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AN EQUIVALENCE FOR IRREDUCIBLE PARAMETRIZATION
AND ITS APPLICATIONS TO THE DIRECT PROOF OF
AN EQUIVALENCE OF THE PUISEUX PAIRS AND THE

MULTIPLICITY SEQUENCES FOR IRREDUCIBLE CURVES �

CHUNGHYUK KANG y

Abstract. The �rst aim is to �nd an equivalence of irreducible plane cur ve singularities. Af-
ter then, as an application, the second aim is to prove easily and rigorously an equivalence of the
Puiseux pairs (equivalently, the multiplicity and Puiseux exponents) and the multiplicity sequences
for irreducibility plane curve singularities inductively , using the � -process only. Moreover, as an-
other application, we prove very easily and analytically th e Inverse Theorem, that is, the relationship
between Puiseux pairs and the reverse Puiseux pairs. Note al so that the equivalence of Puiseux
pairs and the multiplicity sequences for irreducible plane curve singularities was once proved by
this inverse theorem. Rigorously speaking about an equival ence of irreducible parametrization, we
may assume that the parametrization of any irreducible plan e curve C is given by y(t ) = tn and
z(t ) = c1 tk 1 + c2 tk 2 + � � � = c1 tk 1 (1 + H (t)) where 1 < n , 1 < k 1 < k 2 < � � � ; and the ci are nonzero
complex numbers, and H (t) is just the substitution.

If n � k1 , then the irreducible parametrization of the plane curve C is called the Puiseux
expansion, and the Puiseux pairs for the given Puiseux expan sion of the curve C has been well-
de�ned. If n > k 1 , it is very interesting to de�ne the Puiseux pairs of the Puis eux expansion which
is equivalent to the parametrization of the curve C, as the Puiseux pairs of C, as follows: Let
s be the new parameter de�ned by a conformal mapping of one comp lex variable t at the origin

such that s(t ) = c1
1

k 1 t (1 + H (t))
1

k 1 with z(t ) = ( s(t )) k 1 and s(0) = 0, and let t = � (s) be its
inverse. Then, the paramtrization de�ned by z(� (s)) = sk 1 and y(� (s)) = b1s` 1 + b2s` 2 + � � � , where
1 < n = `1 < ` 2 < � � � , and k1 < n , and the bi are nonzero complex numbers, being equivalent to
the parametrization of the type ( y(t ); z(t )), is the Puiseux expansion with the parameter s. In this
case, the Puiseux pairs for the curve C can be de�ned from the Puiseux expansion parametrized by
y1 (s) = y(� (s)) and z1 (s) = z(� (s)).

The second aim for this paper is, to prove the following theor em( Theorem A) in an elementary
way, without using the well-known theorem (Theorem B ):

Theorem A: Whenever any two irreducible parametrizations have the sam e Puiseux pairs
(equivalently, the same multiplicity and Puiseux exponent s) by a nonsingular change of the parametriza-
tion, then they have the same multiplicity sequences, and co nversely.

Theorem B: As far as arbitrary Puiseux expansion of irreducible plane c urve singularities is
concerned, any two irreducible plane curve singularities h ave the same topological type if and only if
they have the same Puiseux pairs.

For example, we can prove by Theorem A that the standard Puiseux expansion de�ned by
y = tn and z = t � 1 + � � � + t � r , and another parametrization de�ned by y = t � 1 and z = tn f 1 +
t � 2 � � 1 + � � � + t � r � � 1 g have the same multiplicity sequence, and also the same Puise ux pairs by a
nonsingular change of a parameter, without using Theorem B .

1. Introduction. The �rst aim in this paper is to �nd an equivalence of irre-
ducible plane curve singularities. After then, as an application, the second aim in this
paper is to prove easily and rigorously an equivalence of the Puiseux pairs (equiva-
lently, the multiplicity and Puiseux exponents) and the multiplicity sequences for ir -
reducibility plane curve singularities inductively, using the � -process only. Moreover,
as another application, we prove very easily and analytically the Inverse Theorem,
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that is, the relationship between the Puiseux pairs and the reverse Puiseux pairs.
Note also that the equivalence of Puiseux pairs and the multiplicity sequences for
irreducible plane curve singularities was already proved in the algebraic form, by this
Inverse Theorem.

In this paper, we mention the following well-known theorem (Theorem B), without
proof:

Theorem B. As far as arbitrary Puiseux expansion of irreducible plane curve
singularities is concerned, any two irreducible plane curve singularities have the same
topological types if and only if they have the same type of thestandard Puiseux expan-
sion (or the same Puiseux pairs).

(� ) Throughout this paper, we will complete our aim without using Theorem B.

Now in more detail, let the parametrization of an irreducible plane curve C be
given by y = tn and z = c1tk1 + c2tk2 + � � � = c1tk1 (1+ H (t)) where 1 < n , 1 < k 1 < k 2 <
� � � ; and the ci are nonzero complex numbers andH (t) is the just the substitution. If
n � k1, then the above parametrization is called the Puiseux expansion for the curveC.
In particular, if the parametrization is de�ned by y = tn and z = t � 1 + t � 2 + � � � + t � r

where 2 � n < � 1 < � 2 < � � � < � r and n > gcd(n; � 1) > gcd(n; � 1; � 2) > � � � >
gcd(n; � 1; � 2; : : : ; � r ) = 1, then it is called the standard Puiseux expansion for the
irreducible plane curve.

In order to avoid the complexity of the terminology in this paper, �rst of all , we
can rewrite the statement of the de�nition of the Puiseux pairs, as follows.

Definition 1.1. Let the parametrization for arbitrary irreducible plane curve C
be de�ned by

y(t) = tn ; z(t) = c1tk1 + c2tk2 + � � � = c1tk1 (1 + H (t)) ;(1.0.1)

where 1< n , 1 < k 1 < k 2 < � � � ; and the ci are nonzero complex numbers andH (t)
is just the substitution.

Moreover, note that the curve C is irreducible in Cf y; zg () n � gcd(n; k1) �
gcd(n; k1; k2) � � � � � gcd(n; k1; k2; : : : ) = 1.

Now, consider two cases, respectively.
Case[I] Let n � k1. Then, the parametrization for the curve C of (1:0:1) is called

the Puisuex expansion.
Case[II] Let n > k 1. Then, the parametrization for the curve C of (1:0:1) is not

called the Puisuex expansion.
Case[I] Assume that n � k1. Now, we can de�ne the sequencef 
 1; 
 2; : : : ; 
 pg

from the set f ki : i = 1 ; 2; : : : g, consisting of the exponents of the above parametert,
as follows: Note that n is the multiplicity of the curve C at the origin.

(�� ) 
 1 is the smallest positive integer among the exponentski such that n > gcd(n; 
 1);

 2 is the smallest positive integer among the exponentski such that n > gcd(n; 
 1) >
gcd(n; 
 1; ki ); 
 3 is the smallest positive integer among the exponentski such that
n > gcd(n; 
 1) > gcd(n; 
 1; 
 2) > gcd(n; 
 1; 
 2; ki ); : : : ; 
 p is the smallest posi-
tive integer among the exponentski such that n > gcd(n; 
 1) > gcd(n; 
 1; 
 2) >
gcd(n; 
 1; 
 2; 
 3) > � � � > gcd(n; 
 1; 
 2; : : : ; 
 p) = 1.
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(1) By the uniqueness of construction of the setf 
 i : 1 � i � pg, 
 i is called i -th
Puiseux exponent in this paper.

(2) By (1), let S be the set de�ned by f n; 
 1; 
 2; : : : ; 
 pg. Whenever the Puiseux
expansion for the curveC is given, then the setS is uniquely determined.

(2a) In this paper, S is called the multiplicity and Puiseux exponents for a given
Puiseux expansion of the curveC, that is, a new terminology.

(2b) If necessary, we can construct uniquely the standard Puiseux expansion
de�ned by y = tn and z = t 
 1 + t 
 2 + � � � + t 
 p for the curve C.

(3) By (2), let di = gcd(n; 
 1; : : : ; 
 i ) for 1 � i � p, and write d0 = n for brevity
of notation.

De�ne � i and � i by � i =

 i

di
and � i =

di � 1

di
for 1 � i � p, and let (� i ; � i ) be

de�ned by the Puiseux pair for each i .
Then, f (� i ; � i ) : i = 1 ; 2; : : : ; pg is called a �nite sequence of Puiseux pairs for a

given Puiseux expansion of the curveC. If necessary, this sequence will be sometimes
called the set of Puiseux pairs for a given Puiseux expansion of the curveC.

(4) By the next remark, it can be shown that there is a one-to-one correspondence
between the set of the multiplicity and Puiseux exponents, and the set of Puiseux pairs,
that is, (2) and (3) have the same type of de�nitions arithmetically.

(4a) If the parametrization de�ned by ( y(t); z(t)) in (1.0.1) is the Puiseux ex-
pansion, then it is said that this Puiseux expansion have either the multiplicity se-
quence and Puiseux exponentsf n; 
 1; 
 2; : : : ; 
 pg, or the Puiseux pairs f (� i ; � i ) : i =
1; 2; : : : ; pg where each� i and � i is de�ned as we have seen in (3).

(5) By (4), throughout this paper, we prefer to choose the terminology in (2)
rather than that in (3), if necessary.

Case[II] Assume that n > k 1. For the convenience of the notation, we may begin
without loss of generality that the parametrization of the pair ( y(t); z(t)) for the curve
C of (1:0:1) is written in the following:

y(t) = tm ; z(t) = b1t � 1 + b2t � 2 + � � � ; with m > � 1(1.0.2)

where the bi are nonzero complex numbers, andm > 1 and 1< � 1 < � 2 < � 3 < � � � ,
and m � gcd(m; � 1) � gcd(m; � 1; � 2) � � � � � gcd(n; � 1; � 2; : : : ) = 1.

By (1:0:2), let s be the new parameter de�ned by a conformal mapping

s(t) = t(b1 +
X

i � 2

bi t � i � � 1 )
1

� 1(1.0.3)

of t at the origin such that z(s(t)) = s� 1 and s(0) = 0, and let t = � (s) be its inverse.

Then, the Puiseux expansion de�ned by y1(s) = y(� (s)) and z1(s) = z(� (s)),
which is equivalent to the parametrization of the pair (y(t); z(t)) in (1 :0:2), can be
written as follows:

z1(s) = s� 1 ; y1(s) = c1s` 1 + c2s` 2 + � � � ; with � 1 < ` 1(1.0.4)

where 1< m = `1 < ` 2 < � � � , and � 1 < ` 1, and the ci are nonzero complex numbers.

Therefore, if m = `1 is greater than � 1, then by using Theorem 3:4 in this paper,
�rst we will �nd the inverse t = � (s) of a conformal mapping s = s(t) in (1.0.2),
which gives an algorithm for the construction of the Puiseux expansion in (1:0:4),
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that is, an equivalent parametrization for the above curveC. Next, applying the new
terminology to this case, by the same way as we have used in Case[I] of this de�nition,
we can naturally generalize the de�nition of the following words for this curve C of
(1:0:4) in Case[II], respectively:

The multiplicity and Puiseux exponents; the standard Puiseux expansion; a �nite
sequence of the Puiseux pairs:

Remark 1.1.1. If the multiplicity and Puiseux exponents(equivalently, the stan-
dard Puiseux expansion) are given, then it is clear that a �nite sequence of the Puiseux
pairs is uniquely determined. Conversely, if a �nite sequence of the Puiseux pairs is
given, then we show that the construction of the multiplicity and the Puiseux expo-
nents is trivial, which can be easily proved from the following computations:

For the proof, follow the same notation as we have seen in both (2) and (3) of
Case[I] of De�nition 1 :1. Since (� p; � p) is given and dp = 1 from the assumption, then
we can compute
 p and dp� 1 because� p = 
 p and � p = dp� 1. If p = 1, then 
 p and
dp� 1 = n were already computed, and so the proof is done. Letp > 1. Next, since
(� p� 1; � p� 1) is given by assumption, and 
 p and dp� 1 were already computed, then

we can compute
 p� 1 and dp� 2 because� p� 1 =

 p� 1

dp� 1
and � p� 1 =

dp� 2

dp� 1
. If p = 2,

then 
 p, 
 p� 1, and dp� 2 = n were already computed, and so the proof is done. Let
p > 2. Thus, following the induction method on the positive integer p, the proof can
be easily done withd0 = n.

The �rst aim is to �nd an algorithm for the construction of an irreducible plane
curve Cp with the Puiseux expansion which is equivalent to the parametrization of
given any irreducible plane curveC of the above type (1:0:1) whether or not n � k1,
by a conformal mapping theorem of one complex variable(Theorem 3.4). As an easy
corollary of Theorem 3:4, we can �nd an easy algorithm for getting the standard
Puiseux expansion topologically equivalent to the parametrization of either the curve
Cp or the curve C, by De�nition 4 :4 and Theorem 4:5.

The second aim is, as an application of Theorem 3:4, to prove easily an equivalence
of the Puiseux pairs(equivalently, the multiplicity and the Puiseux exponents) and the
multiplicity sequences for irreducible plane curve singularities inductively, using the
� -process only, without using the well-known theorem (Theorem B), which can be
represented as follows:

Theorem 5.1 (Theorem A). Whenever any two irreducible parametrizations
have the same Puiseux pairs in the sense of De�nition1:1, then they have the same
multiplicity sequences, and conversely.

For example, let the parametrization of an irreducible plane curveC1 be given
by y(t) = tn and z(t) = c1tk1 + c2tk2 + � � � = c1tk1 (1 + H (t)) whether or not n � k1,
where 1< n , 1 < k 1 < k 2 < � � � ; and the ci are nonzero complex numbers andH (t)
is the just the substitution. As compared with the parametrization for the curve C1,
let C2 be the curve parametrized byy = c1tn (1 + H (t)) and z = tk1 .

For the proof of the second aim in this example, �rst it is easy to show by Theorem
3:4 that two curves C1 and C2 have the same type of the Puiseux pairs in the sense
of De�nition 1 :1, and next we will prove by Theorem 5:1 that they have the same
multiplicity sequence, without using Theorem B .
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In particular, let the standard Puiseux expansion for the irreducible curve C1 be
de�ned by y = tn and z = t � 1 + t � 2 + � � � + t � r where 2 � n < � 1 < � 2 < � � � < � r

and n > gcd(n; � 1) > gcd(n; � 1; � 2) > � � � > gcd(n; � 1; � 2; : : : ; � r ) = 1, and let the
parametrization of the curve C2 be de�ned by z = t � 1 and y = tn + tn + � 2 � � 1 +
tn + � 3 � � 1 + � � � + tn + � r � � 1 . Then, C1 and C2 have the same type of the Puiseux pairs
in the sense of De�nition 1:1, and also they have the same multiplicity sequence by
Theorem 5:1.

As another application, we can prove very easily and analytically the Inverse
Theorem(Theorem 6:2), which has been written in ([Ab3]) without any other proof.
Also, this theorem is equivalent to the Inverse Theorem([Ab1]), originally written in
the algebraic form, with proof.

As far as irreducible plane curve singularities are concerned, it was just well-
known by Theorem 2:7([En-Ch]) and by ([Br-Kn]) that knowledge of the Puiseux
pairs is equivalent to knowledge of the multiplicity sequences. Also, it was proved
algebraically by ([Ab1], [Ab2],[Ab3]) that the Puiseux pairs and the multipli city
sequences are equivalent, by using the reverse Puiseux pairs. Now, for example,
consider two irreducible plane curvesV = f y = t4 and z = t6 + t9 + t10g and W =
f y = t4 + t7 + t8 and z = t6g with isolated singularity at the origin, respectively. But,
it has been not yet proved rigorously that both V and W have the same Puiseux pairs,
and that both V and W have the same multiplicity sequences. So, in this paper we
are going to show rigorously that not only V and W have the desired property, but
also this result can be generalized, by the conformal mapping theorem of one complex
variable and a � -process only.

In general, in order to grasp the contents of this paper with ease and simplicity,
let f (y; z) be irreducible in Cf y; zg with an isolated singularity at the origin in C2

where Cf y; zg is the ring of convergent power series at the origin inC2, and V(f ) be
an analytic variety de�ned by f at the origin. Then, assume that the curve de�ned by
f at the origin has an irreducible parametrization as follows: For notation of brevity,
the curve de�ned by the above f is also denoted byV(f ), if necessary.

y(t) = tn ; z(t) = c1tk1 + c2tk2 + � � � ;(1.0.5)

where 1 < n , 1 < k 1 < k 2 < � � � , and the ci are nonzero complex numbers, and
n � gcd(n; k1) � gcd(n; k1; k2) � � � � � gcd(n; k1; k2; : : : ) = 1.

To solve the �rst aim is to construct the irreducible curve C1 parametrized by
the Puiseux expansion, which is equivalent to the parametrization ofV (f ) of (1:0:5),
whether or not n � k1.

In preparation for such construction, �rst of all, it is very interesting and i m-
portant for us to have the following lemma ( Lemma 1:2), which will be denoted by
Lemma 3:3 later.

Lemma 1.2. The irreducible curve V (f ) of (1:0:5) can be easily rearranged in the
form

y(t) = tn ;(1.0.6)

z(t) = a1t � 1 (1 + D1(t)) + a2t � 2 (1 + D2(t)) + � � �

+ ar t � r (1 + D r (t)) + ar +1 t � r +1 (1 + D r +1 (t))

= a1t � 1 (1 + H (t)) ;
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where
(i) 2 � n and 2 � � 1 = k1 < � 2 < � � � < � r +1 ,

(ii) n � d1 > d 2 > � � � > d r +1 = 1 with gcd(n; � 1; : : : ; � i ) = di for 1 � i � r + 1 ,
(iii) p1, p2, : : : ,pr are nonnegative integers such thatpi di < � i +1 � � i < (pi +1) di

for 1 � i � r ,
(iv) D j (t) =

P pj
i =1 cji t id j 2 C[t] for 1 � j � r and D r +1 (t) =

P 1
i =1 cj +1 ;i t i 2

Cf tg,
(v) 1 + H (t) = 1 + D1(t) + t � 2 � � 1 (c20 + D2(t)) + � � � + t � r � � 1 (cr 0 + D r (t)) +

t � r +1 � � 1 (cr +1 ;0 + D r +1 (t)) with ci 0 =
ai

a1
for 2 � i � r + 1 ,

(vi) the ai are all nonzero complex numbers witha1 = c1 for i = 1 ; 2; : : : ; r + 1 ,
from the coe�cients ci of (1.0.5).

Remark 1.2.1. By Lemma 3:3 again, recall that we can de�ne the sequence
f � 1; � 2; : : : ; � r +1 g of (1.0.6) from f ki : i = 1 ; 2; : : : g of (1.0.5) by the following way:

Put � 1 = k1; � 2 is the smallest positive integer among the exponentski such
that n � gcd(n; � 1) > gcd(n; � 1; ki ); � 3 is the smallest positive integer among
the exponents ki such that n � gcd(n; � 1) > gcd(n; � 1; � 2) > gcd(n; � 1; � 2; ki );
: : : ; � r +1 is the smallest positive integer among the exponentski such that n �
gcd(n; � 1) > gcd(n; � 1; � 2) > gcd(n; � 1; � 2; � 3) > � � � > gcd(n; � 1; � 2; : : : ; � r ) >
gcd(n; � 1; � 2; : : : ; � r ; ki ) = 1.

For the construction of the Puiseux expansion which is equivalent to the parame-
trization of V (f ) in (1.0.6), we need to consider two cases: Let� 1 = k1 for notation.

(i) n � � 1 and (ii) n > � 1.

Case(i) Let n � � 1. Then, the parametrization of V (f ) itself is the Puiseux
expansion. So, in order to �nd the curve C1 with the standard Puiseux expansion
which has the same Puiseux pairs asV (f ) of (1.0.6) does, without mentioning the
well-known theorem to the parametrization of V (f ) in (1.0.6), just apply the de�nition
of the multiplicity and Puiseux exponents in De�nition 1 :1, to V (f ) with the Puiseux
expansion, for the following two subcases (ia) and (ib), respectively:

Case(ia): Let n � � 1 and n > gcd(n; � 1). Then, n is not a divisor of � 1.
Case(ib): Let n � � 1 and n = gcd(n; � 1). That is, n is a divisor of � 1.
Moreover, whether n is a divisor of � 1 or not, it can be easily proved that V (f )

of (1.0.6) and the curveC �
1 parametrized by (y�

1 (t); z�
1 (t)) have the same Puiseux pairs

in the sense of De�nition 1:1 wherey�
1 (t) = tn and z�

1 (t) = t � 1 + t � 2 + � � � + t � r +1 .

Case(ia) Let n � � 1 and n > gcd(n; � 1). Now, apply De�nition 1 :1 to the
parametrization of V (f ) of (1.0.6). Then, V (f ) and the curve C1 = C �

1 parametrized
by (y1(t); z1(t)) have the same Puiseux pairs in the sense of De�nition 1:1 where
y1(t) = tn and z1(t) = t � 1 + t � 2 + � � � + t � r +1 is the standard Puiseux expansion.

Case(ib) Let n � � 1 and n = gcd(n; � 1). That is, n is a divisor of � 1. Then,
apply De�nition 1 :1 to the parametrization of V (f ) of (1.0.6), too. Then, V (f ) and
the curve C1 parametrized by (y1(t); z1(t)) have the same Puiseux pairs in the sense
of De�nition 1 :1 wherey1(t) = tn and z1(t) = z�

1 (t) � t � 1 = t � 2 + t � 3 + � � � + t � r +1 is
de�ned to be the standard Puiseux expansion, by De�nition 1:1.

But in Case(i), the remaining problem for the the aim of this paper is still to
prove that the multiplicity sequences of V (f ) and C1 are the same(Theorem 5.1).
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Case(ii) Let n > � 1, and so n > gcd(n; � 1). First, we must �nd the method
how to construct the irreducible plane curve Cp with the Puiseux expansion which is
equivalent to the parametrization of the curve V (f ) in (1.0.5), for which we need some
parameter s with the following properties:

(a) t = � (s) is an analytic function of s near s = 0.
(b) � (0) = 0 and � 0(0) 6= 0.
After the curve Cp with the above properties (a) and (b) is constructed, just apply

the de�nition of the multiplicity and Puiseux exponents in De�nition 1 :1, to Cp with
the Puiseux expansion. Then, it can be easily shown to construct the curve with the
standard Puiseux expansion which is equivalent to the parametrization of the curve
Cp, as we have done in Case (i).

But, in order completely to solve the same kind of problem in Case(ii) as we have
seen in Case(i), still it remains to show that the multiplicity sequences ofV (f ) and Cp

in Case(ii) are the same, but the proof must be the same as that of Case(i), because
the multiplicity is invariant under equivalent parametrizations.

Therefore, we can apply Lemma 3:3 and Theorem 3:4 to the parametrization of
V (f ), so that we may get the Puiseux expansion which is an equivalent parametrization
to the curve V (f ), whether or not n � k1.

For Case(ii), let s be the new parameter de�ned by a conformal mapping of one
complex variable t at the origin,

s(t) = t(c1 +
X

i � 2

ci tk i � k1 )
1

k 1(1.0.7)

= a
1

� 1
1 t(1 + H (t))

1
� 1 with s(0) = 0,

z(s) = s� 1

for an equivalent parametrization of the curve V(f ) de�ned by ( y(t); z(t)) of (1.0.5)
or (1.0.6), and let t = � (s) be its inverse. Note that a1 = c1 and � 1 = k1 just for
notation.

(�� ) Now, to write down the contents of this paper in order is as follows:
(A) For the �rst aim of this paper, it is just to compute t = � (s) in a con-

vergent power series ats = 0 by Theorem 3:4, and as an easy corollary, to com-
pute (� (s))n by using the binomial expansion, for the parametrization (y1(s); z1(s)) =
(y(� (s)) ; z(� (s))) = (( � (s))n ; sk1 ) in terms of s, which is equivalent to the parametriza-
tion ( y(t); z(t)) of V (f ) of (1.0.6).

(B) For the curve V(f ), it is to �nd the curve C1 with the Puiseux expansion
which is equivalent to the parametrization of the curve V (f ) by Theorem 4:5, as an
application of (A).

(C) For the second aim of this paper, it is to show by Theorem 3:4 and Theo-
rem 5:1 that the multiplicity and Puiseux exponents(or the Puiseux pairs) and the
multiplicity sequences are equivalent, by using a �nite sequence of� processes only.

(D) As an application of (A), it is to prove easily and analytically the I nverse
Theorem(Theorem 6:2).

In more detail, in order to succeed in the �rst aim described just as above
in this paper, by applying the conformal mapping theorem of one complex vari-
able to V (f ) of (1.0.6) in Lemma 1:2, �rst we can compute t = � (s) in Cf sg and
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(y1(s); z1(s)) = ( y(� (s); z(� (s)) in the parameter s of (1.0.7), and then next �nd an
equivalent parametrization for the curve V (f ), by the following theorem(Theorem
1:3), which will be denoted by Theorem 3:4, later:

Theorem 1.3.
Assumption In order to get another parametrization which is equivalentto the

pairs (y(t); z(t)) of the curve V (f ) in either (1.0.5) or (1.0.6), let t = � (s) be the
inverse function of s = s(t) at the origin, which may be de�ned by(1:0:7).

Conclusion Then, we have the following consequences[I], [II] :
[I] Then, t = � (s) at s = 0 can be written as follows: Let� 1 = k1.

t = � (s)
(1.0.8)

= c
� 1

� 1
1 sf (1 + Q1(s)) + s� 2 � � 1 (B20 + Q2(s)) + s� 3 � � 1 (B30 + Q3(s))

+ � � � + s� r +1 � � 1 (B r +1 ;0 + Qr +1 (s))g

= c
� 1

� 1
1 sf 1 + J (s)g;

where
(i) Qj (s) =

P pj
i =1 B ji sid j 2 C[s] with dj = gcd(n; � 1; : : : ; � j ) for 1 � j � r and

Qj +1 (s) =
P 1

i =1 B r +1 ;i si 2 Cf sg,
(ii) all the B j;i ( j ) are complex numbers with1 � j � r + 1 and 1 � i (j ) � pj ,

noting that pr +1 may be in�nite,

(iii) the B j; 0 =
cj; 0

� � 1
(c

� 1
� 1

1 ) � j � � 1 are all nonzero complex numbers for2 � i �

r + 1 ,
(iv) J (s) is just the substitution.

[II] As a corollary of [I] with the binomial series expansion, we get the following
equivalent parametization for V (f ) of (1.0.6) very easily:

z = s� 1 ;
(1.0.9)

y = tn

= c
� n

� 1
1 sn f (1 + Q�

1(s)) + s� 2 � � 1 (b20 + Q�
2(s)) + s� 3 � � 1 (b30 + Q�

3(s))

+ � � � + s� r +1 � � 1 (br +1 ;0 + Q�
r +1 (s))g

= c
� n

� 1
1 sn f 1 + L(s)g;

where
(i) gcd(n; � 1; � 2 � � 1; : : : ; � i � � 1) = gcd( n; � 1; � 2; : : : ; � i ) = di for 1 � i � r +1 ,

(ii) Q�
j (s) =

P pj
i =1 bji sid j 2 C[s] for 1 � j � r and Q�

r +1 (s) =
P 1

i =1 br +1 ;i si 2
Cf sg,

(iii) all the bj;i ( j ) are complex numbers with1 � j � r + 1 and 1 � i (j ) � pj ,
noting that pr +1 may be in�nite,

(iv*) the bj; 0 are all nonzero complex numbers for2 � j � r + 1 , noting that
bj; 0 = nB j; 0 for 2 � j � r + 1 ,

(v) L (s) is just the substitution.
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Remark 1.3.1. Suppose that the assumption and notations of Theorem 1:3 are
satis�ed. As a very important application of Theorem 1:3, we have the followings:

(1) Let C � and C �� be two curves de�ned by the following parametrizations,
respectively:

C � :=

(
y = tn

z = t � 1 + t � 2 + � � � + t � r +1 ;

(1.0.10)

C �� :=

(
y = t � 1

z = tn + tn + � 2 � � 1 + tn + � 3 � � 1 + � � � + tn + � r +1 � � 1 ;

where
(i) 2 � n and 2 � � 1 = k1 < � 2 < � � � < � r +1 ,

(ii) n � d1 > d 2 > � � � > d r +1 = 1 with gcd( n; � 1; : : : ; � i ) = di for 1 � i � r + 1.
Then, apply Theorem 1:3 to the parametrization of V (f ), and then it can be easily
shown by Lemma 1:2, Theorem 1:3 and De�nition 1 :1 that V (f ), C � and C �� have the
same type of the standard Puiseux expansion whether or notn � k1 = � 1, because
whenever theai are all nonzero complex numbers witha1 = c1 for i = 1 ; 2; : : : ; r + 1,
then the bj; 0 are all nonzero complex numbers for 2� j � r + 1, and conversely.

(2) Also, for convenience of notations, it is interesting to note that the parametri-
zation for V (f ) of (1.0.6) can be just rewritten as follows: For brevity of notation,
write C = V(f ).

y = tn
(1.0.11)

z = a1t � 1 f (1 + D1(t)) + t � 2 � � 1 (
a2

a1
+

a2

a1
D2(t)) + � � �

+ t � r � � 1 (
ar

a1
+

ar

a1
D r (t)) + t � r +1 � � 1 (

ar +1

a1
+

ar +1

a1
D r +1 (t))g

= a1t � 1 (1 + H (t)) ;

where H (t) is just the substitution.

Now, in order to compareL(s) of (1.0.9) and H (t) of (1.0.11) simultaneously, let
C of (1.0.11) and ~C be two irreducible curves de�ned by (i) and (ii) respectively, as
follows:

(i) y = tn and z = a1t � 1 (1 + H (t)) :(1.0.12)

(ii) y = tn (1 + H (t)) and z = a1t � 1 :

Even if H (t) may be assumed to be chosen arbitrary, then by De�nition 1:1,
Theorem 3:4 and Lemma 4:3, two irreducible curves de�ned by C of (i) and ~C of (ii)
in (1.0.12) have the same Puiseux pairs.

For example, if the standard Puiseux expansion for an irreducible plane curveC
is de�ned by y = tn and z = t � 1 (1 + H (t)) = t � 1 (1 + t � 2 � � 1 + t � 3 � � 1 + � � � + t � r � � 1 ) =
t � 1 + t � 2 + � � � + t � r where 2 � n < � 1 < � 2 < � � � < � r and n > gcd(n; � 1) >
gcd(n; � 1; � 2) > � � � > gcd(n; � 1; � 2; : : : ; � r ) = 1, and the parametrization for an
irreducible curve ~C is de�ned by z = t � 1 and y = tn (1 + H (t)) = tn (1 + t � 2 � � 1 +
t � 3 � � 1 + � � � + t � r � � 1 ), then C and ~C have the same Puiseux pairs.
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As a very important application of Theorem 3:4, in order to explain the contents
of Theorem 5:1, let g(y; z) be arbitrary in Cf y; zg with an isolated singularity at the
origin in C2, and V(g) be an analytic variety de�ned by g(y; z) at the origin. Then,
as we have seen in (1.0.6), it is also important to consider that the parametrization of
another irreducible curve V (g) with an isolated singularity at the origin can be given
as follows:

y = tm(1.0.13)

z = t � 1 (1 + L 1(t)) + b2t � 2 (1 + L 2(t))

+ � � � + bu t � u (1 + L u (t)) + bu+1 t � u +1 (1 + L u+1 (t)) ;

where
(i) 2 � m and 2 � � 1 < � 2 < � � � < � u+1 ,

(ii) m � e1 > e2 > � � � > eu+1 = 1 with gcd( m; � 1; : : : ; � i ) = ei for 1 � i � u + 1,
(iii) q1; q2; : : : ; qu+1 are nonnegative integers such thatqi ei < � i +1 � � i < (qi +1) ei

for 1 � i � u,
(iv) L j (t) =

P qj
i =1 bji t ie j 2 C[t] for 1 � j � u and L u+1 (t) =

P 1
i =1 bu+1 ;i t i 2

Cf tg,
(v) the bi are all nonzero numbers for 1� i � u + 1.

Finally, by applying (1.0.12) and Lemma 4:3 to either (1.0.6) or (1.0.8), and
(1.0.13), with a �nite � -processes, this paper for the second aim may be very easily
described by [I], [II], [III] and [IV] as follows:

[I] Assume that n < � 1 and n > gcd(n; � 1) in (1.0,6), and also that m < � 1

and m > gcd(m; � 1) in (1.0.13). Note that the parametrizations of both V (f )
0f (1.0.6) and V(g) of (1.0.13) are Puiseux expansions. Then, we can prove the
following(Theorem5:1).

V (f ) and V(g) have the same multiplicity sequence.

() The multiplicity and Puiseux exponents for both V (f ) and V(g) are the same,

in the sense of De�nition 4:1.

That is, n = m, r + 1 = u + 1, and � i = � i for all i = 1 ; 2; : : : ; r + 1.

() The Puiseux pairs for both V (f ) and V(g) are the same, by De�nition 4:1.

[II] Assume that n < � 1 and n > gcd(n; � 1) in (1.0.6), and that 2 � � 1 <
m and � 1 < � 2 < � � � < � u+1 and � 1 > gcd(m; � 1) > gcd(m; � 1; � 2) > � � � >
gcd(m; � 1; � 2; : : : ; � u+1 ) = 1 in (1.0.13). Note that the parametrization of V (f ) is
the Puiseux expansion, but the parametrization of V (g) is not the Puiseux expan-
sion. So, using the construction method in Theorem 3:4, let C2 be the curve with
the Puiseux expansion which is equivalent to the parametrization ofV (g) in (1.0.13).
Thus, we can get the following by [I].

V (f ) and C2 have the same multiplicity sequence

() n = � 1, � 1 = m, r = u and � i = m + � i � � 1 for 1 � i � r + 1 ;

which is viewed as a necessary and su�cient condition thatV (f ) and V(g) have the
same Puiseux pairs.
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[III] Assume that n < � 1 and n > gcd(n; � 1) in (1.0.6), and that 2 � � 1 <
m and � 1 < � 2 < � � � < � u+1 and � 1 � gcd(m; � 1) > gcd(m; � 1; � 2) > � � � >
gcd(m; � 1; � 2; : : : ; � u+1 ) = 1 with � 1 = gcd(m; � 1). Note that V (f ) is the Puiseux
expansion, but V (g) is not the Puiseux expansion. By the same technique as in The-
orem 3:4, let C2 be the curve de�ned by the Puiseux expansion which is equivalent to
the parametrization of V (g) in (1.0.13), and then apply Lemma 4:3 to the curve C2

because� 1 is a divisor of m. Thus, we can get the following by [I].

V (f ) and C2 have the same multiplicity sequence.

() n = � 1, � 1 = m + � 2 � � 1, � 2 = m + � 3 � � 1, : : : , � r +1 = m + � r +2 � � 1,

where r + 2 = u + 1,

which is viewed as a necessary and su�cient condition that V (f ) and C2 have the
same Puiseux pairs. Thus,V (f ) and V(g) have the same Puiseux pairs.

[IV] Assume that n > � 1 and � 1 > gcd(n; � 1) in (1.0.6), and that 2 � � 1 <
m and � 1 < � 2 < � � � < � u+1 and � 1 > gcd(m; � 1) > gcd(m; � 1; � 2) > � � � >
gcd(m; � 1; � 2; : : : ; � u+1 ) = 1 in (1.0.13). Note that neither V (f ) nor V (g) is the
Puiseux expansion. But, using the construction method in Theorem 3:4, we may
assume that C1 is the curve with the Puiseux expansions which is an equivalent
parametrization for V (f ), and alsoC2 is the curve with the Puiseux expansions which
is an equivalent parametrization for V (g). Thus, we can prove the following by [I].

C1 and C2 have the same multiplicity sequence.

() � 1 = � 1, n = m, r = u and n + � i � � 1 = m + � i � � 1 for 1 � i � r + 1 :

That is, n = m, r = u and � i = � i for 1 � i � r + 1 :

() C1 and C2 have the same Puiseux pairs,

which is viewed as a necessary and su�cient condition thatV (f ) and V(g) have the
same Puiseux pairs.

Therefore, summarizing the above results again, then we can prove Theorem 5:1.
Moreover, we can prove by Theorem 5:1 and Theorem 4:5 that any two irreducible
plane curve singularities have the same topological type of singularitiesat the origin
if and only if they have the same multiplicity sequences. Also, as an application, it is
easily computable by Theorem 3:4 that two irreducible curves V = f y = t4 and z =
t6 + t9g and U� = f y = t4 + �t 7 and z = t6 + t9g with isolated singularity at the
origin have the same multiplicity sequence if and only if� 6= 2

3 .
Finally, using Theorem 3:4, we will prove very easily the Inverse Theorem (Theo-

rem 6:2), which has been analytically written in ([Ab3]) without proof. This theor em
is the restatement of the Inverse Theorem in ([Ab1]), which was already represented
and proved in the algebraic statement.

2. Known preliminaries. Let Cf y; zg be the ring of convergent power series
at the origin in C2. Let V (f ) = f (y; z) : f (y; z) = 0 g be an analytic variety at
(y; z) = (0 ; 0) in C2 with an isolated singular point at the origin where f is in Cf y; zg
and square-free. Let � : M ! C2 be a blow-up of C2 at (0; 0). Let (v; u) and
(v0; u0) be the local coordinates for M with � (v; u) = ( y; z) = ( vu; v) and � (v0; u0) =
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(y; z) = ( v0; v0u0) where u0 = 1
u and v0 = vu. Let e be the multiplicity of f at

(0; 0) with e � 2. Then � � 1(V (f )), the total transform of V (f ), is locally given by
f (v; vu) = vef 1(v; u) and f (v0u0; v0) = v0ef 2(v0; u0). Let V (1) (f ) be an analytic variety
locally de�ned by either f 1(v; u) = 0 or f 2(v0; u0) = 0. Then, we call V (1) (f ) the
proper transform of V (f ) at (0 ; 0). Note that if f is irreducible in Cf y; zg, then just
one of the local coordinates is needed for the study ofV (1) (f ). After m iterations
of blow-ups, let � m = � � � 2 � � � � � � m : M (m ) ! C(2) . Let V (m ) (f ) be the proper
transform of V (f ) under � m . Let E (m ) = � � 1

m (0; 0). Then, E (m ) is, by de�nition, an
exceptional set of the �rst kind. Let E (m ) = [ m

i =1 E i be the decomposition ofE (m )

into irreducible components. EachE i is called an exceptional curve of the �rst kind.
Let ( f � � m )divisor = V (m ) (f ) +

P m
i =1 ei E i be the divisor of f � � m . Then, we have the

following well-known theorem.

Theorem 2.1. Let V (f ) = f (y; z) : f (y; z) = 0 g be an analytic variety at (y; z) =
(0; 0) in C2 with an isolated singular point at the origin where f is in Cf y; zg and
square-free. There exists an analytic manifoldM by the composition of a �nite number
(m) successive blow-ups,� m : M ! C2, such that if R is the set of regular points on
V then � : � � 1

m (R) ! V is a resolution of the singular point (0; 0) of V , where � � 1
m (R)

is the closure of� � 1
m (R) in R.

Corollary 2.2. Under the same assumption of Theorem2:1, after additional
blow-ups any two components ofV (m ) and [ m

i =1 E i meet with normal crossings when-
ever they meet and no three components ofV (m ) and E i meet, whereV (m ) and [ E i

are de�ned just before Theorem2:1.

Definition 2.3.
(i) For an isolated singularity of a plane curve, the smallest resolution with normal

crossings in the sense of the above corollary is called the standard resolution of the
given singularity.

(ii) Let V (f ) = f (y; z) : f (y; z) = 0 g and V(g) = f (y; z) : g(y; z) = 0 g be analytic
varieties at (y; z) = (0 ; 0) in C2 with an isolated singular point at the origin where
f and g are in Cf y; zg and square-free. V (f ) and V(g) are said to either have a
homeomorphic resolution or be equisingular if (f � � m )divisor and (g � � m )divisor are
equivalent in the sense of the standard resolution.

Now, we want to write the local de�ning equation for singularities of irreducibl e
plane curves in terms of parametrization, if necessary and consider the de�nition of
the multiplicity sequence.

Theorem 2.4. Suppose that the parametrization for the curveC is given as
follows:

y = tn and z = c1tk1 + c2tk2 + � � �(2.4.1)

where theci are nonzero complex numbers, and0 < n , 0 < k 1 < k 2 < � � � . It is not
assumed thatn < k 1.

Then the parametrization is irreducible in Cf y; zg if and only if n � gcd(n; k1) �
gcd(n; k1; k2) � � � � � gcd(n; k1; k2; : : : ) = 1 .
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Definition 2.5. Let f (y; z) be irreducible in Cf y; zg with an isolated singularity
at the origin. Let the curve C de�ned by f (y; z) 2 Cf y; zg have a parametrization
with a parameter t as follows:

y = tn and z = c1tk1 + c2tk2 + � � �(2.5.1)

where the ci are nonzero complex numbers and 1< n , 1 < k 1 < k 2 < � � � . It is not
assumed thatk1 � n. Then, we have the following de�nitions.

(i) If k1 � n, then the above parametrization is called the Puiseux expansion for
the curve C.

(ii) In particular, if the above parametrization is de�ned by y = tn and z =
t � 1 + t � 2 + � � � + t � r where 2 � n < � 1 < � 2 < � � � < � r and n > gcd(n; � 1) >
gcd(n; � 1; � 2) > � � � > gcd(n; � 1; � 2; : : : ; � r ) = 1, then it is called the standard Puiseux
expansion, and also by De�nition 4:2 in this paper, the set f n; � 1; � 2; : : : ; � r g will
be de�ned to be the multiplicity and Puiseux exponents for the standard Puiseux
expansion by De�nition 4 :1, as we have seen in De�nition 1:1.

Definition 2.6. Let us just consider the de�nition of the multiplicity sequence
for irreducible curves. Suppose that we are given an irreducible curve germ with an
isolated singularity. Let � 0 be the multiplicity of this curve germ at this point. If we
blow up once, then we again �nd at most one singularity. Let � 1 be the multiplicity of
the curve of the germ blown up once,� 2 be the multiplicity of the curve of the germ
blown up twice, and continue to the standard resolution. The sequence ends with a
sequences of ends. The sequences of these multiplicities,f � 1; � 2; : : : ; � n � 1g, where the
last one is not is not counted, is then the multiplicity sequence.

Theorem 2.7(Enriques-Chisini).
(i) For an irreducible curve with Puiseux expansion

x = tm(2.7.1)

y = a1tk1 + a2tk2 + � � � + aqtkq ;

in which only essential (characteristic) term appear, the multiplicity sequence is de-
termined by the following chain ofg Euclidean algorithms: Let i = 1 ; 2; : : : .

� i = � i; 1r i; 1 + r i; 2;

r i; 1 = � i; 2r i; 2 + r i; 3;

: : : : : :

r i;w ( i ) � 1 = � i;w ( i ) r i;w ( i ) with 0 � r i;j +1 < r i;j ;

� i = ki � ki � 1 for 1 � i � g, and k0 = 0 ,

r i; 1 = r i � 1;w ( i � 1) for i > 1, and r 1;1 = m.

In the multiplicity sequence, the multiplicity r ij then appears� ij times, where i =
1; : : : ; g; j = 1 ; : : : ; w(i ). (If a certain multiplicity arises from several successivealgo-
rithms, then it is also counted multiply.)

(ii) For an arbitrary irreducible curve one obtains the multiplicity sequences by
omitting all non-characteristic terms from the Puiseux expansion and then applying
the algorithm above.
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(iii) Conversely, one can reconstruct the exponents of the characteristic terms of
the Puiseux expansion of an irreducible curve, i.e. the Puiseux pairs of the curve, from
the multiplicity sequence, by the chain of Euclidean algorithms.

Proof of Theorem 2.7. See [Bri-Kn].

Definition 2.8. Let V = f z 2 Cn +1 : f (z) = 0 g and W = f z 2 Cn +1 : g(z) = 0 g
be germs of complex analytic hypersurface with isolated singularity at the origin.

(i) f and g are said to have the same topological type of the singularity at the
origin if there is a germ at the origin of homeomorphisms� : (U1; 0) ! (U2; 0) such
that � (V ) = W and � (0) = 0 where U1 and U2 are open subsets inCn +1 . In this case,
denote this relation by f � g or V � W . Otherwise, we write f 6� g or V 6� W .

(ii) f and g are said to have the same analytic type of the singularity at the
origin if there is a germ at the origin of biholomorphisms  : (U1; 0) ! (U2; 0) such
that  (V ) = W and  (0) = 0 where U1 and U2 are open subsets inCn +1 , that is,
f �  = ug where u is a unit in n +1 O, the ring of germs of holomorphic functions at
the origin in Cn +1 . In this case, denote this relation by f � g or V � W . Otherwise,
we write f 6� g or V 6� W .

Theorem 2.9([Br],[Bu],[Z1]). Let f (y; z) be irreducible in Cf y; zg with an iso-
lated singularity at the origin in C2. Then the curve de�ned byf at the origin can be
described topologically byy = tn and z = t � 1 + t � 2 + � � � + t � p wheren < � 1 < � � � < � p

and n > gcd(n; � 1) > � � � > gcd(n1; � 1; : : : ; � p) = 1 . If for a given f there is an-
other homeomorphic parametrization de�ned byy = tm and z = t � 1 + � � � + t � q where
m < � 1 < � � � < � q and m > gcd(m; � 1) > � � � > gcd(m; � 1; : : : ; � q) = 1 , then n = m,
and p = q and � i = � i for 1 � i � p.

Note by De�nition 2 :5 that the multiplicity and Puiseux exponents for the stan-
dard Puiseux expansion determine the topological types of the irreducible plane curve
singularities, and conversely.

3. How to get an equivalent parametrization from any given irredu cible
parametrization by the inverse mapping theorem of one complex va riable.

Definition 3.1. Let C be an irreducible curve de�ned by the following pair
(y(t); z(t)):

y = a1tn 1 + a2tn 2 + � � �(3.1.1)

z = b1tk1 + b2tk2 + � � �

where y(t) and z(t) are in Cf tg, and the ai and the bi are nonzero complex numbers,
and 0 < n 1 < n 2 < � � � and 0 < k 1 < k 2 < � � � . Then, the pair (y1(t); z1(t)) is called
an equivalent irreducible parametrization of the pair (y(t); z(t)) if there is an analytic
function � (t) in a neighborhood of zero such that� (0) = 0 and � 0(0) 6= 0 and that
y1(t) = y(� (t)) and z1(t) = z(� (t)).

For example, let s be the new parameter de�ned by a conformal mapping

s(t) = t(b1 +
X

i � 2

bi tk i � k1 )
1

k 1(3.1.2)

of t at the origin such that z(s) = sk1 and s(0) = 0 and t = � (s) be its inverse. Then,
an equivalent parametrization of the above curveC de�ned by y1(s) = y(� (s)) and
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z1(s) = z(� (s)) is that z1 = sk1 and y1 = c1s
 1 + c2s
 2 + � � � where 1< 
 1 = n1 <

 2 < � � � , and the ci and b1 are nonzero numbers.

Problem. We may begin without loss of generality that the parametrization of
the pair (y(t); z(t)) for the curve C of De�nition 3 :1 is given by the followings:

y = tn(3.1.3)

z = b1tk1 + b2tk2 + � � �

where the bi are nonzero complex numbers, andn > 0 and 0 < k 1 < k 2 < k 3 < � � � ,
and n � gcd(n; k1) � gcd(n; k1; k2) � � � � � gcd(n; k1; k2; : : : ) = 1.

Then, the problem is how to �nd the multiplicity and Puiseux exponents(or,
Puiseux pairs) of the Puiseux expansion which is an equivalent paramtrization for the
irreducible curve in (3.1.3), using the following two cases (i) and (ii), respectively :

(i) If n is not greater than k1, then the problem is easy to solve by De�nition
4:1 and Theorem 4:2, which were already well-known.

(ii) If n is greater than k1, then using the inverset = � (s) of a conformal mapping
s = s(t) in (3.1.2), compute the multiplicity and Puiseux exponents of the Puiseux
expansion (y1(s); z1(s)) = ( y(� (s)) ; z(� (s))) which is an equivalent parametrization
for the curve C.

Definition 3.2. Let � (t) be an analytic function in a neighborhood of zero such
that � (0) = � 0(0) = � � � = � (k ) (0) = 0, but � (k+1) (0) 6= 0. Then, it is said that � (t)
has a multiplicity k at t = 0 and write mult (� (t); 0) = k for notation. Let f (y; z) be
in Cf y; zg. It is said that f (y; z) has a multiplicity � at (y; z) = (0 ; 0), denoted by
mul (f (y; z); (0; 0)) = � , if there is the least integer � such that some partial derivative
of f of order � is nonzero at the origin.

Lemma 3.3 (The rearrangement of an irreducible parametrizat ion).
Assumption Let the curve V de�ned by f (y; z) 2 Cf y; zg have an irreducible

parametrization as follows:

y = tn and z = c1tk1 + c2tk2 + � � �(3.3.1)

where the ci are nonzero complex numbers and1 � n, 1 � k1 < k 2 < � � � ; and
n � gcd(n; k1) � gcd(n; k1; k2) � � � � � gcd(n; k1; k2; : : : ) = 1 . To get a desired
rearrangement of y = tn and z =

P 1
i =1 ci tk i in the conclusion of this lemma, �rst we

can de�ne a �nite sequence f � 1; � 2; : : : ; � r +1 g from the sequencef ki : i = 1 ; 2; : : : g
consisting of the exponentski in (3:3:1) as follows:

(1) Let � 1 = k1, and then note that n � gcd(n; � 1). That is, either n =
gcd(n; � 1) or n > gcd(n; � 1).

(2) Let � 2 be the smallest positive integer among the exponentski such that
n � gcd(n; � 1) > gcd(n; � 1; ki ).

(3) Let � 3 be the smallest positive integer among the exponentski such that
n � gcd(n; � 1) > gcd(n; � 1; � 2) > gcd(n; � 1; � 2; ki ).

: : : : : :
(r+1) Let � r +1 be the smallest positive integer among the exponentski such that

n � gcd(n; � 1) > gcd(n; � 1; � 2) > � � � > gcd(n; � 1; � 2; : : : ; � r ) > gcd(n; � 1; � 2; : : : ;
� r ; ki )= 1 .
Let d and k be arbitrary positive integers. For brevity of notation, if k is divisible by
d, then we write djk. Otherwise, we write d 6 jk.
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Now, let di = gcd(n; � 1; : : : ; � i ) for 1 � i � r + 1 ,and then n � d1 > d 2 > � � � >
dr +1 . Note that di j(� i � � 1), di 6 j(� i +1 � � 1), and di +1 jdi .

Conclusion The given irreducible parametrization of V can be rearranged int
as follows:

y = tn(3.3.2)

z = c1t � 1 f (1 + c11td1 + c12t2d1 + � � � + c1p1 tp1 d1 )

+ t � 2 � � 1 (c20 + c21td2 + c22t2d2 + � � � + c2p2 tp2 d2 )

+ : : : : : :

+ t � r � � 1 (cr 0 + cr 1tdr + cr 2t2dr + � � � + crp r tpr dr )

+ t � r +1 � � 1 (cr +1 ;0 +
1X

k+1

cr +1 ;k tk )g

satisfying the properties(i) , (ii) and (iii) .
(i) c10 = 1 ; c20; c30; : : : ; cr +1 ;0 are all nonzero complex numbers.

(ii) p1; p2; : : : ; pr are nonnegative integers such that

� 1 + p1d1 < � 2 < � 1 + ( p1 + 1) d1(3.3.3)

� 2 + p2d2 < � 3 < � 2 + ( p2 + 1) d2

: : : : : :

� r � 1 + pr � 1dr � 1 < � r < � r � 1 + ( pr � 1 + 1) dr � 1

� r + pr dr < � r +1 < � r + ( pr + 1) dr

(iii) Let S be the set which consists of the remaining coe�cients int, that is,

S = f c11; c12; : : : ; c1;p1 g [ f c21; c22; : : : ; c2;p2 g [ � � �(3.3.4)

[ f cr 1; cr 2; : : : ; cr;p r g [ f cr +1 ;k : k = 1 ; 2; : : : g:

Then, any element ofS is either zero or nonzero.
Note that pi may be zero for somei , 1 � i � r . In particular, if pi = 0 for

1 � i � r , then note that ci 1; ci 2; : : : ; ci;p i are all zero except forcio .

Proof of Lemma 3.3. It is trivial.

Theorem 3.4 (An equivalence of irreducible parametrization ).
Assumption We may assume without loss of generality that the curveV de�ned

by f (y; z) 2 Cf y; zg at the origin has an irreducible parametrization as follows:

y = tn ;(3.4.1)

z = ct� 1 f (1 + D1(t)) + t � 2 � � 1 (c20 + D2(t)) + � � �

+ t � r � � 1 (cr 0 + D r (t)) + t � r +1 � � 1 (cr +1 ;0 + D r +1 (t))g

= ct� 1 (1 + H (t)) or

y = tn ;

z = ct� 1 f 1 + D1(t)g + ct� 2 f c20 + D2(t)g + � � �

+ ct� r f cr 0 + D r (t)g + ct� r +1 f cr +1 ;0 + D r +1 (t)g
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where
(i) 1 � n and 1 � � 1 < � 2 < � � � < � r +1 ,

(ii) n � d1 > d 2 > � � � > d r +1 = 1 with gcd(n; � 1; � 2; : : : ; � i ) = di for 1 � i �
r + 1 ,

(iii) p1; p2; : : : ; pr are nonnegative integers such that

� 1 + p1d1 < � 2 < � 1 + ( p1 + 1) d1;

� 2 + p2d2 < � 3 < � 2 + ( p2 + 1) d2;

: : : : : :

� r � 1 + pr � 1dr � 1 < � r < � r � 1 + ( pr � 1 + 1) dr � 1;

� r + pr dr < � r +1 < � r + ( pr + 1) dr ;

(iv) let

D1(t) =
p1X

i =1

c1i t id 1 2 C[t];(3.4.2)

D2(t) =
p2X

i =1

c2i t id 2 2 C[t];

: : : : : :

D r (t) =
prX

i =1

cri t id r 2 C[t];

D r +1 (t) =
1X

k=1

cr +1 ;k tk 2 Cf tg;

1 + H (t) = 1 + D1(t) + t � 2 � � 1 (c20 + D2(t)) + � � �

+ t � r � � 1 (cr 0 + D r (t)) + t � r +1 � � 1 (cr +1 ;0 + D r +1 (t)) ;

(v) c; c10 = 1 ; c20; c30; : : : ; cr +1 ;0 are all nonzero complex numbers.

Conclusion We have the followings: Observe that(I) of two statements (I)
and (II) below may be omitted, in order to simplify the statements forConclusion, if
necessary.
(I) In preparation for the construction of an equivalent irreducible parametrization of
V , let s be the new parameter de�ned by

(3.4.3) s(t) = c
1

� 1 t(1 + H (t))
1

� 1

where
(i) c

1
� 1 is a complex root such that! � 1 = c,

(ii) s = s(t) is a conformal mapping oft at the origin,
(iii) z = s� 1 .

Then t = c� 1
� 1 s(1 + H (t)) � 1

� 1 , as t = � (s) 2 Cf sg, can be written as follows:
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Note that y = ( � (s))n .

t = � (s)
(3.4.4)

= c� 1
� 1 sf 1 + Q1(s) + s� 2 � � 1 (B20 + Q2(s))

+ � � � + s� r � � 1 (B r 0 + Qr (s)) + s� r +1 � � 1 (B r +1 ;0 + Qr +1 (s))g

where

B20 =
c20

� � 1
(c� 1

� 1 ) � 2 � � 1 ; B30 =
c30

� � 1
(c� 1

� 1 ) � 3 � � 1 ; : : : ;(3.4.5)

B r +1 ;0 =
cr +1 ;0

� � 1
(c� 1

� 1 ) � r +1 � � 1 ;

Q1(s) = B11sd1 + B12s2d1 + � � � + B1;p1 sp1 d1 2 C[s];

Q2(s) = B21sd2 + B22s2d2 + � � � + B2;p2 sp2 d2 2 C[s];

: : : : : :

Qr (s) = B r 1sdr + B r 2s2dr + � � � + B r;p r spr dr 2 C[s];

Qr +1 (s) =
1X

k=1

B r +1 ;k sk 2 Cf sg

such that all theB ij are complex numbers and that in particular theB i 0 are nonzero
for 2 � i � r + 1 . Note that Qi (0) = 0 for 1 � i � r + 1 .

(II) The equivalent parametrization with the new parameters for V can be analytically
written in the following form:

z = s� 1 ;
(3.4.6)

y = c� n
� 1 sn f 1 + Q�

1(s) + s� 2 � � 1 (b20 + Q�
2(s))

+ s� 3 � � 1 (b30 + Q�
3(s)) + � � � + s� r +1 � � 1 (br +1 ;0 + Q�

r +1 (s))g

where

b20 =
n

� � 1
c20c

1
� � 1

( � 2 � � 1 ) ; b30 =
n

� � 1
c30c

1
� � 1

( � 3 � � 1 ) ; : : : ;(3.4.7)

br +1 ;0 =
n

� � 1
cr +1 ;0c

1
� � 1

( � r +1 � � 1 ) ;

Q�
1(s) = b11sd1 + b12s2d1 + � � � + b1;p1 sp1 d1 2 C[s];

Q�
2(s) = b21sd2 + b22s2d2 + � � � + b2;p2 sp2 d2 2 C[s];

: : : : : :

Q�
r (s) = br 1sdr + br 2s2dr + � � � + br;p r spr dr 2 C[s];

Q�
r +1 (s) =

1X

k=1

br +1 ;k sk 2 Cf sg

such that all the bij are complex numbers and that in particular thebi 0 are nonzero
for 2 � i � r + 1 . Note that Q�

i (0) = 0 for all i = 2 ; 3; : : : ; r + 1 .

Remark: Observe by(3:4:5) and (3:4:7) that
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(3:4:7� ) b20 = nB 20; b30 = nB 30; : : : ; br +1 ;0 = nB r +1 ;0:

Proof of Theorem 3.4. First, let us �nd a new a parameter s for V of either (3:4:3)
or (3:4:6) such that z(t) = s� 1 with � 1 = k1. Becausez(t) = ct� 1 (1+ H (t)) by (3 :4:1),
where H (t) is an analytic function in Cf tg with H (0) = 0, then s =  (t) can be
written in the form
(3:4:8) s = c

1
� 1 t(1 + H (t))

1
� 1

where
(i) c

1
� 1 is a complex root such that ! � 1 = c,

(ii) H (t) is an analytic function de�ned by (3 :4:2).
Since H (t) is analytic at the origin with H (0) = 0, then  (t) is analytic at the

origin such that  (0) = 0 and  0(0) 6= 0. That is,  (t) is a conformal mapping at the
origin. So at t = 0, s =  (t) has an inverse analytic function, denoted byt = � (s)
with � (0) = 0. Therefore, by (3.4.8) we have

t = c� 1
� 1 s(1 + H (t)) � 1

� 1 with H (0) = 0(3.4.9)

= c� 1
� 1 s(1 + H (� (s)) � 1

� 1 with H (� (0)) = 0 :

Note by y = tn that

z = s� 1 and also(3.4.10)

y = c� n
� 1 sn (1 + H (t)) � n

� 1

= c� n
� 1 sn (1 + H (� (s))) � n

� 1 :

So, for the proof, it is enough to consider two cases, respectively: (i) gcd(n1; � 1) = 1
and (ii) gcd(n1; � 1) > 1.

In preparation for the proof, write H1(s) = H (� (s)) for brevity. Then H1(s) is
an analytic function of s with H1(0) = 0, and so we will �nd a convergent power series
of (1 + H1(s)) � n

� 1 at s = 0. Note by the binomial series expansion that for � = q
p

with some nonzero integersp and q

(1 + H1(s)) � =1 +
�

�
1

�
H1(s) +

�
�
2

�
(H1(s))2 + � � �(3.4.11)

+
�

�
k

�
(H1(s)) k + � � �

where the binomial coe�cients are de�ned by

(3.4.12)
�

�
k

�
=

� (� � 1) � � � (� � k + 1)
1 � 2 � � � k

Then, it is trivial to prove that

(3.4.13) (1 + H1(s)) � = 1 + u(s)

where u(s) is an analytic function of s at 0 with u(0) = 0 becauseH1(0) = 0. Now,
by (3:4:9), (3:4:10) and (3:4:13), it is clear that

t = c� 1
� 1 s(1 + u1(s)) and z = s� 1(3.4.14)

y = c� n
� 1 sn (1 + u2(s))
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whereu1(s) and u2(s) are analytic functions of s at the origin with u1(s) = u2(0) = 0.
Now, consider two cases mentioned above.

The �rst case : Let gcd(n; � 1) = 1. Then, the proof of this case is done by
(3:4:14).

The second case : Let gcd(n; � 1) > 1. To prove this theorem, it is enough to
consider this case only. For the proof, by (3:4:2), (3:4:8) and (3:4:9), t = � (s) can be
written as follows:

(3.4.15) t = c� 1
� 1 s(1 + H (t)) � 1

� 1

where

D1(t) =
p1X

i =1

c1i t id 1 2 C[t]

D2(t) =
p2X

i =1

c2i t id 2 2 C[t]

: : : : : :

D r (t) =
prX

i =1

cri t id r 2 C[t]

D r +1 (t) =
1X

k=1

cr +1 ;k tk 2 Cf tg

H (t) = D1(t) + t � 2 � � 1 (c20 + D2(t)) + � � �
(3.4.16)

+ t � r � � 1 (cr 0 + D r (t)) + t � r +1 � � 1 (cr +1 ;0 + D r +1 (t)) :

In preparation for the computation of an analytic function t = � (s), �rst we will
prove the following lemma.

Lemma 3.4.1. Let H (t) be given by(3:4:16). Then we get the followings:

(1 + H (t)) � 1
� 1 =1 + D �

1(t) + t � 2 � � 1 (�
c20

� 1
+ D �

2(t))

(3.4.17)

+ t � 3 � � 1 (�
c30

� 1
+ D �

3(t)) + � � � + t � r � � 1 (�
cr 0

� 1
+ D �

r (t))

+ t � r +1 � � 1 (�
cr +1 ;0

� 1
+ D �

r +1 (t))

where

D �
1(t) = A11td1 + A12t2d1 + � � � + A1;p1 tp1 d1 2 C[t](3.4.18)

D �
2(t) = A21td2 + A22t2d2 + � � � + A2;p2 tp2 d2 2 C[t]

: : : : : :

D �
r (t) = A r 1tdr + A r 2 t2dr + � � � + A r;;p r tpr dr 2 C[t]

D �
r +1 (t) =

1X

k=1

A r +1 ;k tk 2 Cf tg
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such that all theA ij are complex numbers.
In general, for any � = q1

q2
with nonzero integersq1 and q2, (1 + H (t)) � can be

rewritten as follows: We use the same notations and meaningsas in (3:4:17).

(1 + H (t)) � =1 + D �
1(t) + t � 2 � � 1 (�c 20 + D �

2(t))

+ t � 3 � � 2 (�c 30 + D �
3(t)) + � � � + t � r � � 1 (�c r 0 + D �

r (t))

+ t � r +1 � � 1 (�c r +1 ;0 + D �
r +1 (t))

Proof of Lemma 3.4.1. To prove the lemma, we use some notations and observa-
tions as follows:

(i) Let d and k be given positive integers. Ifk is divisible by d, then we write
djk. Otherwise, we write d 6 jk.

(ii) Let g(t) be in Cf tg. If tk is appeared with a nonzero coe�cient in g(t),
then we say that tk belongs tog(t) or tk 2 g(t). Otherwise, write tk 62g(t).

(iii) Let di = gcd(n; � 1; : : : ; � i ) for 1 � i � r +1, and then n � d1 > d 2 > � � � >
dr +1 = 1. Note that di j(� i � � 1); di 6 j(� i +1 � � 1), and di +1 jdi for i = 1 ; 2; : : : ; r .

(iv) Whenever tk belongs toD i (t) of (3:4:16) for eachi = 1 ; 2; : : : ; r + 1, then
di jk. If tk 2 D i (t)D j (t) with 1 � i < j � r + 1, then dj jk.

(v) For each i = 1 ; 2; : : : ; r + 1, the coe�cient ci 0 of t � i � � 1 of H (t) in Cf tg is
nonzero as we have seen in Lemma 3:3.

(vi)* � i +1 � � 1 is the smallest positive integer among all� such that t � 2 H (t)
and � is divisible by di +1 , but cannot be divisible by di .

Now, as we have seen in (3:4:11), note by the binomial series expansion that

(1 + H (t)) � =1 +
�

�
1

�
H (t) +

�
�
2

�
H 2(t)(3.4.19)

+
�

�
3

�
H 3(t) + � � �

where the binomial coe�cients are de�ned by
�

�
k

�
=

� (� � 1) � � � (� � k + 1)
1 � 2 � � � k

:

By (3:4:15) and (3:4:16) with the above observations (vi)*, we have another observa-
tion (vii)*:

(vii)* Whenever � is an arbitrary positive integer such that t � 2 H j (t) for any
j � 2 and that � is divisible by di +1 , but cannot be divisible by di , then � > � i +1 � � 1

by (vi)* because H (0) = 0 and j � 2.
Thus, the proof of the lemma is done by (3:4:19), (vi)* and (vii)*.
For brevity of notations of (3 :4:17) and (3:4:18), let

E �
1 (t) = D �

1(t)(3.4.20)

E �
2 (t) = t � 2 � � 1 (�c 20 + D �

2(t))

: : : : : :

E �
r (t) = t � r � � 1 (�c r 0 + D �

r (t))

E �
r +1 (t) = t � r +1 � � 1 (�c r +1 ;0 + D �

r +1 (t))

H � (t) = E �
1 (t) + E �

2 (t) + � � � + E �
r +1 (t)
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Then, (1 + H (t)) � of (4:22) can be rewritten in the form

(1 + H (t)) � =1 + H � (t)(3.4.21)

=1 + E �
1 (t) + E �

2 (t) + � � � + E �
r +1 (t):

Now, in order to prove (I), replacing � in (3:4:20) and (3:4:21) by 1
� � 1

, it is enough
to show each step inductively in the following lemma.

(**) Before the next lemma is proved, �rst of all, note that the equation in (3. 4.30)
of the r -th step in the next lemma is the same as the equation in (3:4:4) of (I) in the
conclusion of this theorem.

Let us prove the lemma mentioned just above.

Lemma 3.4.2. As in the conclusion (I) of the theorem, we may begin with the
given �nite sequencef � k : k = 1 ; 2; : : : ; r + 1 with r � 1g. Then each of the following
steps can be described by induction on the integerl � r + 1 as follows: Let t = � (s).

Step 1
(i) s� 2 � � 1 2 E �

2 (� (s)) , but s� 2 � � 1 62E �
i (� (s)) for all i 6= 2 .

(ii) s� 2 � � 1 2 H � (� (s)) with coe�cient c20
� � 1

(c� 1
� 1 ) � 2 � � 1 .

(iii) Then � (s) can be de�ned by� 1(s),

� 1(s) = c� 1
� 1 sf 1 + Q1(s) + B20s� 2 � � 1(3.4.22)

+
X

k>� 2 � � 1

ak sk g

where

B20 = �
c20

� 1
(c� 1

� 1 ) � 2 � � 1 ;

Q1(s) = B11sd1 + B12s2d1 + � � � + B1;p1 sp1 d1

such that theB1j are the coe�cients, some of which may be zero. Note that ifp1 = 0 ,
then Q1(s) is identically zero.

Step 2
(i) s� 3 � � 1 2 E �

3 (� (s)) , but s� 3 � � 1 62E �
i (� (s)) for all i 6= 3 .

(ii) s� 3 � � 1 2 H � (� (s)) with coe�cient � c30
� 1

(c� 1
� 1 ) � 3 � � 1 .

(iii) Then � (s) can be de�ned by� 2(s),

� 2(s) = c� 1
� 1 sf 1 + Q1(s) + s� 2 � � 1 (B20 + Q2(s))(3.4.23)

+ B30s� 3 � � 1 +
X

k>� 3 � � 1

ak sk g

where

B20 = �
c20

� 1
(c� 1

� 1 ) � 2 � � 1

B30 = �
c30

� 1
(c� 1

� 1 ) � 3 � � 1

Q2(s) = B21sd2 + B22s2d2 + � � � + B2;p2 sp2 d2
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such that theB2j are the coe�cients, some of which may be zero. Note that ifp2 = 0 ,
then Q2(s) is identically zero.

: : : : : :

Step (r-1)
(i) s� r � � 1 2 E �

r (� (s)) , but s� r � � 1 62E �
i (� (s)) for all i 6= r .

(ii) s� r � � 1 2 H � (� (s)) with coe�cient � cr 0
� 1

(c� 1
� 1 ) � r � � 1 .

(iii) Then � (s) can be de�ned by� r � 1(s),

� r � 1(s) = c� 1
� 1 sf 1 + Q1(s) + s� 2 � � 1 (B20 + Q2(s)) + � � �

(3.4.24)

+ s� r � 1 � � 1 (B r � 1;0 + Qr � 1(s)) + B r 0s� r � � 1 +
X

k>� r � � 1

ak sk g

where

B20 = �
c20

� 1
(c� 1

� 1 ) � r � � 1

: : : : : :

B r 0 = �
cro

� 1
(c� 1

� 1 ) � r � � 1

Qr � 1(s) = B r � 1;1sdr � 1 + B r � 1;2s2dr � 1 + � � � + B r � 1;r � 1spr � 1 dr � 1

such that the B r � 1;j are the coe�cients, some of which may be zero. Note that if
pr � 1 = 0 , then Qr � 1(s) is identically zero.

Step r
(i) s� r +1 � � 1 2 E �

r +1 (� (s)) , but s� r +1 � � 1 62E �
i (� (s)) for all i 6= r + 1 .

(ii) s� r +1 � � 1 2 H � (� (s)) with coe�cient � cr +1 ; 0

� 1
(c� 1

� 1 ) � r +1 � � 1 .
(iii) Then � (s) can be de�ned by� r (s),

� r (s) = c� 1
� 1 sf 1 + Q1(s) + s� 2 � � 1 (B20 + Q2(s) + � � �

(3.4.25)

+ s� r � � 1 (B r 0 + Qr (s)) + B r +1 ;0s� r +1 � � 1 +
X

k>� r +1 � � 1

ak sk g

where

B20 = �
c20

� 1
(c� 1

� 1 ) � 2 � � 1

: : : : : :

B r +1 ;0 = �
cr +1 ;0

� 1
(c� 1

� 1 ) � r +1 � � 1

Qr (s) = B r 1sdr + B r 2s2dr + � � � + B rr spr dr

such that theB rj are the coe�cients, some of which may be zero. Note that ifpr = 0 ,
then Qr (s) is identically zero.

Proof of Lemma 3.4.2. The proof will follow from two cases Case (I) and Case
(II).
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Case (I): First, we will prove Step 1 of Lemma 3:4:2.

Case (II): For the induction proof of Lemma 3:4:2, after the proof of Step 1 by
Case (I), suppose by the induction assumption on the integerj with 1 � j � r that
Step j with 1 � j � (r � 1) is true. Then, in this case we will prove that Step (j + 1)
is true.

Instead of the direct proofs for Case (I) and Case (II), �rst we will construct two
easy and elementary sublemmas for the statements which are needed to prove both
Case (I) and Case (II), and next we will show these sublemmas, which gives theproofs
of Case (I) and Case (II), respectively in the following way:

(A) For the proof of Case (I), we will construct Sublemma I, which is equivalent
to the statement of Step 1.

(B) Next, for the proof of Case (II), we will construct Sublemma II, which is
equivalent to the statement for the proof of Case (II).

In preparation for the proof of Case (I), it is very clear that the followi ng sub-
lemma by using the induction on the integer p1 is just the restatement of Step 1.
Let us write down it. Then we will prove it, just after the construction of anot her
sublemma, that is, Sublemma II.

Sublemma I. Let � (s) = c� 1
� 1 s(1+

P 1
k> 0 ak sk ). Note that p1 is the nonnegative

integer such that p1d1 < � 2 � � 1 < (p1 + 1) d1. Then there are two subcases:p1 = 0
and p1 > 0.

Subcase (I-1) Let p1 = 0 .
(i) s� 2 � � 1 2 E �

2 (� (s)) , but s� 2 � � 1 62E �
i (� (s)) for all i 6= 2 .

(ii) s� 2 � � 1 2 H � (� (s)) with coe�cient � 1
� 1

c20(c� 1
� 1 ) � 2 � � 1 .

(iii) Then � (s) can be de�ned by� 1(s),

� 1(s) = c� 1
� 1 sf 1 + Q1(s) + B20s� 2 � � 1 +

X

k>� 2 � � 1

ak sk g

(3.4.26*)

with B20 = �
1

� 1
c20(c� 1

� 1 ) � 2 � � 1

where Q1(s) is identically zero.

Subcase (I-2) Let p1 > 0. In this case, instead of proving Step1 directly, �rst show
that the statement(a) is true. After then, we will prove that the next statement(b) is
true. Note that the statement(b) and the statement of Step1 are the same.
(a) For each integer � = 0 ; 1; 2; : : : ; p1, � (s) can be de�ned by� 1;� (s),

� 1;� (s) = c� 1
� 1 sf 1 + Q�

1;� (s) +
X

k>�d 1

ak sk g(3.4.27*)

where
Q�

1;� (s) = B �
11sd1 + B �

12s2d1 + � � � + B �
1� s�d 1

such that theB �
1i are complex numbers for1 � i � � . If � = 0 , note that Q�

1;� (s) is
zero.
(b) Now, if � = p1, then we may begin with� (s) = � 1;p1 (s) in (a). The remaining
part of Step 1 just follows from

(i) s� 2 � � 1 2 E �
2 (� (s)) , but s� 2 � � 1 62E �

i (� (s)) for all i 6= 2 .
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(ii) s� 2 � � 1 2 H � (� (s)) with coe�cient � c20
� 1

(c� 1
� 1 ) � 2 � � 1 .

(iii) Then � (s) can be de�ned by� 1(s),

� 1(s) = c� 1
� 1 sf 1 + Q1(s) + B20s� 2 � � 1 +

X

k>� 2 � � 1

ak sk g

(3.4.28*)

with B20 = �
c20

� 1
(c� 1

� 1 ) � 2 � � 1 ;

where Q1(s) = B11sd1 + B12s2d1 + � � � + B1;p1 sp1 d1

such that theB1i are complex numbers for1 � i � p1.

Remark. Next, in preparation for the proof of Case (II), suppose by the induc-
tion assumption on the integer j with 1 � j � r that Step 1, Step 2, : : : , Step j with
j � (r � 1) were proved to be true. Then to prove that Step (j + 1) with ( j + 1) � r is
true, we may begin with � (s) = � j (s) which was already given by Stepj , if necessary.
Then it is very clear that the following sublemma by using the induction on the integer
pj +1 , denoted by Sublemma 2, is just the replacement of Step (j + 1) of Lemma 3:4:2
which is needed to prove. Let us write down this sublemma. After then, we will prove
Sublemma I and Sublemma 2, respectively.

Sublemma II. Let � (s) be de�ned by� j (s),

� j (s) = c� 1
� 1 sf 1 + Q1s + s� 2 � � 1 (B20 + Q2(s)) + s� 3 � � 1 (B30 + Q3(s))

(3.4.29*)

+ � � � + s� j � � 1 (B j 0 + Qj (s)) + B j +1 ;0s� j +1 � � 1 +
X

k>� j +1 � � 1

ak sk g:

Note that pj +1 is the nonnegative integer such that

pj +1 dj +1 < � j +2 � � j +1 < (pj +1 + 1) dj +1 :

Then there are two subcases:pj +1 = 0 and pj +1 > 0.

Subcase (II-1) Let pj +1 = 0 .
(i) s� j +2 � � 1 2 E �

j +2 (� (s)) , but s� j +2 � � j +1 2 E �
i (� (s)) for all i 6= j + 2 .

(ii) s� j +2 � � 1 2 H � (� (s)) with coe�cient � 1
� 1

cj +2 ;0(c� 1
� 1 ) � j � � 1 .

(iii) Then � (s) can be de�ned by � j +1 (s),

� j +1 (s) = c� 1
� 1 sf 1 + Q1(s) + s� 2 � � 1 (B20 + Q2(s)) + � � �

(3.4.30*)

+ s� j +1 � � 1 (B j +1 ;0 + Qj +1 (s)) + B j +2 ;0s� j +2 � � 1 +
X

k>� j +2 � � 1

ak sk g

with B j +2 ;0 = �
1

� 1
cj +2 ;0(c� 1

� 1 ) � j +2 � � 1

where Qj +1 (s) is identically zero:

Subcase (II-2) Let pj +1 > 0. In this case, instead of proving Step (j + 1) directly,
�rst show that the statement ( a) is true. After then, we will prove the next statement
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(b) is true. Note that the statement ( b) and the statement of Step (j + 1) are the
same.
(a) For any integer � = 0 ; 1; 2; : : : ; pj +1 , � (s) can be de�ned by � j +1 ;� (s) as follows:

� j +1 ;� (s) = c� 1
� 1 sf 1 + Q1(s) + s� 2 � � 1 (B20 + Q2(s)) + � � � + s� j � � 1 (B j 0 + Qj (s))

(3.4.31*)

+ s� j +1 � � 1 (B j +1 ;0 + Q�
j +1 ;� (s)) +

X

k>� j +1 � � 1 + �d j +1

ak sk g

where Q�
j +1 ;� (s) = B �

j +1 ;1sdj +1 + B �
j +1 ;2s2dj +1 + � � � + B �

j +1 ;� s�d j +1

such that he B �
j +1 ;i are complex numbers for 1� i � � .

If � = 0, note that Q�
j +1 ;� (s) is zero.

(b) In particular, if � = pj +1 , then we may begin with � (s) = � j +1 ;p j +1 (s) . The
remaining part of Step (j + 1) just follows from

(i) s� j +2 � � 1 2 E �
j +2 (� (s)), but s� j +2 � � 1 62E �

i (� (s)) for all i 6= 2.

(ii) s� j +2 � � 1 2 H � (� (s)) with coe�cient � cj +2 ; 0

� 1
(c� 1

� 1 ) � j +2 � � 1 .
(iii) Then � (s) can be de�ned by � j +1 (s),

� j +1 (s) = �
1

� 1
sf 1 + Q1(s) + s� 2 � � 1 (B20 + Q2(s)) + � � �

(3.4.32*)

+ s� j +1 � � 1 (B j +1 ;0 + Qj +1 (s)) + B j +2 ;0s� j +2 � � 1 +
X

k>� j +2 � � 1

ak sk g

with B j +2 ;0 = �
cj +2 ;0

� 1
(c� 1

� 1 ) � j +2 � � 1

where Qj +1 (s) = B j +1 ;1sdj +1 + B j +1 ;2s2dj +1 + � � � + B j +1 ;p j +1 spj +1 dj +1

such that the B j +1 ;i are complex numbers for 1� i � pj +1 .

Proof of Sublemma I. Let t = � (s) = c� 1
� 1 s(1 + H (t)) � 1

� 1 .

Subcase (I-1) To prove (3.4.26*), recall by (3:4:17), (3:4:18), (3:4:20) and (3:4:21)
that

� (s) = c� 1
� 1 s(1 + H � (t))(3.4.33)

= c� 1
� 1 sf 1 + E �

2 (t) + E �
3 (t) + � � � + E �

r +1 (t)g

because by (3:4:18) and (3:4:20) p1 = 0 implies that E �
1 (t) = D �

1(t) is identically zero.
To prove (3.4.26*), it is needed just to compute E �

k (� (s)) with � (s) = c� 1
� 1 s(1 +P 1

k> 0 ak sk ).
Note by (3:4:18) and (3:4:20) that

mult (E �
i (t); 0) = � i � � 1 > mult (E �

2 (t); 0) = � 2 � � 1 for each i = 3 ; 4; : : : ; r + 3.

So, to get (3.4.26*) with (i), (ii) and (iii), it remains to show that

E �
2 (� (s)) = �

c20

� 1
(c� 1

� 1 ) � 2 � � 1 s� 2 � � 1 +
X

k>� 2 � � 1

� k sk(3.4.34)
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where the � k are complex numbers. Note that

E �
2 (t) = t � 2 � � 1 (�

c20

� 1
+ D �

2(t))(3.4.35)

where E �
2 (t) are de�ned by (3:4:18) and (3:4:20) and D �

2(0) = 0. So,

E �
2 (� (s))

(3.4.36)

= f c� 1
� 1 s(1 +

X

k> 0

ak sk )g� 2 � � 1 f�
c20

� 1
+ D �

2(� (s))g

= �
c20

� 1
(c� 1

� 1 ) � 2 � � 1 s� 2 � � 1

+ f nonzero monomials of degree> � 2 � � 1 in the variable sg:

Thus, the proof of this subcase with (3.4.26*) is done.

Subcase (I-2) Let p1 > 0 and � (s) = c� 1
� 1 s(1 +

P
k> 0 ak sk ).

(a) The proof of the representation of � 1;� (s) in (3.4.27*) will be induction on
the integer � with 0 � � � p1.

(a1) Assume that � = 0. Note by (3.4.27*) that

� 1;0(s) = c� 1
� sf 1 +

X

k> 0

ak sk g(3.4.37)

which is trivial to show, becauseQ�
1;0(s) = 0.

(a2) Suppose that if � = j < p 1, then � (s) can be de�ned by � 1;j (s) in (3.4.27*),
that is,

� 1;j (s) = c� 1
� 1 sf 1 + Q�

1;j (s) +
X

k>jd 1

ak sk g(3.4.38)

where Q�
1;j (s) = B �

11sd1 + B �
12s2d1 + � � � + B �

1j sjd 1

such that the B �
1i are complex numbers for 1� i � j .

To prove (3.4.27*) with � = j + 1, we may need to computeH � (� 1;j (s)), when
we substitute t = � (s) by � 1;j (s) in the following equation

� (s) = c� 1
� 1 s(1 + H � (t))(3.4.39)

= c� 1
� 1 sf 1 + E �

1 (t) + E �
2 (t) + � � � + E �

r +1 (t)g:

After then, consider

� (s) = c� 1
� 1 s(1 + H � (� 1;j (s))

(3.4.40)

= c� 1
� 1 sf 1 + E �

1 (� 1;j (s)) + E �
2 (� 1;j (s)) + � � � + E �

r +1 (� 1;j (s))g:

Sincep1 is positive, then in order to prove (3.4.27*) with � = j +1, it may be assumed
that

mult (E �
1 (t); 0) � p1d1 for the brevity of computation,
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otherwise there is nothing to prove, because ifmult (E �
1 (t); 0) > p 1d1, then E �

1 (t) is
identically zero and mult (E �

i (t); 0) � (� 2 � � 1) > p 1d1 � (j +1) d1 for i = 2 ; 3; : : : ; r +1.
Now, to prove (3.4.27*) when � = j + 1, we just need the following claims:
(i) If s� 2 E �

1 (� 1;j (s)) with � � (j + 1) d1 � p1d1, then � is divisible by d1.
(ii) If s� 2 E �

u (� 1;j (s)) with 2 � u � (r +1), then � � � 2 � � 1 > p 1d1 � (j +1) d1.
Sincemult (E �

u (t); 0) = � i � � 1 � � 2 � � 1 > p 1d1 � (j + 1) d1 for any u � 2, then for
proof of the claim, it remains to show (i) of the claim. Note by (3.4.18) that

E �
1 (t) = D �

1(t) = A11td1 + A12t2d1 + � � � + A1p1 tp1 d1 :(3.4.41)

For any term A1� t �d 1 2 E �
1 (t) with 1 � � � p1 in (3.4.41), we substitute t by � 1;j (s)

of (3.4.38). Then, t �d 1 = ( � 1j (s)) �d 1 becomes

(� 1;j (s)) �d 1 = f c� 1
� 1 s(1 + Q�

1;j (s) +
X

k>jd 1

ak sk )g�d 1 :(3.4.42)

Whenever s� 2 (� 1;j (s)) �d 1 of (3:4:42) such that � � (j + 1) d1, then � is divisible by
d1 by Lemma 3:4:1 because� is positive, and also because ifsk 2 Q�

1;j (s) then the
exponent k may be considered as a multiple ofd1 in Q�

1;j (s) whether or not Q�
1;j (s)

is identically zero. Sincemult (H � (t) � E �
1 (t); 0) = � 2 � � 1, then we may assume that

E �
1 (� 1;j (s)) has a monomial s( j +1) d1 whether or not its coe�cient is zero. Therefore,

� (s) can be de�ned by � 1;j +1 (s) such that

� 1;j +1 (s) = c� 1
� 1 sf 1 + Q�

1;j +1 +
X

k> ( j +1) d1

ak sk g(3.4.43)

Q�
1;j +1 (s) = B �

11sd1 + � � � + B �
1;j +1 s( j +1) d1

such that the B �
1i are complex numbers for 1� i � j + 1.

(b) Let p1 be the positive integer such that p1d1 < � 2 � � 1 < (p1 + 1) d1. To
prove (3.4.28*), consider

� (s) = c� 1
� 1 s(1 + E �

1 (t) + � � � + E �
r +1 (t)) with(3.4.44)

t = � 1;p1 (s) = c� 1
� 1 s(1 + Q�

1;p1
(s) +

X

k>p 1 d1

ak sk )

where

Q�
1;p1

(s) = B �
11sd1 + � � � + B �

1;p1
sp1 d1

such that the B �
1;i are complex numbers. Since

(p1 + 1) d1 > mult (E �
2 (t); 0) = � 2 � � 1 > p 1d1 and

mult (E �
i (t); 0) > mult (E �

2 (t); 0) for i � 3,

�rst it is needed to compute E �
1 (� 1;p1 (s)) and E �

2 (� 1;p1 (s)) instead of H � (� 1;p1 (s)).
From (3:4:41), recall that

E �
1 (t) = D �

1(t) = A11td1 + � � � + Ap1 d1
1;p1

:
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As in the proof of (3:4:43), for any t �d 1 2 E �
1 (t) with 1 � � � p1,

t �d 1 = ( � 1;p1 (s)) �d 1(3.4.45)

= f c� 1
� 1 s(1 + Q�

1;p1
(s) +

X

k>p 1 d1

ak sk )g�d 1 :

Whenever s� 2 (� 1;p1 (s)) �d 1 of (3:4:45) such that � � (p1 + 1) d1, then � is divisible
by d1, which can be proved by the same way as we have done in the proof of (a).
Because� was chosen arbitrary with 1 � � � p1, we get

E �
1 (� 1;p1 (s) ) = Q�

1(s) +
X

k> (p1 +1) d1

bk sk with

(3.4.46)

Q�
1(s) = B11sd1 + B12s2d1 + � � � + B1;p1 +1 s(p1 +1) d1

such that the B1i are complex numbers for 1� i � p1+1. Since E �
2 (t) = t � 2 � � 1 (� c20

� 1
+

D �
2(t)) implies that

p1d1 < mult (E �
2 (t); 0) = � 2 � � 1 < (p1 + 1) d1;

it is clear that E �
2 (� 1;j +1 (s)) can be written in the form

E �
2 (� 1;j +1 (s)) = f (c� 1

� 1 s) � 2 � � 1 + monomials of degree> � 2 � � 1 in the variable sg

(3.4.47)

� f�
c20

� 1
+ monomials of degree> 0 in the variable sg

= s� 2 � � 1 f�
c20

� 1
(c� 1

� 1 ) � 2 � � 1 +
X

k> 0

� k sk g

where the � k are complex numbers. Note that

(3.4.48) mult (E �
i (t); 0) = � i � � 1 > � 2 � � 1 for any i � 3:

Now, substitute (3.4.44) by (3.4.46), (3.4.47) and (3.4.48). Then,it can be proved
that � (s) is written in the form (3.4.28*) which satis�es the properties (i), (i i) and
(iii). Thus, the proof of Sublemma I is �nished.

Proof of Sublemma II.
Subcase (II-1) Let pj +1 = 0. First, recall by (3.4.17), (3.4,18), (3.4.20) and (3.4.21),
and by (3.4.29*) from the induction assumption that

� j (s) = c� 1
� 1 sf 1 + Q1(s) + s� 2 � � 1 (B20 + Q2(s)) + s� 3 � � 1 (B30 + Q3(s))

(3.4.49)

+ � � � + s� j � � 1 (B j 0 + Qj (s)) + B j +1 ;0s� j +1 � � 1 +
X

k>� j +1 � � 1

ak sk g

with B j +1 ;0 = �
cj +1 ;0

� 1
(c� 1

� 1 ) � 2 � � 1 .
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Also, note that

� (s) = c� 1
� 1 s(1 + H � (t))(3.4.50)

= c� 1
� 1 s(1 + E �

1 (t) + E �
2 (t) + � � � + E �

r +1 (t))

To prove (3.4.30*), it is needed to compute H � (� j (s)) in (3.4.50), by substituting
� j (s) of (3.4.49) for t. For computation of E �

i (� j (s)), recall by (3:4:20) that

E �
1 (t) = D �

1(t)(3.4.51)

E �
i (t) = t � i � � 1 (�

ci 0

� 1
+ D �

i (t)) for 2 � i � r + 1

H � (t) = E �
1 (t) + E �

2 (t) + � � � + E �
r +1 (t):

Since

mult (E �
i (t); 0) > mult (E �

j +2 (t); 0) = � j +2 � � 1 for any i = j + 3 ; : : : ; r + 1 ;

and � (0) = 0, then it is obvious that s� j +2 � � 1 62E �
i (� (s)). Also, it can be easily shown

that mult (E �
j +2 (� (s)) ; 0) = � j +2 � � 1 and s� j +2 � � 1 2 E �

j +2 (� (s)) with its coe�cient

c� 1
� 1

( � j +2 � � 1 ) cj +2 ; 0

� � 1
as we have done in the proof of (3.4.48).

So,to prove (3.4.30*) with (i), (ii) and (iii), it is enough to show tha t

(*) s� j +2 � � 1 62E �
k (� (s)) for k = 1 ; 2; � � � ; j + 1,

becausepj +1 = 0 with 0 < � j +2 � � j +1 < d j +1 implies that Qj +1 (s) is identically
zero.

First, compute E �
1 (� j (s)) if exists where E �

1 (t) = D �
1(t) = A11td1 + � � � + A1p1 tp1 d1

by (3:4:41). By the same method as in the proof of (3:4:42), for any A1� t �d 1 2 E �
1 (t)

with 1 � � � p1, t �d 1 = ( � j (s)) �d 1 becomes

(� j (s)) �d 1 =[ c� 1
� 1 sf 1 + Q1(s) + s� 2 � � 1 (B20 + Q2(s)) + � � �

(3.4.52)

+ s� j � � 1 (B j 0 + Qj (s)) + B j +1 ;0s� j +1 � � 1 +
X

k>� j +1 � � 1

ak sk g]�d 1 :

So, whenevers� 2 (� j (s)) �d 1 of (3:4:52) such that � � � j +1 � � 1 + �d 1, then � is
divisible by dj +1 , but there is a nonzero monomials� j +1 � � 1 + �d 1 2 (� j (s)) �d 1 such
that the exponent � j +1 � � 1 + �d 1 is not divisible by dj by Lemma 3:4:1 because
B j +1 ;0 6= 0.

In particular, if s� 2 (� j (s)) �d 1 with � = 1 and � is not divisible by dj such that
� � � j +1 � � 1 + d1, then � = � j +1 � � 1 + d1.

By construction of pj +1 , pj +1 = 0 and dj +1 < d 1 imply that

pj +1 dj +1 < � j +2 � � j +1 < (pj +1 + 1) dj +1 ; or

0 < � j +2 � � j +1 < d j +1 ; and

� j +1 � � 1 < � j +2 � � 1 < � j +1 � � 1 + dj +1 < � j +2 � � 1 + d1:

So, s� j +2 � � 1 62(� j (s)) �d 1 because� j +2 � � 1 � � j +1 � � 1 + �d j +1 and � j +2 � � 1 can
not be divisible by dj +1 . Since � was chosen arbitrary, then it can be proved that
s� j +2 � � 1 62E �

1 (� (s)) with � j +2 � � 1 < d 1.
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Next, compute

E �
i (� j (s)) for 2 � i � j + 1

(**)

where E �
i (t) = t � i � � 1 (�

ci 0

� 1
+ D �

i (t)) and D �
i (t) = A i 1tdi + � � � + A ip i t

pi di .

Sincepj +1 = 0, then note that D �
j +1 (t) is identically zero. As in the proof of (3:4:52),

we are going to compute from� ci 0
� 1

t � i � � 1 ,

(� j (s)) � i � � 1 = [ c� 1
� 1 sf 1 + Q1(s) + s� 2 � � 1 (B20 + Q2(s)) + � � �

+ s� j � � 1 (B j 0 + Qj (s)) + B j +1 ;0s� j +1 � � 1 +
X

k>� j +1 � � 1

ak sk g]� i � � 1

instead of E �
i (� j (s)).

Let i be �xed. Since B j +1 ;0 6= 0, then by Lemma 3:4:1 we have the following
properties:

(3.4.53) Whenevers� 2 (� j (s)) � i � � 1 such that � � � i � � 1+ � j +1 � � 1, where� j (s)
was de�ned by (3:4:49), then � is divisible by dj +1 , but there is a nonzero monomial
s� i � � 1 + � j +1 � � 1 2 (� j (s)) � i � � 1 such that the exponent � i � � 1 + � j +1 � � 1 is not
divisible by dj .

(3.4.54) Because� i � � 1 � di = gcd(n; � 1; � 2; � � � ; � i ) and 0 < � j +2 � � j +1 < d j +1

with pj +1 = 0, � i � � 1 + � j +1 � � 1 � � j +1 � � 1 + di � � j +1 � � 1 + dj +1 > � j +2 � � 1

for 2 � i � j + 1.

Then, we claim that s� j +2 � � 1 62(� j (s)) � i � � 1 . To prove the claim, assume the
contrary. Now, since s� j +2 � � 1 2 (� j (s)) � i � � 1 , then � j +2 � � 1 must divisible by dj +1

because of (3:4:53) and (3.4.54). It would be a contradiction, because� j +2 � � 1 cannot
not be divisible by dj +2 . Thus, we proved that s� j +2 � � 1 62(� j (s)) � i � � 1 . Similarly,
we can show thats� j +2 � � 1 does not belong to (� j (s))) � i � � 1 + di , and does not belong
to E �

i (� j (s)), either where E �
i (t) was de�ned by (**).

Summarizing the above computations, we proved the followings:
(a) s� j +2 � � 1 2 E �

j +2 (� j (s)) with its coe�cient B j +2 ;0 = � 1
� 1

cj +2 ;0c� 1
� 1

( � j +2 � � 1 )

and s� j +2 � � 1 62E �
i (� j (s)) for all i 6= j + 2.

(b) By ( a), � (s) can be written in the form

� j +1 (s) = c� 1
� 1 sf 1 + Q1(s) + s� 2 � � 1 (B20 + Q2(s)) + � � �

(3.4.55)

+ s� j +1 � � 1 (B j +1 ;0 + Qj +1 ;0(s)) + B j +2 ;0s� j +2 � � 1

+
X

k>� j +2 � � 1

ak sk g with

B j +2 ;0 = �
1

� 1
cj +2 ;0c� 1

� 1
( � j +2 � � 1 ) ;

where Qj +1 ;0(s) is identically zero. Thus, the proof of Subcase (II-1) is done.
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Subcase (II-2) Let pj +1 > 0 and � j (s) be de�ned by

� j (s) = c� 1
� 1 sf 1 + Q1(s) + s� 2 � � 1 (B20 + Q2(s))

(3.4.56)

+ s� 3 � � 1 (B30 + Q3(s)) + � � � + s� j � � 1 (B j 0 + Qj (s))

+ B j +1 ;0s� j +1 � � 1 +
X

k>� j +1 � � 1

ak sk g:

(a) The proof will be induction on the integer on � with 0 � � � pj +1 .
(a1) To prove that � j +1 ;0(s) has the desired form in (3:4:31) when � = 0, it is

clear that � j +1 ;0(s) = � j (s) of (3:4:56) becauseQ�
j +1 ;0(s) of (3:4:31) is identically zero.

(a2) Suppose that if � = e < p j +1 , then � (s) can be de�ned by � j +1 ;e(s) in
(3:4:31):

� j +1 ;e(s) = c� 1
� 1 sf 1 + Q1(s) + s� 2 � � 1 (B20 + Q2(s)) + � � �

(3.4.57)

+ s� j � � 1 (B j 0 + Qj (s)) + s� j +1 � � 1 (B j +1 ;0 + Q�
j +1 ;e(s))

+
X

k>� j +1 � � 1 + edj +1

ak sk g

where Q�
j +1 ;e(s) = B �

j +1 ;1sdj +1 + B �
j +1 ;2s2dj +1 + � � � + B �

j +1 ;esedj +1

such that the B �
j +1 ;i are complex numbers for 1� i � � = e.

To prove (3:4:31) with � = e + 1 � pj +1 , we may need to computeH � (� j;e (s)).
Recall that

� (s) = c� 1
� 1 s(1 + H � (t))(3.4.58)

= c� 1
� 1 s(1 + E �

1 (t) + � � � + E �
r +1 (t)) :

By (3:4:57) and (3:4:58), it is enough to prove the following claim:

For any s� 2 H � (� j;e (s)) such that � � � j +1 � � 1 + ( e+ 1) dj +1 then dj +1 j�:
(3.4.59)

Note that � j +1 � � 1 + ( e+ 1) dj +1 is divisible by dj +1 . To prove (3:4:59) of the above
claim, compute E �

i (� j;e (s)) by (i), (ii) and (iii), respectively as follows:

(i) i = 1, (ii) 2 � i � j + 1 and (iii) j + 2 � i � r + 1.(3.4.60)

(i) First, compute E �
1 (� j +1 ;e(s)) where E11(t) = A11td1 + � � � + A1;p1 tp1 d1 is not

identically zero. For any A1� t �d 1 2 E �
1 (t) with t = � j +1 ;e(s) of (3:4:57), consider

(� j +1 ;e(s)) �d 1 :(3.4.61)

Whenever s� 2 (� j +1 ;e(s)) �d 1 of (3:4:57) such that � � �d 1 + � j +1 � � 1 + edj +1 ,
then dj +1 j� by Lemma 3:4:1, but for convenience of the proof we may assume that
there is a nonzero monomials�d 1 + � j +1 � � 1 + edj +1 2 (� j +1 ;e(s)) �d 1 by Lemma 3:4:1
becauseB j +1 is not zero, whether or not Q�

j +1 ;s (s) is identically zero. In particular,
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if � = 1, then

� � d1 + � j +1 � � 1 + edj +1 and also

d1 + � j +1 � � 1 + edj +1 > � j +1 � � 1 + ( e+ 1) dj +1 ;

becaused1 > d j +1 . In this case, we proved the claim.
(ii) To compute E �

i (� j +1 ;e(s)) for 2 � i � j + 1, let i be �xed. Recall that

(3.4.62) E �
i (t) = t � i � � 1 (�

ci 0

� 1
+ D �

i (t))

where
D �

i (t) = A i 1tdi + � � � + A ip i t
pi di :

To prove the claim, �rst compute � ci 0
� 1

(� j +1 ;e(s)) � i � � 1 . If s� 2 (� j +1 ;e(s)) � i � � 1

of (3:4:57) such that � � � i � � 1 + � j +1 � � 1 + edj +1 , then dj +1 j� by Lemma 3:4:1
becauseB j +1 ;0 6= 0. In particular, it may be assumed that there exists a nonzero
monomial s� 2 (� j +1 ;e(s)) � i � � 1 with � = � j +1 � � 1 + ( e+ 1) dj +1 becauseB j +1 ;0 6= 0
and then

di = gcd(n1; � 1; : : : ; � i ) � dj +1 = gcd(n1; � 1; : : : ; � j +1 ) for 2 � i � j + 1 ;
(3.4.63)

� i � � 1 + � j +1 � � 1 + edj +1 � � j +1 � � 1 + ( e+ 1) dj +1 :

Thus, we proved the claim for (� j;e (s)) � i � � 1 . Also, using the same method as
above, it can be easily shown that there is a nonzero monomial
s� 2 (� j +1 ;e(s)) � i � � 1 D �

i (� j +1 ;e(s)) with � = � j +1 � � 1 + ( e + 1) dj +1 . So, the claim
of this case can be proved by (4:63).

(iii) Since mult (E �
i (t); 0) � mult (E �

j +2 (t); 0) = � j +2 � � 1 > � j +1 � � 1+( e+1) dj +1

for j + 2 � i � r + 1, then there is nothing to prove for the claim (3.4.59).
Therefore, the proof of the claim is done, and so we proved (a) of Subcase (II-2).

(b) Let pj +1 be the positive integer such thatpj +1 dj +1 < � j +2 � � j +1 < (pj +1 +1) dj +1 .
For the proof, consider

� (s) = c� 1
� 1 sf 1 + E �

1 (t) + E �
2 (t) + � � � + E �

r +1 (t)g and

(3.4.64)

� j +1 ;p j +1 (s) = c� 1
� 1 sf 1 + Q1(s) + s� 2 � � 1 (B20 + Q2(s)) + � � �

(3.4.65)

+ s� j � � 1 (B j 0 + Qj (s)) + s� j +1 � � 1 (B j +1 ;0 + Q�
j +1 ;p j +1

(s))

+
X

k>� j +1 � � 1 + pj +1 dj +1

ak sk g;

where Q�
j +1 ;p j +1

(s) = B �
j +1 ;1sdj +1 + B �

j +1 ;2s2dj +1 + � � � + B �
j +1 ;p j +1

spj +1 dj +1 ;

such that the B �
j +1 ;k are complex numbers for 1� k � pj +1 . To prove (3.4.30*) with

(i), (ii) and (iii), substitute t by � j +1 ;p j +1 (s) and then compute E �
i (t). For the proof,

it is enough to prove the following three cases:
(b1) s� j +2 � � 1 62E �

i (� j +1 ;p j +1 (s) for j + 3 � i � r + 1.
(b2) s� j +2 � � 1 2 E �

i (� j +1 ;p j +1 (s) for i = j + 2.
(b3) s� j +2 � � 1 62E �

i (� j +1 ;p j +1 (s) for 1 � i � j + 1.
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Since mult (E �
i (t); 0) > mult (E �

j +1 (t); 0) = � j +2 � � 1 for all i = j + 3 ; : : : ; r + 1
and � (0) = 0, then it is clear that s� j +2 � � 1 62E �

i (� (s)) for all i = j + 3 ; : : : ; r +
1, and so (b1) can be easily shown. Next, considerE �

j +2 (� j +1 ;p j +1 (s)). Then it is
clear by Lemma 3:4:1 that s� j +2 � � 1 belongs toE �

j +2 (� j +1 ;p j +1 (s)) with its coe�cient

B j +2 ;0 = � cj +2 ; 0

� 1
(c

1
� 1
1 ) � j +2 � � 1 by the same method as we have done in the proof of

(3.4.47). Thus, (b2) can be easily proved, too. Therefore, it remains to showthat for
1 � i � j + 1

s� j +2 � � 1 62E �
i (� j +1 ;p j +1 (s)) ;(3.4.66)

whereE �
i (t) = t � i � � 1 (� ci 0

� 1
+ D �

i (t)) for 2 � i � r +1. By the same technique as in the
proof of (3:4:59) and Lemma 3:4:1, we can prove To prove (b3), computeE �

i (� j +1( s)).
First, compute E �

1 (� j +1 (s)) where E �
1 (t) = A11td1 + � � � + A1;p1 tp1 d1 is not identically

zero. For any A1� t �d 1 2 E �
1 (t) with t = � j +1 , consider

(� j +1 (s)) �d 1(3.4.67)

Whenever s� 2 (� j +1 (s)) �d 1 of (3.4.66) such that � � �d 1 + � j +1 � � 1 + pj +1 dj +1 ,
then dj +1 j� by Lemma 3:4:1 becauseB j +1 ;0 6= 0. Also, in particular, d1 + � j +1 � � 1 +
pj +1 dj +1 > (pj +1 + 1) dj +1 + � j +1 � � 1 > � j +2 � � 1 and � j +2 � � 1 is not divisible
by dj +1 . Since � was arbitrarily chosen, we proved that s� j +2 � � 1 62E �

1 (� j +1 (s)).
Moreover, by the same method as we have just used in the proof ofs� j +2 � � 1 62
E �

1 (� j +1 (s)), we can show that s� j +2 � � 1 does not belong toE �
i (� j +1 (s)) for 1 � i �

j + 1. Thus, the proof of (3.4.32*) with (i), (ii) and (iii) can be �nished. T herefore,
the proof of Subcase (II-2) is done because� j +2 � � 1 < (pj +1 + 1) dj +1 . Thus, we
�nished the proof of Sublemma II.

Therefore, the proof of Lemma 3:4:2 is done, and sot = � (s) has the desired
representation form (3.4.4) in the conclusion [I] of the theorem. Moreover, in order
to get the conclusion [II] of the theorem, substitute t by � (s), which was constructed
by (3.4.4) in the conclusion [I], and then it can be easily shown by Lemma 3:4:1 that
two irreducible pairs (y(t); z(t)) and (y(� (t)) ; z(� (t)) = ( y(s); s� 1 ) are analytically
equivalent parametrizations in the conclusion [II]. Thus, this completes the proof of
the theorem.

4. The de�nition of the Puiseux pairs(the multiplicity and Puiseu x
exponents) and an algorithm for �nding the standard Puiseux expan sion
topologically equivalent to irreducible parametrizations. In this section, �rst
we will rewrite the statement about the de�nition of the Puiseux pairs in an elemen-
tary way, by the same way as we have seen in De�nition 1:1. Next, we will classify
topologically irreducible parametrizations in terms of the standard Puiseux expansion,
using the consequences of Theorem 3:4 in the previous section.

Let V (f ) = f (y; z) : f (y; z) = 0 g and V(g) = f (y; z) : g(y; z) = 0 g be germs of
analytic varieties at the origin in C2 where analytic functions f and g at the origin
may be assumed to have irreducible parametrizations, respectively. As we have done
in De�nition 2 :8, for simplicity of notations, if f and g have the same topological
type of singularity at the origin, we denote this relation by f � g or V (f ) � V (g).
Otherwise, we write f 6� g or V (f ) 6� V (g). Also, if f and g have the same analytic
type of singularity at the origin, then we write f � g. Otherwise, we write f 6� g.
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In more detail, for the topological classi�cation of such singularities, it is enough
to solve the problem, which is described as follows:

Problem I*: Let the parametrization of an irreducible plane curve C be given
by

y = tn and z = c1tk1 + c2tk2 + � � �(4.0.1)

where 1< n , 1 < k 1 < k 2 < � � � ; and the ci are nonzero complex numbers. Whether
or not n is greater than k1, �nd the method how to compute the standard Puiseux ex-
pansion(or the Puiseux pairs), which is topologically equivalent to the parametrization
of the above curveC.

In preparation for the solution of Problem I* , in order to avoid the complexity
of the terminology in this section, �rst of all, we are going to represent the statement
of the well-known theorem with the de�nition of the Puiseux pairs.

Definition 4.1. Let the parametrization for arbitrary irreducible plane curve C
be de�ned by

y(t) = tn ; z(t) = c1tk1 + c2tk2 + � � � = c1tk1 (1 + H (t)) ;(4.1.1)

where 1< n , 1 < k 1 < k 2 < � � � ; and the ci are nonzero complex numbers andH (t)
is just the substitution.

Moreover, note that the curve C is irreducible in Cf y; zg () n � gcd(n; k1) �
gcd(n; k1; k2) � � � � � gcd(n; k1; k2; : : : ) = 1.

Now, consider two cases, respectively.
Case[I] Let n � k1. Then, the parametrization for the curve C of (4:1:1) is called

the Puisuex expansion.
Case[II] Let n > k 1. Then, the parametrization for the curve C of (4:1:1) is not

called the Puisuex expansion.
Case[I] Assume that n � k1. Now, we can de�ne the sequencef 
 1; 
 2; : : : ; 
 pg

from the set f ki : i = 1 ; 2; : : : g, consisting of the exponents of the above parametert,
as follows: Note that n is the multiplicity of the curve C at the origin.

(� ) 
 1 is the smallest positive integer among the exponentski such that n > gcd(n; 
 1);

 2 is the smallest positive integer among the exponentski such that n > gcd(n; 
 1) >
gcd(n; 
 1; ki ); 
 3 is the smallest positive integer among the exponentski such that
n > gcd(n; 
 1) > gcd(n; 
 1; 
 2) > gcd(n; 
 1; 
 2; ki ); : : : ; 
 p is the smallest posi-
tive integer among the exponentski such that n > gcd(n; 
 1) > gcd(n; 
 1; 
 2) >
gcd(n; 
 1; 
 2; 
 3) > � � � > gcd(n; 
 1; 
 2; : : : ; 
 p) = 1.

(1) By the uniqueness of construction of the setf 
 i : 1 � i � pg, 
 i is called i -th
Puiseux exponent in this paper.

(2) By (1), let S be the set de�ned by f n; 
 1; 
 2; : : : ; 
 pg. Whenever the Puiseux
expansion for the curveC is given, then the setS is uniquely determined by the curve
C.

(2a) In this paper, S is called the multiplicity and Puiseux exponents for the
curve C, that is, a new terminology.

(2b) If necessary, we can construct uniquely the standard Puiseux expansion
de�ned by y = tn and z = t 
 1 + t 
 2 + � � � + t 
 p for the curve C.
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(3) By (2), let di = gcd(n; 
 1; : : : ; 
 i ) for 1 � i � p, and write d0 = n for brevity
of notation.

De�ne � i and � i by � i =

 i

di
and � i =

di � 1

di
for 1 � i � p, and let (� i ; � i ) be

de�ned by the Puiseux pair for each i .
Then, f (� i ; � i ) : i = 1 ; 2; : : : ; pg is called a �nite sequence of Puiseux pairs for the

curve C. If necessary, this sequence will be sometimes called the set of Puiseux pairs
for the curve C.

(4) By the next remark, it can be shown that there is a one-to-one correspondence
between the set of the multiplicity and Puiseux exponents, and the set of Puiseux pairs,
that is, (2) and (3) have the same type of de�nitions arithmetically.

(4a) If the parametrization de�ned by ( y(t); z(t)) in (1.0.1) is the Puiseux ex-
pansion, then it is said that this Puiseux expansion have either the multiplicity and
Puiseux exponentsf n; 
 1; 
 2; : : : ; 
 pg or the Puiseux pairs f (� i ; � i ) : i = 1 ; 2; : : : ; pg
where each� i and � i is de�ned as we have seen in (3).

(5) By (4), throughout this paper, we prefer to choose the terminology in (2)
rather than that in (3), if necessary.

Case[II] Assume that n > k 1. For the convenience of the notation, we may begin
without loss of generality that the parametrization of the pair ( y(t); z(t)) for the curve
C of (4:1:1) is written in the following:

y(t) = tm ; z(t) = b1t � 1 + b2t � 2 + � � � ; with m > � 1(4.1.2)

where the bi are nonzero complex numbers, andm > 1 and 1< � 1 < � 2 < � 3 < � � � ,
and m � gcd(m; � 1) � gcd(m; � 1; � 2) � � � � � gcd(n; � 1; � 2; : : : ) = 1.

By (4:1:2), let s be the new parameter de�ned by a conformal mapping

s(t) = t(b1 +
X

i � 2

bi t � i � � 1 )
1

� 1(4.1.3)

of t at the origin such that z(t) = ( s(t)) � 1 and s(0) = 0, and let t = � (s) be its inverse.

Then, the Puiseux expansion de�ned by y1(s) = y(� (s)) and z1(s) = z(� (s)),
which is equivalent to the parametrization of the pair (y(t); z(t)) in (4 :1:2), can be
written as follows:

z1(s) = s� 1 ; y1(s) = c1s` 1 + c2s` 2 + � � � ; with � 1 < ` 1(4.1.4)

where 1< m = `1 < ` 2 < � � � , and � 1 < ` 1, and the ci are nonzero complex numbers.

Therefore, if m = `1 is greater than � 1, then by using Theorem 3:4 in this paper,
�rst we will �nd the inverse t = � (s) of a conformal mapping s = s(t) in (4.1.2),
which gives an algorithm for the construction of the Puiseux expansion in (4:1:4),
that is, an equivalent parametrization for the above curveC. Next, applying the new
terminology to this case, by the same way as we have used in Case[I] of this de�nition,
we can naturally generalize the de�nition of the following words for this curve C of
(4:1:4) in Case[II], respectively:

The multiplicity and Puiseux exponents, the standard Puiseux expansion, a �nite
sequence of the Puiseux pairs.
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Remark 4.1.1. If either the multiplicity and Puiseux exponents, or the standard
Puiseux expansion for the curve are given, then it is clear that a �nite sequence of the
Puiseux pairs is uniquely determined. Conversely, if a �nite sequence of the Puiseux
pairs is given, then we show that the construction of the multiplicity and the Puiseux
exponents are trivial, which can be easily proved from the following computations:

For the proof, follow the same notation as we have seen in both (2) and (3) of
Case[I] of De�nition 4 :1. Since (� p; � p) is given and dp = 1 from the assumption, then
we can compute
 p and dp� 1 because� p = 
 p and � p = dp� 1. If p = 1, then 
 p and
dp� 1 = n were already computed, and so the proof is done. Letp > 1. Next, since
(� p� 1; � p� 1) is given by assumption, and 
 p and dp� 1 were already computed, then

we can compute
 p� 1 and dp� 2 because� p� 1 =

 p� 1

dp� 1
and � p� 1 =

dp� 2

dp� 1
. If p = 2,

then 
 p, 
 p� 1, and dp� 2 = n were already computed, and so the proof is done. Let
p > 2. Thus, following the induction method on the positive integer p, the proof can
be easily done withd0 = n.

Solution for Problem I*: In order to solve the problem rigorously, it is enough
to consider two cases, respectively:

Case(i): Let n � k1.
Case(ii): Let n > k 1.

Case(i): If n � k1, then recall that the above parametrization of the curve C is
called the Puiseux expansion for the above curve.

For this case, we may begin with the following well-known theorem, without proof:
The well-known theorem(Theorem B) As far as arbitrary Puiseux parame-

trizations of irreducible plane curve singularities are concerned, any two irreducible
plane curve singularities have the same topological types if and only if they have the
same Puiseux pairs.

Therefore, using Theorem 2:9([Br],[Bu],Z1]) and Lemma 3:3, it is very inter-
esting that Theorem B will be represented more concretely by the following theo-
rem(Theorem 4:2).

Case(ii): If n > k 1, �rst apply Lemma 3 :3 and Theorem 3:4 with the inverse
t = � (s) of a conformal mapping s = s(t) in (3.1.2) of De�nition 3 :1, to this case, and
then it is easy to compute the Puiseux expansion topologically equivalent to the curve
C. We will see later by De�nition 4 :4 and Theorem 4:5 that to �nd such an expansion
is still trivial, using the consequences of Case(i).

Now, if using Theorem 2:9([Br],[Bu],Z1]) and Lemma 3:3, then we can restate
more concretely the above well-known theorem without any other proof, as follows:

Theorem 4.2 (The well-known theorem). Let the parametrization of any
irreducible plane curveV (f ) be given by

y = tn and z = c1tk1 + c2tk2 + � � � ;(4.2.1)

where 1 < n , 1 < k 1 < k 2 < � � � ; and the ci are nonzero complex numbers.
By Lemma 3:3, the irreducible curve V (f ) of (4:2:1) can be easily rearranged in
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the form

y = tn ;(4.2.2)

z = a1t � 1 (1 + D1(t)) + a2t � 2 (1 + D2(t)) + � � �

+ ar t � r (1 + D r (t)) + ar +1 t � r +1 (1 + D r +1 (t))

= a1t � 1 (1 + H (t)) ;

where
(i) 2 � n and 2 � � 1 = k1 < � 2 < � � � < � r +1 ,

(ii) n � d1 > d 2 > � � � > d r +1 = 1 with gcd(n; � 1; : : : ; � i ) = di for 1 � i � r + 1 ,
(iii) p1, p2, : : : ,pr are nonnegative integers such thatpi di < � i +1 � � i < (pi +1) di

for 1 � i � r ,
(iv) D j (t) =

P pj
i =1 cji t id j 2 C[t] for 1 � j � r and D r +1 (t) =

P 1
i =1 cj +1 ;i t i 2

Cf tg,
(v) 1 + H (t) = 1 + D1(t) + t � 2 � � 1 (c20 + D2(t)) + � � � + t � r � � 1 (cr 0 + D r (t)) +

t � r +1 � � 1 (cr +1 ;0 + D r +1 (t)) with ci 0 =
ai

a1
for 2 � i � r + 1 ,

(vi) the ai are nonzero complex numbers witha1 = c1 for i = 1 ; 2; : : : ; r + 1 , from
the coe�cients ci of (4.2.1).

Now, for the representation of the statement of the well-known theorem, assume
that n � k1. Then, we have the following conclusion:

(1) If n > gcd(n; � 1) = d1, then V(f ) � C1 where C1 is the curve parametrized
by the standard Puiseux expansion

(4.2.3) C1 :=

(
y = tn

z = t � 1 + t � 2 + � � � + t � r +1 :

(2) If n = gcd(n; � 1) = d1, then V(f ) � C2 where C2 is the curve parametrized
by the standard Puiseux expansion

(4.2.4) C2 :=

(
y = tn

z = t � 2 + t � 3 + � � � + t � r +1 :

Moreover, the standard Puiseux expansion which is topologically equivalent to the
Puiseux expansion of the curveV(f ) is uniquely determined.

Remark 4.2.1. Summarizing (1) and (2) in Theorem 4:2, whether or not n a
divisor of � 1, then V(f ) � C � where C � is the curve parametrized by the Puiseux
expansion

(4.2.5) C � :=

(
y = tn

z = t � 1 + t � 2 + t � 3 + � � � + t � r +1 :

In particular, if n � k1 and n is a divisor of k1, then for a later application, we are
going to study the curve V (f ) of (4.2.2) by Lemma 4:3 that we can construct a local
biholomorphic mapping � from (y; z) = (0 ; 0) to (y; z0) = (0 ; 0) and f � � as follows:

� (y; z) = ( y; z0) with(4.2.6)

z0 = z � a1t � 1 (1 + D1(t)) = z � g(y) and

V(f ) � V (f � � )
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where g(y) is holomorphic at the origin and g(0) = 0.

Lemma 4.3.

Assumption Let f (y; z) be analytically irreducible in Cf y; zg with isolated sin-
gularity at the origin in C2. Assume that the curveV (f ) de�ned by the above analytic
function f at the origin has an irreducible parametrization as follows:

(4.3.1) V (f ) :=

8
><

>:

y = tn

z = a1t � 1 (1 + D1(t)) + a2t � 2 (1 + D2(t))

+ � � � + ar t � r (1 + D r (t)) + ar +1 t � r +1 (1 + D r +1 (t)) ;

where
(1a) 2 � n < � 1 < � 2 < � � � < � r +1 ,
(1b) n � gcd(n; � 1) > gcd(n; � 1; � 2) > � � � > gcd(n; � 1; � 2; : : : ; � r +1 ) = 1 , and n

is a divisor of � 1,
(1c) the ai are all nonzero numbers fori = 1 ; 2; : : : ; r + 1 ,
(1d) write d1 = gcd(n; � 1), d2 = gcd(n; � 1; � 2), : : : , dr = gcd(n; � 1; : : : ; � r ),

dr +1 = gcd(n; � 1; : : : ; � r +1 ) = 1 , and then de�ne p1; p2; : : : ; pr to be nonnegative
integers such that

p1d1 < � 2 � � 1 < (p1 + 1) d1;

p2d2 < � 3 � � 2 < (p2 + 1) d2;

: : : : : :

pr � 1 < � r � � 1 < (pr � 1 + 1) dr � 1;

pr dr < � r +1 � � r < (pr + 1) dr

(1e) for i = 1 ; 2; : : : ; r + 1 , de�ne D i (t) by

D1(t) =
p1X

i =1

a1i t id 1 2 C[t];

D2(t) =
p2X

i =1

a2i t id 2 2 C[t];

: : : : : :

D r (t) =
prX

i =1

ari t id r 2 C[t];

D r +1 (t) =
1X

i =1

ar +1 ;i t i 2 Cf tg;

such that all aj;i ( j ) are complex numbers with1 � j � r + 1 and 1 � i (j ) � pj , some
of which may be zero. Note thatpr +1 may be in�nite.

Conclusion Let n be a divisor of � 1, and then write � 1 = nk for some positive
integer k. De�ne z0 = z(t) � a1t � 1 (1 + D1(t)) . Then, we have the followings:

(i) Then, z0 = z � a1yk (1 +
P p1

i =1 a1i yi ) can be viewed as an element inCf y; zg,
and so � (y; z) = ( y; z0) with � (0; 0) = (0 ; 0) is locally a biholomorphic mapping at
(y; z) = (0 ; 0).
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(ii) Let C0 be the irreducible curve parametrized byy = tn and z0 = z0(t). Then,
the curve C0 and V(f ) have the same analytic type of singularity at the origin.
In other words, if n is a divisor of � 1, then the singularity of V (f ) is analytically
invariant at the origin, whether or not a1 6= 0 .

Proof of Lemma 4.3. Assume that n is a divisor of � 1, and � 1 = nk for some
integer k. Then, d1 = gcd(n; � 1) = n. Observe the followings:

z0 = z � a1t � 1 (1 + D1(t))
(4.3.2)

= a2t � 2 (1 + D2(t)) + � � � + ar t � r (1 + D r (t)) + ar +1 t � r +1 (1 + D r +1 (t)) ;

where D1(t) =
P p1

i =1 a1i t id 1 is in C[t]. So, using y = tn and n = d1, D1(t) =P p1
i =1 a1i yi , and then z0 = z � a1yk (1 +

P p1
i =1 a1i yi ). Now, de�ne a local holomor-

phic mapping � from the origin to the origin as follows:

� (y; z) = ( y; z0)(4.3.3)

It is easy to check that � is biholomorphic at the origin with � (0; 0) = (0 ; 0), and then
the proofs of (i) and (ii) can be easily shown.

Now, we are going to generalize De�nition 4:1 by the following.

Definition 4.4. Let f (y; z) be analytically irreducible in Cf y; zg with isolated
singularity at the origin in C2. By Lemma 3:3, we may assume without loss of gen-
erality that the curve V (f ) de�ned by the above f at the origin has an irreducible
parametrization as follows:

(4.4.1) V (f ) :=

8
><

>:

y = tn

z = a1t � 1 (1 + D1(t)) + a2t � 2 (1 + D2(t))

+ � � � + ar t � r (1 + D r (t)) + ar +1 t � r +1 (1 + D r +1 (t)) ;

where
(1a) 2 � n and 2 � � 1 < � 2 < � � � < � r +1 ,
(1b) n � gcd(n; � 1) > gcd(n; � 1; � 2) > � � � > gcd(n; � 1; � 2; : : : ; � r +1 ) = 1,
(1c) the ai are all nonzero numbers fori = 1 ; 2; : : : ; r + 1,
(1d) write d1 = gcd(n; � 1), d2 = gcd(n; � 1; � 2), : : : , dr = gcd(n; � 1; : : : ; � r ),

dr +1 = gcd(n; � 1; : : : ; � r +1 ) = 1, and then de�ne p1; p2; : : : ; pr to be nonnegative
integers such that

p1d1 < � 2 � � 1 < (p1 + 1) d1;

p2d2 < � 3 � � 2 < (p2 + 1) d2;

: : : : : :

pr � 1 < � r � � 1 < (pr � 1 + 1) dr � 1;

pr dr < � r +1 � � r < (pr + 1) dr ;
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(1e) for i = 1 ; 2; : : : ; r + 1, de�ne D i (t) by

D1(t) =
p1X

i =1

a1i t id 1 2 C[t];

D2(t) =
p2X

i =1

a2i t id 2 2 C[t];

: : : : : :

D r (t) =
prX

i =1

ari t id r 2 C[t];

D r +1 (t) =
1X

i =1

ar +1 ;i t i 2 Cf tg;

such that all aj;i ( j ) are complex numbers with 1� j � r + 1 and 1 � i (j ) � pj , some
of which may be zero. Note thatpr +1 may be in�nite.

Then, the multiplicity and Puiseux exponents for the curve V (f ) are de�ned as
follows:

(A) If n � � 1 and n is not a divisor of � 1, then note that the parametrization
de�ned by y = tn and z = t � 1 + t � 2 + � � � + t � r +1 is called the standard Puiseux
expansion. Then, it is said that the set f n; � 1; � 2; : : : ; � r +1 g is a �nite sequence of the
multiplicity and Puiseux exponents for the Puiseux expansion ofV (f ).

(B) If n � � 1 and n is a divisor of � 1, then note that the parametrization de�ned
by y = tn and z = t � 2 + t � 3 + � � � + t � r +1 is called the standard Puiseux expansion.
Then, it is said that the set f n; � 2; � 3; : : : ; � r +1 g is a �nite sequence of the multiplicity
and Puiseux exponents for the Puiseux expansion ofV (f ).

In casen > � 1, using the equation of (3.4.6) in the conclusion of Theorem 3:4,
we can compute the Puiseux expansion which is equivalent to the parametrization of
V (f ), as follows:

(4.4.2) V (f ) :�

8
>>>>><

>>>>>:

z = s� 1

y = c
� n

� 1
1 sn f (1 + Q�

1(s)) + s� 2 � � 1 (b20 + Q�
2(s))

+ s� 3 � � 1 (b30 + Q�
3(s)) + � � � + s� r +1 � � 1 (br +1 ;0 + Q�

r +1 (s))g

= c
� n

� 1
1 sn f 1 + L(s)g;

where
(i) gcd(n; � 1; � 2 � � 1; : : : ; � i � � 1) = gcd( n; � 1; � 2; : : : ; � i ) = di for 1 � i � r +1,

(ii) Q�
j (s) =

P pj
i =1 bji sid j 2 C[s] for 1 � j � r and Q�

r +1 (s) =
P 1

i =1 br +1 ;i si 2
Cf sg,

(iii) all the bj;i ( j ) are complex numbers with 1� j � r + 1 and 1 � i (j ) � pj ,
noting that pr +1 may be in�nite,

(iv*) the bj; 0 are all nonzero complex numbers for 2� j � r + 1, noting that
bj; 0 = nB j; 0 for 2 � j � r + 1,

(v) L (s) is just the substitution.

By the same method as we have done in two cases (A) and (B), then it is enough
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to consider the following cases:
(C) If n > � 1 and � 1 > gcd(n; � 1), then it is said that y = t � 1 and z = tn +

tn + � 2 � � 1 + tn + � 3 � � 1 + � � � + tn + � r +1 � � 1 is the standard Puiseux expansion. Then,
it is said that the set f � 1; n; n + � 2 � � 1; n + � 3 � � 1; : : : ; n + � r +1 � � 1g is a �nite
sequence of the multiplicity and Puiseux exponents for the curveV (f ).

(D) If n > � 1 and � 1 is a divisor of n, then it is said that y = t � 1 and z =
tn + � 2 � � 1 + tn + � 3 � � 1 + � � � + tn + � r +1 � � 1 is the standard Puiseux expansion. Then, it
is said that the set f � 1; n + � 2 � � 1; n + � 3 � � 1; : : : ; n + � r +1 � � 1g is a �nite sequence
of the multiplicity and Puiseux exponents for the curve V (f ).

Remark 4.4.1. We will prove by the next theorem(Theorem 4:5) that for any
parametrization of a given irreducible plane curve singularity V (f ), which has the
same type as in De�nition 4:4, the multiplicity and Puiseux exponents(equivalently,
the Puiseux pairs) for V (f ) are topological invariant. In other words, it will be proved
by Theorem 4:5 that De�nition 4 :4 is topologically well-de�ned.

Theorem 4.5 (An algorithm for finding the standard Puiseux ex pan-
sions topologically equivalent to given irreducible parame trizations).

Assumption Let f (y; z), g(y; z) and h(y; z) be analytically irreducible in Cf y; zg
with isolated singularity at the origin in C2. Assume that three curvesV (f ), V (g) and
V(h) de�ned by the above analytic functionsf , g and h at the origin have irreducible
parametrizations, respectively as follows:

(1) Let the parametrization of V (f ) be the Puiseux expansion with the multiplicity
and Puiseux exponents de�ned by

(4.5.1) V (f ) :=

8
><

>:

y = tn

z = a1t � 1 (1 + D1(t)) + a2t � 2 (1 + D2(t))

+ � � � + ar t � r (1 + D r (t)) + ar +1 t � r +1 (1 + D r +1 (t)) ;

where
(1a) 2 � n < � 1 < � 2 < � � � < � r +1 ,

(1b*) n > gcd(n; � 1) > � � � > gcd(n; � 1; : : : ; � r +1 ) = 1 ,
(1c) the ai are all nonzero numbers fori = 1 ; 2; : : : ; r + 1 ,
(1d) write d1 = gcd(n; � 1), d2 = gcd(n; � 1; � 2), : : : , dr = gcd(n; � 1; : : : ; � r ),

dr +1 = gcd(n; � 1; : : : ; � r +1 ) = 1 , and then de�ne p1; p2; : : : ; pr to be nonnegative
integers such that

p1d1 < � 2 � � 1 < (p1 + 1) d1;

p2d2 < � 3 � � 2 < (p2 + 1) d2;

: : : : : :

pr � 1 < � r � � r � 1 < (pr � 1 + 1) dr � 1;

pr dr < � r +1 � � r < (pr + 1) dr ;
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(1e) for i = 1 ; 2; : : : ; r + 1 , de�ne D i (t) by

D1(t) =
p1X

i =1

a1i t id 1 2 C[t];

D2(t) =
p2X

i =1

a2i t id 2 2 C[t];

: : : : : :

D r (t) =
prX

i =1

ari t id r 2 C[t];

D r +1 (t) =
1X

i =1

ar +1 ;i t i 2 Cf tg;

such that all aj;i ( j ) are complex numbers with1 � j � r + 1 and 1 � i (j ) � pj , some
of which may be zero. Note thatpr +1 may be in�nite.
Remark: In the above condition (ib*) of (4.5.1), if n � gcd(n; � 1) and n is a divisor of
� 1, then by Lemma 4:3 the singularity of V (f ) is analytically invariant at the origin,
whether or not a1 is zero, and so from the beginning we may assume without loss of
generality that n > gcd(n; � 1).

(2) Let the parametrization of V (g) be the Puiseux expansion with the multiplicity
and Puiseux exponents de�ned by

(4.5.2) V (g) :=

8
><

>:

y = tm

z = b1t � 1 (1 + L 1(t)) + b2t � 2 (1 + L 2(t))

+ � � � + bu t � u (1 + L u (t)) + bu+1 t � u +1 (1 + L u+1 (t))

where
(2a) 2 � m < � 1 < � 2 < � � � < � u+1 ,
(2b) m > gcd(m; � 1) > � � � > gcd(m; � 1; � � � ; � u+1 ) = 1 ,
(2c) the bi are all nonzero numbers fori = 1 ; 2; : : : ; u + 1 ,
(2d) write e1 = gcd(m; � 1), e2 = gcd(m; � 1; � 2), : : : , eu = gcd(m; � 1; : : : ; � u ),

eu+1 = gcd(m; � 1; : : : ; � u+1 ) = 1 , and then de�ne q1,q2, : : : ,qu to be nonnegative
integers such that

q1e1 < � 2 � � 1 < (q1 + 1) e1;

q2e2 < � 3 � � 2 < (q2 + 1) e2;

: : : : : :

qu� 1eu� 1 < � u � � u� 1 < (qu� 1 + 1) eu� 1;

qu eu < � u+1 � � u < (qu + 1) eu ;
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(2e) for i = 1 ; 2; : : : ; u + 1 , de�ne L j (t) by

L 1(t) =
q1X

i =1

b1i t ie 1 2 C[t];

L 2(t) =
q2X

i =1

b2i t ie 2 2 C[t];

: : : : : :

L u (t) =
quX

i =1

bui t ie u 2 C[t];

L u+1 (t) =
1X

i =1

bu+1 ;i t i 2 Cf tg;

such that all bj;i ( j ) are complex numbers with1 � j � u + 1 and 1 � i (j ) � qj , some
of which may be zero. Note thatqu+1 may be in�nite.

(3) Let the parametrization of V (h) be de�ned by

(4.5.3) V (h) :=

8
><

>:

y = c1t l 1 (1 + R1(t)) + c2t l 2 (1 + R2(t))

+ � � � + cv t l v (1 + Rv (t)) + cv+1 t l v +1 (1 + Rv+1 (t))

z = t 
 ;

where
(3a) 2 � l1 < 
 and l1 < l 2 < � � � < l v+1 ,
(3b) l1 � gcd(
; l 1) > gcd(
; l 1; l2) > � � � > gcd(
; l 1; l2; : : : ; lv+1 ) = 1 ,
(3c) the ci are all nonzero numbers fori = 1 ; 2; : : : ; v + 1 ,
(3d) write � 1 = gcd( 
; l 1), � 2 = gcd( 
; l 1; l2), : : : , � v = gcd( 
; l 1; l2; : : : ; lv ),

� v+1 = gcd( 
; l 1; l2; : : : ; lv+1 ) = 1 , and de�ne "1, "2, : : : , " v to be nonnegative in-
tegers such that

"1� 1 < l 2 � l1 < ("1 + 1) � 1;

"2� 2 < l 3 � l2 < ("2 + 1) � 2;

: : : : : :

" v� 1� v� 1 < l v � lv� 1 < (" v� 1 + 1) � v� 1;

" v � v < l v+1 � lv < (" v + 1) � v ;
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(3e) for i = 1 ; 2; : : : ; v + 1 , de�ne Ri (t) by

R1(t) =
" 1X

i =1

c1i t i� 1 2 C[t];

R2(t) =
" 2X

i =1

c2i t i� 2 2 C[t];

: : : : : :

Rv (t) =
" vX

i =1

cvi t i� v 2 C[t];

Rv+1 (t) =
1X

i =1

cv+1 ;i t i 2 Cf tg

such that all cj;i ( j ) are complex numbers with1 � j � v + 1 and 1 � i (j ) � " j , some
of which may be zero. Note that" v+1 may be in�nite, and also that C[t] is the ring of
polynomials in t and Cf tg is the ring of convergent power series att = 0 .

Conclusion We get the followings:

(I) Note that n > gcd(n; � 1) and m > gcd(m; � 1).

V (f ) � V (g)
(4.5.4)

() the multiplicity and Puiseux exponents are the same, by De�nition 4:1,

that is, n = m, r + 1 = u + 1 , and � i = � i for all i = 1 ; 2; : : : ; r + 1 ;

() the Puiseux pairs for bothV (f ) and V(g) are the same.

For example, V (f ) is topologically equivalent to the curve de�ned byy = tn and
z = t � 1 + t � 2 + � � � + t � r +1 , which is the standard expansion ofV (f ) by De�nition 4.1 .

(II) Let 
 > ` 1. Then, there are two cases:
(IIa) l1 > gcd(
; l 1) and (IIb) l1 is a divisor of 
 .

(IIa) Let l1 > gcd(
; l 1).
Then V(h) � C1 whereC1 is the curve parametrized by the standard Puiseux expansion

(4.5.5) C1 :=

(
y = t ` 1

z = t 
 + t 
 + ` 2 � ` 1 + � � � + t 
 + ` r +1 � ` 1 :

So, we get the following:

V (f ) � V (h)
(4.5.6)

() n = l1; � 1 = 
; r + 1 = v + 1 and � i = 
 + l i � l1 for 1 � i � r + 1 ;

which is equivalent to the fact that the Puiseux pairs for both V (f ) and V(h) are the
same in the sense of De�nition 4:4.
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For example, V (h) can be topologically equivalent to the curve de�ned by any of
the following two irreducible parametrizations(i) and (ii) :

(i) y = t l 1 + t l 2 + � � � + t l v +1 and z = t 
 :
(4.5.7)

(ii) y = t l 1 and z = t 
 + t 
 + l 2 � l 1 + t 
 + l 3 � l 1 + � � � + t 
 + l v +1 � l 1 ;

noting that the above(ii) is the standard Puiseux expansion forV (h).

(IIb) Note that 
 > l 1. Let l1 = gcd( 
; l 1), that is, l1 is a divisor of 
 .
Then V(h) � C2 whereC2 is the curve parametrized by the standard Puiseux expansion

(4.5.8) C2 :=

(
y = t ` 1

z = t 
 + ` 2 � ` 1 + � � � + t 
 + ` r +1 � ` 1 :

So, we get the following:

V (f ) � V (h)
(4.5.9)

() n = l1; � 1 = 
 + l2 � l1; r + 1 = v and � i = 
 + l i +1 � l1 for 2 � i � r + 1 ;

which is equivalent to the fact that the Puiseux pairs for both V (f ) and V(h) are the
same in the sense of De�nition 4:4.

For example, V (h) can be topologically equivalent to the curve de�ned by any of
the following two irreducible parametrization (i) and (ii) :

(i) y = t l 1 + t l 2 + � � � + t l v +1 and z = t 
 :
(4.5.10)

(ii) y = t l 1 and z = "t 
 + t 
 + l 2 � l 1 + t 
 + l 3 � l 1 + � � � + t 
 + l v +1 � l 1 for any number ";

noting that if " is a zero then the above(ii) is the standard Puiseux expansion for
V (h).

Proof of Theorem 4.5. We prove (I) and (II), respectively.
(I) The proof just follows from Lemma 3:3, Theorem 4:2, Theorem 2:9 and

De�nition 4 :4.
(II) Since 
 > l 1, then in order to get an equivalent parametrization for the

curve V(h) by using the inverse mapping theorem of one complex variable, apply
Theorem 3:4 to V (h). After then, by Lemma 3:3 and using the equation of (3.4.6) in
the conclusion of Theorem 3:4, and also by Lemma 4:3, De�nition 4 :4 and the above
case (I) of this theorem, there is nothing to prove.

5. Equivalence of the Puiseux expansions with the same multiplic -
ity and Puiseux exponents and the multiplicity sequences for irr educible
parametrizations. The second aim in this paper is to prove the following theorem
(Theorem A) in this section in an elementary way, without using the well-known
theorem (Theorem B ):

Theorem A (Theorem 5:1): Whenever any two irreducible parametrizations
have the same Puiseux pairs (equivalently, the same multiplicity and Puiseux expo-
nents) by a nonsingular change of the parametrization(in the sense of De�nition 1:1
or De�nition 4 :1), then they have the same multiplicity sequences, and conversely.
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Theorem B: As far as arbitrary Puiseux expansion of irreducible plane curve
singularities is concerned, any two irreducible plane curve singularities have the same
topological types if and only if they have the same Puiseux pairs.

Rigorously speaking about the de�nition of the Puiseux pair for the curve C
with a given irreducible parametrization again (in the sense of De�nition 4:1), we may
assume that the parametrization of any irreducible plane curveC is given by y(t) = tn

and z(t) = c1tk1 + c2tk2 + � � � = c1tk1 (1 + H (t)) where 1 < n , 1 < k 1 < k 2 < � � � ; and
the ci are nonzero complex numbers, andH (t) is just the substitution.

If n � k1, then the irreducible parametrization of the plane curve C is called the
Puiseux expansion, and so the Puiseux pairs for the given Puiseux expansion of the
curve C has been well-de�ned.

If n > k 1, it is very interesting to de�ne the Puiseux pairs of the Puiseux expansion
which is equivalent to the parametrization of the curve C, as the Puiseux pairs ofC,
as follows:

Let s be the new parameter de�ned by a conformal mapping of one complex
variable t at the origin such that s(t) = c1

1
k 1 t(1 + H (t))

1
k 1 with z = sk1 and s(0) = 0,

and let t = � (s) be its inverse. Then, the paramtrization with the parameter s de�ned
by the type (y1(s); z1(s)) = ( y(� (s)) ; z(� (s))), being equivalent to the parametrization
of the type (y(t); z(t)), is the Puiseux expansion. It can be written in the form

z1(s) = sk1 ; y1(s) = b1s` 1 + b2s` 2 + � � � ; with k1 < ` 1(� )

where 1< n = `1 < ` 2 < � � � , and k1 < n , and the bi are nonzero complex numbers. In
this case, the Puiseux pairs for the curveC can be de�ned from the Puiseux expansion
parametrized by y1(s) = y(� (s)) and z1(s) = z(� (s)).

Thus, with the generalized de�nition of the Puiseux pairs for the curve C with
any irreducible parametrization, we will prove Theorem A, without using Theorem B .

After then, it is clear by Corollary 5 :2 that any two irreducible plane curve singu-
larities have the same topological types if and only if they have the same multiplicity
sequences, which can be easily proved by Theorem 5:1 and Theorem 4:5.

Let V (f ) = f (y; z) : f (y; z) = 0 g and V(g) = f (y; z) : g(y; z) = 0 g be germs of
analytic varieties at the origin in C2 where analytic functions f and g at the origin
may be assumed to have irreducible parametrizations, respectively. For simplicity
of notations, if V (f ) and V(g) have the same multiplicity sequences, then we write
V (f ) � V (g)(multi. seq.). Otherwise, we write V (f ) 6� V (g)(multi. seq.).

Theorem 5.1 (Equivalence of the Puiseux expansions with the sa me
multiplicity and Puiseux exponents in the sense of Definitio n 4:1 and the
multiplicity sequences for irreducible parametrizations) .

Assumption Let f (y; z), g(y; z) and h(y; z) be analytically irreducible in Cf y; zg
with isolated singularity at the origin in C2. Assume that three curvesV (f ), V (g) and
V(h) de�ned by the above analytic functionsf , g and h at the origin have irreducible
parametrizations, respectively as follows:

(1) Let the parametrization of V (f ) be the Puiseux expansion with the multiplic-
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ities and Puiseux exponentsf n; � 1; � 2; : : : ; � r +1 g, de�ned by

(5.1.1) V (f ) :=

8
><

>:

y = tn

z = a1t � 1 (1 + D1(t)) + a2t � 2 (1 + D2(t))

+ � � � + ar t � r (1 + D r (t)) + ar +1 t � r +1 (1 + D r +1 (t)) ;

where
(1a) 2 � n < � 1 < � 2 < � � � < � r +1 ,

(1b*) n > gcd(n; � 1) > � � � > gcd(n; � 1; : : : ; � r +1 ) = 1 ,
(1c) the ai are all nonzero numbers fori = 1 ; 2; : : : ; r + 1 ,
(1d) write d1 = gcd(n; � 1), d2 = gcd(n; � 1; � 2), : : : , dr = gcd(n; � 1; : : : ; � r ),

dr +1 = gcd(n; � 1; : : : ; � r +1 ) = 1 , and then de�ne p1; p2; : : : ; pr to be nonnegative
integers such that

p1d1 < � 2 � � 1 < (p1 + 1) d1;

p2d2 < � 3 � � 2 < (p2 + 1) d2;

: : : : : :

pr � 1dr � 1 < � r � � 1 < (pr � 1 + 1) dr � 1;

pr dr < � r +1 � � r < (pr + 1) dr ;

(1e) for i = 1 ; 2; : : : ; r + 1 , de�ne D i (t) by

D1(t) =
p1X

i =1

a1i t id 1 2 C[t];

D2(t) =
p2X

i =1

a2i t id 2 2 C[t];

: : : : : :

D r (t) =
prX

i =1

ari t id r 2 C[t];

D r +1 (t) =
1X

i =1

ar +1 ;i t i 2 Cf tg;

such that all aj;i ( j ) are complex numbers with1 � j � r + 1 and 1 � i (j ) � pj , some
of which may be zero. Note thatpr +1 may be in�nite.
Remark: In the above condition(1b*) of (5.1.1), if n � gcd(n; � 1) and n is a divisor of
� 1, then by Lemma4:3 the singularity of V (f ) is analytically invariant at the origin,
whether or not a1 is zero, and so from the beginning we may assume without loss of
generality that n > gcd(n; � 1) and a1 6= 0 .

(2) Let the parametrization of V (g) be the Puiseux expansion with the multiplicity
and Puiseux exponentsf m; � 1:� 2; : : : ; � u+1 g, de�ned by

(5.1.2) V (g) :=

8
><

>:

y = tm

z = b1t � 1 (1 + L 1(t)) + b2t � 2 (1 + L 2(t))

+ � � � + bu t � u (1 + L u (t)) + bu+1 t � u +1 (1 + L u+1 (t))
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where
(2a) 2 � m < � 1 < � 2 < � � � < � u+1 ,
(2b) m > gcd(m; � 1) > � � � > gcd(m; � 1; � � � ; � u+1 ) = 1 ,
(2c) the bi are all nonzero numbers fori = 1 ; 2; : : : ; u + 1 ,
(2d) write e1 = gcd(m; � 1), e2 = gcd(m; � 1; � 2), : : : , eu = gcd(m; � 1; : : : ; � u ),

eu+1 = gcd(m; � 1; : : : ; � u+1 ) = 1 , and then de�ne q1,q2, : : : ,qu to be nonnegative
integers such that

q1e1 < � 2 � � 1 < (q1 + 1) e1;

q2e2 < � 3 � � 2 < (q2 + 1) e2;

: : : : : :

qu� 1eu� 1 < � u � � u� 1 < (qu� 1 + 1) eu� 1;

qu eu < � u+1 � � u < (qu + 1) eu ;

(2e) for i = 1 ; 2; : : : ; u + 1 , de�ne L i (t) by

L 1(t) =
q1X

i =1

b1i t ie 1 2 C[t];

L 2(t) =
q2X

i =1

b2i t ie 2 2 C[t];

: : : : : :

L u (t) =
quX

i =1

bui t ie u 2 C[t];

L u+1 (t) =
1X

i =1

bu+1 ;i t i 2 Cf tg;

such that all bj;i ( j ) are complex numbers with1 � j � u + 1 and 1 � i (j ) � qj , some
of which may be zero. Note thatqu+1 may be in�nite.

(3) Let the parametrization of V (h) be de�ned by

(5.1.3) V (h) :=

8
><

>:

y = c1t l 1 (1 + R1(t)) + c2t l 2 (1 + R2(t))

+ � � � + cv t l v (1 + Rv (t)) + cv+1 t l v +1 (1 + Rv+1 (t))

z = t 
 ;

where
(3a) 2 � l1 < 
 and l1 < l 2 < � � � < l v+1 ,
(3b) l1 � gcd(
; l 1) > gcd(
; l 1; l2) > � � � > gcd(
; l 1; l2; : : : ; lv+1 ) = 1 ,
(3c) the ci are all nonzero numbers fori = 1 ; 2; : : : ; v + 1 ,
(3d) write � 1 = gcd( 
; l 1), � 2 = gcd( 
; l 1; l2), : : : , � v = gcd( 
; l 1; l2; : : : ; lv ),

� v+1 = gcd( 
; l 1; l2; : : : ; lv+1 ) = 1 , and de�ne "1, "2, : : : , " v to be nonnegative in-
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tegers such that

"1� 1 < l 2 � l1 < ("1 + 1) � 1;

"2� 2 < l 3 � l2 < ("2 + 1) � 2;

: : : : : :

" v� 1� v� 1 < l v � lv� 1 < (" v� 1 + 1) � v� 1;

" v � v < l v+1 � lv < (" v + 1) � v ;

(3e) for i = 1 ; 2; : : : ; v + 1 , de�ne Ri (t) by

R1(t) =
" 1X

i =1

c1i t i� 1 2 C[t];

R2(t) =
" 2X

i =1

c2i t i� 2 2 C[t];

: : : : : :

Rv (t) =
" vX

i =1

cvi t i� v 2 C[t];

Rv+1 (t) =
1X

i =1

cv+1 ;i t i 2 Cf tg;

such that all cj;i ( j ) are complex numbers with1 � j � v + 1 and 1 � i (j ) � " j , some
of which may be zero. Note that" v+1 may be in�nite, and also that C[t] is the ring of
polynomials in t and Cf tg is the ring of convergent power series att = 0 .

Conclusion We get the followings:

(I) Note that n > gcd(n; � 1) and m > gcd(m; � 1).

V (f ) � V (g) (multi. seq.)
(5.1.4)

() the multiplicity and Puiseux exponents are the same, by De�nition 4:1,

that is, n = m, r + 1 = u + 1 , and � i = � i for all i = 1 ; 2; : : : ; r + 1 ,

() the Puiseux pairs for bothV (f ) and V(g) are the same.

(II) Let 
 > l 1 � 2. Then, it is enough to consider two cases:
(IIa) l1 > gcd(
; l 1) and (IIb) l1 = gcd( 
; l 1), that is, l1 is a divisor of 
 .

(IIa) Let l1 > gcd(
; l 1).

V (f ) � V (h) (multi. seq.)
(5.1.5)

() n = l1; � 1 = 
; r + 1 = v + 1 and � i = 
 + l i � l1 for 1 � i � r + 1 ;

() the Puiseux pairs for bothV (f ) and V(h) are the same.
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(IIb) Let l1 = gcd( 
; l 1), that is, l1 is a divisor of 
 .

V (f ) � V (h) (multi. seq.)
(5.1.6)

() n = l1; � 1 = 
 + l2 � l1; r + 1 = v and � i = 
 + l i +1 � l1 for 2 � i � r + 1 ;

() the Puiseux pairs for bothV (f ) and V(h) are the same.

Corollary 5.2.

Assumption Suppose that the same assumption as in Theorem5:1 are satis�ed.

Conclusion Under the consequences of Theorem5:1, we get the followings:

(I) Let n > gcd(n; � 1) and m > gcd(m; � 1).

V (f ) � V (g)(5.2.1)

() V (f ) � V (g) (multi. seq.) :

Moreover, V (f ) is topologically equivalent to the curve de�ned byy = tn and
z = t � 1 + t � 2 + � � � + t � r +1 , which is the standard expansion forV (f ) by De�nition 4.4 .

(II) Let 
 > l 1 � 2. Then, there are two cases:
(IIa) l1 > gcd(
; l 1) and (IIb) l1 is a divisor of 
 .

(IIa) Let l1 > gcd(
; l 1).

V (f ) � V (h)(5.2.2)

() V (f ) � V (h) (multi. seq.) :

Moreover, V (h) can be topologically equivalent to the curve de�ned by any ofthe
following two irreducible parametrizations (i) and (ii) :

(i) y = t l 1 + t l 2 + � � � + t l v +1 and z = t 
 :

(ii) y = t l 1 and z = t 
 + t 
 + l 2 � l 1 + t 
 + l 3 � l 1 + � � � + t 
 + l v +1 � l 1 ;

noting that the above(ii) is the standard Puiseux expansions forV (h).

(IIb) Let l1 = gcd( 
; l 1), that is, l1 is a divisor of 
 .

V (f ) � V (h)(5.2.3)

() V (f ) � V (h) (multi. seq.) :

Moreover, V (h) can be topologically equivalent to the curve de�ned by any ofthe
following two irreducible parametrization (i) and (ii) :

(i) y = t l 1 + t l 2 + � � � + t l v +1 and z = t 
 :

(ii) y = t l 1 and z = "t 
 + t 
 + l 2 � l 1 + t 
 + l 3 � l 1 + � � � + t 
 + l v +1 � l 1 for any number ";

noting that if " is a zero then the above(ii) is the standard Puiseux expansion for
V (h).

Proof of Theorem 5.1. It is enough to prove (I) and (II), respectively as follows:
(I) (5:1:4) is true, and (II) (5:1:5) and (5:1:6) are true, respectively.
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(I) In preparation for the proof of (5.1.4), �rst observe that the process of blow-ups and
blow-downs preserve the multiplicity sequences of irreducible plane curve singularities.
First of all, we are going to prove by induction on the multiplicity of the cur ve V (f )
that if V (f ) � V (g) (multi. seq.) where V (f ) and V(g) are de�ned by (5.1.1) and
(5.1.2), respectively, then the Puiseux pairs for bothV (f ) and V(g) are the same.
After then, the converse will be proved.

As we have seen in (5.1.1) of this assumption, for example, recall that the
parametrization of the irreducible curve V(f ) de�ned by a given analytic function
f in Cf y; zg was rewritten in the same form as follows:

(5.1.7) V (f ) :=

8
>><

>>:

y = tn

z =
r +1X

i =1

ai t � i (1 + D i (t))

with the same properties (1a), (1b), (1c), (1d) and (1e) of (5.1.1). Since 2� n < � 1

and n > gcd(n; � 1) by (1a) and (1b), then there is a positive integer � such that
n� < � 1 < n (� + 1).

Now, we can take � iterations of blow-ups in process of the resolution of the
singular point (0; 0) of V (f ) in an elementary way, and then construct inductively the
local de�ning equation for V (k ) (f ), the k-th proper transform of V (f ) under k-times
of blow-ups with 1 � k � � as follows:

(i) Let � 1 � n > 0 or � � 1. Let � 1 : M (1) ! C2 be a blow-up of C2 at
(y; z) = (0 ; 0) which is a singular point of V (f ). Let ( v1; u1) and (v0

1; u0
1) be the local

coordinates for M (1) with � 1(v1; u1) = ( y; z) = ( v1; v1u1) and � 1(v0
1; u0

1) = ( y; z) =
(v0

1u0
1; v0

1) where u0
1 = 1

u1
and v0

1 = v1u1. Sincef is irreducible in Cf y; zg and n < � 1,
then just one coordinate patch of the local coordinates, i.e., (v1; u1) is needed for the
study of the proper transform V (1) (f ) of V (f ) at ( y; z) = (0 ; 0) under � 1. Then, the
local de�ning equation for V (1) (f ) at ( v1; u1) = (0 ; 0) is written in the form

(5.1.8) V (1) (f ) :=

8
>><

>>:

v1 = tn

u1 =
r +1X

i =1

ai t � i � n (1 + D i (t))
:

If 0 < � 1 � n < n or � = 1, then we do not take the next step.
If � 1 � n > n or � � 2, then take the next step.
(ii) Let � 1 � 2n > 0 or � � 2. Then, V (1) (f ) has a singular point at (v1; u1) =

(0; 0). Let � 2 : M (2) ! M (1) be a blow-up ofM (1) at (v1; u1) = (0 ; 0), and let (v2; u2)
and (v0

2; u0
2) be the local coordinates forM (2) with � 2(v2; u2) = ( v1; u1) = ( v2; v2u2)

and � 2(v0
2; u0

2) = ( v1; u1) = ( v0
2u0

2; v0
2) where u0

2 = 1
u2

and v0
2 = v2u2. Since f is

irreducible in Cf y; zg and 2n < � 1, then just one of the local coordinates, i.e., (v2; u2)
is needed for the study ofV (2) (f ), i.e., the proper transform of V (f ) at ( v2; u2) = (0 ; 0)
under � 1 � � 2. Then, the local de�ning equation for V (2) (f ) is written in the form

(5.1.9) V (2) (f ) :=

8
>><

>>:

v2 = tn

u2 =
r +1X

i =1

ai t � i � 2n (1 + D i (t))
:
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If 0 < � 1 � 2n < n or � = 2, then we do not take the next step.

If � 1 � 2n > n or � � 3, then take the next step.
: : : : : :

(k) Let � 1 � kn > 0 or � � k. Then, by induction on the positive integer � ,
V (k � 1) (f ) has a singular point at (vk � 1; uk � 1) = (0 ; 0). Let � k : M (k ) ! M (k � 1) be a
blow-up of M (k � 1) at (vk � 1; uk � 1) = (0 ; 0), and let (vk ; uk ) and (v0

k ; u0
k ) be the local

coordinates for M (k ) with � k (vk ; uk ) = ( vk � 1; uk � 1) = ( vk ; vk uk ) and � k (v0
k ; u0

k ) =
(vk � 1; uk � 1) = ( v0

k u0
k ; v0

k ) where u0
k = 1

u k
and v0

k = vk uk . Since f is irreducible in
Cf y; zg and kn < � 1, then just one of the local coordinates, i.e., (vk ; uk ) is needed for
the study of V (k ) (f ), that is, the proper transform of V (f ) at (0 ; 0) under � 1 � � 2 �
� � � � � k .

If 0 < � 1 � kn < n or � = k, then we do not take the next step.

If � 1 � kn > n or � � k + 1, then take the next step.

Thus, it can be easily shown that the local de�ning equation for V (k ) (f ) is written
as follows:

(5.1.10) V (k ) (f ) :=

8
>><

>>:

vk = tn

uk =
r +1X

i =1

ai t � i � kn (1 + D i (t))

for k = 1 ; 2; : : : ; � and that � 1 � n > n; : : : ; � 1 � n(� � 1) > n , but n > � 1 � n� > 0.
Note that the multiplicity sequence is nonincreasing for irreducible plane curve singu-
larites. Therefore, summarizing the above results, we get easily the followings:

Sublemma 5.1.1. Suppose thatV (f ) satis�es the same assumptions and nota-
tions in this theorem. By assumption, there is a positive integer � such that n� <
� 1 < n (� + 1) .

As a conclusion, V ( � ) (f ) is the �rst appearing proper transform among all proper
transforms, which are de�ned in the standard resolution process of the singular point of
V (f ) such that the multiplicity of each proper transform is less than
mult (V (f ); (0; 0)) = n. Also, (v� ; u� ) = (0 ; 0) is either the singular point of V ( � ) (f )
or the nonsingular point at which is needed only to get additional blow-ups for the
standard resolution of the singular point ofV (f ), as we have seen in(5:1:10).

Now for proof of (5.1.4) in (I), to show that we may begin with the assumption
that n = m and � 1 = � 1, then it is enough to prove the following claim:

if f � g (mult. seq.), then n = m and � 1 = � 1:(5.1.11)

If f � g (multi. seq.), then it is trivial that n = m. If f � g (multi. seq.), then to
prove that � 1 = � 1, let � be the positive integer such thatm� < � 1 < m (� +1) and let
m = n becauseg satis�es the same kind of assumptions and notations asf does in the
theorem. After � iterations of blow-ups at the singular point (0; 0) of V (g) as we have
done in the resolution process of singular point ofV (f ), the local de�ning equation
for the k � th proper transform V (k ) (g) of V (g) with 1 � k � � can be written as
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follows:

(5.1.12) V (k ) (g) :=

8
>><

>>:

�vk = tn

�uk =
u+1X

i =1

bi t � 1 � kn (1 + L i (t))

where
(i) (�v� ; �u� ) is de�ned to be one of the local coordinates for the� � th blow-up

�� � : �M ( � ) ! �M ( � � 1) , which is de�ned similarly as we have seen in the process of
blow-ups for V (f ),

(ii) V ( � ) (g) is the �rst appearing proper transform, among all proper transforms
which are de�ned in the standard resolution process of the singular point ofV (g) such
that the multiplicity of each proper transform is less than n = mult (V (g); (0; 0)). If
� � � , then �� k and (�vk ; �uk ) can be identi�ed with � k and (vk ; uk ) for 1 � k � � ,
respectively.
Thus, if f � g (mult. seq.), then by Sublemma 5:1:1 n = m, � = � and so � 1 = � 1.
Therefore, to prove (5.1.4) in (I), we may begin with assumption that n = m and
� 1 = � 1.

Now, the proof will be by induction on the multiplicity n of the local de�ning
equation f (y; z) at the origin for V (f ). Then, it is enough to consider the following
two cases, respectively: (I-1)n = 2 and (I-2) n � 2.

(I-1) If n = 2, then the local de�ning equation for V (f ) can be described by

(5.1.13) V (f ) :=

8
><

>:

y = t2

z = a1t � 1 +
X

i>� 1

A i t i

where gcd(2; � 1) = 1, a1 is a nonzero constant and theA i are complex numbers. If
the A i are all zero, then it is clear that

V (f ) � f (y; z) : y = t2 and z = t � 1 g (mult. seq.):(5.1.14)

If someA i are nonzero, then it is easily shown thatz = a1t � 1 +
P

i>� 1
A i t i is rewritten

in the form

z = a1t � 1 (1 +
X

2i> 0

B i t2i ) +
X

2j>� 1

Cj t2j(5.1.15)

where the B i and the Cj are complex numbers. Then, observe that (5:1:15) can be
rewritten in the form

z = a1t � 1 (1 +
X

2i> 0

B i yi ) +
X

2j>� 1

Cj yj :(5.1.16)

So, de�ne z0 =
(z�

P
2 j>� 1

C j y j )

(1+
P

2 i> 0 B i y i ) , and then V(f ) and f (y; z0) : y = t2; z0 = a1t � 1 g have
the same multiplicity sequence because these two varieties are analytically equivalent
at the origin. In this case, there is nothing to prove by (5.1.13).

(I-2) Suppose by the induction assumption that this conclusion is true if the
multiplicity of f at the origin is either less than n or equal to two. For the proof, we
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may assume that the multiplicity of both f and g at (y; z) = (0 ; 0) is n, and also that
� 1 = � 1 as we have done in the beginning of the proof becausen < � 1, n < � 1, n 6 j� 1

and n 6 j� 1. Just as before, let� be the positive integer such thatn� < � 1 < n (� + 1).
Then, the local de�ning equations for the � � th proper transformsV ( � ) (f ) and V ( � ) (g)
can be written, respectively as follows: Note that� 1 = � 1.

(5.1.17) V ( � ) (f ) :=

8
>><

>>:

v� = tn

u� =
r +1X

i =1

ai t � i � �n (1 + D i (t))

(5.1.18) V ( � ) (g) :=

8
>><

>>:

v� = tn

u� =
u+1X

i =1

bi t � i � �n (1 + L i (t))

where � � : M ( � ) ! M ( � � 1) is a blow-up of M ( � � 1) at (v� � 1; u� � 1) = (0 ; 0), which
was already de�ned in the proof of Sublemma 5:1:1.

Note that irreducible parametrizations for local de�ning equations in (5 :1:17) and
(5:1:18) are not Puiseux expansion because� 1 � n� < n .

So, for the induction proof, we are going to construct two Puiseux expansion,
which are equivalent for local de�ning equations in (5:1:17) and (5:1:18), respectively.
In order to use the conclusion in Theorem 3:4, we are going to prove that two lo-
cal de�ning equations in (5:1:17) and (5:1:18) satisfy the assumptions of Theorem
3:4 respectively. For this purpose, it is just enough to observe the followings with
Remark(� ): Note that � 1 = � 1.
(1)(1a) 2 � n and 1 � � 1 � n� < � 2 � n� < � � � < � r +1 � n� ,

(1b) n > gcd(n; � 1 � n� ) > � � � > gcd(n; � 1 � n�; : : : ; � r +1 � n� ) = 1,
(1c) the ai are all nonzero numbers fori = 1 ; 2; : : : ; r + 1.

(2)(2a) 2 � n and 1 � � 1 � n� < � 2 � n� < � � � < � r +1 � n� ,
(2b) n > gcd(n; � 1 � n� ) > � � � > gcd(n; � 1 � n�; : : : ; � r +1 � n� ) = 1,
(2c) the bi are all nonzero numbers fori = 1 ; 2; : : : ; r + 1.
Remark(� ): If � 1 � �n = 1 in (1a), then gcd(n; � 1) = 1, and so there are no more

exponents� i of the parameter t for i � 2 in the parametrization for the curve V(f ).
In this case, there is nothing to prove, because� 1 = � 1. That is, the same multiplicity
sequence implies the invariance of the multiplicity and Puiseux exponents.

Therefore, for the proof, we may assume without loss of generality that� 1 � �n =
� 1 � �n � 2 in (1a) and (2a).

Now, by the same method as we have used in the either conclusion or proof of The-
orem 3:4, we can construct the new parameters forV ( � ) (f ) and V ( � ) (g), respectively
as follows:

For convenience of the representation, the notations of these new parameters and
so on, can be suitably chosen the same for bothV ( � ) (f ) and V ( � ) (g), if there is no
complexity.
(5.1.19) De�ne a new parameters = � (t) by a conformal mapping of t at the origin
such that s(0) = 0 and u� = s� 1 � �n where (v� ; u� ) is one of a given local coordinates
in (5:1:17).
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(5.1.20) De�ne a new parameters =  (t) by a conformal mapping of t at the origin
such that s(0) = 0 and u� = s� 1 � �n where (v� ; u� ) is one of a given local coordinates
in (5:1:18).
In preparation for applying the induction assumption to the proof, �rst it can be easily
shown by Theorem 3:4 and by a new parameters in (5.1.19) and (5.1.20) that the
local de�ning equations for V ( � ) (f ) of (5.1.17) and V ( � ) (g) of (5.1.18) are analytically
written, respectively as follows: Note that � 1 = � 1.

(5.1.21) V ( � ) (f ) :�

8
>><

>>:

v� =
r +1X

i =1

� i sn + � i � � 1 (1 + �D i (s))

u� = s� 1 � �n

(5.1.22) V ( � ) (g) :�

8
>><

>>:

v� =
u+1X

i =1

� i sn + � i � � 1 (1 + �L i (s))

u� = s� 1 � �n

where
(i) for i = 1 ; 2; : : : ; r + 1, the � i are all nonzero numbers, and de�ne �D i (s) by

�D1(s) =
p1X

i =1

�a1i sid 1 2 C[s](5.1.23)

�D2(s) =
p2X

i =1

�a2i sid 2 2 C[s]

: : : : : :

�D r (s) =
prX

i =1

�ari sid r 2 C[s]

�D r +1 (s) =
1X

i =1

�ar +1 ;i si 2 Cf sg

such that all �aj;i ( j ) are complex numbers with 1� j � r + 1 and 1 � i (j ) � pj , some
of which may be zero.

(ii) for i = 1 ; 2; : : : ; u + 1, the � i are all nonzero numbers, and de�ne�L i (s) by

�L 1(s) =
q1X

i =1

�b1i sie 1 2 C[s](5.1.24)

�L 2(s) =
q2X

i =1

�b2i sie 2 2 C[s]

: : : : : :

�L u (s) =
quX

i =1

�bu;i sie u 2 C[s]

�L u+1 (s) =
1X

i =1

�bu+1 ;i si 2 Cf sg;
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such that all �bj;i ( j ) are all complex numbers with 1 � j � u + 1 and 1 � i (j ) � qj ,
some of which may be zero.

Then, it is enough to consider the following two cases: Note that� 1 � �n � 2.
(A) ( � 1 � �n ) 6 jn and (B) ( � 1 � �n )jn.

Case (A): Assume that � 1 � �n is not a divisor of n. Using (5.1.21) and (5.1.23),
to prove by induction assumption on the multiplicity on the curve V (f ) that V ( � ) (f )
satis�es the same kind of properties in terms of coordinates (vs; us) as V (f ) does in
the coordinates (y; z) in the assumption of Theorem 5:1, �rst of all, we need to claim
the following properties:

(i) 2 � � 1 � �n < n + � 1 � � 1 < n + � 2 � � 1 < � � � < n + � r +1 � � 1.
(ii) Write ! 1 = gcd( � 1 � �n; n + � 1 � � 1), ! 2 = gcd( � 1 � �n; n + � 1 � � 1; n +

� 2 � � 1), : : : , ! r = gcd( � 1 � �n; n + � 1 � � 1; n + � 2 � � 1; : : : ; n + � r � � 1), ! r +1 =
gcd(� 1 � �n; n + � 1 � � 1; n + � 2 � � 1; : : : ; n + � r +1 � � 1), and then � 1 � �n > ! 1 >
! 2 > ! 3 > � � � > ! r +1 = 1.

(iii) The � i are all nonzero numbers for 1 = 1; 2; : : : ; r + 1.
(iv) Following the notations in (ii), de�ne � p1; �p2; : : : ; �pr to be nonnegative integers

such that for i = 1 ; 2; : : : ; r ,

�pi ! i < (n + � i +1 � � 1) � (n + � i � � 1) < (�pi + 1) ! i :(5.1.25)

(v) For j = 1 ; 2; : : : ; r + 1, �D j (s) of (5.1.23) may be written in the form

�D j (s) =
�pjX

i =1

�aji si! j :(5.1.26)

For proof of the claim, we prove each of the above properties (i), (ii), (iii), (iv) and
(v) in the following way:

To prove (i), note that � is the positive integer such that n� < � 1 < n (� + 1)
and that � i +1 > � i for 1 � i � r , and so it is trivial.

To prove (ii), it is clear that ! 1 = gcd( � 1 � n�; n ) = gcd( � 1; n), ! 2 = gcd( � 1 �
n�; n; n + � 2 � � 1) = gcd( � 1; n; � 2),: : : , ! r +1 = gcd( � 1 � n�; n; n + � 2 � � 1; : : : ; n +
� r +1 � � 1) = gcd( � 1; n; � 2; : : : ; � r +1 ). Also, by following the de�nition of di in both
(1b) and (1d) of (5.1.1), ! i = di , and sodi > d i +1 implies that ! i > ! i +1 for 1 � i � r .

So, it remains to prove that � 1 � n� > ! 1 = d1. Note by de�nition of � that
� 1 � n� < n . Now, assume the contrary. Then,� 1 � n� = gcd( � 1 � n�; n ) = d1 < n ,
and so� 1 � n� would be a divisor ofn, which gives a contradiction to the assumption.
Thus, the proof is done.

To prove (iii) is clear.
Finally, to prove (iv) and (v), it was already proved by (ii) that di = ! i , and then

�pi can be replaced bypi for i = 1 ; 2; : : : ; r + 1, just considering that ( n + � j +1 � � 1) �
(n + � j � � 1) = � j +1 � � j from (5.1.25). Therefore, the proof of (i), (ii), (iii), (iv)
and (v) are �nished.

Also, since it can be assumed thatn = m and � 1 = � 1, then note that � 1 � �m
is not a divisor of m. So, by the similar method as above, it can be easily shown
that V ( � ) (g) satis�es the same kind of properties in terms of coordinates (u� ; v� ) as
V (g) does in the local coordinates (y; z). Since it was already shown thatV (k ) (f ) and
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V (k ) (g) have the same multiplicity n at (vk ; uk ) = (0 ; 0) for k = 1 ; 2; : : : ; � as we have
done in (5:1:10), then we have

V(f ) � V (g) (multi. seq.)(5.2.27)

=) V ( � ) (f ) � V ( � ) (g) (multi. seq.) :

Since the multiplicity of V ( � ) (f ) at ( v� ; u� ) = (0 ; 0) is � 1 � �n , which is less than
n and also the multiplicity of V ( � ) (g) at ( v� ; u� ) = (0 ; 0) is � 1 � �n = � 1 � �n , then
the induction assumption in both (5.1.21) and (5.1.22) implies that

V ( � ) (f ) � V ( � ) (g) (multi. seq.)(5.1.28)

=) � 1 � �n = � 1 � �n; n = m; r + 1 = u + 1 and

n + � i � � 1 = n + � i � � 1 for 1 � i � r + 1

=) n = m; r + 1 = u + 1 ; and � i = � i for 1 � i � r + 1 :

In this case, we proved by (5.1.27) that

V (f ) � V (g) (multi. seq.)(5.1.29)

=) n = m; r + 1 = u + 1 ; and � i = � i for 1 � i � r + 1 :

Thus, the proof in Case (A) is completely done.

Case (B): Let � 1 � �n be a divisor of n. We may start with the assumption that
n = m and � 1 = � 1 with � 1 � �n � 2.

So, it is enough to consider the following case:

d1 = gcd(n; � 1) = � 1 � �n � 2;(5.1.30)

because gcd(n; � 1) = gcd( n; � 1 � n� ) = � 1 � n� .
Recall by assumption that there is a positive integer� such that n� < � 1 < n (� +

1). Since it was already shown thatV (k ) (f ) and V (k ) (g) have the same multiplicity n
at (vk ; uk ) = (0 ; 0) for k = 1 ; 2; : : : ; � as we have done in (5:1:10), then we have

V(f ) � V (g) (multi. seq.)(5.1.31)

=) V ( � ) (f ) � V ( � ) (g) (multi. seq.) :

From the local de�ning equations of V ( � ) (f ) of (5.1.21) and V ( � ) (g) of (5.1.22),
for the remaining proof, it su�ces to show that the following change of coordinates is
nonsingular: Note that � 1 � �n is a divisor of n.

(5.1.32) V ( � ) (f ) :=)

8
>><

>>:

v0
� =

r +1X

i =2

� i sn + � i � � 1 (1 + �D i (s))

u0
� = s� 1 � �n

V ( � ) (g) :=)

8
>><

>>:

v00
� =

� +1X

i =2

� i sn + � i � � 1 (1 + �L i (s))

u00
� = s� 1 � �n

where v0
� = v� � � 1sn (1 + �D1(s)) with u0

� = u� , and v00
� = v� � � 1sn (1 + �L 1(s)) with

u00
� = u� .



analytic equivalence 423

Since d1 = � 1 � �n is a divisor of n by (5.1.30), then write n = "d1 for some
positive integer " . Then, u� = s� 1 � �n = sd1 by (5.1.21), and alsoun

� = s"d 1 . So,
�D1(s) =

P p1
i =1 �a1i sid 1 2 C[s] of (5.1.23) implies that v0

� = v� � � 1sn (1 + �D1(s)) is
written in the form

v0
� = v� � � 1u"

� (1 + F (u� ))(5.1.33)

where F (u� ) is a polynomial in C[u� ] with F (u� ) =
P p1

i =1 �a1i u�
i 2 C[u� ].

Since it is trivial to show by Lemma 4:3 that an analytic mapping  from (v� ; u� )
to (v0

� ; u0
� ) is a nonsingular change of coordinates at (v� ; u� ) = (0 ; 0) where v0

� =
v� � � 1u"

� (1 + F (u� )) and u0
� = u� with  (0; 0) = (0 ; 0), then V ( � ) (f ) is analytically

well-de�ned by

(5.1.34) V ( � ) (f ) :�

8
>><

>>:

v0
� =

r +1X

i =2

� i sn + � i � � 1 (1 + �D i (s))

u0
� = s� 1 � �n :

That is, V ( � ) (f ) of (5.1.34) satis�es the same kind of assumptions relative to the local
coordinates (v0

� ; u0
� ) as V ( � ) (f ) of (5.1.21) has done relative to the local coordinates

(v� ; u� ).
Also, by the same method just as we have done in (5.1.34), using a nonsingular

change of coordinates forV ( � ) (g) at ( v00
� ; u00

� ), then V ( � ) (g) can be analytically written
in the form

(5.1.35) V ( � ) (g) :�

8
>><

>>:

v00
� =

u+1X

i =2

� i sn + � i � � 1 (1 + �L 1(s))

u00
� = s� 1 � �n :

Since d1 = � 1 � �n > d 2 = gcd( � 1 � �n; n + � 2 � � 1) and d1 = ( � 1 � �n ) >
gcd(� 1 � �n; n + � 2 � � 1), then by the same method as we have done in Case (A), it
is trivial to show that

V ( � ) (f ) � V ( � ) (g) (multi. seq.)
(5.1.36)

=) � 1 � �n = � 1 � �n; r = u and n + � i � � 1 = n + � i � � 1 for 2 � i � r + 1 :

Thus, we proved by (5.1.36) that wheneverV (f ) and V(g) have the same multiplicity
sequence for Case (B), thenn = m, r + 1 = u + 1 and � i = � i for i = 1 ; 2; : : : ; r + 1.

Therefore, summarizing the results of Case (A) and Case (B), then the proof of
the su�ciency for (I) is �nished.

Next, to prove the converse for the statement [I], for example, recall that the
parametrization of the irreducible curve V (f ) de�ned by an analytic function f in
Cf y; zg has been represented as follows:

(5.1.37) V (f ) :=

8
>><

>>:

y = tn

z =
r +1X

i =1

ai t � i (1 + D i (t))
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whereV(f ) satis�es the same properties and notations as in (1a), (1b), (1c), (1d) and
(1e) of (5.1.1), as we have seen in the assumption of this theorem.

Since 2 � n < � 1 and n > gcd(n; � 1) by (1a) and (1b) of (5.1.1), then there
is a positive integer � such that n� < � 1 < n (� + 1). Also, in this case it is clear
that the standard Puiseux expansion of V (f ) can be de�ned by y = tn and z =
t � 1 + t � 2 + � � � + t � r +1 .

For the converse, it is enough to show by induction on the multiplicity n of the
curve V (f ) that the multiplicity and Puiseux exponents for the curve V (f ) determine
uniquely the multiplicity sequence for such an irreducible plane curve singularity.

Suppose that the multiplicity and the Puiseux exponents of V (f ) are f 2; � 1g
where 2< � 1 and gcd(2; � 1) = 1. Let � be the positive integer such that n� < � 1 <
n(� + 1), where n = 2 and � 1 � 2� = 1.

Then, as we have done in (5.1.13), (5.1.14), (5.1.15) and (5.1.16), we have the
followings:

(5.1.38) V (f ) :�

(
y = t2

z = t � 1 ;

and

V ( � ) (f ) :�

(
v� = t2

u� = t � 1 � 2� ;

where gcd(2; � 1) = 1 and � 1 � 2� = 1.
Thus, it is clear that the multiplicity sequence is uniquely determined by the

sequenceS = f 2; 2; : : : ; 2; 1; 1g, where a counting number � of an element 22 S is
� 1 � 1

2
and a counting number of an element 12 S is two. Thus, if n = 2, then the

proof is easily done.
Now, suppose by the induction proof that if multiplicity of V (f ) is either less than

a positive integer n or equal to two, then the converse of theorem is true. Assuming
that f has a multiplicity either n or at least three at the origin and that the Puiseux
expansion ofV (f ) is de�ned by the local de�ning equation in (5.1.1) of the assumption
of this theorem whereV (f ) satis�es the same properties (1a), (1b), (1c), (1d) and (1e)
of (5.1.1), then it is enough to show that the multiplicity and Puiseux exponents for
the curve V(f ) determine uniquely the multiplicity sequence in the standard resolution
process of the singularity ofV (f ).

First, for the convenience of the proof, we may start with assuming that V (f )
and V(g) have the same multiplicity and Puiseux exponents, and then it su�ces to
show that V (f ) and V(g) have the same multiplicity sequence.

As compared with the parametrization of V (f ) in (5.1.37), for brevity of notation,
let the parametrization of V (g) be the Puiseux expansion with the multiplicity and
Puiseux exponentsf m; � 1:� 2; : : : ; � u+1 g, de�ned by

(5.1.39) V (g) :=

8
>><

>>:

y = tm

z =
u+1X

i =1

bi t � i (1 + L i (t))

whereV (g) satis�es the same properties and notations as in (2a), (2b), (2c), (2d) and
(2e) of (5.1.2).
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Since V(f ) and V(g) have the same multiplicity and Puiseux exponents by as-
sumption, then we have the following:

n = m, r + 1 = u + 1, and � i = � i for 1 � i � r + 1, with n > gcd(n; � 1):
(5.1.40)

Also, there is a positive integer� such that n� < � 1 < n (� + 1), n = m, � 1 = � 1.

In preparation for applying the induction assumption to the proof, �rst it can be
easily shown by Theorem 3:4 with (5.1.19) and (5.1.20), and by (5.1.21) and (5.1.22)
that the local de�ning equations with a new parameter s for V ( � ) (f ) and V ( � ) (g) are
analytically written, respectively as follows: Note that � 1 = � 1.

(5.1.41) V ( � ) (f ) :�

8
>><

>>:

v� =
r +1X

i =1

� i sn + � i � � 1 (1 + �D i (s))

u� = s� 1 � �n

(5.1.42) V ( � ) (g) :�

8
>><

>>:

v� =
u+1X

i =1

� i sn + � i � � 1 (1 + �L i (s))

u� = s� 1 � �n

where the local de�ning equation of (5.1.41) satis�es the same properties and notations
as in (5.1.21) and (5.1.23), and the local de�ning equation of (5.1.42) satis�es the same
properties and notations as in (5.1.22) and (5.1.24).

If � 1 � �n = 1, in this case it is trivial that the same multiplicity sequence is
uniquely determined for both V (f ) and V(g) as we have seen in (5.1.41) and (5.1.42),
because� 1 = � 1 and n � 2, and also gcd(n; � 1) = gcd( n; � 1 � �n ) = gcd( n; 1) = 1
implies that there are no more exponents� i of the parameter t for i � 2 in the
parametrization for the curve V(f ). So, we may start with assuming that 1 < � 1 �
�n < n .

Now, consider two cases: Note that� 1 � �n � 2.
(i) ( � 1 � �n ) 6 jn and (ii) ( � 1 � �n )jn.

Case(i) If (� 1 � �n ) 6 jn, then V ( � ) (f ) and V ( � ) (g) have the same multiplic-
ity and Puiseux exponents by (5.1.40), (5.1.41) and (5.1.42), that is,the same set
f � 1 � �n; n; n + � 2 � � 1; n + � 3 � � 1; : : : ; n + � r +1 � � 1g, because the local de�n-
ing equations for both V ( � ) (f ) and V ( � ) (g) have the Puiseux expansion, satisfying
the same kind of properties as we have seen in Lemma 3:3. Since the multiplicity of
V ( � ) (f ) at ( v� ; u� ) = (0 ; 0) is less thann, then V ( � ) (f ) and V ( � ) (g) have the same
multiplicity sequence by the induction assumption, and soV(f ) and V(g) have the
same multiplicity sequence, too.

Case(ii) If ( � 1 � �n )jn, then consider the local de�ning equations with a new
parameter s for V ( � ) (f ) and V ( � ) (g), which are de�ned by (5.1.40), (5.1.41), and
(5.1.42). Since� 1 � �n is a divisor of n, apply the same kind of the method as we
have done in the proof of the su�ciency of the Case(B), to the local de�ning equation
analytically equivalent to that of V ( � ) (f ) in (5.1.41) and (5.1.42), and then we can
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easily get that V ( � ) (f ) and V ( � ) (g) are analytically well-de�ned by

(5.1.43) V ( � ) (f ) :�

8
>><

>>:

v0
� =

r +1X

i =2

� i sn + � i � � 1 (1 + �D i (s))

u0
� = s� 1 � �n :

(5.1.44) V ( � ) (g) :�

8
>><

>>:

v00
� =

u+1X

i =2

� i sn + � i � � 1 (1 + �L 1(s))

u00
� = s� 1 � �n :

That is, V ( � ) (f ) of (5:1:43) satis�es the same kind of assumptions relative to
the local coordinates (v0

� ; u0
� ) as V ( � ) (f ) of (5.1.21) has done relative to the local

coordinates (v� ; u� ). Also, V ( � ) (g) of (5:1:44) satis�es the same kind of assumptions
relative to the local coordinates (v00

� ; u00
� ) as V ( � ) (g) of (5.1.22) has done relative to the

local coordinates (v� ; u� ). Since� 1 � �n < n + � 2 � � 1 and � 1 � �n > gcd(� 1 � �n; n +
� 2 � � 1), then V ( � ) (f ) and V ( � ) (g) have the same multiplicity and Puiseux exponents
by (5.1.40), (5.1.41) and (5.1.42), that is, the same setf � 1 � �n; n + � 2 � � 1; n + � 3 �
� 1; : : : ; n + � r +1 � � 1g, without containing an element n. Since the multiplicity of
V ( � ) (f ) at ( v� ; u� ) = (0 ; 0) is less thann, then V ( � ) (f ) and V ( � ) (g) have the same
multiplicity sequence by the induction assumption, and soV(f ) and V(g) have the
same multiplicity sequence, too.

(II) By Theorem 3:4, the local de�ning equation for V (h) can be analytically
written as follows:

(5.1.45) V (h) :�

8
>><

>>:

y = sl 1

z =
v+1X

i =1

� i s
 + l i � l 1 (1 + �Ri (s)) ;

where
(i) the � i are all nonzero numbers fori = 1 ; 2; : : : ; v + 1,
(ii) for i = 1 ; 2; : : : ; v + 1, de�ne �Ri (s) by

�R1(s) =
" 1X

i =1

�c1i si� 1 2 C[s];(5.1.46)

�R2(s) =
" 2X

i =1

�c2i si� 2 2 C[s];

: : : : : :

�Rv (s) =
" vX

i =1

�cvi si� v 2 C[s];

�Rv+1 (s) =
1X

i =1

�cv+1 ;i si 2 Cf sg;

such that all �cj;i ( j ) are complex numbers with 1� j � v + 1 and 1 � i (j ) � " j , some
of which may be zero.
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For brevity of notation in (5.1.45), write

! = l1 and � i = 
 + l i � l1 for 1 � i � v + 1.(5.1.47)

Note by (3a) of (5.1.3) that 2 � l1 < 
 = � 1 and � i +1 � � i = l i +1 � l i > 0 for
1 � i � v + 1.

Then, we claim the following properties:
(i) 2 � ! < � 1 < � 2 < � 3 < � � � < � v+1 .

(ii) ! � gcd(!; � 1) > gcd(!; � 1; � 2) > � � � > gcd(!; � 1; � 2; : : : ; � v+1 ) = 1.
Firstly, to prove (i) is clear, because such inequalities have been already de�ned

by (3a) of (5.1.3), with an additional notation ! = l1. Secondly, to prove (ii), note by
the properties (3b) and (3d) in (5.1.3) and by (5.1.47) that

gcd(!; � 1) = gcd( l1; 
 ) = gcd( 
; l 1) = � 1;

gcd(!; � 1; � 2) = gcd( 
; l 1; 
 + l2 � l1) = gcd( 
; l 1; l2) = � 2;

gcd(!; � 1; � 2; � 3) = gcd( !; � 1; � 2; 
 + l3 � l1) = gcd( 
; l 1; l2; 
 + l3 � l1) =

gcd(
; l 1; l2; l3) = � 3;

: : : : : :

gcd(!; � 1; � 2; : : : ; � v+1 ) = gcd( !; � 1; � 2; : : : ; � v ; 
 + lv+1 � l1) =

gcd(
; l 1; l2; : : : ; lv ; 
 + lv+1 � l1) = � v+1 and

� 1 < � 2 < � 3 < � � � < � v+1 = 1 :

Thus, the proofs of (i) and (ii) of the claim are just �nished. Now, since V (h),
which is de�ned by (5.1.45) and (5.1.47), satis�es the same kind of properties asV (f )
of either Lemma 4:3 or (I) of this theorem does, then it is enough to consider two
cases: (IIa) l1 > gcd(l1; 
 ) and (IIb) l1 is a divisor of 
 .

(IIa) Let l1 > gcd(l1; 
 ). By applying (5.1.45) with an additional proof of the
claim to (I), then we get the following:

V (f ) � V (h) (multi. seq.)
(5.1.48)

() n = l1; r + 1 = v + 1 and � i = 
 + l i � l1 for 1 � i � r + 1,

which is equivalent to the fact that the Puiseux pairs for both V (f ) and V(h) are the
same, by De�nition 4:4.

Note that � i = 
 + l i � l1 is the same asl i = n + � i � � 1, because� 1 = 
 and
`1 = n. Thus, the proof of (IIa) is done.

(IIb) Let l1 be a divisor of 
 . Since
 is a multiple of l1, then apply the same
kind of the method as we have used in the local de�ning equations of either (5.1.32)
or (5.1.34), to the local de�ning equation in (5.1.45).

Then, V (h) has the set of multiplicity and Puiseux exponents, that is, f `1; 
 +
`2 � `1; : : : ; 
 + `v+1 � `1g, without containing an element 
 .

So, by the similar way as we have used in (IIa), we can easily prove the following:

V (f ) � V (h) (multi. seq.)
(5.1.49)

() n = l1; � 1 = 
 + l2 � l1; r + 1 = v and � i = 
 + l i +1 � l1 for 2 � i � r + 1 ;
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which is equivalent to the fact that the Puiseux pairs for both V (f ) and V(h) are the
same, by De�nition 4:4.

Thus, this completes the proof of Theorem 5.1.

Moreover, the proof of Corollary 5:2 follows just from Theorem 4:5 and Theorem
5:1.

Example : Let V = f (y; z) : f (y; z) = 0 g and W� = f (y; z) : g� (y; z) = 0 g be
analytic varieties at (y; z) = (0 ; 0), respectively, satisfying the following the properties:

(i) f (y; z) = 0 () y = t4; z = t6 + t9.
(ii) g� (y; z) = 0 () y = t4 + �t 7; z = t6 + t9 for arbitrary complex number � .
Now, the problem is to �nd when f and g� have the same topological type of

singularity at the origin. To solve it, since f (y; z) is analytically irreducible at ( y; z) =
(0; 0), by Theorem 3:4 let s be a new parameter de�ned by s = t(1 + t3)

1
6 for the

equivalent parametrization of V de�ned by the equation f (y; z) = 0. By Theorem 3:4,
t = sf 1 + s3( 1

� 6 +
P

k � 1 ak sk )g where all the ak are complex numbers, and so the
equivalent parametrization for W� have the de�ning equation with the parameter s
as follows:

z(s) = s6 and y(s) = s4 + s7f ( 4
� 6 + � ) +

P
k � 1 bk sk g,

where all the bk are complex numbers. Therefore,V and W� have the same
topological type of the singularity at the origin if and only if � 6= 2

3 .

6. The proof of the Inverse Theorem (The relationship between Pu i-
seux pairs and the reverse Puiseux pairs) by an equivalence of irreducible
parametrization. In this section, we prove analytically the Inverse Theorem (Theo-
rem 6:2). Before proving it, note by ([Ab1]) that the Inverse Theorem (the relatio nship
between Puiseux pairs and the reverse Puiseux pairs), which was written in the al-
gebraic statement, was already proved. Note by ([Ab2]) that the equivalence of the
Puiseux expansion with the multiplicity and Puiseux exponents and the multiplicity
sequences for irreducible plane curve singularities was once proved, too. The Inverse
Theorem (Theorem 6:2) has been analytically written in ([Ab3]) without any other
proof, which is the restatement of the inverse Theorem ([Ab1]). Now, we mayassume
begin with the de�nition of the reverse Puiseux pairs. Then by Theorem 3:4, we prove
very easily this theorem, without using any other lemma.

Definition 6.1. Let the parametrization for the curve C be given as follows:

x = tu(6.1.1)

y = � (t) = � � � + bm 1 tm 1 + � � � + bm 2 tm 2 + � � �

+ bm 3 tm 3 + � � � + bm h tm h + � � �

where in the expansion,u is the multiplicity of the curve C at (x; y) = (0 ; 0), m1 is the
smallest exponent not divisible byu whose coe�cient bm 1 is nonzero,m2 is the small-
est exponent not divisible by gcd(u; m1) whose coe�cient bm 2 is nonzero,m3 is the
smallest exponent not divisible by gcd(u; m1; m2) whose coe�cient bm 3 is nonzero,: : : ,
and mh is the smallest exponent for which gcd(u; m1; : : : ; mh ) = 1 whose coe�cient
bm h is nonzero. Let m0 = u and di +1 = gcd(m0; m1; : : : ; mi ) for 0 � i � h. Then,
d1 > d 2 > � � � > d h+1 = 1. We de�ne the Puiseux pairs (� 1; � 1); (� 2; � 2); : : : ; (� h ; � h )
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of the curve C at (y; z) = (0 ; 0) by putting

� i =
mi

di +1
and � i =

di

di +1
for 1 � i � h:(6.1.2)

Now, to state the Inversion Theorem, de�ne the reverse Puiseux pairs, that is, (� 0
1; � 0

1),
(� 0

2; � 0
2), : : : ,(� 0

h ; � 0
h ) of the curve C at (y; x) = (0 ; 0) by expanding x in terms of y

thus. Let u0 be the order of zero in� (t) at t = 0. Note that u0 is a positive integer
with u0 � m1.

By Newton's Theorem, the parametrization for the curve C can be given as
follows:

y = tu0
(6.1.3)

x = � (t) = � � � + cm 0
1
tm 0

1 + � � � + cm 0
2
tm 0

2 + � � �

+ cm 0
3
tm 0

3 + � � � + cm 0
h
tm 0

h + � � �

where in the expansion,m0
1 is the smallest exponent not divisible byu0 whose coe�-

cient cm 0
1

is nonzero,m0
2 is the smallest exponent not divisible by gcd(u0; m0

1) whose
coe�cient cm 0

2
is nonzero,m0

3 is the smallest exponent not divisible by gcd(u0; m0
1; m0

2)
whose coe�cient cm 0

3
is nonzero,: : : , and m0

k is the smallest exponent for which
gcd(u0; m0

1; : : : ; m0
h ) = 1 whose coe�cient cm 0

h 0
is nonzero. Let m0

0 = u, and d0
i +1 =

gcd(m0
0; m0

1; : : : ; m0
i ) for 0 � i � h. Then, d0

1 > d 0
2 > � � � > d 0

h+1 = 1. We de�ne the
reverse Puiseux pairs (� 0

1; � 0
1); (� 0

2; � 0
2); : : : ; (� 0

h0; � 0
h0) of the curve C at (y; x) = (0 ; 0)

by putting

� 0
i =

m0
i

d0
i +1

and � 0
i =

d0
i

d0
i +1

for 1 � i � h0:(6.1.4)

Theorem 6.2 (Inversion Theorem). We use the same properties and nota-
tions as we have seen in De�nition 6:1. The relationship between the Puiseux pairs
and the reverse Puiseux pairs is given by the following: Notethat u � u0 � m1.

(1) If u0 = u, then h = h, � 0
i = � i for 1 � i � h, and � 0

i = � i for 1 � i � h.
(2) If u0 = m1, then h0 = h, � 0

1 = � 1, � 0
1 = � 1, � 0

i = � i � (� 1 � � 1)� 2� 3 � � � � i for
2 � i � h, and � 0

i = � i for 2 � i � h.
(3) If u 6= u0 6= m1, then h0 = h + 1 , � 0

1 = 1 , � 0
1 = u0

u , � 0
i +1 = � 1 � u0

u� 1 � 1� 2 � � � � i

for 1 � i � h, and � 0
i +1 = � i for 1 � i � h.

Proof of Theorem. It is enough to prove (1), (2), and (3), respectively as follows:
(1) Let u0 = u. For brevity, write u0 = m0. Then by Theorem 3:4, the parametrization
of C can be easily rearranged as follows:

x = tu and
(6.2.1)

y = c1tm 0 f (1 + D0(t)) + a1tm 1 � m 0 (1 + D1(t)) + � � �

+ ah� 1tm h � 1 � m 0 (1 + Dh� 1(t)) + ah tm h � m 0 (1 + Dh (t))g

= c1tm 0 f 1 + H (t)g

where (i) 2 � u and 2 � m0 < m 1 < m 2 < � � � < m h , (ii) u = m0 = d1 > d 2 >
� � � > d h+1 = 1 with gcd( m0; m1; : : : ; mi ) = di +1 for 0 � i � h, (iii) p1, p2, : : : ,
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ph are nonnegative integers such thatpi +1 di +1 < m i +1 � mi < (pi +1 + 1) di +1 for
0 � i � h � 1, (iv) D j (t) =

P pj +1
i =1 cj +1 ;i t id j +1 2 C[t], the ring of polynomials in t, for

0 � j � h � 1 and Dh (t) =
P 1

i =1 ch+1 ;i t i 2 Cf tg, the ring of convergent power series
at the origin in C2, (v) the ai are nonzero complex numbers fori = 1 ; 2; : : : ; h from
the above parametrization of the curveC.

Let s be the new parameter de�ned by a conformal mapping of one complex
variable t at the origin such that s(t) = c1

1
m 0 t(1 + H (t))

1
m 0 with y = sm 0 and s(0) =

0. Then by Theorem 3:4, an equivalence of the given parametrization ofC can be
represented as follows:

y = sm 0 and
(6.2.2)

x = c1
� u

m 0 su f (1 + Q�
0(s)) + sm 1 � m 0 (b10 + Q�

1(s)) + � � �

+ sm h � 1 � m 0 (bh� 1;0 + Q�
h � 1(s))g + sm h � m 0 (bh; 0 + Q�

h (s))g

= c1
� u

m 0 su f 1 + L(s)g;

where (i) Q�
j (s) =

P pj +1
i =1 bj +1 ;i sid j +1 2 C[s] for 0 � j � h � 1 and Q�

h (s) =P 1
i =1 bh+1 ;i si 2 Cf sg, (ii) all the bji are complex numbers and thebi 0 are nonzero for

1 � i � h, (iii) L (s) is just the substitution. Since u0 = m0 = u and m0
i = mi for

1 � i � h = h0, by de�nition of the reverse Puiseux pairs, there is nothing to prove.

(2) Let u0 = m1. Then by Theorem 3:4, the parametrization of C can be easily
rearranged as follows:

x = tu and
(6.2.3)

y = c1tm 1 f (1 + D1(t)) + a1tm 2 � m 1 (1 + D2(t)) + � � �

+ ah� 1tm h � 1 � m 1 (1 + Dh� 1(t)) + ah tm h � m 1 (1 + Dh (t))g

= c1tm 1 f 1 + H (t)g;

where (i) 2 � u and 2 � m1 < m 2 < � � � < m h , (ii) u = d1 > d 2 > � � � > d h+1 = 1
with gcd(u; m1; : : : ; mi ) = di +1 for 0 � i � h, (iii) p1, p2, : : : , ph are nonnegative
integers such that pi +1 di +1 < m i +1 � mi < (pi +1 + 1) di +1 for 0 � i � h � 1, (iv)
D j (t) =

P pj +1
i =1 cj +1 ;i t id j +1 2 C[t], the ring of polynomials in t, for 0 � j � h � 1 and

Dh (t) =
P 1

i =1 ch;i t i 2 Cf tg, the ring of convergent power series at the origin inC2, (v)
the ai are nonzero complex numbers fori = 1 ; 2; : : : ; h from the above parametrization
of the curve C.

Let s be the new parameter de�ned by a conformal mapping of one complex
variable t at the origin such that s(t) = c1

1
m 1 t(1 + H (t))

1
m 1 with y = sm 1 and s(0) =

0. Then by Theorem 3:4, an equivalence of the given parametrization ofC can be
represented as follows:

y = sm 1 and
(6.2.4)

x = c1
� u

m 1 su f (1 + Q�
1(s)) + sm 2 � m 1 (b2;0 + Q�

2(s)) + � � �

+ sm h � 1 � m 1 (bh� 1;0 + Q�
h � 1(s))g + sm h � m 1 (bh; 0 + Q�

h (s))g

= c1
� u

m 1 su f 1 + L(s)g;



analytic equivalence 431

where (i) Q�
j (s) =

P pj +1
i =1 bj +1 ;i sid j +1 2 C[s] for 0 � j � h � 1 and Q�

h (s) =P 1
i =1 bh;i si 2 Cf sg, (ii) all the bji are complex numbers and thebi 0 are nonzero

for 1 � i � h, (iii) L (s) is just the substitution.
To �nd the reverse Puiseux pairs, by (6.1.1), (6.1.3), (6.2.3) and (6.2.4), observe

the following:

u0 = m1; m0
1 = u; m0

2 = u + m2 � m1; : : : ;(6.2.5)

m0
h = u + mh � m1; d0

1 = m1 = u0:

By de�nition, recall that d0
i +1 = gcd(u0; m0

1; m0
2; : : : ; m0

i ) for 1 � i � h.
So, by(6.2.5) and the de�nition of di , d0

i +1 = gcd(m1; u; u + m2 � m1; u + m3 �
m1; : : : ; u + mi � m1) = gcd( u; m1; m2; : : : ; mi ) = di +1 for 1 � i � h.

Now, by de�nition of the reverse Puiseux pairs, the proof of (2) can be done from
the following facts (2a), (2b), (2c), (2d) and (2e):

(2a) Then, it is trivial that h = h0.
(2b) Then, � 0

1 = m 0
1

d0
2

= u
d0

2
and � 1 = d1

d2
= u

d2
. Since d0

2 = gcd(m1; u) and
d2 = gcd(u; m1), then the proof is done.

(2c) Note that � 0
1 = d0

1
d0

2
= m 1

gcd( m 1 ;u ) = � 1.

(2d) By de�nition and (6.2.5), � 0
i = m 0

i
d0

i +1
= u+ m i � m 1

d0
i +1

.

Also, � i � (� 1 � � 1)� 2� 3 � � � � i = m i
di +1

� ( m 1
d2

� d1
d2

) d2
di +1

= m i � (m 1 � d1 )
di +1

. Since d1 = u
and d0

i = di for 2 � i � h + 1, then the proof is done.

(2e) Note by de�nition that � 0
i = d0

i
d0

i +1
and � i = di

di +1
for 2 � i � h. Sinced0

i = di

for 2 � i � h + 1, then the proof is done. Thus, the proof of (2) is �nished.

(3) First, note that u < u 0 < m 1 and that u0 is divisible by u. Then by Theorem
3:4, the parametrization of C can be easily rearranged as follows: For convenience of
notation, write m0 = u0.

x = tu and
(6.2.6)

y = c1tm 0 f (1 + D0(t)) + a1tm 1 � m 0 (1 + D1(t)) + � � �

+ ah� 1tm h � 1 � m 0 (1 + Dh� 1(t)) + ah tm h � m 0 (1 + Dh (t))g

= c1tm 0 f 1 + H (t)g;

where (i) 2 � u and 2 � m0 = u0 < m 1 < m 2 < � � � < m h , (ii) u = d1 > d 2 >
� � � > d h+1 = 1 with gcd( u; m0; m1; : : : ; mi ) = di +1 for 1 � i � h, (iii) p1, p2, : : : ,
ph are nonnegative integers such thatpi +1 di +1 < m i +1 � mi < (pi +1 + 1) di +1 for
0 � i � h � 1, (iv) D j (t) =

P pj +1
i =1 cj +1 ;i t id j +1 2 C[t], the ring of polynomials in t, for

0 � j � h � 1 and Dh (t) =
P 1

i =1 cj +1 ;i t i 2 Cf tg, the ring of convergent power series
at the origin in C2, (v) the ai are nonzero complex numbers fori = 1 ; 2; : : : ; h from
the above parametrization of the curveC.

Let s be the new parameter de�ned by a conformal mapping of one complex
variable t at the origin such that s(t) = c1

1
m 0 t(1 + H (t))

1
m 0 with y = sm 0 and s(0) =

0. Then by Theorem 3:4, an equivalence of the given parametrization ofC can be
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represented as follows: Note thatm0 = u0.

y = sm 0 and
(6.2.7)

x = c1
� u

m 0 su f (1 + Q�
0(s))

+ sm 1 � m 0 (b1;0 + Q�
1(s)) + sm 2 � m 0 (b2;0 + Q�

2(s)) + � � �

+ sm h � 1 � m 0 (bh� 1;0 + Q�
h � 1(s))g + sm h � m 0 (bh; 0 + Q�

h (s))g

= c1
� u

m 0 su f 1 + L(s)g;

where (i) Q�
j (s) =

P pj
i =1 bj +1 ;i sid j +1 2 C[s] for 0 � j � h� 1 andQ�

h (s) =
P 1

i =1 bh;i si 2
Cf sg, (ii) all the bji are complex numbers and thebi 0 are nonzero for 1� i � h, (iii)
L (s) is just the substitution.

Sinceu < u 0 = m0 < m 1 and m0 is divisible by u, then by (6.1.1), (6.1.3), (6.2.6)
and (6.2.7), observe the followings:

d1 = u; d2 = gcd(u; m1); di +1 = gcd(u; m1; m2; : : : ; mi ) for 2 � i � h;
(6.2.8)

u0 = m0; m0
1 = u; m0

2 = u + m1 � m0; : : : ; m0
h = u + mh� 1 � m0; m0

h+1 = u + mh � m0;

d0
1 = u0 = m0; d0

2 = gcd(u0; u) = u; d0
3 = gcd(u0; u; u + m1 � u0) = gcd( u; m1);

d0
i +1 = gcd(u0; u; u + m1 � u0; : : : ; u + mi � 1 � u0)

= gcd(u; m1; m2; : : : ; mi � 1) for 2 � i � h + 1 :

Now, by de�nition of the reverse Puiseux pairs, the proof of (3) can be done from
the following facts (3a), (3b), (3c), (3d) and (3e):

(3a) Note that h is the number of distinct elements in the setf d1 > d 2 > � � � >
dh g, and that h0 is the number of distinct elements in the setf d0

1 > d 0
2 > � � � > d 0

h0g.
Then it is clear that h0 = h + 1, becauseu < u 0 = m0 < m 1 and m0 is divisible by u.

(3b) Then, � 0
1 = m 0

1
d0

2
= u

u = 1.

(3c) Then, � 0
1 = d0

1
d0

2
= u0

u .

(3d) By de�nition and (6.2.8), � 0
i +1 =

m 0
i +1

d0
i +2

= u+ m i +1 � m 1

d0
i +2

for 1 � i � h.

Also, � i � ( u0

u � 1)� 1� 2 � � � � i = m i +1

di +1
� ( u0

u � 1) d1
d2

d2
d3

� � � di
di +1

= m i +1

di +1
� ( m 1

u � 1) d1
di +1

for 1 � i � h. Sinced0
i +2 = di +1 and d1 = u, then the proof is done.

(3e) Then, � 0
i +1 =

d0
i +1

d0
i +2

= di
di +1

= � i for 1 � i � h, and so the proof of (3) is done.

Therefore, we have completed the proof of the theorem.
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