µ

(u) dσ (u) = 0,(4.2)

∥

∥

∥
b̃

µ

∥

∥

∥

q
≤ 2

∣

∣I
µ

∣

∣

− 1
q′(4.3)

∥

∥

∥
b̃

µ

∥

∥

∥

1
≤ 2.(4.4)

The new introduced functions b̃
µ

allow us to decompose Ω into Ω =
∑∞

µ=1 cµ
b̃

µ

which naturally induces the following decomposition of the corresponding operators:

(4.5) Mφ,Ω,hf(x, xn+1) ≤
∞
∑

µ=1

∣

∣c
µ

∣

∣Mφ,b̃µ ,hf(x, xn+1).

By Theorem 3.5 and using a similar argument as in the proof of Theorem 7.5 in
[FP] we get

(4.6)

∥

∥

∥

∥

(

∫

R

∣

∣

∣
σ̂t,b̃,h ∗ gt

∣

∣

∣

2

dt)
1
2

∥

∥

∥

∥

p

≤ CpAµ

∥

∥

∥

∥

(

∫

R

|gt|2 dt)
1
2

∥

∥

∥

∥

p

for all p satisfying |1/p− 1/2| < 1/γ′ and f ∈ Lp
(

R
n+1

)

where A
µ

= log(
∣

∣I
µ

∣

∣

−1
) if

∣

∣I
µ

∣

∣ < e−1 and A
µ

= 1 if
∣

∣I
µ

∣

∣ ≥ e−1. By (4.6), Lemma 3.3 and Theorem 2.2 we get

(4.7)
∥

∥

∥
Mφ,b̃µ ,hf

∥

∥

∥

p
=

∥

∥

∥

∥

(

∫

R

∣

∣

∣
σt,b̃,h ∗ f

∣

∣

∣

2

dt)
1
2

∥

∥

∥

∥

p

≤ CpAµ
‖f‖p ,

for all p satisfying |1/p− 1/2| < 1/γ′ and f ∈ Lp
(

R
n+1

)

. By (3.1), (4.5) and (4.7) we
obtain (1.3) if φ satisfies the conditions as stated in any one of the Theorems 1.1-1.4.
This completes the proof of our theorems.
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