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AN EQUIVALENCE FOR IRREDUCIBLE PARAMETRIZATION
AND ITS APPLICATIONS TO THE DIRECT PROOF OF

AN EQUIVALENCE OF THE PUISEUX PAIRS AND THE
MULTIPLICITY SEQUENCES FOR IRREDUCIBLE CURVES

CHUNGHYUK KANG Y

Abstract.  The rst aim is to nd an equivalence of irreducible plane cur  ve singularities. Af-
ter then, as an application, the second aim is to prove easily and rigorously an equivalence of the
Puiseux pairs (equivalently, the multiplicity and Puiseux exponents) and the multiplicity sequences
for irreducibility plane curve singularities inductively , using the -process only. Moreover, as an-
other application, we prove very easily and analytically th e Inverse Theorem, that is, the relationship
between Puiseux pairs and the reverse Puiseux pairs. Note al so that the equivalence of Puiseux
pairs and the multiplicity sequences for irreducible plane curve singularities was once proved by
this inverse theorem. Rigorously speaking about an equival ence of irreducible parametrization, we
may assume that the parametrization of any irreducible plan e curve C is given by y(t) = t" and
z(t) = citkr + cptk2 + = ¢tk (1+ H(t) wherel <n,1<ki<kz< ; and the ¢; are nonzero
complex numbers, and H (t) is just the substitution.

If n k1, then the irreducible parametrization of the plane curve  C is called the Puiseux
expansion, and the Puiseux pairs for the given Puiseux expan sion of the curve C has been well-
dened. If n>k 1, itis very interesting to de ne the Puiseux pairs of the Puis eux expansion which
is equivalent to the parametrization of the curve C, as the Puiseux pairs of C, as follows: Let
s be the new paramelter de ned by 1a conformal mapping of one comp lex variable t at the origin
such that s(t) = cik1t(l+ H(t)) X1 with z(t) = (s(t))*2 and s(0) = 0, and let t = (s) be its
inverse. Then, the paramtrization de ned by  z( (s)) = skt and y( (s))= byst+ bps2+ , where
l1<n ="1<"2¢< ,and k1 <n, and the by are nonzero complex numbers, being equivalent to
the parametrization of the type ( y(t);z(t)), is the Puiseux expansion with the parameter s. In this
case, the Puiseux pairs for the curve C can be de ned from the Puiseux expansion parametrized by
yi(s) = y( (s)) and z1(s) = z( (s)).

The second aim for this paper is, to prove the following theor em( Theorem A) in an elementary
way, without using the well-known theorem (Theorem  B):

Theorem A: Whenever any two irreducible parametrizations have the sam e Puiseux pairs
(equivalently, the same multiplicity and Puiseux exponent  s) by a nonsingular change of the parametriza-
tion, then they have the same multiplicity sequences, and co nversely.

Theorem B: As far as arbitrary Puiseux expansion of irreducible plane c urve singularities is
concerned, any two irreducible plane curve singularities h ave the same topological type if and only if
they have the same Puiseux pairs.

For example, we can prove by Theorem A that the standard Puiseux expansion de ned by
y=thandz=1t 1+ + t r, and another parametrization dened by y =1t 1t and z = t"f1+
t2 1+ +t r 1g have the same multiplicity sequence, and also the same Puise ux pairs by a
nonsingular change of a parameter, without using Theorem B.

1. Introduction. The rst aim in this paper is to nd an equivalence of irre-
ducible plane curve singularities. After then, as an application, the second aim in this
paper is to prove easily and rigorously an equivalence of the Puiseux pairs (equiv
lently, the multiplicity and Puiseux exponents) and the multiplicity sequences for ir -
reducibility plane curve singularities inductively, using the -process only. Moreover,
as another application, we prove very easily and analytically the Inverse Theagm,
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that is, the relationship between the Puiseux pairs and the reverse Puiseux pairs.
Note also that the equivalence of Puiseux pairs and the multiplicity sequences for
irreducible plane curve singularities was already proved in the algebraic form, ¥ this
Inverse Theorem.

In this paper, we mention the following well-known theorem (Theorem B), without
proof:

Theorem B. As far as arbitrary Puiseux expansion of irreducible plane arve
singularities is concerned, any two irreducible plane cure singularities have the same
topological types if and only if they have the same type of theandard Puiseux expan-
sion (or the same Puiseux pairs).

( ) Throughout this paper, we will complete our aim without using Theorem B.

Now in more detall, let the parametrization of an irreducible plane curve C be

givenbyy = t" andz = gtk + gptke+ = gtk (1+ H(t))wherel<n,1<k; <kj<
; and the ¢ are nonzero complex numbers andH (t) is the just the substitution. If

n ki, then the above parametrization is called the Puiseux expansion for the curve.
In particular, if the parametrizationisdenedby y=t"andz=1t t+t 2+ +1tr
where2 n< 1< ,< < andn> gcd(n; 1) > gcd(n; 1; 2) > >
ged(n; 1; 2;::i; ¢) =1, then it is called the standard Puiseux expansion for the
irreducible plane curve.

In order to avoid the complexity of the terminology in this paper, rst of all , we
can rewrite the statement of the de nition of the Puiseux pairs, as follows.

Definition 1.1. Let the parametrization for arbitrary irreducible plane curve C
be de ned by

(1.0.1) y(t) = t"; z(t) = athr + otfe + = gtk (1 + H(1));

where 1<n, 1<k;<kjy< ; and the ¢ are nonzero complex numbers andH (t)
is just the substitution.

Moreover, note that the curve C is irreducible in Cfy;zg () n ged(n;kq)
ged(n; ki kz) ged(n; kirko;iin) = 1.

Now, consider two cases, respectively.

Case[l] Letn  k;. Then, the parametrization for the curve C of (1.:0:1) is called
the Puisuex expansion.

Case[ll] Let n > k ;. Then, the parametrization for the curve C of (1:0:1) is not
called the Puisuex expansion.

Case[l] Assume thatn  ki. Now, we can de ne the sequencd i1; 2;:::; pg
from the setfk; :i =1;2;:::9, consisting of the exponents of the above parametet,
as follows: Note that n is the multiplicity of the curve C at the origin.

() 1isthe smallest positive integer among the exponentk; such thatn > gcd(n; 1);
2 is the smallest positive integer among the exponent&; such that n > gcd(n; 1) >
ged(n; 1;ki); 3 is the smallest positive integer among the exponentk; such that
n > ged(n; 1) > ged(m; 1; 2) > ged(n; 15 2:ki); i p is the smallest posi-
tive integer among the exponentsk; such that n > gcd(n; 1) > ged(n; 1; 2) >
ged(n; 15 25 3) > >ged(n; a1; 25iir p) =1
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(1) By the uniqueness of construction of the seff ; : 1 i pg, i is calledi-th
Puiseux exponent in this paper.
(2) By (1), let S be the set dened by fn; 1; 2;:::; pg. Whenever the Puiseux

expansion for the curveC is given, then the setS is uniquely determined.

(2a) In this paper, S is called the multiplicity and Puiseux exponents for a given
Puiseux expansion of the curveC, that is, a new terminology.

(2b) If necessary, we can construct uniquely the standard Puiseux expansion
denedby y=t"andz=t*+t2+ +tr forthe curve C.

(3) By (2), let di =gcd(n; 1;:::; j)forl i p, and write dg = n for brevity
of notation. d
Dene ;and ; by i=d%and i=h—ffor1 i p, andlet ( i; ;) be

de ned by the Puiseux pair for eachi. '

Then, f( j; i):1=1;2;:::;pgis called a nite sequence of Puiseux pairs for a
given Puiseux expansion of the curveC. If necessary, this sequence will be sometimes
called the set of Puiseux pairs for a given Puiseux expansion of the curve.

(4) By the next remark, it can be shown that there is a one-to-one correspondence
between the set of the multiplicity and Puiseux exponents, and the set of Puiseux pairs,
that is, (2) and (3) have the same type of de nitions arithmetically.

(4a) If the parametrization de ned by ( y(t);z(t)) in (1.0.1) is the Puiseux ex-
pansion, then it is said that this Puiseux expansion have either the multiplicity se-

1,2;:::;pg where each ; and ; is de ned as we have seen in (3).
(5) By (4), throughout this paper, we prefer to choose the terminology in (2)
rather than that in (3), if necessary.

Case[ll] Assume thatn >k ;. For the convenience of the notation, we may begin
without loss of generality that the parametrization of the pair ( y(t); z(t)) for the curve
C of (1:0:1) is written in the following:

(1.0.2) y(t)=tm; z(t)= bt 1+ bt 2+ i with m> 4

where thely are nonzero complex numbers, anan > 1 and 1< ;< ;< 3< ,
andm gecd(m; 1) ged(m; 1; 2) ged(n; 15 25::) =1
By (1:0:2), let s be the new parameter de ned by a conformal mapping

X 1
(1.0.3) s(t)= t(p+  bt' )71

i 2
of t at the origin such that z(s(t)) = s * ands(0) =0, and let t = (s) be its inverse.

Then, the Puiseux expansion de ned byyi(s) = y( (s)) and zi(s) = z( (s)),
which is equivalent to the parametrization of the pair (y(t);z(t)) in (1:0:2), can be
written as follows:

(1.0.4) z1(s)= s, vi(S)= CiSt+ s+ with 1<
where 1<m = "1 <5< ,and 1<, and the ¢ are nonzero complex numbers.

Therefore, if m = "1 is greater than 1, then by using Theorem 34 in this paper,
rst we will nd the inverse t = (s) of a conformal mapping s = s(t) in (1.0.2),
which gives an algorithm for the construction of the Puiseux expansion in (10:4),
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that is, an equivalent parametrization for the above curve C. Next, applying the new
terminology to this case, by the same way as we have used in Case[l] of this detion,
we can naturally generalize the de nition of the following words for this curve C of
(1:0:4) in Case[ll], respectively:

The multiplicity and Puiseux exponents; the standard Puiseux expansion; a nite
sequence of the Puiseux pairs:

Remark 1.1.1. If the multiplicity and Puiseux exponents(equivalently, the stan-
dard Puiseux expansion) are given, then it is clear that a nite sequence of the Puiseux
pairs is uniquely determined. Conversely, if a nite sequence of the Puiseux pairs is
given, then we show that the construction of the multiplicity and the Puiseux expo-
nents is trivial, which can be easily proved from the following computatians:

For the proof, follow the same notation as we have seen in both (2) and (3of
Case][l] of De nition 1:1. Since ( p; ;) is given andd, = 1 from the assumption, then
we can compute , andd, ; because , = pand ,=d, 1. If p=1,then , and
d, 1 = n were already computed, and so the proof is done. Lep > 1. Next, since
( p 1; p 1) is given by assumption, and , and d, ; were already computed, then
p 1

dp 2
d = P [fp=2,
dp . and , 1 dp p

1
then ,, , 1, andd, 2 = n were already computed, and so the proof is done. Let
p > 2. Thus, following the induction method on the positive integer p, the proof can
be easily done withdy = n.

we can compute , ; and d, » because , ; =

The rst aim is to nd an algorithm for the construction of an irreducible plane
curve C, with the Puiseux expansion which is equivalent to the parametrization of
given any irreducible plane curveC of the above type (10:1) whether or not n ki,
by a conformal mapping theorem of one complex variable(Theorem 3.4). As an easy
corollary of Theorem 34, we can nd an easy algorithm for getting the standard
Puiseux expansion topologically equivalent to the parametrization of either e curve
Cp or the curve C, by De nition 4 :4 and Theorem 45.

The second aim is, as an application of Theorem:3&, to prove easily an equivalence
of the Puiseux pairs(equivalently, the multiplicity and the Puiseux exponents) and the
multiplicity sequences for irreducible plane curve singularities inductively, using the

-process only, without using the well-known theorem (Theorem B), which can be
represented as follows:

Theorem 5.1 (Theorem A). Whenever any two irreducible parametrizations
have the same Puiseux pairs in the sense of De nitiorl:1, then they have the same
multiplicity sequences, and conversely.

For example, let the parametrization of an irreducible plane curveC; be given
by y(t) = t" and z(t) = cit*t + cotke + = ¢it*1(1 + H(t)) whether or not n Ky,
where 1<n, 1<k <ky< ; and the ¢ are nonzero complex numbers andH (t)
is the just the substitution. As compared with the parametrization for the curve Cj,
let C, be the curve parametrized byy = c;t"(1+ H(t)) and z = t*1.

For the proof of the second aim in this example, rstitis easy to show by Theorem
3:4 that two curves C; and C, have the same type of the Puiseux pairs in the sense
of De nition 1 :1, and next we will prove by Theorem 51 that they have the same
multiplicity sequence, without using Theorem B.
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In particular, let the standard Puiseux expansion for the irreducible curve C; be
denedbyy=t"andz=t*+1t 2+ +trwhere2 n< ;< ,< <

and n > ged(n; 1) > ged(n; 1; 2) > > ged(n; 1; 2;:::; ¢) =1, and let the
parametrization of the curve C, be dened by z =t t andy = t" + t"* 2 1+
t"t = 1+  +t"" r 1 Then, C; and C, have the same type of the Puiseux pairs

in the sense of De nition 1:1, and also they have the same multiplicity sequence by
Theorem 51.

As another application, we can prove very easily and analytically the Inverse
Theorem(Theorem 62), which has been written in ([Ab3]) without any other proof.
Also, this theorem is equivalent to the Inverse Theorem([Ab1l]), originally written in
the algebraic form, with proof.

As far as irreducible plane curve singularities are concerned, it was just well-
known by Theorem 27([En-Ch]) and by ([Br-Kn]) that knowledge of the Puiseux
pairs is equivalent to knowledge of the multiplicity sequences. Also, it was progd
algebraically by ([Abl], [Ab2],[Ab3]) that the Puiseux pairs and the multipli city
sequences are equivalent, by using the reverse Puiseux pairs. Now, for example,
consider two irreducible plane curvesV = fy=t*andz=t5+t%+ t'%gand W =
fy = t*+ t" + t8 and z = t8g with isolated singularity at the origin, respectively. But,
it has been not yet proved rigorously that both V and W have the same Puiseux pairs,
and that both V and W have the same multiplicity sequences. So, in this paper we
are going to show rigorously that not only V and W have the desired property, but
also this result can be generalized, by the conformal mapping theorem of one complex
variable and a -process only.

In general, in order to grasp the contents of this paper with ease and simplicy,
let f (y;z) be irreducible in Cfy;zg with an isolated singularity at the origin in C?
where Cfy; zg is the ring of convergent power series at the origin inC2, and V (f ) be
an analytic variety de ned by f at the origin. Then, assume that the curve de ned by
f at the origin has an irreducible parametrization as follows: For notation of brevity,
the curve de ned by the abovef is also denoted byV (f ), if necessary.

(1.0.5) y(t) = t"; z(t) = cthr + otk +
where 1< n, 1< k; <k, < , and the ¢ are nonzero complex numbers, and
n ged(n; ki) ged(n; ki;ka) ged(n; ks ko;ioi) =1

To solve the rst aim is to construct the irreducible curve C; parametrized by
the Puiseux expansion, which is equivalent to the parametrization ofV (f ) of (1:0:5),
whether or not n  kj.

In preparation for such construction, rst of all, it is very interesting and i m-
portant for us to have the following lemma ( Lemma 12), which will be denoted by
Lemma 33 later.

Lemma 1.2. The irreducible curveV (f) of (1:0:5) can be easily rearranged in the
form

(1.0.6) y(t) = t";
z(t) = agt *(1+ Dy(t)) + apt *(1+ Do(t)) +
+at "(L+ Dy (1) + aat " (L+ Dy (1))
=ait (1+ H(t));
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where

2 nand2 1=ki< o< < i1,

@i) n dy>d,> >dry; =1 with ged(n; q1;:::; j)=diforl i r+1,

(i) p1, p2, :::,pr are nonnegative integers such thapidi < i1 i < (pi+1)d;
forla i r,

. _ P pi id . _ P 1 i

(iv) Dj(t)= L gt 2 C[t]for 1 j rand Dy (1) = ;o Gariit' 2
Cftg,

(V) 1+ H(t) =1+ Da(t) + t 2 _*(cpo + D2(t)) + +t 1 (G + Di(t) +
t 1 1(Cra1:0+ Drar (1) with cio = Z—' for2 i r+1,

(vi) the a are all nonzero comple>l< numbers withey = ¢, for i = 1;2;:::;r +1,

from the coe cients ¢ of (1.0.5).
Remark 1.2.1. By Lemma 3.3 again, recall that we can de ne the sequence

Put ; = ki; » is the smallest positive integer among the exponentsk; such
that n ged(n; 1) > ged(n; 1;ki); 3 is the smallest positive integer among
the exponents k; such that n ged(n; 1) > ged(n; 1; 2) > ged(n; 1; 2;ki);
:i1; r+1 is the smallest positive integer among the exponentsk; such that n
ged(n; 1) > ged(n; 1; 2) > ged(n; 15 25 3) > > ged(n; 15 25y o) >
ged(n; 15 2501 ki) =1

For the construction of the Puiseux expansion which is equivalent to the parame-
trization of V(f) in (1.0.6), we need to consider two cases: Let; = k; for notation.
@ n 1 and (i) n> 4.

Case(i) Let n 1. Then, the parametrization of V(f) itself is the Puiseux
expansion. So, in order to nd the curve C; with the standard Puiseux expansion
which has the same Puiseux pairs a¥/(f) of (1.0.6) does, without mentioning the
well-known theorem to the parametrization of V (f ) in (1.0.6), just apply the de nition
of the multiplicity and Puiseux exponents in De nition 1 :1, to V (f ) with the Puiseux
expansion, for the following two subcases (ia) and (ib), respectively:

Case(ia): Letn 1 and n> gcd(n; ). Then, nis not a divisor of ;.

Case(ib): Letn 1 andn =gcd(n; ;). Thatis, nis a divisor of ;.

Moreover, whether n is a divisor of ; or not, it can be easily proved that V()
of (1.0.6) and the curveC,; parametrized by (y, (t); z, (t)) have the same Puiseux pairs
in the sense of De nition 1:1 wherey, (t) = t" and z;(t) =t t +t 2 + +tr

Case(ia) Let n 1 and n > gcd(n; 1). Now, apply De nition 1 :1 to the
parametrization of V (f ) of (1.0.6). Then, V(f ) and the curve C; = C; parametrized
by (y1(t);z1(t)) have the same Puiseux pairs in the sense of De nition 11 where
yit)=t"andz;(t) =t + +t 2+ +t 't is the standard Puiseux expansion.

Case(ib) Let n 1 and n = gcd(n; 1). Thatis, n is a divisor of 3. Then,
apply De nition 1 :1 to the parametrization of V(f ) of (1.0.6), too. Then, V(f) and
the curve C; parametrized by (y1(t); z1(t)) have the same Puiseux pairs in the sense
of De nition 1 :1 wherey;(t) = t" and z;(t) = z;(t) tr=t 2+t 3+ +1t s
de ned to be the standard Puiseux expansion, by De nition 1:1.

But in Case(i), the remaining problem for the the aim of this paper is still to
prove that the multiplicity sequences of V (f ) and C; are the same(Theorem 5.1).
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Case(ii) Let n > 1, and son > gcd(n; ;). First, we must nd the method
how to construct the irreducible plane curve C, with the Puiseux expansion which is
equivalent to the parametrization of the curve V (f ) in (1.0.5), for which we need some
parameter s with the following properties:

(@) t= (s) is an analytic function of s nears = 0.

(b) (0)=0and 90)60.

After the curve C,, with the above properties (a) and (b) is constructed, just apply
the de nition of the multiplicity and Puiseux exponents in De nition 1 :1, to C, with
the Puiseux expansion. Then, it can be easily shown to construct the curve with the
standard Puiseux expansion which is equivalent to the parametrization of the cure
Cp, as we have done in Case (i).

But, in order completely to solve the same kind of problem in Case(ii) as we hay
seen in Case(i), still it remains to show that the multiplicity sequences ofV (f ) and C,
in Case(ii) are the same, but the proof must be the same as that of Case(i), dcause
the multiplicity is invariant under equivalent parametrizations.

Therefore, we can apply Lemma 3 and Theorem 34 to the parametrization of
V (f), so that we may get the Puiseux expansion which is an equivalent parametrizatin
to the curve V(f ), whether or not n  kj.

For Case(ii), let s be the new parameter de ned by a conformal mapping of one
complex variablet at the origin,

X
(1.0.7) s(t) = t(c + gtk k)Er
i 2

a " t(L+ H(t) T with s(0)=0,
z(s)= st

for an equivalent parametrization of the curve V(f ) de ned by (y(t);z(t)) of (1.0.5)
or (1.0.6), and lett = (s) be its inverse. Note thata; = ¢, and ; = kj just for
notation.

() Now, to write down the contents of this paper in order is as follows:

(A) For the rst aim of this paper, it is just to compute t = (s) in a con-
vergent power series ats = 0 by Theorem 3:4, and as an easy corollary, to com-
pute ( (s))" by using the binomial expansion, for the parametrization (y1(s); z1(s)) =
(y( (9);z( (s)=(( (s)";s*1)interms of s, which is equivalent to the parametriza-
tion (y(t); z(t)) of V(f) of (1.0.6).

(B) For the curve V(f), it is to nd the curve C; with the Puiseux expansion
which is equivalent to the parametrization of the curve V (f ) by Theorem 4.5, as an
application of (A).

(C) For the second aim of this paper, it is to show by Theorem 34 and Theo-
rem 51 that the multiplicity and Puiseux exponents(or the Puiseux pairs) and the
multiplicity sequences are equivalent, by using a nite sequence of processes only.

(D) As an application of (A), it is to prove easily and analytically the | nverse
Theorem(Theorem 62).

In more detail, in order to succeed in the rst aim described just as above
in this paper, by applying the conformal mapping theorem of one complex vari-
able to V(f) of (1.0.6) in Lemma 12, rst we can compute t = (s) in Cfsg and
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(y1(8); z1(s)) = (y( (8);z( (s)) in the parameter s of (1.0.7), and then next nd an
equivalent parametrization for the curve V(f), by the following theorem(Theorem
1:3), which will be denoted by Theorem 34, later:

Theorem 1.3.

Assumption In order to get another parametrization which is equivalentto the
pairs (y(t);z(t)) of the curve V(f) in either (1.0.5) or (1.0.6), let t = (s) be the
inverse function of s = s(t) at the origin, which may be de ned by(1:0:7).

Conclusion  Then, we have the following consequencg§, [I1]:

[l Then,t= (s) at s=0 can be written as follows: Let ; = kj.

(1.0.8)
t= (s)
=c, 'sf(1+ Qu(s)+ s2 *(Bao+ Qas)+ s* *(Bao+ Qa(S))
+ + s r+1 1(Br+1 ;0+ Qr+1 (S))g
1
=¢, 'sfl1+J(9)g;
where = _
() Qds)= " L, Bjis 2 C[s] with dj =ged(n; q;:::5 ) for 1 j  r and
Qj+1(s)= -y Br+1;is' 2 Cfsg,

(i) all the Bj; ;) are complex numbers withl j r+1 and1l () p,
noting that p;+; may be in nite,
. 1
(iii) the Bj o = m(c1 ) i 1 are all nonzero complex numbers fo2 i
1
r+1,
(iv) J(s) is just the substitution.

[l As a corollary of [I] with the binomial series expansion, we get the following
equivalent parametization forV (f ) of (1.0.6) very easily:

(1.0.9)
zZ=s1;
:tn
=C n_15”1‘(1““ Qu(s))+ s 2 *(bpo+ Qa(s))+ s 2 *(bso+ Qs(s))
+ +s 1(br+l o0t Qr+1 (S))g

:cl%s”fl+ L(s)g;

where
@ ged(n; 1p 2 asiiny i 1) =ged(n; qp 25y )= difgrl 0 r+d,

(i) Q)= Pybs 2Clslforl | randQuy(s)= - baass 2
Cf sg,
(i) all the b, ;) are complex numbers withl j r+landl1 i(j) p,
noting that p,+1 may be in nite,
(iv*) the b.o are all nonzero complex numbers for2 | r + 1, noting that
B.o=nBjofor2 j r+1,
(v) L(s) is just the substitution.
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Remark 1.3.1. Suppose that the assumption and notations of Theorem B are
satis ed. As a very important application of Theorem 1:3, we have the followings:

(1) Let C and C be two curves de ned by the following parametrizations,
respectively:

(1.0.10)
(., _in
y =t
C =
Zz=t '+t 2+ +tr+1;
y=t:
C =
z=t"+ " 2 14"t s 14 g e 1
where
2 nand2 1=ki< 2< < 41,
(i) n dy>dy> >d;y =1withged(n; q1;:::; j)=diforl i r+1

Then, apply Theorem 1:3 to the parametrization of V (f ), and then it can be easily
shown by Lemma 12, Theorem 13 and De nition 1 :1 that V(f), C andC have the
same type of the standard Puiseux expansion whether or noh  k; = 1, because
whenever thea; are all nonzero complex numbers withay = ¢; fori =1;2;:::;r +1,
then the b. o are all nonzero complex numbers for 2 j  r +1, and conversely.

(2) Also, for convenience of notations, it is interesting to note that the parametri-
zation for V (f) of (1.0.6) can be just rewritten as follows: For brevity of notation,
write C = V(f).

(1.0.11)
y=t"
Z=agt ML+ Dy(D)+ t 2 (24 Zpyt)+
ai az
ar ay ar+1 ar+1
+tr Y(—+ —D,({)+t (—/—+ D t
&+ 2p.1) (e + 20D ()

=agt *(1+ H(Y);
where H (t) is just the substitution.

Now, in order to compare L (s) of (1.0.9) and H (t) of (1.0.11) simultaneously, let
C of (1.0.11) and C be two irreducible curves de ned by (i) and (ii) respectively, as
follows:

(1.0.12) () y=t" and z= ait *(1+ H(t)):
(i) y=t"(1+H(@) and z= ast *:

Even if H(t) may be assumed to be chosen arbitrary, then by De nition 11,
Theorem 34 and Lemma 43, two irreducible curves de ned by C of (i) and C of (ii)
in (1.0.12) have the same Puiseux pairs.

For example, if the standard Puiseux expansion for an irreducible plane curvec
isdenedbyy=t"andz=1t 1(1+H(t))=t *1(1+t2 *+ts3 4+ +tr 1)=
t1+1t2+ +trwhere2 n< 1< 5,< <  andn > gcd(n; 1) >
ged(n; 1; 2) > > ged(n; 1; 2;:::; ¢) = 1, and the parametrization for an
irreducible curve Cisdened by z=t tandy = t"(1+ H(t)) = t"(1+t 2 *+
ts 1+ 4+t 1) then C and C have the same Puiseux pairs.



374 c. kang

As a very important application of Theorem 3:4, in order to explain the contents
of Theorem 51, let g(y; z) be arbitrary in Cfy;zg with an isolated singularity at the
origin in C2, and V (g) be an analytic variety de ned by g(y;z) at the origin. Then,
as we have seen in (1.0.6), it is also important to consider that the pararatrization of
another irreducible curve V(g) with an isolated singularity at the origin can be given
as follows:

(2.0.13) y=t"
Z=1t 1+ Ly(t)) + bpt 2(1+ Lo(1))
+ +ht v+ Ly(t)+ bysat v (1 + Lysr (1)

where
2 mand?2 1< < < Uil
(i) m e >ep> >ey+1 =1withged(m; q1;:::; )=eforl i u+1,
(i) oqn; ;i qusr are nonnegative integers suchthaje < 4.1 < (g+1)e
forl i u, p _ p .
(v) Li(t)=  f pitei 2CtJfor1 j wandLya(t)= -, bt 2
Cftg,
(v) the by are all nonzero numbers forl i u+1.

Finally, by applying (1.0.12) and Lemma 4:3 to either (1.0.6) or (1.0.8), and
(1.0.13), with a nite  -processes, this paper for the second aim may be very easily
described by [I], [I1], [II] and [IV] as follows:

[l Assume that n < , and n > gcd(n; ) in (1.0,6), and also that m <
and m > gcd(m; 1) in (1.0.13). Note that the parametrizations of both V()
Of (1.0.6) and V(g) of (1.0.13) are Puiseux expansions. Then, we can prove the
following(Theorem5:1).

V (f) and V (g) have the same multiplicity sequence.

0 The multiplicity and Puiseux exponents for both V (f) and V(g) are the same,
in the sense of De nition 4:1.
Thatis, n=m,r+1=u+1,and = ; foralli=1;2;:::;r+1.

(0  The Puiseux pairs for both V (f ) and V (g) are the same, by De nition 4:1.

[l Assume that n < 1 and n > gcd(n; ;) in (1.0.6), and that 2 1 <
mand ; < 2 < < ys1 and 1 > ged(m; 1) > ged(m; ;o) > >

the Puiseux expansion, but the parametrization of V(g) is not the Puiseux expan-
sion. So, using the construction method in Theorem 34, let C, be the curve with
the Puiseux expansion which is equivalent to the parametrization ofV (g) in (1.0.13).
Thus, we can get the following by [I].

V (f ) and C, have the same multiplicity sequence
0 n= 1, 1=mr=uand j=m+ ; qforl i r+1;

which is viewed as a necessary and su cient condition thatV (f ) and V (g) have the
same Puiseux pairs.
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[I] Assume that n < ; and n > gcd(n; 1) in (1.0.6), and that 2 1 <
mand ; < 3 < < s and 1 ged(m; 1) > ged(m; ;o) > >
ged(m; 1; 2;:::; u+1) = 1 with 1 = ged(m; ;). Note that V(f) is the Puiseux
expansion, but V (g) is not the Puiseux expansion. By the same technique as in The-
orem 34, let C, be the curve de ned by the Puiseux expansion which is equivalent to
the parametrization of V(g) in (1.0.13), and then apply Lemma 43 to the curve C,
because ; is a divisor of m. Thus, we can get the following by [l].

V (f) and C, have the same multiplicity sequence.
0 nN= 1, 1=M+ > 1, 2=M+ 3 1,00, rs1 =M+ 42 1
wherer +2= u+1,

which is viewed as a necessary and su cient condition thatV (f) and C, have the
same Puiseux pairs. Thus,V (f ) and V(g) have the same Puiseux pairs.

[IV] Assume that n > ; and ; > gcd(n; 1) in (1.0.6), and that 2 1 <
mand ; < 2 < < s and 1 > ged(m; 1) > ged(m; ;o) > >
ged(m; 1; 2;::%; u+1) = 1 in (1.0.13). Note that neither V(f) nor V(g) is the
Puiseux expansion. But, using the construction method in Theorem 3, we may
assume that C; is the curve with the Puiseux expansions which is an equivalent
parametrization for V (f ), and also C; is the curve with the Puiseux expansions which
is an equivalent parametrization for V (g). Thus, we can prove the following by [I].

C; and C, have the same multiplicity sequence.

0 1= g,n=m,r=uandn+ 1=m+ cforl i r+1:
Thatis, n=m,r=uand ;= ;forl i r+1:

(0 C; and C, have the same Puiseux pairs,

which is viewed as a necessary and su cient condition thatV (f ) and V (g) have the
same Puiseux pairs.

Therefore, summarizing the above results again, then we can prove Theorem®b
Moreover, we can prove by Theorem 8. and Theorem 45 that any two irreducible
plane curve singularities have the same topological type of singularitiegt the origin
if and only if they have the same multiplicity sequences. Also, as an application,tiis
easily computable by Theorem 34 that two irreducible curves V = fy = t* and z =
t®+ t%gand U = fy = t*+ t7 and z = t8 + t%g with isolated singularity at the
origin have the same multiplicity sequence if and only if 6 %

Finally, using Theorem 3:4, we will prove very easily the Inverse Theorem (Theo-
rem 6:2), which has been analytically written in ([Ab3]) without proof. This theor em
is the restatement of the Inverse Theorem in (JAb1]), which was already represead
and proved in the algebraic statement.

2. Known preliminaries. Let Cfy;zg be the ring of convergent power series
at the origin in C2. Let V(f) = f(y;z) : f(y;z) = 0g be an analytic variety at
(y;z) = (0;0) in C? with an isolated singular point at the origin where f is in Cfy;zg
and square-free. Let : M ! C? be a blow-up of C? at (0;0). Let (v;u) and
(v% u9 be the local coordinates for M with  (v;u) = (y;z) = (vu;v) and (v%u9 =
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(y;z) = (V%v9 where u® = 1 and v = vu. Let e be the multiplicity of f at
(0;0) with e 2. Then  (V(f)), the total transform of V(f), is locally given by
f(v;vu) = vefy(v;u) and f (V% v9 = v®f,(v®u9. Let VD (f) be an analytic variety
locally de ned by either f1(v;u) = 0 or f(v%u% = 0. Then, we call V® (f) the
proper transform of V(f ) at (0;0). Note that if f is irreducible in Cfy;zg, then just
one of the local coordinates is needed for the study o¥ ) (f). After m iterations
of blow-ups, let , = 2 m MM 1 c@  Let VM (f) be the proper
transform of V(f) under .. Let E(M = _1(0;0). Then, E(M) is, by de nition, an

exceptional set of the rst kind. Let E(M = [ E; be the decomposition ofE (™)
into irreducible components. Eg,ch E; is called an exceptional curve of the rst kind.
Let (f  m)avisor = VM (f)+ I, &E; be the divisor off . Then, we have the
following well-known theorem.

Theorem 2.1. LetV(f)= f(y;z):f(y;z) =0g be an analytic variety at(y; z) =
(0;0) in C? with an isolated singular point at the origin wheref is in Cfy;zg and
square-free. There exists an analytic manifoldM by the composition of a nite number
(m) successive blow-ups,n : M ! C2, such that if R is the set of regular points on
V then : mi(R)! V is a resolution of the singular point(0;0) of V, where n1(R)
is the closure of ,%(R) in R.

Corollary 2.2. Under the same assumption of Theoren®:1, after additional
blow-ups any two components o (™) and [ 2, E; meet with normal crossings when-
ever they meet and no three components of (™ and E; meet, whereV(™ and [ E;
are de ned just before Theorem2:1.

Definition 2.3.

(i) For an isolated singularity of a plane curve, the smallest resolution with normal
crossings in the sense of the above corollary is called the standard resoloti of the
given singularity.

(i) Let V(f)= f(y;2):f(y;2)=0gandV(g) = f(y;2): g(y;z) = 0g be analytic
varieties at (y;z) = (0;0) in C? with an isolated singular point at the origin where
f and g are in Cfy;zg and square-free. V(f) and V(g) are said to either have a
homeomorphic resolution or be equisingular if {  m)divisor and (g  m)divisor are
equivalent in the sense of the standard resolution.

Now, we want to write the local de ning equation for singularities of irreducibl e
plane curves in terms of parametrization, if necessary and consider the de nition of
the multiplicity sequence.

Theorem 2.4. Suppose that the parametrization for the curveC is given as
follows:

(2.4.1) y=t" and z = ¢t*t + cptkz +

where thec are nonzero complex numbers, and <n, 0<k; <kj < . It is not
assumed thatn <k ;.

Then the parametrization is irreducible in Cfy;zg if and only if n  gcd(n; k1)
ged(n; ka;kz) ged(n;ky;kp; i) =1.
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Definition 2.5.  Let f (y; z) be irreducible in Cfy; zg with an isolated singularity
at the origin. Let the curve C dened by f (y;z) 2 Cfy;zg have a parametrization
with a parameter t as follows:

(2.5.1) y=1" and z = c;tkr + cotkz +

where the ¢; are nonzero complex numbers and ¥ n, 1<k; <kj < . It is not
assumed thatk; n. Then, we have the following de nitions.

@) If k; n, then the above parametrization is called the Puiseux expansion for
the curve C.

(ii) In particular, if the above parametrization is dened by y = t" and z =

tr+tz2+ +t-where2 n< 1< 5< < andn > gcd(n; 1) >
ged(n; 1; 2) > > ged(n; 1; 2;:::; r)=1,thenitis called the standard Puiseux
expansion, and also by De nition 4:2 in this paper, the setfn; 1; 2;:::; (g will

be de ned to be the multiplicity and Puiseux exponents for the standard Puiseux
expansion by De nition 4:1, as we have seen in De nition 11.

Definition 2.6. Let us just consider the de nition of the multiplicity sequence
for irreducible curves. Suppose that we are given an irreducible curve germ with an
isolated singularity. Let o be the multiplicity of this curve germ at this point. If we
blow up once, then we again nd at most one singularity. Let ;1 be the multiplicity of
the curve of the germ blown up once, , be the multiplicity of the curve of the germ
blown up twice, and continue to the standard resolution. The sequence ends with a

last one is not is not counted, is then the multiplicity sequence.
Theorem 2.7(Enriques-Chisini).
(i) For an irreducible curve with Puiseux expansion
(2.7.1) x = tm
y = agtht + apthe + + agthe;

in which only essential (characteristic) term appear, the multiplicity sequence is de-
termined by the following chain ofg Euclidean algorithms: Leti =1;2;:::.

i = palipat ri2;

l.1= 2li2*+ li3;
Fw () 15 w@Fiw@  With 0 rijag <ri;;
i=ki ki forl i g and ky=0,

rga="ri 1wg 1p fori> 1, and rgp=m.
In the multiplicity sequence, the multiplicity rj then appears j times, wherei =

rithms, then it is also counted multiply.)

(i) For an arbitrary irreducible curve one obtains the multiplicity sequences by
omitting all non-characteristic terms from the Puiseux expaision and then applying
the algorithm above.
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(iii) Conversely, one can reconstruct the exponents of the charaeistic terms of
the Puiseux expansion of an irreducible curve, i.e. the Puiux pairs of the curve, from
the multiplicity sequence, by the chain of Euclidean algotihms.

Proof of Theorem 2.7. See [Bri-Kn].

Definition 2.8.  LetV = fz2 C"*! :f(z)=0gandW = fz2 C"*! :g(z)=0g
be germs of complex analytic hypersurface with isolated singularity at he origin.

(i) f and g are said to have the same topological type of the singularity at the
origin if there is a germ at the origin of homeomorphisms : (Ug;0) ! (U;0) such
that (V)= W and (0) =0 where U; and U, are open subsets irC"*! . In this case,
denote this relation by f gorV ~ W. Otherwise, we writef 6 gorV 6 W.

(i) f and g are said to have the same analytic type of the singularity at the
origin if there is a germ at the origin of biholomorphisms : (U;;0) ! (U,;0) such
that (V)= W and (0) = 0 where U; and U, are open subsets inC"*! | that is,
f = ug where u is a unit in 4+, O, the ring of germs of holomorphic functions at
the origin in C"*1 . In this case, denote this relation byf gorV W. Otherwise,
we write f 6 gorV 6 W.

Theorem 2.9([Br],[Bu],[Z1]). Let f (y; z) be irreducible in Cfy; zg with an iso-
lated singularity at the origin in C?. Then the curve de ned byf at the origin can be
described topologically by = t" andz=t t+t 2+ +t » wheren< ;< <

and n > gcd(n; 1) > > ged(ng; 15::i; p) = 1. If for a given f there is an-
other homeomorphic parametrization de ned byy = t™ andz=t * + +t @ where
m< ;< < gandm> gcd(m; ) > > ged(m; 1;:::; ¢) =1, thenn=m,
andp=qgand = ;forl i p

Note by De nition 2 :5 that the multiplicity and Puiseux exponents for the stan-
dard Puiseux expansion determine the topological types oh¢ irreducible plane curve
singularities, and conversely.

3. How to get an equivalent parametrization from any given irredu cible
parametrization by the inverse mapping theorem of one complex va riable.

Definition 3.1. Let C be an irreducible curve de ned by the following pair
(y(t); z(1)):
(3.1.1) y = ait"t + at"z +
z= Iyt*r + bpthz +
wherey(t) and z(t) are in Cftg, and the a; and the by are nonzero complex numbers,
and 0<nji<n;< and 0<ki <ks< . Then, the pair (y1(t); z1(t)) is called
an equivalent irreducible parametrization of the pair (y(t); z(t)) if there is an analytic
function (t) in a neighborhood of zero such that (0) = 0 and 9%0) 6 0 and that
yi(t) = y( (1)) and z.(t) = z( (1)).
For example, let s be the new parameter de ned by a conformal mapping
X .
(3.1.2) s(t)= t(by + btk kEr
i 2
of t at the origin such that z(s) = s** and s(0) =0 and t = (s) be its inverse. Then,
an equivalent parametrization of the above curveC de ned by yi(s) = y( (s)) and
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z1(s) = z( (s)) isthat z; = sKt andy; = ¢;S* + S 2 + where 1< ;= n; <
5 < , and the ¢; and b; are nonzero numbers.

Problem. We may begin without loss of generality that the parametrization of
the pair (y(t); z(t)) for the curve C of De nition 3 :1 is given by the followings:

(3.1.3) y=t"
z = bth + pt*2 +

where the ly are nonzero complex numbers, andh > 0 and O<k; <k, <kjz < ,
andn gcd(n; ki)  ged(n; kq; ko) ged(n; kq; ko ii:) =1,

Then, the problem is how to nd the multiplicity and Puiseux exponents(or,
Puiseux pairs) of the Puiseux expansion which is an equivalent paramtrizationdr the
irreducible curve in (3.1.3), using the following two cases (i) and (i), resgectively :

(i) If nis not greater than ki, then the problem is easy to solve by De nition
4:1 and Theorem 42, which were already well-known.

(i) If nis greater thank;, then using the inverset = (s) of a conformal mapping
s = s(t) in (3.1.2), compute the multiplicity and Puiseux exponents of the Puiseux
expansion {/1(s);z1(s)) = (y( (8));z( (s))) which is an equivalent parametrization
for the curve C.

Definition 3.2.  Let (t) be an analytic function in a neighborhood of zero such
that (0)= 90)= = ®@©)=0, but &*D(0) 0. Then, it is said that (t)
has a multiplicity k at t = 0 and write mult( (t);0) = k for notation. Let f (y;z) be
in Cfy;zg. Itis said that f (y;z) has a multiplicity at (y;z) = (0;0), denoted by
mul (f (y; z); (0;0)) = , if there is the least integer such that some partial derivative
of f of order is nonzero at the origin.

Lemma 3.3 (The rearrangement of an irreducible parametrizat ion).
Assumption  Let the curve V de ned by f (y;z) 2 Cfy;zg have an irreducible
parametrization as follows:

(3.3.1) y=1" and z= ;t** + ¢tk +

where the ¢, are nonzero complex numbers and n, 1 ki <k, < ; and
n ged(n; kq) ged(n; k1; ko) ) ged(n; ky;ko;:::) = 1. To get a desired
rearrangement ofy = t" and z = i1:1 ¢tk in the conclusion of this lemma, rst we
can de ne a nite sequencef 1; 2;:::; r+10 from the sequencefk; : i =1;2;:::g
consisting of the exponent; in (3:3:1) as follows:

(1) Let ;1 = kj, and then note thatn ged(n; 1). That is, either n =
gced(n; 1) or n> ged(n; 1).

(2) Let , be the smallest positive integer among the exponents such that
n ged(n; 1) > ged(n; 1;ki).

(3) Let 3 be the smallest positive integer among the exponents such that
n ged(n; 1) > ged(n; 15 2) > ged(n; 15 2;ki).

(r+1) Let (.1 be the smallest positive integer among the exponenks such that
n ged(n; 1) > ged(n; 15 2) > > ged(n; 1 25iiiyo¢) > ged(n; gy 25
r , k| ): 1 .
Let d and k be arbitrary positive integers. For brevity of notation, if k is divisible by
d, then we write djk. Otherwise, we write d 6K.
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Now, letd; =gcd(n; 4;:::; j)forl i r+1l,andthenn d;>d;> >
dr+1 . Note that d;j( ; 1), 0i 6( j+1 1), and dj+1 jd;.

Conclusion  The given irreducible parametrization of V can be rearranged int
as follows:

(3.3.2) y = t"
- 1 di 2d; p1di
z=ct f(1+ cpat™ + cyot + + Cip, t )

+t 2 1(Coo+ Cout® + Cpat?2 4+ gy, t2)

+ i
U0 (Got Guth + cat® + + o, tP )
A k
+1 7 G0t Gerkth)d
k+1
satisfying the properties(i), (i) and (iii) .
(i) €10 =1;Cz0;C30;:::;C+1:0 are all nonzero complex numbers.
(i) p1;p2;:::;pr are nonnegative integers such that
(3.3.3) 1+ pdi< o< 1+(pr+1l)ds

2t Pt < 3< 2+ (p2t1)d;

rort P o1t 1< < o+ (pr 1+1)d 2

rrprd < o < +(pr+1)d
(i) Let S be the set which consists of the remaining coe cients int, that is,

(3.3.4) S=feu; C12;::”Clp1g[f Ca1; cZz;::::Cz;ng[

Then, any element ofS is either zero or nonzero.
Note that p may be zero for somei, 1 i r. In particular, if p; = 0 for
1 i r,then note thatcy;Co2;:::;Gyp, are all zero except forcy .

Proof of Lemma 3.3. It is trivial.

Theorem 3.4 (An equivalence of irreducible parametrization
Assumption  We may assume without loss of generality that the curv\i! de ned
by f (y; z) 2 Cfy; zg at the origin has an irreducible parametrization as follows
(3.4.1) y =t";
z=ct *f(1+ Da(t))+ t > *(cpo+ Da(t)) +
+t° HCo+ Dr(t)+t ™ (CGs1;0t Draa(t))g
=ct *(1+ H(t) or
y =t";
z=ct f1+ Dy(t)g+ ct 2fcy + Do(t)g+
+ct "fgo+ Dr(t)g+ ct " fervg;0+ Draa ()9
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where

1 nand1l 1< o< < i1,

@i) n dy>d,> >d;s1 =1 with ged(n; 1; 2;:::; )= di for 1 i
r+1,

(i) p1;p2;::i;pr are nonnegative integers such that

1+ pdi < o< 1+ (pr+1)dy;
2+ Poda < 3< o+ (p2+1)dy;

r1t Pt 1< < o1+ (P 1+1)d g

rt prdr < 141 < r+(pr +1)dr;

(iv) let
(3.4.2) Di(t)= ¢yt 2 C[t];

Do(t)=  cyt'92 2 CJt];

Di(t)= ¢t 2Clt];

D+ (1) = Cr+1 ;ktk 2 Cftg;
k=1
1+H(t)=1+ Da(t)+t > *(co+ D2(t))+

+tr NG+ De()+ t 7 (Guri0* Draa (1));

Conclusion We have the followings: Observe thafl) of two statements(l)
and (II) below may be omitted, in order to simplify the statements foConclusion, if
necessary.

() In preparation for the construction of an equivalent irreducible parametrization of
V, let s be the new parameter de ned by

(3.4.3) s(t)= c Tt + H(L) T

where .
(i) ¢t is a complex root such that! * = ¢,
(i) s= s(t) is a conformal mapping oft at the origin,
(i) z=s 1.

1

Thent = ¢ L1s(1 + H(t)) 1,ast= (s)2 Cfsg, can be written as follows:
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Note thaty = ( (s))".

(3.4.4)
t= (s
=c TSI+ QU+ S H(Ba+ Q)
+ +s" Bro+t Qr(s))+t s H(Brsrot Qrea(S)9
where
C N C R
(3.4.5) Bao= (¢ 1) 1 HBam= (0 1)t i
Brao= (e 1)
1
Qi(s) =By1s™ + Byps? +  + Byy, sP9 2 Clg];
P
Q2(5) =B215” + Bps™ +  + Byyp,s”% 2 C[s];
Qr(S) =Br1s™ + By ps? + + Br;prSprdr 2 C[s];
A k
Qr+1(s) = Br+1.kS* 2 Cfsg
k=1
such that all theBj; are complex numbers and that in particular theB;o are nonzero
for2 i r+1. Notethat Qj(0)=0 for1 i r+1.

(1) The equivalent parametrization with the new parametess for V can be analytically
written in the following form:

(3.4.6)
Z=s1,
y=c 1s"f1+Q(s)+ s ? (b + Qu(s))
+s53 b+ Qa(s))+  +s ™ (bt Qg (9)9
where
(3.4.7) B0 :choc;l( R L0300;1( s i
1 1
n _1
l‘-\'+1;O: _lcr+1;0C pl 1);
Qy(S) =buss™ + bpps® + + by, sP% 2 C[s];
Qu(S) = bpis® + bpps?® + 4 by, sP2% 2 CJs];
Qi (s) =ly1s% + bos™ +  + by P 2 Cls];
X
Q.1 (S)=  bi1xs€2Cfsg
k=1
such that all theb; are complex numbers and that in particular thelbo are nonzero
for2 i r+1. NotethatQ;(0)=0 foralli=2;3;:::;r+1.

Remark: Observe by(3:4:5) and (3:4:7) that
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(3:4:7) o = NB2g; 30 = NBag;:::;Brs1;0= NBrago:

Proof of Theorem 3.4. First, let us nd a new a parameter s for V of either (3:4:3)
or (3:4:6) such that z(t) = s * with ;1 = k;. Becausez(t) = ct 1(1+ H (t)) by (3:4:1),
where H (t) is an analytic function in Cftg with H(0) = 0, then s = (t) can be
written in the form )

(3:4:8) s=crt(l+ H(t) «
where

(i) ¢t is a complex root such that! * = c,

(i) H(t) is an analytic function de ned by (3 :4:2).

Since H (t) is analytic at the origin with H (0) = 0, then (t) is analytic at the
origin such that (0)=0and 9%0) 60. Thatis, (t)is a conformal mapping at the
origin. So att =0, s= (t) has an inverse analytic function, denoted byt = (s)
with  (0) = 0. Therefore, by (3.4.8) we have

(3.4.9) t=c “1s(l+ H() T with H(0)=0
=c Ts(l+H( (s) T with H( (0)=0:
Note by y = t" that
(3.4.10) z=s ! andalso
y=c 1s"1+ H() T
=c TS"AL+H( (9) T

So, for the proof, it is enough to consider two cases, respectively: (i) gedg; 1) =1
and (ii) gcd(ny; 1) > 1.

In preparation for the proof, write H.(s) = H( (s)) for brevity. Then Hi(s) is
an analytic function of s with H1(0) = 0, and so we will nd a convergent power series
of (1 + Hy(s)) T at s=0. Note by the binomial series expansion that for = g
with some nonzero integersp and q

(3.4.11) (1+Hy(s) =1+ | Hi9)+ , (Hu(s)?+

£ (Hi(e) +

where the binomial coe cients are de ned by

(3.4.12) . ( 1{ 2( kk+1)

Then, it is trivial to prove that
(3.4.13) @+Hi(s)) =1+ u(s)

where u(s) is an analytic function of s at 0 with u(0) = 0 becauseH(0) = 0. Now,
by (3:4:9), (3:4:10) and (3:4:13), it is clear that

(3.4.14) t=c L1s(1+ ui(s)) and z=-s'"?

y=c 1s"(1+ ux(s))



384 c. kang

whereu;(s) and u,(s) are analytic functions of s at the origin with uy(s) = u,(0) = 0.
Now, consider two cases mentioned above.

The rst case : Let gcd(n; 1) = 1. Then, the proof of this case is done by
(3:4:14).

The second case : Let gcd(n; 1) > 1. To prove this theorem, it is enough to
consider this case only. For the proof, by (34:2), (3:4:8) and (3:4:9), t = (s) can be
written as follows:

(3.4.15) t=c 1s(l+ H() 1
where
X
Di(t)= it 2 C[t]
i=1
X
Do(t)= eyt 2 C[t]
i=1
D)= cit 2 Ct]
i=1

X
Draa ()= caauth 2 Cftg
k=1
(3.4.16)
H({t)=Da(t)+ t > *(co+ Da(t)) +
+t 7 HGo+ Dr(t)+t " (Gir0+ Drar (1)

In preparation for the computation of an analytic function t = (s), rst we will
prove the following lemma.

Lemma 3.4.1.  Let H(t) be given by(3:4:16). Then we get the followings:

(3.4.17)
1+ H(1) T=1+D,m+t2 1( 2+D,)
1

C
vt o Zapy)+ +t (24D ()
1 1
C .
+ten (TR DL (1)
where
(3.4.18) Dy (t) = Apt® + Apt?® + 4 Ay tP9 2 Ct]

D,(t) = Apt® + Apt® + 4+ Ay tP2% 2 C[t]

D, (1) = At + Artag, + + Agyp 174 2 C[t]

x
Dr+1 (t): Ar+l;ktk 2 Cftg
k=1
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such that all theA;; are complex numbers.
In general, for any = g—; with nonzero integersau and o, (1 + H(t)) can be
rewritten as follows: We use the same notations and meaningass in (3:4:17).

(I+H(t) =1+ Dy(t)+t > *(c2+ Dy(t)
+1° ?(ca+ Dg(t)+ +t° *(cro+ D(1)

+t 7 (Cre1:0t Dryg (1)

Proof of Lemma 3.4.1. To prove the lemma, we use some notations and observa-
tions as follows:

(i) Let dandk be given positive integers. Ifk is divisible by d, then we write
djk. Otherwise, we write d 6K.

(i) Let g(t) be in Cftg. If tk is appeared with a nonzero coe cient in g(t),
then we say that t“ belongs tog(t) or tk 2 g(t). Otherwise, write tK 62(t).

(i) Let di =gcd(n; q;:::; j)forl i r+1,andthenn d;>d,> >
dr+1 = 1. Note that dij( ; 1); di 6( i+1 1), and di4q jd fori=1;2;:::;r.

(iv)  Whenever tk belongs toD;(t) of (3:4:16) for eachi = 1;2;:::;r + 1, then
dijk. If t“ 2 Di(t)D; () with 1 i<]j r +1, then djk.

(v) Foreachi=1;2;:::;r+1, the coecient cgoft i * of H(t) in Cftgis
nonzero as we have seen in Lemma3

(vi)* i+1 1 is the smallest positive integer among all such thatt 2 H(t)
and is divisible by d;.1 , but cannot be divisible by d;.

Now, as we have seen in (4:11), note by the binomial series expansion that

(3.4.19) 1+ H(t) =1+ 1 H(t) + ) H2(t)

+ H3(t) +
5 M7

where the binomial coe cients are de ned by

( 1) ( k+1),
k 12 k '

By (3:4:15) and (3:4:16) with the above observations (vi)*, we have another observa-
tion (vii)*:

(vii)*  Whenever is an arbitrary positive integer such that t 2 HI (t) for any
j  2andthat is divisible by di.; , but cannot be divisible by d;, then > 1
by (vi)* becauseH(0)=0and j 2.

Thus, the proof of the lemma is done by (34:19), (vi)* and (vii)*.

For brevity of notations of (3:4:17) and (3:4:18), let

(3.4.20) E.i(t) = Dy(t)
Ex() = t2 *(ca+ Dy(t)
E;() = tr *(cro+ D (1)
Era () =t (Crer0+ Dryg (1)

H@® = E(O+E@MO+ +E.®)



386 c. kang

Then, (1+ H(t)) of (4:22) can be rewritten in the form
(3.4.21) A+ H(@) =1+ H (1)
=1+ El(t)+ Ez(t)+ + Er+l (t):

Now, in order to prove (l), replacing in (3:4:20) and (3:4:21) by Ll it is enough
to show each step inductively in the following lemma.

(**) Before the next lemma is proved, rst of all, note that the equation in (3. 4.30)
of the r-th step in the next lemma is the same as the equation in (3:4) of (I) in the
conclusion of this theorem.

Let us prove the lemma mentioned just above.

Lemma 3.4.2. As in the conclusion (I) of the theorem, we may begin with the
given nite sequencef :k=1;2;:::;r+1 withr 1g. Then each of the following
steps can be described by induction on the integér r +1 as follows: Lett = (s).

Step 1
(i) s2 *2E,( (s),buts 2 *62;( (s)) foralli6?2.
(i) s2 *2H ( (s)) with coecient <2-(c Ty 1,
(iii) Then (s) can be de ned by 1(s),

(3.4.22) (s)=c %§f1+ Qi1(S)+ Bpos ? !
+ axSk9
k> 1
where
Boo = Cz*O(C %) zn
1

Qi(S) = Byis™ + Bps® +  + By, sM™

such that theB,; are the coe cients, some of which may be zero. Note that ifp; =0,
then Q4 (s) is identically zero.

Step 2
(i) s *2E3( (9),buts3 62, ( (s)) foralli63.
(i) s *2H ((s)) with coecient <(c Ty s
(i) Then (s) can be de ned by »(s),

(3.4.23) J(s)=c T sfl+ Ql(s)4)-<s 2 1(Byo + Q2(3))
+ Bgs ® 4+ axskg
k> 3 1
where
C20 1
Bo= —(c )2 !

1
c a
Byp= -—2(c 1)°
1
Q2(S) =B218™ + Bpps?® +  + By, sP2®
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such that theB,; are the coe cients, some of which may be zero. Note that ifp, = 0,
then Q2(s) is identically zero.

Step (r-1)
@) s *2E,((9),butsr 162 ( (s) forall i6r.
(i) s+ t2H ( (s) with coe cient cr—f(c %) root
(i) Then (s) can be de ned by  1(s),

(3.4.24)
c1(s)=c Tsfl+Qu(s)+ 57 (Bao+ Qu(8)+
+s ! 1(Br 1;0+ Qr 1(5))+ BrOS ' T+ akskg
k> ¢ 1

where

Bo= -—2(c 1) *

1
Bro= iz(c ) ot

= d 2d d
Qr 1(3)— Br :|_;:|_Sr 14 Br 1:2S Tl 4 + Br Lr 1SPr 1dr 1

such that theB, 1; are the coe cients, some of which may be zero. Note that if
pr 1 =0, then Q; 1(s) is identically zero.

Stepr
@) s 12E,,;((s),buts 162;( (s)) foralli6r+1.
(i) s 2H ( (s) with coe cient C’*;l”(c %) L
(i) Then (s) can be de ned by ((s),

(3.4.25)
(s)=c Tsfl+ Qu(s)+ 52 (Bao+ Qu(S)+
+s' (Bro+ Q(S)+ Bryrjos 't L+ astg
k> 1 1
where
Coo 1
Bxy= —(c )2 *
1
Br+1;0: CI’+1:0(C Ll) 4l 1

Qr(s) = Brash + Bros® + + By PO

such that theB,; are the coe cients, some of which may be zero. Note that ifp, =0,
then Q; (s) is identically zero.

Proof of Lemma 3.4.2. The proof will follow from two cases Case (I) and Case

).
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Case (I): First, we will prove Step 1 of Lemma 34:2.
Case (Il): For the induction proof of Lemma 3:4:2, after the proof of Step 1 by

Case (l), suppose by the induction assumption on the integej with 1 | r that
Stepj with1l j (r 1)istrue. Then, in this case we will prove that Step ( + 1)
is true.

Instead of the direct proofs for Case (I) and Case (Il), rst we will construct two
easy and elementary sublemmas for the statements which are needed to prove both
Case (I) and Case (ll), and next we will show these sublemmas, which gives thgroofs
of Case (I) and Case (ll), respectively in the following way:

(A) For the proof of Case (I), we will construct Sublemma I, which is equivalert
to the statement of Step 1.

(B) Next, for the proof of Case (Il), we will construct Sublemma II, which is
equivalent to the statement for the proof of Case (II).

In preparation for the proof of Case (l), it is very clear that the followi ng sub-
lemma by using the induction on the integer p; is just the restatement of Step 1.
Let us write down it. Then we will prove it, just after the construction of anot her
sublemma, that is, Sublemma .

P
Sublemmal. Let (s)=c L1s(1+ i>oak5k)- Note that p; is the nonnegative
integer such thatp;d; < 1 < (p1 +1)d;. Then there are two subcasesp; = 0
and p; > 0.

Subcase (I-1) Letp; =0.
() sz *2E,( (s),butsz 162, ( (s) forall i62.
(i) sz 12H ( (s) with coe cient ilczo(c %) 21
(i) Then (s) can be de ned by 1(s),

*
(3.4.26%) X

((s)=c “Tsfl+ Qi(s)+ Byos 2 *+ acsg
k> 2 1

1

. 1
with Bog = fCZO(C 1) 21
1

where Q1(s) is identically zero.

Subcase (I-2) Let p; > 0. In this case, instead of proving Stepl directly, rst show
that the statement(a) is true. After then, we will prove that the next statement(b) is
true. Note that the statement(b) and the statement of Stepl are the same.

(a) For each integer =0;1;2;:::;p1, (S) can be dened by 1. (s),

. X
(3.4.27%) 1 (S)=c Tisfl1+Qy (s)+ asg
k>d 1

where

Q1 ()= Bys™ + Bpps®™™ +  + B, st
such that theB;; are complex numbers forl i . If =0, note that Q. (s) is
zero.
(b) Now, if = p;, then we may begin with (s) = 1,5,(S) in (a). The remaining

part of Step 1 just follows from
(i) sz *2E,( (9),buts 2z 62, ( (s)) foralli6?2.
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(i) s2 *2H ((s) with coecient 2 (c 1) 2 1.
(i) Then (s) can be de ned by 1(s),

(3.4.28%)

X
i(s)=c TSfl+ Qus)+ Bos: 1+ as'g
k> 2 1
with Bzo = Cﬂ(c %) 2 L
1
where Qi(s) = Bys™ + Byps® + + By, sPh
such that theB,; are complex numbers forl i p;.

Remark. Next, in preparation for the proof of Case (ll), suppose by the induc-
tion assumption on the integerj with 1 j r that Step 1, Step 2,:::, Stepj with
i (r 1) were proved to be true. Then to prove that Step (| +1) with (j +1) ris
true, we may begin with (s) = (s) which was already given by Stepj, if necessary.

Then it is very clear that the following sublemma by using the induction on the integer
pj +1 , denoted by Sublemma 2, is just the replacement of Stepj(+ 1) of Lemma 3:4:2
which is needed to prove. Let us write down this sublemma. After then, we will prove
Sublemma | and Sublemma 2, respectively.

Sublemma Il. Let (s) be de ned by j(s),
(3.4.29%)
j(9=c TSt Qustst (Bt Q)+ 5T (B Quls)

+ors H(Biot QDT Bags it 4 acs'y:

k> j+1 1
Note that pj+1 is the nonnegative integer such that
Pi+1di+1 < j+2 j+1 < (Pj+1 +1)djsr:
Then there are two subcasespj+; =0 and pj+1 > 0.
Subcase (II-1) Let pj+1 =0.
() siz 12Ej,((s),butsiz i 2E; ( (s) foralli6]j+2.
(i) sz 12 H ( (s)) with coe cient %q +2-0(C L1) N
(iif) Then  (s) can be de ned by .1 (s),
(3.4.30%)
jr(s)=c Tsf1+Qus)+ s '(Bao+ Qa(9)+
+s1% 1(Bjsriot Q1 (8)) + Bjuzios ' 4 asg
k> 42 1
. 1 i
with Bj+2;0= —¢ +w20(c 1) izt
1

where Q.1 (8) is identically zero:

Subcase (1I-2) Let pj+1 > 0. In this case, instead of proving Step | + 1) directly,
rst show that the statement ( a) is true. After then, we will prove the next statement
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(b) is true. Note that the statement (b) and the statement of Step ( + 1) are the
same.

(a) Forany integer =0;1,2;:::;p+1, (s)canbedenedby .. (s)as follows:
(3.4.31%)
15 (=€ TSILE Qi)+ 5T (Bt QN 5T B+ Q(9)
+s0m Y(Bjurot Qug. (9 F as“g
k> a1 1+ dja
where Q.. (8)= B .qSU + By p8°% + + B shin
such that he B;,, ,; are complex numbers for 1 i
If =0, note that Q;,,. (s)is zero.
(b) In particular, if = p+1, then we may begin with (s) = i1, (s)- The
remaining part of Step (j + 1) just follows from
() siz *2Ej,,( () but siz 62 ( (s)forallié2.
(i) s 12H ((9)with coecient ~%2(c 1) i 1,
(iii) Then (s) can be dened by j+1(S),

(3.4.32%)
1
j+1(s)=  —sfl+Qi(s)+s? *(Bxo+ Qz(s)+
1 X )
+si%  Y(Bjiro+ Qjsa(8)+ Bjizps i 4 axs‘g
k> j+2 1
with  Bjiz:0= G+2 ¢ %) 21
1
where Q] " (S) — B] " ;]_Sd' a1 4 B] " ;ZSZdj a4 + BJ +1pj gPi+ dj+1
such that the Bj .1, are complex numbers for1 i pj+1.

Proof of Sublemmal. Lett= (s)=c %s(1+ H (1)) =

Subcase (I-1) To prove (3.4.26%), recall by (3:4:17), (3:4:18), (3:4:20) and (3:4:21)
that
(3.4.33) (s)=c “Ts(L+H (1)
=c Tsfl+ E,(t)+ Eg(t)+  + E,.; (0
because by (34:18) and (3:4:20) p; = 0 implies that E, (t) = D(t) is identically zero.
"F;o prove (3.4.26%), it is needed just to compute E, ( (s)) with (s) = ¢ L15(1 +
1

k> 0 8k s).
Note by (3:4:18) and (3:4:20) that

mult(E; (t);0)= i 1>mult (Ex(1);0)= > 1 foreachi=3;4:::;r+3.
So, to get (3.4.26*) with (i), (ii) and (iii), it remains to show that
_ Co, L X K
(3.4.34) E,( ()= 2(c 1)2 's? '+ 'S
1

k> 2 1
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where the | are complex numbers. Note that
(3.4.35) E,)=t2 1( 22+ D)
1

where E, (t) are de ned by (3:4:18) and (3:4:20) and D, (0) = 0. So,
(3.4.36)
E2( (9)
C20

=fc s+ as)g? f 2+ Dy( ()9
k> 0 1
= %(C L1) 2 1g 2 1

+ f nonzero monomials of degree 1 in the variable sg:

Thus, the proof of this subcase with (3.4.26*) is done.

Subcase (I-2) Letp;>0and (s)=c %s(1+ P > Oaksk).

(&) The proof of the representation of ;. (s) in (3.4.27*) will be induction on
the integer with O ps1.

(al) Assume that = 0. Note by (3.4.27*) that

X
(3.4.37) 1o(s)= ¢ “sfl+  askg
k>0

which is trivial to show, becauseQ;.q(s) = 0.

(a2) Suppose thatif =j < p1,then (s)canbedenedby i;(s)in(3.4.27%),
that is,
h X
(3.4.38) 1j(s)= ¢ “Tsf1l+Qy(s)+ asg
k>jd 1

- d 2d jd
where Qg (s) = By 8™ + Bpps™ +  + By ¢t

such that the B,; are complex numbers for1 i j.
To prove (3.4.27%) with = j + 1, we may need to computeH ( 1 (s)), when
we substitute t = (s) by 1, (s) in the following equation

(3.4.39) (s)= ¢ “Ts(L+H (1)
=c Tsf1+E, ()+ Ex()+  +E,., (Dg:

After then, consider

(3.4.40)
(9= ¢ Ts@+H ( 1(s)
= ¢ TSf1+Ey( 15(* Ep 15(N+  +En(15(9@
iincepl is positive, then in order to prove (3.4.27*) with = j +1, it may be assumed
that

mult (E,(t);0) p:d; for the brevity of computation,
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otherwise there is nothing to prove, because ifmult (E, (t);0) > p1ds, then E4(t) is
identically zeroand mult (E; (t);0) ( 2 1) >pidi (j+l)difori=2;3;:::;r+1.

Now, to prove (3.4.27*) when = j + 1, we just need the following claims:

@) If s 2E.( 1;(s)) with (j +1)d; p1ds, then s divisible by d;.

(i) Ifs 2E,( g (s)with2 u (r+1),then 2 1>pids (j+1)d;.
Sincemult (E,(t);0) = 1 2 1>p1d; (j +1)d; forany u 2, then for
proof of the claim, it remains to show (i) of the claim. Note by (3.4.18) that

(3.4.41) E;(1)= Dy(t) = Apat™ + Appt?® + + Ay tPrdn:

For any term A; t9: 2 E, (t) with 1 p1 in (3.4.41), we substitute t by 1 (S)
of (3.4.38). Then,t9: =( 4 (s)) 9* becomes

X
(3.4.42) ()9 =fc T+ Q)+  asg’:

k>jd 4
Whenevers 2 ( 1 (S)) d1 of (3:4:42) such that (j +1)dq, then is divisible by
d; by Lemma 34:1 because is positive, and also because i< 2 Qy; (s) then the
exponentk may be considered as a multiple ofd; in Q,; (s) whether or not Q; (s)
is identically zero. Sincemult(H (t) E(t);0)= - i, then we may assume that

E.( 1 (s)) has a monomial sU*Y 91 whether or not its coe cient is zero. Therefore,
(s) can be de ned by 1;+1 () such that

X
(3.4.43) 1j+1(s)=c¢ Tsfl+ Qi + acs’g
] 1 +1

k> (j +1) d1

_ d j+1) d
Quj.1(8)= Byys™+  + By, sUH®

such that the B,; are complex numbers for1 i j +1.
(b) Let p; be the positive integer such thatp;d; < 1< (pr+1)d;. To
prove (3.4.28*), consider

(3.4.44) (s)=c Ts(l+ E (1) + * Era (t)) with

1
t= 1ps1 (S) =C 1 S(l + Ql;pl(s) + aksk)
k>p 1d;

where

Q1p,(8) = Bpyst+ o+ B1;p1Spldl
such that the B, are complex numbers. Since

(p1 +1)dy > mult (E,(1);0)= » 1>p1d; and
mult (E; (t); 0) > mult (E,(t);0) fori 3,

rst it is needed to compute E,( 1p,(s)) and E,( 1p,(s)) instead of H (1,5, (8)).
From (3:4:41), recall that

E,(t)= Dy(t) = Alltdl + + Aﬁ;ipdll:
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As in the proof of (3:4:43), for any t 91 2 E, (t) with 1 P1,
(3.4.45) 9= p,(s) «
= fc TS(1+ Qup, () + as)g
k>p 1d;

Whenevers 2 ( 1,,(s)) 9t of (3:4:45) such that (p1 +1)dy, then s divisible
by di, which can be proved by the same way as we have done in the proof o&)(
Because was chosen arbitrary with 1 p1, we get

(3.4.46)

X
E1( 1pi(s) = Qu(s) + besk  with
k> (p1+1) di

= d 2d +1)d
Qi(S) = B11sh + B1p8? + 4 By, sSPHD D

such that the B4; are complex numbersforl i p;+1. SinceE,(t)=t 2 ( C%W
D, (t)) implies that

prdy <mult (E5(t);0)= > 1< (pr+1)dy;

it is clear that E,( 1;+1 (S)) can be written in the form

(3.4.47)
Eo( 15+1(8)=1(c %S) 2 1+ monomials of degree> 1 in the variable sg
C . . .
f =2 + monomials of degree> 0 in the variable sg
1
X
=g 2 1f 0270((: Ll) 2 14 kskg
1 k> 0

where the  are complex numbers. Note that
(3.4.48) mult (E; (t);0) = 1> 2 1 foranyi 3

Now, substitute (3.4.44) by (3.4.46), (3.4.47) and (3.4.48). Then,it can be proved
that (s) is written in the form (3.4.28*) which satis es the properties (i), (i i) and
(iii). Thus, the proof of Sublemma | is nished.

Proof of Sublemma II.
Subcase (1I-1) Let pj+1 = 0. First, recall by (3.4.17), (3.4,18), (3.4.20) and (3.4.21)
and by (3.4.29*) from the induction assumption that

(3.4.49)
i(S)=c TSf1+ Qu(s)+s? (Bap+ Qu(s)+ S ? (Byg + Qa(9)

* +s) (Bjo+ QS+ Bjures !t tH asg

k> a1 1

with Bj+1;0: M(C L1) 21,
1
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Also, note that
(3.4.50) (s)=c Ts(L+H (1)
=c TS+ E () + Ep()+  + E,yy (1)

To prove (3.4.30%), it is needed to computeH ( ;(s)) in (3.4.50), by substituting
j (s) of (3.4.49) for t. For computation of E; ( j(s)), recall by (3:4:20) that

(3.4.51) E,(t) = Dy(t)
E @)=t i 3%+D, (1) for2 i r+1
H (0= B+ Es+  + Ep (1)
Since
mult (E; (t); 0) > mult (E; ., (1);0) = j+2 ; foranyi=j+3;:::;r+1;

and (0) =0, thenitis obviousthat s i2 1 62, ( (s)). Also, it can be easily shown
that mult (E;,, ( (s));0) = j+2 rands i 2 E;,( (s) with its coe cient

c 1l “C“% as we have done in the proof of (3.4.48).
So,to prove (3.4.30%) with (i), (ii) and (iii), it is enough to show tha t

*) si2 16X, ( () fork=1;2 ;j+1,

becausep;+1 = 0 with 0 < 4 j+1 < dj+1 implies that Qj+1 () is identically
zero.

First, compute E, ( j(s)) if exists where E, (t) = D,(t) = Apptdi+  + Aqp, thid
by (3:4:41). By the same method as in the proof of (34:42), for any A; t9: 2 E, (1)

with 1 p1, t9 =( j(s)) 9+ becomes
(3.4.52)

(j(9) % =[c Tsf1+Qu()+s? *(Bao+ Qo))+

+si 1(Bjo+ Qj(s)+ Bjiros 't A asgl 1
k> j+1 1

So, whenevers 2 ( j(s)) d1 of (3:4:52) such that j+1 1+ di, then s
divisible by dj.1, but there is a nonzero monomials it 1* 91 2 ( (s)) 9t such
that the exponent .1 1+ d1 is not divisible by dj by Lemma 34:1 because
Bj +1:0 6 0.

In particular, if s 2 ( j(s)) di with =1 and is not divisible by d; such that

j+1 1+ dq, then = j+1 1+ di.

By construction of pj+1, pj+1 =0 and d;j+1 <d; imply that

P+ < j+2 j+1 < (pj+1 +1)djsa; or

0< j+1 <dj+1; and
j+1 1< j+2 1< ja1 1+ div < e 1+ di:
So,s izt 6 J-(s))dl because |+ 1 j+1 1+ djs and 42 1 can

not be divisible by dj+; . Since was chosen arbitrary, then it can be proved that
S i L 62E1( (S)) with j+2 1 <dj.
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Next, compute
**)

E (j(s) for2 i j+1

whereE; ()=t ' i( if+ D,(t) and D, (t)= Auth +  + Ay tPo
Sincepj+1 =0, then note that Dj,, (t) is identically zero. As in the proof of (3:4:52),
we are going to compute from €0t ' 1,

(j(s) ' *=[c Tsf1+Qu(s)+s? (Bzo+ Qa(s)+ «
+si (Bjo+ Qj(s))+ Bj+r,os '™ t+ asg 't

k> a1 1

instead of E; ( j(s)).
Let i be xed. Since Bj:1,0 6 O, then by Lemma 3:4:1 we have the following
properties:

(3.4.53) Whenevers 2 ( j(s)) ' * suchthat i 1t j+1 1, where j(s)
was de ned by (3:4:49), then s divisible by d; .1, but there is a nonzero monomial
s’ tris 12 ((s) " * suchthatthe exponent ; 1+ a1 1 is not
divisible by d;.

(3.4.54) Because | 1 d=gcd(n; 1; 2 ;o and0< 4 j+1 <dj+1

with pj+1 =0, 1+ 1 j+1 1+ d j+1 1+ div > e 1
for2 i j+1.

Then, we claim that s 12+ 62( j(s)) ' . To prove the claim, assume the
contrary. Now, sinces i*2 12 ( ;(s)) ' ! then ;. 1 must divisible by d;+1
because of (34:53) and (3.4.54). It would be a contradiction, because j +» 1 cannot
not be divisible by dj+>. Thus, we proved thats i2 * 62( ;(s)) ' *. Similarly,
we can show thats i-2  * does not belong to ((s))) 1+diand does not belong
to E; ( j(9)), either where E; (t) was de ned by (**).

Summarizing the above computations, we proved the followings:
1 h
(@ si2 *2Ej,,(j(s) withits coecient Bjiz;0= ilc“z;oc ERRAEY
ands iz 162 ( j(s))forall i6]j+2.
(b) By (a), (s)can be written in the form
(3.4.55)
ja(s)=C Tsf1+Qu(s)+ s 2 *(Bao+ Qa(s))+
+s j;l( I(Bj+1;0+ Qj+1;0(s))+ Bj+2;0S 12 !
+ acs“g  with
k> 2 1
1 E.
Bj+2:0= —G+2:0C Tl 9
1

where Qj +1 ;0(8) is identically zero. Thus, the proof of Subcase (II-1) is done.
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Subcase (II-2) Let pj+1 > 0 and j(s) be de ned by

(3.4.56)
j(8)=c Tst1+Qi(s)+ s * *(Bao+ Qa(s)
+s? *(Bgpt Qs(s))‘;( +si *(Bjo+ Qj(s))
+ Bji0s it T4 as“g:
k> a1
(a) The proof will be induction on the integer on  with 0 P +1 -

(al) To prove that j+1.0(s) has the desired form in (34:31) when =0, itis
clearthat j.1;0(s) = j(s)of (3:4:56) becauseQ; ., .o(s) of (3:4:31) is identically zero.
(a2) Suppose that if = e < pj+1, then (s) can be dened by j.1.(S) in
(3:4:31):
(3.4.57)
jr1e(9)=c Tsf1+QuS)+ s *(Bao+ Qa(9)+
+s 1)((Bjo+Qj(S))+ s (Bjs1;0t Qi1 e(9)
+ acs“g
k> 4 1+ edj+1

— d; + 2d; + ed; +
where Qj g o(S) = Bji1.1S7™ + Bjyy p877™" + 4+ Bj S0

such that the B;,; ; are complex numbers for 1 i = e

To prove (3:4:31) with = e+1 pj+1, we may need to computeH ( je (S)).
Recall that
(3.4.58) (s)=c Ts(L+H (1)

=c TS+ E ()+  +Epy (D)
By (3:4:57) and (3:4:58), it is enough to prove the following claim:

(3.4.59)
Foranys 2 H ( je(s)) such that j+1 1*+(e+1)d+1 thendjsyj:

Note that ;1 1+(e+1)dj+, is divisible by d;+1 . To prove (3:4:59) of the above
claim, compute E; ( je (S)) by (i), (i) and (iii), respectively as follows:

(3.4.60) @i=1 ()2 i j+land(i)j+2 i r+1.

(i) First, compute E;( j+1:(S)) Where Eqq(t) = At +  + App, tPr% s not
identically zero. For any A; t9: 2 E, (t) with t = j+1:e(s) of (3:4:57), consider

(3.4.61) (jee(s) 9t

Whenevers 2 ( j+1.(s)) 9* of (3:4:57) such that di+ j+a1  1t+eda,
then dj+1j by Lemma 3:4:1, but for convenience of the proof we may assume that
there is a nonzero monomialsd:* in  1*edia 2 (. (s)) 9t by Lemma 34:1
becauseBj .1 is not zero, whether or notQ; ., .<(s) is identically zero. In particular,
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if =1, then
di+ j+11  1+eds andalso
di+ s+ 1+t eds > ju 1+(e+1)dja;
becaused; > dj.1 . In this case, we proved the claim.
(if) To compute E; ( j+1;e(s)) for2 i j+1,let i be xed. Recall that
(3.4.62) E M=t *( 9%+D, (1)
1
where

D (t) = Aith +  + Ap tPd:

To prove the claim, rst compute  “2( ji1e(s) ' . s 2 ( jare(s) ' *

of (3:4:57) such that i 1+ s 1+ ed+1, then dj+1j by Lemma 34:1
becauseBj.1.0 6 0. In particular, it may be assumed that there exists a nonzero
monomials 2 ( j+1e(s) ' *with = ;4 1+(e+1)d+; becauseBj+1,060
and then
(3.4.63)
di =gcd(ny; 150015 §)  dier =gcd(ng; q5iin jer) for2 0 j+1;
i 1+ 41 1+ ed j+1 1+(e+1)da:

Thus, we proved the claim for ( je(s)) © *. Also, using the same method as
above, it can be easily shown that there is a nonzero monomial
s 2 ( j+1 ;e(S)) ' 1Di ( j+1 ;e(S)) with = jt ]_+(e+ 1)dJ+1 So, the claim
of this case can be proved by (%63).

(iii) Since mult (E; (t);0)  mult(E; ., (t);0)= j+2 1> j+a  1t(etl)dia
forj +2 i r+1, then there is nothing to prove for the claim (3.4.59).

Therefore, the proof of the claim is done, and so we proveda) of Subcase (lI-2).

(b) Let p;+1 be the positive integer such thatpj+1 dj+1 < j+2 j+1 < (Pj+1 1) dj+1.
For the proof, consider
(3.4.64)
(s)=c “Tsfl+ E,(t)+ E,(t)+ + E, ., (t)g and
(3.4.65)
j+1 (8)=C TSfL+Qu(S)+ 57 1(Bao+ Qa(s))+
S Bt QTS HBraot Qg (5)
+ as“g;
k> i 1+ P+ dj+1

_ di. 2d; . aadiag -
where  Qju1p ., (5)= BjagySU™ + By o870 + + Bji1p,. gPis1 i1

such that the Bji1 are complex numbers for 1 k pj+1. To prove (3.4.30%) with
(), (ii) and (iii), substitute t by .1, (S) and then compute E; (t). For the proof,
it is enough to prove the following three cases:

(1) sz 16X ( jirp,(forj+3 1 r+1.

(02) sz P2E( j+ryp ., (s)fori=j+2

(03) siz 16X ( jirp,(s)forl i j+1



398 c. kang

Since mult (E; (t); 0) > mult (Ej,4 (t);0) = j+2 cforalli=j+3;::;r+1
and (0) = 0O, then it is clear that s -2 * 62E;( (s)) forall i = j +3;:::;r +
1, and so (b1) can be easily shown. Next, consideg; ., ( j+1:p;., (S)). Then it is
clear by Lemma 34:1 that s i©2  * belongs toE;,, ( j+1p;., (S)) With its coe cient

Bj+2:0 = cj+%(cl_l) i+ 1 py the same method as we have done in the proof of
(3.4.47). Thus, (b2) can be easily proved, too. Therefore, it remains to showhat for

1 i j+1

(3.4.66) s 6 ( j+1p. (9):

whereE; (t)=t i 1( Ci—f+ D;(t))for2 i r+1. By the same technique as in the
proof of (3:4:59) and Lemma 34:1, we can prove To prove (b3), computeE; ( j +1(s)).
First, compute E;( j+1 (S)) where E{(t) = Appt% +  + Agp, tPrd% s not identically
zero. For anyA; t91 2 E (t) with t= .1, consider

(3.4.67) ( ()9

Whenevers 2 ( j+1(s)) 9t of (3.4.66) such that di+ ju 1+ P+ die,

thend;+1j by Lemma 34:1 becauseBj 1.0 6 0. Also, in particular, di+ j+1 1+

P+1di+r > (Pj+1 +1)djvr + 1> j+2 1and i 1 is not divisible

by di+1. Since was arbitrarily chosen, we proved thats i©2 1 62E,( j+1(8)).

Moreover, by the same method as we have just used in the proof of i2 1 62
E;( j+1(s)), we can show thats i*2 ! does not belong toE; ( j+1(s)) for 1 i

j +1. Thus, the proof of (3.4.32*) with (i), (ii) and (iii) can be nished. T herefore,
the proof of Subcase (lI-2) is done because;j ., 1 < (pj+1 +1)dj+1. Thus, we
nished the proof of Sublemma II.

Therefore, the proof of Lemma 34:2 is done, and sot = (s) has the desired
representation form (3.4.4) in the conclusion [I] of the theorem. Moreover, n order
to get the conclusion [lI] of the theorem, substitutet by (s), which was constructed
by (3.4.4) in the conclusion [l], and then it can be easily shown by Lemma 31 that
two irreducible pairs (y(t);z(t)) and (y( (t));z( (1)) = (y(s);s ) are analytically
equivalent parametrizations in the conclusion [Il]. Thus, this completes the prod of
the theorem.

4. The de nition of the Puiseux pairs(the multiplicity and Puiseu X
exponents) and an algorithm for nding the standard Puiseux expan sion
topologically equivalent to irreducible parametrizations. In this section, rst

we will rewrite the statement about the de nition of the Puiseux pairs in an elemen-
tary way, by the same way as we have seen in De nition 11. Next, we will classify
topologically irreducible parametrizations in terms of the standard Puiseux expansion,
using the consequences of Theorem4in the previous section.

Let V(f) = f(y;2) : f(y;2) =0gand V(g) = f(y;2) : g(y;z) = 0g be germs of
analytic varieties at the origin in C? where analytic functions f and g at the origin
may be assumed to have irreducible parametrizations, respectively. As we have de
in De nition 2 :8, for simplicity of notations, if f and g have the same topological
type of singularity at the origin, we denote this relation by f gorV(f) V(9.
Otherwise, we writef 6 gor V(f) 6 V(g). Also, if f and g have the same analytic
type of singularity at the origin, then we write f g. Otherwise, we write f 6 g.
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In more detail, for the topological classi cation of such singularities, it is enough
to solve the problem, which is described as follows:

Problem I*:  Let the parametrization of an irreducible plane curve C be given
by

(4.0.1) y=1" and z= citkr + cotkz +

where 1<n, 1<k <ks< ; and the ¢ are nonzero complex numbers. Whether
or not n is greater thank;, nd the method how to compute the standard Puiseux ex-
pansion(or the Puiseux pairs), which is topologically equivalent to the paranetrization
of the above curveC.

In preparation for the solution of Problem I* , in order to avoid the complexity
of the terminology in this section, rst of all, we are going to represent the satement
of the well-known theorem with the de nition of the Puiseux pairs.

Definition 4.1. Let the parametrization for arbitrary irreducible plane curve C
be de ned by

(4.1.1) y(t) = t"; z(t) = athr + otz + = gtk (@ + H(1));

where 1<n, 1<kj;<ks< ; and the ¢ are nonzero complex numbers andH (t)
is just the substitution.

Moreover, note that the curve C is irreducible in Cfy;zg () n ged(n;kq)
ged(n; kp; ko) ged(n; kqj ko i) =1,

Now, consider two cases, respectively.

Case[l] Letn  k;. Then, the parametrization for the curve C of (4:1:1) is called
the Puisuex expansion.

Case[ll] Let n > k ;. Then, the parametrization for the curve C of (4:1:1) is not
called the Puisuex expansion.

Case[l] Assume thatn  ki. Now, we can de ne the sequencd 1; 2;:::; pg
from the setfk; :i =1;2;:::9, consisting of the exponents of the above parametet,
as follows: Note that n is the multiplicity of the curve C at the origin.

() 1isthe smallest positive integer among the exponent&; such that n > gcd(n; 1);
2 is the smallest positive integer among the exponent&; such that n > gcd(n; ;) >
ged(n; 1;ki); 3 is the smallest positive integer among the exponentsk; such that

n > ged(n; 1) > ged(m; 1; 2) > ged(n; 1; 2:ki); i p is the smallest posi-
tive integer among the exponentsk; such that n > gcd(n; 1) > gcd(n; 1; 2) >
ged(n; 15 2; 3) > >ged(; 15 250 p) =1

(1) By the uniqueness of construction of the setf ; : 1 i pg, i is calledi-th
Puiseux exponent in this paper.

(2) By (1), let S be the set dened by fn; 1; 2;:::; 0. Whenever the Puiseux

expansion for the curveC is given, then the setS is uniquely determined by the curve
C.

(2a) In this paper, S is called the multiplicity and Puiseux exponents for the
curve C, that is, a new terminology.

(2b) If necessary, we can construct uniquely the standard Puiseux expansion
denedby y=t"andz=t1+t2+ + t » for the curve C.
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(3) By (2), let di =gcd(n; 1;:::; {)forl i p, and write dy = n for brevity
of notation. q

Dene ; and ; by i:d—fand i = 'd_lforl i p, andlet ( i; ;) be
de ned by the Puiseux pair for e'achi. I

Then, f( i; i):1=1;2;:::;pgis called a nite sequence of Puiseux pairs for the

curve C. If necessary, this sequence will be sometimes called the set of Puiseux pairs
for the curve C.

(4) By the next remark, it can be shown that there is a one-to-one correspondence
between the set of the multiplicity and Puiseux exponents, and the set of Puiseux pairs,
that is, (2) and (3) have the same type of de nitions arithmetically.

(4a) If the parametrization de ned by ( y(t);z(t)) in (1.0.1) is the Puiseux ex-
pansion, then it is said that this Puiseux expansion have either the multiplicity and

where each ; and ; is de ned as we have seen in (3).
(5) By (4), throughout this paper, we prefer to choose the terminology in (2)
rather than that in (3), if necessary.

Case]ll] Assume thatn >k ;. For the convenience of the notation, we may begin
without loss of generality that the parametrization of the pair ( y(t); z(t)) for the curve
C of (4:1:1) is written in the following:

4.1.2) y(t)=t"; z(t)= bt t+ bt 2+ ; withm>

where the b are nonzero complex numbers, anan > 1 and 1< ;< ,< 3< ,
andm ged(m; 1) ged(m; 1; ) ged(m; 1; 2;:::)=1.
By (4:1:2), let s be the new parameter de ned by a conformal mapping

X .
(4.1.3) s(t)= t(h+ bt )T

i 2
of t at the origin such that z(t) = (s(t)) * ands(0) =0, and let t = (s) be its inverse.

Then, the Puiseux expansion de ned byyi(s) = y( (s)) and zi(s) = z( (9)),
which is equivalent to the parametrization of the pair (y(t);z(t)) in (4:1:2), can be
written as follows:

(4.1.4) z1(s)= s, yi(S)= ciSt+ s+ with 1<
where 1<m = "1 <7, < ,and 1 <"1, and the ¢ are nonzero complex numbers.

Therefore, if m = 71 is greater than 1, then by using Theorem 34 in this paper,
rst we will nd the inverse t = (s) of a conformal mapping s = s(t) in (4.1.2),
which gives an algorithm for the construction of the Puiseux expansion in (41:4),
that is, an equivalent parametrization for the above curve C. Next, applying the new
terminology to this case, by the same way as we have used in Case[l] of this detiin,
we can naturally generalize the de nition of the following words for this curve C of
(4:1:4) in Case[ll], respectively:

The multiplicity and Puiseux exponents, the standard Puiseux expansion, a nite
sequence of the Puiseux pairs.
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Remark 4.1.1. If either the multiplicity and Puiseux exponents, or the standard
Puiseux expansion for the curve are given, then it is clear that a nite sequence of the
Puiseux pairs is uniquely determined. Conversely, if a nite sequence of the Puiseux
pairs is given, then we show that the construction of the multiplicity and the Puiseux
exponents are trivial, which can be easily proved from the following compuations:

For the proof, follow the same notation as we have seen in both (2) and (3of
Case[l] of De nition 4:1. Since ( p; p) is given andd, = 1 from the assumption, then
we can compute , and d, 1 because = p,and ,=d, 1. If p=1,then , and
d, 1 = n were already computed, and so the proof is done. Lep > 1. Next, since
( p 17 p 1) is given by assumption, and , and d, 1 were already computed, then
we can compute , ; and d, » because , ; = dp—i and 1 = gp—i If p=2,
then ,, p 1, anddp, 2 = n were already computped, and so the prgof is done. Let
p > 2. Thus, following the induction method on the positive integer p, the proof can
be easily done withdy = n.

Solution for Problem [*: In order to solve the problem rigorously, it is enough
to consider two cases, respectively:

Case(i): Letn  kj.

Case(ii): Letn>Kk 1.

Case(i): If n kg, then recall that the above parametrization of the curve C is
called the Puiseux expansion for the above curve.

For this case, we may begin with the following well-known theorem, without proof:

The well-known theorem(Theorem B) As far as arbitrary Puiseux parame-
trizations of irreducible plane curve singularities are concerned, any two irreducible
plane curve singularities have the same topological types if and only if they hee the
same Puiseux pairs.

Therefore, using Theorem 29([Br],[Bu],Z1]) and Lemma 3:3, it is very inter-
esting that Theorem B will be represented more concretely by the following theo-
rem(Theorem 42).

Case(ii): If n > k1, rst apply Lemma 3:3 and Theorem 34 with the inverse
t = (s) of a conformal mappings = s(t) in (3.1.2) of De nition 3 :1, to this case, and
then it is easy to compute the Puiseux expansion topologically equivalent to the cure
C. We will see later by De nition 4 :4 and Theorem 45 that to nd such an expansion
is still trivial, using the consequences of Case(i).

Now, if using Theorem 29([Br],[Bu],Z1]) and Lemma 3:3, then we can restate
more concretely the above well-known theorem without any other proof, as follow:

Theorem 4.2 (The well-known theorem). Let the parametrization of any
irreducible plane curveV (f) be given by

(4.2.1) y=t" and z= gt +cthke+

wherel<n, 1<k;<kj,< ; and the ¢ are nonzero complex numbers.
By Lemma 3:3, the irreducible curve V (f) of (4:2:1) can be easily rearranged in



402 c. kang

the form
(4.2.2) y=t";
z= ait *(1+ Dy(t))+ axt 2(1+ Do(t)) +
+at "1+ Dr(t)+ arsrt " (1+ Drag (1))
= ait *(1+ H(1);

where

2 nand2 1= ki< 2< < el

(i) n dy>dy> >d;s =1 with ged(n; 1;:::; j)=diforl i r+1,

(i) p1, p2, :::,pr are nonnegative integers such thapid; < 41 i < (p+1)d
forl i r,

: Py i ) P, .

(iv) Dj(t)y= L gt 2 C[t] for 1 j rrand Dy (1) = ;L Gapiit' 2
Cftg,

(V) 1+ H(t)=1+ Da(t)+ t 2 *(cpo+ Da(t)) + +tr 1(Go+ Dr(1)+
tra 1(Cr+1;0+ Dr+1(t)) with ¢jg = a—'forZ i r+1,

1
(vi) the a are nonzero complex numbers witla; = ¢; for i =1;2;:::;r +1, from
the coe cients ¢ of (4.2.1).

Now, for the representation of the statement of the well-know theorem, assume
that n k;. Then, we have the following conclusion:
(1) If n> ged(n; 1) = dp, thenV(f) C; whereC; is the curve parametrized
by the standard Puiseux expansion
y=t"
4.2.3 Cy =
( ) 1 Z:t1+t2+ +tr+1:
(2) If n=gcd(n; 1) = dq, thenV(f) C, whereC; is the curve parametrized
by the standard Puiseux expansion
y=t"
4.2.4 Cy =
( ) 2 Z:t2+t3+ +tr+1:
Moreover, the standard Puiseux expansion which is topolocally equivalent to the
Puiseux expansion of the curveV/ (f) is uniquely determined.

Remark 4.2.1. Summarizing (1) and (2) in Theorem 42, whether or not n a
divisor of 1, then V(f) C where C is the curve parametrized by the Puiseux
expansion (

="
(4.2.5) Cc = y
Z:tl+t2+t3+ +tr+1:

In particular, if n ki and n is a divisor ofky, then for a later application, we are
going to study the curve V(f) of (4.2.2) by Lemma 43 that we can construct a local
biholomorphic mapping from (y;z) = (0;0) to (y;z% =(0;0) and f as follows:
(4.2.6) (y;2)=(y;2% with

2=z at 1(1+Dy(t))= z g(y) and
v(f) v )
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where g(y) is holomorphic at the origin and g(0) = 0.

Lemma 4.3.

Assumption  Let f (y; z) be analytically irreducible in Cfy; zg with isolated sin-
gularity at the origin in C?. Assume that the curveV (f ) de ned by the above analytic
function f at the origin has an irreducible parametrization as follows

8
2y=t

(4.3.1) V(f):= S 2 =apt 1(1+ Dy(t)) + at 2(1+ Do(t))
. + +at "(1+ Dr(t)+ a+rt " (1+ Drag (1))

where

(1a) 2 n< 1 < 2 < < r+l,

(1b) n  gcd(n; 1) > ged(n; 1; 2) > > gced(n; 1; 2;::i; r+1)=1,andn
is a divisor of 1,

(1c) the g are all nonzero numbers fori =1;2;:::;r+1,

(1d) write d; = ged(n; 1), d2 = ged(n; 1; 2), :::, do = ged(n; 13t ),

dre1 = ged(n; g;::7;5
integers such that

r+1) = 1, and then dene pi;p2;:::;pr to be nonnegative

pudi < 2 1< (pr+1)dy;
P2 < 3 2< (p2+1)dy;
pr1< 1< (pr 1+1)dr 1;
prd < 111 r < (pr +1)d:
(e) fori=1;2;:::;r +1, dene D;(t) by
X1 )
Di(t)y=  ayt“* 2 C[t];
i=1
Da(t) = axt? 2 C[t];
i=1
D, (t) = Ay tidr 2 Clt;
i=1
Diva (1) = ar+1 ;iti 2 Cftg;

such that all a;; ;) are complex numbers withl

i=1

j r+landl i(j)

p;, some

of which may be zero. Note thap,.; may be in nite.

Conclusion
integer k. De ne z°%= z(t)
() Then, z°=z ayk(1+

Let n be a divisor of 1, and then write

a:t '13(Jr3+ D1(t)). Then, we have the followings:
i=1

1 = nk for some positive

aiiy') can be viewed as an element i€fy; zg,

and so (y;z) = (y;z% with (0;0) = (0;0) is locally a biholomorphic mapping at

(y;2)=(0;0).
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(i) Let CObe the irreducible curve parametrized by = t" and z°= zt). Then,
the curve C%and V (f ) have the same analytic type of singularity at the origin.
In other words, if n is a divisor of ;, then the singularity of V(f) is analytically
invariant at the origin, whether or not a; 6 0.

Proof of Lemma 4.3. Assume that n is a divisor of 1, and 1 = nk for some
integer k. Then, d; = gcd(n; 1) = n. Observe the followings:

4.3.2)
%=z  ait 1(1+ Dy(t)
= apt 2(1+ Dp(t)) + +at "(1+De(t)+ avat (14 Drig (1);

P .
ere Dy(t) = 2, @it is in C[t]. $0, usingy = t" and n = d;, Dy(t) =
wh D4(t) P 41 js in C[t] [ " and di, D(t)
Pi ayy', and then 2= z ajy*(1+ ™ a;y'). Now, de ne a local holomor-
phic mapping from the origin to the origin as follows:

(4.3.3) v:2)=(y;29)

It is easy to check that is biholomorphic at the origin with  (0;0) = (0; 0), and then
the proofs of (i) and (ii) can be easily shown.

Now, we are going to generalize De nition 41 by the following.

Definition 4.4.  Let f (y; z) be analytically irreducible in Cfy;zg with isolated
singularity at the origin in C?. By Lemma 3:3, we may assume without loss of gen-
erality that the curve V(f) de ned by the above f at the origin has an irreducible
parametrization as follows:

8
2y=t"
(4.4.1) V(F):=_ z=ayt *(1+ Dy(t)+ apt (1 + Da(t))
' +  +at A+ D()+ gt (14 Drag (1)

where

(la) 2 nand?2 1< < < e,

(Ib) n ged(n; 1) > ged(; 15 2) > > ged(; 1; 250 re) =1

(1c) the & are all nonzero numbers fori =1;2;:::;r +1,

(1d) write d; = ged(n; 1), d2 = ged(n; 1; 2), :::, d = ged(n; 1;::5; ),
dr+1 = ged(n; 1;:::; r+1) = 1, and then dene pg;p2;:::;pr to be nonnegative
integers such that

pidi < > 1< (p1+1)dy;
P2d2 < 3 2< (p2+1)dz;

pr 1< ¢ 1<(p 1+1)d 1,
prdr < a1 r < (pr +1)dr;
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(le) fori =1;2;:::;r+1, dene Dj(t) by

W1

Dy(t)=  ayut: 2 CIt];

Da(t)=  axtz 2 C[t];

x» )
D (t) = Qi tldr 2 C[t];
i=1
b3 .
Drsa (t) = ar+1 ;itl 2 Cftg;

i=1

such that all a;; ;) are complex numbers with1 j r+land1l () p;,some
of which may be zero. Note thatp,+1 may be in nite.

Then, the multiplicity and Puiseux exponents for the curve V (f ) are de ned as
follows:

(A) If n 1 and n is not a divisor of 1, then note that the parametrization
denedby y=ttandz=tr+tz2+ + t ' is called the standard Puiseux
expansion. Then, it is said that the setfn; 1; 2;:::; ;+1gis a nite sequence of the
multiplicity and Puiseux exponents for the Puiseux expansion ofV (f ).

(B) If n 1 and n is a divisor of 1, then note that the parametrization de ned
byy=ttandz=1tz2+1t 3+ +t v+ s called the standard Puiseux expansion.
Then, itis said thatthe set fn; ,; 3;:::; r+10isa nite sequence of the multiplicity
and Puiseux exponents for the Puiseux expansion o¥ (f ).

In casen > 1, using the equation of (3.4.6) in the conclusion of Theorem 3,
we can compute the Puiseux expansion which is equivalent to the parametrization of
V (f), as follows:

8
Gaz) vy YT STAF QU s b+ Qy(9)
4. . E + s 3 1(b30+ Qs(s))+ + g 1(b(+1;0+ Qr+1 (S))g
o= Tenf1+ L(s)g;
where
(i) ged(n; 1p 2 Litiisd 1)=gcd(n; 1; 2;::%; i):difgl i or+d,

(i) Q(s)= Pybish 2C[slforl | randQuy(s)= iy beays 2
Cf sg,
(iii) all the b ;) are complex numbers with 1 | r+land1 i(j) p,
noting that p;+1 may be in nite,
(iv*) the b.o are all nonzero complex numbers for 2 | r + 1, noting that
Bo=nBjofor2 j r+1,
(V) L(s) is just the substitution.

By the same method as we have done in two cases (A) and (B), then it is enough
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to consider the following cases:

(©) fn> ;and ;> gcd(n; 1), thenitis said that y=t * andz = t" +
th* 2 14+ 2 1 4 + t"* r 1 js the standard Puiseux expansion. Then,
it is said that the set f 1;n;n+ » un+ 3 noinn+ 10 is a nite
sequence of the multiplicity and Puiseux exponents for the curveV (f ).

(D) If n> 4 and 1 is a divisor of n, then it is said that y = t * and z =
th* 2 14+t s 14+ + " 1 1 g the standard Puiseux expansion. Then, it
is said that the setf 1;n+ » N+ 3 viint o 19 is a nite sequence
of the multiplicity and Puiseux exponents for the curve V ().

Remark 4.4.1. We will prove by the next theorem(Theorem 4:5) that for any
parametrization of a given irreducible plane curve singularity V (f ), which has the
same type as in De nition 4:4, the multiplicity and Puiseux exponents(equivalently,
the Puiseux pairs) for V (f ) are topological invariant. In other words, it will be proved
by Theorem 45 that De nition 4 :4 is topologically well-de ned.

Theorem 4.5 (An algorithm for finding the standard Puiseux ex pan-
sions topologically equivalent to given irreducible parame trizations).

Assumption  Let f (y; z), g(y; z) and h(y; z) be analytically irreducible in Cfy; zg
with isolated singularity at the origin in C?. Assume that three curvesV (f ), V(g) and
V (h) de ned by the above analytic functionsf , g and h at the origin have irreducible
parametrizations, respectively as follows:

(1) Let the parametrization of V (f ) be the Puiseux expansion with the multiplicity
and Puiseux exponents de ned by

8
2y=t
(4.5.1) V(f):= ,Z =agt 1(1+ Dy(t))+ axt 2(1+ Dy(t))
. + +at "(1+De()+ asat " (1+ Drag (1)),

where

(la)2 n< 1< 2< < 41,

(1b*) n> ged(n; 1) > > ged(n; 150005 ra) =1,

(1c) the g are all nonzero numbers fori =1;2;:::;r +1,

(1d) write di = gecd(n; 1), d2 = ged(n; 15 2), 111, de = ged(n; g3iiiop),
dr+1 = gcd(n; 1;:::; r+1) = 1, and then dene pi;p2;:::;pr to be nonnegative

integers such that

pudi < 1< (pr+1)dy;
P2d2 < 3 2 < (p2+1)dz;

Pr 1< r1<(pr 1+1)de 1;
prdr < a1 r < (pr +1)dr;
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(1e) fori=1;2;:::;r +1, de ne Dj(t) by

X1 )

Di(t)=  aut: 2 C[t];
i=1

Dy(t) = axt92 2 Clt];
i=1

® )
D/(t)=  aqt 2 C[t];

Diva (1) = ar+1 ;iti 2 Cftg;
i=1

such that all a;; (j) are complex numbers withT j r+1 andl i(j) pj, some

of which may be zero. Note thap,+1 may be in nite.

Remark: In the above condition (ib*) of (4.5.1), if n  gcd(n; 1) and n is a divisor of
1, then by Lemma 4:3 the singularity of V (f ) is analytically invariant at the origin,

whether or not a; is zero, and so from the beginning we may assume without loss of

generality that n > gcd(n; 1).

(2) Let the parametrization of V(g) be the Puiseux expansion with the multiplicity
and Puiseux exponents de ned by

2y=t"
(452) V(@)= z=bit 1+ Li(t)+ bt 2(1+ La(t))
Lt (@ Lu(®) + bt v (L Ly (1)

where

(2a) 2 m< ;< ;< < u+ls

(2b) m> ged(m; 1) > > ged(m; 15 5 ua) =1,

(2¢) the y are all nonzero numbers fori =1;2;:::;u+1,

(2d) write e; = ged(m; 1), & = gecd(m; 15 2), i, e = ged(m; 1;:11; w),
e+1 = gcd(m; 1;:::; us1) = 1, and then dene q,p, :::,0, to be nonnegative

integers such that

her < 2 1< (qm+1l)er;
ke2< 3 2<(gp+1)ey;

Q180 1< 4 v 1<( 1+D)ey g5
Gy < u+t u < (u+1)ey;
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(2e) fori=1;2;:::;u+1, dene Lj(t) by

K )

Li(t)= byt 2 C[t];
i=1

Lo(t) = byt®2 2 CItJ;
i=1

La®= hate 2 Clt
i=1

Ly (1) = By1 t' 2 Cftg;

i=1

such that ally; (j) are complex numbers with1 j u+1andl i(j) ¢, some
of which may be zero. Note thaty,+; may be in nite.

(3) Let the parametrization of V (h) be de ned by

S Y=ot @+ Ri()+ et (1+ Ra(t)
(453) V(= o+ v+ R+ Gt (14 Ry (1)
Cz=t

where

(Ba) 2 i< andli<lz<  <lyu,

(3b) 11 ged(;11) > ged(;14;12) > > ged(;1a;h5iiiilver) =1,

(3c) the ¢ are all nonzero numbers fori =1;2;:::;v+1,

(3d) write 1 = ged( ;11), 2 = ged(;lg;12), oo, v = ged(;laslsiily),
v+er =ged( gl lver) =1, and dene "1, "5, :::, "y to be nonnegative in-
tegers such that

"<l li<("1+1) g
"2 2<ls la< ("2+1) 3

IIv 1v l<|v Iv l<("v l+1)vl;

vv<lyir < ("v+1)
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(3e) fori=1;2;:::;v+1, dene Ri(t) by

X1 ‘

Ra(t) = cyt' * 2 CIt];
i=1
X2 _

Ra(t) = cit' 2 2 Ct];
i=1
Xv ,

Rv(t)= it v 2 Ct];
i=1

Ry ()= Gyt 2 Cftg
i=1
such that all g ;) are complex numbers with1 j v+1andl1l () ";, some

of which may be zero. Note that'y+; may be in nite, and also that C[t] is the ring of
polynomials in t and Cftg is the ring of convergent power series at = 0.

Conclusion  We get the followings:

() Note that n> gcd(n; 1) and m > ged(m; 4).

(4.5.4)
V() V(9
0 the multiplicity and Puiseux exponents are the same, by De ition 4:1,
thatis, n=m,r+1=u+1,and ;= ; foralli=1;2;:::;r+1;

(0  the Puiseux pairs for bothV (f) and V(g) are the same.

For example, V (f) is topologically equivalent to the curve dened byy = t" and
z=tr+t 2+ +t 2 which is the standard expansion o/ (f ) by De nition 4.1 .

(I) Let >" 3. Then, there are two cases:
(la) 1y > ged(;141) and (llb) 15 is a divisor of
(la) Letl; > ged(;lq).
ThenV(h) C; whereC; is the curve parametrized by the standard Puiseux expansion
y=t:
4.5.5 Cy = N . .
( ) ! z=t +tt2z 1+ o+ttt o1

So, we get the following:

(4.5.6)
V(f) V(h)
0 n=ly; 1= r+l=v+land ;= +I; Iy for 1 i r+1;

which is equivalent to the fact that the Puiseux pairs for bdt V (f ) and V (h) are the
same in the sense of De nition 4:4.
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For example, V (h) can be topologically equivalent to the curve de ned by any of
the following two irreducible parametrizations(i) and (ii) :

(4.5.7)
() y=tr+t2+ +thn and z=t:

(i) y=t" and z=t +t*2 gl iy pptha

noting that the above(ii) is the standard Puiseux expansion folV (h).

(Ilb) Note that >1 ;. Let I; =gcd( ;1 1), that is, 11 is a divisor of
ThenV(h) C, whereC, is the curve parametrized by the standard Puiseux expansion

y=t!

(4.5.8) C2i= o uh e

So, we get the following:

(4.5.9)
V() V(h)
0 n=ly 1= +1y Igr+l=vand = +ljxx Igfor 2 i r+1;

which is equivalent to the fact that the Puiseux pairs for bdt V (f ) and V (h) are the
same in the sense of De nition 4:4.

For example, V (h) can be topologically equivalent to the curve de ned by any of
the following two irreducible parametrization (i) and (ii) :

(4.5.10)
() y=th+tz+ +tha and z=t:

(i) y=ttandz="t +t* 2 i+l iy 4 ¢+l hofor any number™;

noting that if " is a zero then the abovdii) is the standard Puiseux expansion for
V (h).

Proof of Theorem 4.5. We prove (I) and (1), respectively.

() The proof just follows from Lemma 3:3, Theorem 42, Theorem 29 and
De nition 4 :4.

(1) Since >1 1, then in order to get an equivalent parametrization for the
curve V(h) by using the inverse mapping theorem of one complex variable, apply
Theorem 34 to V (h). After then, by Lemma 3:3 and using the equation of (3.4.6) in
the conclusion of Theorem 34, and also by Lemma 43, De nition 4 :4 and the above
case (I) of this theorem, there is nothing to prove.

5. Equivalence of the Puiseux expansions with the same multiplic -
ity and Puiseux exponents and the multiplicity sequences for irr educible
parametrizations.  The second aim in this paper is to prove the following theorem
(Theorem A) in this section in an elementary way, without using the well-known
theorem (TheoremB):

Theorem A (Theorem  5:1): Whenever any two irreducible parametrizations
have the same Puiseux pairs (equivalently, the same multiplicity and Puiseux exp-
nents) by a nonsingular change of the parametrization(in the sense of De nition 11
or De nition 4 :1), then they have the same multiplicity sequences, and conversely.
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Theorem B: As far as arbitrary Puiseux expansion of irreducible plane curve
singularities is concerned, any two irreducible plane curve singularities have the saen
topological types if and only if they have the same Puiseux pairs.

Rigorously speaking about the de nition of the Puiseux pair for the curve C
with a given irreducible parametrization again (in the sense of De nition 4:1), we may
assume that the parametrization of any irreducible plane curveC is given by y(t) = t"
and z(t) = ctkr + otk + = gtkr (1+ H(t)) where 1<n,1<k;<k,< ;and
the ¢ are nonzero complex numbers, andH (t) is just the substitution.

If n ki, then the irreducible parametrization of the plane curve C is called the
Puiseux expansion, and so the Puiseux pairs for the given Puiseux expansion of the
curve C has been well-de ned.

If n> k4, itis very interesting to de ne the Puiseux pairs of the Puiseux expansion
which is equivalent to the parametrization of the curve C, as the Puiseux pairs ofC,
as follows:

Let s be the new parameter de ned by a conformal mapping of one complex
variable t at the origin such that s(t) = clﬁt(l+ H (t))ﬁ with z = sk and s(0) = 0,
and lett = (s) be its inverse. Then, the paramtrization with the parameter s de ned
by the type (y1(s); z1(s)) = (y( (8));z( (s))), being equivalent to the parametrization
of the type (y(t); z(t)), is the Puiseux expansion. It can be written in the form

() z1(s)= s yi(s)=bist+bps2+  ; with kg <4

where 1<n = "1 < 5, < , andk; <n, and the by are nonzero complex numbers. In
this case, the Puiseux pairs for the curveC can be de ned from the Puiseux expansion
parametrized by y1(s) = y( (s)) and z1(s) = z( (s)).

Thus, with the generalized de nition of the Puiseux pairs for the curve C with
any irreducible parametrization, we will prove Theorem A, without using Theorem B.

After then, it is clear by Corollary 5 :2 that any two irreducible plane curve singu-
larities have the same topological types if and only if they have the same nitiplicity
sequences, which can be easily proved by Theoreml5and Theorem 45.

Let V(f) = f(y;2) : f(y;2) =0gand V(g) = f(y;z): g(y;z) = 0g be germs of
analytic varieties at the origin in C? where analytic functions f and g at the origin
may be assumed to have irreducible parametrizations, respectively. For simgdity
of notations, if V(f) and V(g) have the same multiplicity sequences, then we write
V(f) V(g)(multi. seq.). Otherwise, we write V(f) 6 V(g)(multi. seq.).

Theorem 5.1 (Equivalence of the Puiseux expansions with the sa me
multiplicity and Puiseux exponents in the sense of Definitio n 4:1 and the
multiplicity sequences for irreducible parametrizations) .

Assumption  Let f (y; z), g(y; z) and h(y; z) be analytically irreducible in Cfy; zg
with isolated singularity at the origin in C2. Assume that three curvesV (f ), V(g) and
V (h) de ned by the above analytic functionsf , g and h at the origin have irreducible
parametrizations, respectively as follows:

(1) Let the parametrization of V (f ) be the Puiseux expansion with the multiplic-
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ities and Puiseux exponentdn; 1; 2;:::; r+10, dened by
8 n
2 Y=t
(5.1.1) V(f):= , Z=at 11+ Dy(t)) + axt 2(1+ Dy(t)
’ +  +at (L+D(t)+ asat "t (1+ Dryg (1))

where

(la) 2 n< ;< 5,< < a1,

(1b*) n>ged(n; 1) > > ged(; 15 re) =1,

(1c) the g are all nonzero numbers fori =1;2;:::;r+1,

(1d) write d; = ged(n; 1), do = gcd(n; 1; 2), :::, d =ged(n; 1;::0; ),
dr+1 = gcd(n; 1;:::; r+1) = 1, and then dene p1;p2;:::;pr to be nonnegative

integers such that

pidi< o 1< (p+1)dy;
pad2 < 3 2 < (p2+1)dy;

proade 1< ¢+ 1< (P 2t1)dr g
prdr< r+1 r<(pr+1)dr;

(1e) fori=1;2;:::;r +1, de ne Dj(t) by

W1

Dy(t)=  ayut 2 CIt];

» )
Da(t)=  axtz 2 C[t];

x )
Dr (t) = A tldr 2 C[t];

Drsr ()= a;t' 2 Cftg;
i=1

such that all a;; (j) are complex numbers withT j r+1 andl i(j) pj, some

of which may be zero. Note thap,.; may be in nite.

Remark: In the above condition(1b*) of (5.1.1), if n  gcd(n; ;) andn is a divisor of
1, then by Lemma4:3 the singularity of V(f ) is analytically invariant at the origin,

whether or not a; is zero, and so from the beginning we may assume without los§ o

generality that n > gcd(n; 1) anda; 6 0.

(2) Let the parametrization of V(g) be the Puiseux expansion with the multiplicity

and Puiseux exponent§m; 1: 2;:::; u+1 g, dened by
8 m
2 y=t
(5.1.2) V(g) = z=ht *(1+ La(t)) + bat 2(1+ La(t))

+ ot bt @+ Lu()+ buaat o (14 Lusa (1))
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where

(2a) 2 m< 1< ;< < U+l

(2b) m> gcd(m; ;) > > ged(m; g; pousl) =1,

(2¢) the by are all nonzero numbers fori =1;2;:::;u+1,

(2d) write e, = ged(m; 1), & = ged(m; 1 ), 11, e = ged(m; 1315 u),
e+1 = ged(m; 1;:::; u+1) = 1, and then dene q,p, :::,0, to be nonnegative

her< 2 1< (p+1)ey;
k&< 3 2<(p+l)ey

Q18 1< u 1< (w 1+)ey 15
ey < u+1 u < (u+1)ey;

(2e) fori=1;2;:::;u+1, dene L;(t) by

X

La(t)y= byt 2 C[t];
i=1
X

Lo(t) = byt®2 2 CILJ;
i=1

Lu(t) = e 2 C[t];
i=1

Lust (1) = hysit' 2 Cftg;

i=1

such that all b ;) are complex numbers with1 j u+1and1 i(j) g, some
of which may be zero. Note thaty,+; may be in nite.

(3) Let the parametrization of V (h) be de ned by

S Y=ot @+ Ri() + et (1+ Ra(t)
(13 V()= o+ ot RO+ Gt (L Ry (1)
Tz=t

where

(Ba) 2 I;< andlyi<l;,< <ly+1,

(Bb) 11 gcd(;11) > ged(;l 1;1) > > ged(l gl lvar) =1,

(3c) the ¢ are all nonzero numbers fori =1;2;:::;v+1,

(3d) write 1 = gecd( ;11), 2 = ged(;lasl2), i, v = ged(lasla;iihy),
v+e1 =ged(;lla;iinlver) =1, and dene "1, "o, :::, "y to be nonnegative in-
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tegers such that

"1a<ly lp<("1+41) 4

"2 2<lz la<("2+1) 2

vivi<ly 1< ("v1+1) v 1

vv<lyiar < ("vt1)

(3e) fori=1;2;:::;v+1, dene R;(t) by

Xt ,

Rai(t) = cit' * 2 CItl;
i=1

Ro(t) = cit' 2 2 Clt;
i=1

Rv()=  cit' ¥ 2 C[t];
i=1

Rys1 ()= Gyt 2 Cftg;
i=1
such that all ; (j) are complex numbers with1 j v+1 andl i(j) "j, some

of which may be zero. Note that',+; may be in nite, and also that C[t] is the ring of
polynomials in t and Cftg is the ring of convergent power series at = 0.

Conclusion  We get the followings:
() Note that n > gcd(n; 1) and m > ged(m; 1).
(5.1.4)
V(f) V(g) (multi. seq.)
0 the multiplicity and Puiseux exponents are the same, by De iion 4:1,
thatis, n=m,r+1=u+1,and ;= ; foralli=1;2;:::;r+1,
(0  the Puiseux pairs for bothV (f) and V(g) are the same.

() Let >1 3 2 Then, itis enough to consider two cases:
(la) 1y > ged(;11) and (llb) 13 =gced( ;14), that is, |5 is a divisor of

(Na) Letly > gcd(;l1).
(5.1.5)
V() V(h) (mult. seq.)
0 n=1ly; 1= r+l=v+land ;= +I; Iy forl i r+1;
(0  the Puiseux pairs for bothV (f) and V (h) are the same.
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(Ilb)  Let Iy =gcd( ;I1), thatis, 11 is a divisor of

(5.1.6)
V() V(h) (mult. seq.)
0 n=ly; 1= +1ly Igr+l=vand = + 1l Iyfor 2 i r+1;
(0  the Puiseux pairs for bothV (f) and V (h) are the same.

Corollary 5.2.
Assumption  Suppose that the same assumption as in TheoreBl are satis ed.
Conclusion  Under the consequences of Theorer:1, we get the followings:
() Let n> gcd(n; 1) and m> gcd(m; 1).
(5.2.1) V() V(g)
0 V() V(g (mult. seq.):

Moreover, V (f) is topologically equivalent to the curve de ned by = t" and
z=t 1+t 2+ +1t 1 which is the standard expansion foV (f ) by De nition 4.4 .

(D)} Let >1 31 2 Then, there are two cases:
(la) 1y > ged(;1 1) and (llb) 15 is a divisor of

(la) Let I; > ged(;14).
(5.2.2) V() V(h)
0 V() V() (muli. seq.):

Moreover, V (h) can be topologically equivalent to the curve de ned by any dhe
following two irreducible parametrizations (i) and (ii) :

() y=tr+tz+ <+t and z=t:
(i) y=t" and z=t +t*2 gty g tha
noting that the above(ii) is the standard Puiseux expansions foW (h).
(1b) Let I; =gcd( ;14), that is, 13 is a divisor of
(5.2.3) V() V(h)
0 V() V() (muli seq.):

Moreover, V (h) can be topologically equivalent to the curve de ned by any dhe
following two irreducible parametrization (i) and (ii) :

() y=th+t+ +tv and z=t:
(i y=t* and z="t +t*'2 4t rls iy 4t *hva I for any number "

noting that if " is a zero then the aboveii) is the standard Puiseux expansion for
V (h).

Proof of Theorem 5.1. It is enough to prove (1) and (I1), respectively as follows:
() (5:1:4) is true, and (II) (5:1:5) and (5:1:6) are true, respectively.
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(I) In preparation for the proof of (5.1.4), rst observe that the process of blowups and
blow-downs preserve the multiplicity sequences of irreducible plane curve singularities.
First of all, we are going to prove by induction on the multiplicity of the cur ve V(f)
that if V(f) V(g) (multi. seq.) where V(f) and V(g) are de ned by (5.1.1) and
(5.1.2), respectively, then the Puiseux pairs for bothV (f) and V(g) are the same.
After then, the converse will be proved.

As we have seen in (5.1.1) of this assumption, for example, recall that the
parametrization of the irreducible curve V(f) de ned by a given analytic function
f in Cfy;zg was rewritten in the same form as follows:

8
3y=v
- 51
(5.1.7) V(f): 3z= ait '(1+ Di(t))
i=1

with the same properties (1a), (1b), (1c), (1d) and (1e) of (5.1.1). Since 2 n<
and n > gcd(n; 1) by (1a) and (1b), then there is a positive integer such that
n< :<n( +1)

Now, we can take iterations of blow-ups in process of the resolution of the
singular point (0; 0) of V (f ) in an elementary way, and then construct inductively the
local de ning equation for V() (f), the k-th proper transform of V (f ) under k-times
of blow-ups with 1 k as follows:

() Let ; n> 0or 1. Let ; : M® 1 C2 be a blow-up of C? at
(¥; 2) = (0 ;0) which is a singular point of V (f ). Let (vi;u;) and (v9;u9) be the local
coordinates forM @ with  1(vi;u1) = (y;2) = (vi;viug) and (v ud) = (y;2) =
(vQu?; v9) where u = ;- and v{ = viu;. Sincef is irreducible in Cfy;zgandn< 4,
then just one coordinate patch of the local coordinates, i.e., \{1; U;) is needed for the
study of the proper transform V® (f) of V(f) at (y;z) = (0;0) under ;. Then, the
local de ning equation for V@ (f) at (vq;u;) = (0;0) is written in the form

8
3 Vi =t"
@ (fy = X1 '
(518) v (f) ’ B u; = ait ! n(l + Dl(t)) '

i=1

If0O< ;1 n<n or =1, then we do not take the next step.

If 1+ n>n or 2, then take the next step.

(i) Let 1 2n> Oor 2. Then, V@ (f) has a singular point at (v1;u;) =
(0;0). Let ,:M®@ 1 M® pe ablow-up of M @ at (vy;u1) = (0;0), and let (vo; uy)
and (vJ; u9) be the local coordinates forM @ with  5(v2; u2) = (v1;U1) = (V2;VaUy)
and 2(v3;ud) = (vi;u1) = (vaud;v3) where ud = L and v§ = vpup. Sincef is
irreducible in Cfy;zgand 2n < 1, then just one of the local coordinates, i.e., {2; U)
is needed for the study ofv @ (f ), i.e., the proper transform of V (f ) at (v,; uz) = (0 ; 0)
under 1 . Then, the local de ning equation for V@ () is written in the form

; Vo = t"

@ (5 = el .

(5.1.9) V@ (fy: s us At Pe D)
i=1
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IfO< 1 2n<n or =2,then we do not take the next step.

If ¢+ 2n>n or 3, then take the next step.

(k) Let 1 kn> 0or k. Then, by induction on the positive integer
V& D (f) has a singular point at (vi 1;ux 1) =(0;0). Let  :M& 1 MK D pea
blow-up of M & D at (v 1;ux 1) =(0;0), and let (vi;uk) and (v2;u?) be the local
coordinates for M () with (vi;uk) = (Vk 1;Uk 1) = (Vi Vkuk) and  (v2;ud) =
(Vk 13Uk 1) = (vRul;v?) where uf = % and v = wuk. Sincef is irreducible in
Cfy;zgand kn < 1, then just one of the local coordinates, i.e., {x; ux) is needed for
the study of V() (), that is, the proper transform of V(f) at (0;0) under ;

k-
IfO< ;1 kn<n or =Kk, then we do not take the next step.
If ¢ kn>n or k + 1, then take the next step.

Thus, it can be easily shown that the local de ning equation for V() (f ) is written
as follows:

8
§Vk=tn
5.1.10 vE(F):= X1
( ) ) 2 Uk = at '’ kn(1+ Di(t))
' i=1
fork=1;2;:::; andthat ;1 n>n;:::; 1 n( )>n,butn> ; n> 0.

Note that the multiplicity sequence is nonincreasing for irreducible plane curve singu-
larites. Therefore, summarizing the above results, we get easily the followwgs:

Sublemma 5.1.1. Suppose thatV (f ) satis es the same assumptions and nota-
tions in this theorem. By assumption, there is a positive ineger such thatn <

1<n( +1).

As a conclusion, V() (f) is the rst appearing proper transform among all proper
transforms, which are de ned in the standard resolution pracess of the singular point of
V(f) such that the multiplicity of each proper transform is less han
mult (V (f); (0;0)) = n. Also, (v ;u ) =(0;0) is either the singular point of V( )(f)
or the nonsingular point at which is needed only to get additinal blow-ups for the
standard resolution of the singular point ofV(f ), as we have seen ir{5:1:10).

Now for proof of (5.1.4) in (1), to show that we may begin with the assumption
that n= mand ;= 1, thenitis enough to prove the following claim:

(5.1.11) if f g (mult. seq.),thenn=mand ;= q:

If f g (multi. seq.), then it is trivial that n= m. If f g (multi. seq.), then to
prove that ;= 1,let be the positive integer such thatm < ;<m( +1)and let
m = n becauseg satis es the same kind of assumptions and notations a$ does in the
theorem. After iterations of blow-ups at the singular point (0;0) of V (g) as we have
done in the resolution process of singular point ofV (f ), the local de ning equation
for the k  th proper transform V() (g) of V(g) with 1 k can be written as
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follows:
8
s Vi = t"
5.1.12 v(g) := X1
(5.1.12) D=5 h=" btr @+ L)
' i=1
where
(i) (v ;u) is de ned to be one of the local coordinates for the  th blow-up
MO 1 MO D which is de ned similarly as we have seen in the process of

blow-ups for V (f),

(i) V) (g)isthe rst appearing proper transform, among all proper transforms
which are de ned in the standard resolution process of the singular point ofV (g) such
that the multiplicity of each proper transform is less than n = mult (V(g); (0;0)). If

, then  and (vk;uk) can be identied with ¢ and (vx;uk) for 1 k ,
respectively.
Thus, if f g (mult. seq.), then by Sublemma 51:1n=m, = andso ;= ;.
Therefore, to prove (5.1.4) in (I), we may begin with assumption that n = m and
1= 1

Now, the proof will be by induction on the multiplicity n of the local de ning
equation f (y; z) at the origin for V(f). Then, it is enough to consider the following
two cases, respectively: (I-1)n=2 and (I-2) n 2.

(I-1) If n =2, then the local de ning equation for V (f) can be described by
= t2
2y X

S zZ= at t+ At

> 1

(5.1.13) V(F):=

where gcd(2 1) =1, a; is a nonzero constant and theA; are complex numbers. If
the A; are all zero, then it is clear that

(5.1.14) V() f (y;z):y=t?andz=1t g (mult. seq.):
If someA; are nonzero, then itis easily shown thatz = a;t *+ | At is rewritten
in the form
X _ X .
(5.1.15) z=ait 11+ Bit?) + Cit?

2i>0 2> g

where the B; and the C; are complex numbers. Then, observe that (5L:15) can be
rewritten in the form
X _ X _
(5.1.16) z=agt (1+ Biy')+ Gy:
2i> 0 21>
P Ciyl
So, dene z°= %‘32;;73.1;‘/)) and then V(f) and f(y; 2% : y = t2;2°= a;t g have
the same multiplicity s'equence because these two varieties are analytically equilent
at the origin. In this case, there is nothing to prove by (5.1.13).

(I-2)  Suppose by the induction assumption that this conclusion is true if the
multiplicity of f at the origin is either less thann or equal to two. For the proof, we
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may assume that the multiplicity of both f and g at (y;z) =(0;0) is n, and also that

1 = 1 as we have done in the beginning of the proof because< ;,n< 31,n6j;
andn 6 j;. Just as before, let be the positive integer such thatn < ;<n( +1).
Then, the local de ning equations for the  th proper transformsV( )(f ) and V( ) (g)
can be written, respectively as follows: Note that ; = ;.

8
3V = t"
(5.1.17) vOI(f):= X1 )
2u = at' "(1+Di(t)
i=1
8
3V = t"
5.1.18 vi)(g) = Xt
(51.18) @50 =" e nar Lo
' i=1
where :MO)1 MO s ablow-up of M D at (v 1;u 1) =(0;0), which

was already de ned in the proof of Sublemma 51:1.

Note that irreducible parametrizations for local de ning equations in (5:1:17) and
(5:1:18) are not Puiseux expansion because; n <n .

So, for the induction proof, we are going to construct two Puiseux expansion,
which are equivalent for local de ning equations in (5:1:17) and (5:1:18), respectively.
In order to use the conclusion in Theorem 34, we are going to prove that two lo-
cal de ning equations in (5:1:17) and (5:1:18) satisfy the assumptions of Theorem
3:4 respectively. For this purpose, it is just enough to observe the followings wih
Remark( ): Note that ;= 1.

(D@a) 2 nand1 1 nN< 5 n< < 41 N,
(Ib) n>ged(n; 1+ n)>  >ged(n; 1 Nl n)=1,
(1c) the & are all nonzero numbers fori =1;2;:::;r + 1.

(2)(2a) 2 nand1 1 nNn< , n«< < (41 N,
(2b) n>ged(n; 1+ n)>  >gedn; 1 N o n)=1,

(2¢) the by are all nonzero numbers fori = 1;2;:::;r + 1.

Remark( ): If ;1 n =1in(1a), thengcd(n; ;) =1, and so there are no more
exponents ; of the parametert for i 2 in the parametrization for the curve V ().
In this case, there is nothing to prove, because ; = ;. That is, the same multiplicity
sequence implies the invariance of the multiplicity and Puiseux exponents.

Therefore, for the proof, we may assume without loss of generality that ; n =
1 nh 2in(1a) and (2a).

Now, by the same method as we have used in the either conclusion or proof of The-
orem 34, we can construct the new parameters folV( )(f) and V( )(g), respectively
as follows:

For convenience of the representation, the notations of these new parameters and
so on, can be suitably chosen the same for botv( )(f) and V( )(g), if there is no
complexity.

(5.1.19) De ne a new parameters = (t) by a conformal mapping oft at the origin
suchthats(0)=0and u =s* " where (v ;u ) is one of a given local coordinates
in (5:1:17).
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(5.1.20) De ne a new parameters = (t) by a conformal mapping oft at the origin
such that s(0)=0and u =s* " where (v ;u )is one of a given local coordinates
in (5:1:18).

In preparation for applying the induction assumption to the proof, rstit can be easily
shown by Theorem 34 and by a new parameters in (5.1.19) and (5.1.20) that the
local de ning equations for V() (f) of (5.1.17) and V( )(g) of (5.1.18) are analytically
written, respectively as foIIowsE:; Note that 1= 1.

3 X
Oy, V= s H(1+Dis)
(5.1.21) VARI(DE i1
u=st"
8
3 X
Gy SVoE ST (1 Ly(9))
(5.1.22) Vvi(g): 5 i1
"u =st "
where
(i) for i =1;2;:::;r+1, the ; are all nonzero numbers, and de neDj(s) by
X1 _
5.1. Dy(s) = a;st S
(5.1.23) (s) 912 Cls]
i=1
2 .
Da(s) = a2 2 C[s]

X .
Di(s)=  a;s" 2CJs]
i=1

Dr+1(8) = ar+1;i5i 2 Cfsg
i=1
such that all a;; ;) are complex numbers with 1 j r+land1 i(j) p;, some
of which may be zero.

(i) for i =1;2;:::;u+1, the ; are all nonzero numbers, and de neL(s) by

)Ql
(5.1.24) Li(s)=  bys®: 2 C[s]
i=1
X
La(s)=  bps®? 2 C[g]
i=1
Lu(s) = u by s® 2 CJs]

Luss(S)=  husrys 2 Cfsg;
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such that all b; ;) are all complex numbers with 1 j u+landl () g,
some of which may be zero.
Then, it is enough to consider the following two cases: Notethat ; n 2.
(A)( 1 n)énand(B)( 2 n)jn.

Case (A): Assumethat ; n is nota divisor of n. Using (5.1.21) and (5.1.23),

to prove by induction assumption on the multiplicity on the curve V(f) that V() (f)
satis es the same kind of properties in terms of coordinates \(s; us) as V(f ) does in
the coordinates {y; z) in the assumption of Theorem 51, rst of all, we need to claim
the following properties:

@i 2 1 n<n + 1 1<n+ 5 1< <N+ 4 1.

(i) write '3 =gcd( 1 mn + 1 ), la=gcd( 1 mn+ ;1 gn+
2 )iy te=ged( o omn+ o gn+ o gninn+ ), g =
ged( 1 njn + 4 un+ o Liin+t o 1),andthen ; n>! ;>

Io>1 3> > =1
(i) The ; are all nonzero numbers for 1 =12;:::;r +1.

such thatfori=1;2;:::;r,
(5125) p,l P < (n + s 1) (n + 1) < (p| +1)| it
(v) For j =1;2;:::;r +1, Dj(s) of (5.1.23) may be written in the form

X _
(5.1.26) Dj(s) = a s
i=1

For proof of the claim, we prove each of the above properties (i), (i), {i), (iv) and
(v) in the following way:
To prove (i), note that is the positive integer such thatn < 3 <n( +1)
andthat 4.1 > jforl i r,andsoitis trivial.
To prove (i), itis clearthat '3 =gcd( 1+ n;n)=gcd( 1;n), !> =gcd( 1
n;nn + 5 q)=gecd( 1;n; )i e =ged( 1 NN+ ggiindt
r+l 1) =gcd( 1;n; 2;:::; r+1). Also, by following the de nition of d; in both
(1b) and (1d) of (5.1.1),!; = d;, and sod; >d;+; impliesthat!; >! ;4; forl 1 r.
So, it remains to prove that ; n >! ; = d;. Note by de nition of that
1 h <n . Now, assume the contrary. Then, ; n =gcd( 1 n;n)=dy<n,
and so 1 n would be a divisor ofn, which gives a contradiction to the assumption.
Thus, the proof is done.
To prove (iii) is clear.

Finally, to prove (iv) and (v), it was already proved by (ii) that d; = !, and then
pi can be replaced byp; fori =1;2;:::;r +1, just considering that (n+ .1 1)
(n+ 1) = ju j from (5.1.25). Therefore, the proof of (i), (i), (iii), (iv)

and (v) are nished.

Also, since it can be assumed than = mand ;= 4,thennotethat ; m
is not a divisor of m. So, by the similar method as above, it can be easily shown
that V( )(g) satis es the same kind of properties in terms of coordinates § ;v ) as
V (g) does in the local coordinates ¥; z). Since it was already shown thatV () (f ) and
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V (k) (g) have the same multiplicity n at (vi;ux) =(0;0)fork =1;2;:::; as we have
done in (5:1:10), then we have
(5.2.27) V() V(g (mult. seq.)

=) vO) vO)(g) (multi. seq.):

Since the multiplicity of V()(f)at(v ;u )=(0;0)is 1 n,whichis less than
n and also the multiplicity of V( )(g)at (v ;u )=(0:0)is 1 n = 1 n,then
the induction assumption in both (5.1.21) and (5.1.22) implies that

(5.1.28) vOlE) VvO)(g) (multi. seq.)
=) 1. nNn= 41 nNnn=mr+1l=u+l1 and
n+ 1= N+ . forl i r+1
=) n=m;r+1=u+1; and ;= ; forl i r+1:

In this case, we proved by (5.1.27) that
(5.1.29) V(f) V(g) (multi. seq.)
=)n=m;r+1=u+l; and = ; forl i r+1:
Thus, the proof in Case (A) is completely done.

Case (B). Let ; n be adivisor ofn. We may start with the assumption that
n=mand ;= 1with 1 n 2.
So, it is enough to consider the following case:

(5.1.30) di=gcd(n; )= 1 n 2

because gcdt; )=gcd(n; 1 n )= 1 n .

Recall by assumption that there is a positive integer suchthatn < ;<n( +
1). Since it was already shown thatV (K)(f ) and V (K)(g) have the same multiplicity n
at (vg;ux)=(0;0) fork=1;2;:::; as we have done in (8.:10), then we have

(5.1.31) V(f) V(g) (multi. seq.)
=) vOf) vO)(g) (multi. seq.):
From the local de ning equations of V() (f) of (5.1.21) and V( ) (g) of (5.1.22),

for the remaining proof, it su ces to show that the following change of coordinates is
nonsingular: Note that 1 n E;S a divisor of n.

3 X

VO = gt i 1(1+ Di(s

(5.1.32) VO(F) =) - i ( i(8))

.B uO =gt n

8 1

5 00— X _Sn+ i 1(1+ L'(S))

v(g) =) . i

.S u00: st n

wherev® = v 18" (1 + Dy(s)) with u® = u , and v®= v 18" (1 + L4(s)) with

u®=y .
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Sinced; = 1 n is a divisor of n by (5.1.30), then write n = "d; for some
positive ipfeger ". Then, u = st " = s% by (5.1.21), and alsou" = s*:. So,
Di(s) = P2 a;s9 2 CJs] of (5.1.23) implies that v° = v 1S"(1L+ D4(9)) is

written in the form
(5.1.33) VO =v U (1+ F(u))

where F (u ) is a polynomial in C[u ] with F(u ) = P {’:11 a;ju "2 Clu ]

Since it is trivial to show by Lemma 4:3 that an analytic mapping from (v ;u )
to (v°;u®) is a nonsingular change of coordinates at\ ;u ) = (0;0) where v0 =
v U A+ F(u))and u® = u with (0;0) =(0;0), then V() (f) is analytically
well-de ned by

8
2%
(5.1.34) v ( )(f): S A - iS (1 + Di(9))
; 1

ul = n .
Thatis, V( )(f) of (5.1.34) satis es the same kind of assumptions relative to the local
coordinates ¢/°;u®) as V({ )(f) of (5.1.21) has done relative to the local coordinates
(v ;u).

Also, by the same method just as we have done in (5.1.34), using a nonsingular
change of coordinates folV ( ) (g) at (v®u®9, then V( )(g) can be analytically written

in the form

8
1
() (q) - §V°°=% is"T T 1+ La(9))
(5.1.35) v()(g): -
u®=s1: N
Sinced;= ; n>d,=gcd( 1 nmn+ , q)andd;=( 1 n)>

ged( 1 nmn + 5 1), then by the same method as we have done in Case (A), it
is trivial to show that
(5.1.36)
vO) vO)(g) (multi. seq.)
=) 1 nNn= 1 nr =uandn+ ; 1=n+ cfor2 i r+1:

Thus, we proved by (5.1.36) that wheneverV (f ) and V (g) have the same multiplicity
sequence for Case (B), them=m,r+1=u+land ;= fori=1;2:::;r+1.

Therefore, summarizing the results of Case (A) and Case (B), then the proof of
the su ciency for (1) is nished.

Next, to prove the converse for the statement [I], for example, recall that the
parametrization of the irreducible curve V (f) de ned by an analytic function f in
Cfy; zg has been represented as follows:

8
3y=r

— %1
(5.1.37) V(f): B zZ = ait '(1+ Di(t))

i=1
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whereV (f ) satis es the same properties and notations as in (1a), (1b), (1c), (1d) and
(1e) of (5.1.1), as we have seen in the assumption of this theorem.

Since2 n< ;andn > gcd(n, ;) by (1a) and (1b) of (5.1.1), then there
is a positive integer such thatn < ; <n( +1). Also, in this case it is clear
that the standard Puiseux expansion of V(f) can be dened by y = t" and z =
t 1 4 t 2 4+ + t r+l .

For the converse, it is enough to show by induction on the multiplicity n of the
curve V (f ) that the multiplicity and Puiseux exponents for the curve V (f ) determine
uniquely the multiplicity sequence for such an irreducible plane curve singularity.

Suppose that the multiplicity and the Puiseux exponents of V(f) are f2; 19
where 2< ; and gcd(2 1) =1. Let be the positive integer such thatn < ;<
n( +1), wheren=2and ; 2 =1.

Then, as we have done in (5.1.13), (5.1.14), (5.1.15) and (5.1.16),enhave the

followings:
( _ .
(5.1.38) V(f): -
and ( _
VO : Sz

where gcd(2 ;)=1and ; 2 =1.
Thus, it is clear that the multiplicity sequence is uniquely determined by the

sequenceS = f2;2;:::;2;1;1g, where a counting number of an element 22 S is

1 . : .
! and a counting number of an element 12 S is two. Thus, if n = 2, then the

proof is easily done.

Now, suppose by the induction proof that if multiplicity of V(f) is either less than
a positive integer n or equal to two, then the converse of theorem is true. Assuming
that f has a multiplicity either n or at least three at the origin and that the Puiseux
expansion ofV (f ) is de ned by the local de ning equation in (5.1.1) of the assumption
of this theorem whereV (f ) satis es the same properties (1a), (1b), (1c), (1d) and (1e)
of (5.1.1), then it is enough to show that the multiplicity and Puiseux exponents for
the curve V (f ) determine uniquely the multiplicity sequence in the standard resolution
process of the singularity ofV (f ).

First, for the convenience of the proof, we may start with assuming thatV (f )
and V(g) have the same multiplicity and Puiseux exponents, and then it su ces to
show that V (f ) and V (g) have the same multiplicity sequence.

As compared with the parametrization of V (f ) in (5.1.37), for brevity of notation,
let the parametrization of V(g) be the Puiseux expansion with the multiplicity and

Puiseux exponentsfm; 1: 2;:::; y+10, de ned by
3y=t"

5.1.39 V(g) := Xt

(5:139) @527 har L)

i=1

where V (g) satis es the same properties and notations as in (2a), (2b), (2c), (2d) and
(2e) of (5.1.2).



analytic equivalence 425

Since V (f) and V(g) have the same multiplicity and Puiseux exponents by as-
sumption, then we have the following:

(5.1.40)
n=m,r+1=u+l,and ;= forl i r+1, with n> gcd(n; 1):

Also, there is a positive integer suchthatn < ;<n( +1), n=m, ;= ;.

In preparation for applying the induction assumption to the proof, rst it can be
easily shown by Theorem 34 with (5.1.19) and (5.1.20), and by (5.1.21) and (5.1.22)
that the local de ning equations with a new parameter s for V( )(f) and V( )(g) are
analytically written, respectively as follows: Note that ;= ;.

8
2,2 e
(5.1.41) vOey: Y :i:1 is"t 111+ Di(s))
u =st "
8
(5.1.42) vi)(g): = . iS 1+ Li(s))
u =s?t n

where the local de ning equation of (5.1.41) satis es the same properties and notions
asin (5.1.21) and (5.1.23), and the local de ning equation of (5.1.42) dis es the same
properties and notations as in (5.1.22) and (5.1.24).

If 1 n =1, inthis case it is trivial that the same multiplicity sequence is
uniquely determined for both V (f ) and V(g) as we have seen in (5.1.41) and (5.1.42),
because 1 = jandn 2, and also gcdf; ;) =gecd(n; 1 n)=gcd(n;1) =1
implies that there are no more exponents ; of the parameter t for i 2 in the
parametrization for the curve V (f). So, we may start with assuming that 1<
n<n .

Now, consider two cases: Note that ; n 2.
M(C 1 n)épand(ii)( 1+ n)jn.

Case()) If (1 n) 61, then VC)(f) and V() (g) have the same multiplic-
ity and Puiseux exponents by (5.1.40), (5.1.41) and (5.1.42), that is,the same set
f 1 n;n;n + » n+ 3 voiont g 10, because the local de n-
ing equations for both V() (f) and V( )(g) have the Puiseux expansion, satisfying
the same kind of properties as we have seen in Lemma3 Since the multiplicity of
VO)(f)at (v ;u)=(0;0)is less thann, then V() (f) and V( )(g) have the same
multiplicity sequence by the induction assumption, and soV (f) and V(g) have the
same multiplicity sequence, too.

Case(ii) If ( 1 n)jn, then consider the local de ning equations with a new
parameter s for V() (f) and V()(g), which are de ned by (5.1.40), (5.1.41), and
(5.1.42). Since ; n is a divisor of n, apply the same kind of the method as we
have done in the proof of the su ciency of the Case(B), to the local de ning equation
analytically equivalent to that of V() (f) in (5.1.41) and (5.1.42), and then we can
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easily get that V( )(f) and V( )(g) are analytically well-de ned by
8

3 .
= is"t 1 1(1+ D;
(5.1.43) vO(f): S - iS ( i(s))
: UO =gt N:
8 1
) 5 V00: X iSn+ i 1(1+ Ll(S))
(5.1.44) v)(g): 5 -
: uOO: g1 N

That is, V() (f) of (5:1:43) satis es the same kind of assumptions relative to
the local coordinates ¢°;u®) as V() (f) of (5.1.21) has done relative to the local
coordinates (v ;u ). Also, V( )(g) of (5:1:44) satis es the same kind of assumptions
relative to the local coordinates ¢°¢u®y as V( )(g) of (5.1.22) has done relative to the
local coordinates ¢ ;u ). Since 1 n<n + , jand ; n> gcd( i n;n +

> 1), then VO)(f)and V() (g) have the same multiplicity and Puiseux exponents
by (5.1.40), (5.1.41) and (5.1.42), that is, the sameseft ;1 n;n + , 1;n+ 3

niion+ 4 10, without containing an element n. Since the multiplicity of
VO)(f)at (v ;u)=(0;0)is less thann, then V( )(f) and V( )(g) have the same
multiplicity sequence by the induction assumption, and soV (f) and V(g) have the
same multiplicity sequence, too.

(I By Theorem 34, the local de ning equation for V(h) can be analytically
written as follows:

8
3 y=s"
. %l
(5.1.45) V(h): 3 2= is *h L+ Ri(s));

i=1
where
(i) the ; are all nonzero numbers fori =1;2;:::;v+1,
(i) for i =1;2;:::;v+1, de ne Ri(s) by

X1 ,
(5.1.46) Ry(s) = cis' t 2 C[s];
i=1
X2 ,
Ra(s) = Cis' 2 2 C[s];
i=1
Xv ,
Rv(s)=  Gis v 2C[s];
i=1
Ry+1(s) = Cv+1 ;isi 2 Cfsg;
i=1
such that all ¢; ;) are complex numbers with1 j v+land1l i(j) "j, some

of which may be zero.
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For brevity of notation in (5.1.45), write

(5.1.47) !'=lyand = +1; Iyforl i v+1.
Note by (3a) of (5.1.3) that 2 Ip < = ;and i i = li+1 I > 0 for
1 i v+1.

Then, we claim the following properties:
()2 !'< 1< ,< 3< < el
@) ' ged(t; 1) >ged(; 15 2)> > ged( 15 250y ver) =1
Firstly, to prove (i) is clear, because such inequalities have been already de ned
by (3a) of (5.1.3), with an additional notation ! = |;. Secondly, to prove (ii), note by
the properties (3b) and (3d) in (5.1.3) and by (5.1.47) that

ged(; 1) =ged(ly; ) =ged( ;11) =

ged(; 15 2)=gcd( ;1a; + 12 l)=gcd( ;11;02) = 2;

ged(!; 15 23 3)=gcd(l; 15 20 + I3 ) =ged( 1l +13 1p) =
ged(; 1 g;l2;08) = 3

ged(s 15 25iiiy ver)=gcd(l 1 25t vt )=
ged(laslasiiilvy + v l)= v and
1< 2< 3< < vy =1:

Thus, the proofs of (i) and (ii) of the claim are just nished. Now, since V (h),
which is de ned by (5.1.45) and (5.1.47), satis es the same kind of propertes asV (f )
of either Lemma 43 or (I) of this theorem does, then it is enough to consider two
cases: (lla)l; > gcd(ly; ) and (Ilb) |; is a divisor of .

(lna) Let [; > gcd(l1; ). By applying (5.1.45) with an additional proof of the
claim to (l), then we get the following:

(5.1.48)
V() V(h) (multi. seq.)
0 n=1l;; r+1=v+1 and i= +L Iy for 1 i r+1,

which is equivalent to the fact that the Puiseux pairs for both V (f ) and V (h) are the
same, by De nition 4:4.

Note that ;= +1; |;isthe same ad; = n+ ; 1, because 1 = and
"1 = n. Thus, the proof of (lla) is done.

(1b) Let I; be a divisor of . Since is a multiple of 11, then apply the same
kind of the method as we have used in the local de ning equations of either (5.1.32)
or (5.1.34), to the local de ning equation in (5.1.45).

Then, V(h) has the set of multiplicity and Puiseux exponents, that is, f'1; +

"5 1;:70 + Tys1 1@, without containing an element
So, by the similar way as we have used in (lla), we can easily prove the flowing:
(5.1.49)

V(f) V(h) (multi. seq.)
0 n=ly; 1= +1y Iyr+l=v and = +ljxx Iy for 2 i r+1;
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which is equivalent to the fact that the Puiseux pairs for both V (f ) and V (h) are the
same, by De nition 4:4.
Thus, this completes the proof of Theorem 5.1.

Moreover, the proof of Corollary 5:2 follows just from Theorem 45 and Theorem
51.

Example : Let V = f(y;z) : f(y;z) =0gand W = f(y;2z): g (y;z) =0g be
analytic varieties at (y; z) = (0 ; 0), respectively, satisfying the following the properties:

(i) f(y;2)=0 ( y=1t%z=15+1°

(i) g (y;2)=0 ( y=t*+ t7; z=t8+ t° for arbitrary complex number

Now, the problem is to nd when f and g have the same topological type of
singularity at the origin. To solve it, since f (y; z) is analytically irreducible at (y; z) =
(0;0), by Theorem 34 let s be a new parameter de ned bys = t(1 + t3)% for the
equivalent parametrf'gation of V de ned by the equation f (y;z) = 0. By Theorem 3:4,
t=sfl+ s34+ | ;as*)g where all the a, are complex numbers, and so the
equivalent parametrization for W have the de ning equation with the parameter s
as follows: p
z(s)=s® and y(s)= s*+sf(A+ )+ | hskg,

where all the by are complex numbers. Therefore,V and W have the same
topological type of the singularity at the origin if and only if 6 %

6. The proof of the Inverse Theorem (The relationship between Pu i-
seux pairs and the reverse Puiseux pairs) by an equivalence of irreducible
parametrization. In this section, we prove analytically the Inverse Theorem (Theo-
rem 6:2). Before proving it, note by ([Ab1]) that the Inverse Theorem (the relatio nship
between Puiseux pairs and the reverse Puiseux pairs), which was written in the al-
gebraic statement, was already proved. Note by (JAb2]) that the equivalence of lte
Puiseux expansion with the multiplicity and Puiseux exponents and the multiplicity
sequences for irreducible plane curve singularities was once proved, too. The Inverse
Theorem (Theorem 62) has been analytically written in ([Ab3]) without any other
proof, which is the restatement of the inverse Theorem (JAb1]). Now, we mayassume
begin with the de nition of the reverse Puiseux pairs. Then by Theorem 34, we prove
very easily this theorem, without using any other lemma.

Definition 6.1. Let the parametrization for the curve C be given as follows:

(6.1.1) x =t"
y= ()= +bn T+ by, tT
+ by, tM3 + + by, tM" +

where in the expansion,u is the multiplicity of the curve C at (x;y) = (0;0), my is the
smallest exponent not divisible by u whose coe cient by, is nonzero,m; is the small-
est exponent not divisible by gcdu; m1) whose coe cient by, is nonzero,ms is the
smallest exponent not divisible by gcd{i; m1; m2) whose coe cient by, is nonzero;::,
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of the curve C at (y;z) = (0;0) by putting

(6.1.2) =M™ oand =Y for1 i b

di+1 di+1
Now, to state the Inversion Theorem, de ne the reverse Puiseux pairs, that is, (2; 9),
(%9 0,2 ?)of the curve C at (y;x) = (0;0) by expanding x in terms of y

thus. Let u® be the order of zero in (t) at t = 0. Note that u®is a positive integer
with u® mjy.

By Newton's Theorem, the parametrization for the curve C can be given as
follows:
(6.1.3) y =t¥’

X = (t): + Cmgtm(1J+ + Cmgtmg+
+ cmgtmg + + cmﬂtmg +

where in the expansion,m? is the smallest exponent not divisible by u® whose coe -

cient cyo is nonzero,m3J is the smallest exponent not divisible by gcd(®% m$) whose
coe cient cpg is nonzero,m3 is the smallest exponent not divisible by ged(% m9; m9)

whose coe cient Cm9 is nonzero;::, and m‘k’ is the smallest exponent for which
ged®m?;:::;m?) = 1 whose coe cient Cmo, iS nonzero. Letmd = u, and d°,; =
gcdm%;m%;:::;m®) for0 i h. Then,d9>d3> >d?,, =1. We dene the
reverse Puiseux pairs (; 9);( 3 9);::::( 20 P0) of the curve C at (y;x) = (0;0)
by putting

m? d® .
(6.1.4) )= st and P= —forl i hC

di+1 di+1

Theorem 6.2 (Inversion Theorem). We use the same properties and nota-

tions as we have seen in De nition6:1. The relationship between the Puiseux pairs
and the reverse Puiseux pairs is given by the following: Notidwat u  u® my.

() If P=u,thenh=h, 9= ;forl i h,and °= ;forl i h.

(2) If u=mq, thenh®=h, 9= 4, 9= 4, %= (1 1) 23 i for
2 i hyand %= ;for2 i h.

(3)If u6 U6 my, thenh®= h+1, 9=1, 9=4 0 = , 0 ,
forl i hyand °;, = ;forl i h

Proof of Theorem. It is enough to prove (1), (2), and (3), respectively as follows:
(1) Let u®= u. For brevity, write u®= mg. Then by Theorem 3.4, the parametrization
of C can be easily rearranged as follows:

(6.2.1)
x=tY and
y= ct™of(1+ Do(t)) + at™ Mo(1+ Dy(t)) +
+ ap (t™ 1 M1+ Dy g(t))+ ant™ M(1+ Dna(t))g
= ctMef1+ H(t)g
where )2 uand2 mg<mj;<mj;< <mp, (i) u=mg=d >d, >

> dpser = 1 with ged(mg;my;:::;mi) = disg for 0 i h, (i) p1, p2, :::,
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pn are nonnegative |nteger§ such thatpj+1 disz < Mijzy M < (pi«r +1)di41 for
0 i h 1, (v) D (t)— p’_f G +1:i t'dﬁ1 2 C[t], the ring of polynomials in t, for
0 j h land Dh(t) = L Chet it 2 Cftg, the ring of convergent power series
at the origin in C2?, (v) the a are nonzero complex numbers foi = 1;2;:::;h from
the above parametrization of the curveC.

Let s be the new parameter de ned by a conformal mapping of one complex
variable t at the origin such that s(t) = clmo t(L+ H(t) ™o "o with y = s™o and s(0) =
0. Then by Theorem 34, an equivalence of the given parametrization ofC can be
represented as follows:

(6.2.2)

=sM and

= ¢ Mos'f(1+ Qu(s) + ST Mo (bio+ Qu(9)+

+sMn Moy 10+ Qp 1(8))g+ s™ MO(bno + Qn(S))g
= ¢ mosifl+ L(S)g;
P .
Where @ Q] (s) = ,p‘f s1489 % 2 C[s] for O i h 1 and Q,(s) =
iz1 bhs;is' 2 Cfsg, (i) all the by, are complex numbers and theb o are nonzero for

1 i h, (i) L(s)is justthe substitution. Since u®= my = u and m? = m; for
1 i h=ho by de nition of the reverse Puiseux pairs, there is nothing to prove.

(2) Let u® = my. Then by Theorem 34, the parametrization of C can be easily
rearranged as follows:

(6.2.3)

u and

y= catMf(l+ Dy(t))+ ayt™? Mi(1+ Do(t)) +
+ ap 1" 1 M1+ Dy 1(f)) + ant™ M1(1+ Dp(t)g
at™f1+ H(t)g;

X=t

where () 2 uand2 mp<m;< <mpy, (i) u=d; >dy > >dpy =1
with gcd(u;mq;:::;m;) = disp for0 i h, (i) p1, p2, :::, pn are nonnegative
integers such thatpiva diss < Miss M < (pg +1)disg for 0 i h 1, (iv)
Di(t)= p Pt G+1;i itidiss 2 CJt], the ring of polynomialsint,for0 j h 1 and
Dh(t) |1 1 Chi t' 2 Cftg, the ring of convergent power series at the origin inC2, (v)
the a; are nonzero complex numbers for = 1;2;:::;h from the above parametrization
of the curve C.

Let s be the new parameter de ned by a conformal mapping of one complex
variable t at the origin such that s(t) = clﬁt(l +H (t))ﬁ with y = s™2 and s(0) =
0. Then by Theorem 34, an equivalence of the given parametrization ofC can be
represented as follows:

(6.2.4)

y=smM and

X= ¢ "rsUf(1+ Qus)+ ST M (o + Qu()) +
+8 My 10+ Qp 4(S)g+ ™ Mi(bno+ Qn(S))d
o misUfl+ L(s)g;
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P :
\ghere () Q(s) = ip’:f B1isd9in 2 C[s] for 0 i h 1 and Q,(s) =
i1:1 bhis' 2 Cfsg, (i) all the b are complex numbers and theh, are nonzero
ford i h, (iii) L(s) is justthe substitution.
To nd the reverse Puiseux pairs, by (6.1.1), (6.1.3), (6.2.3) and (6.24), observe
the following:

(6.2.5) w=mymd=umd=u+my my:i:;

md=u+m, mg;dd=mg=u’

By de nition, recall that d%,; =gcd(u®m¢;m3;:::;m%forl1 i h
So, by(6.2.5) and the de nition of d;, d°,; =gcd(m;u;u+ m; mg;u+ mg
my;:i;u+ mp mg) =ged(u;mg;my;iii;mi) = diyg forl i h.

Now, by de nition of the reverse Puiseux pairs, the proof of (2) can be done from
the following facts (2a), (2b), (2¢), (2d) and (2e):
(2a) Then, it is trivial that h = h°,

en, 9= ji = Yand ; = & = Y Sincedd = ged(my;u) and
(2b) Then, § = G = g &G
d, = ged(u; my), then the proof is done.
0
(2c) Note that 9 = %;; = gy = L
0

(2d) By de nition and (6.2.5), {= ar.?j = L”—B“P'lﬂ
Also, i (1 1) 2 3 i = drin+'1 rg_zl 3—;)(,% = W. Sinced; = u
and dP =d for2 i h+1, then the proofis done.

(2e) Note by de nition that 9= ESOT and | = dd—l for2 i h. Sinced’= d,
for2 i h+1, then the proof is done. Thus, the proof of (2) is nished.

(3) First, note that u < u®< m and that u®is divisible by u. Then by Theorem
3:4, the parametrization of C can be easily rearranged as follows: For convenience of
notation, write mg = u®

(6.2.6)

x =t and

y= ct™f(1+ Do(t)) + ast™ Mo(1+ Dy(t)) +

+ ap qt™" t Mo(1+ Dp o g(t)+ apt™ Mo(1+ Dp(t))g
= citMof1+ H(t)g;
where () 2 uand2 mg=u<m;<m;< <mp, (i) u=d >d, >
> dp+r = 1 with ged(u;mg;my;:::i;m;) = disg for 1 0 h, (iii) p1, p2, :::,

pn are nonnegative integer,g such thatpiya divs < Mixr M < (Pie1 +1)diyg for
0 i h 1, (v) Dj(t) = p ipif G +1 ;it_'dlﬂ 2 C[t], the ring of polynomials in t, for
0 j h 1andDy(t) = i1=1 G+1.t' 2 Cftg, the ring of convergent power series

at the origin in C2?, (v) the a; are nonzero complex numbers foi = 1;2;:::;h from
the above parametrization of the curveC.

Let s be the new parameter de ned by a conformal mapping of one complex
variable t at the origin such that s(t) = clﬁt(l +H (t))ﬁ with y = s™°o and s(0) =
0. Then by Theorem 34, an equivalence of the given parametrization ofC can be
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represented as follows: Note thatmy = u®

(6.2.7)
y = sme and
¢ "osUf(1+ Qo(s)
+ 8™ Moo + Qy(s)) + 8™ MO(lpo + Qp(8)) +
+s™ Moy 10+ Qp 1(8))g+ s MO (lmo + Qu(9))9
= ¢ mos'fl+ L(s)g;

where (i) Q; (s) = P P Qa8 2C[s]for0 j h landQ,(s)= P LS 2
Cfsg, (i) all the b; are complex numbers and thelag are nonzero for 1 i h, (iii)
L (s) is just the substitution.

Sinceu <u®= mg <m 1 and mq is divisible by u, then by (6.1.1), (6.1.3), (6.2.6)

and (6.2.7), observe the followings:

(6.2.8)
di = u;dz =ged(u;mg);diva =ged(uimy;me;iii;mi) for2 i h
W=memi=umd=u+m; me:ml=u+my 1 memd, =u+m, mg;

d? = u%= mg;dd = gcd(u®u) = u;dd =ged(u® u;u+ my U9 =ged(u;my);

d’, =gcd(uluu+my ulii;u+my 1 U9

=gcd(u;mg;my;::i;mi ) for2 i h+1:

Now, by de nition of the reverse Puiseux pairs, the proof of (3) can be done from
the following facts (3a), (3b), (3c), (3d) and (3e):

(3a) Note that h is the number of distinct elements in the setfd; >d, > >
dng, and that h®is the number of distinct elements in the setfd >d9 >  >d2ag.
Then it is clear that h®= h+ 1, becauseu < u®= mg <m; and mg is divisible by u.

0
(3b) Then, 9= %2% = 4=
h 0o_ 9 _ u°
(3c) Then, 7= &= 0
0
(3d) By de nition and (6.2.8), 9, = ";?i:; = “*”‘(;%;jz Miforl i h.
AISO; i (UUD 1) 12 i = n(;i‘:ll (UUO 1)%3_@ did+|1 = rgii:ll (% 1)dfj+11
forl i h. Sincedio+2 = di+1 and d; = u, then the proof is done.
0
(3e) Then, 9, = %# = didfil = jforl i h,andso the proof of (3) is done.

i+2

Therefore, we have completed the proof of the theorem.
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