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ASIAN J. MATH., 4, 565-598, 2000 *

GERD SCHMALZ' AND JAN SLOVAK?

The aim of this article is to show how the individual harmonic components of the
torsion of the canonical Cartan connection of embedded hyperbolic and elliptic CR-
manifolds at a given point can be read off from the third order terms of the defining
equation given in normal form. The general theory ensures that the vanishing of each
of these one-dimensional components implies striking geometric consequences and we
link each of them to an easily computable coefficient in the normal form. This allows
to correct a mistake in [SS00] where it was claimed that four torsion components out
of six vanish automatically for embedded CR-manifolds. The failure in that article
appears already in Lemma 1.1 where the second order osculation was not dealt with
carefully enough. At the same time, the rest of [SS00] is essentially worked out for
abstract CR—structures and so the validity of the procedures and results has not been
effected in general. In what follows, we use the terminology and notation of [SS00]
without further comments.

In both, the elliptic and hyperbolic case, the 2-dimensional CR subspace H of
the tangent space splits canonically into the direct sum of (complex) one-dimensional
subspaces HX @ HE. This splitting allows to introduce a new CR structure J on
M by flipping the initial CR structure .J to J at one of the summands, say H%.
(The other choice leads to the conjugate CR structure and so the new structure J is
uniquely given up to conjugation.) We will see that the 4 torsion components can be
interpreted as integrability conditions for these almost direct product and almost CR
structures.

Consider first the hyperbolic case. Let M C C* be a hyperbolic manifold given
by an equation that meets the normal form conditions (see [Lob88]) up to order 3:

1 2 2= 2= _ 2 1
Imw™ = [21]" 4+ n112271 22 + Nog223 20 + Nq12271 22 + NggaZi 20 + - - -

2 2 2- 2., = =2 9
Imw? = |2|" 4+ n1112721 + N1 2522 + Ny112721 + Moo 2121 + - - -

where the dots indicate higher order terms.
Two out of the six torsion components, namely those corresponding to the coho-
mologies represented by cochains of the form

gl x g%, — g%, (antilinear in both arguments)

g, x g, — gf, (antilinear in both arguments),

are responsible for the integrability of the CR structure and, therefore, vanish for
embedded CR-manifolds.

It was shown in [SS00] that the remaining four torsion components can be inter-
preted as algebraic brackets on M. Let H* and H be as above. These line bundles
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are determined by the condition
(1) w21, Z5) =0

where Z; is a section of HY, Z, is a section of H? and 7 is the canonical projection
T™M - QM =TM/HM.
The holomorphic part H'°M C C® HM is generated by

_ . = \.d : a2 s 52 = 22\ D
X1 = g5 12121 + 2niizzi ) gy + 2120121 + Rt 21 + 201 %3) 5,
_ 0 : T S . =)D
Xo = 75— +2i(2ng9322|” + NaoaZy + M11227) 5o + 21(22 + 2n2012221) 5

(We wrote only the terms of order less than three.)
One can find generators Z; and Z, of H” and H” in the form

Z1 = X1+ A12Xo
Zy = An X1+ Xo

where A1a, A are chosen so that (1) be satisfied. We find

A1p = =M1 Z2 + 4nqi3nigiz; + 4ngaiing 2]
Aoy = —20y13 Z1 + ANgp1nagszs + Angatfiggs 22|
Define
Whim (20,21, Wa = —[Z, 2]
1_21 1, 1] 2_21 2 2]

These vector fields are well-defined up to multiple and summands from C ® H™ resp.
C ® H~. Hence, they induce a splitting TM = T* @ T where T is generated by
Re Zy,Im Z;, W7 and T is generated by Re Zs, Im Z5, Ws.

The torsion components corresponding to the cohomologies

gy x o' — gl
952 X 951 - gljga

are responsible for the integrability of this almost direct product structure. T is
integrable if and only if [Z;, W3] € TL. At 0 we obtain

[Z1, Willo = 2n111Wa(0) + 2104170112 22(0),
and, analogously,
[Z2, Wallo = 2n303W1(0) + 21 7523M291 21 (0).

Hence, integrability of TX or TF at 0 is equivalent to vanishing of n;;7 or ng9s,
respectively.

One can see here that the vanishing of the TM/HM component of the brackets
above implies already vanishing of the complete brackets.

The remaining torsion corresponding to

gb, x g%, — gf,  (linear in 1st, antilinear in 2nd argument)

g}El X gfl — gfl (linear in 1st, antilinear in 2nd argument)
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can be interpreted by the algebraic brackets
Sr(Z1, Z2) = wR| 21, Zs), Sp(Z2, Z1) = wr[Z2, Z1)

where 75 (1) is the projection to Hf (H*) in HM. Vanishing of these brackets is
equivalent to integrability of the flipped CR structure J. A simple calculation shows
that

[Z1, Z3]|o = 27291 Z2(0) — 2141521 (0).

The torsions Sg and Sp vanish at 0 if and only if nys; = 0, resp. n;;3 = 0. This
corrects the claim in [SS00] that these torsions vanish automatically for embedded
CR-manifolds. Thus, the assertion of Theorem 3.9. in [SS00] for embedded manifolds
about splitting into a direct product of embedded hypersurfaces is only true if all four
(remaining) torsion components vanish. With the provided geometric interpretation it
is easy to see that this condition is necessary for this splitting, but we find remarkable
that the vanishing of the four coefficients at each point is sufficient too.

Let now M C C* be an elliptic CR-manifold given up to third order in normal
form (see [ES96]) by

(2) %22152+N21+N12+“';
where Noj = ny172321 + Ngo12521 and Nia = noi12275 + Noggzazs.

As before, two of the six components correspond to the Nijenhuis tensor of the
CR structure and therefore vanish automatically for an embedded CR-manifold.

We start with the calculation of the generators Z; and Zy of the distinguished
line subbundles HY and H® of HM. The holomorphic part of the complexification

HYOM is spanned by

ON ON. ON ON.
X1=£1+2i<22+ 12+ 21) 9 +21( 12+ 21) 9

0z 0z ) 9w 0z Dz ) Ow2

ON- ON. ON ON.
9 . 12 21 9 . 12 21 P
X2—%+21< 975 +3—@>3_“+21<Z1+a—22+8—@>8_w

The vector fields that generate H* and H® are linear combinations of the fields
Zl = Xl + 1412)(27 and ZQ == Angl + X2 with AEQ(O) = A21(0) =0.
From the conditions 7[Z7, Z1] = 0 and 7[Z3, Z2] = 0 we obtain

_ = _z _m a2 S
Ayg = —2011721 + 4nq11001127 + 4nq11000121 22

Agy = —2n933%0 + 4ngo1iinza s + 411793371 22
The torsion components corresponding to cohomologies with cochains
gl x gl — gf,  (sesquilinear)
g% x g% — gl (sesquilinear)
are responsible for the integrability of the H” resp. HE. We compute

[Z1, Z1]lo = 20111 Z2(0) — 21417 Z2(0)
[Z2, Zs]|o = 2193521 (0) — 293521 (0).
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Hence, these torsions do not vanish automatically for embedded manifolds, as claimed
in Theorem 4.4. in [SS00] but they are represented by the terms nq17272; and 19332273
in the normal form.

The remaining torsion components correspond to the cohomologies

g_oxg”, —g_» (antilinear in both arguments)

g_o x g% — g_y (antilinear in both arguments)

and can be interpreted using the induced canonical almost complex structure J on
M. On HM the operator J is defined by JZ, = 1Z1 and JZy = —iZ5. Consider
W = [Z1,Z5] € C®TM. Define JW :=iW and JW = —iW. This is well-defined
because another choice of Z; and Z5 would modify W by addition of a multiple of Z;
or Z, on which J acts also by multiplication with i.

This almost complex structure has the characteristic property that

(3) n[JEn] — Jom[€,n]

is antiholomorphic in 7 (with respect to J ) for an antiholomorphic argument ¢ and
n(J€) = Jom(§), where Jg is the almost complex structure on QM = TM/HM
induced by the Levi bracket.

Expression (3) defines a tensor S : QM x HM — QM which splits, according
to the second argument into S* : QM x HY® — QM. These tensors represent the
remaining torsion components. A direct calculation shows that (up to second order
terms)

) . 8 —— NN
W = —4(ny11090121 + n111"2222’2)az — 2155 — 4i(no1i21 + ”22122)—3w2 +

+ 4(711793371 + MaTn033%2) g — 41(TiaTi21 + Moot %) 5o — 21 55
Then
S(W, Z1)|o = —4in11W(0)
S(W, Z3)|o = —4ingtW(0).

(Here we identified QM with the subspace of TM spanned by Re W and Im W)
The geometric meaning of the vanishing of these tensors is integrability of J:

W, Z1]lo = 2no11 W (0) 4 4111171991 Z2(0)
s Zallo = 20901 W (0) — 4719117925 Z1(0)
vanish if S|y = 0.
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