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REFINED GRADIENT BOUNDS, POISSON EQUATIONS AND
SOME APPLICATIONS TO OPEN KAHLER MANIFOLDS *

BUN WONG! AND QI S. ZHANGT

Abstract. Under some natural curvature assumptions on noncompact manifolds, we prove that
the Poisson and Poincaré-Lelong equation Au = f and v/—199u = p can be solved when f and p are
in the long range. i.e. when they decay at a slower rate than 1/d(x) near infinity. This extends, to
the long range case, earlier results in [MSY] and [NST] which treated the case when f decays faster
than 1/d(z). The improvement is based on a refined gradient estimate for harmonic and caloric
functions. Some applications to the problems of curvature characterization of Stein manifolds are
given.

1. Introduction. One of the most basic and important equations ever studied
is the Poisson equation

(1.1) Au=f

in noncompact manifolds including R". Here A is the Laplace-Beltrami operator.

In this paper we study the problem of when (1.1) has a global classical solution. At

the first glance, this problem seems well understood already. From any standard

PDE book, one can find that (1.1) in R®, n > 3, always has a global solution if

If(z)] < C’/(l —|— |z|2+9) with § > 0. Moreover the solution can be written as u(z) =

— fRn (y)dy. Here T is the Green’s function of the Laplacian in R".
However one can do a little better by considering

(1.2 u(w) = [ [00.) = M) ).

It can be shown easily that the above is a solution of (1.1) provided that |f(x)| <
C/(1 + |z|**?) with § > 0. This extends the range of f by an order one. In fact,
one can just set up an integral condition for f so that (1.1) is solvable. This method
was applied and generalized in the important papers by Mok, Siu, Yau [MSY] and Ni,
Shi, Tam [NST] to the case of noncompact Riemannian manifolds with nonnegative
Ricci curvatures. They used a version of formula (1.2) to derive interesting existence
results on (1.1) and the related Poincaré-Lelong equation

(1.3) V—100u = p

Roughly speaking, the decay condition for f is |f(z)| < 1+d($)1+5 in [MSY], and in

[NST], its integral form [~ m fB(%T) | fldydr < co. Here d(x) is the distance from
x to a point on the manifold. B(x,r) is the geodesic ball of radius r centered at x
and |B(z,r)| is the volume. The authors then apply their existence results to obtain
several important geometric applications. These include, gap theorems, vanishing
results and Steinness of manifolds.

The purpose of this paper is to show that, under some natural curvature assump-
tions, (1.1) and (1.3) can be solved even when f decays slower than Wg)l_g, e>0.
In some special cases we can show that (1.1) can be solved even when f blows up
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near infinity completely. The current result differs from the previous ones in that we
allow f to be long range functions. Historically functions decaying faster than c¢/d(x)
near infinity are called short range potentials while those decaying slower than C'/d(z)
are called long range ones. Even the border line case f ~ C/d(z) is very interesting.
In fact one of the motivations of the paper is to understand when can one solve the
equation Au(x) = 1++(x) on a manifold. This kind of problems deserve some special
attention since they appear naturally during a fundamental operation i.e. when one
computes the Laplacian of the distance function r. Recall Ar = "Tfl + 0y In/g. Here
/9 is the volume element of the manifold.

In order to solve (1.1) and (1.3) with long range data, some new information is
needed. One needs additional decays for the derivative of the Green’s functions. Let G
be the heat kernel of the Laplacian in M. Suppose the Ricci curvature is nonnegative.
From the classical result by Li and Yau [LY] and others, one has

C 2
G(,t;y,0) < ————e o) /Hal,
|B(z, V)l

c 2
VoG, t;y,0)] < —m———mme B0 /AL,
: ViB(z, V)]

These very useful bounds provide a major tool in geometric analysis and they are
sharp in general, even in R".

Nevertheless , we discover that the gradient bound can be refined if the Ricci
curvature satisfies a natural lower bound: a multiple of the inverse square of the
distance function W, a > 0. It is well known that this is a large class of manifolds
(see Remark 1.3 below). A strong motivation for studying this kind of manifold comes
from the well known results that roughly claims: a manifold whose sectional curvatures
are nonnegative and decaying faster than the inverse square of the distance function
is flat.

What we are studying is, in some sense, the complement of the above result. i.e.
what are the differences between M and R™ if the curvature assumption in the above
theorem fails. We find that, under the curvature assumption (Ric(z) > a(1+d(x)?) >
0), the analytic properties of the manifold are indeed quite different from those of R".
For example the gradient of harmonic functions has additional decay comparing with
the Euclidean case. It is the additional decay of the gradient that allows us to solve
(1.1) and (1.3) for long range data. We expect the refined decay estimates will have
further applications.

Basic assumptions.

In this paragraph we lay out a number assumptions and notations to be used
through out the paper. Unless otherwise stated, M is a n(> 3) dimensional complete
noncompact Riemannian manifold with nonnegative Ricci curvature. Some times we
will use the term nonparabolic manifolds. This means the Laplace-Beltrami operator
admits a positive Green’s function. An example is R™, n > 3. Otherwise we call the
manifold parabolic. Ric(z) denotes the Ricci curvature at 2 and Scal(x) notes the
scalar curvature at x.

0 will be a reference point on M and d(x,y), d(x) will be the distance between
x,y and between z,0 respectively. The notation Q,(z,t) will be used to denote the
parabolic cube B(z,r) x (t — r2,t). We will use ¢, C, ¢1, C1, ..., to denote generic
positive constants.
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To ensure the smoothness of solutions to (1.1) and (1.3), we always assume that
f and p are locally Holder continuous.
The following theorems are the main results of the paper.

THEOREM 1.1. (Refined gradient bounds) Let M be a complete, noncompact,
Riemannian manifold. Let G be the heat kernel of A in M. Suppose, for a > 0,
Ric(x) > ﬁ Then, given any ¢ > 0, there exist C > 0 such that, for o = a(a) =

[64(n + 4)%]ta and all z,y, t > 0,

1+t

. 1 (A2 y)?
raw Y Vi)

|va(xat7y70)‘ Xp(_ (4+C)t

<

).

REMARK 1.1. In general Theorem 1.1 does not hold if the Ricci curvature does
not satisfy the stated lower bound. For example it does not hold in R™. We need to
point out that the constant a can not be too large. By a generalization of Bonnet-
Myers theorem, if Ric(z) > 1+d( Tz and a > 1/4, then M is compact. This fact is
implied by the main theorem in [C]. Therefore a(a) is smaller than 1 in Theorem 1.1
here. This constant can be better estimated if more information on the manifold is
available. This includes, for example, the growth rate of geodesic balls at infinity.
However the linear dependence of a on a is qualitatively sharp. This point will be
clear from the proof. An example of a manifold satisfying the assumption of the
theorem is given in Remark 1.3.

THEOREM 1.2. Suppose M is a noncompact manifold such that, for some a > 0,
Ric(z) > Trd@y- Then the following conclusions hold.

(a). For the same « as in Theorem 1.1, the Poisson equation Au = f has a
solution in M provided that sup e fooo kE(x,r)r~®dr < co. Here and later

k(x,r) = / y)|dy.
LL' r | zr)

In particular, this includes f such that |f(z)] <
(b). |u(z)] < C (1+d(x))t*+e.
(¢) [Vu(z)] < C (1 +d(2))~.
(d). limp_ |B(0, R)|! Iz, R |V2ul? = 0.

Wforanye<oz

THEOREM 1.2°. Let M be a noncompact Kdhler manifold with nonnegative holo-

morphic bisectional curvature. Suppose , for some a > 0, Ric(x) > W.

Let p be a real closed (1,1). Suppose p satisfies

(0) sDyen Ji° (e St ol dadr < oo,

(b) limy o m fB(O,T‘) Ipl[?dz = 0.

Then exists a solution to the Poincaré-Lelong equation /—100u = p in M.

REMARK 1.2. In particular, the conditions in Theorem 1.2’ admit those p satis-
fying [|p(z)| < W for any € < a. Note that for any a > 0, Theorem 1.2 and

1.2" covers all f or p such that |f(z)], | p(x)] < 1+d(z)
establish an end point type results for [MSY] and [NST], for a large class of manifolds.

In this sense, our theorems
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It is an open problem whether a complete open Kéhler manifold with positive
bisectional curvature is a Stein manifold. It was proved in Greene and Wu [GW1]
that it is true when the sectional curvature is positive. Moreover the following result
was first established by Wu as a special case of Theorem 4 [Wu2].

THEOREM (H. Wu). Let M be a complete open Kdihler manifold of positive bi-
sectional curvature with a pole. Then M is a Stein manifold.

The proof goes roughly as follows. M is simply since it has a pole. Let p be
the pole of M. Then M is covered by all the rays v starting from p. Using this
fact one can easily conclude (see [GW2]) the distance function d(p, x) = sup,{g-(z)}
is a continuous strictly plurisubharmoic function, where g, is the Buseman function
defined with respect to v . But d(p, ) is an exhaustion function as M is complete.
Invoking Narasimhan’s continuous version of Grauert’s criterion, one concludes M is
Stein.

There are obvious counter examples to the above open question if one merely
assumes M admits nonnegative bisectional curvature (or nonnegative sectional cur-
vature). However combining [GW1] with Theorem 1.2°; one immediately obtains

THEOREM 1.3. (a). Let M be a complete open Kihler manifold with nonnegative
sectional curvature. Suppose, for a > 0, m < Ric(z) and Scal(z) < W
for e < a(a) = [64(n + 4)?|"ta. Then M is Stein.

The same holds if Ric(x) satisfies just the lower bound and there exists a real
closed (1,1) form p which is positive everywhere and satisfying (a) and (b) in Theorem
1.2°.

(b). Let M be a complete open Kdihler manifold with nonnegative bisectional

curvature and with a pole. Suppose, for a > 0, m < Ric(z) and Scal(z) <

W for e < afa) = [64(n + 4)?|"ta. Then M is Stein.

Theorem 1.3 (b) provides a partial answer to a question raised in [Wu2], p255 ”Is
a Kahler manifold with a pole whose bisectional curvature is nonnegative necessarily
a Stein manifold?”.

It is worth comparing Theorem 1.3 here with the interesting Theorem 5.2 (ii) in
[NST]. It is proved there that if M has nonnegative sectional curvature and there
exists a real closed (1,1) form p which is positive everywhere and satisfying

1) sup,en Jo o Wl,r)l JB(a. lPlldzdr < oo,

2) lim, o m fB(O,T) ||p||2d$ =0,
then M is Stein. An example of such p is the Ricci curvature provided it is positive
and has fast decay. In contrast, we allow the Ricci curvature to have slow decay.
However, we have a pay the price by assuming the Ricci curvature is bounded below
by inverse square of the distance. A similar comparison to a recent paper [CZ] is
also valid. According to [NST], it is proved there ([CZ]) that if M has nonnegative
holomorphic bisectional curvature, has maximum volume growth such that the scalar
curvature R satisfies R(x) < Cd(x)~'~¢ for some constants C' and € > 0 for all z,
then M is Stein. These results are motivated by the earlier works [MSY], [M] and
[GW1], for which we refer the reader to [NST] for a nice discussion.

REMARK 1.3. There are many Kahler manifolds satisfying the conditions of

Theorem 1.3. Here we give a simple example of a Kéhler manifold of nonnegative

. . . . . a C
sectional curvature, whose Ricci curvature is pinched between 1 @) and 1 @)
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Let M be R" equipped with a rotationally symmetric metric tensor ¢ = dr? +
®*(r)d?S,_1, where n = 2m is even and ¢ = for st. It is easy to check, this
defines a complete metric and ¢(r) ~ /r when r is large. Moreover —¢" (r)/¢(r) >

1—(a' 2
iy >0, ¢/(r) < land =580 ~ (L
Choosing an orthonormal frame {F, ..., E,_1} on S,_1, then

{F,.F,}={¢'Ey,....6 *E,_1,0,}

is an orthonormal frame on (M, g). Following the standard formulas

Ric(F;) = ((n — Z)I_T(;W - %/)Fu i <n, Ric(Fy) =—(n— 1)%’1%
scalar curvature = —2(n — 1)%/ +(n—1)(n- 2)1_T(2¢l)2

By the estimates on ¢’ and ¢, we see that TrdEE < Ric(z) and scal(x) ~ H%(l)

We are going to show that this M is a Hermitian manifold. Let © = (z1,..,2x)
be the Euclidean coordinate of R™. Write s = /2% 4+ ...+ 22. Define a function
f = f(s) by the relations ¢(r) = sf(s) and r = fos f(r)dr, f(0) =1, f/(0) =0. Here
¢ is given in the last paragraph. This is equivalent to solving the differential equation
r'(s) = ¢(r)/s. Since ¢ is monotone, ¢(0) = 0 and ¢'(0) = 1, by direct computation
we know that f is a smooth function such that f(s) > ¢/(1+s) > 0. It is easy to see
that g = f2(\/2? + ... + 22)(d*x1 +...+d*z,,). Hence g is Hermitian. It is well known
that such M with n = 2 is a complete Kéahler manifold. The direct product of this
manifold with itself is also a Kahler manifold satisfying all assumptions in Theorem
1.3.

Using similar arguments, we also have

OBSERVATION. Let M be a complete open Kdihler manifold with nonnegative
bisectional curvature and mazimum volume growth i.e. |B(xz,r)| > cr®™ for some
¢ >0 and all z and r > 0. Here n s the complex dimension of M. Then the
following results hold

(a) Suppose the bisectional curvature is positive outside a compact set. Then M
is a Stein.

(b)Suppose, for a > 0, e < Ric(z) and Scal(z) < W fore < a(a) =
[64(n + 4)?]"ta. Then M is Stein.

Here is the proof.

(a) The Ricci curvature satisfies the conditions in Shen’s theorem [S] because
the bisectional curvature is so assumed. i.e. The Ricci curvature is nonnegative and
positive outside a compact set. The spherical Busemann function b,(z), defined as

lim {r — d(x,0B(p,r)}
is a continuous plurisubharmonic exhaustion by Shen’s theorem and a result due to
H. Wu ([Wul]). Here p is a fixed point in M. It also follows from the same paper
(Theorem C [Wul]) that there exists a strictly plurisubharmonic function in M. This
finishes the proof.



342 B. WONG AND Q. S. ZHANG

(b) In this case, the existence of a strictly plurisubharmonic function follows from
Theorem 1.2” as to be show in the proof of Theorem 1.3 (b). Consequently M is Stein
for the same reason as above.

Note that there is no assumption that M has a pole in the above observation .
However we need the assumption of maximum growth. Part (a) is basically a direct
consequence of a remarkable result due to Z. M. Shen [S]. There are a lot of examples
satisfying condition (a) in the observation. However we are not able to construct a
manifold satisfying (b). (The anonymous referee informs us that it may not exist.)

The rest of the paper is organized as follows. In section 2 we will prove the
refined gradient bounds for harmonic functions (Theorem 1.1.). In section 3 we will
prove Theorem 1.2 and 1.2’ concerning the solvability of (1.1) and (1.3). Applications
(Theorems 1.3) will also be proven in this section. In section 4 we will present a
generalization of the theorems to some flat manifolds.

2. Refined gradient bounds. In this section we prove Theorem 1.1 and estab-
lish an upper bound on the integral of the gradient of the heat kernel.

The proof, which is somewhat involved, requires a number of preliminary results
to be listed as propositions and lemmas below. Here is an outline. Let G be the heat
kernel of the Laplacian in M and let u(x,t) = G(z,t;y,0). By Bochner technique, it
is known that w = |Vu| is a sub-solution to a Schrodinger heat equation i.e. Aw —
Vw—w; > 0. Here V = V(z) is the lower bound of the Ricci curvature. The idea is to
exploit decay property of V' to deduce additional decays for w. We remark that this
theorem might be proved by using a weighted L? space method. But that method
seems to require more assumptions on the manifold, to say the least.

Through out the paper we will frequently use the following well-known inequalities
which are simple consequences of the doubling properties of geodesic balls.

o—cd(z.y)?/t Ce—cd<w,y>2/(2t> . o—cd(x.y)?/(41)
< < .
VB, t172) /By, t1/2) —  [B(z,tV/2)] T " |B(x,d(z,y))|

PROPOSITION 2.1. Let M be a complete, noncompact manifold with nonnegative
Ricci curvature. Let Gy be the fundamental solution to the equation Au—Vu—u; =0
in M x (0, 00).

Suppose, for a > 0, V(z) > #Q(I). Then there exist positive constants cq,co
such that, for all x,y and t > 0,
Gv (.’E t;y,0 ({IJ t) ’U}(y,t) e—CQd(fE7y)2/t.

= B 0] VB, 072)]

Here w(z,t) = [max{ 15;& 1}]=® with a = a(a) = min{[64(n + 4)?]~1a, 1}.
Part of this result (assuming a is sufficiently large) was proven in [Zh]. Now we
are able to prove it for any a > 0. The proof of the upper bound is based on an
explicit estimate on the L°° bounds of solutions to the parabolic equation. The key
is to find a precise relation between the bounds and the potential. This requires us
to refine Moser’s iteration scheme to capture the information on the potential.
Let u be a solution of Au — Vu —u; =0. If V> 0, by Moser’s iteration and the
maximal principle, we have, for C' > 0,
C

(2.1) u?(z,t) < oNERI] oo u?(y, s) dyds
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where @, (z,t) is a parabolic cube defined in the introduction. However the next
lemma shows that the constant C' can be refined if one knows the decay property of
V.

Before proving the proposition, we need

LEMMA 2.1. (crude mean value formula) Let u be a solution to the equation
Au—Vu—u =0 in Qar(x,t) C M x (0,00). Here M is as in Proposition 2.1.
Let a > ag = 64(n + 4)%. Suppose

V(z) > HTQ(QT)

Then for positive C' depending on a but independent of r,

Clmax{r/(1 +d(x)),1}] > ,
1Qr(z,1)] /QTW)u (y,s) dyds.

Proof. We will use a trick in [Zh]. Given 7 > 1, we pick a Lipschitz cut-off function
¢ such that ¢(y,s) = 1 when (y,s) € Qr(z,t), ¢(y,s) = 0 when (y,s) € Q%,.(z,1),
and |Vo| < 1/((7 — 1)r), a.e. |0;p| < 1/((1 — 1)r)?, a.e. Using ¢u as a test function
we obtain, after routine calculation,

(2.2) u?(z,t) <

/ IV (gu) Pdyds + / V(y)u®$2dyds < / V[ + 0.6 dyds.

Therefore

1
V(y)u?¢*dyds < 7/ u?dyds
/Q.,.r(z,t) (T =17)? Jo,, @

When y € B(x,r) we have d(y)? < 2(d(z,y)? + d(z)?) and hence
2(d(z,y)* +d(x)?) - 2(r? +d(x)?)

V(y) >

It follows that

2 —1/..2 d 2
(2.3) / u?dyds < G +2 (233) ) / u?dyds.
Qr(x.t) (r—1)r Qur(ait)

For each r > 1 we take 7 > 1 such that
207 (r? +d(z)?) 1

r—D22 2

This implies
Tr =1+ [4a" (r? + d(x)?)])V/2.

Under such a choice of 7, we have

1
(2.4) / u?dyds < —/ u?dyds.
Qr(at) 2 Q)

We shall iterate the above inequality according to the formula

Fhg1 = Tkl = 75 + [4a” (17 + d(z)?)]"/?
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with 7o = d(x). Writing u = v4a~1!, we claim that there exist positive constant C
such that

(2.5) e < (14 )% (1 + d(2)).
Obviously (2.5) hold for k = 1. Suppose it holds for &, then

i1 < 1+ plre +d(2)) = (1+ p)ry + pd(z)
< (L4 @)1+ d(@)) + (L+ @) a1 + d(2))
< (14 p)® M2 (1 + d(2)).

This implies that to reach r from d(z) one needs at least

_ In(r/(1 + d())
2In(1 + p)

number of iterations (round up to an integer). Iterating (2.4) k times we have

C c27k
ule,1)? < W (y, 8)dyds < o
|Q7"0 (‘T7 t)' Qr(z,t)

N |Q7”0 (l',t)| Qrg (z,1)
nlr/(1+d()] In2 (T/To)n+2

< Cem a1t M/TO) u?(y, s)dyds
1Qr(z, )] Jo, (w.0)

u?(y, 8)dyds

Here we also have used the volume comparison theorem, ie. |B(z,7) <
c(7=)"|B(z,70)|. Simplifying the above, we reach

Q’l t / t
u (y, S)dyds.
| (‘/E’ )| Q,,,(ZD, )

Recall that p = v4a—1. When a > 64(n + 4)?, we have

2 (T \=In2/2n(14w) r n+2
. 1)? < O 5s) i)

1< 4/ (64(n + 4)2) = 1/4(n + 4).

Hence

In2 In2
— > = 4)2In2 > 4.
2In(1+p) = 2p (n+4)2n2 2 n+

This shows

2 r -2 1 2
o) < O ) Tl o g 0

This proves the lemma.

Note the above estimate is useful only when 1++(30) > 1 since standard estimate
is already better otherwise.

Later in the section we are going to remove the largeness assumption on a. 0O

Using the above mean value property, we are going to prove the global bounds
for the Schrodinger heat kernel Gy, .

Proof of Proposition 2.1. We divide the proof into two cases.
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Case 1. V(x) > a/(1 +d(z)?) with a > ap = 64(n + 4)%.

The proof of the upper bound in this case is reduced to the standard method.
For this reason we will be brief. For a fixed A € R and a fixed bounded function v
such that |[Vy| < 1, we write

faly) = MW / Gy (3, 5; 2, 0)e ) f(2)dz.

Direct computation shows that

OILIB < ~CIVLIE+ CXNLIE - [ Vi) £y
Since V' > 0 we have
Al fs115 < CN?[| fl13,
which implies
[1£:113 < X2 1113

Now consider the function

u(y, s) = e MW fi(y)

which is a solution to Au — Vu — dyu =0 in M x (0,00). Applying Lemma 2.1 with
Qer/2/o(w,t) = By () X (3t/4,1), we obtain

we <02 [
|Qu1/22(x, )| J3i/a J B(a, t1/2/2)

where
wa(z,t) = [max{Vt/(1 + d(x)), 1}]

It follows that

PN@y (g, 1) < O W22 D) / /
|Qt1/2/2 x,t) ‘ 3t/4 t1/2/2

_ o wa,t) / / [ () 6] 2
1Qu1/29(2, )| J31/a J B(a, t1/2/2

wa(x,t)

2At1/2 ) CA%t 2
SO@ |B($,t1/2)|e ||f||2

Taking the supremum over all f € L?(B(y,t'/?)) with ||f||2 = 1, we find that

2A[Y (z) =¥ (y)] / G . 2 i /2rone w2 ()
2 v(z,t;2,0)°dz < Ce —_—,
B(y,t1/2/2) |B(x,t1/2)]

Using Lemma 2.1 on the second entries of the heat kernel we have

t/4
Gy (z,t;y,0)* < C&/ / Gy (z,t; 2,5)*dzds
|Qt1/2/2 Y, t B(y,t1/22)

wa(z,t)  wa(y,t) AN CNZ -2 (@) ()]
|B(x,t1/2)] |B(y, t1/2)]
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Choosing A = d(x,y)/Ct and 9 such that ¥(z) — ¢¥(y) = d(x,y), we reach

) 9 wg(l’,t) w2(yat) —cd(m,y)z/t
Gl tiy.0)" < Crpr S By, 079 '

This is the desired bound.
Case 2. V(x) > a/(1+ d(x)?) with a > 0 being arbitrary.

Given A > 1, let G; and G be the heat kernel of A — AV and A respectively. By
the Feynman-Kac or the Trotter product formula, we have

1/x 1—(1/x
Gy (a,t:9,0) < [Gr (. 1:9,0)] Gl ti, 0)] Y,
For completeness we provide a sketch of the proof. For a given f € C§°(M),
| Griatin. 0y = >
M

= lim [eAEe_Vﬂkf

k—oo

. t i —itxk=ly(z))
= lim Gz, —;x5-1,0)...G(x1, —; 2, 0)e *=0 3 f(xo)dz—1...dzo
_ hm/ / G G357V () fU/) ()

k—oo M M

GG =N () dy,_y ....dg

< lim [/ / G'"Gei)\%z(}ji1V(mj)f($0)dxk—1...dxo](1/>\)
k—oo M M
x [/ / G...G f(wo)da_y...dwg] Y
M M
1— A
= [/ Gl(%t;y,o)f(y)dy]““)[/ G, t;y,0)f(y)dy] ~
M M

In the above we have used Holder’s inequality. The desired inequality is obtained by
taking f to be a Dirac delta function.

Taking A = ag/a, then AV (z) > H_ZW Hence we can apply the result in case 1
to G1 to reach

< WL+ @) V) (VA VD s
SO VB B

Gl (.177 t; Y, O)

This together with the standard Gaussian bounds for G ([LY]), immediately shows

| (WVE/( - d(@) VD™ (VL d@) VD™ a5
Gy(z,t;y,0) < C e ’
Vit 0) < O B, 077, ]

1 6fcd($,y)2/t:| 1-(1/X)
VB, t12)[\/[B(y, 1/2)] .

x|

It follows that

Gty 0) < LY/ W) VD=0 (VI () VD0 e
R B, 07)] By, 017)]
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for all 2, y and ¢ > 0. Here ag = 64(n + 4)%. The proposition follows. 0O

In the following we use the heat kernel bounds in Proposition 2.1 to prove a
refined mean value formula.

LEMMA 2.2. (refined mean value formula) Let u be a nonnegative sub-solution to
the equation Au—Vu—uy = 0 in Qo(x,t) C M x (0,00). Here M is as in Proposition
2.1.

Suppose, for a given a > 0,

Vix) > TTE@

Then for C > 0 and o = «(a) in Proposition 2.1,

Clmax{r/(1+ d(z)),1}] 2 ,
|Qr<x, t)l ‘/QT(w,t) U (y; 5) dyds

Proof. We select a cut-off function n € C§°(Q1.5-(x,t)) such that n = 1 in Q,(x, t),
0 < n < 1 everywhere. We also require that |Vn| < C/r, |An| < C/r?, |n| < C/r2.
Note that nu satisfies

(2.6) u?(z,t) <

A(nu) — Vnu — (nu)y > uAn +2VnVu —un; = f,
nuly,s) =0, (y,5) € OB(w, 157) x [t — (157)%, 1],
nu(y,t — (1.5r)%) = 0.

Let G4 be the Green’s function of Au—Vu—u; = 0 in the cube Q1.5-(2,t). Then
uet) <= [ Gylatiys)flyo)duds.
Q1.5r(,t)
By the maximum principle, G4 < Gy, the heat kernel of A — Vu — u; = 0 in the full

space. Hence

1 1
u(z,t)? < C G% (x,t;y, s)dyds / (—4u2+—2|Vu|2)dyds.
Qusr(w,t)=Qr(:t) Qusr(z,t)=Qr(zt) T "

Here we have used Holder’s inequality and the fact that V=0, n; = 0 in Q,(z,1).
Since Au —uy > Vu > 0, it is well known that

C
/ |Vu|*dyds < —2/ u?dyds.
Qu.5r(2,t)—Qr(z,t) r Q2r(at)

Combing the last two inequalities, we reach

C
(2.7) u(z,t)? < —4/ G% (z,t;y, s)dyds / u?dyds.
" JQusr(x,t)=Qr(x.t) Qar(w,t)

Now we use Proposition 2.1. Denoting t — s by [, we obtain

' _ ) w(z, 1) —cad(z,y)? /1
Gv(z,ty,s) = Gy (z,1;y,0) Sclm € :



348 B. WONG AND Q. S. ZHANG

Here w(zx,l) = [max{lfT/(Qx), 1}]7* with a = a(a) > 0. Notice that
1/2
l / ]70(6702d(17,y)2/l < [1 + d(x)]aefc2d(m,y)2/l < [1 + d(z)]ae*62d(m,y)2/(2l)

T d@) <= <Ly

When (y, 5) € Q1.5 (z,t) —Q(x,t) and t —r? < s < t, we have d(z,y) > r. Hence

() V1

WTd@)) 1 —ead(ay)/(20)
| B(a,11/2)|

Gv(x,t;y78) < .

C1

By standard arguments using the doubling condition of balls, we know that

(i) VU~ (i) VI
Bla,da,y)] =" [Bla.r)

when (y,s) € Q1.5-(7,t) — Qq(x,t) and t —r? < s < t.
On the other hand, when (y, s) € Q1.5,(z,t) —Q,(z,t) and t —(1.5r)? < s < t—7r2,
we have | =t — s > r2. Therefore

GV(xat; Y, S) S C1

w(z, ) o awn? (lFam) v U™
G t: <oy —eed(my) )l o 2 AFal®) ] T
v t5y:8) = e g ) © = Bar)
Therefore
(lramy) VU™
GV('ratoaS) < e— =
|B(z,7)]

for all (y,s) € Q1.5-(x,t) — Qr(x,t). Substituting this to (2.7), we have

¢
T2|B($, T)| Qa2r(z,t)

(2.8) w(z,t)? < [——— v 1]72e

2dyds.
= +d(@) wayads

0

Proof of Theorem 1.1. Let G = G(x,t;y,0) be the heat kernel of A in M. Fixing
r and y and taking r = v/#/2, then u(z,7) = G(z,7;y,0) is a caloric function in
Q- (x,t) = B(x,r) x [3t/4,t]. By Bochner’s formula, it is well known that

Rijui(za T)uj (Za 7_)

AlVu(z, 1) — Va2

|Vu(z, )| — 0-|Vu(z,7)| > 0.

Here R;; is the Ricci curvature, in local coordinates. Indeed, in local orthonormal
frames,

DRI
2\1/2 2y1/2 iU U
AlVul = ABa)"? = 2((Zad) ), = Zj[(&u?)ljz]j
By Syuingg  Si(Swiug)® | Rijuiu
— [ 15 W g, _ 7 g Uy > 1y Wy g 87— )
(Zu2)1/2 + (Zu2)1/2 (Zu2)3/2 = |V + 0-[Vu(z, 7)|

By our assumption on the Ricci curvature, the above can be written as

AlVu(z, )| = V(2)|Vu(z,7)| — 0-|Vu(z,7)| > 0.
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where
a

> 0.
“1tdee 7

V(z)

By Lemma 2.2, the refined mean value formula,

1 + T —2a C
2.9 Vu(z, )| < (——— V1 _ Vu(z,7)|*dz.
@9 Ve < (g V) ol Jo, V1)
From [LY], for any ¢ > 0,
c d(z,y)?
= M < - .
IVu(z,7)| = |V.G(2,7;y,0)| < NG exp( s C)T)

When (2,7) € B(z,r) x [3t/4,1], we have d(z,y) > d(x,y) —d(z,2) > d(z,y) — (Vt/2).
Also, by the doubling condition of geodesic balls, one has |B(z,7)| ~ |B(z,)|.
Therefore

c d(z,y)*
< VB v P at o

Substituting (2.10) to (2.9), we obtain

(2.10) [Vu(z, 1)

).

1+7r —2a C 1 R )
Vu(z,)* < (——= V1) L aew?aren?,,
Vul@OF < (g YY) 1@t Jo.wn ViBGE VD) )
Hence
1+vt \—a 1 dla

\Y 7t <(C(———=V1 _— ¢ (z,v) /(4+C)t.

Vel 0l < e YY) VB va)
O

Next we prove some technical estimates on the integral of the gradient of the heat
kernel. This will be essential for the proof of Theorem 1.2.

First we need a lower estimate for the volume of geodesic balls that generalizes
Theorem 1.4.1 in [SY]. The result is known, see [Wa] Lemma 2 e.g. But for complete-
ness, we give a proof here which follows the same idea as the above quoted Theorem.

PROPOSITION 2.2. Let M be a noncompact Riemannian manifold with nonneg-
atwe Ricci curvature. For any p € M, r > 0, and k > 1, there exists a C > 0
independent of p, v, and k such that |B(p, kr)| > Ck|B(p,r)|.

Proof. Tt is clear that we can assume that & > 2. Pick a point xy such that
d(p,zo) = kr and, for x € M, write p = d(z, ). Similar to Theorem 1.4.1 in [SY],
we construct a Lipschitz function 1 so that

1, 0<t< (k-1
Y(t) = ¢ P (t) = —1/(2r), (k—Dr<t<(k+1r,
0, t>(k+1)r

Define ¢ = 9(p(z)), a Lipschitz function in M. Note that the Ricci curvature is
nonnegative. As in [SY], we have, in distribution sense,

(2.11) | s@ar@ <o [ o).
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On the other hand, one has, in distribution sense
[ o@ni@) =~ [ Vo)vee)
M M

1
= —2/ W' (p)plVpl* = —/ p
B, (k+1)r)— B(wo,(k~1)r) 7 J B, (k+ 1))~ B(wo,(k—1)r)

> @IBQO, (k+1)r) = B(zo, (k = 1)r)|.

Since B(p,r) is contained in B(xg, (k + 1)r) — B(xq, (k — 1)r), the above shows

/ (@) Ap(x) > (K — 1) Bz, B)|.
M

Combining this the (2.11), we see that

20| B(z, (k + 1)R)| > 2n /M<z> > /M o(x)ARP(x) > (k — 1)|B(z, R).

By now, the proposition is an immediate consequence of the doubling property of
geodesic balls. 0O

The following is a technical gradient estimate for the integral of the heat kernels
of parabolic manifolds. This will replace the gradient bound of the 'Green’s function’
of the Laplacian, which may or may not exists in this case.

PROPOSITION 2.3. Let M be a noncompact Riemannian manifold such that
Ric(z) > a/(1 + d(z)?) for some a > 0. Let G be the heat kernel of the Laplacian.
Then, for the same o as before

de.y) -0 d(ey) :
/°° V.G £y, 0)|dt < C(-}@d(?)) 1B iz )l d(x) f d(z, y);
0 Bladza W€ + TG yy) + I gey VO, d(z) 2 d(z,y).

In particular, for all x and y in M,

> d(z,y) \—a_ d(z,y)
V.G(x, t;y,0)|dt < C )
;G 0l < G ™
Proof. Let G be the heat kernel of A, i.e. the fundamental solution of Au—wu; =0
in M. By [LY] we have, for all z,y € M and ¢ > 0,
C1

2.12 V,G(x t:y,0)] < ——L __—e2d@y)?/t,
(2.12) Va2 G( )| TR

By the well known Theorem of Calabi and Yau, one has |B(z, /)| > Cyt, t > 1.
So the above may not be integrable for any open manifold with nonnegative Ricci
curvature. However by Theorem 1.1, we can pick up some extra decay in time under
our lower bound on the Ricci. In fact

(2]_3) |sz(£E,t; v, 0)| < (]'—’_7\/E Vi 1)*aLe—czd(az,y)2/t.

1+ d(x) VEB (@, VD)

Here oo > 0 is given as in Theorem 1.1. The extra decay in time allows us to integrate
the gradient of the heat kernel.
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By (2.13)
/OOOWIG(x,t; s, 0)|dt
[Ty € e
0 VB

1+ d(z) (2, V)]
d 2
(2.14) @ C e ry

= C _—
o ViB(z, V1)
oo 1 n a —cad(z,y)?/t
d

(@2 1+d(x) Vit|B(z, V)|

=CL +Cl.
Let us estimate I; first. We need to distinguish two cases.

Case 1.1 d(x) < d(z,y).
By the doubling condition of the balls, it is well known that

1 2 C 2
2.15 — el g < e czd(@w)/ (),
@) ZBEvD = 4w, )| B(z, d(z, y))]
Hence
d(aﬂ)2 2
I < C / dt < Cd(x) ’
d(z, )|B, (@, )] Jo d(z, 9)|B(x, d(z, )]
i.e.
dz)  Cd(x,y)
2.16 I < . d(z) < d(z,y).
(2.16) 'S Gl y) B d gy @) < d@)

This finishes case 1.1.

Case 1.2. d(x) > d(z,vy).
Then

d(z,y)? C 2 d(x)? C 2

I :/ 76—‘32“%9) /tdt+/ 76—czd(z,y) /tdt.
0 Vi|B(z, V1) d(ew)? VEB(z,V1)|

Applying (2.16) on the first integral on the left hand side in the above, we have

d(z)?
1, < Cd@y) / O esden gy
d

1Bz, d@,y)|  Jawy VHIB(z,V2)

When ¢ > d(x,y)?, by Proposition 2.2,

Vit
Bz, V)| 2 Cm\B(%d(%y))l'

A Combination of the last two inequalities yield

d(z)?
_Cdy) (ML aeay,
\B(x,d(:r,y))| d(z,y)? t

_Cdwy) n(d(z)/d(x
= B e,y O

L <
(2.17)
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This finishes case 1.2.
By (2.16) and (2.17), we deduce

d(x,
d(z

Cd(z,y)
|B(z,d(z,y))|

(2.18) n<( ? vi)™ Infe +

for all x and y.

Next we estimate I5. We need to treat two cases again.

Case 2.1. d(z) < d(z,y).
Then

oo echd(x,y)z/t

I =C(1+d(z))" /d(@z (1+ VDoV Bz, V)|

_ca p N d(a:,y)2 efcgd(z,y)Q/t

- Ctrd) /d<m>2 (1+ V)Vt Bz, V)|
c+d@ne [ ol

_F(+(@)Awwﬂ+ﬂWﬁww¢ﬂ

=C(1+dx)*J +C(1+d(x))* Ja.

(2.19)

To estimate Jq, let us note

67C2d(w,y)2/t echd(m,y)Q/(%)

< .
(1 + vtV Bz, vt)| — (1 +d(x,y))*d(z,y)|B(z,d(z,y))]
This is due to the doubling property of the geodesic balls again. Hence

d(z,y)? — d(z)?
(1 +d(z,y))*d(z, y)|B(x, d(z,y))|

Ji1 <

i.e.

d(z,y)
(1 +d(z,y))*|B(x,d(z,y))|

To estimate Jo, we use Proposition 2.2 again. For t > d(x,y)?,

Vit

(2.20) Ji <

B VD] 2 O Bl day).
So
d(z,y) °° 1
J2 = |B((E,d((£,y))| /d(z,y)2 (1 + ﬂ)atdt
This shows
d(z,y)
221 = d e B, e, y)

By(2.19), (2.20) and (2.21), we have, when d(z) < d(z,y),

1+ d(aj))a d(z,y)
d(z,y) ~ |B(z,d(z,y))|

(2.22) L <O
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This ends case 2.1.
Finally let us estimate Iy in
Case 2.2. d(x) > d(z,y).
From the definition of I in (2.14) we know that

0o 1 o —cod(z,y)?/t
12:/ ;\/i ) 'eidt
e 1T+ d@ Y VB V)

0o efczd(:r,y)2/t

= Ol + d=)" /d<z)2 A+ VO VIBE VO

Using the inequality

Vi
|B(a,V1)| = leB(%d(x))I

for t > d(x)? (by Proposition 2.2), we have

d(x) o 1

I <CQ +d(z))® B, d(@))] Jawy 1+ \/i)atdt'

Therefore

d(x) 1

Iz < OO+ d@) p o@D dwe

By Proposition 2.2 again, when d(z) > d(z,y),

d(z)
d(z,y)

|B(z,d(z))| = C | B(z, d(x,y))|

This shows

1+ d(x) dz,y) _ _ d@y)

L= () B dw. )] = B, da )

when d(x) > d(z,y) and d(z) > 1.
When d(z) <1, it is easy to see that f;(c;)Q mdt <C(l+In ﬁ) Hence

d(z,y)
L<C
7 1B, d(a,y))
when 1 > d(z) > d(x,y). Therefore

d(z,y)
|B(z, d(x,y))|

This concludes case 2.2.
Combining this with (2.22), we know that, for all  and y,

1+d(@)\@_ d(e)
(2.23) I < {C( o)) Bedzgyy U@) <d@y)

Craalet) 1+ (In 745 VO)],  d(z) > d(z,y).

(I+1In )

1
d(x)

L<C 4 (n——vO), d)>dzy).

d(x)

d(z)
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By (2.14), (2.18) and (2.23), we have finally proved
(2.24)

o dz,y) \—@__ d(=z.y) .
| IvGG@. b0l < 0(5{‘“?) et fla) = o o)
Since, when d(z) > d(z,y),
d(z)
d(z,y)

the second inequality in the statement of the proposition also holds. O

<l d(z,y) )

[In(e + )+ (In ——

3. Solvability of Au = f and /—100u = f when Ric(z) > a/(1 + d(z)?).
We will prove Theorem 1.2 first. The basic approach is to combine the integration
arguments in [NST] with a heat kernel approach using the refined gradient bounds.
This combination will allow us to treat long range f without imposing pointwise
bounds. It will also allow us to treat parabolic and nonparabolic manifolds at the
same time. In [NST], the parabolic case was handled by multiplying R* on the given
manifold to make it nonparabolic. We are not able to use this approach since the
current solutions may grow in the order of (1 + d(x))!*.

We present a

Proof of Theorem 1.2 part (a). We divide the proof into several steps.

Step 1. Let G be the heat kernel of A in M. Given f as in the statement of the
theorem, we construct a function

(31) r.t)= [ [ 160.5,0) - Gl s, 01wt

Clearly u is well defined and satisfies

(32) Bu=u = (@)= [ GO0 1)y

We are going to show that u(.,t;) converges to a desired solution of (1.1). Here {t;}
is a sequence diverging to oo.

Let [ be a minimum geodesic connecting 0 and x, parameterized by arc-length.
Then

G(0,s;9,0) — G(z, s;9,0) / 0-G(l(7), s;y,0)dr
= /0 g(VG(U(T), s;9,0),1'(1))dr.
Here r = d(z). Therefore

u(a, 1)) < / /M / V), 539, 0) |1 (9) [ drdyds.

Switching the order of integration, we see that there exists a point z € B(0,r) such
that

()] < r / /M V-G (2, 5:9,0) ||/ ()| dyds.
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Therefore

(3.3) ()] < r /M / V.G =, 55,0) ds| £ ).

We split the integral on the last inequality to get

fu(z,8)] < r / / V.G (2, 519,0)|ds| £ ()| dy
d(y)>2d(z) /0

3.4 N
(3.4) n T/ / IV-G(2,59,0)|ds|f(y)|dy
d(y)<2d(x)

0
=I+11.

Step 2. Here we will estimate 1.
Note that d(y) > 2d(x) implies d(x,y) > d(z). Also d(z) < d(x). By Proposition
2.3,
d(Z,y) )*9‘ d(Z,y)
L+d(z)"  |B(z,d(zy))l
By the doubling condition of geodesic balls,

/ V.G (2, 5, 0)ds < C
0

* . s d(.’L‘,y) - d(;my)
17 sl < O B Gy
Hence
T 1+« d({L‘7y)
@9 TSCOrdR [ e

Given any large R > 0, let us write

— T 1+« d(l‘,y)
36) Iz =(1+d@) /B(O,R)_Bm,m B, dla.y) |z g)e | @1

Since d(z,y) > r = d(z), we can write the above as

)it 4(0.9)
mecurde)t [ i

R tlfa
dt.
- |B(07t)|( 8B(0,t)|f(y)|) '

= £ (y)ldy

<C(+ d(x))Ho‘/
2

Note that

0 = .
t /B o 0 /a o 0

Using integration by parts, we obtain

N Rl—a
Ir < C(1+d(z)'* B0, 7| . |f(y)|dy

R 11—«
— O(1 4d(z))*+e /zr [taB(O,t_)I(/B(o,t)m)dt

14+« f tlia|aB(Ovt)|
T + —_— 5 .
SRR Ml oo A
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Since the Ricci curvature is nonnegative, it is known that (see [Wa] e.g.),

9B(0.1)| _ C
|B(0,t)] ~ t-
Therefore the above implies
14 Rl—a
I < C(l+d(z)H* ———nxn f(y)ldy
n = COH A BOR Juoan TV
14 f 1
+C(1 +d(x a/ / fl)de.
( =) 2r [ta|B(0,t)\( B(O,t)‘ )
This shows
(3.7)

N R B
I < CON) (g e [ 1@l |t [ @)

Under our assumptions on f,

B e |f(y)|dydt < oo.
/27- |B(0, 1)t Jp(0,4)

Denoting
1
K.(R) = 7/ f(y)ldy,
= 150, BIE o

it is clear that K, (AR) > CK,(R) for A € [1,2]. Using this and the assumption that
floo K, (r)dr < oo, by elementary arguments, we see that

R

RK,(R) = —— dy —0, R .
(R) = 55 o /B L s

Hence we have

Ir < O(1+d(z)) .
Therefore
(3.8) I<C(1+d(x)T
This completes step 1.

Step 2. Here we will estimate I1.

By the second inequality in Proposition 2.3, we have

o0 d(z,y) \—a  d(z,y)
V.G(z,s;y,0)|ds < C
/0 V-G ) (1+d(z)) |B(2,d(2,y))|
for all y, z.
This shows
m<cr [ V.G s 0l )l
(39) B(0,2r) JO

d(Z,y) -« d(z,y)
: CT/B(O&r) 1 + d(Z)) 1B(z,d(z,9))] | @)ldy-
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Since d(z) < d(x), the above implies

d(z,y) - d(z,y)
I1 < OT/B(Z,gr) (1+d(2)) |B(2,d(z,9))|

Now we can follow the arguments from (3.6) to (3.8) to get

1+« d(Z7y)
00 [ e, i

[e3%

<Cﬂ+d@»HaATl;;ﬂ§émm”ﬂwDﬁ

0 = .
t /B ) /8 N

Using integration by parts, we obtain

£ (y)ldy.

£ (y)ldy

Note that

11—«

IT < C +d(z)te |f(y)|dy

|B(Z,3’I")| B(z,3r)
3r 1—a

_ 14+«

ctae)'™ [ gy, 0

v [ (1 010B(, )
X + e
et [ g, 0

Since the Ricci curvature is nonnegative, it is known that

10B(z, 1)|
|

¢
B(z,t)] ~ ¢

Therefore the above implies

e’

IT < O +d(z))* |f(y)|dy

‘B(Z, 3T‘)| B(z,3r)

3r
+C(1+ ol(x))”"‘/0 [ta|Bl

o] </B<z,t> 71)t

Using the doubling condition again, we have
(3.10)
1

o ,rl—a 3r
IT < C(14d(z)"* (W /B(o,4r)|f(y)|dy+/o W/B(z,t)lf(y”dydt)'

As before, by our assumption on f, this shows
(3.11) IT < C(1+d(z)) .
Going back to (3.4), we have, for all t > 1,

|u(a?,t)\ <I+1II< C(l + d(x))l-‘ra.
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From (3.5) and (3.9) we also know that

312) )] < OO+ d@) s [ G B,

Step 3. We show that u(x,t;) converges to a solution of (1.1). Here ¢; is a suitable
subsequence diverging to co.

By standard parabolic theory, u is locally Holder continuous. So there exists a
sequence {t;} so that u(.,;) converges to a function u = ug(x) as t; — oo.
Next notice that

w( t) = /M G0, £y, 0) f(y)dy — /M G, t:,0) £ (y)dy.

By our assumption, one can quickly show that
ug(x,t) — 0

as t — oo. In fact this has been proven in [Ni] Corollary 3.3. For completeness, we
will just give a sketch to show that [y, G(0,¢;4,0)f(y)dy — 0 as t — oo since the
second term can be dealt with in the same way. By the standard Gaussian bounds,

— . ‘1 —cad(y)?/t
10:0)= [ GOEROS@I < [ e )y

Using integration by part as in [Ni], one has

100 gt [T rwar

‘1 6—02r2/t -
< s |/ </83(0T) Fw))d
|B 0, \f 1) / e /as(o,r) |F(w))dr

a
< o / ( /8 o

e / _t
vi |B(0,V1)] /B0

When r > +/t, one has |B(0,v/t)| > |B(0,7)|(v/t/r)" by volume comparison
theorem. Hence, when ¢ > 1,

C1 Ve
1(0,t) < m/o (/{)B(O,T)If(y)l)dr

+C/Oo 1 |f(y)ld M ety
vi 1BO,7)] a0 Virmm© "

< C sup / y)ldy.
TZ\/_|B 0 ’I" | B(0,r)

T e
@)y ar.
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Under the assumption on f in the theorem, by the inequality just before (3.8),

1
B(OTN/B(O )|f(y)|dyH0, T — 00.

So I(0,t) — co. Here we note that the just mentioned inequality is a direct result of
the integration assumption on K (z,7).

Therefore ug is a solution to (1.1). By the same argument from (3.9) to (3.12),
we have
(3.13)

o)) < O+ da) e sup [ oo Sy < O+ da)

Step 4. We show that if |f(z)| < Wg)l*ﬁ with € < a, then f satisfies all the
conditions of Theorem 1.2.
By the first inequality in (3.13), it is enough to prove that

d(z,y)t=2 1
dy < C
w B, d(z,y))| T+ d(y) <" =

for all x € M. The proof, which is somewhat standard, is here for completeness.
Let us write

(3.14) K=

dy + /
d(y)>d(z,y)/2 d(y)<d(z,y)/2

First we estimate K.
It is clear that

d(z,y) 1
K, < d
= /M d(z,y)*|B(w, d(z, y)| 1+ d(z,y) <"
_ g / 1+ d(z,y)~@9
=t 2k=1<d(z,y)<2F |B(937d($7y))|
d(z,y)®
= LYy
=1 2-k<d(z,y)<2—k+1 |B(I,d(f£,y))|

By the doubling condition of geodesic balls, it is easy to see that

dy

(3.16) K <082, — + OB, (127> <,

(14 2k—1)e
where C' is independent of .

Next we estimate K.

When d(y) < d(z,y)/2, we have, by Proposition 2.2,

d(x,y)
d(y)

d(x,y)
|B(x,d(z,y))| ~ |B(y,d(z,y))| > C i) |B(y,d(y))| ~ C

Hence, when d(y) < d(x,y)/2, there holds,

d(z,y)'=* _ dy)'—°
|B(x,d(x,y))| — [B(0,d(y))|

[B(0,d(y))]-
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This shows

dy)' =" L
(347 522 f TR0 T <€

as proven in the last paragraph. By now, we have proven (3.14).
This proves part (a) and (b).

Proof of Theorem 1.2, part (c). The proof follows the same lines as part (a). let
ug be the solution of (1.1), obtained in part (a). Note that ug is given by

uo(z) =/M /OOO(G(O,S;y,O) — G(z,5;9,0))ds f(y)dy.
Hence

Vuo(2)] < /M / V.G, 5, 0)|ds|f () dy.

Note that this is identical to the integral on the right hand side of (3.3), except the x
here is replaced by z. So following the proof of part (a) verbatim, we obtain

[Vug(2)] < C(1 +d(2)").

This proves (c).

Finally we prove (d). This second derivative estimates are derived from some well
known arguments (see [NST] and the reference there e.g.). For completeness we give
a sketch here.

Since Au = f, using local orthonormal frame, on has

1
5A\Vu|2 = Zk,lu%l + Zkuk(Au)k + i Rugu, > \V2u|2+ <Vu,Vf>.
Here Ry, is the Ricci curvature tensor.

Let ¢ > 0 be a smooth function with compact support in B(0,2R). Multiplying
the above inequality by ¢ and integrating by parts, we get

[ v
B(0,2R)

s/ &F+/
B(0,2R) B(0,2R

)

s/ ¢2f2+(1+e’1)/ |v¢\2|w2+e/ (1 Vul?)|.
B(0,2R) B(0,2R) B(0,2R)

ITelITul] +2 / IVl (Tul)

)

It follows that
(3.18) / #?*|V2ul? < C H*f* + 03—2/ |Vul?.
B(0,2R) B(0,2R) B(0,2R)
Since, by (c), |Vu(z)| < C(1 +d(x))* with o < 1, we have

lim |B(0,R)|*1/ |V2ul? = 0.
R—oo B(0,R)
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This finish the proof Theorem 1.2. 0O

Now we are ready to give

Proof of Theorem 1.2’. This follows from Theorem 1.2 and [NST]. By Theorem
1.2 one can find a solution u of %Au = f. Here f is the trace of p. Moreover u
satisfies (3.18). It is known that the function ||v/—199u — p|| is subharmonic ([MSY]
pl87 e.g.). Fixing x € M and choosing R > 8d(z), by the mean value property in
[LS], one has

IV "T00u — plP(x) < 2 IV=100u — p?
|B(z, R)| B(z,R)

C

< - Vul|? + p 2
CR™?

<_C 72+ 1012) + Vul?.
|Bmﬂmﬁmmﬁ ) B0, 28)] Jpoan

Letting R — oo, we find that v/—190u —p=0. O

Proof of Theorem 1.3. (a). By Theorem 1.2’ and the assumption on the Ricci cur-
vature, there exists a strictly plurisubharmonic function as we can solve the Poincaré-
Lelong equation by taking the Ricci tensor as the p. By [GW1], we can use the Buse-
mann function to define a continuous plurisubharmonic exhaustion function. Now,
by standard arguments in several complex variables, M is Stein.

(b). Let p be the pole of M. Then M is covered by all the rays v starting from
p. Using this fact one can easily conclude (see [GW2]) the distance function d(p,z) =
sup, {g-(7)} is a continuous plurisubharmoic function, where g, is the Busemann
function defined with respect to v . But d(p,x) is an exhaustion function as M is
complete. By Theorem 1.2’, M admits a strictly plurisubharmoic function as in (a).
By standard arguments in several complex variables, one concludes M is Stein. 0O

4. Euclidean and flat cases. In this section, we establish the solvability of
(1.1) when f actually blows up near infinity. The result is obtained by extending
Riesz’s idea. Instead of using the formula

wm=/ﬁaaw—QQMﬂm@,
M
we look for u in the form of

U@=ANMMMW

where T'(z,y) is a Taylor expansion of G(x,y) around 0. This method allows (1.1) to
be solved for any f with polynomial growth near infinity. However it requires higher
order estimates on G(z,y) and the existence of special structures such as certain
global harmonic coordinates. Even though the result is a little limited as far as the
types of manifolds involved, it indicates an effective method of solving (1.1) for a
much wider class of f, under certain structural condition of the manifolds. We expect
many applications of the technique for general equations and systems that involve the
Poisson equation. Let us note that for compact manifolds, there is a necessary and
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sufficient condition for the solvability of Au = f. See [Au]. We need to mention that
in the Euclidean case, this equation is solvable for all f € L], .. This was proven, for
example in [Wx].

THEOREM 4.1. Let M be a complete noncompact, non-parabolic manifold with
nonnegative Ricci curvature. Suppose (i) M has a global harmonic coordinate, mean-
ing the coordinate functions are harmonic; (ii) components of derivatives (of any
order) of harmonic functions are harmonic. Then Given any f € Cf.(M™) such
that | f(z)] < C(1 + d(z)™) for m > 0, equation (1.1) has a solution u € CIZOCO‘(M)
satisfying |u(z)| < C(1 4 d(z))™+?+9.

Proof. For simplicity we will only prove the Euclidean case. The general case is
identical.

For R > 0, let Gg be the Green’s function in B(0, R) with zero boundary value
and let

wn(2) —/ (Gr(z,y) — [Gr(0,9) + VGO, y)z + ...
B(0,R)

Ly -y,

- / T, ) (4)dy.
B(0,R)

(4.1) +

Here and later, all derivatives are on the first entries of Gp.

Since one can always solve the Poisson equation with compact data, we assume,
without loss of generality, that f(z) = 0 in the ball B(0,1).

We claim that (i) Jur(z)| < C(Jz|) and that (ii) Augr(z) = f(z) for z € B(0, R).
Once the claim is proven, by standard compactness arguments, there exists a subse-
quence up, that converges pointwise to a function u in R". Clearly Au = f.

First let us prove claim (i). From (4.1), we have, as before

ws [ @IS [ Tl

0,2r)

(4.2)
= Il +]2
Here r = |z| and R >> r.

We estimate [; first. Let us recall the following well-known facts: for y € B(0, R)—
B(0,2r) and z € B(0,r),

This can be proven by using either the explicit formula for G or using integration
by parts and Moser’s iteration. Here the constants are independent of k.

Using Taylor expansion, there is £ € B(0, |z|) such that
an+1‘ x|k+1

1 k
‘T(‘T,y” = 7‘51-1"'E’Lk+1D§1,1...f¢k+1 GR(f,y” < W

(k+ 1)

Here we have used the inequality |y — &| > |y|/2. Tt follows that

[1 - an+1|xk+1/ f(y) dy.
- (k+ 1) B(0,R)—B(0,2r) [Y[" 71 TR
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By the bound |f(y)| < C(1+ |y|™), we have, by choosing k = m + 1+ ¢ with § > 0,

an+1|x|m+2+6
4.3 H—
(4.3) N Y

For I, we proceed as follows

k< | st (2| (3) .
B(0,2r)—-B(0,1) 0|y|" QH

Hence

an+1|x|m+2+6
4.4 hH——F——
(44) LSkt 1)

Combining (4.3) and (4.4), we have proven claim (i).
Next we prove claim (ii), where we will use an interesting cancellation property.
Clearly

Mun(z) = @) - [ AL+ o+ AT )y
B(0,R)—B(0,1)
where
Tijq ooy,
Jk = TD’;”:E% GR(O, y)

Obviously AJ; = 0 since Ax; = 0. Next

AJy = A(milxizDQ L G r(0,9))dy = 20;,:,D Gr(0,y) = 2AGR(0,y) = 0.

93111 io
By direct computation, we see that

AJg = A(milxhxig_ D2

Tiy Tig 173

GRr(0,y)) = 651, 2;D,, AGR(0,y).

Since A,GRr(z,y) = 0 when z # y, we have AJ; = 0.
By induction

xX; Ty,

Ay = A 2)D5,a,, GR(0,9)

k(k —1)
= TZQZH.T” 2D§712 o 2AGR(0,y)f(y)
Since A,Gr(z,y) = 0 when z € B(0, |z|) and y > 2|z|, we have AJy, = 0. This proves
A’LLR = f D
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