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THE SERRE PROBLEM ON CERTAIN BOUNDED DOMAINS *

BO-YONG CHEN'T AND JINHAO ZHANGH

Dedicated to Professor Siu’s 60th birthday

Abstract. We give some new examples for which the Serre problem is solvable by using invariant
pseudodistances.

1. Introduction. In 1953, Serre [14] raised the problem whether a holomorphic
fiber bundle 7 : E — B with a Stein base B and a Stein fiber F' is Stein. The answer is
positive in the case of O-dimensional fibers [19] and 1-dimensional fibers (cf. [7], [11],
[15]). However, in high dimensional case, there are counterexamples (cf. [2], [17]).
There are still some positive examples. Stehlé [18] solved the problem for hyperconvex
Stein manifolds. Diederich-Fornaess [15] showed that any bounded C? pseudoconvex
domains in C™ is hyperconvex, therefore, the Serre conjecture is true in this case. Siu
[16] proved the case when the fiber is a bounded pseudoconvex domain in C™ with
zero first Betti number. The purpose of this note is to show

THEOREM 1. The answer to the Serre problem is positive if the fiber is either of
the following:

(i) a bounded domain ) in C™ which has a psh exhaustion function such that

¥ < cloglog1/dg,

where g denotes the Fuclidean boundary distance;

(ii) a Stein domain of the form Q = Q\S, where Q is a bounded domain in C"
which has a continuous bounded psh exhaustion function p with —p < ¢df, for suitable
¢,y >0, and S is a closed subset of Q which is negligible w.r.t. to L? holomorphic
functions, i.e., any L? holomorphic function on Q extends holomorphically to €.

REMARK. a) We will show that any bounded hyperconvex domain together with
some non-hyperconvex examples satisfy condition (i).

b) According to [3], any bounded C? pseudoconvex domain has a bounded psh
exhaustion function p = —(—7r)* where a > 0 and r is a defining function. On
the other hand, there are obviously various examples whose boundary is not C?, for
example, the egg domain defined by {z € C™ : |z1]|** + -+ + |2,|** < 1} where all
a; > 0.
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2. Proof of Theorem 1. We recall the following criterion:

THEOREM 2. (cf. Stehlé [18], improved by Mok [11]) Let # : E — B be a
holomorphic fiber bundle with Stein base and fiber. If there exists a psh, not necessary
continuous exhaustion function ¢ on the fiber F such that ) o h — 1 is bounded for
any h € Aut F', then E is Stein. Here Aut F' denotes the automorphism group of F.

In Stehlé’s original criterion, one needs the hypothesis that 1 is continuous and
that the assumption of continuity was removed in Mok [11].

PROPOSITION 3. If there exists on F an upper semi-continuous function ¢ such
that

(1) ¢ is bounded from below by a psh exhaustion function on F;

(i) ¢ o h — ¢ is bounded above for any h € Aut F,

then the answer to the Serre problem is positive.

Proof. By Theorem 2, it suffices to construct a psh exhaustion function ¢ on F
such that 1 o h — 1 is bounded above for any h € Aut F'. We consider the following
extremal function:

P(z) =sup{u(z) :u € PSH(F),u < ¢}

where PSH (F') denotes all psh functions in F. We claim that v is the desired function.
Since there exists an exhaustion function belonging to the above class, it follows that ¢
is an exhaustion function on F'. Since ¢ is upper semi-continuous, the upper envelope
1* of ¥ is psh on F' and satisfies ¥* < ¢, which implies ¢* < ). On the other hand,
it is obvious that ¥* > 1. Hence 1 = 9¥*, which implies that v is a psh function on
F'. By (ii), we have for any h € Aut F’

Yo h(z) =sup{u(h(z)):uve PSH(F), u< ¢}
<sup{v(z):v e PSH(F), v<g¢oh}
< Y(2) + Ch.

The proof is complete.

COROLLARY. The answer to the Serre problem is positive if there exists on the
fiber a complete invariant pseudodistance relative to a fized point which is bounded
below by a psh exhaustion function.

Proof. Let d denotes the invariant pseudodistance. We can take ¢(z) = d(20, 2)
for some fixed point zg € F'. Clearly, for any h € Aut F, one has

¢ o h(z) — ¢(2) = d(20, h(2)) — d(20,2)
= d(hil(zo), z) — d(z0, 2) < d(zo, hil(zo)).

The result follows immediately from the above proposition.

Let us see some applications.
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a) Siu’s distance: Let D # C be a domain in C. Siu [15] constructed an invariant
distance on D satisfying

6D(20)
op(z)

Note that the right side is naturally a subharmonic exhaustion function when D is
bounded. To define a subharmonic exhaustion function when D is unbounded, one
can consider at the same time the domain on the w—plane defined by w = Zip for
some point p € €.

log

| =

dists(zo,2) >

b) Bergman distance: Let © be a bounded domain in C", and let Kq(z,w) be
the Bergman kernel and Kq(z) = Kq(z,2). The Bergman metric is defined by
1/2

noog2
Z 0 IOgKQ(Z)X-)_(k

BQ(Z;X) - 02;0Z J
J

jk=1

where X = 37" | X;0/0z; € T"°(C"). The related distance is called the Bergman
distance. We denote by distp.

Diederich-Ohsawa [4] showed that the Bergman distance satisfies the following
estimate for bounded C? pseudoconvex domains

distp(z9,2) > Cloglog1/0p(2).
On the other hand, there exists on © (cf. [9]) a negative psh function p satisfying

_$ < p(z) < _L
log1/8a(z) ~ "7 = Tlog1/6a(2)

for suitable positive constants A, B. This implies in particular
—log(—p(z)) < C'loglog1/dq(2).

Note that the left side is also a psh exhaustion function.

¢) Kéhler-Einstein metric (proof of of Theorem 1): A Kahler-Einstein metric
on a complex manifold is a Kéhler metric for which the Ricci tensor coincides up
to multiplication by a real constant with the metric tensor. Thanks to Mok-Yau
[12], such a metric exists on any bounded pseudoconvex domain in C™. Moreover,
it is complete, biholomorphically invariant, and the Ké&hler-Einstein distance distx g
satisfies

distixg(z0,2) > Cloglog1/6a(z).
Hence (i) of the proof of Theorem 1 follows immediately from Proposition 3.

Before proving (ii), let us recall that the pluricomplex Green function of a bounded
domain 2 with a pole at w is defined by

ga(z,w) =sup{u(z) : u < 0,u € PSH(Q), lim sup(u(z) —log |z — w|) < +o0}.
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It is well-known that go(-,w) is a psh function and go(h(z), h(w)) = ga(z,w) for any
h € Aut Q (cf. [10]). Set

rw(2) = max {ga(z,w),—1}.

LEMMA 4. Let w,w’ € Q. There exist positive constants C1,Co depending only
on w,w’ such that

for all z € Q.

Proof. Without loss of generality, we assume w # w’. Set
1
5 = 5 min{w — '], a(w), Fa(w')}

and

g(z,w") if |z—w'| <o
n(z) =
max {Csry(2), g(z,w")}  if |z —w'| >0

where C3 = C3(w,w’) is a positive constant which satisfies

Cs sup r1u(z) < inf  g(z,w')

{lz—w’|=5} {lz—w’|=6}

because go(z,w’) > log|z — w'|/R, z € Q and r,, is upper semi-continuous. Here
R denotes the diameter of  and 0 < r < dq(w). Thus 7 is a well-defined negative
psh function with a pole at w’. Hence gq(z,w’) > Csry(z) for |z —w'| > 4. Tt follows
that the inequality r4,(z) < Cyry(2) holds on Q for suitable constant C; > 0. The
opposite inequality can be obtained in a similar way.

LEMMA 5. Let Q be a bounded domain in C™ such that there exists bounded
psh ezhaustion function p satisfying —p(z) < cég(z) for suitable constants ¢,y > 0.

Suppose Q. C Q. Then for any zg € Q, there is a constant Cy such that

—72(2) < 046%(2), Yz €.

Proof. Let R denote the diameter of €2. Similar as above, we set

o(2) = { log |z — 20| /R if |z — 20| < 0 (20)/2
max {log |z — 20| /R, C5p(2)} if |z — 20| > da(20)/2

where C5 satisfies

Cs sup log |z — 20|/ R.

z) < inf
{\z_w/\zég(zo)/z}p( )< {lz—w’|=ba(20)/2}
Therefore,

ga(z,20) = Csp(z) > cC501(2)
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for |z — 20| > da(2)/2. On the other hand, we note that r,, > —1 and dg has a
uniformly positive lower bound on {z € Q : |z — 29| < dq(20)/2} because of the
continuity of dg . Thus the desired inequality follows.

Proof of (i7) of Theorem 1. Set 1) = —log(—r.,) for some fixed point zg. Clearly, it
is psh. Since r.,(h(2)) = 74-1(z)(2) for any h € Aut Q, it follows from Lemma 4 that
1 oh —1 is bounded above; By Lemma 5, we also have ¢(z) > Clog1/dg(2), Vz € Q.
Since Q is Stein, according to Mok-Yau [12], if one writes the volume form of the
Kahler-Einstein metric as

Vike(2)(i/2)"dz1 ANdzy A -+ Ndzp A dZp,
then
Vie(2) = Vkp(h(2))|det I/ (2)]?, V h € AutQ

C
Vke(z) = 63 (2z)(log da(2))?’

By the well-known translation formula of the Bergman kernel function, the ratio
Vikr/Kq is a function which is invariant under Aut 2. Since S is negligible w.r.t. L?
holomorphic functions, we have Kq(z) = Kg(2) for any z € Q. By (1), the function
¢ = log Vkp/Kq+ Nt satisfies the conditions of Proposition 3 provided the constant
N large enough, since

(1)

Kq(2) < Kp(asq(0)(2) < 010577 (2). (2)

Here B(p,r) C 2 denotes the Euclidean ball with centre p and radius r and C] > 0
is a constant depending only on n.

The class of domains in (i) is quite large since we have the following

PROPOSITION 6. Let  be a bounded hyperconvex domain in C™. Then there
exists a continuous psh exhaustion function ¥ on Q) such that

¥(2) < Cloglog1/da(2).

Proof. We proceed the proof with the help of the Bergman kernel function Kq(2).
Take a cut-off function x : R — [0, 1] such that x|(—oo,—210g2] = 1 and X[~ 1og 2,400) =
0. Set

Pz = 2”99(" z) —log(—ga(-2) + 1)'

By a standard limiting procedure, we can solve, according to Lemma 4.4.1 in [8], the
equation

Ju = Ox(~log(—ga( 2) +1))
in the weak sense together with the estimate

[ uPeeav < [ [ox(-log(~ga.2) + 1) mrgg, ¢ *av
Q Q
< Cyvol ({gal2) < ~1})
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because

a \/jlgﬂ("z)ggﬂ('rz)
VIO 2 Tt

Here | - |55, denotes the pointwise norm with respect to the (singular) metric 00,
and C} depends only on n and the choice of x. Set

f=x(—log(—ga(,2)+1)) —u.

Clearly, f is a holomorphic function on Q which satisfies f(z) = 1 and

[1Pav <2 [ (- tog-gnt-2) + D)V +2 [ fupav
’ < Céf/zol({gg(-,z) < —-1}) "
since p, < 0 and p, < 2nlog| - —z| + O(1). It follows that
Ka(z) > (Cyvol ({ga(,2) < =1})) 7" (3)

In [1], Blocki-Pflug proved that there exists a bounded continuous psh exhaustion
function p on €2 such that

[ oty < w1l o, (o),
which implies
vol ({gal-,2) < —1}) < Clo(2)]. (1)
By (2)—(4), we obtain
—p > C503".

To complete the proof, we only need to set ¢ = log(1l — log(—p)) (without loss of
generality, we may assume —p < 1 on Q).

We have also some Non-hyperconver examples:

1) Consider the Hartogs domain defined as follows
Q={(z,w) € Dx C™:|w| < exp(—expy(z))}

where D is a bounded pseudoconvex domain in C™ and ¢ is an continuous psh ex-
haustion function of D. Set

(2, w) = max {p(z), log(1 — log(1 — [w| exp exp ¢(2)))} -
Clearly, v is a psh exhaustion function of 2. Note that
da((z, w)) < exp(—exp p(2)) — |wl,
which implies

¢(2) < loglog1/0a((z,w)).
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We also have

1 — |w|expexp ¢(z) = expexp ¢(z) (exp(—exp ¢(2)) — |w|)
> exp(—exp p(z)) — |w]
> da((z, w)).

It follows that
P(z,w) < Cloglog1/6a((z,w)).

It is well known that €2 is hyperconvex iff D is hyperconvex. Hence we can obtain
various non-hyperconvex examples.

2) Herbort’s example (cf. [6]):
-l e s e )

where A* denotes the punctured unit disk. By a similar argument as above, one can
show that

9(2) = max { ~log |21 loa(1 ~ log(1 o614 1)) ]
satisfies the condition (i) of Theorem 2.

REMARK. If ©4,Qs satisfy condition (i) of Theorem 2, then Q = Q; x Qs also
satisfies this condition: it suffices to take (2, 2”) = max {1 (2’), ¥2(2")} for the slow
growth psh exhaustion functions 1; relative to €2, = 1,2.

d) Kobayashi pseudodistance: Let M be a complex manifold and let A denote
the unit disk in C. The Kobayashi-Royden pseudometric is defined by

Frr(z;X) :=inf{|a|"' : 3 f: A — M holomorphic with f(0) = z, f'(0) = aX}.

The related pseudodistance is called the Kobayashi pseudodistance which is denoted
by dist K-

According to Wu’s theorem, any complete simply-connected Kéhler manifold of
nonpositive sectional curvature is Stein, namely, log(1+p?) is a strictly psh exhaustion
function. Here p denotes the distance function relative to some fixed point of M. If
furthermore, the holomorphic sectional curvature is bounded from above by *ﬁ’
then M is complete hyperbolic [5], moreover, the Kobayashi distance satisfies

distg (29,2) > Clog(1 + p?(2)).

Thus we obtain the following

THEOREM 7. The answer to the Serre problem is affirmative if the fiber is a
complete simply-connected Kdhler manifold of monpositive sectional curvature such

that the holomorphic sectional curvature is bounded above by —#.
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